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Abstract

It is a major challenge in quantum fault-tolerance to obtain low-overhead protocols for per-
forming non-Clifford gates. In this vein, we construct quantum codes with low-weight stabilizers
that support transversal (i.e. low-depth) implementations of the non-Clifford C"~1Z gate, for
every constant r > 3. In particular, we obtain length-n quantum LDPC codes (with constant-
weight stabilizers) of polynomial distance d > n!=9)/" supporting transversal C"~'Z gates on
a close-to-linear number k > n'~¢ of disjoint tuples of logical qubits, for arbitrarily small € > 0.
Our construction is the first with constant-weight stabilizers that obtains dk > n, and as a
consequence achieves arbitrarily small magic state overhead exponent v = log(n/k)/log(d) > 0.
Comparable prior constructions instead required at least polylogarithmic stabilizer weight. We
also show how to obtain linearly many k = Q(n) logical C"~1Z gates, though with stabilizer
weight and physical circuit depth n¢. We show that our transversal gates also support addressing
(i.e. targeting) of specific logical qubits.

To obtain our codes, we develop a general transformation based on cup products that maps
classical codes satisfying a multiplication property to quantum codes with transversal C"~1Z.
We apply this transformation to a new family of classical Tanner codes that we construct from
punctured tensor products of algebraic codes.
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1 Introduction

A major barrier to realizing large-scale quantum computation lies in our ability to efficiently perform
quantum gates in a fault-tolerant manner. Indeed, in the absence of fault-tolerance, a computa-
tion would quickly become corrupted by the noise inherent to quantum devices. A key bottleneck
limiting the efficiency of many fault-tolerance schemes is the implementation of non-Clifford gates.
Such gates are required for universal quantum computation, but require specialized codes or dis-
tillation schemes to perform fault-tolerantly, which incur a large space-time overhead. Given the
limited qubit counts and/or gate speeds of near-term quantum devices, reducing this overhead of
non-Clifford gates could allow significantly larger computations to be executed in practice. Ef-
ficient non-Clifford gates similarly remain an important theoretical question, with the potential
for significant asymptotic improvements that could reduce the space-time overhead of large-scale
fault-tolerant computation.

One of the most powerful tools for performing fault-tolerant non-Clifford gates is a quantum
code supporting transversal non-Clifford gates, meaning that there exists a low-depth! physical
circuit to implement logical non-Clifford gates on the underlying encoded message. Indeed, low
circuit depth implies an efficient implementation, and also ensures fault-tolerance by limiting the
number of errors that can accumulate during the circuit.

Of particular interest are quantum codes with transversal non-Clifford gates that have low-
weight stabilizers, so that the error-correction circuit that measures the stabilizers and applies an
appropriate correction can also be performed in a low-depth or fault-tolerant manner. Indeed,
quantum LDPC (qLDPC) codes, defined to have constant-weight stabilizers, underlie many pro-
posed fault-tolerance schemes for both theoretical and practical applications (e.g. [Got14, NP25,
XAPT23, YSRT25, CXK™26]). Good qLDPC codes supporting transversal non-Clifford gates could
significantly improve the efficiency of such schemes. Yet such codes have proven difficult to con-
struct. A line of works [BMDO07a, BMDO07b, Bom15, ZSP*23, Lin24, GL25, BDET24, SPW24,
Zhu25, LLLN25, LSW 26, LLL26] has provided various constructions, though substantial room for
improvement remains.

Following such prior works, we focus on the non-Clifford C"~!'Z gate for r > 3 (see Defini-
tion 2.9). Of particular interest is the CCZ gate due to its close relationship? to the Toffoli gate,
which is a common building block in many logical circuits of interest. For a code supporting
transversal C"~1Z, we define the logical yield s to be the number of disjoint logical C"~'Z gates
induced by the physical circuit. Specifically, we allow a chosen set of logical qudits to be set to
|0), but then require the remaining logical qudits to undergo C"~1Z gates on s disjoint r-tuples of
qudits, with no additional gates acting between the different tuples. Intuitively, the logical yield
measures how many logical C"~!Z gates we can “extract” from the physical transversal gate. Note
that the logical yield is also a lower bound on the code’s dimension.

Previously, all known qLDPC codes (with constant stabilizer weight) that support constant-
depth transversal CCZ gates had length n, distance d, and logical yield s satisfying

ds < O(n). (1)

1Sometimes the term “transversal” is used more restrictively to refer to depth-1 physical circuits, which are also
sometimes required to apply the same gate to every qudit. In this work we use the looser definition allowing low-depth
physical circuits, where we will always specify the precise circuit depth (or as a proxy, the number of gates touching
each qudit; see Fact 2.11).

2Toffoli is equivalent to CCZ up to conjugation by Hadamard gates on the target qudit.



This bound was saturated up to polylogarithmic factors for every d < n/ poly log(n) by [LLL26], and
up to constant factors for every d < a-+/n in [Zhu25], where o > 0 is a sufficiently small constant.?
However, this tradeoff in Equation (1) prohibits fault-tolerant computation with a high rate of
logical non-Clifford gates and good error resilience. At an intuitive level, Equation (1) matches the
parameters of the classical repetition code (d = n, s = 1), which is generally suboptimal. Indeed,
to ensure exponentially low logical error rates, one typically requires polynomially large qLDPC
code distance d > nf1) (see e.g. [KP13, Got14]), which implies that the logical yield s < pl=1)
in Equation (1) is a polynomially small fraction of the block length.

Our main result is the first known construction of qLDPC codes (with constant stabilizer weight)
supporting constant-depth transversal CCZ gates that surpass the bound in Equation (1):

Theorem 1.1 (Informal statement of Corollary 5.1). For every integer r > 3, every 0 < € < 1,
and every prime power q, there exist quantum codes of length n, distance

d> n(l—e)/r’

and alphabet size q with constant stabilizer weight, which support depth-1 transversal C"~'Z gates
of logical yield
s >mnle

These codes also have a poly(n)-time decoding algorithm that corrects n1=9/" adversarial errors.

Formally, Theorem 1.1 follows immediately by applying the alphabet reduction in [GL25,
Lemma 3.44] and the transversal-gate circuit-depth reduction in [GL25, Lemma 3.45] to the codes
in Corollary 5.1 (see Section 5).%

Theorem 1.1 is most similar to the construction of [GL25], which provided the only previously
known construction of quantum codes supporting transversal non-Clifford gates that beat the bound
Equation (1) with subpolynomial (but still superconstant) stabilizer weight. Specifically, [GL25]
showed a similar result as in Theorem 1.1, though with larger stabilizer weight poly log(n), slightly
larger distance d > n'/"/ poly log(n), and without an efficient decoding algorithm.

While our general approach is related to that of [GL25], our construction and analysis are more
modular and generalizable. Specifically, we first prove a general mapping from classical codes with
appropriate properties to quantum codes with transversal C"~'Z gates (Theorem 3.1). We then
prove Theorem 1.1 by instantiating this general mapping with a family of classical codes based
on high-dimensional tensor products that we construct (Theorem 4.1). As one example of the
flexibility of our approach, we show how to modify the instantiation in Theorem 1.1 to instead
recover the precise parameters from [GL25] (see Corollary 5.2).

A disadvantage of both of these instantiations is that the logical yield bound n'~¢ remains
sublinear in the block length n. We present a third instantiation that addresses this issue, at the
cost of having larger stabilizer weight and transversal circuit depth:

€

3In particular, [LLL26] provide qLDPC codes of length n and distance n/ poly log(n) supporting transversal CC'Z
gates with logical yield 1. Taking s copies of a length-n/s code from this family therefore provides codes of length n,
distance n/(poly log(n) - s), and logical yield s.

4The statement of Corollary 5.1 is analogous to that of Theorem 1.1, though for alphabet sizes ¢ = p* where p
is an arbitrary prime and u is a sufficiently large constant. The alphabet and circuit-depth reduction statements in
[GL25, Lemma 3.44, Lemma 3.45] do not explicitly consider decoders, though their techniques for showing distance
preservation do also imply that efficient decodability is preserved.



Theorem 1.2 (Informal statement of Corollary 5.3). For every integer r > 3, every 0 < € < 1,
and every prime power q, there exist quantum codes of length n — oo, distance

d > Qn'/m),

and alphabet size q with stabilizer weight < n¢, which support depth < n¢ transversal C"~'Z gates
of logical yield
s> Q(n).

These codes also have a poly(n)-time decoding algorithm that corrects Q(n'/") adversarial errors.

Similarly as for Theorem 1.1, Theorem 1.2 follows immediately by applying the alphabet re-
duction in [GL25, Lemma 3.44] to the codes in Corollary 5.3 (see Section 5).

While our definition of a transversal C"~'Z gate of logical yield s applies C""'Z to a fixed
set of s disjoint tuples of logical qudits, it may be desirable to only apply C"~'Z to a chosen
(“addressed”) subset of these s tuples. Such addressable C"~'Z gates, which have previously been
studied on non-LDPC codes [HVWZ25b, HVWZ25a], may be particularly useful on LDPC codes.
Indeed, existing techniques for addressable/targeted fault-tolerant logical gates on LDPC codes such
as code surgery (e.g. [CKBB22, CHRY24, CHWY26]) or code switching (e.g. [GCZ25, XZB"25])
typically require larger space-time overheads, especially when performing many logical gates in
parallel. In contrast, in Appendix A we extend Theorems 1.1 and 1.2 to allow for addressable
C™—1Z gates, while preserving the same code parameter and circuit depth bounds.

Many leading proposals for fault-tolerance schemes in both theory and practice perform non-
Clifford gates by preparing magic states, such as CC'Z |+>®3, which are then consumed to implement
a non-Clifford gate via gate teleportation (e.g. [NP25, Gid25, CXK"26]). Such magic states are
often distilled from noisier magic states using a code supporting a transversal non-Clifford gate.
Higher code distance and logical yield allow a given number of good magic states to be distilled
from fewer noisy states.

In particular, for a code of length n and distance d supporting a transversal non-Clifford gate
with logical yield s, [BH12] showed how to distill m magic states® with infidelity < e from m -
log”(1/€) states with some constant infidelity, where the magic state overhead exponent

v = log(n/s)/log(d). (2)

measures the scheme’s overall performance. While lower-overhead distillation schemes have been
constructed in certain settings (e.g. [WHY24]), the value of v in Equation (2) remains a good
measure of the resource overhead of distillation, especially when restricting attention to the leading-
order term lim,, .~ 7.

Theorem 1.1 provides the first known codes with constant stabilizer weight that obtain ar-
bitrarily small values of v > 0, improving upon the polylogarithmic stabilizer weight of [GL25].
Indeed, the codes of [Zhu25, LLL26]| satisfying Equation (1) must have lim,_,~, v > 1. Previously,
[WHY24, GG25a, Ngu25| constructed codes with v — 0, albeit with linear-weight stabilizers.
[GG25b] also obtained v — 0 for codes with check weight® O(y/n) (or O(n'/?) over exponentially

SWhile [BH12] presented their protocol for the T gate, it can be extended to alternative non-Clifford gates such
as CCZ, as observed by [PR13].

SStrictly speaking, the codes of [GG25b] have stabilizer weight ©(n), but they are subsystem codes with gauge
operators of weight O(y/n).



large alphabets). Magic state distillation is still possible with such high-weight stabilizers, by con-
catenating with a code supporting fault-tolerant Clifford gates. However, low-weight stabilizers
allow for more efficient stabilizer measurement circuits, and hence more efficient encoding and
decoding, which translates to lower space-time overhead for magic state distillation.

