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Abstract

We study low-degree testing for group-valued functions over a Boolean slice. Specifically
given a degree parameter d and oracle access to a function f : {0,1}} , — G where {0,1}}
denotes the set of vectors in {0,1}" of Hamming weight k& and G is an Abelian group (not
necessarily finite), the low-degree testing problem asks us to distinguish the case where f is a
polynomial of degree at most d (with coefficients from G) or is e-far from the set of all such
polynomials. Classical works in this area considered functions with domain Fy and range F,.
More recent works have considered the setting where the domain is the Boolean cube [Bafna,
Srinivasan, Sudan (Random Structures and Algorithms 2020), Amireddy, Srinivasan, Sudan
(RANDOM 2023)], or when the domain is the slice (i.e., {0,1}7) and the range is Fo [David,
Dinur, Goldenberg, Kindler and Shinkar (STAM Journal on Computing 2017), Kalai, Lifshitz,
Minzer and Ziegler (FOCS 2024)]. Each of the changes introduces new challenges in designing
and analyzing low-degree tests and this happens again in our setting with domain being a slice
and range is general. Indeed the previous methods fail even when the domain is a Boolean slice
and the range is Fs.

Our main theorem gives a test that makes O4(1) (specifically exp(d®™M)) queries to f and
accepts degree-d functions while rejecting functions that are e-far with probability Q(g). The
central proof idea is to reduce this low-degree testing problem to the problem of low-degree
testing on the cube. Specifically we show how to randomly embed the n/2-dimensional cube
{0, 1}"/ 2 in the n-dimensional slice while nearly preserving the proximity of f to the space
of degree-d polynomials on this cube (with high probability). While the embedding is simple
and natural, the analysis involves a careful induction (seen in some prior works on low-degree
testing) with a novel use of a basis of degree-d polynomials on slices (from a work of Anstee,

*School of Engineering and Applied Sciences, Harvard University, Cambridge, Massachusetts, USA. Supported in
part by Madhu Sudan’s Simons Investigator Award and NSF Award CCF 2152413 and Salil Vadhan’s Simons Investi-
gator Award. Part of this work was done during a visit to the University of Copenhagen supported by the European
Research Council (ERC) under grant agreement no. 101125652 (ALBA). Email: pamireddy@g.harvard.edu.

fDepartment of Computer Science, University of Copenhagen, Denmark. Supported by Srikanth Srinivasan’s
start-up grant from the University of Copenhagen. Email: ambe@di.ku.dk.

tDepartment of Computer Science, University of Copenhagen, Denmark. Supported by the European Research
Council (ERC) under grant agreement no. 101125652 (ALBA). Email: srsr@di.ku.dk.

$School of Engineering and Applied Sciences, Harvard University, Cambridge, Massachusetts, USA. Supported
in part by a Simons Investigator Award, NSF Award CCF 2152413 and AFOSR award FA9550-25-1-0112. Email:
madhu@cs.harvard.edu.

IDepartment of Computer Science, University of Copenhagen, Denmark. Supported by the European Research
Council (ERC) under grant agreement no. 101125652 (ALBA). Email: sophus.willumsgaard@di.ku.dk.

ISSN 1433-8092



Ronyai and Sali (Graphs and Combinatorics 2002)). Such a basis of functions is non-trivial and
has several nice combinatorial and algebraic closure properties. We show how these properties
are useful by using them to analyze our low-degree tests.
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1 Introduction

The low-degree testing problem, namely the task of testing if a multivariate function given as an
oracle is (close to) a low-degree polynomial with few oracle queries, has been a fundamental problem
in theoretical computer science for over three decades. (Some of the earlier major milestones in this
line of work include [BLR93; RS96; AS98; ALMSS98; RSI7; AS03; AKKLRO5; KRO06].) This
problem has been studied in many different settings, settings that vary depending on the domain
of the function, the range of the function, on the relationship between the degree and field/group
size, and on the coarseness/fineness of the analysis. In this work we consider this problem in yet
another new setting, where the domain is a Boolean “slice” and the range is an Abelian group. Here
a “slice” is a subset of points in the Boolean cube {0, 1}" all of the same Hamming weight — we use
{0,1}7 to denote the k-th slice, namely points of Hamming weight k. A polynomial over a group
G has coefficients from G while the variables take on integer (in our case one of 0/1) values with
evaluation defined in the natural way. (For simplicity the reader may simply think of G as the reals
while reading this section.)

The slice is often an important domain to understand, especially in the context of average case
analysis of algorithms. Just as the uniform distribution over {0,1}" models a uniformly random
graph and the p-biased distribution models a graph drawn from G, ;, the slice naturally corresponds
to a random graph drawn from G(n,m) — a graph on n vertices with exactly m edges.

Our main motivation for studying this setting however is technical, to see what kind of tools can
be brought to bear on this problem in our setting. Indeed low-degree testing has been a great source
of connections to powerful mathematical tools, including studies of (higher order) Fourier analysis,
affine invariance, high-dimensional expansion, (global) hypercontractivity. The two directions of
prior works that come closest to our setting are from the works of David, Dinur, Goldenberg, Kindler
and Shinkar [DDGKS17] and Kalai, Lifshitz, Minzer and Ziegler [[XLMZ24] who consider functions
from the slice to Fy; and the works of Bafna, Srinivasan and Sudan [BS520] and Amireddy, Srinivasan
and Sudan [ASS23] who consider the setting of functions from the Boolean cube to Abelian groups.
It turns out neither of these settings capture our setting adequately and indeed even a natural test
is not obvious. The latter works rely strongly on the ability to set variables independently allowing
tests of n-dimensional functions to sample points from a tensor product space. This allows them
to invoke hypercontractivity which is well analyzed in such settings. The former works [DDGKSI17;
KLMZ24] roughly pick a random linear subspace of F§ and condition it on being in the middle slice
{0,1}n /o While this conditioning is satisfied only with inverse polynomial probability in n (for
O(1) dimensional spaces) that is still a relatively high probability event and allows them to build
dense models that are closer to Fy and lift the behavior of tests from there. If the range however is
R (or even F3), the analogous test would pick subspaces in R™ (or F§) and condition it on being in
{o,1}n /2 which of course happens with zero probability (or exponentially small in n). With such
low probability occurrences it is hard to envision dense models capturing the behavior of the tests.

Nevertheless in this work we are able to design a low-degree test for our setting. Namely given
a degree parameter d we design a test Ty that makes Og4(1) queries to an oracle for a function
f:{0,1}" /2= G and accepts degree < d polynomials while rejecting functions that are e-far with
probability Q4(g). The key ingredient in our test is to embed a copy of an n/2-dimensional cube
in the n/2-slice in n dimensions. While this embedding is quite natural, it is a priori unclear how
to analyze it, and to do so, we have to blend an inductive argument going back to an analysis of
low-degree tests due to Bhattacharyya, Kopparty, Schoenebeck, Sudan, and Zuckerman [BKSSZ10]



with a very special basis of polynomials of degree at most d over the slice from a work of Anstee,
Ronyai and Sali [ARS02]. We elaborate more on the basis below, but note first that while the
inductive approach is natural it was not a priori clear it would work and indeed the question of
whether such an approach could work is raised explicitly in [DDGKS17].

To understand the need for a special basis, note that a typical analysis of properties of low-
degree polynomials uses the standard monomial basis, and a common step in the reasoning is that
if some coefficient is non-zero then the polynomial is non-zero. In our setting the standard set of
monomials is clearly dependent and does not form a basis. (To see this, note that for every e > 1,
the polynomials Y ", ¢ — (n/2) vanish over the slice for every group. More complex polynomials
also turn out to be zero making the basis challenging to construct.) It turns out that a nice basis
for polynomials is available in the literature, though it is not widely known in the CS literature.
The reasons this basis is useful are that it has many natural and desirable properties such as the
following.

e It is a monomial basis (i.e. spanned by monomial functions) and is a basis for polynomials
over any Abelian group. There are other bases e.g. the space of homogeneous polynomials of
a given degree that form a basis over fields of characteristic 0 but not over other fields.

e [t is graded, i.e. basis elements of degree at most d generate polynomials of degree at most d
for each d; and downward-closed, i.e. factors of monomials in the basis are also in the basis.

e It is closed under a weak form of restriction. This roughly translates to the fact that the
basis for degree-d polynomials over {0,1}" /2 specializes to a basis for degree-d polynomials

over {0, 1}2/_21 when z1 is set to 0. If d = 1 and the basis were chosen to be 1,x9,...,z, then
this property does not hold, while choosing the basis to be 1,z1,...,z,_1 does satisfy this
property.

In what follows we describe our main results before expanding on the proof techniques.

1.1  Our results
We show the following.

Theorem 1.1 (Low-degree test over slice). For every Abelian group G, degree parameter d >
0, even integer n > 2, there exists a exp(do(l)) query test Tgice such that for all functions f :
{0, 1}2/2 — G, we have

o (Completeness) If f is degree-d, then Tgice accepts f with probability 1.

o (Soundness) For every e > 0, if f is e-far from degree-d, then Tgice Tejects f with probability
Qd(&‘).

We note that the rejection probability of the above test can be made 2(¢) by repeating the test an
appropriate Og(1) (in fact, exp(d®()) number of times. Furthermore, the test Tgjce of Theorem 1.1
can be easily described as follows (a more formal description is given in Section 3):

1. Choose a perfect matching M over the complete graph on n vertices uniformly at random.

2. Obtain oracle access to the restricted function fM) : {0,1}%/2 — G defined by setting x; =
1 — z; for all edges (i,7) of the matching M where i < j € [n].



3. Test if fM) is degree-d using the low-degree tests of [BSS20; ASS23|.

Remark 1.2. We note that for G = Zs, a lower bound of Q(2%) on the number of queries needed
in Theorem 1.1 follows by noting that the dual distance of the underlying code is at least 2911
and then using the approach of [AKKLR05] who showed a Q(2%) lower bound for the Boolean cube
setting.

Remark 1.3. For the third step, we use the low-degree test given by [BSS20; ASS23] to handle
functions defined on the entire Boolean cube, although using the tester of [AKKLR05; BKSSZ10]
suffices for the case of Zs. FEwven for the case of d = 1 and G = Zs, our test and its analysis
differ from the previous works [DDGKS17; KLMZ2/] on this problem. We also think that this new
approach simplifies the conceptual landscape of this problem by giving a black-box reduction from the
slice setting to the (much more well-studied) cube setting.

Furthermore, we demonstrate the power of our techniques by showing a similar result for imbal-
anced slices (i.e., for {0,1}} where k # n/2). In fact, we use our low-degree test for the balanced
slice to do this. We closely follow that approach of [DDGKS17], which handles the d = 1 case (over
Zs). This is done by “reducing” the problem to a direct product testing problem which was already
solved by Dinur and Steurer [DS14]. In our case, we make use of a high dimensional variant of this
given by Dinur, Filmus and Harsha [DFH25|. In that sense, this is again a reduction to a problem
that has been well-studied. However, performing this reduction for degree greater than 1 again
involves many nuances which we resolve by using the monomial basis described in the previous
paragraphs.

Theorem 1.4 (Imbalanced slices). For every Abelian group G, degree parameter d > 0, positive
integers k = 4d and n > 2k, there exists a exp(do(l)) query test T,* such that for all functions
f:{0,1}} = G, we have

o (Completeness) If f is degree-d, then T, accepts f with probability 1.

e (Soundness) For every € > 0, if f is e-far from degree-d, then T," rejects f with probability
Qd(€).

1.2 Technical contributions

A linearity test for the slice was given by [DDGIKS17] (for functions from {0,1}} to Fa), which
was later extended by [IXI.MZ24] to higher degrees (also to the more challenging “1% regime”).?
However, these tests do not seem to work when the co-domain is changed to a larger field (e.g. R)
as discussed in the introduction. We instead give a reduction from slices to Boolean grids and use
the low-degree tests over grids given by [BSS20; ASS23] (which work for any Abelian group as the
co-domain) whose analyses follow an iterative argument similar to the tests of [BIXSSZ10; HSS13].

Changing the structure of both the domain (from {0,1}" to slices) and the co-domain (from Fy
to general Abelian groups) of the functions being tested brings in several new challenges that we will

! This follows by observing that the code underlying degree-d evaluations over the slice is obtained by puncturing
the code underlying degree-d evaluations over the entire Boolean cube. In particular, the dual distance of the latter
code is at least 297! and dual distance cannot decrease on puncturing.

2 More precisely, [KL.MZ24] show that if a function passes their test even with slightly non-trivial probability, then
it has non-trivial agreement with a low-degree polynomial. The more standard setting, which we consider here, is
the “99% regime” where we only prove results for functions that pass a given low-degree test with high probability.



sketch here. Some of these challenges can be solved by bringing together ideas from prior works that
handle at most one of these two changes. However, for the other challenges, we supply new ideas
that could also be of broader interest in studying low-degree tests and Boolean slices, both of which
are natural objects on their own and show up often in theoretical computer science. In particular,
we believe that the monomial basis for slices of [ARS02| that we use (see Proposition 2.10) can have
other potential applications for problems concerning slices.

In order to point to our technical contributions and how the aforementioned basis helps us, we
will need a quick overview of our proof (see Section 3 for a more elaborate overview). At an abstract
level, we reduce the low-degree testing problem over slices to over the Boolean cube by choosing a
certain random embedding of the (n/2)-dimensional cube in the (n/2)-th slice. Showing soundness
of our test then boils down to showing that if a function is close to low-degree over many such
random embeddings, then it is close to low-degree on the slice. Our high level idea is to treat the
random embedding as an iterative process where we gradually reduce the ambient dimension of the
embedding from n to n/2 and argue that in each step, we don’t lose too much in distance. With
this setup, we now discuss three critical challenges posed in our setting and how the monomial basis
of [ARS02] lets us overcome these.

