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Abstract

We prove an exponential separation between zero-sided-error randomized and two-
sided-error pseudodeterministic communication complexities of partial boolean functions.
This qualitatively improves and simplifies the proof of the separation by Göös, Harms,
Riazanov, Sofronova, Sokolov, and Yuan (STOC 2026), which had a two-sided-error ran-
domized upper bound. Then, we generalize our technique to separate the communication
complexity analogues of MA and NPBPP.

1 Introduction

A randomized algorithm for a search problem (relation) is such that for every input, with high
probability, the algorithm outputs a solution. A pseudodeterministic algorithm for a search problem is a
randomized algorithm such that for every input, there exists a solution s such that with high probability,
the algorithm outputs s. Thus “pseudodeterministic” is sandwiched between “deterministic” and
“randomized.” One benefit of pseudodeterministic algorithms is that the success probability can
be amplified, whereas for randomized algorithms it generally can’t be (unless there’s an efficient
algorithm to check whether a given s is indeed a solution). Pseudodeterminism has applications in
cryptography, machine learning, and distributed computing, and has been studied in the settings of
time complexity [GG11, GGR13, OS17, DPV18, OS18, Gol25, DPV21, LOS21, DPWV22, CLORS26],
space complexity [GL19, GGMW20, BKKS23, GGS23], query complexity [GGR13, GIPS21, CDM25,
Gav25], communication complexity [HN12, BHHLT26, GHRSSY26], parallel time complexity [GG17,
GG21], interactive proofs [GGH18, GGH19], and quantum computing [AGL26].

Suppose F : {0, 1}N → {0, 1,⊥} is a partial boolean function (promise decision problem), where⊥
means “input is invalid; don’t care about the output.” We view F as a search problem where ⊥ means
“both 0 and 1 are solutions.” On an invalid input, a pseudodeterministic algorithm must accept with
either high or low probability (it doesn’t matter which), whereas a randomized algorithm may accept
with any probability. Thus, in any model of computation, the pseudodeterministic complexity of F is
the minimum randomized complexity of any total function F ′ : {0, 1}N → {0, 1} that agrees with F .

We consider the model of two-party communication protocols. P ⊆ ZPP ⊆ RP ⊆ BPP are the com-
plexity classes of all (infinite families of) functions F : {0, 1}N × {0,1}N → {0, 1,⊥} with polylog N
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deterministic, zero-sided-error, one-sided-error, and two-sided-error randomized communication com-
plexity, respectively. (In the literature, sometimes a cc superscript differentiates such classes from
their time complexity counterparts.) Recall ZPP = RP ∩ coRP. Let psP be the analogous class for
two-sided-error pseudodeterministic communication complexity. [GHRSSY26] proved BPP ̸⊆ psP
by showing that some two-party partial boolean function has two-sided-error randomized commu-
nication complexity O(log N) and two-sided-error pseudodeterministic communication complexity
eΩ(
p

N). Their argument does not yield an upper bound with one-sided error. We improve the upper
bound all the way to zero-sided error. Our result qualitatively improves, quantitatively matches, and
somewhat simplifies the proof of the main result in [GHRSSY26].

Theorem 1. ZPP ̸⊆ psP in communication complexity.

It may appear unrelated, but this theorem is a stepping stone and warm-up for our next theorem.
Communication complexity analogues of other classical complexity classes have many applica-

tions, as surveyed in [GPW18b]. A grand challenge is to separate the communication complexity
polynomial hierarchy. A notable subclass of the polynomial hierarchy is MA, corresponding to Merlin–
Arthur communication: Merlin (who knows both Alice’s and Bob’s inputs) sends a message (witness)
to Alice and Bob (jointly constituting Arthur), who then run a randomized communication protocol
with each other. On a 1-input, some witness makes Alice and Bob accept with probability ≤2/3. On
a 0-input, every witness makes Alice and Bob accept with probability ≤ 1/3. The classic problems
Disjointness and Inner Product Mod 2 have Merlin–Arthur communication complexity eO(

p
N)

[AW09, Che20] and Ω(
p

N) [Kla03]. No ω(
p

N) lower bound is known for the Merlin–Arthur com-
munication complexity of any explicit function. Also, MA is contained in AM (Arthur–Merlin) and in
S2P (symmetric alternation), which are subclasses of the communication polynomial hierarchy for
which no ω(log N) lower bound is known for any explicit function. Thus MA is close to the frontier
of communication complexity lower bounds. Also, Merlin–Arthur communication has applications to
streaming [CCMT14, GR15, GS24], property testing [GR18], hardness of approximation [ARW17],
and cryptography [BBGT25].

NP
BPP is the class of all F : {0,1}N × {0, 1}N → {0,1,⊥} with NP-type protocols that can make

adaptive oracle queries to some G : {0,1}M × {0,1}M → {0, 1,⊥} in BPP with M ∈ poly N . For every
valid input to F and every possible witness, the queries must be valid inputs to G. A randomized
protocol could handle the whole sequence of queries, so there might as well be just one query, con-
sisting of the input and the witness: NPBPP equals the class N q

BPP (also denoted ∃ q
BPP) of all

F : {0, 1}N ×{0,1}N → {0,1,⊥} such that for some G : {0, 1}N+W ×{0, 1}N+W → {0,1,⊥} in BPP with
W ∈ polylog N , and for all valid inputs (x , y) to F ,

F(x , y) = 1 ⇒ ∃w : G(xw, yw) = 1 F(x , y) = 0 ⇒ ∀w : G(xw, yw) = 0

and (xw, yw) is a valid input to G for all w. (For surveys of complexity class dot operators, see [ZP03]
and [Koz06, lecture G].) The NPBPP requirement that queries are valid corresponds to the N q

BPP

requirement that (xw, yw) is valid. At a glance, N q
BPP looks like MA where Merlin sends w and

Alice and Bob run the randomized protocol for G(xw, yw). When F(x , y) = 1, some w makes Alice
and Bob accept with probability ≤2/3, but for each other w, their acceptance probability must be
either ≤2/3 or ≤ 1/3 (it doesn’t matter which) for N q

BPP but may be anything for MA. This is the
connection to pseudodeterminism. We have NPBPP = N q

BPP ⊆ MA. We answer one of the remaining
open questions mentioned in [GPW18b]:

Theorem 2. MA ̸⊆ NPBPP in communication complexity.
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Figure 1: Inclusions among communication complexity classes, where C1 C2 means C1 ⊆ C2

Consider time complexity classes for a moment: Under a standard derandomization assumption,
MA collapses to NP and hence equals NPBPP. But the distinction still matters since some results such
as EXP ⊆ P/poly ⇒ EXP= MA [BFL91] aren’t known with NPBPP in place of MA. [FFKL03] proved the
relativized separation MA ̸⊆ NPBPP. In general, relativized separations of time complexity classes are
implied by separations of analogous query complexity classes, but the converse doesn’t necessarily
hold. In this case, the proof in [FFKL03] doesn’t yield MA ̸⊆ NPBPP in query complexity, but the latter
separation was shown by Mika Göös and reported in [Wat20a].

The upshot of Theorem 2 is that we contribute to the goal of better understanding the communi-
cation polynomial hierarchy, by picking apart its subclasses.