It in particular remains an open question to construct a magic state distillation procedure with
constant space-time overhead. While there exist schemes with a constant ratio of noisy input to
low-error output states [WHY24], they still require polynomial space-time overhead to run encod-
ing/decoding circuits. One approach to obtaining constant space-time overhead would be to remove
the n¢ loss factors in Theorem 1.1 or in Theorem 1.2, to obtain codes with stabilizer weight O(1),
polynomial distance n*V), and logical yield Q(n). If concatenated with a sufficiently low-overhead
outer code supporting fault-tolerant Clifford gates, such constant stabilizer weight combined with
linear logical yield could translate to constant overall space-time overhead for preparing low-error
magic states.

We also emphasize that qLDPC codes supporting transversal non-Clifford gates of high logical
yield raise the possibility for alternative approaches to low-overhead fault-tolerance, without using
magic state distillation. For instance, because qLDPC codes natively support fault-tolerant stabi-
lizer measurement and error-correction (see e.g. [Got14]), fault-tolerant computation could be per-
formed directly on qLDPC codes with transversal non-Clifford gates. Such an approach removes the
need for magic state preparation, but would still require additional techniques such as code switch-
ing (e.g. [Bom16, GCZ25, THL"25, XZB*25]), resource state preparation (e.g. [Got14, NP25]), or
code surgery (e.g. [Lit19, CKBB22, CHRY?24|) to perform fault-tolerant Clifford gates.

As an important technical remark, to obtain the quantum-code distance bounds in Theorems 1.1
and 1.2, we restrict attention to a subsystem of the entire code space, meaning our codes are
strictly speaking subsystem codes. However, we emphasize that our codes still have truly low-weight
stabilizers, rather than having low-weight gauge operators (which may be more difficult to measure
fault-tolerantly; see e.g. [BFHS17]). Rather, our use of subsystem codes simply indicates the
possibility of certain “bad” logical operators specifying “gauge” qudits that may not be protected
by the code’s distance, and hence are not used when encoding the message, or when determining
the C"~1Z gate’s logical yield s. These gauge qudits, along with all logical qudits outside of our
s chosen disjoint tuples, must be set (i.e. ”gauge-fixed”) to |0) prior to performing the transversal
CT1Z gate.

After performing such gauge-fixing, our codes allow for fault-tolerant application of C"~1 Z gates.
Specifically, let |¢)) denote the gauge-fixed code state, and let C' denote the physical transversal
C"™1Z circuit. Assuming low-weight errors E and E’ arise from gauge-fixing and from executing
C respectively, the final state after applying transversal C"~1Z is

E'CE ) = E'(CECT)C |¢).

Assuming C' is a constant-depth physical circuit, then the propagated error CECT has weight only
a constant factor larger than that of E. Hence our output state consists of the noiseless post-
transversal-gate state C [¢), up to a low-weight residual error E” := E'(CECT). Note that while
E,E' E” may not be Pauli errors (and E” may not be Pauli even if E,E’ are Pauli), we can
decompose arbitrary such low-weight errors into linear combinations of low-weight Pauli errors.
Our CSS code distance and decoding guarantees (see Section 2) can then be applied to each such
Pauli term.

The design of fault-tolerant protocols for gauge-fixing, as well as for performing more general
general Clifford gates, is beyond the scope of this paper. Indeed, it remains an active area of



research to construct such Clifford gate protocols, which when combined with non-Clifford gates
yield universal quantum computation. We remark that our codes and gauge operators have a tensor
product structure (see Section 3), so they may be particularly well-suited for performing Clifford
gates via code switching (see e.g. [GCZ25, THL 25, XZB*25]). Also note that in the context of
magic state distillation, the code with transversal non-Clifford gates is typically concatenated with
a code supporting fault-tolerant Clifford gates. Hence in this setting the gauge-fixing procedure
need not be fault-tolerant, which gives further flexibility.

1.1  Our Techniques

We now overview our techniques for proving Theorem 1.1 and Theorem 1.2. We construct our
quantum codes as tensor products of cochain complexes associated to classical Tanner codes. We
first prove a general result showing that classical Tanner codes that behave appropriately under
component-wise multiplication yield quantum codes supporting transversal C"~'Z. We then in-
stantiate this result using a classical tensor product of algebraic codes, which we carefully puncture
to express within the Tanner code framework. Our efficient decoding algorithms follow from known
decoders for classical (folklore) as well as quantum [QC22] tensor product codes. Below, we pro-
vide more details on each of these steps. For simplicity, in this overview we restrict attention to
constant-degree Tanner graphs as in Theorem 1.1, though the techniques generalize naturally to
graphs with growing degree as in Theorem 1.2.

1.1.1 General Classical-to-Quantum Mapping

Our general mapping from classical Tanner codes to quantum codes supporting transversal C"~1Z
is stated in Theorem 1.3 below. Here we specify a classical Tanner code over a field F by a graph I"
along with a system of local codes F on I'; which assigns to every vertex v a local full-rank generator
matrix Fy,_p(y)  F™ — FE®). The Tanner code T(I', F) C FET) then contains all length-| E(I)|
vectors whose restriction to the neighborhood E(v) of each vertex v lies in the associated local code

lm(fv%E(v))
Theorem 1.3 (Informal statement of Theorem 3.1). For a fized integer r > 3, let FO o F®
be systems of local codes on a constant-degree graph I' satisfying the multiplication property

im(FﬁE(v)) woexim(FC ) C im(FD)

v— B (v) vap() for each v e V(L) (3)

Assume that there exists a set M C E(T') such that each classical Tanner code T(I', F®)) has
distance > d, and has an information set’ containing M. Then there exists an associated family of
quantum codes of length ©(|V(I')|") and distance Q(d) supporting constant-depth transversal C*~1Z
gates with logical yield |M|".

Our quantum codes in Theorem 1.3 are CSS codes given by the tensor products (sometimes

"Recall that an information set of a code C' C F™ is a maximal set of coordinates S C [n] for which C|s = F¥, so
that in particular |S| = dim(C).



also called hypergraph products [TZ14])

AW — e, FOY g o0, FO) @ (T, F) @ - - @ *(T, FD)
A@ — (0, Fr-Dy @ (T, FO Y o (0, FD) @ - - @ ¢*(T, F=2)

T)J‘

AW =T, FD) @ (T, FP) @ -0 (T, Fr ) e e (T, F7),

of 1-dimensional cochain complexes C(T', F1), ... ,C(I‘,}"(r_l)),C(I’,f(T)J—) associated to the re-
spective Tanner codes T(F,]—"(l)), .. .,T(F,f(r_l)),T(I’,]:(T)L). Specifically, these 1-dimensional
complexes are defined to have coboundary maps equal to the parity-check matrices of the associ-
ated Tanner codes. Here F Ok denotes the system given by dualizing all local codes in F(").

To obtain the transversal C"~!Z gate in Theorem 1.3, we define a cup product

AW o A o A

which is a multilinear map sending cochains ) € AM, ... a" € A" to some cochain all) —

-~ a" in an appropriate cochain complex A’ Intuitively, the cup product provides a quantum /high-
dimensional analogue of component-wise multiplication of classical codewords. More formally, we
ensure the cup product induces a well-defined map on cohomology. We then fix a cycle z, € Z,(A'),
and define our physical transversal gate to perform C"~'Z on every r-tuple of qudits whose cup
product has nontrivial inner product with z,. Here the multiplication property in Equation (3)
ensures that there exists an appropriate such cycle z,, which is given by the all-1s vector on an
appropriate sector of the complex A’.

This general strategy of constructing transversal C"~!Z gates from cup products was developed
in prior works, e.g. [ZSP*23, Lin24, BDET24, Zhu25, LLLN25]. Our key to obtaining a simple and
general statement in Theorem 1.3 is to first construct a cup product on the 1-dimensional complexes
o, FMy,....cr, Fr=Y),c(r, ]-"(T)L) using the multiplication property in Equation (3), following
techniques in [Lin24, LLLN25]. We then extend this cup product to our higher-dimensional tensor
product complexes A1) ... A" via the formula

(a®@b) — (d @) = (1) (a— d)® (b—1V), (4)

where ij, (resp. iy/) denotes the level of the cochain b (resp. a’). While Equation (4) was also used
in [BDET24], the works [Lin24, LLLN25] proposed instead directly constructing cup products on
high-dimensional complexes, which can complicate the analysis of the logical yield. Indeed, our
bound on logical yield in Theorem 1.3 follows directly from the multiplication property on each
factor in the tensor products defining AD, ... A"

As a technical remark, to ensure that our quantum codes in Theorem 1.3 satisfy the distance
bound of Q(d), we construct them as subsystem codes, though still with truly low-weight stabilizers;
see the discussion earlier in Section 1 above.

1.1.2 Instantiating the General Mapping

To instantiate the general mapping in Theorem 1.3, we construct new punctured versions of classical
tensor products of algebraic codes. Here our goal is to construct classical LDPC Tanner codes



satisfying the multiplication property in Equation (3) that exhibit high dimension and distance.
The construction of such classical codes has proven to be a difficult problem. A core difficulty
is that traditional classical Tanner code constructions require local codes of rate > 1/2 to ensure
positive global rate via constraint-counting (e.g. [SS96]). However, high-distance classical local
codes with a multiplication property have rate < 1/2. Hence to obtain Tanner codes exhibiting both
a multiplication property and large global rate, we need to carefully choose the local codes alongside
the graph, and bound the rate using additional structure beyond simply constraint-counting.

Such an approach was taken to construct Tanner codes with the multiplication property in
[DLZ23] and [GL25, Section 4]. However, these prior constructions required super-constant check
weight in order to obtain large (i.e. close-to-linear) code dimension. We therefore provide a new
construction of Tanner codes with constant check weight exhibiting a multiplication property.

To construct our LDPC Tanner codes, we begin with well-known non-LDPC' families of good
classical codes exhibiting a multiplication property, such as algebraic-geometry codes (see e.g. [CR21}).
If we take a large constant-sized such code C of length n, dimension k > n'~¢, and distance d > n'~¢,
the classical tensor powers C®* for t — oo provide a family of codes with a multiplication property
that have length N = n!, dimension K = k! > N'7¢, distance D = d* > N'~¢, and check weight
n = O(1). However, C®" is not natively expressible as a Tanner code, i.e. there is no natural
associated graph I' and system of local codes F.

To resolve this issue, we show how to puncture C®* to obtain such a Tanner code, while retaining
the same code properties and parameters up to a small loss. The main idea is to define a t-partite
graph T’ whose vertices are axis-parallel columns (i.e. lines) in the hypercube [n]?, and whose edges
connect pairs of distinct columns that intersect. Each edge then has an associated point in [n]
given by the intersection of the two associated columns. However, a single point may have multiple
associated edges. We therefore carefully choose a subgraph I' C T' for which each point in [n]
has at most one associated edge. We then define an associated system of local codes F given by
puncturings of the base code C, so that the resulting Tanner code T(T', F) is a puncturing of C®".
See Theorem 4.1 in Section 4 for details (note that there the hypercube [2n]' replaces [n]’ in this
informal overview).

1.1.3 Efficient Decoding Algorithm

Our efficient decoding algorithms against adversarial errors in Theorems 1.1 and 1.2 follow from
known decoders for tensor product codes. In particular, [QC22] show how to decode quantum
codes obtained as tensor products of cochain complexes associated to classical codes, given access
to decoders for the classical codes. As described in Section 1.1.2 above, we construct these classical
codes by puncturing tensor products of classical algebraic-geometry codes. Such classical algebraic-
geometry codes, and their (classical) tensor products, have well-known efficient decoding algorithms.
Our choice of puncturing ensures our final classical codes can be viewed as the disjoint union of
a small number of (unpunctured) classical tensor product codes (see Section 4), each of which we
can decode with these known decoders. Hence we obtain efficient decoders for our quantum codes.

