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Abstract. We prove exponential lower bounds for k-DNF resolution on random 3-CNF
formulas throughout the range k = O(

√
log n) at every constant clause density above the

elementary first-moment bound for unsatisfiability. For random 3-CNFs this improves
Alekhnovich’s range k = O(

√
log n/ log log n), and matches the O(

√
log n) range obtained

by Sofronova and Sokolov for random CNFs of sufficiently large constant width. We also
obtain higher-density tradeoffs. In particular, random 3-CNFs with n logh n clauses are
exponentially hard for k = O(

√
log n/ log log n) for every fixed h > 0, while for every fixed

K the same conclusion holds simultaneously for all 1 ≤ k ≤ K with n1+ε clauses whenever
ε < 1/(4K2 + 2).

1. Introduction

Proof complexity asks how difficult it is to certify that a Boolean formula is unsatisfiable.
The most basic proof system in the subject is Resolution: one starts from the clauses of a
CNF formula and repeatedly resolves on variables until the empty clause is obtained. Its
definition is elementary, but the known lower-bound arguments already involve several of the
ideas that recur throughout proof complexity, among them expansion, restrictions, and the
passage from local consistency to global contradiction; see, for example, [8, 15, 4, 11].

A natural strengthening of Resolution allows a proof line to be a disjunction of small
conjunctions. In k-DNF resolution, denoted Res(k), every line is a disjunction of terms, each
involving at most k literals. Thus Res(1) is essentially ordinary Resolution, while larger values
of k allow increasingly complicated pieces of local information to be manipulated in a single
inference. A basic question is therefore how rapidly Resolution lower bounds deteriorate as k
grows.

Random CNF formulas are a particularly natural family on which to ask this question.
They have long served as canonical hard instances for proof systems [5, 2, 4, 3, 6, 9, 14, 10, 7],
and for several systems their hardness can be read off from suitable expansion properties. For
Res(k), however, expansion is not by itself enough. A single proof line may contain a very
large number of terms, and a restriction that simplifies one of them need not simplify the
others. The main difficulty is therefore to find a restriction procedure that makes simultaneous
progress on all the relevant terms while preserving enough local consistency to support a final
lower-bound argument.

1.1. Previous results and the width-three difficulty. The classical approach uses small
random restrictions and switching arguments. Segerlind, Buss, and Impagliazzo [12] proved
a switching lemma suited to this setting. Alekhnovich [1] adapted the method to random
3-CNFs and obtained exponential lower bounds in the range k = O

(√
log n/ log log n

)
.

More recently, Sofronova and Sokolov [13] developed a direct expansion-and-restriction
argument. Their method reaches the larger range k = O(

√
log n) at linear density, but

requires the clause width to be a sufficiently large constant.
It is useful to explain the shape of their proof, since most of it will also be the shape of

ours. Rather than trying to simplify an entire k-DNF in one step, one represents each proof
line by a small decision tree whose leaves contain the residual DNFs. Different branches
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are allowed to query different variables, so information is exposed only where it is needed.
A branch that is already locally inconsistent can be discarded. A branch containing many
suitably independent terms is stored for later elimination by one global random restriction.
Every remaining branch is queried further in such a way that a complexity measure decreases.
Once all branches have become sufficiently simple, one moves backwards through the proof
DAG and eventually contradicts local consistency of an initial clause.

The delicate part is the dichotomy used during the revision of a branch. Very roughly,
Sofronova and Sokolov attach a small closure to each residual term. If many closures are
needed to cover the branch, they extract many closure-independent terms and eliminate the
branch probabilistically. If only a few closures are needed, they query their union and thereby
make deterministic progress. Thus the mechanism is a dichotomy between many independent
pieces and a small place on which to make progress.

At width three, the required independence statement is no longer available. The problem
is not merely that two terms may share variables. Even terms with disjoint supports can
be correlated under a locally satisfying restriction, because sparse parity constraints may
create a hidden affine dependency between their supports. The obstruction is therefore
to the independence lemma of [13, Lemma 15], rather than to the surrounding DNF-tree
architecture.

The relevant parameter ranges are summarized below.
Result Clause width Clauses Range of k

Segerlind–Buss–Impagliazzo [12] ∆ ≳ k2 m ≤ n7/6 k = O(1)
Alekhnovich [1] ∆ = 3 m = O(n) k = O

(√
log n/log log n

)
Sofronova–Sokolov [13] ∆ = O(1) m = O(n) k = O(

√
log n)

This paper ∆ = 3 m = αn k = O(
√

log n)
This paper ∆ = 3 m = n logh n k = O

(√
log n/log log n

)
This paper ∆ = 3 m = n1+ε 1 ≤ k ≤ K, ε < 1/(4K2 + 2)

1.2. Main results. Let Φn,m be the random 3-CNF obtained by choosing m clauses inde-
pendently and uniformly with replacement from all clauses on three distinct variables. Our
main theorem is the following.

Theorem 1.1. For every fixed α > log 2/log(8/7), there are constants δ, γ > 0 such that, with
probability tending to one as n → ∞, the random formula Φn,⌈αn⌉ has no Res(k) refutation
with fewer than 2nδ lines, simultaneously for every integer 1 ≤ k ≤ γ

√
log n.

The density assumption is simply the elementary first-moment condition under which the
expected number of satisfying assignments tends to zero. Thus, throughout the entire range
where this elementary argument already proves unsatisfiability, we obtain the same O(

√
log n)

range previously known at sufficiently large constant width.
The same method gives the following tradeoffs when the density grows with n.

Theorem 1.2. The following statements hold.
(i) For every fixed h > 0, there are constants δ, γ > 0 such that, with probability tending

to one, the random formula Φn,⌈n logh n⌉ has no Res(k) refutation with fewer than 2nδ

lines for every integer 1 ≤ k ≤ γ
√

log n/log log n.
(ii) Let K ≥ 1 be fixed and let 0 < ε < 1/4K2 + 2. Then there is a constant δ > 0 such

that, with probability tending to one, the random formula Φn,⌈n1+ε⌉ has no Res(k)
refutation with fewer than 2nδ lines, simultaneously for every integer 1 ≤ k ≤ K.