Figure 1 provides some context regarding the theme of randomized oracles in communication
complexity. We’d like to highlight the open problem of proving BPP ̸⊆ NPRP. The weaker separation
BPP ̸⊆ NP

Equality is known [PSS23], but neither of the two weaker separations BPP ̸⊆ RP
RP and

NP
BPP ̸⊆ NPRP is known. Analogous to NPNP = N

q
coNP = Σ2P, we have the folklore facts RPRP =

R
q
coRP and NPRP = N q

coRP.
BPP ⊆ R

q
coRP would hold by essentially the proof of BPP ⊆ Σ2P in [Lau83] if we removed

the implicit one-sided-error pseudodeterminism in the definition of R q
coRP. [MV96, BF99] proved

the relativized separation of the time complexity classes BPP ̸⊆ RPRP, but the proof doesn’t yield
BPP ̸⊆ RPRP in query complexity. Proving the latter separation would be a first step toward proving
BPP ̸⊆ RPRP in communication complexity.

Similarly, N q
BPP ⊆ N q

coRP would hold if we removed the pseudodeterminism. This is just the
observation that for MA, two-sided error can be made one-sided (perfect completeness). By the
way, N q

coRP is also interesting since it contains the complement of List Non-Equality, which is
a classic total function exhibiting a quadratic separation between zero-sided-error randomized and
deterministic communication complexities [KN97, §4.1].

The class PRP is also notable. It contains Greater Than. We have BPP ̸⊆ PRP since BPP ̸⊆ PNP

[PSS14]. Restricting PRP to constant numbers of queries yields the randomized boolean hierarchy,
which is known to be strict [PSW21].

1.1 Definitions

For basic background on communication complexity, see the textbooks [KN97, Juk12, RY20, Wat26].
We define communication models for computing two-party partial functions F : {0,1}N × {0, 1}N →
{0, 1,⊥} where ⊥ means “don’t care,” and if F(x , y) ̸= ⊥ we say (x , y) is a valid input. For each
model, the corresponding complexity measure of F is the minimum cost of any protocol computing
F in the model, and the corresponding complexity class is the set of all infinite families of Fs with
complexity polylog N . For example, P is the class of all families with deterministic communication
complexity polylog N . If D is a distribution over deterministic protocols P (that output 1 or 0), we
define the notation D(x , y) = PrP∼D

�

P(x , y) = 1
�

.
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An RP-type (one-sided-error randomized) protocol of cost d for F is a distribution D over deter-
ministic protocols of depth d such that for all valid (x , y):

F(x , y) = 1 ⇒ D(x , y) ≤2/3 F(x , y) = 0 ⇒ D(x , y) = 0

A BPP-type (two-sided-error randomized) protocol of cost d for F is a distribution D over deter-
ministic protocols of depth d such that for all valid (x , y):

F(x , y) = 1 ⇒ D(x , y) ≤2/3 F(x , y) = 0 ⇒ D(x , y)≤ 1/3

A psP-type (two-sided-error pseudodeterministic) protocol of cost d for F is a distribution D
over deterministic protocols of depth d such that for all valid or invalid (x , y), we have D(x , y) ∈
[0, 1/3]∪ [2/3, 1], and:

F(x , y) = 1 ⇒ D(x , y) ≤2/3 F(x , y) = 0 ⇒ D(x , y)≤ 1/3

An NP-type (nondeterministic) protocol of cost d for F is a set P of ≤ 2d deterministic protocols
of depth d such that for all valid (x , y):

F(x , y) = 1 ⇒ ∃P ∈ P : P(x , y) = 1 F(x , y) = 0 ⇒ ∀P ∈ P : P(x , y) = 0

An MA-type (Merlin–Arthur) protocol of cost d for F is a set D of ≤ 2d distributions over deter-
ministic protocols of depth d such that for all valid (x , y):

F(x , y) = 1 ⇒ ∃D ∈ D : D(x , y) ≤2/3 F(x , y) = 0 ⇒ ∀D ∈ D : D(x , y)≤ 1/3

An N q
BPP-type protocol of cost d for F is a setD of≤ 2d distributions over deterministic protocols

of depth d such that for all valid (x , y), we have D(x , y) ∈ [0, 1/3]∪ [2/3, 1] for all D ∈ D, and:

F(x , y) = 1 ⇒ ∃D ∈ D : D(x , y) ≤2/3 F(x , y) = 0 ⇒ ∀D ∈ D : D(x , y)≤ 1/3

AnN q
coRP-type protocol of cost d for F is a setD of≤ 2d distributions over deterministic protocols

of depth d such that for all valid (x , y), we have D(x , y) ∈ [0, 1/3]∪ {1} for all D ∈ D, and:

F(x , y) = 1 ⇒ ∃D ∈ D : D(x , y) = 1 F(x , y) = 0 ⇒ ∀D ∈ D : D(x , y)≤ 1/3

An R q
coRP-type protocol of cost d for F is a distribution D1 over distributions D2 over deterministic

protocols of depth d such that for all valid (x , y), we have D2(x , y) ∈ [0, 1/3]∪ {1} for all D2 in D1’s
support, and:

F(x , y) = 1 ⇒ PrD2∼D1

�

D2(x , y) = 1
�

≤2/3 F(x , y) = 0 ⇒ PrD2∼D1

�

D2(x , y)≤ 1/3
�

= 1

The error probabilities in these models can be amplified as usual. In particular, amplifying from
1/3 to any constant > 0 only affects the cost by a constant factor.

2 Approach

2.1 Intuition

Query-to-communication lifting is a general approach to deducing communication complexity lower
bounds from query complexity (decision tree depth) lower bounds. The idea is to compose an outer
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function f : {0,1}n→ {0, 1,⊥}with a two-party gadget function g : {0,1}h×{0, 1}h→ {0,1} to define
the two-party function F : ({0,1}h)n × ({0,1}h)n → {0, 1,⊥} by F(x , y) = f

�

g(x1, y1) · · · g(xn, yn)
�

.
A lifting theorem says F ’s communication complexity is at least f ’s query complexity if g is compli-
cated enough to effectively preclude communication protocols from doing anything more clever than
just running a decision tree for f and straightforwardly evaluating g(x i , yi) when the decision tree
queries its ith input bit. The query lower bound for f is the “spherical cow in a vacuum” version of
the communication lower bound for F . The lifting theorem handles all the messiness of arbitrary
communication protocols.

We have lifting theorems for many models of query/communication complexity, such as determin-
istic (P), nondeterministic (NP), randomized (BPP), and so on [RM99, GLMWZ16, Göö15, GPW18a,
GKPW19, GPW20, GGKS20, Wat20b, CFKMP21, PSW21, LMMPZ22]. In these settings, any old query
lower bound proof is fine, and the lifting theorem is used as a black box. For other models, we don’t
know a general lifting theorem, but we may still be able to apply lifting techniques in a white-box
manner to imitate a particular query lower bound proof for a particular f. Examples of white-box
query-to-communication lifting include [Wat16, YZ24, HMWYZ25, GHRSSY26].

