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Abstract

We provide a deterministic polynomial-time list decoding algorithm for Reed—Solomon codes over
prime fields that approaches list decoding capacity on every evaluation set in the low (constant) rate
regime.

1 Introduction

In the field of coding theory, the most fundamental error-correcting code is the Reed—Solomon (RS)
code [RS60] which has found numerous practical applications including in data storage [PS85, P1a97, PLS+09,
GW16], wireless communication [WHPHS87, Wic92, KV03, GKKGO06], and cryptography [Sha79, MS81,
CCDS88, RB89, Ped91, FY92, JS06b, Gol07, SWO08, BGW19, BBHR18, ACFY24, ACFY25]. Simply
stated, a Reed—Solomon interprets a message to be transmitted as the coefficients of a low-degree univariate
polynomial which is then evaluated at many evaluation points to introduce redundancy. More formally, given
a finite field IF, and distinct evaluation points ay, .. ., @, € Fy, one can construct a Reed—Solomon code of
block length n and rate R := k/n as follows:

RS,.k(ai,...,an) = {(P(a]), s Plan)) € Fy 0 P € Fy[X] and deg P < k} .

A defining characteristic of Reed—Solomon codes is that they are maximum distance separable (MDS).
In other words, every nonzero codeword ¢ € RS, x (a1, ..., a,) has Hamming weight at least n — k + 1.
Equivalently, the code has relative distance 6 = "‘T"“, perfectly meeting the Singleton bound [Sin64]. From
the perspective of error-correction, where we receive a message y € 7, Reed-Solomon codes have optimal
unique decoding. Concretely, if there exists a codeword ¢ € RS,, ¢ («1, ..., @,) with Hamming distance at
most L"T"‘J (approximately (1 — R)/2 relative distance) from y, then ¢ is unique and in fact can be found
efficiently [Pet60, GZ61, Ber68, Mas69].

A much more ambitious quest by the coding theory community has been to understand the decodability
of Reed-Solomon codes beyond the unique decoding regime, namely in the paradigm of list decoding,

introduced independently by Elias [Eli57] and Wozencraft [Woz58]. In this setting, we seek to find a list
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of codewords which are within some specified Hamming distance of our corrupted message. By relaxing
this notion of recovery, a much larger fraction of errors can be recovered from [Sud97, GS99]. The concept
of list decoding has proved to be remarkably versatile, finding applications across the whole spectrum of
theoretical computer science such as pseudorandomness and randomness extraction [STVO01, Tre01, GUV09],
average-case complexity and hardness amplification [GL89, GRS00], cryptography and related combinatorial
problems [SSWO01, AGS03, JSO6a, AGKSO07], and interactive proof systems [BCI+23, BCH+26].

We say that a Reed—Solomon code is (p, L) list decodable if for every possible message y € Fy, there are
at most L codewords which have relative Hamming distance at most p from y. Unlike unique decoding which
fails to exist beyond a radius of (1 — R)/2, list decoding is a meaningful notion up to a radius of 1 — R, known
as list-decoding capacity [GRS12, Theorem 7.4.1] — beyond a radius of 1 — R, a list of size exponential in n
is always required. More precisely, we say that our Reed-Solomon code attains list-decoding capacity if for
any & > 0, our code is (1 — R — &, n% (1)) list decodable. A parameter regime of particular interest in this
paper is the low-rate regime (or high-noise regime) where rate R = ©(&) and (relative) radius p = 1 — &.

In general, it is not understood which Reed—Solomon codes achieve list-decoding capacity. For the
past three decades, the benchmark for the Reed—Solomon and other classes of codes has been the Johnson
radius of 1 — VR, for which the seminal works of Sudan [Sud97] and Guruswami and Sudan [GS99] gave
polynomial-time list-decoding algorithms' for RS codes, culminating in efficient decoding up to the Johnson
radius 1 — VR up to lower-order terms. This falls short of the list-decoding capacity 1 — R, leaving a substantial
gap between what is information-theoretically possible and what is known to be efficiently achievable for RS
codes.