1.3. The idea of the proof. The proof has a deterministic part and a probabilistic part.
Given a 3-CNF Φ, we associate to each clause the unique parity equation on the same three
variables that is violated by the assignment falsifying that clause. This produces a system
AΦ of 3-variable equations over F2. We first prove an exponential Res(k) lower bound for
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CNF(AΦ) from a suitable boundary-expansion hypothesis. We then show that the incidence
graph of a random formula has the required expansion up to a scale determined by its density.

The new ingredient lies entirely in the deterministic part. Suppose that during the
restriction process we have already exposed a small set of variables. The parity equations may
then force additional relations. Ignoring these relations would create spurious independence,
so we keep all of the locally visible affine information.

The basic object is a closed state (B, σ). Here B is a small seed set of variables. From
B we generate a boundary closure by adjoining every small subsystem whose boundary is
contained in B, together with all variables appearing in those equations. Informally, this
closure contains every parity dependency that can already be detected from a small subsystem
using only boundary variables in B. The assignment σ is defined on the entire variable
closure and satisfies all equations in it. Boundary expansion keeps the closure small, makes it
monotone in B, and, most importantly, guarantees that every locally satisfying assignment
on a smaller closure extends to every larger closure.

Now let S be a set of variables outside the current closure. We define the local affine space
VB,σ(S) to be the set of assignments to S that can still be extended, together with σ, to
the appropriate enlarged closure. This is a nonempty affine subspace of FS

2 . Its dimension
dB,σ(S) = dim VB,σ(S) measures how many genuinely free affine degrees of freedom remain
on S.

This dimension is exactly what is needed to repair the independence step. Two dis-
joint supports need not be independent, but if pairwise disjoint sets S1, . . . , Sh satisfy
dB,σ(

⋃h
i=1 Si) =

∑h
i=1 dB,σ(Si), then there is no hidden affine relation coupling the sets: the

joint local space is the direct product of the individual local spaces.
For a compatible residual term t with support S, we therefore use the integer potential

µB,σ(t) = |S| + dB,σ(S). The first summand records the number of variables that remain
unassigned. The second records the number of affine degrees of freedom that remain on those
variables. This distinction matters: a query may simplify a term either by assigning one of
its variables or by revealing a new affine relation among variables that remain unassigned.
The potential notices both kinds of progress. Since both summands are at most the width, a
nonconstant term of width at most k has potential between 1 and 2k.

The central revision lemma is then a clean product-or-progress dichotomy. Given a family
of compatible residual terms, we greedily select terms with disjoint supports while preserving
additivity of affine dimension. If we can select h of them, they form a product family. Under
a random locally satisfying restriction, each selected support is exposed with probability at
least pk, and conditional on being exposed the corresponding terms behave independently in
the local affine distribution. This gives

Pr[the branch survives and no stored term becomes true] ≤ exp
(
−h(p/2)k).

If the greedy process stops before h selections, the union U of the selected supports has size
less than kh. Querying the closure generated by U forces every compatible surviving term to
lose either a variable or an affine degree of freedom. Hence its potential decreases strictly.

After at most 2k progress rounds, no compatible nonconstant term can remain on an active
branch. Branches on which a large product family was found are all eliminated simultaneously
by one global restriction. At that point we return to the Sofronova–Sokolov architecture: one
searches backwards through the proof DAG, extending a single temporary locally satisfying
assignment while traversing the DNF-trees of the premises. Soundness of the Res(k) rules
moves the search to a premise. Eventually one reaches an initial clause, where the local parity
equation forces the clause to be true while the chosen branch forces it to remain false.

1.4. Organization. In Section 2 we recall Res(k), boundary expansion, and the parity
encoding, and state the deterministic theorem from which all the random lower bounds follow.
In Section 3 we develop the boundary closure and the associated local affine spaces. The
product-or-progress revision principle and the restriction estimate for product families are
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proved in Section 4. In Section 5 we combine these ingredients with the DNF-tree argument
and the backward search through the proof DAG. Finally, Section 6 establishes the required
boundary expansion for random 3-CNFs and derives the main theorems.
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a visit to Susanna F. de Rezende’s research group in the Department of Computer Science
at Lund University in September 2025. The author is grateful to him for explaining the
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2. Preliminaries and the deterministic theorem

This section fixes the notation used later. There are only three ingredients: the proof
system Res(k), boundary expansion for systems of parity equations, and the CNF encoding
that connects the two.

2.1. k-DNF resolution. A partial assignment is a map σ : dom(σ) → {0, 1}, where dom(σ)
is a set of variables. If dom(σ) ⊆ dom(σ′) and the two assignments agree on dom(σ), we say
that σ′ extends σ. Two partial assignments are consistent if they agree on the intersection of
their domains; in this case their union is again a partial assignment.

A term is a conjunction of literals. We write vars(t) for the set of variables occurring in a
term t, and call | vars(t)| its width. A k-DNF is a disjunction of terms of width at most k.
Repeated literals are removed and contradictory terms are discarded throughout.

If t is a term and σ is a partial assignment, the restriction t|σ is defined in the usual way.
If σ falsifies one of the literals of t, then t|σ = 0. Otherwise we delete all literals satisfied by
σ; if none remain, then t|σ = 1, and otherwise t|σ is the resulting nonconstant term. For a
DNF D, restriction is performed term by term. If some restricted term is 1, then D|σ = 1;
otherwise all zero terms are deleted, with D|σ = 0 if no term remains. The nonconstant
terms that remain will be called the residual terms of D under σ.

The system Res(k) has the following inference rules, where F and G are k-DNFs and
w ≤ k:

weakening: F

(F ∨ ℓ) ,

and-introduction: (F ∨ ℓ1), . . . , (F ∨ ℓw)(
F ∨

∧w
i=1 ℓi

) ,

and-elimination:
(
F ∨

∧w
i=1 ℓi

)
(F ∨ ℓj) ,

cut:
(
F ∨

∧w
i=1 ℓi

)
,
(
G ∨

∨w
i=1 ¬ℓi

)
(F ∨ G) .

