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Abstract

n

Matching Vector families (MVFs) are defined by two ordered lists of vectors in Z, whose
inner products satisfy specific residue patterns modulo an integer m. Most famously, restricted
MVFs are used to construct the best-known constant-query Locally Decodable codes (LDCs).

We prove an upper bound of 90(vrTognlogm) o the size of 3-restricted MVFs in zp, for
m < 4/n, substantially improving on the previous best bound of 20(n/logn) 1y Bhowmick, Dvir
and Lovett (STOC’13, SICOMP’14). Our proof relies on a new polynomial-method argument
that controls collisions in sumsets of matching vectors.

1 Introduction

A Matching Vector (MV) family is defined by two ordered lists of vectors U = {u1,...,ux} and
V={v1,...,vk} in Z7, for some m,n > 1 such that the inner products of pairs of vectors from U
and V satisfy certain residue patterns modulo m. More precisely:

Definition 1 (Matching Vector Family). Let S C Z,, \ {0}. An S-matching vector family is a set
of vectors U = {uy,...,ux}, V={vi,...,vx}, U,V CZ" such that:

o Vic [K], (uj,v;) =0.
d \V/’L?é], i,] € [K]) <uiavj> €5s.

Such an MV family is referred to as a |S| + 1-restricted MV family. When S = Z,, \ {0}, we
simply refer to it as an MV family. We refer to K as the size of the MV family.

Famously, MV families were used to construct the best-known constant-query Locally Decodable
codes (LDCs) [Yek08, Efr09, DGY11]. MVFs have since found a wider array of applications including
to private information retrieval [Yek08, Efr09, GKS25, ABL26|, conditional disclosure of secrets
[ABL26], circuit complexity, and catalytic computation [HPR26|. They are also connected to the
study of Ramsey graphs [Gro00] and polynomials weakly representing the OR function [Gro95].

As is common, we denote by MV (m,n) the size of the largest possible MV family in Z7, and
by MV (m,n,r) the size of the largest possible r-restricted MV family in Z7, .
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When m has several distinct prime factors, the situation is much richer. For suitable constant
moduli m with ¢ distinct prime factors, Grolmusz [Gro00] constructed MVFs whose off-diagonal
inner products lie in a canonical set of 28 — 1 nonzero residues. In our terminology, these are
2t _restricted MVFs, and they satisfy

MV, 2) > exp (9 (“g")» .

(loglogn)t—1

This remains the best-known construction of MVFs. Based on [BDL14] and the recently proved
Polynomial Freiman-Rusza Theorem |[GGMT26|, we know that the best upper bound for MVFs is

MV (m,n) < (c)" 1087

for some constant ¢, depending only on m.

Locally Decodable Codes (LDCs). The most surprising application of MVFs is to the construction
of LDCs, codes that allow for extremely efficient decoding of individual message bits.

Definition 2 (Locally Decodable Codes). A g-ary code C' : Ff — F]qv is said to be (r,d,¢)-locally
decodable if there exists a randomized decoding algorithm A such that:

1. For all x € Ff, i € [K], and all vectors y € Fév such that
d(C(x),y) < dN,

we have
PriAY (i) =x(i)] > 1 —¢,

where the probability is over the random coin tosses of A.

2. A makes at most r queries to y.

[Yek08] showed that an r-restricted MV family of size K in Z7, can be used to construct
an r-query locally decodable code with message length K and codeword length m™. MVFs are
central to the construction of matching vector codes. Building on this framework, a line of works
[Yek08, Efr09, DGY11] constructed the best-known constant-query LDCs. In particular, the [Efr09]
construction gives 3-query LDCs of codeword length

N =exp <exp (O (W))) .

On the other hand, despite a long line of works [KT00, Kd04, GKST06, AGKM23, JM25, BHKL25],
we only know that
N > Q(K"/(r=2))

for r-query LDCs. As a result, the study of lower bounds for Matching Vector codes has gained
importance. Based on the [BDL14] upper bound, constant-query MV codes must satisfy

N > KQ(log log K) '

for constant m.