1.2 Directions for Future Work

Two natural areas for improvement in Theorem 1.1 are:

1. Improve the distance bound d > n!=9/7 to (even close to) linear in n, and



2. Improve the logical yield bound s > n'~¢ to linear in n.

Theorem 1.2 provides one way to address the second point above, though at the cost of having
super-constant stabilizer weight and physical transversal C"~1Z circuit depth. As described above,
a family of polynomial-distance codes with linear logical yield and constant stabilizer weight could
lead to asymptotically optimal (i.e. constant space-time overhead) magic state preparation under
locally stochastic noise. Constructing such codes using Theorem 1.3 would require polynomial-
distance constant-rate classical LDPC codes with a multiplication property, whose construction
remains an intriguing open question.

In contrast, we could hope to improve the distance bounds in Theorem 1.1 and Theorem 1.2
by replacing the tensor product of cochain complexes used to prove Theorem 1.3 with a balanced
product (also called a lifted product) [PK22b, BE21, PK22a]. Such balanced products can be viewed
as tensor products quotiented by a group action, which have been shown to increase the resulting
quantum code distance to nearly-linear in the block length, even in high-dimensional products
[DLV24, KP25]. However, existing techniques to prove such near-linear distance only apply to
Tanner codes on expander graphs whose local codes exhibit strong expansion properties. It remains
an open question to adapt such proof techniques to our Tanner codes, or to modify our Tanner
codes so that such techniques apply, while still preserving high-yield transversal C"~!Z gates. Some
progress in this direction was made by the recent work [LLL26], which obtained algebraic local
codes with sufficient expansion to show near-linear distance by the results of [DLV24]. However,
the logical yield of the resulting transversal C"~!Z gate was constant.

While Theorems 1.1 and 1.2 give efficient decoding algorithms against adversarial errors, it also
remains an interesting question to consider other noise models, such as locally stochastic noise,
particularly in the context of constant space-time overhead magic state preparation.

1.3 Roadmap

The remainder of this paper is organized as follows. Section 2 presents preliminary definitions and
results that we use throughout. Section 3 presents our formal statement and proof of Theorem 1.3,
which provides our mapping from classical codes with a multiplication property to quantum codes
with transversal C"~1Z. Section 4 then provides the general family of classical Tanner codes from
punctured tensor codes that we use to invoke Theorem 1.3, and Section 5 provides our specific
instantiations.

2 Preliminaries

In this section, we present preliminary notions regarding classical and quantum codes.

2.1 Classical Codes

We begin with basic classical code definitions.

Definition 2.1. A length-n classical (linear) code over a field Fy is a subspace C C Fy. The code
C has dimension k = dimg, (C) and distance d = min.cc\ g0y |c|. We summarize these parameters
by saying C is a [n, k,d], code.

10



Definition 2.2. For a classical code C' C Fy, the dual code Ct C [y is given by
Cct={x ey : (v,y) =0Vy € C}.
Our code constructions will be based on tensor products:

Definition 2.3. For i = 1,2, let C; be an [n;, k;, d;], classical code. The tensor product code
Cy ® Cy is the [nina, k1ka, dldg]q code consisting of all ny X ny matrices for which every column lies
in Ch and every row lies in Cs.

The following definition presents subsets of a code’s coordinates to which we can view the
restriction of a codeword as its encoded message.

Definition 2.4. For a k-dimensional classical code C C Fy, an information set is a subset S C [n]

of size |S| = k such that C|s = F;Ig = IF];. An extendable set M C [n] is a set that can be extended
into an information set, that is, M is extendable for C' if there exists an information set S O M

for C.
Below, we define the notion of a decoder for a classical code.

Definition 2.5. A radius-p time-T decoder for a classical code C C F" is a (classical) algorithm
with running time < T that takes as input a string a = ¢+ e € F™ for some codeword ¢ € C' and
error e € F", and outputs ¢ as long as |e| < p. If |e| > p, the output can be arbitrary.

It is well-known that a tensor code C'® C’ can be decoded by first running a decoder for C' in
all columns of the corrupted codeword = € ]F"X"/, and then running a decoder for C’ in all rows.
The resulting product-code decoder has the following parameters:

Lemma 2.6 (Well-known; see e.g. Fact 2.15 in [KRRZ121]). Fori = 1,2, let C; C F" be a classical
code with a radius-p; time-T; decoder. Then the tensor product code C1 ®Cy has a radius-pip2 time-
(n1Ty + noTy) decoder.

2.2 Quantum Codes and Transversal Gates
We now present the notion of (subsystem) quantum CSS codes.

Definition 2.7. A length-n quantum (CSS) code over Fy is a pair Q = (Qx,Qz) of classical codes
Qx,Qz CF} satisfying Qx C Qz.

A k-dimensional subsystem L = (Lx,Ly) of the quantum CSS code Q = (Qx,Qz) is a pair
of k-dimensional subspaces Lx C QX/Qé, Ly C QZ/QJX for which the restriction of the natural
bilinear form (-,-) : Qx/Q% X Qz/Q% — Fy to Lx x Lz is nondegenerate. We call the data (Q, L)
a quantum CSS subsystem code. The distance of the subsystem code is d = min{dx,dz} for

dx = min |z
xEQx\LJZ‘
dz = min |z
ZGQZ\L)l(

Here and below, by abuse of notation, we also write Lx and Lz for their full preimages in Qx and
Qz, respectively. Thus Q% CLx CQx and Q)l( CLz;CQyz.
We summarize the parameters above by saying (Q, L) is a [[n, k,d]], subsystem code.
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We emphasize that we will only consider subsystem codes with low-weight (commuting) sta-
bilizers. The subsystem property means that we specify a subsystem L of the logical qudit space
in which we encode our message; the remainder of the logical qudit space may be corrupted by
low-weight errors. By excluding these easily-corruptible logical qudits, our subsystem codes may
have larger distance than the associated non-subsystem code.

Our usage of subsystem codes with low-weight stabilizers is in contrast to other works that use
subsystem codes with high-weight stabilizers that are decomposed into low-weight non-commuting
gauge operators. While such constructions are sometimes able to obtain improved rate and distance
with low-weight checks (e.g. [BFHS17]), the checks are given by non-commuting gauge operators
that may be difficult to measure fault-tolerantly.

Below, we define the notion of a decoder for a quantum code.

Definition 2.8. A radius-p time-T" decoder for a quantum CSS subsystem code (Q, L) is a (clas-
sical) algorithm with running time < T that takes as input a pair of strings ax = cx + ex, az =
cz + ez € F" for some codewords cx € Qx, cz € Qz and errors ex,ez € F", and outputs the pair
of cosets (cx + L%, cz + L%) as long as lex|, |lez| < p. If either |ex| > p or |ez| > p, the output
can be arbitrary.

We will not try to optimize the precise running time of our decoders, and will rather simply
ensure the running time is polynomial in the block length. Our notion of a polynomial-time decoder
in Definition 2.8 is equivalent to that of a polynomial-time decoder that needs to correct a weight-p
error on a code state given as input a noise-free syndrome of the corrupted codeword. Indeed, given
the syndrome, we can perform Gaussian elimination to compute some valid ax and az inducing
that syndrome, and then compute the appropriate Pauli X and Z corrections as ax — cx and
az — cz, respectively.

We now define transversal C"~1Z gates on quantum CSS (subsystem) codes. We begin by
defining the C"~1Z gate.

Definition 2.9. For a finite field F, of characteristic p and for a € Fy, the unitary gate C"~1Z¢
acts on r qudits of dimension q by

r—1r7a 2 tr, a-x1-T
C" 2% @, ) = 2T Ea s P gy )

A physical circuit of C"~1Z gates acting across r quantum code states can be represented by a
multilinear form, as defined below.

Definition 2.10. Let QW ..., Q") be quantum CSS codes over F, of respective lengths nM . ),
and let
e

()
fiFg x---xFy~ —F,

be a multilinear form. We define an associated physical circuit C™=*Z1 acting on qudits labeled
by [nM] U --- U [n()], which applies the gate or-1z/ @ lin) 4o every r-tuple (¢, ... M) e
(D] x -+ x [n()] of physical qudits.

We define the sparsity of f to be the mazimum number of non-identity® C"~1Z gates in which
any single qudit participates.

Fact 2.11 below shows that sparsity provides a good proxy for circuit depth.

8That is, gates C"~1Z° for a # 0.
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Fact 2.11. If f has sparsity w, then C" "' Z1 can be implemented in circuit depth rw.

Proof. Define a bipartite graph I whose left vertices are physical qudits, and whose right vertices
are the physical C"~1'Z gates performed in C"~'Z7, with edges connecting each qudit to the gates
it participates in. By definition, I' has maximum left-degree < w and right-degree r. Let F%
denote the right component of the square of I' excluding self-loops, so that F%% has vertices given by
physical C"~1Z gates performed in C""1Z7 and edges connecting every pair of distinct gates with
a shared qudit. Then I‘% has maximum degree < r(w — 1), so its vertices can be properly colored
by the set [r(w — 1) + 1], i.e., no two vertices connected by an edge share the same color. It follows
that we can perform each C"~1Z gate in C"~'Z/ in the time step given by its assigned color, and
no two gates sharing a qudit will be executed in the same time step. This implementation has
circuit depth r(w — 1) + 1 < rw, as desired. ]

We next characterize when the physical circuit C"~'Z7 induces logical C"~1Z gates on r-tuples
of logical qudits.

Definition 2.12. We say the multilinear form f in Definition 2.10 is cohomology-invariant if it
. ; . N
holds for every (219 € Q(ZZ))ZE[T] and every (b e Qg? )ielr] that

FEW +D 20 by = W) M),

Such cohomology-invariance implies a well-defined induced multilinear form

FrQP Q0" x - x Q1" T,

The term cohomology-invariant arises from the view of quantum CSS codes as cochain complexes
(see below). Cohomology-invariance ensures that the physical circuit C"~'Z/ maps an r-tuple of
valid code states to valid states of the same codes. This physical circuit will always induce some
logical circuit C™'Z/ consisting of logical C"~'Z gates. We want this logical circuit to perform
C™—1Z gates on as many disjoint r-tuples of logical qudits as possible, without any logical gates
acting across different r-tuples. Indeed, such a circuit structure allows for performing many logical
C"~1Z gates in parallel, without additional unwanted entangling operations. If we allow ourselves
to choose any basis of logical operators for our codes, and we set all logical qudits outside of
our chosen r-tuples to |0), then the maximum number of disjoint logical C"~'Z gates induced by
C"177 is precisely the subrank of f:

Definition 2.13. The subrank of a multilinear form g :AV(I) X - x V) 5 F is the mazimum
integer s such that for every j € [r]| there exist vgj), . ,vgj) e VU satisfying

g(vg), . .,vé:)) =T1gcp, V..., 0 €]s].

Some of the codes QY with cohomology-invariant multilinear forms that we will construct may
have poor distance, but nevertheless have natural subsystems L(®) with better distance (Defini-
tion 2.7). Our goal is then to define such subsystem codes of large distance along with a multilinear

form f such that the restriction of f to the span of the specified Lg) has large subrank:

Definition 2.14. We say subsystem codes (Q¥), L) for i € [r] support a transversal C"~'Z gate
of sparsity w and logical yield s if there exists a cohomology-invariant form f (see Definitions 2.10

and 2.12) of sparsity w for which f|L<1)  has subrank s.
7 XX Ly,

More details on the motivation and implications of the definitions above can be found in [Lin24,
Section 3|, albeit with slightly different notation.
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2.3 Quantum Codes from Cochain Complexes

In this section, we present basic definitions regarding (co)chain complexes, which provide useful
language and machinery for quantum CSS codes.