A Res(k) refutation is a sequence of k-DNFs ending with the empty DNF, where each line is
either an initial clause or follows from earlier lines by one of these rules. Its length is the
number of lines. We refer to [11] for general background.

2.2. Boundary expansion and parity encodings. Let A be a system of linear equations
over F2, each involving exactly three distinct variables. Its incidence graph is the bipartite
graph with an equation on the left, a variable on the right, and an edge for incidence. If Q is
a set of equations, its boundary ∂Q is the set of variables that occur in exactly one equation
of Q.
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We say that the incidence graph is an (r, 3, c)-boundary expander if every equation has
degree three and every nonempty set Q of at most r equations satisfies |∂Q| ≥ c|Q|. The point
of using the boundary rather than the ordinary neighbourhood is that boundary expansion
immediately gives linear independence. Indeed, every nonempty set of at most r rows has a
variable that occurs in exactly one of them. That variable survives in their sum, so the rows
are linearly independent. Consequently every subsystem of at most r equations is satisfiable,
irrespective of the right-hand sides.

For an equation x + y + z = b, its standard CNF encoding consists of the four width-three
clauses excluding the four assignments that violate the equation. We write CNF(A) for the
conjunction of the encodings of all equations in A.

2.3. The deterministic theorem. All probabilistic applications will be deduced from the
following statement. The somewhat ungainly parameters are chosen so that the proof later
becomes transparent: p is the density of the global random seed, q is the probability scale
at which a width-k term is both exposed and satisfied, and R is the growth factor between
successive revision thresholds.

Theorem 2.1. Fix c > 0. Let A be an unsatisfiable system of equations over F2 on n variables,
each equation involving exactly three distinct variables, and suppose that its incidence graph
is an (r, 3, c)-boundary expander. Let

λ = 1 + 3
c

, p = cr

32n
, q =

(
p

2

)k

, R = 64λk

q
.

If, for some fixed δ > 0,
4λknδR2k = o(r/k), (2.1)

then every Res(k) refutation of CNF(A) has length at least 2nδ .

Here and below, asymptotic notation refers to a family indexed by n, with c fixed and with
r = r(n) and k = k(n). The proof of Theorem 2.1 occupies Sections 3 to 5. The only role of
(2.1) is to guarantee that every closure we construct remains far below the expansion scale r,
while the product witnesses are large enough to union bound over a proof of length 2nδ .

3. Boundary closure and local affine geometry

The restriction distribution used later is supported on assignments satisfying small parity
subsystems. Thus it is not enough to know which variables have been exposed: we must also
know which affine relations among the remaining variables have become forced. This section
packages exactly that information.

We regard each equation of A as a row vector over F2, supported on the three variables it
contains. If Q is a set of equations, the sum of Q is the equation obtained by adding their
rows over F2. An assignment satisfying every equation of Q necessarily satisfies this sum
equation, which we call a linear consequence of Q.

A set B of variables will be called admissible if |B| < cr/4. For an admissible B, let C(B)
be the family of all sets Q of equations such that |Q| ≤ r

2 and ∂Q ⊆ B. Thus C(B) contains
the small subsystems whose only uniquely occurring variables lie in B. The next proposition
says that these subsystems have a well-defined maximal union, and that the solution spaces
obtained by enlarging B behave exactly as one would hope.

Proposition 3.1 (Closure and local projections). For every admissible B, the family C(B)
has a largest member KB, satisfying |KB| ≤ |B|/c, and if B ⊆ C are admissible then
KB ⊆ KC . Let N(KB) be the set of variables occurring in some equation of KB, and let
XB = B ∪ N(KB). We call KB the equation closure of B and XB its variable closure. Then
|XB| ≤ λ|B|, where λ = 1 + 3/c, and the following hold.

(i) If B ⊆ C are admissible, every assignment on XB satisfying KB extends to an
assignment on XC satisfying KC .
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(ii) Fix an assignment σ on XB satisfying KB. If U is disjoint from XB and B ∪ U is
admissible, let VB,σ(U) be the set of assignments on U that extend, together with σ, to
a solution of KB∪U . Then VB,σ(U) is a nonempty affine subspace of FU

2 . Moreover,
whenever U ⊆ W and B ∪ W is admissible, the coordinate projection of VB,σ(W ) onto
U is exactly VB,σ(U).

(iii) Let dB,σ(U) = dim VB,σ(U). For fixed admissible B ∪ W with W ∩ XB = ∅, the
function U 7→ dB,σ(U) on subsets of W is monotone and submodular. Furthermore,
if pairwise disjoint sets S1, . . . , Sh ⊆ W satisfy

dB,σ

( h⋃
i=1

Si

)
=

h∑
i=1

dB,σ(Si),

then

VB,σ

( h⋃
i=1

Si

)
=

h∏
i=1

VB,σ(Si).

Proof. We prove the statements in the order in which they will be used.
The closure. Suppose Q1, Q2 ∈ C(B). If a variable x has degree one in Q1 ∪ Q2, then the
unique equation of Q1 ∪ Q2 containing x belongs to at least one of Q1, Q2, and in that set
x also has degree one. Hence ∂(Q1 ∪ Q2) ⊆ ∂Q1 ∪ ∂Q2 ⊆ B. Boundary expansion gives
|Qi| ≤ |∂Qi|/c ≤ |B|/c < r/4, so |Q1 ∪ Q2| < r/2. Therefore Q1 ∪ Q2 ∈ C(B). The family
C(B) is finite, nonempty, and closed under unions, and consequently has a unique largest
member, which we call KB.