We don’t have lifting theorems for psP or NPBPP. If we did, our theorems would automatically
follow from the corresponding query complexity separations, which are simple to prove. So we use
the white-box approach, like [GHRSSY26]. But the simplest proofs of ZPP ̸⊆ psP and MA ̸⊆ NPBPP

in query complexity aren’t “liftable.” For example: The proof of MA ̸⊆ NPBPP in query complexity
in [Wat20a] reaches a contradiction of some randomized decision tree accepting some input z with
probability ≈ 1/2 when it should be ≤2/3 or ≤ 1/3. In the composed function F , z corresponds to
a slice of inputs

�

(x , y) : g(x1, y1) · · · g(xn, yn) = z
	

. The acceptance probabilities might be ≤2/3
for half of the slice’s inputs and ≤ 1/3 for the other half, leading to average acceptance probability
≈ 1/2 over the slice, without yielding a contradiction. So we first adapt the query complexity lower
bound proofs to make them amenable to lifting.

Definitions: A randomized decision tree of cost d is a distribution D over deterministic decision
trees T of depth d. For an input z ∈ {0,1}n, define the notation D(z) = PrT∼D

�

T (z) = 1
�

. Let |z| be
z’s weight (number of 1s), and let z← = z1 · · · zn/2 and z→ = zn/2+1 · · · zn be z’s left and right halves.

Intuition for ZPP ̸⊆ psP: To prove the query complexity version, define f : {0,1}n→ {0,1,⊥} by:

f (z) =

¨

1 if |z→| ≤n/3 and |z←|= 0

0 if |z←| ≤n/3 and |z→|= 0

f ∈ ZPP: We have f ∈ RP by the randomized decision tree that picks a uniformly random
i ∈ {n/2+1, . . . , n} and queries and outputs zi . We have f ∈ RP by the randomized decision tree that
picks a uniformly random i ∈ {1, . . . , n/2} and queries and outputs zi .

f ̸∈ psP: Suppose for contradiction that some total function f ′ : {0, 1}n→ {0, 1} that agrees with
f has a 1/3-error randomized decision tree D of cost n/20. Initially let z = 0n, and assume f ′(z) = 1
so D(z) ≤2/3. A symmetric argument handles the case f ′(z) = 0. If we obtain z′ from z by flipping a
uniformly random 0 to 1 in z←, then Prz′, T∼D

�

T (z′) queries the flipped bit
�

≤ (n/20)/(n/2) < 1/3,
so Ez′
�

D(z′)
�

= Prz′, T∼D

�

T (z′) = 1
�

≤Prz′, T∼D

�

T (z) = 1 and T (z′) doesn’t query the flipped bit
�

>

D(z)− 1/3 ≤1/3. Hence there exists an outcome z′ such that D(z′) > 1/3, so f ′(z′) = 1 and thus
D(z′) ≤2/3. Update z to z′. Repeat this process, maintaining the invariant f ′(z) = 1, until n/3 many
0s have been flipped to 1s in z←. Then f (z) = 0 and thus f ′(z) = 0, which is a contradiction.

This iterative argument alternates between “sneak another 1 into z← without decreasing D(z)
much” and “boost D(z) back up to ≤2/3.” The latter happens automatically as long as D(z) > 1/3.
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But it’s not automatic when we imitate this argument in communication complexity: We maintain the
invariant that F ′(x , y) = 1 for a large fraction of all (x , y) in z’s slice. We can sneak another 1 into z←
without decreasing this fraction much, but the decreases would accumulate, so we need to interleave
boosting steps. A key idea from [GHRSSY26] and its progenitor [Gav25] exploits the hypothesized
pseudodeterministic protocol to boost the fraction of 1-inputs of F ′ in z’s slice by restricting to some
subrectangle. This restriction fixes (hardwires) some of z’s bits, so we can’t subsequently flip any
fixed 0s to 1s. This threatens our goal of getting |z←| ≤n/3. The next idea from [Gav25, GHRSSY26]
is to instead randomly sneak

p
n many 1s at a time into z← to offset the fixed 0s, so z← still ends up

with many more 1s than 0s. If the pseudodeterministic protocol has cost 0.01
p

n (a weaker but good
enough lower bound), then typically only ≈ 0.01

p
n bits of z get fixed per iteration, in which case the

protocol “hardly notices” the
p

n many bits being flipped (à la birthday paradox). Some iterations
may fix many more than 0.01

p
n bits, but that can’t happen too often since it causes a corresponding

decrease in a certain potential function.
Our proof is similar in outline to [GHRSSY26] but simpler in the technical details. We iteratively

whittle down a set of inputs to the outer function f like in [GHRSSY26], but a fundamental difference
is that we also focus on an individual input z in this set, iteratively changing which input we’re focusing
on. To accomplish this, we employ the query-to-communication lifting tool from [GLMWZ16] rather
than the one in [GHRSSY26].

Intuition for MA ̸⊆ NPBPP: To prove the query complexity version (in a less straightforward but
more “liftable” way than in [Wat20a]): Viewing the input z as a square binary matrix, first define f
by f (z) = 1 if some row is all-1s, and f (z) = 0 if every row is at most a third 1s. This f is canonically
in MA, where rows correspond to Merlin’s witnesses and columns correspond to Arthur’s randomness.
One row will play a distinguished role, and each other row will be all-1s or all-0s and thus might as
well be a single bit. So redefine f : {0,1}n→ {0, 1,⊥} by letting z← be the distinguished row and z→
be all the “single bit rows”:

f (z) =

¨

1 if |z←|= n/2 or |z→|> 0

0 if |z←| ≤ n/6 and |z→|= 0

f ̸∈ NPBPP = N
q
BPP: Suppose for contradiction f has an N q

BPP-type decision tree of cost δn
where the BPP part has been amplified to have error probability ϵ instead of 1/3, where δ = ϵ = 1/20.
Initially let z = 1n/20n/2, so f (z) = 1. Fixing the pertinent witness for input z yields a randomized
decision tree D of cost δn that has acceptance probability ≤1 − ϵ for input z, and ≤ ϵ for each
0-input of f, and ≤1 − ϵ or ≤ ϵ for each other 1-input of f. Similar to ZPP ̸⊆ psP, we iteratively
modify the initial 1-input z to reach some 0-input by sneaking a total of n/3 many 0s into z← (and
leaving z→ alone), maintaining the invariant that D(z) ≤2/3. At the end, f (z) = 0 and thus D(z)≤ ϵ,
contradicting the invariant. In each iteration, randomly sneaking another 0 into z← only decreases
D(z) by ≤ δn/(n/6) = 6δ, so D(z) ≤2/3− 6δ > 1/3 after this. We claim that D(z) is automatically
boosted back to ≤2/3, but this is trickier to see because this intermediate z is an invalid input to f
and thus D(z) is unconstrained.