1.1 Our Results

In this work, we show a substantially stronger subexponential upper bound for 3-restricted MVFs
Theorem 3. For every n > 2 and every integer m satisfying 2 < m < +/n,

MV (m, n,3) < 20(Vnlogmlogn)

In particular, for constant m,

MV (m,n,3) < 90(vnlogn)

As a corollary, we can prove a strong lower bound on certain 3-query matching vector codes.

Corollary 4. Every 3-query matching vector code obtained from a 3-restricted MVF U,V C ZI
with 2 < m < /n, message length K, and codeword length N = m", satisfies

(log K)?
N > Ql——— 1.
= &P < (log log K

1.2 Techniques

Our work continues the study of additive structure in & and V. In [BDLI4]|, this structure is
explored through the lens of approximate duality [ZBS11]. In a different direction, [ADL " 25| sug-
gested studying collisions in sumsets of I/ : many distinct subsets having the same sum should impose
strong structure on the matching-vector family. We refer to the collection of all s-subsets whose
corresponding vectors have the same sum as a collision class. Our proof develops this viewpoint
directly by showing that no collision class can be too large.

The key step is to show that a collision class cannot contain a large moonflower! [LMW26]. The
polynomial method enters by starting from the low-rank matrix of inner-product residues between
U and V. From this matrix, we construct a new matrix that encodes the inner-product structure
between the equal sums and suitable vectors in V. The presence of a moonflower inside the collision
class forces this new matrix to have the form J — I, and hence to have large rank. At the same
time, its construction from the original low-rank residue matrix via a multilinear polynomial gives
a strong upper bound on its rank. Comparing these two bounds limits the size of the moonflower.

Finally, let us fix a collision class and choose a maximal moonflower inside it. Because the
moonflower is maximal, the union of its sets must intersect every other set in the class. Otherwise,
we could add a disjoint set and obtain a larger moonflower. Thus every representation of the fixed
s-sum contains at least one element from this relatively small union. Once such an element is fixed
and removed, the remaining s — 1 elements form a representation of a corresponding (s — 1)-sum.
This bounds the size of an s-sum collision class in terms of the size of the maximal moonflower and
the largest (s — 1)-sum collision class. This recurrence gives a uniform bound on the size of every
s-sum collision class. Combining this with the fact that there are only m™ possible sums yields the
desired upper bound on K.

LA family of sets is a moonflower if each set contains an element that belongs to none of the others. Pairwise
disjoint sets would also suffice for our argument, but moonflowers capture the precise combinatorial structure that
we need.



1.3 Concurrent Work

Independently, Aggarwal and Obremski [AO26] obtain the same upper bound for 3-restricted MVFs.
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2 Preliminaries

2.1 Matching Vector Families

We will utilize some known lemmas on restricted MV families. Succinctly, we can turn any 3-
restricted MVF modulo m into a typical 3-restricted MVF whose inner products modulo m satisfy
some nice properties and m itself is constrained in the following fashion.

Lemma 5 ([BDL14, ADL " 25]). Let (U,V) be a S-matching vector family in Z7, and for any proper
divisor m'|m, (U,V) is not a matching vector family modulo m’. Then, m has at most |S| prime
factors.

Let us now define a typical 3-restricted MVF

Definition 6 (Typical 3-restricted MVF). We say a 3-restricted MVF U,V modulo m is typical if
m = p®q®, where p,q are distinct primes and a,b > 1. Furthermore, the residues S = {a, 3} C
Z, \ {0} satisty the following residue structure

a=0 (mod pg®1), a#0 (mod ¢,

and

=0 (mod p® g%, B #0 (mod p?).

Finally, the following lemma combined with the previous one allows us to convert a 3-restricted
MVF into a typical one without any loss of parameters.

Lemma 7 ([ADL T 25]). Let U,V be a 3-restricted MVF modulo m such that for any proper divisor
m' | m, U,V is not a 3-restricted MVF modulo m' and that m is not a prime power. Then U,V
15 a typical 3-restricted MVF.



2.2 Moonflowers

We will utilize the concept of moonflowers in our lower bound. Moonflowers were introduced by
Lovett, Meka, and Wang in recent work inspired by sunflowers, with applications to code sparsifica-
tion. We do not use any results from that work in our proof, but moonflowers are the right object
to capture our lower bound structure.