Definition 2.15. An r-dimensional chain complex C, over a field F is a graded F-vector space
C =@_,C; along with a boundary map 9 : C — C satisfying 9°(C;) C Ci—1 and (9°)2 = 0. We
write 8C BC|C We restrict attention to based chain complexes, meaning that each C; = F for
some speczﬁed basis C;, and then C = FC with C = Lli_o Ci. The locality w of C is the mazimum
Hamming weight of any row or column of 9¢ € FE*C,

The cochain complex C* associated to Ci consists of the same graded vector space C = D._,C
with each C' = F¢" = F% = C;, along with the coboundary map §¢ = (0°)T. We write §¢ = &€|c:.

Writing 0 = 9°, § = 6€ for the chain complex C., we define the following spaces:

i-chains C;, i-cochains C'
i-cycles Z;(C) = ker(9;), i-cocycles Z'(C) = ker(d;)
i-boundaries B;(C) = im(9;+1), i-coboundaries B*(C) = im(8;_1)
i-homology H;(C) = Z;(C)/B;(C), i-cohomology H'(C) = Z'(C)/B*(C).

We also define the

i-systolic distance d;(C) = B g:l)i{lB © el i-cosystolic distance d'(C) = %1)1{1 © |c|.
ceEL; i ceZt Bt

The quantum code @ = (Qx,Qz) associated to level i of C* is defined by Qx = Z;(C) and
Qz = ZYC).

Our codes will be constructed from tensor products of 1-dimensional cochain complexes, as
defined below.

Definition 2.16. For cochain complexes A*, B*, the tensor product is the cochain compler A* @ B*
given by

(AeB) =PA 2B,

JEZ
with coboundary map acting on the product of a € A7, b€ B by
S(a®b) =6(a) @b+ (—1)7a ® 5(b).
The following well-known formula shows how (co)homology behaves under tensor products.

Lemma 2.17 (Kiinneth formula). For cochain complexes C* = A*®QB*, there exists an isomorphism

C) =P HI(A) ® H(B)

JEZ
given by
a®@b+ B(C) > (a+ B (A) @ (b+ B (B)).
fora e Zi(A), be Z71(B).
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The following lemma shows that a quantum code has an efficient decoder (Definition 2.8) if
it is given by a tensor product of chain complexes specifying efficiently-decodable classical codes
(Definition 2.5). The case where the factor complexes are 1-dimensional was shown by [QC22].

Lemma 2.18 (Generalization of [QC22]). Let A* and B* be r4- and rg-dimensional cochain com-
plexes respectively, and let C* = A* @ B*. Assume that the classical codes” H°(A) and H,,(B) both
have radius-p time-T decoders. Let () be the CSS code at level rp of C, and define the subsystem
L= (Lx,Lz), where

Lx = Hy(A)® H,,(B)  and Lz = H°(A)® H"(B).

Note that by the Kinneth formula (Lemma 2.17) we may view Lx and Lz as subspaces of Hy,(C)
and H"8(C) respectively. Then the quantum CSS subsystem code (Q,L) has a radius-p time-
poly (T, |C|) decoder.'®

Proof. We will present the Z-decoding algorithm for (@), L), which takes as input the noisy codeword
x=c+eforce Z™(C) and e € C"5 of weight |e| < p, and outputs the coset ¢ + Lx. The X-
decoding algorithm is analogous (i.e. is obtained by running the Z-decoding algorithm on the dual
chain complex C, = A, x By).

Letting k4 = dim(H°(A)) and ks = dim(H"5(B)), we fix representative elements of dual
homology-cohomology bases

ai,...,ax, € Zo(A), al,... a4 e Z2°(A),
by by € Zog(B), bL,... 0" € Z78(B),

so that (aj,a’) = 1 and (bj,b") = 1;—; (see e.g. [GG25¢c, Lemma 3.9]). Then
(@i @ bj € Zrg(C))icphoal jets)s (@ @Y € Z7(C))icihaljciia]
form dual bases for Lx/Q%, Lz/Qx%, so that
(a; ®bj,a" @) = (az,a’ Y(bj, b)) = LicyLj—j = L jy—qir iv)-

Therefore, the coset ¢ + L)l( € Qg /L)L( is uniquely determined (and can be computed in time
poly(|C|) via Gaussian elimination) from the k4kpg values (a; ® bj, c) across all (i, 7) € [ka] x [kg].

Therefore given input « = ¢ + e, to compute the coset ¢ + L)l( it suffices to compute (I ® bjT)c
for every j € [kg], as then (a; ® bj,c) = (a;, I ® bjT)c>. For this purpose, we first compute

T _ T T

Because b; € Z,,(B) and ¢ € Z"5(C) = Z"8(A ® B), the Kiinneth formula (Lemma 2.17) implies
that (I ® b;—)c € H°(A). Meanwhile, |(I ® b;—)e\ < |e] < p. Hence we may run our radius-p time-7'
decoder for H%(A) on (I ® b]T)x to recover (I ® bjT)c. The total running time to compute the values
(a; ®bj, c) across all (i, j) € [ka] x [kg] is therefore poly(T,|C|), so we can compute the coset ¢+ L
in time poly (7', |C|), as desired. O

“Here H°(A) and H,,(B) can be viewed as classical codes (i.e. subspaces) rather than quotient spaces because
B°(A) =0 and B,4(B) = 0.
19Recall here that C' denotes the set of basis elements in C = F€.
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We specifically construct our quantum codes as tensor products of 1-dimensional complexes
associated to classical Tanner codes, as defined below.

Definition 2.19. Let I' be a directed graph. For a field F, we define a system of local codes F
on I' to assign to every vertex v € V(I') a local full-rank generator matriz Fy_ gy : Fo — FE®)
for some vector space F, = F"™ of dimension m, < |E(v)|, so that im(F,_ g()) C FE®) is a local
code supported on the edges E(v) C E(T') incident to v. For e € E(v), we let Fo =TF, and we let
Fose = .7:1,_>E(v)|e : Fu — Fe denote the restriction to edge e.

We then define the associated Tanner code T(I',F) C FED) to contain all vectors in FET)
whose restriction to every neighborhood E(v) lies in the specified local code, that is,

T(T, F) = {c € FPU) - ¢| gy € im(F, L py)) Yo € V(D).

We also define an associated 1-dimensional cochain complez C*(I', F) by

T F) =P F
veV(T)
T, F)= P F.=F),
ecE(T)
such that for ¢ € CO(T, F) and e = (v,v') € E(T),
(6(c))e = Foselcw) — Formselcw). (5)
We use the following basic notation regarding systems of local codes.

Definition 2.20. For a system of local codes F, we let F* be a system in which fjﬁE(v) s a

generator matriz for the dual local code im(fjﬁE(v)) = inn(]-',u_ﬁg(v))L for each vertex v.

For c,d € F", we let cx ¢ = (cic})icin) € F" denote the component-wise product. We extend
this notation to classical codes C,C" C F™ by letting C * C' = span{cx : ¢ € C, ¢ € C'},
and then to systems of local codes F,F' by letting F"' = F x F' be a system with im(F" ) =

v—E(v)
im(Fys g ) * im(};’}%E(v)) for every v.

Fact 2.21 below relates a Tanner code to the space of (co)cycles on associated (co)chain com-
plexes.

Fact 2.21. Let T" be a graph with system of local codes F over a field F. Assume that either I' is
bipartite (with all edges directed from left to right), or F has characteristic 2. Then

Zl(ij:J_) :T(ij:) gZO(F"F)v (6)
where the isomorphism maps ¢ € T(T', F) to z € Z°(T', F) satisfying |y = FosB(w)(20) for every
v € V(T). In particular, if T has mazimum degree!’ A and T(T',F) has distance d, then

(D F)=d< T 40, F) (7)

Additionally, if T(T,F) has a radius-p time-T decoder, then Z°(T,F) has a radius-p/A time-
(T + O(A3|V(T)|))-decoder.

"Here we count both incoming and outgoing edges in the degree.
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Proof. By definition Z;(I', F1) equals the space of vectors ¢ € FF() satisfying

(Forsmw) ' (€lB@) =0 (8)

for every vertex v, meaning that the restriction of ¢ to the neighborhood E(v) lies in im(F;-, B(v) )t =
im(F,_ g(v))- Here we do not need to impose additional signs on the local code coordinates because
if I" is bipartite, then each vertex v only sees edges of a single orientation (incoming or outgoing),
so the sign in the v — e term of Equation (5) is the same for all e € E(v). Meanwhile, if I' is not
bipartite but F has characteristic 2, then all signs are +1 = —1. Hence it follows by Equation (8)
that Z; (T, F1) consists of all vectors ¢ € T(T, F), so the equality in Equation (6) holds.

The mapping from ¢ € T(T, F) to z € Z%T,F) in Equation (6) is an isomorphism because
it is invertible. Specifically, let ® : CO(T', F) — FFI) be the map that sends z € COT', F) to
c = ®(z) € FEM) whose value on every edge e = (0,0) is ce = Fose(zy). If 2 € Z9(T, F)
is a cocycle, then we have c. = Fye(2y) = Fyrmse(zyr), so ¢ € T(I', F), and hence the restriction
®| g0 7) : Z°(T, F) = T(T', F) indeed provides the desired inverse to the map T(T', F) — Z°(T', F)
above.

The inequality in Equation (7) holds because for every nonzero ¢ € T(T', F) with associated
0-cocycle z € Z°(T', F), then if ¢, # 0 for an edge e = (v,v') € E(T), we must have z, # 0 and
zy # 0. Hence each nonzero edge in ¢ is incident to two nonzero vertices in z, and every vertex is
incident to < A edges, so z must have > 2|c|/A nonzero vertices, and thus |z| > 2|c|/A.

Assuming T(T, F) has a radius-p time-T decoder, we obtain a decoder for Z%(T, F) by first
applying the map ® defined above to the input a = ¢ + e where ¢ € Z%(T, F), |e| < p/A, and then
applying the decoder for T(I', F) before applying the inverse isomorphism <I>|23(F, 7 (T, F) =
ZO(T', F). Because ® can only map each element in the support of e (which lies on some vertex) to
at most A edges, we run the decoder for T(I', F) on a corrupted codeword of T(I', F) with error
weight < A - |e| < p, so the decoder gives the correct output. Each map takes time O(A3|V(T)|)
to implement, for a total running time of T+ O(A3|V(T')]). O

Remark 2.22. Reversing the direction of any set of edges in I' does not change the Tanner code
T(I', F), but does change the signs in Equation (5) defining the coboundary map of C(T", ). Hence
a Tanner code T(I', F) on a bipartite graph I' is preserved if we re-orient all edges to be directed
from left to right, as required in Fact 2.21.

3 High-Yield Transversal Gates via Multiplication Property

In this section, we give a general construction of quantum codes supporting transversal C"~1Z
gates from products of classical Tanner codes. We state this result in Section 3.1. We then describe
the necessary cup product machinery in Section 3.2 that we subsequently use in Section 3.3 to
prove the result. We show in Appendix A how to extend this result to allow for addressable C"~1Z
gates, meaning that we can additionally choose which subset of logical qudits on which to perform
cr1z.