The Johnson radius has served as a hard barrier for progress in the field for good reason. Several works
provided evidence of barriers to list decoding RS codes substantially beyond the Johnson radius [RR03, GR06,
CWO07, BKR10]. In particular, Ben-Sasson, Kopparty, and Radhakrishnan [BKR10] exhibited, over fields
of bounded characteristic, RS codes with superpolynomially large lists at decoding radius approaching the
Johnson bound in certain parameter regimes. Complementing these combinatorial obstructions, several works
established computational hardness for RS decoding at substantially larger decoding radius [GV05, CW07,
GGG18]. On the positive side, a recent line of work has shown that RS codes with random evaluation points
achieve list-decoding capacity with the optimal list size [RW 14, ST23, GLS+21, GST23, BGM24, GZ23,
AGL24, AGG+25].2 In fact, stronger results [BGM?24, GZ23, AGL24, AGG+25] attaining the generalized
Singleton bound of Shangguan and Tamo [ST23] are known for every fixed list size. In contrast, no explicit
family of RS codes is known to achieve comparable combinatorial guarantees. Moreover, even for the RS
codes with random evaluation points covered by these results, no efficient algorithm is known to attain their
beyond-Johnson decoding radius.

In part due to the lack of progress on list-decoding of RS codes beyond the Johnson codes, many coding
theorists considered variants of RS codes such as Parvaresh—Vardy codes [PV05], Folded Reed-Solomon
Codes [GRO8], and Univariate Multiplicity codes [KSY14]. In particular, foleded Reed—Solomon codes
introduced by Gurusawmi and Rudra [GROS] are the first explicit family of codes that can be efficiently list
decoded up to capacity, albeit with a field size n®1/¢) when e-close to capacity.

A subsequent line of work further developed and strengthened the folded Reed—Solomon framework,
improving various aspects of its list-decoding guarantees [GW 13, Kop15, KRSW23, GHKS24, Sri25, CZ25,
AHS26]. Related ideas have also led to several other explicit capacity-achieving algebraic codes such
as [GR21, GX22].

Despite this remarkable recent progress, the following fundamental question, dating back to the work of

IRecent work of Chatterjee, Harsha, and Kumar [CHK25] gives a deterministic polynomial-time list decoding algorithm up to the
Johnson radius.

2These are combinatorial results: they bound the number of codewords in a Hamming ball, without providing an efficient
algorithm for finding them.



Guruswami and Sudan, remains open.
Can Reed—Solomon codes of rate R be efficiently list decoded beyond the Johnson radius 1 — VR?

In fact, even an explicit Reed—Solomon code with combinatorial list-decoding bound beyond the Johnson

radius remained unknown 3.

In this paper, we resolve this question in the affirmative for sufficiently low but constant rates over prime
fields. Specifically, we give a polynomial-time algorithm that list decodes Reed—Solomon codes substantially
beyond the Johnson radius (even achieving list decoding capacity!) in this regime. The result holds for
arbitrary sets of distinct evaluation points, with no randomness assumption. A simplified statement of our
main result is given in the following informal theorem.

Theorem 1.1 (Main Result, Informal Version in Low (Constant) Rate Regime). Fix a constant parameter
0 € (0,1). Then there exists a constant £9(0) > 0 such that for every constant € with 9(6) > &€ > 0, any
Reed—-Solomon code with arbitrary distinct evaluation points over a prime field F, of size g = ©g o(n) and
rate

R<(1-6)¢

can be efficiently list decoded from up to 1 — € fraction of errors, with list size bounded by nPYe(1/€)

We remark that the Johnson radius only has rate Q(e?) with respect to the radius 1 — €. Below, we discuss
the origins of our new ideas and provide an overview of the techniques. See Theorem 4.1 for a more precise
asymptotic statement. It is notable to mention that in the regime for which n > ®¢_.(n/k), we can actually
select g = n. In particular, for small constant rates, our algorithm works for Reed—Solomon codes where the
evaluation points are precisely F,, itself.