Applying boundary expansion once more, c|KB| ≤ |∂KB| ≤ |B|, so |KB| ≤ |B|/c. If
B ⊆ C, then C(B) ⊆ C(C), and therefore KB ⊆ KC . Finally, |XB| ≤ |B| + 3|KB| ≤
(1 + 3/c)|B| = λ|B|.
Extension of local solutions. Fix admissible B ⊆ C. The only possible obstruction to extending
a solution on XB to one on XC would be a linear consequence of KC supported entirely on
XB that is not already forced by KB. We show that this cannot happen.

Suppose Q ⊆ KC and the sum of the equations in Q is supported inside XB. Then
∂Q ⊆ XB, since every degree-one variable of Q necessarily occurs in the sum. Put K = KB.
We claim that ∂(K ∪ Q) ⊆ B. Indeed, a variable in XB \ B = N(K) \ B has degree at least
two in K, because ∂K ⊆ B, and so cannot lie in the boundary of K ∪ Q. A variable outside
XB does not occur in K; if it had degree one in K ∪ Q, it would therefore have degree one in
Q, contradicting ∂Q ⊆ XB.

Since K ∪ Q ⊆ KC and |KC | ≤ r/2, we have K ∪ Q ∈ C(B). By maximality of KB,
this forces Q ⊆ KB. Thus every linear consequence of KC supported on XB is already a
consequence of KB.

Now let σ be a solution of KB on XB. If it had no extension to a solution of KC on
XC , Gaussian elimination would produce a linear combination of equations of KC supported
on XB and violated by σ. The previous paragraph says that this combination is already a
consequence of KB, a contradiction. This proves (i).
The local affine spaces. Fix B, σ, and U as in (ii). By part (i), σ extends to a solution of
KB∪U , so VB,σ(U) is nonempty. Moreover, the set

Θ =
{
θ ∈ FXB∪U

2 : θ satisfies KB∪U , θ|XB
= σ

}
is a nonempty affine subspace. Its coordinate projection onto U is precisely VB,σ(U), proving
that the latter is affine.

Now let U ⊆ W . If β ∈ VB,σ(W ), any witnessing solution of KB∪W restricts to a witnessing
solution for β|U , so πU

(
VB,σ(W )

)
⊆ VB,σ(U). Conversely, if α ∈ VB,σ(U), choose a witnessing

solution on XB∪U and extend it to XB∪W using part (i). Restricting the extension to W
gives a point of VB,σ(W ) projecting to α. Hence

πU

(
VB,σ(W )

)
= VB,σ(U). (3.1)
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This proves (ii).
Rank properties and the product case. Monotonicity follows immediately from (3.1): a
coordinate projection cannot increase affine dimension.

For submodularity, let U, U ′ ⊆ W . Translate VB,σ(U ∪ U ′) to a linear subspace L ⊆ FU∪U ′
2 ,

and write ρ(V ) = dim πV (L). By (3.1), ρ(V ) = dB,σ(V ) for every V ⊆ U ∪ U ′. Rank–
nullity gives ρ(U) = dim L − dim(L ∩ FU ′\U

2 ). If L′ = πU ′(L), then similarly ρ(U ∩ U ′) =
ρ(U ′) − dim(L′ ∩ FU ′\U

2 ). The projection πU ′ acts as the identity on vectors supported in
U ′ \ U , and hence dim(L ∩ FU ′\U

2 ) ≤ dim(L′ ∩ FU ′\U
2 ). Combining these three identities and

using dim L = ρ(U ∪ U ′) yields ρ(U) + ρ(U ′) ≥ ρ(U ∪ U ′) + ρ(U ∩ U ′), which is the required
submodularity.

Finally, suppose S1, . . . , Sh are pairwise disjoint and the dimensions add. By the projection
identity, VB,σ(

⋃
i Si) ⊆

∏
i VB,σ(Si). The left-hand side has dimension dB,σ(

⋃
i Si), while the

right-hand side has dimension
∑

i dB,σ(Si). These dimensions are equal by assumption. Two
affine subspaces, one contained in the other and of the same finite dimension, must coincide.
This proves (iii). □

We now package the information that will be carried along a branch of the restriction
process.

A closed state is a pair (B, σ) in which B is admissible and σ is an assignment on XB

satisfying every equation of KB. If (B, σ) and (B′, σ′) are closed states with B ⊆ B′ and σ′

extending σ, then (B′, σ′) is a closed extension of (B, σ).
Let t be a nonconstant term with support S = vars(t) disjoint from XB, and suppose

B ∪ S is admissible. The literals of t specify one point of FS
2 . We call t compatible with (B, σ)

if that point lies in VB,σ(S), and incompatible otherwise. Equivalently, compatibility means
that t can be made true by a local solution extending σ.

If (B′, σ′) is a closed extension, we say that t survives the extension if t|σ′ is nonconstant and
compatible with (B′, σ′). For a compatible nonconstant term we define µB,σ(t) = |S|+dB,σ(S).
If t has width at most k, then 1 ≤ µB,σ(t) ≤ 2k.

Compatible terms t1, . . . , th form a product family over (B, σ) if their supports S1, . . . , Sh

are pairwise disjoint, the seed B ∪
⋃

i Si is admissible, and dB,σ(
⋃h

i=1 Si) =
∑h

i=1 dB,σ(Si).
By Proposition 3.1(iii), this is equivalent to saying that the joint local affine space is the
direct product of the individual local spaces.

The next elementary lemma is the reason for including affine dimension in the potential.
Once the state is enlarged, affine freedom can only be lost. We state explicitly the admissibility
condition needed to compare the old support with the larger state; this condition will be
guaranteed by the size bookkeeping in the deterministic proof.

Lemma 3.2 (Stability under closed extensions). Let (B′, σ′) be a closed extension of (B, σ),
let t be a nonconstant term with support S disjoint from XB, and assume that B′ ∪ S is
admissible. Put t′ = t|σ′.

(i) If t is compatible with (B, σ) and t′ is nonconstant, then dB′,σ′(vars(t′)) ≤ dB,σ(S).
In particular, if t survives the extension, its affine-dimension contribution to the
potential cannot increase.

(ii) If t is incompatible with (B, σ), then t′ is either zero or incompatible with (B′, σ′). In
particular, an incompatible term can neither become true nor survive such a closed
extension.