3.1 Result Statement

Fix a directed graph I' of maximum degree A > 2. For an integer r > 2, let FI) ... F) be
systems of local codes on I' over a field F. Assume that either I is bipartite (with all edges directed
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from left to right), or F has characteristic 2 (so that Fact 2.21 holds; see also Remark 2.22). Let
M C E(T) be an extendable set for the classical code T(T', F®) for every 1 <i < r — 1.
We define product cochain complexes

AW = e, FONY g e (0, FD) o (0, F@) @ - @ C*(I, FTD)
A@ — (1, Fr-Vy @ (T, FO Y o (0, FD) @ - .- @ ¢*(T, F=2)

T)J‘

Al — C*(F,f(l)) ® C*(I‘,]—"(Q)) Q- ® C*(F,]—"(T_l)) ® C*(R}—( ),

so that A® is given by cyclically permuting the tensor factors of AM by i — 1 positions. We
will construct transversal C"~!Z gates across the r codes associated to level 1 of these  cochain
complexes A, ... A" respectively.

Theorem 3.1. If it holds for each v € V(T') that

im(f(l)

v B@w) ¥ «im(F ) © im(ng(v))v 9)

v—E(v

then the quantum codes QW at level 1 of AD for i € [r] have subsystems LY that support a
transversal O™~ Z gate of sparsity < (4A)T2 and logical yield > |M|". Furthermore, if each classical
code T(D, FU)) has distance dY) and supports a radius-p"9) time-poly(A, |V(T)|) decoder, then
(Q(i),L(i)) is a quantum subsystem code of locality < rA2, X -distance dx > d"), and Z-distance
dz > (2/A)1 - dDd®? ... d0=Y  which supports a radius-min{p) ... pr=1 /AT s time-
poly (A, |[V(T)|)" decoder.

3.2 Cup Products

To prove Theorem 3.1, we will construct the desired cohomology-invariant forms using cup products
on cochain complexes:

Definition 3.2. For cochain complezes C*,C"",C"", a cup product is a bilinear operation —: C’ X
C” = C"" for every i, j € 7 that satisfies the following Leibniz rule for every ¢ € C', ¢ € C":

S(c—d)=68(c) — ¢+ (=1)c— §(c). (10)

Cup products have long been studied in algebraic topology, see e.g. [Hat01]. We only provide
the minimal treatment necessary for our purposes.
The Leibniz rule ensures the following crucial cohomology-invariance property:

Fact 3.3. A cup product satisfying the Leibniz rule as in Definition 3.2 induces a well-defined
bilinear form on cohomology. That is, for every c € Z'(C), ¢ € ZI(C'),

(c+ B (C)) — ( + B/(C")) Cc— ¢ + B ().
Proof. For every a € C'~! we have
§(a) — ' =6(a—c)—(=1)"ta— () =6(a— ) e BT,

where the first equality above holds by the Leibniz rule, and the second equality holds because
¢ € Z3(C"). Hence (c+d(a)) — ¢ differs from ¢ — ¢ by the coboundary §(a — ¢). Similar reasoning
also implies that every element of ¢ — (¢’ + B7(C’)) differs from ¢ — ¢ by a coboundary. O

18



We now show how to construct cup products on Tanner code complexes.

Definition 3.4. Let F,F' be systems of local codes on a graph T'. For i,j € Z, we define the cup
product

—: CUT, F) x CO(T, F) = CH(T, F' = F+ F')
such that
Ve e CUT, F), ¢ € COT,F), ve VD)« Fil gy (e = ¢)) = Fussp)(co) * Fo g ()

Vee CO(T, F), ¢ e CHT, F), e= (v,0) € E(T):  (c— e = Foselcy) - €,

Vee CHT,F), d €O, F), e= (v,0)) €E(T):  (c— e =ce Fli(c).
Note that the first equality above uniquely determines (¢ — '), because f;’%E(v) 1 by assumption
a full-rank (injective) generator matriz.
Lemma 3.5. The cup product in Definition 3./ satisfies the Leibniz rule.

Proof. Let ¢ € C{(T', F), ¢ € CI(T, F'). If either i or j is nonzero then both sides of Equation (10)
are 0. Thus assume i = j = 0. Then for every e = (v,v) € E(T),

(0(c— ¢))e = Fomselcr) - Fusyelcy) = Forselcw) - Frre(cy)
(6(c) — e = (Fuselcw) = Fuselew)) - Foe(cy)
(= 0())e = Foselcw) - (Foselcy) = Forye()),s
so Equation (10) follows. O

Lemma 3.6 below shows that the cup product respects tensor products.

Lemma 3.6. Given cup products

— i Ax A = A"

—:Bx B — B,
then there exists a cup product (satisfying the Leibniz rule)

—(AB) x (A eB)—>A"oB"
defined for a € Aia, o € A be Biv, b € BY by
(a®@b) — (d @) = (1) (a— ad) @ (b—1V). (11)

Proof. We verify the Leibniz rule for the tensor product complexes, assuming that it holds for the
factor complexes:

S(a®b) — (d @)
= (1) - §((a—a) @ (b — V)
= (=)™ - (§(a—a) @ (b — V) + (1) (a — a') @ 6(b— V)
= ()" - (8(a) — d' + (=1)"*a — §(d")) © (b— V)
+ (=1)%% - (1) (a — @) @ (6(b) — b + (—1)"b — §(b))
= (6(a) ®@b) — (' @V) + (1) (a® 5(b)) — (d’ @)
+ (=) T (g @ b) — (6(a’) @) + (—1)a T T (4 @ b) — (a’ @ 5(V))
=0(a®b) — (d @)+ (=1)"T(a@b) — 6(d @V).
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3.3 Proof of Theorem 3.1

We first define the desired subsystems L(*) = (Lg? C H(AW), Lg) C H'(AM)) of QW for each
i € [r]. Specifically, using the isomorphism given by the Kiinneth formula (Lemma 2.17), we let

T)J‘

LY = Ho(T, FO) @ --- @ Ho(T, F' V) @ Hy (I, F)
L (12)
L(Zr) = H0<I‘7}“(1)) R ® HO(R]:(Tfl)) ® H1<F,f(r) ).

Then for i € [r], we let Lg?, Lg) be given by cyclically shifting the tensor factors in ng), L(ZT) to the
right by 4 positions. The Kiinneth formula ensures that this subsystem is well defined.
Below we show the distance bounds in Theorem 3.1:

Claim 3.7. Fori € [r], the subsystem code (Q¥, L") has X -distance dx > d\") and Z-distance
dz > (2/A)~1-dDd® ... a1,

Proof. By symmetry it suffices to consider the ¢ = r case. We bound the X- and Z-distances
separately, using similar arguments:

4
X-distance: Let a € Z;(A™)\ L(Zr) . Since pure tensors span L(Zr), there exists z = 2z @ ... ®
20 ¢ Lg), where (0 ¢ ZO(T, FO), ... 200=D ¢ 201, Fir=1), 21 ¢ Zl(F,]:(’")L), such
that (a,z) # 0. Let

d =(:Vg.. 0D e nTae ey (r,FON)

be the vector obtained by restricting a to components in Co(I', F()) x - x Co(I', Fr—1) x
Ci(T, F (T)L) - Agr) (vielding an r-dimensional tensor), and then applying (-, 2(?)) to each
direction-i column for ¢ = 1,...,r — 1. By the Kiinneth formula

d € Zy(T, F),
and (da’,2(")) = (a, z) # 0 so that a’ # 0. Thus
al = [a] = di (0, FOT) = d,
where the final equality holds by Fact 2.21.

L
Z-distance: Now let a € Z'(AM)\ L(XT) . Since pure tensors span LY there exists z = 21 ®

@20 e LY, where 20 € Zo(T, FW), ..., 20D ¢ Zy(T, FO-D), () ¢ Zy(D, FH),
such that (z,a) # 0. Let

a = ([®r—1 ® z(r))"l'a c CO(I“’J’.'(l)) R ® CO(F,}_(T_U),
By the Kiinneth formula

o' € 20, FV) @0 200, FU7Y),
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and (20 @ - @ 207V o) = (2,a) # 0 so that a’ # 0. Thus
2d(M  9q(r=1)
> e ’
- A A
where the final inequality holds by Fact 2.21. O

la| > |d’| > do(l"’].‘(l)) . .do(r‘,]:(r—l))

Below we present the decoder in Theorem 3.1:

Claim 3.8. Fori € [r], the subsystem code (Q¥), LW) has a radius-min{p™) ... p(r=1) JAT=1 " 5"}
time-poly (A, |[V(T')])" decoder.

Proof. By symmetry it again suffices to consider the i = r case. Let
A=c,FMg...ecT,Fr-)
B =cr, 7,

so that A" = A’ @ B’. Recall we assume that each T(I', FU)) = Zl(I‘,}'(j)L) has a radius-p/)
time-poly (A, |[V(I")|) decoder. Then

ZO<AI) = ZO(Faf(l)) @ ZO(FPF(Til))a

so by Lemma 2.6 and Fact 2.21, Z°(A’) has a radius-p(") - - - p'=D /AT time-poly(A, |[V/(T)|)"
decoder. Therefore by Lemma 2.18, (Q("), L(")) has a radius-min{p(?) ... p("=D /AT=1 ("} time-
poly(A, |[V(I')|)" decoder, as desired. O

We now construct the desired multilinear form for the transversal C"~!'Z gate in Theorem 3.1.
Let

¢ =C"(0, FV s s FOD 4« FOL) and A =" (13)

For each v € V(T'), the assumption in Equation (9) implies that all codewords in im(]—"ﬁi E(v)) Kook
im(}"(T_l)v)) * im(}_(T)

v B o E(v))J— have entries summing to 0, or equivalently, the dual (im(F, )

v—>E(v)) *
. -*im(]:lgr_:é)(v)) >i<ir1r1(]:£r_)>E(v))L)L contains the all-1s vector 1 (). Hence T(T', (FW sk Flr=1 4
Ft

)+) = Z1(C') (see Fact 2.21) contains the all-1s vector 1 gr).
We then define a multilinear form

f:A(l)lx--~xA(T)1—>IF

by

faW, ... a0y = <]1%€F)7 aM oo aMy, (14)

Specifically, to define the cup product

RO & T

in Equation (14), we first define the cup product from Definition 3.4 on the factor complexes
c (I, F (i)), and then we obtain the cup product on the tensor product complexes A® by Lemma 3.6.

Here we process the cup products from left to right, i.e. we take ((a(!) — a®) — a(®).... Also
note in Equation (14) that 1 gy € Z1(C'), so ]1%?1,) € Z,(A).
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Claim 3.9. [ has sparsity < (4A)T2.

We do not attempt to make the bound in Claim 3.9 tight. Rather, the important point is that
it grows polynomially in A when 7 is constant. To prove Claim 3.9, recall that basis elements in
AW A are by definition associated to vertices and edges in the Cartesian product T'*" of r
copies of I'. The main idea is that the cup product in Equation (14) can only have nonzero terms
for basis elements that are adjacent in I'*". Once we fix one basis element, the number of adjacent
basis elements is then bounded in terms of the graph degree A. We now present the details.

Proof of Claim 3.9. If C"1Z/ applies a non-identity gate on qudits ¢! e A(l)l, ol e A(T)l,
then we must have f(1,q),...,1.m) # 0, and therefore

]lc(l) e ]lc(r) 7é 0. (15)

As each AW is the tensor product of r complexes C(I', F) (for different F), we can write each
) = (cgi), D ) for basis elements cg-i) in the factor complexes C(I", F). Then Equation (15)
implies that for every j € [r],

1165_1) — e ]ICY) # 0. (16)

Recall that each basis element in CO(T, F) is associated to a vertex in I' (with dim(F,) < A
basis elements for each vertex v), and CY(I', F) = E(T) is the set of edges. By Definition 3.4,

Equation (16) can only hold if there exists some edge e; = (v;,v;) € E(I') such that each of

(1 () , : ) /
CilreeesCy either equal e;, or else are associated to v; or vj.
(@)

Hence once we fix ¢ = (c}”, .,c&i)) for a single ¢ € [r], then for each j € [r] there are < A
choices of a valid edge e; = (v, v§~
of cg-i/) for each ¢ € [r]\ {i} that are associated to e;, vj, or v}. Thus for each j € [r] there are

< A-(2A +1)""! choices of (C‘gi/))ile[r]\{i} satisfying Equation (16), so the total number of choices
of (c(i/))i/e[r]\{i} satisfying Equation (15) is < (A~ (2A +1)"71)" < (4A)".