1. Local characterizations. To even show that our test rejects functions that are not low-
degree with positive probability is non-trivial. While product domains admit simple (“local”)
characterizations for being low-degree (a4 la Combinatorial Nullstellensatz), it is apriori not
clear how to handle slice domains. However, once we have access to the above basis, it
becomes fairly clear how to show that our tests have the required local characterizations for
being low-degree (see Proposition 4.1).

2. Iterative analysis. Next, recall from the above high-level intuition of our test that we need
to show that if a function is close to low-degree under many “restrictions” (e.g. embeddings
that we referred to above), then it is close to low-degree “globally”. While traditional analyses
of this step look at the monomial representation of the corresponding close-by polynomials to
come up with the global polynomial by carefully “gluing” them, in our case, we need to look at
all the polynomials in the above monomial basis to avoid inconsistencies. This requires us to
ensure that the monomial basis behaves nicely under the restrictions that the test considers.
And indeed we show that this holds true for our particular test (see Claim 6.7 and Lemma 6.8).
This also raises interesting open questions about more general criteria for when such “gluing”
of polynomials can always be done.

3. Imbalanced slices. Following [DDGKS17], our approach to handle imbalanced slices (i.e.,
say when k& < n/2) is to reduce the problem to the balanced slice by considering a cer-
tain random embedding of {0,1}2% in {0,1}?. While [DDGKS17] implicitly uses the ba-
sis 1,21,...,Zp—1 to handle the linear case, our extension of this argument to higher de-
gree, among other things, involves using properties of the above monomial basis for slice
(see Claim 8.3).

We note that there have been other natural (and closely related) bases for functions over slices
considered in the past (see e.g. [Fil16]), which have more of an analytic flavor. We also remark here
that slices (especially when k < n) are canonical high-dimensional expanders and indeed this was a
major motivation behind the question of linearity testing considered in [DDGKS17; KL14]. Thus,



it seems natural to ask whether our higher degree version of the test (over general Abelian groups)
reveals anything interesting about high-dimensional expanders.

1.3 Open problems

We list a few natural questions that arise from our work.

Gluing polynomials over subdomains. The key strategy used throughout this paper and in
[BKSSZ10] can be described in the following way: Starting with some function f : D — G defined
on some domain D, we restrict to some randomly chosen subdomain D; C D, and perform a low-
degree test there, either by using an induction hypothesis on the size of the domain, or using that
D; is a simpler domain like a Boolean grid.

Such a test only works under the condition that if f is far from being a degree-d polynomial,
then many of the restrictions are also far from being a degree-d polynomial, or conversely, if f is
close to polynomials P; of degree-d on many domains D);, then there exists a global polynomial
P : D — @G that is close to f.

This leads us to ask the following general question:

Question 1. For an Abelian group G, a set D C G™ and a collection of subsets D; C D, when
does it hold that for any set of degree-d polynomials Q; € GSUxy, ..., xy,] with Q; = Qj on D;ND;,
there exists a polynomial Q € GS¥xy, ..., x,] satisfying Q = Q; on D;. That is, when can we “glue”
degree-d polynomials defined on the subdomains D;, to a global one defined on the domain D?

As a key step in the proof, [BIKSSZ10] (raises and) answers the above question for the case when
D = F% with the subsets D; being hyperplanes over Fo. Similarly, in the local testing over grids
works of [AS523; BSS20], the domain D = {0, 1}™ whereas D; are “subcubes” obtained by restricting
some variables to constants. Similarly in a related work of Dinur, Filmus and Harsha [DFH25], the
authors again use a certain agreement tester, to glue polynomials defined over restricted domains
into one global polynomial.

In the same spirit, in this paper, we show that D = {0, 1}’;/2 with subsets being certain embed-

dings of the grid {0,1}™?2 also has the desired structure (see Proposition 4.1 and Lemma 6.2). Our
key contribution has been finding a nice basis for the large domain D, such that the restrictions of
the basis to the subdomains D; are well-behaved. A better understanding of the general question
could lead to further progress on low-degree tests over other domains.

Efficient decoding algorithms over the slice. Our results can be stated as showing that the
code underlying low-degree evaluations over Boolean slices is locally testable. A recent work of
Amireddy, Behera, Srinivasan and Sudan [ABSS25] gives tight bounds on the distance of this code.
Hence it is also natural to ask whether the same code also admits efficient decoding, local decoding,
and list-decoding algorithms.

1.4 Organization

We state the required preliminaries in Section 2, including the main monomial basis for functions
on slices that we use. In Section 3 we give an overview of our proof approach for testing over
the balanced slice {0,1}”" /2 at a high level before starting out with the formal proofs. Then,



in Section 4, we show that our low-degree test over the balanced slice has positive soundness.
In order to strengthen this and show that the test has a constant soundness, we divide the analysis
broadly into two cases: the “small distance case” (Section 5) and the “large distance case” (Section 6).
Finally, we put everything from these sections together to finish the analysis of the low-degree test
over the balanced slice in Section 7. At the end in Section 8, we give our low-degree test and its
analysis for imbalanced slices.

2 Preliminaries

We start with some basic notations and definitions. Throughout the paper, we let {0,1}} denote
the k-th Boolean slice, i.e., elements of {0,1}" of Hamming weight &, and let G denote an arbitrary
Abelian group. For D C {0, 1}", we say that a function f : D — G is degree-d if it can be represented
by a polynomial of degree at most d, where in this paper, a polynomial over an Abelian group G
refers to some linear combination of multilinear monomials of degree at most d with coefficients
coming from G. We let Py(D, G), or simply Py(D) when G is clear from context, denote the family
of degree-d functions with domain D and co-domain G. For f,g: D — G, we denote their relative
Hamming distance by d(f, g) := Prxep[f(x) # g(x)]. For f: D — G and a family of functions with
domain D (with co-domain G), we also have the notation dz(f) := minper 6(f, P), which we refer
to as the distance of f from F. We say that f is e-close to F if §£(f) < e and is e-far otherwise.
When F is the family Py(D) and D is clear from context, we denote dq(f) := dp,py(f). For a
domain D, a subset S C D and function f : D — G, we let f|s : S — G denote the function f
restricted to the domain S.

For S C [n] and x € {0,1}", we let x|g denote the restriction of the string x to the coordinates
of S and for a € {0, 1}'5 |, we let a® denote the assignment to the coordinates indexed by S by
identifying S with [|S|] in increasing order of the coordinates. Similarly, we let {0,1}; denote the
strings in {0,1}% of Hamming weight k. For disjoint subsets S, T C [n], and strings x € {0, 1} and
y € {0,1}7, we let x oy € {0,1}“T denote their concatenation.

2.1 Low-degree testing and slices
We will use the low-degree test of [BSS20; ASS23| as a crucial subroutine.

Theorem 2.1 (Low-degree test over grids, [B5520; AS523|). For every Abelian group G, degree
parameter d > 0 and n > 1, there exists a exp(O(d)) query test Tgria such that for all functions
f:{0,1}" = G, we have

o (Completeness) If f is degree-d, then Tgia accepts f with probability 1.

o (Soundness) For every e > 0, if f is e-far from degree-d, then Tgiq rejects f with probability
Qe).

We will start with a formal description of the final test we will use for the proof of our main
theorem Theorem 1.1. For this, we first set up some notation.

For a function f : {0, 1}2/2 — G over the slice and coordinates i < j € [n], we let f(#7) denote
the function over (n — 1) coordinates corresponding to setting the variable z; = 1 — ;. We state
the more formal and general definition of the restriction f(:9) below. Before that, we note that we
refer to the pair (i, 7) as an edge or a restriction, and we always follow the convention that the left
coordinate of an edge is less than the right coordinate.



Definition 2.2 (Edge restriction). For a function f : {0,1}™ x {0,1}2" — G and i < j € [2no),
let £09) : {0,1}+1 x {0, 1} [2no] \{Z’J} — G denote the restricted function (corresponding to the edge
restriction (4,7)) defined for x € {0,1}*! and y € {0, 1},[12(:10}\{i’j} as

FD e y) = fadmy oyl o (1= 2a )W),

That is, we apply f by taking the first part of the input to be the first n; indices of x and the
second part of the input to be the string obtained by “completing” y by setting the i-th coordinate
to xp,+1 and the j-th coordinate to be 1 — xp,+1. It is easy to verify that the final string lies in
the domain of f and hence f(*9) is well-defined. We note that a single edge restriction reduces the
number of coordinates by 1. Since substituting some variable z;, of a polynomial to x;, or 1 — x;,
cannot increase the degree of the polynomial, we have the following observation:

Observation 2.3. For d,n; >0 and ng > 1, if f: {0,1}"™ x {0,1}2" — G is degree-d, then for
all i < j € [2ng), f@9) is degree-d.

Remark 2.4. Alternatively, one can define f(7) : S0d) — G as the function f restricted to the
subset SU7) = {(x,y) € {0,1}™ x {0, 1}2"0 yi # y;}. By the natural affine bijection between
the two domains ¢ : S — {0,1}M+1 x {0, 1}2%\{1’3} defined by ©(x,¥) = (X © Yi, ¥lj2no]\{i,j})
the degree of £49) in both the definitions remains the same, and indeed we switch between the two
definitions throughout the paper.

Now, we define notation to handle successive edge restrictions by considering matchings.

Definition 2.5 (Matching restriction). For f:{0,1}" x {0,1}2" — G and a perfect matching
M over vertex set [2ng], we define the restricted function fM) 2 {0,131 x {0, 1}11200n0} 5 G as
follows: Let (i1, j1), (i2,72); - -, (ing, Jjng) be the edges of M. Then, we define

f(M) (X, y) = f(ilajl)(iQij)“'(i’no 7j’n()) (X, y).

That is, we apply the restrictions (i1, 1), . .., (ing, jne) in this order.® In some contexts, for the
sake of simplicity, we treat the second domain of f™) as being {0, 1} instead of {0, 1}{#1:#2-ino},
Even though our final tests only involve perfect matchings, the analysis goes through partial
matchings. Therefore, we define for a partial matching 7' over [2ng] with ny edges given by

(i1,71), (32, 72)s -+, (ing, jn,) in increasing order of their first coordinates, the restricted function
£ {0,131 U{“’ ~ina} 5 {0, 1}73:0],}2{“’]1""#”2’j”Q} — G similarly as follows:

FO(x,y) = fOd)G22)-lingsing) (x y).

For the sake of simplicity in notation, we may sometimes relabel variables so that f(T) has
domain {0, 1}1+72 x {0, 1}2m02n2,

no—na

3 Note, however, that the order does not matter. Applying the same restrictions in another order would also yield
the same function f®) up to a relabeling of coordinates.



2.2 Bases for functions on slices

As mentioned in Section 1, our low-degree tests use properties of certain monomial bases for func-
tions defined on slices that we will introduce in this subsection.

We first note that functions over {0,1}" — G have a basis given by the monomials B(x) =
{I[;cg @i : S C [n]}; importantly this monomial basis is downward-closed and graded (defined later
in Definition 2.7). In order to work with polynomials over slices, we are going to need a similarly
well-behaved monomial basis. While taking the same set of monomials B(x) = {][[;cg =i : S C [n]}
is not even a basis (e.g. the non-zero polynomial > " ; x; — n/2 evaluates to zero identically on
the balanced slice), Proposition 2.10 establishes such a monomial basis along with the additional
properties we need for our applications. In order to set it up, we start with the definition of a basis;
we note that the formal definition below is important as we are dealing with arbitrary Abelian
groups that may not be fields.

Definition 2.6 (Basis and monomial basis). For a domain D C {0,1}" and d > 0, we say that
a set of functions B with domain D and co-domain Z forms a basis for functions with domain D
and co-domain G if it holds for every f : D — G that there exist unique elements (ap)pes € G

such that
f= Z ap - B.
BeB

We say that B is a monomial basis (and denote it by B = B(x)) if furthermore each function
B € B can be expressed as a monomial of the variables x.

The following properties of monomial bases will be helpful for the analysis of our tests.

Definition 2.7 (Downward-closed and graded bases). We say that a monomial basis B(x) for
a domain D C {0,1}" is downward-closed if for all T C S C [n], we have that [[;cqx; € B(x)
implies [ [;cr xi € B(x).

We say that a basis B = B(x) (that is not necessarily a monomial basis) for a domain D C {0,1}"
is graded if it holds for all d > 0 that BS® := BN Py(D,Z) forms a basis for Py(D). That is, the
degree-d functions in B(x) form a basis for degree-d functions over D, for each d > 0.

Fact 2.8. For D = {0,1}", a downward-closed and graded monomial basis is given by B(x) =

{ILies i+ S < [nl}-

Now we present an explicit monomial basis for the slice that we will make use of in the analysis
of our low-degree tests. For this, we will need the definition of ballot sequences (or subsets with
ballot property) which might remind the reader of the Catalan numbers.

Definition 2.9 (Ballot property). We say that a subset S C [n] (and the corresponding monomial
[Licg i) has the ballot property if for all suffizes T' C [n] of S (where we treat S and T as bit-strings
corresponding to the indicator vectors of the subsets), it holds that the number of ones in T is at
most the number of zeros in T. More formally, S has the ballot property if and only if for all i € [n],
it holds that

1SN {i,...,n} < |([n]\ S) N {i,...,n}].

The following lemma states that ballot sequences form a basis for functions on the slice.
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Proposition 2.10 (Monomial basis for slice, [ARS02, Corollary 4.4]). For integers n > 1 and
0 < k < n and Abelian group G, the monomials given by

Bj(x) = { 1_[:5Z : S C[n] is of size at most min{k,n — k} and S has the ballot property},
1€S

form a downward-closed and graded monomial basis for the set of functions from {0,1}} to G.