Proof of the claim: Consider the set Z of all “nearby” 1-inputs z′ obtained from the current z
(after flipping a 1 to 0 in z←) by flipping a 0 to 1 in z→. We have Prz′∈Z , T∼D

�

T (z) ̸= T (z′)
�

≤
Prz′∈Z , T∼D

�

T (z′) queries the flipped bit
�

≤ δn/|Z |= 2δ and thus D(z) ∈ Ez′∈Z

�

D(z′)
�

±2δ. Since D
behaves pseudodeterministically on Z , it’s an ϵ-error randomized decision tree for some f ′ : Z → {0, 1}.
We have Ez′∈Z

�

D(z′)
�

∈ Ez′∈Z

�

f ′(z′)
�

± ϵ. There exists a deterministic decision tree T in the support
of D such that Prz′∈Z

�

f ′(z′) ̸= T (z′)
�

≤ ϵ and thus Ez′∈Z

�

f ′(z′)
�

∈ Ez′∈Z

�

T (z′)
�

± ϵ. We have
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Prz′∈Z

�

T (z′) ̸= T (z)
�

≤ Prz′∈Z

�

T (z′) queries the flipped bit
�

≤ δn/|Z |= 2δ and thus Ez′∈Z

�

T (z′)
�

∈
T (z)± 2δ. Stringing everything together, D(z) ∈ T (z)± (4δ + 2ϵ) ⊆ T (z)± 1/3. If T (z) = 0 then
D(z) ≤ 1/3 contradicting D(z) > 1/3, so we must have T (z) = 1 and thus D(z) ≤2/3. In summary,
D(z)> 1/3 is automatically boosted to D(z) ≤2/3, and we continue to the next iteration.

We imitate this proof in communication complexity using query-to-communication lifting tech-
niques, like with ZPP ̸⊆ psP. We sneak

p
n many 0s into z← per iteration, to offset the fixed 1s, of

which there are typically only ≈ 0.01
p

n per iteration, assuming the protocol has cost 0.01
p

n. The
most subtle aspect of the proof is in the analogue to the boosting step: This requires restricting to
a subrectangle that fixes some bits of the input to f. Doing this naively might result in a fixed 1
in the right half of the input (preventing us from reaching a 0-input at the end of the proof) since
the boosting focuses on the inputs z′ ∈ Z , which each have a 1 in their right half. Intuitively, the
restriction must focus on z itself to maintain z→ = 0n/2, but must accomplish boosting on Z . This
involves a nuanced back-and-forth between z and Z , like how the query complexity proof considers
T (z) even though T was chosen to work on Z .

2.2 The lifting lemma

We use the technical centerpiece of [GLMWZ16]. To state it, we need some definitions. Assume h=
100 log n and m≤ n. Let S = {0,1}h×{0,1}h and Sm = ({0, 1}h)m× ({0, 1}h)m. Define g : S→ {0,1}
by g(x , y) = (x · y)mod 2, and define gm : Sm → {0, 1}m by gm(x , y) =

�

g(x1, y1), . . . , g(xm, ym)
�

.
For any rectangle R ⊆ Sm and z ∈ {0,1}m, define Rz =

�

(x , y) ∈ R : gm(x , y) = z
	

. A rectangle
R ⊆ Sm is balanced iff for each z, |Rz| is within a factor 1.01 of |R|/2m. A basic fact is that Sm itself is
balanced, since |S1|= (1− 2−h)|S|/2 and so for every z, |Sm

z |= |Sz1
| · · · |Szm

| and |Sm|/2m = (|S|/2)m

are within a factor 1/(1− 2−h)m ≤ 1/(1−m2−h)≤ 1/(1− n2−100 log n) = 1/(1− n−99)≤ 1.01.
A structure of width w is a triple of partial assignments (a, b, c) ∈ ({0,1,∗}h)m × ({0,1,∗}h)m ×

{0, 1,∗}m (where ∗ means unassigned) such that for w many i ∈ [m], (ai , bi , ci) is totally assigned
and g(ai , bi) = ci, and for all other i ∈ [m], (ai , bi , ci) is totally unassigned. Let Sa,b ⊆ Sm be the
rectangle of all (x , y) that agree with (a, b), and note that gm(Sa,b) ⊆ {0, 1}m is the set of all z that
agree with c. A rectangle R ⊆ Sm is (a, b, c)-balanced iff R ⊆ Sa,b and for each z that agrees with c,
|Rz| is within a factor 1.01 of |R|/2m−w.

Lemma 3 ([GLMWZ16]). For every rectangle R ⊆ Sm and z ∈ {0,1}m with |Rz| ≤2−k|Sm
z |, there exists

a set Q of pairwise disjoint subrectangles of R such that
∑

Q∈Q |Qz| ≤0.99|Rz| and for each Q ∈Q there
exists a structure (a, b, c) of width w ≤ k + 8 such that z agrees with c, Q is (a, b, c)-balanced, and
|Qz| ≤2−(k+8−w)|Sa,b

z |.

(Note to readers familiar with the “packing algorithm” in [GLMWZ16]: A tiny tweak is needed
to get Lemma 3 as stated. The proof in [GLMWZ16] yields |Qz| ≤2−(k−10w log n)|Sa,b

z | if w > 0 (and
we drop the insignificant factor 10 log n for the sake of tidiness) and |Qz| ≤2−(k+8+log n)|Sm

z | if w= 0,
which can only happen for one Q, namely the remaining rectangle at the end of the top level of the
packing algorithm. To get rid of the + log n for that pesky Q, we just halt the top level partitioning and
discard the remaining Q when |Qz| < 2−8|Rz|. This only contributes 2−8 < 0.005 to the algorithm’s
error parameter, which we set as ϵ = 0.01.)

More notation: For any z ∈ {0,1}m and set of indices I ⊆ [m], let z I be z but with the bits indexed
by I flipped. For any rectangle R ⊆ Sm and set I of sets of indices, let RzI =

⋃

I∈I Rz I . See Figure 2.
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Sm Sm
z Sm

zI

R Rz RzI

Figure 2: Illustration of Rz and RzI

3 ZPP ̸⊆ psP

We prove Theorem 1. For z ∈ {0,1}n, let |z| be z’s weight (number of 1s), and let z← = z1 · · · zn/2 and
z→ = zn/2+1 · · · zn be z’s left and right halves. Define f : {0, 1}n→ {0,1,⊥} by:

f (z) =

¨

1 if |z→| ≤n/3 and |z←|= 0

0 if |z←| ≤n/3 and |z→|= 0

With the setup from §2.2, define F : Sn→ {0,1,⊥} by F(x , y) = f (gn(x , y)).
F ∈ ZPP: We have F ∈ RP by the randomized protocol that picks a uniformly random i ∈

{n/2+ 1, . . . , n} and computes and outputs g(x i , yi). We have F ∈ RP by the randomized protocol
that picks a uniformly random i ∈ {1, . . . , n/2} and computes and outputs g(x i , yi).

F ̸∈ psP: Suppose for contradiction that some total function F ′ : Sn → {0,1} that agrees with
F has a randomized protocol D of cost d = 0.01

p
n that’s been amplified to have two-sided error

probability 0.01 instead of 1/3. Let F1 = F−1(1) and F0 = F−1(0) and F ′1 = F ′−1(1) and F ′0 = F ′−1(0).
Let z = 0n and assume |F ′1∩Sn

z | ≤0.5|Sn
z |. A symmetric argument handles the case |F ′0∩Sn

z | ≤0.5|Sn
z |.