1.1 Origins of the Main Ideas and Technique Overview

In the list-decoding problem, we are given the evaluation points (a; € Fy)! |, the received word (y; € Fy)!,,
the target agreement A, and the code dimension k. The goal is to find all polynomials P € Fy[X]<x—1
(i.e., with degree at most k — 1) such that 3}"" , [P(@;) = y;] > A in polynomial time, where A should be
as small as possible. Our algorithm still follows the high level template introduced by Sudan [Sud97] and
Guruswami—Sudan [GS99] consisting of interpolation and root-finding. In our setting however, the object
that we interpolate is significantly different. Indeed, rather than constructing an interpolating polynomial
involving only the unknown message polynomial P(X), we introduce several of its Hasse derivatives as
additional formal variables.

Recall that the Hasse derivatives are the coefficients in the formal Taylor expansion

P(X+T) = Z PUlx)T/.
j=0

Crucially, however, the decoder is not given any derivative information about the unknown polynomial P.
At each evaluation point «;, the only information available to us is the ordinary received value y;, and at an
agreement position we know only that

P(a;) = yi.

In particular, the values
P, ..., P ()

3Very recently, we learned through personal communication of partial derandomization results attaining the generalized Singleton
bound for a certain constant list size, albeit with a super-exponential alphabet size [CGG+26].



are completely unknown. A central challenge is therefore to impose interpolation constraints involving these
higher-order derivatives using only the zeroth-order agreement condition P(«;) = y;. The central idea is to con-
struct a multivariate polynomial Q which vanishes when evaluated on the tuple (P(X), Pll(x),...,Pldl(x ))
for every polynomial P which has sufficiently high agreement with the received word. With this context, our
algorithm consists of an interpolation procedure and a root-finding procedure.

1. Interpolation Step. Find a non-zero polynomial Q € F,[X,Yo,Y1,...,Yq] with (1, k—1,...,k—-d—1)-
degree less than mA, where d represents the highest-order Hasse derivative we consider, and m is our
target root multiplicity. In other words, for every monomial XY °Y/'Y,” - - - Y/ appearing in Q, we have
thata+ (k—1)jo+(k—2)j1+---+(k—d—1)j; < mA. This property ensures that for any polynomial
P € F,[X] of degree less than k, we have that Q(X, P(X), PUI(X),..., Pl9l(X)) is a univariate
polynomial of degree less than mA. We also require that Q satisfies the following additional constraint:
If P € Fy[X]<x-1 satisfies P(a;) = y;, then (X — a;)" is a factor of Q(X, P(X), ..., Pl4l(X)). The
degree restrictions on Q are chosen so that, for every polynomial P € F,[X]<x1,

degy O(X, P(X), P (X),..., Pl (X)) < mA.

Consequently, if P agrees with the received word in at least A positions, then the multiplicity condition
above gives at least mA roots of this polynomial counted with multiplicity, which guarantees

(X, P(x), P (x),..., Pl (X)) = 0. (1)

We call this space of the polynomials satisfying such degree restrictions our interpolation space and
henceforth denote it by Q. For technical reasons, it will also be helpful to isolate the allowed monomials
involving only Y3, . .., Y; and denote them by 5.

2. Root-finding Step. Having found Q as above, the guarantee in (1) reduces our list-decoding problem to
aroot-finding one. Namely, we must find all low degree P € F, [ X]<x_1 which satisfy (1). Fortunately,
this can be done by using the Univariate Multiplicity decoder of Kopparty [Kop15] essentially as a
blackbox. Altogether, we are guaranteed to find a list containing every polynomial P with agreement at
least A. Since this procedure may also find spurious polynomials, we check that for each such recovered
P whether it is indeed a solution with at least A agreements with the received word.

Finding the Prescribed Q. Given the above outline, one can see that the main difficulty is therefore the
interpolation step: how can we construct a nonzero Q satisfying the required multiplicity condition without
knowing the candidate polynomial P?

Fix one evaluation point ; and received value y; € F,. When P € F,[X] satisfies P(«a;) = y;, we require
(X —a;))™ | Q(X,P(X),..., P (X)), which is equivalent to

0 (a,- +T,P(a; +T), P (a; +T),..., P19 (o + T)) =0 mod T". )

Notice that there is already an issue here. We do not know any of the values

Pla; +T), P! (a; +T),...,P1%(o; + T).