Example. Consider the slice {0,1}5. The above lemma asserts that the set of monomials
B5(x) = {1, 1, 22, 23, T4, 1172, T123, T1 24, T2T3, ToT4}

forms a downward-closed, graded monomial basis for {0,1}3. In particular,

B;Sl(x) = {]—7 xL1,X2,T3, ‘T4}

forms a basis for degree-1 functions over {0, 1}3.

Remark 2.11. A more intuitive description of the basis given by Proposition 2.10 is as follows:
Consider the bijection between the parenthesized expressions {(,)}" and subsets S C [n] by mapping
an index i € [n] to “(” if i € S and to «)” otherwise. Then we note that subsets with ballot property
correspond to parenthesized expressions that can be “completed” to a well-parenthesized expression
by concatenating some string on its left. In particular, note that none of the monomials in the above

. . . .. .. . . 1
basis contain the variable x,, (this is not surprising since we can always replace x,, with k— 1~ " x;

over {0,1}7).

We will use the following easy lemma (proved in Appendix A) to construct graded monomial

bases for mixed domains such as {0,1}" x {0,1}2m.

Lemma 2.12 (Basis of a Cartesian product). Let D; C {0,1}"™ and Dy C {0,1}"* and let
Bi = Bi(x) and Ba = Ba(y) be bases for functions over D1 and Dy respectively. Then

B(X,y) = {bl(X) : bg(y) :by € By and by € 82}

is a basis for functions over Dy X Da. Moreover, if By and By are both monomial (resp. downward-
closed, resp. graded) bases, then so is B(X,y).

2.3 Polynomial distance lemmas

Here we recall the “polynomial distance lemma” (widely known as the “Schwartz-Zippel lemma”)
over the Boolean cube, and state similar results for slices (and their Cartesian product with the
Boolean cube). As usual, we let G denote an arbitrary Abelian group.

Lemma 2.13 (Polynomial distance lemma over the Boolean cube, |[Ore22; DL78; Zip79;
Sch80]). Letn > 1, d > 0 be integers. If P : {0,1}" — G is a non-zero degree-d function, then we
have

1
> .
xe{lffl}n[P(X)#O] Z 24
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Now, we state a similar distance lemma for other domains that we will encounter in our
low-degree tests, which we derive from a recent work of Amireddy, Behera, Srinivasan and Su-
dan [ABSS25).

Lemma 2.14 (Polynomial distance lemma over slice, [ABSS25, Theorem 1.1]). There exists
an absolute constant o > 0 such that the following holds. Let nqy > 0 be an integer, n > 1 an
even integer, d < n® be the degree parameter, and D = {0,1}" x {0, 1}2/2. If P € Py(D,QG) is a
non-zero degree-d function, then we have

Pr[P<x>¢0]>2{l-(1—1).

xeD n

Since [ABSS25] do not consider Cartesian products with a Boolean cube, we provide a proof
of Lemma 2.14 in Appendix A.

Remark 2.15. We note that a weaker form of the above theorem was shown by [ABPSS25, Lemma
5.1.6/, where the authors obtain a lower bound of (T;;zdd)/(;;) for the domain D = {0,1}}. Conse-
quently, for the domain {0,1}™ x {0, l}fn/%, we get a bound of 1/2%¢,

3 The Testing Algorithm and Proof Overview

With this setup, we give our main low-degree test over the balanced slice? corresponding to Theo-
rem 1.1 below.

Algorithm 1: Tgjic (Low-degree test over the balanced slice)

Input: Oracle access to f : {0, 1}2/2 — @, degree parameter d
1 Sample a uniformly random perfect matching M over the complete graph on vertices [n].
2 Let M = {(il,jl), ey (in/2ajn/2)}
3 Let f(M) . {0, 1}"/2 — G be the restriction of f obtained by setting x;, = 1 — z;, for every
k€ [n/2]
4 Accept if and only if Tgpia(f (M) ') accepts.

We note that the completeness of the test is immediate since every restriction of a degree-d
function remains degree-d (by a repeated application of Observation 2.3), so we can appeal to the
completeness of Tgriq (see Theorem 2.1) to conclude that if f: {0,1}" i G is degree-d, then Tgjice
accepts f with probability 1. We thus proceed to the main part of the theorem, which is the proof
of the soundness of the above test.

Local and Robust Local characterizations. We start by proving what is a basic ‘local char-
acterization’ property of the test Tgice: namely, that if the test accepts with probability 1, then
the function f is indeed a degree-d function. While this may seem obvious, there are natural situa-
tions [F'S95; GIKS13] where even some functions that are far from being degree-d pass all the ‘obvious’
local tests for degree-d functions. In our setting, we are able to prove a local characterization quite

4 For the imbalanced slices result, we refer to Section 8.
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simply by using the monomial basis for the slice from Proposition 2.10. This is done in Proposi-
tion 4.1 below. More generally, we can also prove this over mixed domains D = {0,1}" x {0, 1}%’010
for integers ng,n; = 0.

Using this, we can prove a ‘robust local characterization’ over such mixed domains, which states
that if a function f: {0,1}™ x {0,1}2"0 — G is close to a degree-d function when restricted to any
perfect matching on [2ng], then f is close to a degree-d function. This is done in Proposition 4.2.

Iterative analysis of [BIKSSZ10]. With the above local characterizations in hand, we are ready
to begin the analysis of Tgjice in general. We use the general proof template of [BKSSZ10], which is
to view the process of restriction iteratively, and show that each step is unlikely to turn a function
that is far from any degree-d function to one that is ‘too close’ to degree-d. While [BIKSSZ10]| used
this to analyze low-degree tests over F4, this idea has also been shown to be useful [BSS20| for
testing degree-d functions from {0, 1}" to any group G. Here, we use it to reduce the correctness of
Tslice to low-degree testing over {0, 1}".

More precisely, fix a function f : {0,1}" /2 G that is an input to Tgice. We analyze what
happens to the function f when we pick the edges of the perfect matching M one-by-one and
restrict f accordingly: recall that for each edge {i,7} € M, f is restricted by setting the variable
xzj = 1 — x; (where i < j). This naturally leads to functions defined on mixed domains of the
form D = {0,1}™ x {0, 1}2". For the rest of the outline, we assume that we are dealing with such
a function. Abusing notation, we will continue to call this function f. The polynomial distance
lemmas from Section 2 imply that the space of degree-d functions over such domains also yield
codes of distance ~ 27,

At the outset, we fix two distance thresholds £y and £; where 270D > o > ¢ = Q4(1). Our
argument breaks into two parts: the ‘small distance case’, where € := J4(f) < €1 ° and the ‘large
distance case’ where € > ¢€1.

Small distance case. In the small distance case, € is small enough that there is a unique
degree-d function P € Py(D) that is e-close to f. For a uniformly random perfect matching M over
[2n9], the function f (M) defines the restriction of f to a random subset of its domain. The sampling
properties of this random subset were recently investigated [ABSS25] and using the second-moment
bounds from that result, we can show that J4( f(M )) ~ ¢ in expectation. Since the grid test Tgiq
rejects with probability Q(84(f™))), this finishes the proof for small e. The formal proof is in
Lemma 5.2.

Large distance case. Finally, we come to the large distance case, i.e. € > ¢1. Here, we argue
that when we pick a random edge (i,7) of the matching M and restrict the function f to fUa),
the distance d04(f (i’j)) is not much smaller than ¢ = §4(f). In particular, we would like to argue
that d4(f") > €9 w.h.p.. Following [BKSSZ10; BSS20; ASS23], we prove this in the contrapositive
by showing that if there are many pairs (iy, j1), ..., (i, j), such that f(sJs) is go-close to degree-d,
then f is e1-close to degree-d, contradicting our assumption on € (see Lemma 6.1). To do this, we
fix polynomials® Q, (for each s € [t]) such that fUsJs) is go-close to Qs, and show that there is a
‘global’ degree-d polynomial @ that restricts to Qs under each of the appropriate restrictions (i.e.

®Recall that 64(f) is the distance from f to the closest degree-d function.
6 These polynomials are uniquely defined as functions because g¢ < 2~ (d+1) , which is within the unique decoding
radius of the code.
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QUisis) = Qs for all s). The existence of such a @ is typically the most intricate part of the analysis,
and once this is done, it is relatively straightforward to show that f is ei-close to ). Here, we
are able to give a relatively simple argument by using the monomial basis from Proposition 2.10 to
reduce this to the case of {0,1}", which has already been solved by [B5520; ASS23] (see Claim 6.7
and Claim 6.9). At a high-level, we exploit the fact that the monomial basis from Proposition 2.10
behaves very similarly to the standard basis of the Boolean cube under restrictions of the first
few variables. For example, for i < j < n — 2d, if we have a polynomial R expressed in the
basis of the slice {0, 1};‘/2, then applying a substitution of the form z; := 1 — x; to R followed by
multilinearization (i.e. setting mlz = ;) yields another polynomial R’ in the basis corresponding to

the mixed domain {0, 1} x {0, 1 272271 (see Lemma 6.8).

4 Local Characterization of Low-Degree Functions

In this section, we show that if a function f : {0, 1}2/2 — G is sufficiently close to degree-d when
restricted to any perfect matching M, then f is itself close to degree-d.

4.1 Matchings characterize low degree

We start by proving the case when fM) is a low-degree function for each M. We prove a more
general form of this statement over mixed domains, as this will be useful later on in the proof.

Proposition 4.1 (Characterization of low degree). For every d > 0 and function f : {0,1}™ x
{0, 1}%‘0 — G, f is degree-d if and only if for all perfect matchings M over [2ng), f™) is degree-d.

Proof. We first handle the forward implication of the above equivalence which is the easier direction.
If f can be represented by a polynomial P of degree at most d over its domain, then we observe that
we can obtain a polynomial for f™) by substituting the variables xj = 1 —x; in P, for all edges
(,74) of the matching M; clearly the degree of P cannot increase upon these substitutions and the
resulting polynomial agrees with f(™) over its domain {0, 1}m1tno,

Now, we move to the harder direction of the equivalence. The proof is algebraic and makes use
of the graded monomial basis for functions over the slice discussed in Section 2 and the correspond-
ing construction of the basis of the Cartesian product {0,1}"t x {0,1}2m0 obtained by taking the

no
Cartesian product B of the natural bases of {0,1}" (Fact 2.8) and {0, 1}2" (Proposition 2.10). We
use 1,...,%n, to index the ny variables corresponding to the first part of the input from {0, 1}

and ¥y, ..., Y2n, to index the variables corresponding to the slice.

Assume that f is not a degree-d function. This means that the unique polynomial P representing
f in the basis B has degree equal to D where d < D < n; + ng.” Viewing P as a polynomial in y
with coefficients that are polynomials in x, we can write

P(Xay) = Z QS(X) : Hyza
|S|<D €S

where g is a multilinear polynomial of degree at most D — |S| for each |S|. Fix a T such that
deg(Q7) + |T| = D and T is as large as possible in the graded lexicographic order.® Assume that
t:=|T|.

" Note that every monomial in B has degree at most n1 + no.
8In the graded lexicographic order, Ti < Ty if either |T1| < |T2| or |Ti| = |T»| and the largest element in the
symmetric difference Th AT> lies in T5.
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We recall that by the definition of the basis (Proposition 2.10), for each i € [2ng], we have that
T A, 200} < (2] \T) N {i, .., 2n0}]. 1)

In particular, this implies that there is a matching between 7" and [2ng] \ T so that each element
i € T is matched to some j > i. Such a matching can be constructed by sorting the elements of
T = {i; < --- < i} and greedily matching i; with the largest element of [2ng] \ T', i;—1 with the
second largest element and so on. Property (1) ensures that each i, is matched to some j, > i,. We
extend this matching to a perfect matching M on the set [2ng].

Assume that M = {(i1,j1),. .., (ing, Jno)} Where as above we assume that 7' = {i1,...,%} and
ip < jp for each p € [ng].

Clearly, P™) has degree at most D. We claim in fact that the polynomial P has degree
equal to D, which would finish the proof of the proposition. To see this, let us define P®) to be a
polynomial in the variables x and z := (21, ..., zny) Where y;, is replaced by 2, in f (M) and Yj, 18
replaced by (1 — z,) in PM) for each p € [ng]. (Le. the restriction is defined as in Section 2 but we
rename the surviving y-variables to z-variables for notational simplicity.) We write PM) a5

PM(x,z)= > Rs(x)-[] =

|S|<D ies

(M)

By the definition of P the coefficient Rypy(x) of the monomial z; - - z; in PM) s given by

Ry = > (=)o Q.
r:1e(rgl),
Vpe(t]: [T/ N{ip,jp}|=1
T/ﬂ{ip+1,...,in0 }:Q)

However, note that for any 7" # T indexing a summand on the right hand side above, it holds that
T' > T in the graded lexicographic order (this is because j, > i, for each p € [D]). By our choice
of T, we see that deg(Q7/) < D —t for all T’ # T in the above sum.” As deg(Qr) = D — t, this
implies that deg(Rj;) = D — t. This shows that PM) indeed has degree exactly D > d. O]

In the rest of this section, we will show a more robust version of the above result. Indeed, this
is an intermediate step in the analysis of our low-degree test over the slice.