Proof. Let S′ = vars(t′) = S \XB′ . Take any α′ ∈ VB′,σ′(S′). By definition, σ′ ∪α′ extends to
a solution of KB′∪S′ . Since B′ ∪S′ ⊆ B′ ∪S and the latter seed is admissible, Proposition 3.1(i)
extends this solution to KB′∪S .

Restrict the resulting assignment to S. On S′ it equals α′, while on S \ S′ its values are
fixed by σ′. Restricting further to the smaller closure associated with B ∪ S shows that this
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assignment on S belongs to VB,σ(S). Thus adjoining the fixed coordinates in S \ S′ gives an
injective affine map VB′,σ′(S′) ↪→ VB,σ(S), which proves (i).

For (ii), if t′ were compatible with (B′, σ′), the same extension-and-restriction argument
would produce a point of VB,σ(S) satisfying t. If t′ = 1, the values supplied by σ′ on S give
the same conclusion. Both contradict the incompatibility of t with (B, σ). □

4. The affine-rank revision principle

We can now isolate the combinatorial step that replaces the closure-covering dichotomy of
Sofronova and Sokolov. The statement says exactly what the preceding discussion suggests:
either we can find many terms that are genuinely independent in the local affine geometry, or
a small set of queries decreases the potential of every surviving term.

Proposition 4.1 (Affine-rank revision principle). Let (B, σ) be a closed state, let F be a
collection of compatible nonconstant terms of width at most k, and let h ≥ 1. Assume that
B ∪

⋃
t∈F ′ vars(t) is admissible for every subfamily F ′ ⊆ F of size at most h. Then at least

one of the following holds.
(i) The family F contains a product family of h terms over (B, σ).
(ii) There is a set U of fewer than kh variables such that, for every closed state (B ∪ U, σ′)

extending (B, σ) and every t ∈ F that survives this extension, if t′ = t|σ′, then
µB∪U,σ′(t′) < µB,σ(t).

Proof. Start with U = ∅. As long as possible, choose a term t ∈ F with support S such that
S ∩ U = ∅ and

dB,σ(U ∪ S) = dB,σ(U) + dB,σ(S), (4.1)
and then replace U by U ∪ S.

If the process selects h terms, their supports are pairwise disjoint and the equalities in
(4.1) telescope. Hence the dimension on their union is the sum of the individual dimensions,
and we have a product family.

Suppose instead that the process stops after fewer than h selections. Then |U | < kh.
Consider a closed extension (B ∪ U, σ′) and a term t ∈ F that survives it. Write S = vars(t)
and S′ = vars(t|σ′). If S ∩ XB∪U ̸= ∅, then |S′| < |S|. The seed (B ∪ U) ∪ S is admissible by
the hypothesis of the proposition, so Lemma 3.2(i) applies and the affine dimension cannot
increase. Therefore the potential decreases strictly.

It remains to consider the case S ∩ XB∪U = ∅. In particular S ∩ U = ∅. Since the greedy
process has stopped, additivity fails, and therefore dB,σ(U ∪ S) < dB,σ(U) + dB,σ(S). The
assignments on S that remain possible after conditioning on the values σ′|U form a subset of
a fibre of the projection VB,σ(U ∪ S) −→ VB,σ(U). By Proposition 3.1(ii), every fibre of this
affine projection has dimension dB,σ(U ∪ S) − dB,σ(U) < dB,σ(S). No variable of S has been
assigned in this case, so the width is unchanged while the affine dimension decreases. Again
the potential decreases strictly. □

The first alternative becomes useful because a product family is independent under the
local affine distribution. We now define the global restriction and quantify this statement.

Definition 4.2 (Random closed restriction and survival). Choose a random seed J by
including every variable independently with probability p, and let G = {|J | ≤ cr/16}. On the
event G, choose ρ uniformly from the assignments on XJ satisfying KJ . Outside G we may
define ρ arbitrarily. Fix a closed state (B, σ) with |B| ≤ cr/16. We say that (B, σ) survives
ρ if there is a solution of KB∪J extending both σ and ρ. Equivalently, the two closed states
have a common closed extension with seed B ∪ J .

Survival is stronger than ordinary consistency on the overlap of the two assignments. It
also excludes a parity contradiction that becomes visible only when the two closures are
combined.
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Proposition 4.3 (Restriction estimate for a product family). Let (B, σ) be a closed state
with |B| ≤ cr/16, and let t1, . . . , th be a product family over (B, σ), each term having width
at most k. Then

Pr
[
G, (B, σ) survives ρ, and ti|ρ ̸= 1 for all i

]
≤ exp

(
−h(p/2)k). (4.2)

Proof. Let Si = vars(ti). Fix a seed J for which G holds, and write I(J) = {i : Si ⊆ J}. Let
YJ be the set of assignments on XJ that, together with σ, extend to a solution of KB∪J .
Conditional on survival, ρ is uniform on the affine space YJ .

We first identify the distribution seen on the fully exposed supports. Since Si ⊆ J for
i ∈ I(J), the projection of YJ onto

⋃
i∈I(J) Si is exactly VB,σ(

⋃
i∈I(J) Si). One inclusion is

immediate. For the other, any point of the local space on the union extends to the closure
with seed B ∪ J by Proposition 3.1(i), because the union of the exposed supports is contained
in J .

The product-family condition and Proposition 3.1(iii) now show that this joint local space
is the product of the individual local spaces. Thus, conditional on survival, the assignments
on the exposed supports are independent. A compatible term on Si specifies one point of an
affine space of dimension at most |Si| ≤ k, so it is satisfied with probability at least 2−k.

For this fixed J , the conditional probability that none of the exposed terms is satisfied is
therefore at most (1 − 2−k)|I(J)|. Discarding the conditional probability of survival, which is
at most one, and averaging over the Bernoulli seed gives

Pr[G, survival, and no ti is true] ≤ E
[
(1 − 2−k)|I(J)|]

=
h∏

i=1

(
1 − p|Si|2−k)

≤ exp
(
−h(p/2)k).