A naive approach is to introduce formal variables Yy, . . ., Y for the respective derivatives above, and simply
require

Q(a;+T,Yp,....,Yq) =0 (mod T™), (3)
over every formal choice of Yy, . . ., Yz where the congruence is in F, [T, Yy, . . ., Yq]. Then, to find our desired

interpolant Q, we set up a homogeneous linear system in variables corresponding to the monomials in Q with
one equation per constraint imposed. Unfortunately, this approach leads to more constraints than monomials
and thus has no guarantee of a non-zero solution.



Reducing the Interpolation Constraints. Observe that such a requirement is far stronger than necessary,
however. Indeed, we only need the condition to hold for tuples that can arise from a polynomial passing
through (a;, y;). The key observation is that these tuples are not actually arbitrary. By the backward Taylor

identity, they satisfy the relation
d

Yo =yi+ > (-)/*'17Y; + TE. @)
j=1
where E is a remainder term divisible by 7.
Thus, our first improvement over the naive method above is to no longer allow Yy to vary independently of
Y1,...,Y,. Instead, we substitute Y; according to the Taylor relation (4), while treating Y;,...,Y; and E as
free formal variables.

After this substitution, we expand

d
Ola; +T, yi+2(—1)j+1Tij+TE, Yio. o Ya|= ) qpe(T)EPYS.
= b,

oy

we impose the constraints
qp,z(T) =0 (mod T"~7) 5)

for all b such that bd < m. Note the reason we have different moduli per exponent b is that the term E?
supposedly contributes a factor of 747 already, while we need the overall term ¢ pe(TE by€ to vanish modulo
",

These constraints are imposed at all received points «;, for i € [r]. The substitution performed is what
allows us to only impose the vanishing condition at a more restricted class of structured points consistent with
genuine successive derivatives.

Finally, to carefully bound the number of linearly independent constraints imposed in this way, we view the
local constraints at each received point as a linear map on the interpolation space and upper bound its rank.
We do this by finding a large dimensional subspace in the kernel of this map and then performing a careful
counting argument involving weighted lattice-points. We remark that there is a more direct way to count
the number of linearly independent constraints, but we include the current approach as it reveals non-trivial
structure about the kernel of the constraint map and could potentially be useful towards extending our results
to higher rates or improving other constant dependencies.

Comparison with Guruswami-Sudan [GS99]. The Guruswami—Sudan algorithm [GS99] focuses on (2)
in the case d = 0, but they cannot express P(«a; + T), either. [GS99] instead imposes a stronger condition that

forall a, b > 0 with a + b < m, the coefficient of T*Y? in O(a; +T,y; +Y) must be zero. (6)

We can prove that (6) implies the target (2) when d = 0 so it suffices to ensure that (6) holds for all i € [n].
Indeed these coefficients can be expressed as a known linear combination of (cz)req. For eachi € [n], (6)
introduces (m; 1) linear constraints, so there are M = (m; l)n constraints in total. To ensure such a solution
exists, it suffices to set parameters so that |Q| > M. A suitable calculation shows this is only possible when
A > Vnk. Importantly, using (6) as a proxy for (2) incurs a substantial inefficiency in the derivation of Q. As

such, the Guruswami—Sudan algorithm is unable to go beyond the Johnson bound.
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2 Preliminaries

Unless otherwise stated, we let ¢ denote a sufficiently large prime.

Hasse derivatives. Given a univariate polynomial P = Zf.‘:_ol a; X' € F,4[X], we define its ¢-th Hasse
derivative (e.g., [DKSS13]) to be

k=1 /.
[£] - L) it
pPll(x) = ; ({))a,x .
Crucially, the Hasse derivatives satisfy the identity that
k-1

P(X+T)= > PUI(X)T, )
£=0

Substituting X’ = X + T and 77 = —T into the above formula gives us the Mobius inversion

k-1

P(X) =) PUI(X +T)(-T)", 8)

=0

which we make key use of in our interpolation.

Weighted Degrees. Given a multivariate polynomial Q € F,[Xj, ..., Xg], we define the weighted degree
of Q with respect to weights wy, ..., wg € Zs¢ to be the maximum value of wji; + - - - + wgiyz among all
monomials X i bees Xild appearing in Q. We denote this quantity by deg,,  ,, Q. In the special case where
w; =1landw; =0forall j € [d] \ {i}, we denote this weighted degree more succinctly by degy. Q.