4.2 Matchings robustly characterize low-degree

We prove the following lemma, which is a strengthening of Proposition 4.1, in that if a function over
the slice is far from low-degree, then not only is there a matching restriction under which it is not low-
degree, but in fact it remains far from low-degree under such a restriction. As hinted above, indeed
in the final analysis of our low-degree test in Section 7, we will further strengthen Proposition 4.2
and show that a similar statement holds not just for one but for many matchings. In fact, we
will crucially use Proposition 4.2 in the proof of Theorem 1.1 for intermediate domains that are a
Cartesian product of a Boolean cube and a slice, and that is the reason we state Proposition 4.2 for
such mixed domains.

9 We define the degree of the Zero polynomial to be —co.
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Proposition 4.2 (Robust local characterization of low-degree). Let d > 1 be the degree
parameter and ny = 0,n9 = d + 1 be integers and f : {0,1}"* x {0, 1},%’;0 — G. Then there exists a
perfect matching M over [2ng] such that we have

Sa(fM)) > min{éq(f), 1/2743}.

Proof. At a high level, the proof strategy is similar to that of Lemma 6.1. However, now the
restrictions involve perfect matchings instead of edges. We will show a “pairwise consistency” claim
in this setting as well and use it to construct a (“global”) degree-d polynomial that is close to f
using degree-d polynomials for the restrictions corresponding to the matchings.

Let D = {0,1}™ x {0, 1} and § < 1/2%"3 be such that 64(fM)) < § for all perfect matchings

M. Then, we will show that d4(f) < 6. This would then finish the proof of Proposition 4.2. Let
Sy € D denote the subset of the original domain corresponding to the perfect matching M:

Su =A{(x,y) : yi # y; for all (i,j) € M}.

By assumption, we know that for every perfect matching M, there exists a degree-d function Py :
Sy — G such that

6(flsps» Par) < 6. (2)

Our goal is to use these “local” polynomials Pys to come up with a “global” polynomial that is close
to f. As the first step, we first show a local consistency among the local polynomials.

Claim 4.3 (Pairwise consistencies). For every pair of perfect matchings My and Ms over [2n)
that differ in ezxactly two edges, i.e., |My \ Ma| = |My \ Mi| = 2 (we call such matchings to be
adjacent ), we have

PJ\/I1|2'51»4105M2 = PMQ’SMlﬁSMQ‘

Proof. We first note that [Syy,| = |Sas, | = 2170 and |Syy, N Say,| = 271770~ (since we must have
Vi, = 1 — yi, = yis = 1 — y,,, where i1, 12,143,174 € [2ng] denote the vertices incident to the edges in
which M; and Ms differ). Therefore,

6(Pry |5M1 NSary > PM2|SJV11 ﬂSMQ) < 5(f|S]Wl NSary s Py |SM105M2) + 6(f|~‘3'1\/11 NSary s PM2‘SMlﬂSM2)

1Sy |

<————+9 , P

Sar 0 Sura] (flsar, » Prlsa,)
1S, |

S0, N Sag| (f|SMQ7 M2|SM2)

(5(f|SM1 Py ) + 6(f|51v12’PM2))

2.
4-9.

+
<
<

Now, identifying Sy, N Sy, with {0, 1}1+7%0~1 in the natural way (which will preserve degree-d
property of functions) and treating Py, ]5M1QSMQ and Py, |SM105M2 as functions over {0, 1}m1+nm0—1
we observe that distance between the two functions is at most 46 < 1/2%. Now, using the distance
lemma over the Boolean cube (Lemma 2.13), we thus conclude that

Py |SMlﬂSM2 = Pu, |SMl NSy

finishing the proof of Claim 4.3. O
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We now use the above pairwise consistency claim to show that actually there is a “global”
function F' : D — G that agrees with each of the functions Pj; under the restriction M, for all
perfect matchings M over [2ng].

Claim 4.4 (Global function from pairwise consistencies). There exists a function F': D — G
such that for all perfect matchings M over [2ng], we have

F‘SM = PM.

Proof. To guarantee such a function F', it suffices to show that for every pair of matchings M; and
M> over [2ng] (that are not necessarily adjacent), if (x,y) € Sar, NSar,, then Py, (X,y) = P, (X,Y).
If M; and M> are adjacent, we are done by using Claim 4.3. Otherwise, the idea is to move from
M to Mj through a sequence of adjacent matchings, all of which contain the point (x,y).

More formally, assume, without loss of generality, that y = 01" and M; = {(1,n¢ +
1),...,(no,2n0)} (so that (x,y) € Su). Now, since Sy, > (x,y) (otherwise, we have noth-
ing to prove), all the edges of My must be from [ng] to [2ng] \ [ro]. For any such matching
M ={(1,i1),...,(no,in,)} from [ng] to [2no] \ [no] (which we will say is good), let o(M) denote the
permutation over [ng] that maps j € [ng] to i; —ng € [ng]. It is easy to see that o(M;) corresponds
to the identity permutation. Now for arbitrary good matchings M and M’, suppose o(M') can be
obtained from o (M) by swapping some two elements (say o(M); = o(M'); and o(M); = o(M’);
where @ < j € [ng]). Then the edges (i,n9 + o(M);) and (j,ng + o(M);) are present in M and
similarly the edges (i,n9 4+ o(M);) and (j,ng + o(M);) are present in M’; all the other edges of M
and M’ are identical. In other words, M and M’ are adjacent. We now use the fact that one can get
any arbitrary permutation of [ng] starting with the identity permutation by repeatedly swapping
appropriate elements for a finite number of steps. Thus, there is a finite sequence of good match-
ings from My to Ms, say My = M(l)7 .. ,M(t) = My such that the matchings M@ and MG+
are adjacent for all 4 € [t — 1]. Since each matching in the sequence is good, (x,y) € S, for all
i € [t], which implies that Py, (x,y) = P+ (x,y) for all ¢ € [t — 1] using Claim 4.3. Hence, we
conclude that Py, (x,y) = P, (X,y), which finishes the proof of Claim 4.4. O

We now finish the proof of Proposition 4.2 using Claim 4.4. In fact, we will show that F' is the
desired degree-d function that is §-close to f. First, we argue why F' has degree at most d: we recall
from Proposition 4.1 that a function g : {0,1}"* x {0, 1}72120 — @ is degree-d if and only if for all
perfect matchings M over [2ng], the corresponding restriction g™M) is degree-d.

Since Py; = F|g,, is degree-d, we know that FM) s degree-d for all M. Hence, we conclude
that F' must be degree-d. Now, since sampling a perfect matching M over [2ng] uniformly at
random, and then a random point in the corresponding Sjs produces a uniformly random point in
D = {0,1}" x {0,1}2"0 we have

nog

5(f7 F) = ]IE[(S(f‘SA{7F|SIM)] = E[é(f’SM’PM)] <9,

where the last inequality is using (2). This finishes the proof of Proposition 4.2. O

5 Small Distance Case

From the polynomial distance lemma (Lemma 2.14), we have that for large enough ng, that a
function f : {0,1}™ x {0,1}2% — G with d4(f) < 2-(@+2) js closest to a unique polynomial P in
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P(D,d). This will simplify our analysis, and we will in this section show that if d4(f) < 27(¢+2)
then we can with high probability say that the distance is preserved after restricting to a matching.
To prove this, we need a small generalization of a sampling lemma from [ABSS25], for which we
provide a short justification in Appendix B.

Lemma 5.1. There exists an absolute constant o > 0 for which the following holds for all p > 0.
Let g : {0, 1}2/2 — [0,1] be a function with Elg(x)] = p. Then,
Eareylg™ (x) - g™ ()] < p?72 4 p-277,

where M is a uniformly random perfect matching, and x,y are uniformly random independent
elements from {0,1}"/2,

We are now ready to prove the main result of this section, that distance to low-degree is preserved
(in expectation) after restricting to a random matching.

Lemma 5.2 (Small distance lemma). There exist absolute constants a,C' > 0 such that for
all integers d = 1,n1 = 0 and ng > (d + 1)¢, and functions f : {0,1}™ x {0, 1},%’;0 — G with
6a(f) < 27UH8) e have

da(f)
(M) d
E Lo (19)] > 25+
where M is a uniformly random perfect matching over [2ng).

Proof. Let D := {0,1}™ x {0,1}2" and P € P4(D) be the degree-d function that is d-close to f,
where 0 := 04(f). We first note that

E [o(£0, POD)| = 5, (3)

since evaluating fM) (resp. PM)) at a random point in its domain (where M is also random)
corresponds to evaluating f (resp. P) at a random point in its domain. We will now show that

1 o
Since 4(fM)) = §(fOD P(M)) whenever §(fM), PIM)) < Qd% (by Lemma 2.13), we infer that (3)
and (4) would together imply that

E[5(f00)] 252 =2,

which would then yield the bound of Lemma 5.2. The rest of the proof is to establish (4).
Let g : {0,1}2m — [0,1] defined by

g(X) = 5(f('7x)a P(-,X)),
denote the distance between f and P for a given assignment to the last 2ng coordinates. Thus, we
have E[g(x)] = 6(f, P) = 6 and E[¢g™)(x)] = §(fM), P(M)) for all matchings M. Suppose towards
a contradiction that (4) does not hold. Then we have

) 1 )
(M) p(M)y2 s _
E [o(fM, PM] > 2 s = o,
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and so

d

ME’y [g(M) (x) .g(M) (y)] — E [(E[Q(M) (x)])2 > e (5)

On the other hand, Lemma 5.1 implies (for suitable constants «, C' > 0) that

_9/ne _pa J J
E, 900 ) - g™ ()] < 8272 627" < 52 4 e <024
However, this contradicts the lower bound of (5) since § < 1/244+8, Therefore, we conclude that (4)
holds, finishing the proof of the small distance lemma (Lemma 5.2). O

6 Large Distance Case

We prove the following lemma, whose contrapositive roughly says that if a function f is far from
degree-d, then many of the restricted functions f(49) are also far. The proof strategy closely re-
sembles that of [BS520; ASS23| who also handle similar “edge” restrictions corresponding to setting
xj = 1 — x;, but becomes more intricate due to the nature of the domains of the functions being
non-grids. Nevertheless, using properties of the graded monomial basis for functions on slices dis-
cussed in Section 2 (in particular, Proposition 2.10), we are able to give a relatively simple reduction
to the case of the Boolean grid already handled by [BSS20; ASS23].

6.1 Global function from local functions

The main goal of this subsection is to show that if there are many restrictions of a function that are
close to low-degree (via some “local polynomials”), then the overall function is close to low-degree
(via some “global polynomial”). More formally, we show the following.

Lemma 6.1 (Global from local). Let d > 1 be the degree parameter and ny > 0,n9 > 4(d + 2)
be integers and f : {0,1}" x {0,1}2" — G. Suppose for some integer t € [d + 2,n0/4] and
0<6L 1/22‘“‘6, we have that

Pr |64(f%7)) < 5] > th .
i,j€[2n 70
]ij o] (*3°)
Then we have,
1
0a(f) < F—I—é.

Proof. We start with a high-level proof idea: The assumption in Lemma 6.1 tells us that there
are several restrictions of f that are close to degree-d functions (on their respective domains). We
refer to the close degree-d polynomials as “local” polynomials (here local reflects the guarantee
that closeness to degree-d polynomial is guaranteed only for a subset of the domain). From these
restrictions, we choose a subset of structured restrictions (we refer to them as “star” or “matching”).
The main technical step is to use the “local” polynomials and glue them together to construct a
“global” polynomial of degree-d (the global polynomial is going to be defined over the whole domain)
that is close to f.

Now we proceed with a formal proof. Call a restriction (4, j) € [2ng]? (where i < j) to be good
if 0q4(f (i )) < 4. By assumption, we have at least 2t? good restrictions.
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Consider the undirected graph G over the vertex set [2ng] with edges given by pairs corresponding
to the good restrictions. By assumption, we know G has at least 2t2 edges. We claim that at least
one of the following two cases occur!”:

e Case 1: (Star case) There exists a vertex v € [2ng] of degree at least ¢ (i.e, a star subgraph
in G with t + 1 vertices), or

e Case 2: (Matching case) There exist at least ¢ pairwise disjoint edges (i.e., a matching of
size t).

We argue this now. If G has a vertex of degree > t, then we are done. Otherwise, we will construct
a matching in G that has at least ¢t edges. Assume that the degree of each vertex in G is strictly
less than t. We construct a matching of G in the following greedy manner: Start with an empty
matching M, add an arbitrary edge to M, and keep adding edges to M until no more edges can be
added. Let M be the partial matching we get after the above algorithm stops. If M has at most
2m vertices, then the total number of edges is at most (2m) -¢. Since the number of edges in G is at
least 2t%, the matching M has at least t edges. Thus we have shown that at least one of the above
two cases happen.

The rest of the proof is divided into two cases, depending on whether G satisfies the Star case or
the Matching case. Most of our arguments will be similar for the two cases, therefore we will handle
the two cases in parallel and highlight any differences as they arise. For both cases, let the domain
of f be denoted by D := {0, 1} x {0,1}20. If G satisfies the Star case, we can assume without loss
of generality that the star is formed by the edges (1,2),(1,3),...,(1,¢+ 1). Similarly, if G satisfies
the Matching case, we can assume without loss of generality that the matching contains the edges
(1,2),(3,4),...,(2t — 1,2t). We will now define a notation for the edges involved that we will use
in both of the cases: For i € [t], let

(1,4 1), in the Star case,
e =
‘ (2i — 1,2i), in the Matching case.

We shall abuse notation slightly and denote the restricted functions using e; instead of the pair
corresponding to ;. We then denote the domains of these restricted functions f(€) by
{0,1}m+1 x {0, 1}5:_0}1\{1’“1}, in the Star case,
D, =
{0,1}m+1 x {0, 1}[2%}1\{21’71’21}, in the Matching case.

ng—
By definition, for every i € [t], edge e; is a good restriction. For every i € [t], let P; € Py(D;) denote

a degree-d function that is d-close to f(€).