Definition 8 (Moonflower). A family of sets Aj,..., Ay is an L-moonflower if for every h € [L],
there is an element
ip € Ah

such that
in & Ay for every t # h.

We call ij, a unique element of Ay, .

2.3 Linear Algebra

In this section, we prove two auxiliary linear-algebraic lemmas. Our first lemma allows us to pass
from matrices over the prime-power ring Zg to matrices over the field Fy, while preserving the

rank bound needed in our main polynomial-method argument. For a &€ qbiqub, let 74(a) € Fy
denote the coefficient of ¢!, that is,

74(¢""¢) = ¢ mod q.
This is well-defined.

Lemma 9. Let R = qu where q is a prime and b > 1. Let
XERMXn YER”XN.
Suppose every entry of XY lies in ¢°"'R. Define L € ]FéVIXN by
Lij = 74((XY)s5).

Then
rankg, (L) < n.
Proof. Take the Smith normal form of
X =ADB

over R, where A, B are invertible and D is diagonal with at most n nonzero rows. Since XY has
entries in ¢* 'R, so does
DBY = A7'XY.

Let
Li; = 14((DBY);;).

The matrix L' has at most n nonzero rows, hence

rankg, (L') < n.



Since XY = A(DBY) and 7(ra) = (r mod q)7,(a) for a € ¢""'R, we have
L=AL,
where A := A mod ¢ entrywise. Therefore
rankr, (L) < rankg, (L") < n.

O

Our second lemma bounds the rank of a matrix obtained by applying a multilinear polynomial
entrywise to several low-rank matrices.

Lemma 10. Let By,...,Bg be M x N matrices over a field F, and let
rankp(Bp) <n for every h € [d].
Let f € Flz1,...,2q] be multilinear, and define P entry-wise by

Py = f((B1)ij,- - - (Ba)ij)-

Then
rankp(P) < (n 4 1)%.

Proof. Write

flz1,.0,2q) = Z CTth.

TCd  heT

For each T C [d], define By entrywise by

(Br)ij = [[(Bn)ij.

heT

Thus By is the Hadamard product of the matrices By, with h € T'. By the Hadamard-product
rank inequality,
ranky(Br) < H rankp(By) < nl7l.
heT

For T'= (), Br is the all-ones matrix whose rank is 1. Since

P = Z CTBT,

TC(d]

rank subadditivity gives
rankp(P) < Z nlTl = (n +1)4.
TCld]



3 Proofs

Throughout this section, let U = {u1,...,ux} and V = {v1,..., vk} be a typical 3-restricted MVF
modulo m = p%q®. For A C [K], write

Up = Z’U,Z

€A

Ccld) = {A € C?) Cug = w}.

Our main lemma states that for each w € Z},, there cannot be a large moonflower in Cl(vd), the
family of d-subsets whose corresponding matching vectors in ¢ sum to w.

For w € Z; and d > 1, define

Lemma 11 (Equal-sum moonflower bound). Let U,V be a typical 3-restricted MVF modulo m =
p?qb. For every w € 7y, and every d > 1, if

Ai,...,ApeCD
1s a moonflower, then
Léd((n+1)d+1).
Proof. Fix w e Z} , d > 1, and a moonflower
Ay,...,Apecd.
The proof has three main components. We begin with the full matrix of inner products
M;j; = (uj,v;) € L.

The diagonal entries of M are 0, while every off-diagonal entry lies in S = {a, 5}.

Moving from Z,, to F,. First, we reduce all inner products modulo ¢". Since
aeqb_lqu, =0 (mod qb),
and the diagonal entries are 0, all entries lie in qb_qub. Define
Qij = 7q((uy, vi)).

By Lemma 9, we know that
rankr, (Q) < n.

Moreover, since @ #Z 0 (mod ¢°), there is a nonzero v € F, such that
Qij =7 - 1(uj,vi) = a].

Let II = 4~'Q, then we have rankg, (IT) = rankp, (Q) < n. Note that II;; = 1[(uj,v;) = o]. Il is a
low-rank indicator matrix for the residue o.



From elements to sums. Now, for each h € [L], choose a unique element
i, € Ap, in ¢ Ay for all t # h.