4See the submission here: https://github.com/proximity-prize/proximity-prize/pull/122.
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Solving Polynomial Differential Equations. A crucial ingredient in our list-decoding algorithm is finding
all univariate polynomials P € F,[X] with deg P < k — 1 which satisfy the identity

ox,P(x), P (x),...,PlY (X)) =0 9)

for some (fixed) multivariable polynomial Q € F,[X,Yy,Y1,...,Y4]. By aresult of Kopparty [Kopl5] (see
also [KT22]), as long as our prime field g is larger than some suitable weighted degrees of Q, we can find a
list of all such P efficiently. We state this result as follows.

Theorem 2.1 (Theorem 4.3 [Kopl5], restated). Assume q > k > d with q prime. Assume nonzero
Q € Fy[X,Yo,...,Yq] satisfies degy. Q < q foralli € {0, 1, ...,d} and that

2
degy j_1 k-2, k-a-19 <9q",

.....

then one can find, in g2 time, all P € F,[X] of degree at most k — 1 satisfying (9). Furthermore, the
number of such P found is at most g*¢*°.

3 Novel Interpolation via Hidden Derivatives

Our goal in this section is to interpolate an explainer polynomial Q € F,[X,Yy,Y1,...,Y4] which at a high
level has the following two properties

* O is “low-degree” under some suitable notions of low-degree.

* For any degree at most k — 1 polynomial P with desired agreement with the received word y =
(V1,-..,yn) € F}, P satisfies

0(x,P(x), PN (x),..., Pl (X)) =0.

By computing Q satisfying these two properties, we can later efficiently find all low-degree polynomials
sufficiently correlated with the received word by finding all P satisfying the relation in the second item.

List of Parameters. Fix a target list decoding radius 1 — ¢ and a slack 8 € (0, 1) as in Theorem 1.1. We set

A = [en], d= [8_3/9], m=d>, (10)
mA

We additionally make the rate assumption that

R=Z<(1-6)e (12)

S|

Intuitively, A represents the minimum agreement for our decoder, d is the maximum order of a Hasse
derivative considered by Q, m is the multiplicity we impose on each received point, and B is the maximum
degree of Q with respect to the inputs Yy, ..., Yg.



Local Constraints at Each Received Point (o, y). We require Q to satisfy a series of local constraints at
each received point (@, y). The purpose of these constraints is to ensure that if a candidate polynomial P
satisfies P(a) = y, then the specialization

(X, P(X), Pl (X),..., P4 (X))

has a zero of multiplicity at least m at X = @. The constraint is motivated by trying to match the low degree
terms in (13). In particular, setting P(«) = y there and looking at terms of T-degree at most d, we can write

Pl@a+T)=y+TP(a+T)-T?PPla+T) + -+ (-D'TIPI (¢ + T) mod T*'.  (13)

Thus, although we do not know the derivatives of P at the time of interpolation, any polynomial passing
through (e, y), along with its derivatives, must satisfy this formal relation.

We encode this relation by introducing formal variables Y1, . . ., Y4 and a remainder variable E, and making
the substitution
X=a+T, Yo=y+TY —T?Ys + -+ (=17, + TE.

For a polynomial P satisfying P(a) = y, after setting ¥; = PlLil(a@ +T), the corresponding remainder satisfies
E=0 modT7.
Hence, our explainer polynomial can encode this relation as follows. Make the substitution

d
QT EYy,....Yq) :=0la+T,y+ ) (-1)/"'T/Y; + TE,Y,...,Y,
=1 (14)
= ape(MEY Y,
b.e

where the g, ;(T') € F,[T] are coefficients. We enforce the following local constraint for every (a, y) and
nonnegative (b, €) := (b, ey, e, ...,eq) € Z4*! such that db < m:

qp.(T) =0 mod TP (15)
Note that these are homogeneous linear constraints on the coefficients of Q.
Lemma 3.1. Suppose P(a) =y, and suppose Q satisfies (15) at (a,y). Then

Q(a +T, P(a+T), P (a+T),..., Pl +T)) =0 mod T™.