We will show that there exists a “global” degree-d function P € P4(D) that becomes identical to P;
under the restriction e;, for all i € [t]. More formally, we will prove the following lemma.

10 This is essentially the sunflower lemma applied to the set system corresponding to the edges of the graph G.
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Lemma 6.2 (Global function). For f : D — G (where D = {0,1}™ x {0,1}2™ ) and (e; =
(a;, bi))ie[t] denoting the edges of the star or the matching, suppose P; is a degree-d function that is
d-close to f(¢). Then there exists a degree-d function P € Pg(D) such that we have

PE) =P, forall i€ lt].

We prove Lemma 6.2 in Section 6.2. For now, we assume Lemma 6.2 and proceed with the proof
of Lemma 6.1. We will now show that f is close to P. More precisely, 6(f, P) < 1/2!=! + 6, which
will finish the proof of Lemma 6.1.

It will be convenient to identify the domains of the restriction functions (i.e., D;) with subsets of
the domain of f (i.e., D) . For i € [t], let e; = (a;, b;) (i-e., (ai,b;) = (1,74 1) in the star case, and
(2¢ — 1,24) in the matching case) and S; € D denote the subset

Si ={(x,¥) € D : ya; # U, }- (6)

The final queries of our low-degree test lie in the S;, so it is natural that they show up in the anal-
ysis. We now make some observations regarding restriction (a;, b;) and the corresponding domain S;.

Observation 6.3. For every function h: D — G and for every (x,y) € S;, we have
hix,y) = W@ (x 0y, yProhietd),

since 'y € S; implies that yljane)\fa, b} € {O,l}fglf]l\{ai’bi}

a uniformly random (x,y) € S, the input to h(@%) (ie,. (xoyai,y[%o}\{aivbz’})) is uniformly
distributed over the domain of h'¢) (i.e., D;).

and yp, = 1 — yq,. Furthermore, for

Using the above observation, we have for all i € [t]:

8(fls, Pls,) = Pr [f(x,y)#P(x,y)] = Pr [f®)(x,y)# P (x,y)].
(x,y)€S; (x,y)€D;

Now since P(¢) = P; (Lemma 6.2) and §(f(¢), P;) < & by the definition of P;, we get that

6(flsi, Pls) = Pr_ [f(xy) # Py < 8.

Now, let B; C S; (called bad points) denote the subset of S; where f and P differ. By the above
bound, we have for all i € [t]:

B;
‘|s-|| S0 ")

Moreover, we now show below that the union of S;’s cover almost all of the domain D. In

particular, we have the below upper bound for the intersection of their complements. In the star
case, we have:

t
ns:
=1

We will now need the following probability estimates.

= ‘{<x,y>eD:ylzyzz---zym} < 2“"{ye{o,1}iz°:ylzyzz---zym}.
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Claim 6.4 (Probability estimates). For positive integers t < n/4, we have the following proba-
bility estimates:

® Pryciopen[rr = a2 =+ = z41] < 1/2%, and

® Prycrony2n[T2i-1 = 72 forall i€ [t]] < 1/2t4,

t

— n 277,0 1
e <21-<n0>-2t. (8)
i=1

Similarly, in the matching case, we have the following upper bound:

t
ns
=1

Using Claim 6.4, we get,

= ‘{(x,y) €D :yg_1 =y forallie [t]}‘

< 2M. ‘{y S {0, 1}%7;0 D Yoi—1 = yo; for all ¢ € [t]}‘

Again, using Claim 6.4, we get,

t
s
i=1

We now combine the above bounds to conclude that f and P are close. That is,

{xy)eD: f(xy) # P(x,y)} <ﬂ5) vl Bi
=1 =1

(since B is the subset of points in S; where f and P differ)

n 2110 1
<21.< >2t1 9)

no

<

t
1 .
<ID| gy + | U B (using (8) or (9))
i=1
1 :
< \D|-F+(5~\Dl. (using (7) and B; € S; C D)
Hence, 6(f, P) < 1/2t7! + 6, thus finishing the proof of Lemma 6.1. O]

6.2 Gluing of local polynomials

In this subsection, we prove the existence of the global degree-d function by gluing together the
local degree-d polynomials that each of the restrictions are close to, i.e., we prove Lemma 6.2, which
we recall below.

Lemma 6.2 (Global function). For f : D — G (where D = {0,1}™ x {0,1}2") and (e; =

no
(as, bi))z‘e[t] denoting the edges of the star or the matching, suppose P; is a degree-d function that is
-close to f(¢). Then there exists a degree-d function P € Pa(D) such that we have

P =P forall iclt].
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Proof of Lemma 6.2. We will work with the domains S; = {(x,y) € D : ya, # p,} C D (defined
at (6)) instead of the domains D;. In particular, we have for all i € [t] that §(fls,, Q:) < 0, where
Qi € Py(S;) is a degree-d function defined as

Qi(x,y) = Pi(x 0 yq,, yProlMtentid),
Using these, the goal of this lemma is to construct a degree-d function P € P4(D) over the domain
D that agrees with @; over the subset S;, for all ¢ € [t]. This suffices because then for all i € [t] and
(x,¥) € D;, we will have
Pe)(x,y) = P(xI"y o 95;{1?451 o (1 = ny 1))
= Qi(x",y o fiﬁl o (1= zp,41) )
=P (X7 y)7

where the first equality is using the fact that (x["1 y o a:;{t?ﬁl o (1 —an,11)®}) € S; and second
equality is using the definition of @);. That would finish the proof of Lemma 6.2.

We have the following “pairwise consistency” claim for the restrictions (e;);e[y:

Claim 6.5 (Pairwise consistencies). For every i # j € [t], we have

Qi|SiﬂSj = Q] ‘SiﬁSj .

We defer the proof of the above pairwise consistency claim to later. For now, we assume that
the claim holds and show the following:

Claim 6.6 (Global polynomial from pairwise consistencies). There exists a degree-d function
P € Py(D) such that for all restrictions i € [t], we have

Proof. Note that if we are able to find such a “global” degree-d function P, then it implies pairwise
consistencies: that is for all i # j € [t],

Qi’SmSj = P‘SiﬂSj = Q]’SmSJ

The high-level idea of Claim 6.6 is to show the converse, which is much more involved. The idea
is to express all the functions in a fixed monomial basis and construct (the coefficients of) P by
solving a linear system using the coefficients of the restricted functions; the pairwise consistency
claim guarantees a solution to this linear system. In order to proceed with the formal proof, we
need to set up some notation.

Let By = Bi(x) = {[[,eg®i : S C [n1]} and By = B;, (y) denote the downward-closed, graded
monomial bases for {0,1}"™* and {0, 1}7212‘0 given by Proposition 2.10 respectively. Using Lemma 2.12
we know that

B(x,y) = {m1(x) - ma(y) : m1 € By and mg € By} (10)

is a downward-closed, graded monomial basis for D = {0,1}" x {0,1}2". We use the shorthand
notation B = By x By to refer to the above equation.
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For i € [t], let R;(x,y) be a degree-d polynomial over G agreeing with @; over its domain S; that
only contains monomials from B<¢ (i.e., the monomials not in B(x,y)S? have coefficient zero in
R;). For i # j € [t], let R;;(x,y) be the degree-d polynomial over G obtained by substituting
Yo, = 1 — Ya; and yp, = 1 — y,, in the polynomial R; (where we recall that e; = (a;,b;) are edges
corresponding to a star or a matching) and simplifying/expanding out the resulting polynomial by
multilinearizing the monomials since each variable only takes Boolean values; in particular, R; ;
does not have the variables y,, and y,, appearing in it. Symbolically, we have

Rij = Rily, =1-ya;, v, =1-ya,

For an arbitrary ¢ € [t], from the definition of R; ;, it is unclear whether the polynomials R; ; and
R;; are equal or not, because they are expressed in a particular basis B. However, we now show
that they are indeed equal.

Claim 6.7 (Pairwise consistency of local polynomials). For alli # j € [t],
Rij = Ry
Proof. We divide our argument into two cases — the star case and the matching case.

The star case: Suppose the graph G has a star with (¢ + 1) vertices, where the edges are
(1,2),...,(1,t 4+ 1). Then for arbitrary i # j € [t| let us decompose the polynomial R; ; as follows:

Rij = yi- R + RY), (11)

)

where R( ) and R( ) are polynomials in the variables x and y|[2n0 I\{1,i+1,j+1}- Here R( ) is of degree

at most (d - 1) and RZS j) is of degree at most d. Pairwise consistency (Claim 6.5) implies that
whenever y; =1 — y;41 = 1 — y;41 for some point (x,y) € D, we must have

Qi(xvy) = Qj(X’Y)' (12)

Now observe that if we set y; = 1 —y;41 = 1 — yj41 = 0 for (x,y) € D, the domain of the
remaining coordinates is {0,1}" x {0, 1}[2710]\{1 ALY Hence, using (11) and (12), we get for all
(x,y) € {0,1}™ x {0, 1}EroMLFLIF o

R (x,y) = R¥)(x,y). (13)

Similarly for all (x,y) € {0,1}™ x {0, I}E:f]l\{l’i+1’j+1} (this corresponds to setting y1 = 1 —y;41 =
1 —yj4+1 = 1) we obtain:

R (x,y) + R (x,y) = B} (x,y) + B} (x,y). (14)

We now use the properties of our monomial basis B from (10) to conclude that the equations (13)
and (14) imply that the corresponding polynomials on both sides of the two equations are identical.
More specifically, let B}, = B {0, 1}>[2n0 MLAFLIL

o~ 2(¥li2no]\{1,i+1,j+1}) be the monomial basis for
given by Proposition 2.10.
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Since we are dealing with restrictions of slices obtained by fixing some coordinates, it will be use-
ful to derive monomial bases of such restrictions using monomial bases of the original domain. In
particular, the following lemma (which we prove later), roughly states that under appropriate re-
strictions, the basis monomials continue to be in the basis of the restricted domain.

Lemma 6.8 (Monomial bases of restrictions). Let n > 1 be an integer and B = B, ) (x)
denote the monomial basis for {0, 1}7L’n/2J given by Proposition 2.10. Let 1 < d < n/2 be an integer,
S C [n—2d] be a subset, so that we have d < k < |S| — d for some integer k (where S :=[n]\ S).

Let B' = Bj(x|g) denote the monomial basis for {0, 1}5 given by Proposition 2.10 obtained by
ordering the coordinates of S in increasing order. Then for all monomials m(x) € B(x)S? that do
not contain any variable from S, it holds that

m(x) € B/(x\g)gd

Now we apply Lemma 6.8 (for the subset S = {1,7+1,j + 1}) to claim that all the monomials
contained in R( ) and R( ) are contained in B X 32 <d C By x BY,. Now, since B; x B} is a monomial

basis for {0, 1}”1 x {0, 1}[2%]\{1 ALy , using (13), we conclude that indeed the polynomials Rgg-)
and Rg-ﬂ-) are identical to each other:
R® = R

2Y A I
We now note that all the monomials in R( ) and R§ Z), because of the downward-closed nature
of the monomial basis B, are contained in B<d. Now, repeating the same argument as above, we
conclude that:

RY + R" = R + RY).
Putting everything together, we get
Rij=uy- Rl(’lj) + Rg?j) =1 - R( ) —|—R( ) = = Rj;.

This concludes the argument that in the star case, for every i # j € [t], the polynomials R; ; and
R;; are identical.

The matching case: Now, suppose we are in the matching case. We perform a similar argument
as the star case by setting some variables to zeros and ones to conclude again that R; ; = R;; for
all i # j € [t]. Let us decompose the polynomial R; ; as follows:

Rij = y2i-1y2j-1- R( )+y21 1° RE? + y2j-1 - R( ) Rz((;)7

where REJ),REJ),R( ) and R( ) are polynomials in x and y|[Qno]\{%_l’%?%_l’%} of degree at most
d— 2, at most d — 1, at most d — 1 and at most d respectively. By the downward-closed property
of B, all the monomials appearing in RE j), REQJ), R(lj) or R(O) are contained in BSY.

Pairwise consistency of @; and @ implies that for every choice of (x,y) € D such that yg;—1 =

1 —y2; and y25_1 = 1 — yo;, we have

Qi(xay) = Qj(X7Y)‘ (15>
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In particular, setting y2;—1 = y2j—1 = 1 —y2; = 1 —y2; = 0 and using the fact that R; ; and R;; com-

pute @Q; and @; under this restriction, we obtain for all (x,y) € {0,1}" x {0, 1}30"02\{2Z 1,26,2j-1,24}
that:

R (x,y) = RO (x,y). (16)

Letting
Bé = 520—2(Y|[2n0 N{2i—-1, 2i,2j—1,2j})

denote the monomial basis for {0, 1}[2n°]\{2l 1.26,2j-1,24}

given by Proposition 2.10, we note that the

monomials appearing in R j) and R( ) are all contained in By x B'<d C By x B, by applying Lemma 6.8
(for the subset S = {2i — 1,2i 2] 1,25}). However, since By x B} is a monomial basis for

{0,1}™ x {0,1} 2n0]\(2i1,26251.2}) , from (15), we get the following equality of polynomials:

ng—2
RO = RO,

By repeating the same argument for the other three assignments (y2;—1,y2;—1) to (0,1),(1,0) and
(1,1), we get the following additional relations respectively:

(1) 0) _ p®) (0)

R,/ + R =R,/ +R;;

R(Q? + R(O? — R(.Q) + R(.O.)
ﬂ)+ﬁ%+ﬂ)+ﬁ) ﬁ$+ﬂ)+ﬁn+ﬂ)

Hence, overall we get for all i # j € [¢] that RZ(ZJI) = R;Z;) for all ' € {0,1, 2,3}, and thus
Rij = Rj.
This finishes the proof of Claim 6.7. O

We now use the following claim about multilinear polynomials to derive the global degree-d
polynomial P that agrees with every R; under the corresponding restriction e; (and so it agrees
with Q; over S;), for i € [t].