Here we used that the supports are disjoint, so the events Si ⊆ J are independent, and that
|Si| ≤ k. This proves (4.2). □

5. The deterministic lower bound

We now prove Theorem 2.1. Assume for contradiction that π = (D1, . . . , Ds) is a Res(k)
refutation of CNF(A) with s < 2nδ

. The proof has two phases. First we replace every proof
line by a small DNF-tree and revise all nonconstant branches. A revision either lowers the
potential of every compatible surviving term or stores a large product family. One global
restriction then eliminates every branch carrying such a witness. In the second phase we
search backwards through the proof DAG, always preserving a locally satisfying common
extension. The search must eventually reach an initial clause, where local consistency gives
the contradiction.

5.1. DNF-trees and revision rounds. A DNF-tree is a rooted binary decision tree. Internal
vertices are labelled by variables, the two outgoing edges by the values 0 and 1, and no
variable is queried twice on a root-to-leaf path. Each leaf is labelled by 0, by 1, or by a
nonconstant DNF. We identify a branch with the partial assignment given by its edge labels.

A tree strongly represents a DNF D if the path assignment of every zero-leaf falsifies every
term of D, while the path assignment of every one-leaf satisfies at least one term of D. At a
nonconstant leaf we impose no additional semantic condition: its label is simply the residual
DNF that remains to be dealt with.

Whenever we query more variables below a leaf, we normalize the new leaf labels using
the restriction convention from Section 2. A satisfied residual term produces a one-leaf,
the disappearance of all residual terms produces a zero-leaf, and otherwise the remaining
nonconstant terms label the leaf. This operation preserves strong representation.
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Initially, for every proof line Dj , let Tj be the one-vertex tree whose only leaf is labelled
by Dj . We revise all trees in 2k rounds, using the threshold hi = ⌈nδRi⌉ in round i, for
1 ≤ i ≤ 2k.

Each branch β carries a seed Bβ. Its path assignment σβ has domain exactly XBβ
, and

the leaf is labelled by the normalized restriction Dj |σβ
. Initially Bβ = ∅ and σβ is empty.

We use the following terminology.
(i) A branch is dead if σβ fails to satisfy some equation of KBβ

. Such a branch does not
define a closed state and is never revised again.

(ii) A nonconstant, nondead branch is declared broken if the first alternative of Proposi-
tion 4.1 produces a product family on it. We store that product family as a witness
and never revise the branch again.

(iii) A nonconstant branch is active if it is neither dead nor broken. For an active branch,
(Bβ, σβ) is a closed state.

Constant branches are left unchanged in every round.
Consider an active branch in round i, with closed state (B, σ). Among the residual terms

at its leaf, let Fσ be the compatible ones. If Fσ is empty, we leave the branch unchanged.
Otherwise apply Proposition 4.1 to Fσ with threshold hi.

If the first alternative holds, the branch is declared broken and the resulting product family
of hi terms is stored. If the second alternative holds, let U be the set it provides. We query,
in any fixed order, every variable in XB∪U \ XB.

Every resulting branch has seed B ∪ U and carries the corresponding extension of σ to
XB∪U . Its leaf is normalized. It is dead precisely when its path assignment fails to satisfy
KB∪U ; otherwise, if nonconstant, it is active.

We record three consequences of this construction.
Claim 1: size and admissibility bookkeeping. Let Hi be the maximum height of any tree after
round i. Then

Hi ≤ 4λknδRi (1 ≤ i ≤ 2k), (5.1)
and every seed, closure, and local affine space used during the revision process lies in the
admissible range. In particular, H := H2k = o(r/k). Indeed, a progress step in round j
adds fewer than khj variables to the seed. Thus before round i a seed has size less than
k
∑

j<i hj , and even after adjoining the supports of any hi candidate terms its size is less
than k

∑
j≤i hj . Since R ≥ 2, for all sufficiently large n we have

∑
j≤i hj ≤ 4nδRi, and

therefore |B| + khi ≤ 4knδRi ≤ 4knδR2k. By (2.1), the last quantity is o(r), and hence is
smaller than cr/4 for all sufficiently large n. This is exactly the admissibility required both
in Proposition 4.1 and in every application of Lemma 3.2. Finally, |XB| ≤ λ|B| gives (5.1),
and (2.1) gives H = o(r/k).
Claim 2: compatible terms are exhausted. After 2k rounds, every residual term on an active
branch is incompatible with the closed state of that branch.

Suppose otherwise, and take a compatible nonconstant term on an active branch after the
last round. Trace this term backwards through the successive restrictions. By Lemma 3.2(ii),
none of its ancestors could have been incompatible: an incompatible term cannot later survive
as a compatible one. Thus in every round the branch containing the relevant ancestor had at
least one compatible term and was revised. It could not have become broken, since broken
branches are never extended. Consequently the second alternative of Proposition 4.1 applied
in every round, and the positive integer potential of the surviving descendant decreased
strictly each time. The initial potential was at most 2k, so it cannot decrease strictly through
all 2k rounds and remain positive. This contradiction proves the claim.

5.2. One global restriction. Let ρ be sampled as in Theorem 4.2, with seed J . A nondead
branch β survives ρ if its closed state (Bβ, σβ) survives ρ. A dead branch never survives. We
say that a broken branch is eliminated by ρ if either it does not survive or one of its stored
witness terms is made true by the common extension of σβ and ρ. In the first case the branch
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is incompatible with the global restriction; in the second its leaf DNF has already become
true.
Claim 3: there is one restriction that eliminates every broken branch. There is a choice
of J and ρ, with |J | ≤ cr/16, that eliminates all broken branches in all proof-line trees
simultaneously.