) incident (or equal) to cg-i , and then there are < 2A 4 1 choices

O]

Claim 3.10. f is cohomology-invariant.

Proof. The claim follows from the cohomology-invariance of the cup product from Fact 3.3. That
is, for every ) € Z1(AW), ... o € Z'(A")) and every b)) € BL(AW), ... b") e BY(AM),

(@ + oMy — o = (@ ) e a® — o ) 4 BT(A).

Then it follows because ]l%?r) € Z,(A’) that <]l%’("r), B"(A")) =0, so

Fla® + oM a4 p)) = <]1%7(‘F)7a(1) — o™y = faM, e,
O
We now show that the transversal gate C"~1Z/ has logical yield |M|" (see Definition 2.14):
Claim 3.11. The restriction of the induced form
FrH (AD) x - x HY(AD) > F

to L(Zl) X e X L(ZT) has subrank > |M|".
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Proof. For every i € [r — 1] because M is extendable for T(T', F)), there exists for every e € M
a codeword cg) e T(I', F) whose restriction cﬁf)| v = 1. € FM to components in M equals the

indicator function for edge e. Let zei) e Z%(T, F®) be the 0-cocycle associated to cg) under the

isomorphism in Fact 2.21. Also let zé’“) = c((;) =1, € Zl(F,}"(T)J_).
Then by the definition of the cup product on 1-dimensional complexes in Definition 3.4, for
every e ... e € M and every i € [r],

s . . - . - ]l . lf 6(1) — ... :e(r)
RO O IROURNRDIN (. B G IR o PP U iy .
) ' ‘ ‘ ¢ ¢ 0 otherwise,
where above we take the superscripts 1 —i,2—14,...,r—¢ modulo r to obtain indices in [r]. Therefore

for every tuple of edges e(?) = (egi), e eg)) € M" for i € [r], letting

) =200 0. 000 e 21(AD) (17)
ey ey €

(where we again take superscripts modulo 7), then by the definition of the cup product on AW
oo x A" from Lemma 3.6,

(1) (r) _ (1—1) (2—1) (r—i)
Re) T Fgny) = ® (Zeo) T Ee T T E )

i €

i€r]
18
Ricpy Lo if e = ... = ¢ (18)
- 0 otherwise.

Specifically, the first equality above follows by repeatedly applying Equation (11) to transform the
cup product of tensor products on the LHS into a tensor product of cup products; the sign (—1)%"’
in Equation (11) is +1 in every one of these applications because zEf) = z§°) is a 1-cocycle whereas

every zéz) for i 20 (mod r) is a 0-cocycle. Therefore
e (1) (r)
M (r) or (1) (r) Loife; " == Vielr]

2y 2 ) = (1 SRy = 2 ) =
I el el >) < ET) e el )> {0 otherwise.

Thus for 7 € [r], the cohomology classes 2(2) + BY(AW) e H'(A®M) across all possible choices of

€

e = (egi), e 67@) € M" satisfy the precise condition in Definition 2.13 needed to imply that f
has subrank > |M|". Because each zg) + BY(A®) in fact lies in L(ZZ) C H'(A®) by Equations (12)
and (17), the same subrank bound holds for the restriction of f to L(Zl) X oo X L(Zr). O

Theorem 3.1 follows from the claims above (below recall Definition 2.14):

Proof of Theorem 3.1. The transversal C"~!Z gate is constructed in Equation (14), and cohomology-
invariance is shown in Claim 3.10. The desired logical yield is shown in Claim 3.11, and the sparsity
in Claim 3.9. The locality bound of rA2 follows because A® is the tensor product of r 1-dimensional
complexes each of locality < A2. The distance bounds are shown in Claim 3.7, and the decoder is
constructed in Claim 3.8. ]
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4 Classical Tanner Codes with Multiplication Property

In this section, we present a classical Tanner code construction that has large dimension even for
local codes of rate < 1/2. Hence as shown in Section 5 below, we can instantiate this construction
with algebraic local codes that respect component-wise multiplication, and hence apply Theorem 3.1
to obtain quantum codes with transversal C"~1Z gates of large logical yield. In the statement below,
we denote [a : b] = {a,a+1,...,b} for a,b € Z.

Theorem 4.1. For everyn,t € N with t > 2, there exists a bipartite graph I' = I'(n,t) of maximum
degree 2n with the following property. For every choice of classical codes C; C Fg" fori € [t] of length
2n, dimension k; < n, and distance d; > n, there exists a system of local codes F = F(Ch,...,Ct)
on I such that the Tanner code T(T', F) has parameters

N=(t—-1n', K=]]k, D> ]](d-n)

i€[t] 1€[t] q

Furthermore, for each v € V(T'), the local code im(fUﬁE(v)) equals the puncturing C;, |p, of some
C;, down to some set P, C [2n] of components, where i, € [t], P,, and the bijection P, = E(v)
used to define the Tanner code'? depend only on n,t,v (and not on the choice of codes C1,...,Cy).
Specifically, each P, equals either [1:n], [n+1:2n], or [1: 2n].

Additionally suppose for each i € [t] that we have a radius-p; time-T; decoder for C¢|[1:n] and
for Cilny1.0n)- Then there exists a radius p = Hie[t] pi time T = (t — 1)nt~1 Zz‘e[t] T; decoder for
T(T, F).

4.1 Proof of Theorem 4.1

We will construct I', F so that T(I", F) is a puncturing of the tensor code ®i€[t] C;. The dimension
and distance bounds, as well as the decoding algorithm, will then follow from those of the tensor
code.

To begin, we define a t-partite graph I' that has vertices corresponding to columns (in any of
the t directions) in the ¢-dimensional hypercube [2n]!, and edges connecting pairs of columns that
intersect. Formally,

V(@) =Viu---UV, witheach V;=[2n]I\M} = [2n]1,
A vertex v € V; corresponds to the direction-i column
cols(v) = [2n){" x v C [2n)*,

where above the [2n]{%} factor is moved into the ith position in v; € [2n)\M&. A pair of vertices
(v; € Vi, vj € V) forms an edge in E(I) if i < j and the projections of v;,v; onto all components
in [t] \ {4, 7} are equal, or equivalently, if col;(v;) N col;(v;) # 0.

To define T', recalling the notation [a : b] = {a,a+ 1,...,b} for a,b € Z, we let

V@) =ViU---UV, witheach V;=[n+1:2n) " x[1:n)+ C W

We let T be the subgraph of I' induced by V/(T').

128pecifically, the bijection is used to associate the components of C;, |p, C Ff;’“ with the components of F, C FqE(”).
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Claim 4.2. Define sets By, ..., E_1, E C [2n]" by

Ei=[n+1:2n)" 5 [1:n) M vi<i<e—1

E = |_| E;.

€t—1]

Then there is an isomorphism
ed: E = E(T)

that maps e = (e1,...,e;) € E; to ed(e) = (v,v') € E(T') where
v="(e1,...,€_1,€i41,...,€1) €E Vi, v =(e1,...,€;,€i12,...,6) € Vit1.

In particular, T is bipartite, and for v € V(I'),

deg(v) = n, veViuV (19)
s = 2n, v e Vol ---UViq.

Proof. For i,j € [t] with i < j — 1, the projections of V; and V; onto component ¢ + 1 are [1 : n]
and [n + 1 : 2n] respectively, so I' has no edges between V; and Vj.

Therefore all edges in E(T') liein V; x V41 fori € [t—1]. Eachv = (e1,...,ei—1,€i41,...,e1) € V]
by definition has an edge to v = (e1,...,€;,€;49,...,€;) € Vipq for every e; € [n+ 1 : 2n], so the
claim follows.

It also follows that I' is bipartite, with left vertices V3 U Vs U - -+ and right vertices Vo LIV LI---.
Each vertex in V; has n neighbors in V;_; (unless ¢ = 1) and n neighbors in V;1; (unless i = t), so
Equation (19) follows. O

In light of Claim 4.2, we may view edges in E(T") as elements of E = [_]ie[tfl} E;, where a vertex
v € V; lies in an edge e € E if e € col;(v).

With this view, we are ready to define the system of local codes F = F(C4,...,Cy) on I'. For
a vertex v € V; for some i € [t], we choose F,_, g, to give local code

lm(vaE(v)) = Ci‘coli(v)ﬁE‘

~

To make sense of this definition, recall that the set col;(v) = [2n]U x v = [2n] is naturally in
bijection with the 2n components of C; C Fg”. Meanwhile, the first n elements of col;(v) lie in E;_;
(unless ¢ = 1 in which case they lie outside F), and the last n elements of col;(v) lie in F; (unless
i =t in which case they lie outside ). Hence im(F,_,g(,)) = C; for every 2 < i <t — 1, while
for i = 1 or i =t then im(F,_,g(,)) is obtained by restricting C; to the last or first n components,
respectively.

[2n]*

Claim 4.3. Let C = ®ie[t] C; C Fg%]t. Then the restriction map Resg : Fqg " — Ff induces an

isomorphism Resg |c : C = T(T, F).

Proof. We show the result by induction on ¢. For the base case, when t = 2, we have £ = F; =
[n+1:2n] x [1:n]. Hence by definition of the local codes,

T(Fw]:) = (Cl‘[n+1:2n]) ® (CQ‘[ln])
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On the other hand, C|g = (C1|jn11:2n]) ® (C2|[1:n)), and hence T(I', F) = C|g.

Furthermore, since dy, ds > n, the restriction map from each C; to its puncturing is an isomor-
phism. Therefore Resg |¢ : C — T(I', F) is an isomorphism.

For the inductive step, let ¢ > 2, and assume the claim holds for t — 1. By definition Resg(C) =
C|g lies inside T(T', F), as every constraint of T(I', F) simply checks consistency with C; inside
some subset of some direction-i column for some i € [t]. Furthermore, Resg |¢ is injective: for
c € C with ¢[g = 0, then c|g, = c|jpq1:20)x[1:)i-1 = 0, 80 ¢ = 0 because every C; has distance
d; > n (similarly as in the ¢ = 2 case above).