Claim 6.9 (Global polynomial from restrictions, [AS523, Claim 3.8]). Let n > 2t and t >
d+2 > 3 and (e; = (a;,bi))icy (where a; < b; € [n]) denote the edges of a star or a matching of
size t over vertices [n]. Suppose there exist degree-d polynomials (Ri(21,. .., 2n))icl over G such
that for all i # j € [t], we have that
Rij = Ry,
where R; ; = Ri|Zbi=1—Zai7ij=l—zaj denotes the polynomial over G obtained by substituting zp, =
1 — 24, and zp, = 1 — 24, in the polynomial Ri(z1,...,2n). Then, there exists a degree-d polynomial
P(z1,...,2,) such that for all i € [t], if we substitute z,, = 1 — z,, in both P and R;, we get the
same polynomial, i.e.,
P|Zbi=1*2ai = Ri|zbi:17zai-
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The above claim is proved by [BS520; ASS23] (for a more general case of functions defined over
grids); we reproduce the proof in Appendix C.2 for the sake of completeness. Using the above claim
for the polynomials (R;(x,y))ic[ and n = ny +2np, we conclude that there exists a “global” degree-
d polynomial P over the variables x,y such that P(x,y) = R;(x,y) for all (x,y) € D such that
yp; = 1 —yq, (Note that the polynomial P guaranteed by Claim 6.9 can potentially have monomials
outside the monomial basis for D, but that is not a concern for us). Since R; computes Q; over S;,
this gives us that P|g, = @; which finishes the proof of Claim 6.6. O]

This also finishes the proof of Lemma 6.2 since we have found a P € P4(D) agreeing with Q;
over its domain for all i € [t]. O

We now prove Lemma 6.8 which roughly says that under appropriate restrictions, the basis
monomials remain to be in the basis of the restricted domain.

Proof of Lemma 6.8. Let T C S denote the set of variables in m(x) € B(x)S%. By Proposition 2.10,
note that for all i € [n], we have

TN {G,....n} < |([W]\T)N{4,...,n} (17)

We will show that |T'| < min{k, |S| — k} and that T has the ballot property (w.r.t. S). The first
condition holds by our assumption on the range of k& (and the fact that |T'| < d). To show the
second condition, let i € [n] be arbitrary and U = SN {i,...,n}. We will show that

TUI<|(S\T)NU| (18)
to finish the proof. We have two cases:

Case 1: i >n—2d. Since S C [n—2d], we have that U = {i,...,n} and SNU = [n]N{i,...,n}.
Thus, (17) implies (18).

Case 2: i <n—2d. We have [T NU[ < |T| < d since T corresponds to a degree-d monomial. On
the other hand, [(S\T)NU| > |SNU| - |TNU| > 2d — d = d, where we are using the fact that
SNUD{n—2d+1,...,n} has size at least 2d. This proves (18). O

We now give a proof of the pairwise consistency claim below.

Proof of Claim 6.5. We will first handle the star case. Without loss of generality, let i = 1 and j = 2,
i.e., the two restrictions correspond to the edges (1,2) and (1,3). Now, note that S; N S; = EU F,
where we define

E={(xy)eD:y1=1y2=y3=0} and F ={(x,y) € D:y1 = 0,2 = y3 = 1}.

We will show that Q1|p = Q2|r and Q1]|F = Q2|F and thus conclude the proof in the star case. We
only give the proof for E as the proof for F' is analogous. Observe that £ and F' are disjoint sets
of size equal to 2™ - (2%0__13). Hence we have the ratio

|S1N Sy 2-2™- (2&0:13) 1
1Si 2.9m. (2,%0:12) -2
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We now note that
|Sl N 52‘ '

5(Q1|E7Q2|E) < |E’ 5(Q1|510527Q2’S1ﬂ52) (uSing EC S mSQ)
<2- (5(]0‘510527 Q1’51ﬁ52) + 5(]0‘5105'27 Q2’51ﬂ52)) (triangle inequahtY)
max{|S1],]S2|}
g 20 ———— (6 ) o 9
501 %) (6(fls1, Q1) + 6(fls,, Q2))
< 8- 0 <USing 6(f|5m Ql) < 5)
1 .
< ol (using § < 1/224+6)

On the other hand, the polynomial distance lemma (in particular, Remark 2.15) applied by treating
E as an appropriate Cartesian product of a Boolean cube and slice implies that if Q1| # Q2|&,
1 1
5(Q1lE, Q2|E) = 52d > 52442

Thus, we conclude that Q1|g = Q2|r (and similarly, Q1|r = Q2|r) and this completes the proof of
the pairwise consistency claim (Claim 6.5) in the star case.

We now turn to the matching case. Without loss of generality, again let ¢ = 1 and j = 2, i.e.,
the two restrictions correspond to the edges (1,2) and (3,4). Now, we have

S1NSy=F1UFEyUEFE3UEy,

where we define

Ey={xy)€D:y1=1-y2=0,y3 =1—ys =0},

Ey={(x,y)€D:y1=1-y2=0,y3=1—ys =1},

Ey={(x,y)eD:y1=1-ya=1y3=1—ys =0},

Ey={(x,y)€D:y1=1-ya=Lys=1-ys=1}.
Similar to the analysis in the star case, we have

SN S
(Q1|E,, Q2lE) < ‘1E1‘2"5(Q1ISmSQ,Q2|SmSQ)

< 4- (6(f|51f_1527 Q1‘51|’752) + 6(f|51f-]527 QQ’SNTSQ))
max{| 51|, [S2[}
< 4 AP (4, ,
500 S| (6(fls1: Q1) +6(fls,. @2))
1
S 1600 < oo

However, the distance lemma (Lemma 2.14) applied by treating F; as an appropriate Cartesian
product of a Boolean cube and slice implies that if Q1|z, # Q2|g,, then
1 1
0(Q1lEy, Q2lE,) = 52d > 52d+2°

Thus, we conclude that Q1]|g, = Q2|g, (and by a similar argument, we obtain that Q1|g; = Q2|g,
for all j € [4]) and this completes the proof of the pairwise consistency claim (Claim 6.5) in the
matching case as well. O

This fully finishes the proof of the main lemma of this subsection, i.e., Lemma 6.2 (and thus
that of Lemma 6.1 from Section 6.1).
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7 Putting Everything Together: Balanced Slice

Finally, we complete the analysis of our low-degree test over the slice (Theorem 1.1).
Proof of Theorem 1.1. We recall our low-degree test Tgice described in Section 3 below:

1. Choose a perfect matching M = {(i1,j1), ..., (in/2,Jns2)} Over vertices [n] uniformly at ran-
dom.

2. Obtain oracle access to the restricted function f(M) {0, 1}{i1""’i"/2} — G defined by setting
xj, =1 —x;, for all i’ € [n/2] (also defined in Section 2).

3. Check if f™) is degree-d using the test Tgria given by Theorem 2.1.

Completeness: If f : {0, 1}2/2 — G is degree-d, then f(M) is degree-d (by Observation 2.3) for
all M and hence Tgjice always accepts.

Soundness: For soundness of Tgice, it suffices to show that if f is e-far from degree-d functions on
the balanced slice, then f(*) is Q4(e)-far from degree-d functions on the grid {0, 1}"/2 in expectation.
Then, we can use the soundness guarantee of 7Tgiq to get the desired soundness guarantee of Tgjice-
In particular, for suitable factors of d hiding under the Qg4(-) notation, we have that

Pr{Tglice rejects f] > 1:]\’/[1" [Erid rejects fM )} (where the probability is both over M and Tgyid)

> ]@[ [Q((Sd(f(M))} (using Theorem 2.1)

> (Bt (19)

Thus, the core of the soundness analysis is to show that the expected value of 54(f*M)) is Qy(e).
Quantitatively, we will show that

E [8(f*)] > ¢/ exp(a®).

First, we will handle the extreme case corresponding to n < poly(d): In this case, by apply-
ing Proposition 4.2, we observe that there exists at least one matching M such that

Sa(fM)) = min{dy(f), 1/2773} > /243

Since the total number of matchings is at most n! < exp(n®®) < exp(d°M), we get the desired
lower bound of €/ exp(d®M)) on the expected value of §q4(fM)).

Hence, for the rest of the proof, we may assume that d > 1 and n > (d + 1)¢ for a sufficiently
large absolute constant C'. We now have two cases based on whether d4(f) is “small” where we set
the threshold to be g := 1/244+2),

Small distance case: Suppose §4(f) < 1. Applying the small distance lemma (Lemma 5.2), we
get that

Y

% [5d(f(M)):| >

N ™

as desired.
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Large distance case: We have d4(f) > 1. For ¢’ € [n/2], let fi be the function corresponding
to the partial matching given by the first 7/ edges of the test Tgjice, i.¢.,

fo = f(il,jl)m(ii'vji’)_

Following the same convention, let fy = f so that d4(fo) > 1. Applying the (contrapositive of) large
distance lemma (Lemma 6.1) from Section 6.1 to the function f; whose domain can be identified
with {0,1}* x {0, 1}2/_22f,i,, for all i/ € [0,p] (where p := n/2—(d+1) for a sufficiently large absolute
constant C) and partial matchings (i1, j1), ..., (i, ji) over [n] such that d4(fi) > €1, we have

2t
I
(")
where we choose €g > 0 and ¢ > 1 appropriately so that Lemma 6.1 is applicable. In particular, we
set ¢ := 20d and g¢ := 1/2%207 50 that we have 1/2!7! 4 g¢ < 1/21948 = ¢,
Now, for 7’ € [0,p], consider the event §4(f*)) > £y/2 conditioned on the event go < dq(fir)
-/

e1. In this regime, since the small distance lemma (Lemma 5.2) is applicable to fi (since n/2 —i
(d 4 1)%), for any arbitrary choice of the first i’ edges such that go < d4(fir) < €1, we have

T304 15J4!
P () s e 21—
401 <byp1€MIN{1,5150 857,95}

(20)

<
2

PI' |:(5 (f(741/+17.71 +1)’ ’( n/21]n/2)) 2 6;):| 2 % (21>
Chaining the inequalities (20) and (21) from i = 0 to ¢’ = p, we get
(M), < €0 1 £ 400d?
P Sa(fODy > =2 1) > = l—-— =
F VS
1 a 400d>
= —-|1-
2 < ; n/2—z—1)2>
1 °° 400>
Z '™ N
z’*n/2 p—1
2
Lo, A00d
2 d + 1 -2
1
= —.
4
Thus, either we have that
Pr(sa(f™) > e0/2] 2 1/8, (22)
or
Prdg(fps1) > o] 2 1/8. (23)

If we are in the first case (i.e., (22)), we are done since we obtain Ey/[d4(f*))] > e9/16. However,
the second case (i.e., (23)) needs some care. We observe that indeed if we set the final few edges of
the matching at random, with good probability, there exists some choice of these few restrictions
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that has large distance from low-degree, and in particular, with good probability, the final restricted
function is far from low-degree if the original function was far from low-degree. More precisely, we
make use of Proposition 4.2 to conclude that

Pr[5r00) > 2| 5 Pr i) > o] 2o 80O > 20 | ) > a0 (2
>1; (25)
78 2w

1

Z SR+ o) 20

where we are using the fact that the number of perfect matchings over n — 2i’ elements is at most
(n — 2i')! and the fact that min{eg, 1/2973} = «.
Hence, in the large distance case, we have that

9
Pr {6q(f) > W] > Pr |:5d(f(M)) >

€0 S 1 S 1
2| 7 8(2(d+ 1)) 7 exp(dO))’

To wrap up the proof of Theorem 1.1, recall that we have shown in all cases, we have that

(M) g 1
IJD\/[r [5d(f )2 22‘“‘7] 2 exp(dO(1))’

and hence -

exp(d9M)’

Thus, recalling the discussion at the beginning of the proof, we have that

E[5a(f)] >

€

I]\)/[r [’Elice rejects f] P m-

Hence, we get a low-degree test for the balanced slice making exp(do(l)) queries and rejection
probability Q4(¢), finishing the proof of Theorem 1.1. O]

8 Imbalanced Slices

In this section, we prove our low-degree testing theorem over slices that are not necessarily balanced,
i.e., Theorem 1.4. We describe the low-degree test first.

Algorithm 2: 7" (Low-degree test over k-th slice)

Input: Oracle access to f: {0,1}} — G (where n > 2k), degree parameter d > 0
1 Sample a uniformly random subset U of [n] of size 2k
2 Let fU):{0,1}Y — G be obtained from f by setting the coordinates in U = [n] \ U to 0 *
3 Accept f if and only if Tgice(f(V), d) accepts.

% Minor abuse of notation since the restrictions corresponding to matchings M are also denoted by f (M),

® Note that f(Y) is a function over the balanced slice in 2k coordinates.
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Similar to the case of the balanced slice (Section 6), the key lemma is to show that if d,(f(U))
is small with high probability (over the choice of U), then d4(f) is also small (i.e., Lemma 8.1).
Our proof of this will again crucially use the monomial basis for slices we discussed in the earlier
sections. Additionally, we will also use an agreement theorem of Dinur, Filmus and Harsha [DFH25]
(which can be thought of as a higher degree version of the direct product tester of [DS14] that was
used by [DDGKS17] in their linearity test over slices) in “gluing” the local polynomials to obtain a
“global” one. Now we state our lemma below.