Put q = (p/2)k. A branch broken in round i stores hi terms, so Proposition 4.3 bounds
the probability that it survives without satisfying any stored term by e−qhi on the event G.
Before round i, the total number of branches in all trees is at most s2Hi−1 . A union bound
therefore gives

Pr[G and some broken branch is not eliminated] ≤
2k∑

i=1
s2Hi−1e−qhi . (5.2)

Since qR = 64λk and Hi−1 ≤ 4λknδRi−1, while s < 2nδ , each summand in (5.2) is
exp

(
−Ω(λknδRi−1)

)
. The sum is therefore o(1). On the other hand, E|J | = np = cr/32, and

a Chernoff bound gives Pr[¬G] ≤ e−cr/96. Hence a pair (J, ρ) with the desired property exists.
Fix such a pair for the remainder of the proof.

5.3. Backward search through the proof DAG. The global restriction has disposed of
the broken branches. We now show that the remaining branches cannot support a refutation.

Write H = H2k. During one backward step we use a temporary seed C. It starts with the
seed of the current branch together with J , and is enlarged while we traverse the premise trees
of one inference. There are at most k + 1 premise trees: one for weakening or and-elimination,
at most k for and-introduction, and two for cut. Traversing one tree queries at most H
variables, and at the reached leaf we may add at most another H variables from its seed.
Thus a backward step adds at most 2(k + 1)H variables, and we will occasionally reserve a
further k variables for the support of one term.

By Claim 1, H = o(r/k). Also (2.1) implies k = o(r). Since |J | ≤ cr/16, it follows that,
for all sufficiently large n, every temporary seed occurring in one backward step has size
at most cr/8, and remains admissible even after adjoining any additional set of at most k
variables. We will use this margin repeatedly without further comment.

At a proof line Dv we maintain a branch βv with the following properties.
(a) βv is either a zero-branch or an active branch;
(b) βv survives ρ;
(c) no residual term at the leaf of βv can become true in an admissible common closed

extension: more precisely, if θ is a solution of KBβv ∪J extending σβv and ρ, then there
do not exist an admissible seed C ⊇ Bβv ∪ J , a solution θ′ of KC extending θ, and a
residual term t of Dv|σβv

such that C ∪ vars(t) is admissible and t|θ′ = 1.
For a zero-branch, property (c) is vacuous because its normalized leaf has no residual term.
For an active branch, Claim 2 says that every residual term is incompatible with the branch
state, and Lemma 3.2(ii) gives (c). The final line of the refutation is the empty DNF, whose
one-vertex zero-tree satisfies the invariant.
Claim 4: the invariant moves to a premise. Suppose Dv is inferred from earlier lines
Du1 , . . . , Dua and the invariant holds at Dv. Then it holds at one of the premises.

Start with C = Bβv ∪ J and choose a solution θ of KC extending both σβv and ρ. We keep
this same temporary assignment throughout the backward step, extending it whenever the
seed grows.

Traverse the premise trees one after another. At a node querying a variable x, follow
the value θ(x) if x ∈ XC . Otherwise replace C by C ∪ {x}, extend θ to the new closure
using Proposition 3.1(i), and follow the newly assigned value. When a leaf branch β is
reached, enlarge C to C ∪ Bβ and extend once more. The resulting solution extends σβ and
ρ, and therefore witnesses that β survives. The size estimate above guarantees that all these
extensions are admissible.
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Suppose that for some premise the current temporary assignment satisfies no term of
that premise. The reached branch is not dead, since the temporary assignment solves its
closure. It is not broken either: a broken branch that survives is eliminated by our fixed
global restriction, so one of its witness terms would be true under σβ ∪ ρ and hence under the
temporary extension. Finally it cannot be a one-branch, because strong representation would
then give a satisfied term of the premise. Thus it is either a zero-branch or an active branch.
In either case properties (a)–(c) follow exactly as above, and the invariant has moved to this
premise.

We may therefore assume that the final temporary assignment satisfies a term of every
premise. Notice that the premise trees were traversed successively but the temporary assign-
ment was never resampled; it was only extended. Hence all these terms are simultaneously
true under one common assignment.

The rules of Res(k) now imply that a term of the conclusion Dv is true under the same
assignment. For weakening and and-elimination this is immediate. For and-introduction,
either some premise is satisfied by a term of the common DNF F , in which case the same
term appears in the conclusion, or every introduced literal ℓi is true, in which case their
conjunction is true. For cut, if no term of F ∨ G were true, the first premise would force all
ℓi to be true while the second would force at least one ¬ℓi to be true, an impossibility.

Let t be a term of Dv satisfied by the temporary assignment. Since the current branch
is not a one-branch and the temporary assignment extends σβv , the restriction t|σβv

is a
nonconstant residual term. Our admissibility margin allows its support to be adjoined to the
temporary seed. Thus the temporary solution violates property (c) of the invariant. This
contradiction proves Claim 4.

Starting from the final line and applying Claim 4 repeatedly, we eventually reach an initial
clause D in the standard CNF encoding of some equation e. Let W be the three variables of
e. Starting from a solution witnessing survival of the current branch, adjoin W to the seed
and extend the solution. Since ∂{e} = W, the equation e belongs to the enlarged closure.
The extended assignment therefore satisfies e, and hence satisfies every clause in its standard
CNF encoding, in particular D.

If the reached branch is a zero-branch, this is already impossible: strong representation
says that its path assignment falsifies D, and the extended assignment agrees with that path
assignment. If the branch is active, then D|σβ

has a residual literal that becomes true in
the enlarged closed extension, contradicting property (c). This final contradiction proves
Theorem 2.1.

6. Random 3-CNF formulas at variable density

It remains to verify that random 3-CNFs satisfy the hypotheses of the deterministic
theorem. There are two probabilistic inputs, both elementary. First, a union bound gives
boundary expansion up to a density-dependent scale. Second, the first moment of the number
of satisfying assignments gives unsatisfiability in all the regimes considered here.

6.1. Boundary expansion. The next proposition records the expansion scale as a function
of the clause density D = m/n.

Proposition 6.1 (Expansion at variable density). Fix 0 < ξ < 1 and 0 < τ < (1 − ξ)/2, and
let a = 2/(1 − ξ). There is a constant η = η(ξ) > 0 with the following property. Let D = D(n)
satisfy 1 ≤ D ≤ n(1−ξ)/2−τ , let m = ⌈nD⌉, and let r = ⌊ηnD−a⌋. Then, with probability
tending to one, the clause–variable incidence graph of Φn,m is an (r, 3, ξ)-boundary expander.