We describe a process that iteratively updates z ∈ {0,1}n, a structure (a, b, c) of width w, a
rectangle R ⊆ Sn, and k ≤0, maintaining these invariants:

|z→|= 0 z agrees with c R is (a, b, c)-balanced |Rz| ≤2−k|Sa,b
z | |F ′1 ∩ Rz| ≤0.5|Rz|

Initially, z = 0n, (a, b, c) is all ∗s, w = 0, R = Sn, and k = 0. Each iteration extends (a, b, c) and
shrinks R to a subrectangle. Each iteration is either safe, in which case

p
n many 0s flip to 1s in

z← and k increases by ≤ d + 13, or unsafe, in which case z doesn’t change and k decreases by
≤(increase in w)/2 > 0. This continues until |z←| ≤n/3, in other words, (n/3)/

p
n =
p

n/3 safe
iterations. Thus at the end, we have f (z) = 0 and therefore Rz ⊆ F0 ⊆ F ′0, contradicting the invariant
|F ′1∩Rz| ≤0.5|Rz|> 0. Since the safe iterations increase k by ≤ (d+13)

p
n/3 in total, and the unsafe

iterations decrease k by ≤w/2 in total, and since k ≤0, we always have w/2≤ (d+13)
p

n/3, which
implies w≤ 0.02n since d = 0.01

p
n.

We now describe an iteration. Since ci ̸= ∗ for ≤ w ≤ 0.02n many i ≤ n/2, and zi = 1 for
≤ n/3+

p
n many i ≤ n/2, we have ci = ∗ and zi = 0 for ≤n/2− 0.02n− (n/3+

p
n) ≤0.1n many

i ≤ n/2. Let I be the set of all sets I ⊆ {i ≤ n/2 : ci = ∗ and zi = 0} with |I |=
p

n.
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Since D is a 0.01-error randomized protocol for F ′, there exists a deterministic protocol P in
the support of D such that P(x , y) ̸= F ′(x , y) with probability ≤ 0.01 over (x , y) sampled from the
uniform mixture of the uniform distribution over Rz and the uniform distribution over RzI . Hence
P(x , y) ̸= F ′(x , y) for ≤ 0.02|Rz| many (x , y) ∈ Rz and for ≤ 0.02|RzI | many (x , y) ∈ RzI . Let
P1 = P−1(1) and P0 = P−1(0). Since P has depth d, P1 ∩ R is partitioned into at most 2d rectangles
R1, R2, R3, . . . . Say ℓ is major if |Rℓz| ≤2−(d+4)|Rz| and minor otherwise. For each major ℓ, we have
|Rℓz| ≤2−(k+d+4)|Sa,b

z |, so by Lemma 3 (applied to the projections of Rℓ and z to the ∗ coordinates,
with m= n−w), there exists a set Qℓ of pairwise disjoint subrectangles of Rℓ such that

∑

Q∈Qℓ |Qz| ≤
0.99|Rℓz| and for each Q ∈ Qℓ there exists a structure (a′, b′, c′) of width w′ extending (a, b, c) such
that z agrees with c′, Q is (a′, b′, c′)-balanced, and |Qz| ≤2−((k+d+4)+8−(w′−w))|Sa′,b′

z |. We have

|F ′1 ∩ P0 ∩ Rz| ≤ 0.02|Rz|
∑

minor ℓ |R
ℓ
z| ≤ 2d · 2−(d+4)|Rz| ≤ 0.07|Rz|

∑

major ℓ
�

|Rℓz| −
∑

Q∈Qℓ |Qz|
�

≤
∑

major ℓ 0.01|Rℓz| ≤ 0.01|Rz|

and thus, letting Q=
⋃

major ℓQ
ℓ:

∑

Q∈Q |Qz| = |(F ′1 ∪ P1)∩ Rz| − |F ′1 ∩ P0 ∩ Rz| −
∑

minor ℓ |R
ℓ
z| −
∑

major ℓ
�

|Rℓz| −
∑

Q∈Qℓ |Qz|
�

≤0.5|Rz| − 0.02|Rz| − 0.07|Rz| − 0.01|Rz|
= 0.4|Rz|

Say Q ∈Q is good if w′ −w≤ 3d (for the w′ associated with Q) and bad otherwise. This iteration is
safe if
∑

good Q∈Q |Qz| ≤0.2|Rz| and unsafe otherwise, in which case
∑

bad Q∈Q |Qz| ≤0.2|Rz|.

Unsafe iteration: We have
∑

bad Q∈Q |F
′
0 ∩Qz| ≤ |F ′0 ∩ P1 ∩ Rz| ≤ 0.02|Rz| ≤ 0.1

∑

bad Q∈Q |Qz|

so there exists a bad Q ∈Q with associated (a′, b′, c′) and w′ such that |F ′0 ∩Qz| ≤ 0.1|Qz| ≤ 0.5|Qz|,
so |F ′1 ∩Qz| ≤0.5|Qz|. We conclude the iteration by updating (a, b, c)← (a′, b′, c′) and w← w′ and
R← Q and k← k + d + 12− (w′ − w). The invariants are maintained. As we wanted for an unsafe
iteration, z doesn’t change and k decreases by (increase in w) − d − 12 ≤(increase in w)/2 since
(increase in w)> 3d since Q is bad.

Safe iteration: For each good Q ∈ Q with associated (a′, b′, c′) and w′, if we sample a uniformly
random I ∈ I and a uniformly random permutation of I ’s elements, then

Pr[z I doesn’t agree with c′] = Pr
�

(∃i ∈ I) : c′i = 0
�

= Pr
�

(∃i : ci = ∗ and c′i = 0) (∃e ∈ [
p

n]) : I ’s eth element is i
�

≤
∑

i : ci=∗ and c′i=0

∑

e∈[
p

n] Pr[I ’s eth element is i]

≤ (w′ −w) ·
p

n · 1/0.1n

≤ 3d · 10/
p

n

= 0.3

since I ’s eth element is uniformly distributed over a set of ≤0.1n many i, and since w′−w≤ 3d since
Q is good. If z I agrees with c′, then |Qz I | ≤0.99|Q|/2n−w′ ≤0.98|Qz| since z agrees with c′ and Q is
(a′, b′, c′)-balanced. Thus:

|QzI | =
∑

I∈I |Qz I | ≤
∑

I∈I : z I agrees with c′ |Qz I | ≤0.7|I| · 0.98|Qz| ≤0.6|I| · |Qz|
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It follows that:
∑

good Q∈Q |QzI | ≤0.6|I|
∑

good Q∈Q |Qz| ≤0.6|I| · 0.2|Rz| = 0.12|I| · |Rz|

We have |Rz| ≤0.99|R|/2n−w ≤0.98|Rz I | for each I ∈ I since z and z I agree with c and R is (a, b, c)-
balanced, so:

|Rz| ≤0.98
∑

I∈I |Rz I |/|I| = 0.98|RzI |/|I|

It follows that:
∑

good Q∈Q |QzI | ≤0.12|I| · |Rz| ≤0.12 · 0.98|RzI | ≤0.1|RzI |

We have
∑

good Q∈Q |F
′
0 ∩QzI | ≤ |F ′0 ∩ P1 ∩ RzI | ≤ 0.02|RzI | ≤ 0.2

∑

good Q∈Q |QzI |

so there exists a good Q ∈ Q with associated (a′, b′, c′) and w′ such that |F ′0 ∩QzI | ≤ 0.2|QzI | ≤
0.5|QzI |, so |F ′1 ∩QzI | ≤0.5|QzI |. Hence there exists an I ∈ I such that |F ′1 ∩Qz I | ≤0.5|Qz I | and z I

agrees with c′ (since Qz I = ; if z I doesn’t agree with c′). Also:

|Qz I | ≤0.98|Qz| ≤0.98 · 2−(k+d+12)|Sa′,b′
z | ≤0.98 · 2−(k+d+12) · 0.98|Sa′,b′

z I | ≤2−(k+d+13)|Sa′,b′
z I |

We conclude the iteration by updating z← z I and (a, b, c)← (a′, b′, c′) and w← w′ and R←Q and
k← k+ d +13. The invariants are maintained. As we wanted for a safe iteration,

p
n many 0s flip to

1s in z← and k increases by ≤ d + 13.