Lemma 8.1. Let n > 2k > 8d be positive integers, f:{0,1}} — G, and n > 0. If it holds that
E |5 (£)] <n.
ve()

then we have

da(f) < Oa(n). (27)

Assuming this, we immediately have the main theorem of this section:

Proof of Theorem 1.4. We claim that the test 7" described above is the desired low-degree test. As
usual, the completeness of the test is easy to prove: if f can be represented by a degree-d polynomial
P, then a degree-d representation for f() can be obtained by substituting the variables in U to 0
in P (and then use the completeness of Tgjice). In order to show that the test is sound, assume that
f is e-far from degree-d. Now, 7 to be sufficiently small such that the term on the RHS of (27) is
at most €. In particular, we can achieve this for some 1 > Qg4(¢). Then by (the contrapositive of)
Lemma 8.1, we conclude that

g 5 (1)] 0. 2
Then we obtain, by invoking our low-degree test over balanced slice (Theorem 1.1) for f U) that:
Pr(Ty" rejects f] > Pr{Togce rejects f©]
> E 2404V
= Qq(n) = Qa(e), (using (28))

where the probability in the first inequality is both over the internal randomness of the test and U,
thus finishing the proof. O

We now prove the key lemma used above.

Proof of Lemma 8.1. At ahigh level, the proof is similar to the “Global from local” lemma (Lemma 6.1)
used for the balanced slice case. We use the shorthand notation &y := 64(f()). Then for every
subset U, we pick a degree-d function Py € P4({0,1}Y) closest to fO (ie., oy = 6(fU), Py)). We
then find a degree-d function P : {0,1}} — G, such that on many subsets U, we have PO = p,.
We then lastly note that many of the points in {0, 1}} lie inside one of these subsets, which will be
used to complete the proof. We provide more details next.
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Constructing global polynomial. We will use the following theorem of [DFH25]| (instantiated
[m]
<d

of size at most d, and for a function g : ([Z&]) — Y and S € ([Tg]), we let g|g : (gd) — 3 denote the

function g restricted to subsets containing only the elements of S.

for our setting) to construct a global polynomial. Recall that ( ) denotes the set of subsets of [m]

Theorem 8.2 (Agreement theorem in high dimensions, [DFH25, Theorem 5.1]). For vy > 0
and positive integers m, 0, d, t = |3¢/4] such that d <t < € < m, and any alphabet X, the following

holds: Let (LS : (gd) — Z) be an ensemble of local functions satisfying

se("y)

Pr |:LS1|T ?é LSQ‘T:| < Y- (29)
Te(")
TCS,S2€(1))

m}) — Y satisfies

Then the majority-decoded function M : (<d

. (OO
S [Lsaéms} < exp(d®M) -, (30)

where the majority-decoded function M is the one given by the “popular vote”, namely for each
Ae ([Zg), we set M(A) to be the most frequently occurring value among (Ls(A))soa (breaking ties
arbitrarily).

We will use the theorem in the following way. We first pick a subset D C [n] of size 2d, such
that

o E [0u] < . (31)
Ue(4) and UDD

Such a D must exist by an averaging argument. Roughly speaking, the intuition for this conditioning
on all good subsets containing a fixed subset D is the following: Since we will be dealing with
polynomials evaluated over slices and monomial bases for the same, it will be useful to have a
slack of few (in this case, 2d) coordinates in order to ensure that the polynomials have a unique
representation.

Furthermore, we assume without loss of generality that

D={n—-2d+1,...,n}.

If we now let m :=n — 2d and ¢ := 2k — 2d,'! then every subset U containing D is of the form
S'U D, where S is a subset of [m] of size £. We have that every Psyp is a polynomial defined over
{0, I}SUD, which by Proposition 2.10 has a certain graded basis. We denote this basis by By. We
can then write Py as

Pr= Y a-b= Y pucElp)- ][] (32)

beBs* CG(gd) ieC

1'We will apply Theorem 8.2 with these parameters.

33



where py c(x|p) is the sum over the basis elements which share the same variables of S, so pyc €
G<9[x|p] is a polynomial in the “ D-variables” of degree at most d; in fact its degree will be at most
d — |C| as the degree of Py is at most d. We can then for every S € ([”Z]) define a local function

s <d
LS : << d) — G [X|D]
C ~ psup,c(x|p). (33)

We then want to apply Theorem 8.2 to this ensemble of local functions, so we have to get an upper
bound on the probability that Lg, |s,ns, Z Ls,|s,ns,. The following claim restates it to something
we can more easily work with.

Claim 8.3. Let 51,55 € ([TZ}) and Uy = S1UD, Uy = S, UD. We have L51|51052 = L52|51m52 if
and only if Py, = Py,.*

We are then left to upper bound the following quantity where ¢ := [3¢/4]:

Pr |:PS1UD 5_'5 PSQUD:| . (34)
(")
TgSl,SQG([ZL])

Now for any U, Us € ([272) such that v := |Uy N Us| > t + 2d and Py, # Py,, by applying the
polynomial distance lemma (in particular, the weak version given by Remark 2.15) over the k-th
slice of Uy N Us, we get the following:

(4724 N <min{k —dyu—d—k)}
() u

where the last inequality is using k& > 4d and 2k > u > t + 2d > 3k/2. Combining (34) and (35),
we then have

Pr [PUl (x) # Py, (X)] > >2d > Qq(1), (35)

xe{0,1},1772

b Psn(x) # Prau()| - 2(1) = 2u(). (36)
Te(™

Tgsl,&te([’;l)

x€{071}§€SlmSQ)UD

We will now establish an upper bound on the LHS of the above expression: For S € ([Tz]) and

kE—2d < i </, let Dg; denote the distribution over (S L,iD ) corresponding to picking a subset
S e (f ) uniformly at random and then outputting x € (S/fD ) uniformly and independently.'?

While Dg; need not be the uniform distribution over (Z) (where U = S U D), we claim below that
f and Py continue to be close' under this distribution for most U.

Claim 8.4. For ollU 2 D in ([272]) and D := Dy\p,; where i € [k —2d, (] is arbitrary, the following
holds:
Pr [f(x) # Py(x)] <97 Pr  [f(x)# Pu(x)].

x~D xN{071}kU

12 Note that technically the domains of the functions Py, and Py, are different; however, by this notation, we mean
that the two functions agree in the intersection of the two domains: {0, 1}kUmU2.

13 We can interchangeably also treat x as an element of {0, 1}§'UD.
14 We are interchangeably using f and f(U) here since the domain of the latter function can be treated as a domain

of the former.
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Now, consider the joint probability distribution over T' € ([T}), S1,9 € ([?]) and x € ((Sm%)UD)
on the LHS of (36). Further let Uy = S1UD and Us = S2 U D. Note that the marginal distribution
of Uy (resp. Us) is uniform over U € (g}”j) such that U O D. For each fixing of U;, we note that the
conditional distribution of x is given by some convex combination of the distributions (Dy\p,;)i-
The same also holds for U,. Thus, using Claim 8.4 for Uy, Us, x sampled as above and (31), we have
that

Pr(Py, (%) # Puy(x)] < Prlf(x) # Pus ()] + Prlf(x) # Pry(x)] <29 .
On the other hand, (36) implies that

Pr[Py, (x) # Pu,(x)] = Qa(7),

which together imply that v < O4(n). Therefore, using Claim 8.3, we observe that the hypothesis
of Theorem 8.2 is satisfied for v = O4(n).

Hence, we get that the majority-decoded function M : ([22]) — GS9[x|p] satisfies

Pr [LS # M\S] < exp(d®M) -y < Oaln).
se('y)

Similar to how Psyp gave rise to the local function Lg, we can use M to define a polynomial P
over variables x = (z1,...,z,) by

Px):= Y M(@C)-[]a (37)
oy
Since M (C') is the majority vote among Lg(C') which all have degree at most d — |C/|, we note that
M(C) is also degree at most d — |C|, which shows P indeed has degree at most d.

Showing that P and f are close. Now, it remains to show that P is actually close to f. For
this, we first show that P becomes identical to the local polynomials Py for many U € ([272])

Claim 8.5. There exists )’ < Oq4(n) such that at least for a 1 —n' fraction of subsets U € ([27;]) such
that U 2 D, it holds that
P|U = PU;

where P|y denotes the polynomial obtained by setting the variables in U to 0 in P.

Now, we use the above claim along with the fact that f(U) is close to Py for many U to
conclude that f is close to P. Suppose for some U € ([272]) such that U D D, it holds that P|y = Py
(By Claim 8.5, this occurs with probability at least 1—7). Then we obtain that Procio1yv [fV)(x) #

P(x)] = Prxe{o,l}g[f(U) (x) # Py(x)] = dy. Therefore, using (31), we get

Pr [f(x) #Px)]<n + E o] <7’ + . (38)
ve(5) ve(l)) and UDD

UDD
xE{O,l}g

We are almost done, except for the fact that the marginal distribution of x on the LHS is not
uniformly random over {0,1}}. We remedy this below.
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We will treat x as a subset of [n] instead of a Boolean vector. Then, we have for all D’ C D and
U C ([272) such that U D D, the number of x € (g) such that x N D = D’ is at least

(5> ()= (- rtm) (1) 25 (1)

Hence, for every D’ C D, (38) implies that

e [0 #Pe0| <ot ety < 0uto
xND=D'

which when we take a union over all D’ C D yields the bound:

xe{l:()),rl}g[f(x) # P(x)] < Oq4(n).

This finishes the proof of our key lemma Lemma 8.1. O

It only remains to prove the three claims used in the proof of the above lemma. We start with
the proof of Claim 8.3.

Proof of Claim 8.3. Recall from (32) that for ¢ € [2], we have

Py, = > picp) - []

ce(2) I<C

for some polynomials p;c € G<%x|p] with the guarantee that all the monomials on the RHS
(when expanded into a monomial representation) belong to the monomial basis By, for the domain
{0, 1}% given by Proposition 2.10. Observe that one can derive a polynomial representation of P,
(resp. Py, ) restricted to the domain {0, 1}/,2110(]2 by setting the variables in S \ Sy (resp. S2 \ S1)
to zero in the above representation. Let us call this restricted polynomial as Q1 € GS[x|y,nus,)
(resp. Q2).

We show the forward direction of the equivalence first: If Lg, |s,ns, = Ls,|sins,, from our

definition of Lg using the above representation (see (33)), we have that p; o = paoc for all C €
(51052)
<d /-

{0, 1}51%. That is @1 = Q2 and so Py, = Py,.
Now we prove the backward direction of the equivalence: Suppose Lg, |s,ns, Z Ls,|s,ns,- Then
there exists some C € (Slgj ?) such that

Therefore, Py, and Py, have the same polynomial representations when restricted to

p1,c(x|p) # p2,c(x|D),

This implies that the basis representations of P, and Py, restricted to the variables Uy N Uy are
different, i.e,

Ql(X‘U1QU2) 7& Q2(X|U1WU2)'

Now if we know that the polynomials ()1 and Q)2 only contain monomials from a graded basis for

{0, l}glmUQ, then this would imply they cannot represent the same function, and must be different

Ui1NU2
k

functions on {0, 1} . Indeed, this is immediately implied by Lemma 6.8 applied with n = |Uq]
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and S = S1 \ So'% (resp. n = |Us| and S = S5 \ S1). Here we are using the fact that Qq (resp. Q)
only contains monomials from the basis By, (resp. By,) that do not contain variables from S; \ Ss
(resp. S2 \ S1). We have thus shown that @ and Q2 are distinct functions over {0, 1}gmU2, and so
the same holds for P, and Py, over this domain. That is, Py, # Py,. O

We now prove Claim 8.4.

Proof of Claim 8.4. Let &' := Prxe([,j) [f(x) # Py(x)]. Consider the partition of the set (Z) corre-
sponding to its intersection with D: For each D’ C D, the number of x € (g) such that xND = D’

is equal to
DI
UADI L (WADY L (kPN 1 (o
k—|D/| k U] — |D| k)7 3\
using the facts that |D’| < |D| = 2d and |U| = 2k > 8d. Hence, combined with the definition of &',
we have for each D’ C D that

Pr [f(x) # PU(X):| <3%. ¢
x€(})

xND=D'
Now, conditioned on xND = D’ (for arbitrary D’ C D), we observe that the conditional distribution

of x for the priors being the uniform distribution over ([k]) and Dy p; are identical. This follows
U\D

) ) produces a

from the fact that picking a random subset of size k — |D’| of a random set in (
random set in (kli‘\g,‘) (assuming i > k — |D'|). Hence, by now taking a union over all D" C D such
that ¢ > k — |D’|, this finishes the proof of Claim 8.4. O

Finally we provide a proof of Claim 8.5.

Proof of Claim 8.5. Let S € ([ngg]) and let U = SU D. Recalling our definition of the polynomial

P from the majority-decoded function M (i.e., (37)) we have that
P(x):= > M) []=-
ce(r) ieC

Now one can obtain P|y by setting the variables in U to 0 in the RHS of the above equation as
the following:

Ply(xlp) = Y M(C)-[]=
Ce(gsd) e’
On the other hand, by the definition of Lg (see (33)) we have:

Py(xly) = Y Ls(C)-[] =

Ce(sd) ieC

!5 This is the reason we had to introduce the set D, instead of applying Theorem 8.2 directly to the full set [n]. In
that case we would not be guaranteed that different polynomial representations correspond to different functions on
their overlap.
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Now, applying the conclusion of Theorem 8.2, at least for a 1 — exp(d®M) - v = 1 — Oy(7) fraction
of subsets S € ([Z:SZ]), we have that

Ls = M]gs. (39)
Therefore, for all such S, using the above polynomial expressions, we obtain for U = S U D that

P|U EPU,

which completes the proof of Claim 8.5. O
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A  Proofs from Section 2

We give a proof of Lemma 2.12 giving a way to generate a graded basis for a Cartesian product of
two domains.