Hence it remains to show that Resg |¢ is surjective onto T(I", F). For this purpose, fix some
c € T(I',F). We will construct some ¢’ € C with ¢’|gp = ¢. First, for each j € [1 : n], we
define a subgraph I'|;—,; of I" consisting of those vertices and edges that are entirely contained in
[2n](E=1 x {1 C [2n]¥. Formally, for i € [t — 1], let Vi|—; C V; be the set of vertices v € V; with
vy = 7, and let Ei]tﬁj C FE; be the set of edges e € E; with e; = j. Then we let

V(@lss) = || Viliss
i€t—1]

F‘t—m |_| E’t—m
i€t—2]

For each j € [1 : n], by definition I'|;—,; is isomorphic to I'(n, ¢ —1) (recall here that I' = I'(n, t)).
It follows that the restriction of T(I',F) to components in E(I'|;—,;) must lie inside the code
T(I'(n,t — 1), F(Ch,...,Ci—1)) (recall that F = F(C4,...,C})), as every local code constraint in
the latter Tanner code is also a constraint in the former. Then by the inductive hypothesis, for
each j € [1 : n] there exists some ¢ € C1 ® - -- @ Cy—1 such that ¢}|gr(m-1)) = cler),,,)- Letting

¢ =(d,....d) € (C1® - ®C1) @FF" then it follows that
C/|Ei :C|Ei Vi € [t—2]. (20)

Now recall that every vertex v € V;_; imposes a constraint on ¢ € T(I', F) that requires the
2n components of ¢ in col;_;(v) C E to form a codeword in C;_;. The first n components of ¢ in
coly_1(v) lie inside E;_9, and hence agree with ¢ by Equation (20). Then because C;_1 has distance
d¢—1 > n, the last n components of ¢ in col;_1(v), which lie inside E;_1, also must agree with ¢'.
Applying this argument to every v € V;_1, we conclude that

c/|Et—1 = C|Et—1‘ (21)

Now every vertex v € V; imposes a constraint on ¢ € T(I', F) that requires the n components
of ¢ in coly(v) N Ey—1 C E to form a codeword in Ct|[1;n]- It follows that ¢|g, , = ¢|g,_, in fact lies
inside (C1 ® - ® Ci—1) ® C’t|[1:n]. Then because E;_1 =[n+1: 2n][”_1] x [1: n]{t} and every C;
has distance d; > n, there exists a unique ¢’ € C = C1 ® - -- ® Cy for which ’|g,_, = |g,_,, and
" |fanjt-1x[1:) = €. Thus ¢"|g = /| g, which equals c|g by Equations (20) and (21), as desired. [

Proof of Theorem 4.1. It only remains to show that T(I', F) has parameters [N, K, D], and a
radius-p time-T" decoder as given in the statement of Theorem 4.1. The length is by definition

=|E|= ) |El=(-1n'

i€[t—1]
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Letting €' = @), ¢ Ci, by Claim 4.3 the dimension of T(I', F) is

K =dim(C) = [] k.
1€[t]

Also by Claim 4.3, the distance D of T(I', F) is at least the minimum value of |¢|g, | for any nonzero
c € C. Because By = [n+1:2n] x [1:n]'~!, we have

t
Clg, = (Cl [n+1 2n] ®® C |[1n
1=2

and each factor has distance at least d; — n. Hence the minimum distance of C|g, is at least
[Licyy(di —n).

To show that T(T', F) has a radius-p = [ [,y pi time-T = (t— 1nt—1 >_icjy T decoder, it suffices
to show that the restriction T(I', F)| g, to each E; has a radius-p time-nt~1 >_icjy) i decoder, as then
we can decode the restriction to each FE; independently. But by Claim 4.3, each such restriction
T(I', F)|g,; is the tensor product of ¢ length-n codes, where the ith factor is either Cjly.,) or
Ci|[n+1:2n]' The statement of Theorem 4.1 assumes that each such factor code has a radius-p; time-
T; decoder. Hence by Lemma 2.6, their tensor product T(T', F)| g, has a radius-p time-n'~1 e L
decoder, as desired. O

5 Instantiations of High-Yield Transversal Gates

In this section, we present instantiations of quantum codes that have transversal gates with close-to-
linear logical yield and good locality. Specifically, we instantiate the transversal gate construction
in Theorem 3.1 with classical Tanner codes from Theorem 4.1, in various parameter regimes. Our
main instantiations are described in the corollaries below, which we will prove in Section 5.2.

We begin with the construction in Corollary 5.1 below, which has constant locality (i.e. constant
stabilizer weight). In this construction, we apply Theorem 4.1 with a high-dimensional tensor
product of constant-sized algebraic geometry codes.

Corollary 5.1. For every integer r > 3, every 0 < € < 1, and every prime p, there exists an
infinite family of r-tuples of
[N, K > N'", D> NO=9/,

quantum, codes (QM, L(i))ie[r} of locality Oy.c(1) and alphabet size g = p* for u = O, (1) with block
lengths N — oo, which support transversal C"~'Z gates of sparsity Or.¢(1) and logical yield > Nli=e,
These codes support radius-N1=9/" time-poly(N) decoders.

We next show how to slightly improve the distance, from N(~9/" in Corollary 5.1 above to
N7/ poly(log N) in Corollary 5.2 below, by applying Theorem 4.1 with slowly growing factor codes.
Specifically, the length of the factor codes grows polylogarithmically with respect to the length of
the final product code. As a result, our codes in Corollary 5.2 also have polylogarithmic locality
(rather than the constant locality in Corollary 5.1). We include Corollary 5.2 below primarily to
demonstrate that we can recover the precise parameter regimes achieved in [GL25].
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Corollary 5.2. For every integer r > 3, every 0 < ¢ < 1, and every prime p, there exists an
infinite family of r-tuples of

[N, K>N'"¢ D> Nl/T/(logN)Or,e(l)Hq

quantum codes (Q(, L(i))iE[T] of locality (log N)°r<() and alphabet size ¢ = p* foru = O,.(log,(log N))
with block lengths N — oo, which support transversal C"~'Z gates of sparsity (log N)O"f(l) and
logical yield > N1—¢.

Whereas Corollaries 5.1 and 5.2 above both have dimension and logical yield N'~¢, we show in
Corollary 5.3 below how to achieve linear dimension and logical yield ©(NN). The cost is that the
locality now grows as a small polynomial N€.

Corollary 5.3. For every integer r > 3, every 0 < € < 1, and every prime p, there exists an
infinite family of r-tuples of

[N, K = Qe(N), D = Q. (NV7)]]

quantum codes (Q(i),L(i))iem of locality N¢ and alphabet size ¢ = p" for u = O,(1) with block
lengths N — oo, which support transversal C"~'Z gates of sparsity N¢ and logical yield > Q. (N).
These codes support radius-Qy..(N'/™) time-poly(N) decoders.

The alphabet sizes, as well as the sparsities of the transversal gates, in Corollaries 5.1 to 5.3
above are large constants or slowly-growing functions of the block length. However, these quantities
can be reduced to small constants using known techniques, with just a small degradation in other
parameters. Specifically, [GL25, Lemma 3.44] shows that the alphabet size can be reduced from
g = p* down to an arbitrary power of p (including down to p itself) with just a multiplicative uOr®
loss in other parameters. Similarly, [GL25, Lemma 3.45] shows that the transversal gate sparsity
can be reduced from w to 1, with just a multiplicative w®®) loss in other parameters. We omit the
details on these transformations to avoid redundancy with [GL25], and rather refer the reader to
the statements there.

While we use the classical Tanner codes from Theorem 4.1 to prove all three corollaries above,
we remark that Corollary 5.2 can be recovered by instead using the classical codes in [GL25,
Section 4]. Also, a result similar to Corollary 5.3 can be recovered by instead using the classical
codes in [KT26], though the codes of [KT26] have alphabet size growing with the block length,
and hence would require alphabet reduction to recover the constant alphabet size in Corollary 5.3.
Indeed, both [GL25, Section 4] and [KT26] provide classical Tanner codes on carefully designed
graphs to ensure high rate when using local Reed-Solomon codes with a multiplication property.
These graphs have the additional advantage of being good spectral expanders, which may have
benefits such as for single-shot error-correction (see e.g. [FGL18, GTC"24]). In contrast, while we
do not show any spectral expansion bound for our graphs in Theorem 4.1, our Tanner codes are
arguably simpler to construct. Furthermore, the constructions of [GL25, Section 4] and [KT26]
require graphs of super-constant degree, so they cannot be used to obtain codes of constant locality
(i.e. LDPC) as in Corollary 5.1.

5.1 Algebraic Classical Codes

In this section, we state the parameters of some well-known families of (non-LDPC) classical codes
with a multiplication property. We will instantiate the Tanner codes in Theorem 4.1 with these
codes.
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We first state the parameters of Reed-Solomon codes in Lemma 5.4 below, whose codewords
consist of evaluations on 2n points of degree < k polynomials over a finite field F;. These codes
satisfy a multiplication property because the product of r polynomials of degree < k is a polynomial
of degree < r(k — 1)+ 1. For details on Reed-Solomon codes, see for instance [GRS22, Chapter 5].

Lemma 5.4 (Reed-Solomon codes; well known, see e.g. [GRS22]). For every integer r > 2, every
prime power q, and every choice of integers n < q/2 and k < 2n/r + 1, there exists a [2n,k,2n —
k+ 1], classical code C, such that C*" is a [2n,r(k — 1) +1,2n —r(k — 1)], code.

We state the parameters of algebraic geometry (AG) codes in Lemma 5.5 below. These codes
reduce the alphabet size of Reed-Solomon codes to a constant, at the cost of a slightly worse rate-
distance tradeoff. The statement below for instance follows directly from [CR21, Theorem 21, &
Section 4.2] (rate and distance bounds), [CR21, Equation (17)] (multiplication property, i.e. ex-
pression for C*"~1), and [CR21, Theorem 75] (polynomial-time decoder).

Lemma 5.5 (Algebraic geometry codes [GS95, SV90]). Fiz an integer r > 2 and a prime p. Then
for infinitely many n € N, there exist codes C' with parameters [2n,k,d), such that k > n/4r,
d > 3n/2, ¢ = p* for some integer u = O,(1), and such that C*"~' has distance d' > 3n/2.
Furthermore, all four restricted codes

C|[1:n}7 C’[n+1:2n]v C*Til‘[lzn]) C*T71|[n+1:2n] (22)
have radius-n/4 time-poly(n) decoders.

Note that in Lemma 5.5, the restriction (i.e. puncturing) of an AG code to a subset of coordinates
is still an AG code, so known decoders (e.g. [SV90]) can be applied.

5.2 Tanner Code Instantiations

We now apply the codes in Section 5.1 to prove the corollaries stated at the start of Section 5.

Proof of Corollary 5.1. By Lemma 5.5, for infinitely many n € N there exist codes C' with param-
eters [2n, k,d], such that k > n/4r, d > 3n/2, ¢ = p* for some integer u = O, (1), and such that
C*~1 has distance d’ > 3n/2. Furthermore, all four restricted codes in Equation (22) have radius-
n/4 time-poly(n) decoders. We fix some n = n(r, €) sufficiently large such that k > n/4r > n'=</2,
so that n/4 and d' —n, d —n > n/2 are also at least n'~</2,

Then for ¢t € N, let I' = I'(n,t) and F = F(Cy = C,...,C; = C) be defined as in Theorem 4.1.
We now think of r,e and n = n(r,€) as fixed while ¢ — oo. Then by Theorem 4.1, T(T', ) has
length Ny = (¢t — 1)n' with ¢ = ©,.((log Ny), and has dimension Ky = k' > n(=¢/2)t and distance
Do > (d —n)t > n1=</2t such that T(T,F*~1) also has distance D} > (d' — n)t > n(1=¢/2t,
Theorem 4.1 also implies that T(T, F) and T(I', 7*"~1) have radius-pg = (n/4)" > n1=</2) time-
poly(n') = poly(Ny) decoders. Here by definition n=¢/2t >, .(Ny/log No)' /2.

We now apply Theorem 3.1 with I and with F&) = ... = FO-1) = F and F) = F*—1 We
let M be any maximal extendable set of T(I', F), so that |M| = Ky. Assuming ¢ is sufficiently
large, then by Theorem 3.1, the resulting subsystem codes (Q¥, L)) have length N = ©,(Ny)",
distance

D > min{(Dy/n)" "%, Dy} > NU=9/T,
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locality O;.((1), and support transversal C"~1Z gates of sparsity O, (1) with logical yield at least
|M|" = K > N

The codes’ dimension is at least the logical yield K > |M|" > N'=¢. Theorem 3.1 also implies that
each (QW, L) has a radius-p = min{(pg/2n)" ', po} > NU=9/" time-poly(N) decoder. O

Proof of Corollary 5.2. By Lemma 5.4, for every n € N there exists a code C' with parameters
[2n, k,d], such that k = [n'=/?], d = 2n — (k — 1), ¢ = p* where u = [log,(2n)], and such that
C* =1 has distance d’ = 2n — (r — 1)(k — 1). We let t = t(e,n) = [n/*], and we think of n — co
as r, € remain fixed.