We will use IT to build a new matrix indexed by the sets Aj,..., Ay, capturing the interaction
between the sums uy4, and the unique element v;, . Define

b= {Jj € Apn: (uj,vi,) = a}l.

Since ij, € Ay gives the diagonal inner product 0, we have ¢, € {0,...,d — 1}. By the pigeonhole
principle, some value ¢ occurs for at least L/d of the sets. Restricting to those sets and relabeling,
we obtain a sub-moonflower Ay, ..., Ay, with L' > L/d and ¢, = ¢ throughout.

For h #t, let
=145 € A (ug,01) = .
Since i, ¢ A, all terms in (ua,,v;,) are off-diagonal. Since ua, = ug,, taking their respective
inner products with v;, gives
rpa+ (d—rp)B=La+ (d—1—0)F (mod m).
Thus 7,; must lie in the set

Ty={re{0,....d}:ra+(d—r)f=Lla+(d—1—-¢)3 (mod m)}.

Crucially, ¢ ¢ Ty, since r = £ would force § = 0 (mod m). Therefore, along the diagonal block
pair (h,h) the row indexed by i; sees exactly ¢ occurrences of the residue «, while along every
off-diagonal block pair (h,t) it sees a number of occurrences belonging to Ty, a set that avoids £.

Designing the polynomial method matrix. We can encode this with a function g : {0,1}¢ — F,
such that

g(z) =0 if |z| = ¢, g(z) =1 if |z| € T}.
Let f € Fy[z1,...,2q4] be the unique multilinear polynomial agreeing with g on the Boolean cube.
Fix orderings A; = {ji1,...,j+a} and define

Py := f(Hih»jt,l’ RRE Hihvjt,d)'
By construction, the input has Hamming weight ¢ when h = t, and Hamming weight in 7, when
h#t. Hence P=J —1, so

L/d—1<L'—1 <rankg,(P). (1)
Now, for r € [d], define

(Br)ht = Hihvjt,'r'

Each B, is obtained from II by selecting rows and columns, possibly with repetitions, so
rankg, (Br) <n. Since P is obtained by applying f entrywise to Bi,..., Bgq, Lemma 10 gives

rankg, (P) < (n + 1% (2)

Combining Equation (1) and Equation (2) completes our proof. O



Using this lemma, we now complete the proof of the main theorem by an induction on the
sumset size.

Proof of Theorem 3. First, we may assume without loss of generality that (U4,)) does not remain
a 3-restricted MVF modulo any proper divisor m’ | m. Indeed, if it does, replace m by a divisor-
minimal modulus with this property. If this modulus is a prime power, then the known prime-power
bound, together with m < /n, already gives the desired result. Otherwise, by Lemmas 5 and 7,
we may assume that (U,V) is typical.

Fix an integer s > 2. For 1 < d < s, define

Fy = (),
d 52%\% |

We first show that Fy < n35* . Let us fix u and let F - ngs) be a largest moonflower of size
M, < 2s(n+1)%. Set
W= ]S
SeF

Then |W| < sMs. Moreover, every T € C? intersects W, otherwise F U {T'} would be a larger
moonflower. Hence

ot

<y ‘{T ceC . ie T}) < |W|Fy_1 < sM,Fy_,.
ieW

Here the second inequality follows by mapping each set T to a set in Cz([:all) for some i € W C [K].
Taking the maximum over u gives
Fs < sMF;_;.

Plugging in Lemma 11, we obtain that
F, < 232(n +1)°F,_1.

Since the wu;’s are distinct, F; = 1. Hence

Fy < T 2d%(n +1)? < 25(s)?(n + 1)°+D/2 < 357,
d=2

when s > 2 and n > 4. The sets Cq(,f) partition ([IS(]) as w ranges over Z, , so

<K> = Y O] <mmFy <mh
S

wELR,

Equivalently,
K
log ( > < nlogm + 3s%logn.
S

| log K
5T 24logmn |

9

Now, set




If s <2, then log K = O(logn). Otherwise, we have

K
nlogm > log( > —3s%logn
s

> slog(K/s) — 3s*logn

2
> g K)°
—  logn

for some absolute constant ¢ > 0, where the last inequality follows by plugging in s. Rearranging

gives

K< 20(\/n10gm logn) )
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