Proof of Lemma 2.12. The set B(x,y) is clearly downward-closed and monomial if both By (x), B2(y)
have these properties, so it remains to check that it is a monomial basis over D; X D5, and that it
is graded if both By (x), Ba(y) are.

Since the elements of B;(x) do not depend on Dy, if a monomial a;(x) has a representation

E Oéml cma

mi 631 (x)

al(x)

as a function D1 — G, then it is also a representation as a function D x Dy — G, and the same
for a monomial as(y)

ax(y)= D Bmy-ma

mo€Ba(y)
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We then have that their product has the representation

§ Ay - M1 E /Bmg - ma

m1 €B1(x) ma€B2(y)

= E Oy By - M1M2.

mi1-mo€B(X,y)

a1(x)az(y)

This shows that every monomial lies in the span of B(x,y), and by linearity every polynomial
function D1 x Dy — G lies in the span of B(x,y).
We also need to show that any non-zero sum does not vanish on D; x Ds. Let

Z Cmyimgy * 112 = Z Pmo (X) +m2

m1-m2€EB(X,y) mo€Ba(y)

be a non-zero sum of the basis elements. Since it is non-zero, there exists at least one mso such that
Pmsy (%) # 0. Since B1(x) is a basis, there exists g € Dy so that pp,(z9) # 0. Then we have

> Pms(0) - ma

mo€Bo (y)

is a non-zero sum of basis elements of Ba(y), and so there exists yg € D2 so that the sum does not
vanish on that point. It follows that the whole sum does not vanish at (xg,yo), which shows that
B(x,y) is a basis.

Lastly, if both By and By are graded, then the above proof shows that the product of the
representations of a1 (x) and ax(y) gives a representation of the correct degree, showing that B(x,y)
is also graded. O

We now give a proof of the polynomial distance lemma (Lemma 2.14) for a Cartesian product
of a Boolean cube and slice.

Proof of Lemma 2.14. The proof is by an induction on n;. The base case n; = 0 is proved
by [ABPSS525, Lemma 5.1.6] (for some absolute constant a > 0).
Now, for ny > 1, assume that the bound holds for ny — 1. Let

P(X7Y> = PO(X’[ru—l]:}I) + T, - Pl(x‘[n1—1]7Y)a

for (x,y) € D, where Py and P; are polynomials that do not contain the variable x,,, and are of
degree at most d and d — 1 respectively. If P;|p = 0, the statement follows by induction hypothesis
since P can be thought of as a function over {0,1}"1~! x {0,1}?. Otherwise Pi|p # 0, in which
case, applying the induction hypothesis (for degree parameter d — 1), we obtain

1 1
Pr Pi(z1,...,Tn—1, 002 —=—-(1-——]). 40
(x1,..-,xnl—hy)E{O,l}"l’lx{0,1}2[ 1( 1 ni—1 Y) 7é ] 9d—1 ( ) ( )

Observe that whenever Pi(xy,...,Zn,—1,y) # 0, the two values

P(-’Bl"'wxnl—b()?y) :PO(x17"'axn1—laY)
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and
P(Qfl, ey Tng—1, 17y) = PO(xlv o 7$n1715y) +P1(.’L‘1, cee 7$n1717y)

are distinct, so P(x,y) = 0 for at most one of the two choices. Therefore, using (40), we get

Pr [P(x, 0> Pr |P n1—11s 0.- P P(x, 0| P n1—1]s 0
PP 003 P A 20 P [ P0y) £0 | Pl v) £

1 1 1 1 1
o 175 ) 32 175 )

We also prove the bounds claimed in the “consequently” part of Remark 2.15.

Proof of Remark 2.15. Applying the polynomial distance lemma given by [ABPSS25, Lemma 5.1.6|
for the middle slice(s), for n; = 0, we directly have

(mjzioa) _ (appmd) _ nf2) (/2] —d+1)  [n/2]..([n/2 —d+1) _ 1

([nT/LQ]) a (Ln;bgj) _(n—l)(n—B)...(n—2d+1) n(n—Q)...(n—2d+2)/22d'

Now, extending the bound from the slice to a Cartesian product of a cube and slice proceeds exactly
like in the proof of Lemma 2.14 that we gave just above this proof, except we change the induction
hypothesis appropriately. O

B Proofs from Section 5

We justify here why the proof of Lemma 5.1 follows.

Proof of Lemma 5.1. This proof is essentially the same as [ABSS25, Lemma 3.2], where the indicator
function 1g is replaced with a general function g with codomain [0, 1]. The proof still holds, since
the only property of 1g used is that

I 'Ls [l = p'/2,

but for general f we still have the upper bound

gy <p'P.

C Proofs from Section 6

C.1 Probability estimates

Here, we provide a proof of Claim 6.4.
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Proof of Claim 6.4. We start with estimating the first quantity. It is easy to see that

Pr |[z1=20=---=2 =2 Pr |z1=x20=:-=2¢1=0]
xE{O,l}%”[ 1= T2 t+1] XG{O,I}%”[ 1 =12 t+1 = 0]
So it suffices to focus on the event that xq,--- , x4y1 are all equal to 0. The probability of this event

occurring is equal to

(2%1(1#1)) (n)---(n—1) . (1 > t+1 |

m (2n)---(2n—1) 2
Thus we get,
1 1
xe{O,li}%" (1 = 22 Typ1) ot +1 ot

This finishes the probability estimate of the first event. Now we discuss the probability estimate of
the second event. For the second event, setting x1, xs, ..., xo:—1 also fixes the value of xo, x4, ..., Tot.
Varying over the number of 1’s in the first 2¢ coordinates, we get,

t + (2n—2¢) (2n—2‘t)
Pr  [z9i1 =9 forall i€ [t]] = Z () n2/) < 9. max R

xe{0, 11 i—0 \' (2;:) =0 (27?)
Since (27?__22:) is always upper bounded by (22:?), we get,
(2n—2t)
_ ) . t \n—t
xe{]f:)),li}%" [in_l = Z9; for all 7 € [tH < 2 (277)

Expanding both numerator and denominator, we get an upper bound of
n—t+1\* 1 1 \* 1 1
[ ——— ) <= (14— ) <= -exp2/(n—1) < —,
<2n—2t+1> ol < +n—t> o - exp(2t/(n = 1) < 5

where we are using t < n/4 in the last step. O

C.2 Global polynomial from pairwise agreements

In this section, we reproduce the proof of [ASS23] of Claim 6.9 that guarantees the existence of a
“global” degree-d polynomial under an assumption of many “pairwise consistent” degree-d polyno-
mials.

Proof of Claim 6.9. The idea is to represent polynomials in a basis (not necessarily a monomial
basis) such that one can “read off” the polynomial corresponding to the restrictions z,, = 1 — z,,
from this representation.
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The star case: In this case, we can assume that (a;,b;) = (1,7 + 1) for i € [t], without loss of
generality. For x = (z1,...,x,) denoting Boolean variables, abusing notation slightly, we also let
x; : {0,1}" — Z denote the function that outputs the i-th bit of its input for ¢ € [n]. We then note

that the set of functions
B:{Hxizsg[n]}
(Sh
forms a graded basis for {0,1}". We will now modify the above basis in a way that allows us to

handle the restrictions of the form z;41 =1 — 2; for i € [t].
For i € [n], define the function y; : {0,1}" — Z as follows:

{xi+x11, ifie2,t+1]
Yi = .
T, otherwise.

We claim that the set of functions

5 = { [Tn:s <}

€S
also forms a graded basis for {0,1}". To see that they form a graded basis, we will first show

that, for d’ < n, each degree-d’ function of B can be expressed as a linear combination of degree-d’
functions from B’: for S C [n] of size d’, we have

Hévi: H (yi—y1+1)- H Yi,

= i€SN[2,t+1] 1€SN([n]\[2,t+1])

and by expanding out the RHS, we observe that indeed we get a linear combination of functions
from B’ of degree at most d’. Furthermore, we note that the function [],.q¥; appears only from
the expansion of the monomial [[;cg ;. Thus, if we start with a function that is non-zero, since
some function [[;. g x; must have a non-zero coefficient (since B is known to be a basis), we obtain
that the corresponding coefficient (i.e., the one of J[,.¢#;) must be non-zero. This completes the
proof that B’ is a graded basis for {0, 1}".

Now, we represent the functions computed by R; and R;; in the basis B’. In particular, let
(@i,s)iepy,scn) € G be such that

Ri(x) = Z ;s - H Yir -
SC[n]:|S|<d i'eS

Using the above expression, we observe that if we set z;11 = 1 — 21 in the polynomial R;(z1, ..., 2y,),
since all the terms containing y;4+1 (which is equivalent to x; 41 + x1 — 1 by definition) vanish under
this substitution, we get the following function for i € [t]:

Ri|Zi+1=1*Z1 (X) = Z Q; S - H Yir-
SCIn]:|S|<d and SFi+1 i'esS

In fact, our choice of using the basis B’ instead of B was motivated by the above simple way to
express restricted functions. By the same reasoning, we have for i # j € [t]:

R;j(x) = Z Q8- H Yir -

SCn\{i+1,j+1}:[S|<d i'es
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Therefore, using the fact that R; j(x) = R;;(x), the above expression yields that for x € {0,1}",
we must have:

> ais [ [ wr = > ajs [T wr
SCrN\i+1.7+1}(5]<d ies SCn\i+1,5+1}:(S]<d ves

However, since B’ = {[[,cq i : S C [n]} is a basis for {0,1}", comparing coefficients on both sides,
we deduce that

Q8 = Q5 9
for all i # j € [t] and S C [n] of size at most d such that S C [n]\ {i+ 1,5+ 1}.
Now, let P(z1,...,2,) be the degree-d polynomial corresponding to the function:
P(X): Z BS'HZ/%
SCln]:|S|<d i'eS

where Sg = a; g for arbitrary indices i # j € [t] such that S C [n]\{i+1, j+1}; since |S| < d < t—2,
such indices always exist. It is important to notice here that the exact choice of ¢ and j does not
matter in that the resulting function P is always the same due to the condition that a; g = a5
whenever S C [n]\ {i+ 1,7+ 1}.

For this function P, we will now show that we get the same function under the substitution
zi+1 = 1 — z1. We have for all ¢ € [t] that:

P’2i+1:1—21 (X) = Z Bs - H Yir,

SCin]:|S|<d and SFi+1 i'es
and
Rilzi=1-2 (%) = > ais [] v
SCln]:|S|<d and SFi+1 i'es

For every S C [n] of size at most d such that S Z i + 1, we recall that Sg (almost by definition) is
equal to o g. Thus, since the terms in the RHS of the above equations come from a basis (namely
B'), we conclude that indeed P|., ,—1—., = Rj|.;,,—1—>, as polynomials. Hence P is the desired
polynomial, finishing the proof of Claim 6.9 in the star case.

The matching case: The argument is quite similar to the star case. First, without loss of
generality, we assume that the matching is formed by the edges (a;,b;) = (2i — 1,2i) for i € [t].
We now define the basis B’ different from the star case as follows: For i € [n], define the function
yi :{0,1}" - Z as

(42)

{:c,-+a:i_1—1, ifie{2,4,...,2t}
Yi = .
z;, otherwise.

and the family B’ as

B’:{Hyi:Sg [n]}.

€S

Similar to the star case, it can be argued that B’ is a graded basis for {0, 1}".
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Now, let (a,s)ic[,scin) € G be such that
Ri(x) = Z ;S - H Y«
SCln]:|S|<d =]

Using the above expression, we have the following expression for the polynomial obtained on sub-
stituting z9; = 1 — 29,1 where i € [t]:

Ri|z2i:1_22i—1(x) = Z ;8 . H Yir-

SCln]:|S|<d and SF2i i'eS
Similarly, for i # j € [t], we have:
Rij(x) = Z Q.S - H Yir-
SCIn\{2,2j}:|S|<d ies
Therefore, using the fact that R; j(x) = R;;(x), we get for x € {0,1}" that
> ais- [ v = > ajs- | v
SCn\{2i,2j}:S|<d ies SCn)\{2i,27}:|S|<d VeS

Thus, since the RHS terms are from the basis B’, we conclude for all i # j € [t] and S C [n]\{24,2;5}
of size at most d, it holds that

ai,S = Otj7s.
Now, let P(z1,...,2,) be the degree-d polynomial corresponding to the function:
P(X): Z BS'Hyi’a
SCln]:|S|<d i’eS

where s = «; g for arbitrary indices ¢ # j € [t] such that S C [n] \ {2i,2;}; since |S| < d <t -2,
such indices always exist. It is important to notice here that the exact choice of ¢ and j does not
matter in that the resulting function P is always the same due to the condition that a; g = o 5
whenever S C [n] \ {27,2j}.

For this function P, we will now show that we get the same function under the substitution
z9i = 1 — 2z9;_1. We have for all i € [t] that:

P|Z2i:1_22i—l(x) = Z Bs - H Yir,

SCln]:|S|<d and SF2i i'eS
and
Ri’32i:1_32i—1(x) = Z Q;.S - H Y
SCln]:|S|<d and SF2¢ i’eS

For every S C [n] of size at most d such that S Z 2i, we recall that Sg (by definition) is equal
to a; g. Thus, since the terms in the RHS of the above equations come from a basis (namely B’),

we conclude that indeed P|.,,—1—,, , = Rilsy;=1—2,;, , as polynomials. Hence P is the desired
polynomial, finishing the proof of Claim 6.9 in the matching case as well. O
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