Then let I' = I'(n,t) and F = F(Cy = C,...,Cy = C) be defined as in Theorem 4.1. By
Theorem 4.1, T(T', F) has length Ny = (t — 1)n* with ¢,n = (log Ny)®<(!), dimension

Ky = kt > n(l—s/?)t > N(]1_6/2/(10gN0)e€(1),
and distance
DO Z (d _ n)t Z (n _ nl—E/Q)t 2 nt . (1 _ n—e/Q)n€/4 _ @(nt) 2 NO/(IOgNO)@r’€(1)7

such that T(T, F*"~1) has distance satisfying the same bound D} > (d' —n)* > Ny/(log Ny)®r<(1).

We now apply Theorem 3.1 with T' and with FO = ... = FO-1) = F and F) = F+r—1,
We let M be any maximal extendable set of T(I', F), so that |M| = Ky. Assuming n is suffi-
ciently large, then by Theorem 3.1, the resulting subsystem codes (Q(i),L(i)) have length N =
0, (No)" /nO M) = ©,(Ny)"/(log Ng)Pr<(M) (where here we divide ©,(Ny)" by n (1) to account for
the fact that |CO(T', F®))| may be smaller than Ny = |C(I', F®)| by a factor of O(n/?), as the
local code C has dimension [n'~¢/?]), distance

D > min{(Dy/n)" ", Dy} > Nl/r/(log N)Gr,e(l)7

locality < r(2n)2 < (log N)®<()| and support transversal C"~1Z gates of sparsity < (8n)” <
(log N)®r<(1) wwith logical yield at least

|M|" = K} > N7

The codes’ dimension is at least the logical yield K > |M|" > N1~
Because 1 = (log No)¥(!) = (log N)®<()), our codes have alphabet size ¢ = p* for

u = [log,(2n)] = O, (log,(log N)).
O

Proof of Corollary 5.3. By Lemma 5.5, for infinitely many n € N there exist codes C' with pa-
rameters [2n, k, d], such that k& > n/4r, d > 3n/2, ¢ = p* for some integer u = O, (1), and such
that C*"~! has distance d’ > 3n/2. Furthermore, all four restricted codes in Equation (22) have
radius-n /4 time-poly(n) decoders. We fix t = t(r, €) = [2r? /€], and think of n — 00 as 7, €, ¢ remain
fixed.

Then let I' = I'(n,t) and F = F(Cy = C,...,Cy = C) be defined as in Theorem 4.1. By
Theorem 4.1, T(T, F) has length Ny = (t — 1)n’ = 0,.(n'), dimension Ky = k' > Q, (Ny), and
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distance Dy > (d — n)t > Q,.(Np), such that T(I', F**~1) also has distance D} > (d' — n)t >
Q,¢(Nog). Theorem 4.1 also implies that T(T,F) and T(I', F*"~1) have radius-py = (n/4)! >
Q. (No) time-poly(n') = poly(Ny) decoders.

We now apply Theorem 3.1 with I and with F) = ... = FO=1) = F and F) = F*=1 We
let M be any maximal extendable set of T(I", F), so that |[M| = Ky. Assuming n is sufficiently
large, and recalling that

N = er,e(Ng) = @r,e(nrt) > Qr,e(n2r3/€)a
then by Theorem 3.1, the resulting subsystem codes (Q(¥), L) have length N, distance
D > min{(Do/n)" Y, Dh} > Q. (N7,

locality < 7(2n)? < N¢, and support transversal C"~'Z gates of sparsity < (Sn)”2 < N€ with
logical yield at least

[M[" = Kg = Q. o(N).
The codes’ dimension is at least the logical yield K > |M|" > Q, (N). Theorem 3.1 also implies
that each (Q®, L") has a radius-p = min{(po/2n)" ", po} > Q.(N'/") time-poly(N) decoder. [
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A Addressable Gates

In this section, we describe how to render our transversal C"~'Z gates addressable. That is, in
Section 2.2 we defined a transversal C"~1Z gate with logical yield s to be a (low-depth) physical
circuit that induces logical C"~'Z gates on some s disjoint r-tuples of qudits under some choice
of logical basis. However, if we fix the code and logical basis, we could ask for different low-depth
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physical circuits implementing logical C"~'Z gates on different choices of qudits. Such flexibility
in the choice of logical action is referred to as addressability (see e.g. [HVWZ25b, HVWZ25a]). We
will specifically show how to extend Theorem 3.1, and as a consequence Corollaries 5.1 to 5.3, to
obtain such addressability.

A typical form of addressability is the ability to perform C"~!Z gates on arbitrary subsets of a
pre-specified collection of r-tuples of logical qudits (with a pre-specified choice of basis). This form
of addressability is immediately implied by the ability to perform C"Z gates. Specifically, we can
partition qudits into (r + 1)-tuples, and place the first qudit in each tuple in a computational basis
“control” state. A control value of |a) ensures that applying C"Z to the tuple induces the action
of C"~1Z% on the remaining r qudits in the tuple.

In our setting of transversal gates across code blocks, this idea allows us to use transversal C"Z
across r + 1 code blocks to implement addressable C"~!'Z across r code blocks. Indeed, we simply
use the first code block as a control block. This block’s logical state is always a computational
basis state, and can be modified by applying (depth-1) logical Pauli-X operators. Applying our
transversal C"Z gate then induces addressable C"~'Z on the remaining r code blocks.

One downside of this approach is that our main constructions of codes supporting transversal
C™1Z all have distance at most O(N'/"), where N denotes the block length (Corollaries 5.1 to 5.3).
Therefore addressable C"~1Z via transversal C"Z would require codes of distance O(N'/("+1)),
which is lower than the distance O(N'/") of our codes with non-addressable transversal C™~'Z.
Below, we describe how to modify our construction to increase the distance back to O(N'/") while
retaining addressable C"~!1Z. We begin with a formal definition of addressable gates.

Definition A.1. We say subsystem codes (Q¥, L®) over F, for i € [r] support a addressable
C1Z gates of sparsity w and logical yield s if for every i € [r] there exist zgz), . .,zgl) € Lg)
with the following property: for every a € Fy, there exists a cohomology-invariant form f, (see

Definitions 2.10 and 2.12) of sparsity w for which
fa(zéll), . ,zé:)) =ap, - Lp—zp, Yli,... .0 € [s].

Similarly as described for (non-addressable) transversal gates in Section 2.2, an addressable
C"1Z gate of sparsity w and logical yield s in the sense of Definition A.1 provides, for every
a € T, a physical circuit Cr=1Zfa of depth rw (Fact 2.11) that implements logical C"~1Z% =
&®;_; C"1Z% on the s tuples of logical qudits respectively specified by (zél), e ,zy)) for ¢ € [s].

We now provide our extension of Theorem 3.1 to addressable gates:

Theorem A.2. Define all variables as in Section 3.1. Assume that we have an additional system
of local codes F©) on T such that M C E(T') is also an extendable set for T(T', F©), and such that
in place of Equation (9) we have

~—
*
—-
=)
—_
-
—

D) im(F) €

v—E(v) U*)E(U))' (23)

Then the quantum codes Q9 at level 1 of A for i € [r] have subsystems LY that support address-
able C"~1Z gates of sparsity < (4A)T2 and logical yield > |M|". Furthermore, if for every j € [r] the
classical code T(T, F9)) has distance d9) and supports a radius-p) time-poly(A, |V (T)|) decoder,
then (Q(i),L(i)) is a quantum subsystem code of locality < rA?, X-distance dx > d™, and Z-
distance dy > (2/A)"=1 . dMd? ... a1 " which supports a radius-min{p) ... pr=1) /AT=1 " 51
time-poly (A, |[V(T')])" decoder.
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The proof of Theorem A.2 is similar to that of Theorem 3.1, with just some minor modifications.
We therefore simply describe the necessary changes:

Proof sketch of Theorem A.2. The choice of subsystems L(®), and the associated distance and de-
coder analysis, are identical to those in Equation (12), Claim 3.7, Claim 3.8 respectively in the proof
of Theorem 3.1. Therefore it remains to be shown that assuming Equation (23), the subsystem
codes (Q®, LM™) support addressable C"~1Z gates of sparsity < (4A)’"2 and logical yield > |M]|".

For this purpose, for every e(?) = (egz), . .,e,(f)) € M", we define zizz) € Z'(A9) as in Equa-
tion (17), so that the associated cohomology class zg) + BY(AD) lies in Lg), as shown in the proof
of Theorem 3.1.

Our goal is then to show that for every a € ]Ff]\/[ " there exists a cohomology-invariant form f,

of sparsity < (4A)™ for which

fa(zi(ll)), cen 222)) =a,0) - Loa)—..—om) Ve(l), ... ,e(r) e M. (24)
To define f,, we first observe that Equation (23) implies that all codewords in im(]—"éz E(U)) *
im(]—"él_)) E(v)) SRR im(fir_}_é)(v)) * im(]—"y_)> E(v))L have entries summing to 0, or equivalently, that
1 . r—1 . r . 0
(7,0 ) # o im(F ) < imn(E )t € (R g

Therefore because M C E(T) is extendable for T(I', F(0) = 7, (I’,]—"(O)L) (see Fact 2.21), then
defining ¢’ = C*(T, FD s .+ F=Dx F(O) as in Equation (13), it follows that Z;(C’) 2 T(T, FO),
so M is also extendable for Z1(C'). Also defining A’ = C’®" as in Equation (13), then it furthermore
follows that M"™ C E(T')" is extendable for Z;(C")*" = Z,.(A’), where the final equality holds by
the Kiinneth formula. Thus there exists a cycle z, € Z,.(A’) for which the restriction

Za|Mr = a. (25)
We then define the multilinear form
fa:.A(l)1 oo x ADY

by
fa(b(l)) .. 7b(T)) = <Za7b(1) o b(r)>7 (26)

where the cup product ¥ — ... — b(") € A’ in Equation (26) is defined using Definition 3.4
and Lemma 3.6 as in the proof of Claim 3.8 in Theorem 3.1.

Cohomology-invariance of f, follows by an analogous argument as used to show Claim 3.10.
Equation (24) then follows immediately from Equations (18) and (25). Meanwhile, f, has sparsity
< (4A)’"2 by the exact same proof as given in Claim 3.9 in the proof of Theorem 3.1. Thus the
subsystem codes (Q(), L() support addressable C"~1Z gates of sparsity < (ZLA)’"2 and logical yield
> |M]|", as desired. O

Theorem A.2 provides quantum codes with addressable C™~1Z gates given as input classical
Tanner codes satisfying the multiplication property in Equation (23), analogously to how Theo-
rem 3.1 provides quantum codes with (non-addressable) transversal C"~1Z gates given as input
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classical Tanner codes satisfying the multiplication property in Equation (9). The only difference
between these two multiplication properties is that Equation (23) takes the component-wise product
of r factor codes, whereas Equation (9) only takes the product of » — 1 factor codes. Our instantia-
tions of Theorem 3.1 in Corollaries 5.1 to 5.3 (using Theorem 4.1) are based on the Reed-Solomon
and algebraic-geometry codes in Lemmas 5.4 and 5.5, which satisfy multiplication properties for ar-
bitrary constants 7, up to changes in constant factors in the dimension and distance bounds. Hence
Corollaries 5.1 to 5.3 also hold for addressable gates (as opposed to simply transversal gates), with
the same parameters up to changes in the constants hidden by the big-Os.
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