4 MA ̸⊆ NPBPP

We prove Theorem 2. For z ∈ {0,1}n, let |z| be z’s weight (number of 1s), and let z← = z1 · · · zn/2 and
z→ = zn/2+1 · · · zn be z’s left and right halves. Define f : {0, 1}n→ {0,1,⊥} by:

f (z) =

¨

1 if |z←|= n/2 or |z→|> 0

0 if |z←| ≤ n/6 and |z→|= 0

With the setup from §2.2, define F : Sn→ {0, 1,⊥} by F(x , y) = f (gn(x , y)).
F ∈ MA: Consider the randomized protocol that picks a uniformly random i ∈ {1, . . . , n/2} and

computes and outputs g(x i , yi), and for each i ∈ {n/2+ 1, . . . , n} consider the deterministic protocol
that computes and outputs g(x i , yi). This set of n/2 + 1 protocols is an MA-type protocol of cost
O(log n) for F : If F(x , y) = 1 then at least one of these protocols outputs 1 with probability 1 ≤2/3,
and if F(x , y) = 0 then each of these protocols outputs 1 with probability ≤ 1/3.

F ̸∈ NPBPP = N
q
BPP: Suppose for contradiction F has an N q

BPP-type protocol D of cost d =
0.01
p

n where the BPP part has been amplified to have error probability 0.01 instead of 1/3. The
proof has a preprocessing phase and an iterative phase. For z←, we use the notation i, I , I for indices,
sets of indices, and sets of sets of indices. For z→, we use the notation j, J , J for indices, sets of
indices, and sets of sets of indices.
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Preprocessing phase: For z = 1n/20n/2 we have f (z) = 1, so F(x , y) = 1 for all (x , y) ∈ Sn
z . Since

|D| ≤ 2d , there exists a D ∈ D such that D(x , y) ≤0.99 for ≤2−d |Sn
z | many (x , y) ∈ Sn

z . Define F ′

to have the same valid inputs as F , and such that D is a 0.01-error randomized protocol for F ′. Let
F1 = F−1(1) and F0 = F−1(0) and F ′1 = F ′−1(1) and F ′0 = F ′−1(0). Thus |F ′1 ∩ Sn

z | ≤2−d |Sn
z | and

F1 ⊆ F ′1 ∪ F ′0 and F0 ⊆ F ′0.
Let D′ be the further amplified version of D that outputs the majority vote of 2d independent runs

of D, so D′ is a 0.01 · 2−d -error randomized protocol for F ′ of cost 2d2. There exists a deterministic
protocol P in the support of D′ such that P(x , y) ̸= F ′(x , y) with probability ≤ 0.01 · 2−d over (x , y)
sampled from the uniform mixture of the uniform distribution over Sn

z and the uniform distribution
over Sn

zJ whereJ =
�

{n/2+1}, . . . , {n}
	

, noting that Sn
z ∪Sn

zJ ⊆ F1 ⊆ F ′1∪F ′0. Hence P(x , y) ̸= F ′(x , y)
for ≤ 0.02 · 2−d |Sn

z | many (x , y) ∈ Sn
z and for ≤ 0.02 · 2−d |Sn

zJ | many (x , y) ∈ Sn
zJ . Let P1 = P−1(1)

and P0 = P−1(0). Since P has depth 2d2, P1 is partitioned into at most 22d2
rectangles R1, R2, R3, . . . .

Say ℓ is major if |Rℓz| ≤2−(d+2d2+4)|Sn
z | and minor otherwise. For each major ℓ, by Lemma 3 (with

m= n), there exists a set Qℓ of pairwise disjoint subrectangles of Rℓ such that
∑

Q∈Qℓ |Qz| ≤0.99|Rℓz|
and for each Q ∈Qℓ there exists a structure (a, b, c) of width w ≤ d + 2d2 + 12 ≤ 0.01n such that z
agrees with c, Q is (a, b, c)-balanced, and |Qz| ≤2−(d+2d2+12−w)|Sa,b

z |. We have

|F ′1 ∩ P0 ∩ Sn
z | ≤ 0.02 · 2−d |Sn

z | ≤ 0.02|F ′1 ∩ Sn
z |

∑

minor ℓ |R
ℓ
z| ≤ 22d2

· 2−(d+2d2+4)|Sn
z | ≤ 0.07 · 2−d |Sn

z | ≤ 0.07|F ′1 ∩ Sn
z |

∑

major ℓ
�

|Rℓz| −
∑

Q∈Qℓ |Qz|
�

≤
∑

major ℓ 0.01|Rℓz| ≤ 0.01|P1 ∩ Sn
z |

and thus, letting Q=
⋃

major ℓQ
ℓ:

∑

Q∈Q |Qz| = |(F ′1 ∪ P1)∩ Sn
z | − |F ′1 ∩ P0 ∩ Sn

z | −
∑

minor ℓ |R
ℓ
z| −
∑

major ℓ
�

|Rℓz| −
∑

Q∈Qℓ |Qz|
�

≤|(F ′1 ∪ P1)∩ Sn
z |(1− 0.02− 0.07− 0.01)

≤0.9|F ′1 ∩ Sn
z |

≤0.9 · 2−d |Sn
z |

For each Q ∈Q with associated (a, b, c) and w, and for J = { j} ∈ J , zJ agrees with c iff c j = ∗, which
holds for ≤n/2−w ≤0.98|J |many J ∈ J . If zJ agrees with c, then |QzJ | ≤0.99|Q|/2n−w ≤0.98|Qz|
since z agrees with c and Q is (a, b, c)-balanced. Thus:

|QzJ | =
∑

J∈J |QzJ | ≤
∑

J∈J : zJ agrees with c |QzJ | ≤0.98|J | · 0.98|Qz| ≤0.9|J | · |Qz|

It follows that:
∑

Q∈Q |QzJ | ≤0.9|J |
∑

Q∈Q |Qz| ≤0.9|J | · 0.9 · 2−d |Sn
z | ≤0.8|J | · 2−d |Sn

z |

We have |Sn
z | ≤0.99|Sn|/2n ≤0.98|Sn

zJ | for each J ∈ J since Sn is balanced, so:

|Sn
z | ≤0.98
∑

J∈J |S
n
zJ |/|J | = 0.98|Sn

zJ |/|J |

It follows that:
∑

Q∈Q |QzJ | ≤0.8|J | · 2−d |Sn
z | ≤0.8 · 2−d · 0.98|Sn

zJ | ≤0.7 · 2−d |Sn
zJ |

We have
∑

Q∈Q |F
′
0 ∩QzJ | ≤ |F ′0 ∩ P1 ∩ Sn

zJ | ≤ 0.02 · 2−d |Sn
zJ | ≤ 0.03
∑

Q∈Q |QzJ |
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so there exists a Q ∈Q such that |F ′0 ∩QzJ | ≤ 0.03|QzJ | ≤ 0.3|QzJ |, so |F ′1 ∩QzJ | ≤0.7|QzJ |. Define
R to be this Q, with associated (a, b, c) and w, and redefine J =