Proof. Let β = (1 − ξ)/2 and M = 2 − β = (3 + ξ)/2, so that a = 1/β. Call a set of clause
positions bad if its boundary has size less than ξ times the number of selected positions.

Suppose a bad set has size s. Let b < ξs be the number of boundary variables and let v be
the number of all other neighbouring variables. Every nonboundary neighbour occurs in at
least two selected clauses, so counting incidences gives 3s ≥ b + 2v. If z = b + v is the total
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number of neighbouring variables, then z ≤ (3s + b)/2 < Ms. Thus a bad set of s clause
positions must have all its variables inside some set of fewer than Ms variables.

Fix s and z. Choose the s clause positions and a set of z variables containing their
neighbourhood. Since m ≤ 2nD for all sufficiently large n, a union bound gives

Pr[such a choice exists] ≤
(

m

s

)(
n

z

)(
z

n

)3s

≤
(2eDn

s

)s (en

z

)z ( z

n

)3s

.

Writing z = θs with 0 < θ < M , the last expression becomes [2e1+θDθ3−θ(s/n)2−θ]s. The
function e1+θθ3−θ is bounded on 0 < θ ≤ M , and 2 − θ > β. Summing over the fewer than
Ms + 1 possible values of z and enlarging the constant if necessary, we obtain

Pr[there is a bad set of size s] ≤
[
CξD

(
s

n

)β
]s

(6.1)

for a constant Cξ depending only on ξ.
For 2 ≤ s ≤ log n, the assumption D ≤ nβ−τ gives CξD(s/n)β ≤ Cξn−τ (log n)β = o(1).

For log n < s ≤ r, we instead have CξD(s/n)β ≤ CξD(r/n)β ≤ Cξηβ . Choose η > 0 so small
that Cξηβ < 1/2. Summing (6.1) over the two ranges gives o(1). The case s = 1 is automatic,
since every clause contains three distinct variables and hence has boundary size three. □

6.2. From random clauses to parity equations. For each clause C of Φ, let aC be the
unique assignment to its three variables that falsifies C. Of the two parity equations on
those variables, exactly one is violated by aC ; include that equation in a system AΦ. By
construction, C is one of the four clauses in the standard CNF encoding of its associated
parity equation. Hence Φ ⊆ CNF(AΦ). In particular, every solution of AΦ satisfies Φ, so AΦ
is unsatisfiable whenever Φ is unsatisfiable. Conversely, any refutation using only the clauses
of Φ is also a refutation from the larger axiom set CNF(AΦ). Therefore a lower bound for
CNF(AΦ) applies a fortiori to Φ.

For a fixed truth assignment, a uniformly random 3-clause is satisfied with probability 7/8.
Thus

E[# satisfying assignments of Φ] = 2n(7/8)m. (6.2)
This tends to zero whenever m/n is a fixed constant larger than log 2/ log(8/7), and therefore
also whenever D = m/n → ∞. By Markov’s inequality, Φ and hence AΦ are unsatisfiable
with probability tending to one in every regime used below.

6.3. Proofs of the main theorems.
Proof of Theorem 1.1. Fix α > log 2/ log(8/7) and apply Proposition 6.1 with D = α, ξ = 1/4,
and any fixed 0 < τ < 3/8. With high probability we obtain the deterministic theorem with
c = 1/4 and r = Θ(n). Consequently p = Θ(1) and R = O(kCk) for a constant C = C(α),
whence R2k = exp(O(k2) + O(k log k)). If k ≤ γ

√
log n, then 4λknδR2k = nδ+O(γ2)+o(1).

On the other hand r/k = n1−o(1) uniformly in this range. Choose δ > 0 and then γ > 0
sufficiently small that δ + O(γ2) < 1. Then (2.1) holds uniformly for every 1 ≤ k ≤ γ

√
log n.

Combining Theorem 2.1 with the first-moment estimate (6.2) proves the theorem. □

Proof of Theorem 1.2. For part (i), take D = logh n and again choose ξ = 1/4, say with
τ = 1/4. The hypothesis of Proposition 6.1 holds for all sufficiently large n. Since a = 8/3,
with high probability we may take r = Θ(n/ log8h/3 n) and p = Θ(1/ log8h/3 n). It follows
that R = O(k(C log8h/3 n)k) for a constant C = C(h), and hence

log R2k = 16h

3 k2 log log n + O(k2 + k log k). (6.3)
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If k ≤ γ
√

log n/ log log n, then (6.3) gives R2k ≤ n(16h/3)γ2+o(1). Since r/k = n1−o(1), we may
choose δ > 0 and then γ > 0 sufficiently small that δ + (16h/3)γ2 < 1. The condition (2.1)
follows uniformly throughout the asserted range of k. The formula is unsatisfiable with high
probability by (6.2), so Theorem 2.1 proves part (i).

For part (ii), the hypothesis on ε is equivalent to 2ε(2K2 +1) < 1. Choose ξ > 0 sufficiently
small that, with a = 2/(1 − ξ), we have

aε(2K2 + 1) < 1. (6.4)
Set D = nε. Since ε < 1/a, Proposition 6.1 applies with any fixed 0 < τ < 1/a − ε and gives,
with high probability, r = Θ(n1−aε) and p = Θ(n−aε). For every fixed 1 ≤ k ≤ K, we have
R = OK(naεk) and R2k = OK(n2aεk2). Choose 0 < δ < 1 − aε(2K2 + 1), which is possible by
(6.4). Uniformly for 1 ≤ k ≤ K,

4λknδR2k = o(n1−aε/k) = o(r/k).
Thus (2.1) holds for all 1 ≤ k ≤ K. A final application of Theorem 2.1, together with (6.2),
completes the proof. □
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