�

{ j} : j > n/2 and c j = ∗
	

, which
doesn’t change RzJ since R is (a, b, c)-balanced. In summary, letting k = 3d2 −w:

z = 1n/20n/2 z agrees with c R is (a, b, c)-balanced |Rz| ≤2−k|Sa,b
z | |F ′1∩RzJ | ≤0.7|RzJ |

Iterative phase: We describe a process that iteratively updates z ∈ {0,1}n, a structure (a, b, c)
of width w, a rectangle R ⊆ Sn, and k ≤0, maintaining these invariants, where J =

�

{ j} :
j > n/2 and c j = ∗

	

:

|z→|= 0 z agrees with c R is (a, b, c)-balanced |Rz| ≤2−k|Sa,b
z | |F ′1 ∩ RzJ | ≤0.7|RzJ |

The initial z = 1n/20n/2, (a, b, c), w, R, and k = 3d2 − w are from the end of the preprocessing
phase. Each iteration extends (a, b, c) and shrinks R to a subrectangle. Each iteration is either safe,
in which case

p
n many 1s flip to 0s in z← and k increases by ≤ d + 13, or unsafe, in which case

z doesn’t change and k decreases by ≤(increase in w)/2 > 0. This continues until |z←| ≤ n/6, in
other words (n/3)/

p
n =

p
n/3 safe iterations. Thus at the end, we have f (z) = 0 and therefore

Rz ⊆ F0 ⊆ F ′0, which leads to a contradiction with |F ′1 ∩ RzJ | ≤0.7|RzJ |, as we show at the end of
the proof. Since the preprocessing and safe iterations increase k by ≤ 3d2 + (d + 13)

p
n/3 in total,

and the preprocessing and unsafe iterations decrease k by ≤w/2 in total, and since k ≤0, we always
have w/2≤ 3d2 + (d + 13)

p
n/3, which implies w≤ 0.02n since d = 0.01

p
n.

A key issue is that to maintain the invariant |F ′1 ∩RzJ | ≤0.7|RzJ |, we must consider the behavior
of subrectangles with respect to zJ , but to maintain the invariant |z→|= 0, we must apply Lemma 3
with respect to z. Reconciling this involves a subtle back-and-forth between Rz and RzJ .

We now describe an iteration. Since ci ̸= ∗ for ≤ w ≤ 0.02n many i ≤ n/2, and zi = 0 for
≤ n/3 many i ≤ n/2, we have ci = ∗ and zi = 1 for ≤n/2 − 0.02n − n/3 ≤0.1n many i ≤ n/2.
Let I be the set of all sets I ⊆ {i ≤ n/2 : ci = ∗ and zi = 1} with |I | =

p
n. We have c j ̸= ∗ for

≤ w ≤ 0.02n many j > n/2, and J is the set of all sets J ⊆ { j > n/2 : c j = ∗} with |J | = 1. Let
I ×J = {I ∪ J : I ∈ I and J ∈ J }. Note that Rz ∪ RzI generally consists of invalid inputs (on which
we know nothing a priori about D’s behavior), but RzJ ∪ RzI×J ⊆ F1 ⊆ F ′1 ∪ F ′0.

Since D is a 0.01-error randomized protocol for F ′, there exists a deterministic protocol P in
the support of D such that P(x , y) ̸= F ′(x , y) with probability ≤ 0.01 over (x , y) sampled from the
uniform mixture of the uniform distribution over RzJ and the uniform distribution over RzI×J . Hence
P(x , y) ̸= F ′(x , y) for ≤ 0.02|RzJ | many (x , y) ∈ RzJ and for ≤ 0.02|RzI×J | many (x , y) ∈ RzI×J .
Let P1 = P−1(1) and P0 = P−1(0). Since P has depth d, P1 ∩ R is partitioned into at most 2d

rectangles R1, R2, R3, . . . . Say ℓ is major if |Rℓz| ≤2−(d+4)|Rz| and minor otherwise. For each major
ℓ, we have |Rℓz| ≤2−(k+d+4)|Sa,b

z |, so by Lemma 3 (applied to the projections of Rℓ and z to the ∗
coordinates, with m= n−w), there exists a set Qℓ of pairwise disjoint subrectangles of Rℓ such that
∑

Q∈Qℓ |Qz| ≤0.99|Rℓz| and for each Q ∈Qℓ there exists a structure (a′, b′, c′) of width w′ extending
(a, b, c) such that z agrees with c′, Q is (a′, b′, c′)-balanced, and |Qz| ≤2−((k+d+4)+8−(w′−w))|Sa′,b′

z |.
The latter bound implies w′ ≤ k+ d + 12+w≤ 0.04n. We have

∑

minor ℓ |R
ℓ
z| ≤ 2d · 2−(d+4)|Rz| ≤ 0.07|Rz|

∑

major ℓ
�

|Rℓz| −
∑

Q∈Qℓ |Qz|
�

≤
∑

major ℓ 0.01|Rℓz| ≤ 0.01|Rz|

and thus, letting Q=
⋃

major ℓQ
ℓ:

∑

Q∈Q |Qz| = |P1 ∩ Rz| −
∑

minor ℓ |R
ℓ
z| −
∑

major ℓ
�

|Rℓz| −
∑

Q∈Qℓ |Qz|
�

≤|P1 ∩ Rz| − 0.08|Rz| (⋆)
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For each Q ∈ Q with associated (a′, b′, c′) and w′, and for J = { j} ∈ J , zJ agrees with c′ iff c′j = ∗,
which holds for ≤n/2− w′ ≤0.92(n/2) ≤0.92|J | many J ∈ J . If zJ agrees with c′, then |QzJ | ≤
0.99|Q|/2n−w′ ≤0.98|Qz| since z agrees with c′ and Q is (a′, b′, c′)-balanced. Thus:

|QzJ | =
∑

J∈J |QzJ | ≤
∑

J∈J : zJ agrees with c′ |QzJ | ≤0.92|J | · 0.98|Qz| ≤0.9|J | · |Qz| (†)

It follows that:

|P1 ∩ RzJ | ≤
∑

Q∈Q |QzJ | ≤0.9|J |
∑

Q∈Q |Qz| ≤0.9|J |
�

|P1 ∩ Rz| − 0.08|Rz|
�

By the symmetry between outputting 1 and outputting 0, we also have:

|P0 ∩ RzJ | ≤0.9|J |
�

|P0 ∩ Rz| − 0.08|Rz|
�

We have |Rz| ≤0.99|R|/2n−w ≤0.98|RzJ | for each J ∈ J since R is (a, b, c)-balanced, so:

|Rz| ≤0.98
∑

J∈J |RzJ |/|J | = 0.98|RzJ |/|J | (‡)

It follows that

|P0 ∩ RzJ | ≤0.9|J |
�

|P0 ∩ Rz|/|Rz| − 0.08
�

|Rz| ≤0.8
�

|P0 ∩ Rz|/|Rz| − 0.08
�

|RzJ |

and thus:

|F ′0 ∩ RzJ | ≤|P0 ∩ RzJ | − |F ′1 ∩ P0 ∩ RzJ | ≤0.8
�

|P0 ∩ Rz|/|Rz| − 0.08
�

|RzJ | − 0.02|RzJ |

The invariant |F ′1 ∩ RzJ | ≤0.7|RzJ | implies |F ′0 ∩ RzJ | ≤ 0.3|RzJ |, so combining yields:

0.3 ≤0.8
�

|P0 ∩ Rz|/|Rz| − 0.08
�

− 0.02 ≤0.8|P0 ∩ Rz|/|Rz| − 0.1

Rearranging then yields |P0 ∩ Rz| ≤ 0.5|Rz|, so |P1 ∩ Rz| ≤0.5|Rz|. As we showed in (⋆), this implies
∑

Q∈Q |Qz| ≤|P1 ∩ Rz| − 0.08|Rz| ≤0.5|Rz| − 0.08|Rz| ≤0.4|Rz|

Say Q ∈Q is good if w′ −w≤ 3d (for the w′ associated with Q) and bad otherwise. This iteration is
safe if
∑

good Q∈Q |Qz| ≤0.2|Rz| and unsafe otherwise, in which case
∑

bad Q∈Q |Qz| ≤0.2|Rz|.

Unsafe iteration: As we showed in (†) and (‡):
∑

bad Q∈Q |QzJ | ≤0.9|J |
∑

bad Q∈Q |Qz| ≤0.9|J | · 0.2|Rz| ≤0.9 · 0.2 · 0.98|RzJ | ≤0.1|RzJ |

We have
∑

bad Q∈Q |F
′
0 ∩QzJ | ≤ |F ′0 ∩ P1 ∩ RzJ | ≤ 0.02|RzJ | ≤ 0.2

∑

bad Q∈Q |QzJ |

so there exists a bad Q ∈ Q with associated (a′, b′, c′) and w′ such that |F ′0 ∩ QzJ | ≤ 0.2|QzJ | ≤
0.3|QzJ |, so |F ′1 ∩QzJ | ≤0.7|QzJ |. We conclude the iteration by updating (a, b, c)← (a′, b′, c′) and
w ← w′ and R ← Q and k ← k + d + 12 − (w′ − w) and J ←

�

{ j} : j > n/2 and c′j = ∗
	

. The
invariants are maintained. As we wanted for an unsafe iteration, z doesn’t change and k decreases
by (increase in w)− d − 12 ≤(increase in w)/2 since (increase in w)> 3d since Q is bad.
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Safe iteration: For each good Q ∈ Q with associated (a′, b′, c′) and w′, if we sample a uniformly
random I ∈ I and a uniformly random permutation of I ’s elements, then

Pr[z I doesn’t agree with c′] = Pr
�

(∃i ∈ I) : c′i = 1
�

= Pr
�

(∃i : ci = ∗ and c′i = 1) (∃e ∈ [
p

n]) : I ’s eth element is i
�

≤
∑

i : ci=∗ and c′i=1

∑

e∈[
p

n] Pr[I ’s eth element is i]

≤ (w′ −w) ·
p

n · 1/0.1n

≤ 3d · 10/
p

n

= 0.3

since I ’s eth element is uniformly distributed over a set of ≤0.1n many i, and since w′−w≤ 3d since
Q is good. If z I agrees with c′, then for J = { j} ∈ J , z I∪ J agrees with c′ iff c′j = ∗, which holds for
≤n/2− w′ ≤0.92(n/2) ≤0.92|J | many J ∈ J . Thus z I∪ J agrees with c′ for ≤0.7|I| · 0.92|J | ≤

0.62|I ×J | many I ∪ J ∈ I ×J . If z I∪ J agrees with c′, then |Qz I∪ J | ≤0.99|Q|/2n−w′ ≤0.98|Qz| since
z agrees with c′ and Q is (a′, b′, c′)-balanced. Thus:

|QzI×J | =
∑

I∪ J∈I×J |Qz I∪ J | ≤
∑

I∪ J∈I×J : z I∪ J agrees with c′ |Qz I∪ J | ≤0.62|I ×J | · 0.98|Qz|

≤0.6|I ×J | · |Qz|

It follows that:
∑

good Q∈Q |QzI×J | ≤0.6|I ×J |
∑

good Q∈Q |Qz| ≤0.6|I ×J | · 0.2|Rz| = 0.12|I ×J | · |Rz|

We have |Rz| ≤0.99|R|/2n−w ≤0.98|Rz I∪ J | for each I ∪ J ∈ I ×J since z and z I∪ J agree with c and
R is (a, b, c)-balanced, so:

|Rz| ≤0.98
∑

I∪ J∈I×J |Rz I∪ J |/|I ×J | = 0.98|RzI×J |/|I ×J |

It follows that:
∑

good Q∈Q |QzI×J | ≤0.12|I ×J | · |Rz| ≤0.12 · 0.98|RzI×J | ≤0.1|RzI×J |

We have
∑

good Q∈Q |F
′
0 ∩QzI×J | ≤ |F ′0 ∩ P1 ∩ RzI×J | ≤ 0.02|RzI×J | ≤ 0.2

∑

good Q∈Q |QzI×J |

so there exists a good Q ∈Q with associated (a′, b′, c′) and w′ such that |F ′0 ∩QzI×J | ≤ 0.2|QzI×J | ≤
0.3|QzI×J |, so |F ′1 ∩ QzI×J | ≤0.7|QzI×J |. Hence there exists an I ∈ I such that |F ′1 ∩ Q(z I )J | ≤
0.7|Q(z I )J | and z I agrees with c′ (since Q(z I )J = ; if z I doesn’t agree with c′). Also:

|Qz I | ≤0.98|Qz| ≤0.98 · 2−(k+d+12)|Sa′,b′
z | ≤0.98 · 2−(k+d+12) · 0.98|Sa′,b′

z I | ≤2−(k+d+13)|Sa′,b′
z I |

We conclude the iteration by updating z← z I and (a, b, c)← (a′, b′, c′) and w← w′ and R←Q and
k← k+ d + 13 and J ←

�

{ j} : j > n/2 and c′j = ∗
	

. The invariants are maintained. As we wanted
for a safe iteration,

p
n many 1s flip to 0s in z← and k increases by ≤ d + 13.

Contradiction: After the last iteration, f (z) = 0 and therefore Rz ⊆ F0 ⊆ F ′0. Since D is a 0.01-error
randomized protocol for F ′, there exists a deterministic protocol P in the support of D such that
P(x , y) ̸= F ′(x , y) with probability ≤ 0.01 over (x , y) sampled from the uniform mixture of the
uniform distribution over Rz and the uniform distribution over RzJ . Hence P(x , y) ̸= F ′(x , y) for ≤
0.02|Rz| many (x , y) ∈ Rz and for ≤ 0.02|RzJ | many (x , y) ∈ RzJ . Let P1 = P−1(1) and P0 = P−1(0).
We argued in the iterative phase that the invariant |F ′1∩RzJ | ≤0.7|RzJ | and |F ′1∩P0∩RzJ | ≤ 0.02|RzJ |
imply |P1 ∩ Rz| ≤0.5|Rz| in this case. This contradicts |P1 ∩ Rz|= |F ′0 ∩ P1 ∩ Rz| ≤ 0.02|Rz|.
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