Proof. We can write

d
Ola+T,y+ ) (-D)/"'"TY; +TE, Y1,....Ya|= Y qps(T)E"Y{ - Y54
J=1 b,é
Now substitute _
Y; = PVl (@ +T)
for each j € [d] and
Pla+T) -y -39 (-1)/*'TIPUl(a +T)

T



Under this substitution, the second input to Q now becomes P(a + T) and by (13), we have Ep(T) = 0
mod T¢. Hence Ep(T)? is divisible by T9?. If db < m, the local constraint imposed by (15) gives

qp:(T) =0 mod Tm=db,

SO qb,g(T)Ep(T)b is divisible by 7. If db > m, then Ep(T)? is already divisible by 7. Thus every
summand in (14) is divisible by 77, and therefore

Q(a/ +T, P(a+T), P la+T), ..., P +T)) =0 mod T". 0

3.1 Dimension of the Interpolation Space

Here we define the monomials that we use when interpolating Q and give a lower bound on their number. For

c=(cp,...,cq) € Zigl,

it will be helpful to define.

d
we)= (G =Dej lel=>lej  ¥e=]]ry
j=2

j=2 j=2

QU
QU

The function w tracks a weighted-degree like quantity, assigning weight j — 1 to the variable Y;. To give
some intuition, it will be used as follows. When writing out a Taylor expansion and replacing successive
derivatives with Yy, ..., Y,, we get an expression that looks like }; ij(_l)j T/-ly ;. Then, w(c) gives the
degree of T in any coefficient of the monomial Y when raising this expression to any power. To see this,
observe that Y; can only occur with T/~ hence a power Y;j must be accompanied by a factor 7¢ =< On
the other hand, |c|, is simply the unweighted degree of the monomial Y.

Now we set N
1+6
_ |+ 0/2)dm -

log(ed)

Let
d-1 360
B=1(ceZl; w()<W, |[c]< 1+Z mi;.
and finally, let our space of interpolants Q € F,[X, Yy, ..., Y] be the span of the monomials

aabOEZZO7 C€B7 Osblsm’
XYYP'YC o by + by +]c| < B, : (18)
a+ (k—=1)(bg+ by +|c|) <mA

At a high level, requiring ¢ € B restricts both ordinary degree and w-weighted degree of monomials in the
variable Y5, ..., Y;, while a separate degree requirement is imposed on the variable Y| for our interpolant
polynomials.

Lemma 3.2. The interpolation space Q satisfies the following properties:

* Every Q € Q satisfies
degy. O < B,

foreachi € {0,...,d}.



* Forevery Q € Q and every P € F,[X] withdegP < k — 1,

degy O (X, P(X), P (X), ..., Pl (X)) < mA.

* The dimension of Q satisfies
3

0
dimQ > @Igl(k - l)m

Proof. The first item follows directly from the definition of Q. Indeed, every monomial
boy b
XY,y,'re
in Q satisfies
by + by +|c| £ B.

Hence the exponent of each variable ¥;, fori € {0, ..., d}, is at most B, and therefore
degy O < B

foreveryi € {0,...,d}.
The second item follows straightforwardly too. Fix P € F,[X] of degree at most kK — 1. Since
deg PV < k — 1 for every j, one can check that

d
xP(x)" (PU X)) | (P ()
j=2

has X-degree at most
a+ (k—1)(bg+ by +|c|) <mA.
Hence, any Q € Q has degy Q(X, P, Pl ... Pld]) < mA.

It remains to lower bound dim Q. First, by the definition of A in (10) and the fact that £k < (1 — 6)e, we
have

A > cn = ! >1+6
k—-1-(1-0en 1-6" ‘

On the other hand, for every ¢ € B, the definition of B gives

2o 2]

lc] <

Consequently,
A Om
el > 2= 1
i R (19)
Now fix ¢ € B and an integer
om
== ||

For every pair (a, bg) € Zzzo satisfying

a+ (k—1)byg<mA - (k—-1)(c| + by),

10



observe that the corresponding monomial X “Yé’ 0 Ylb 'Y belongs to Q. Indeed, the weighted-degree condition
holds by construction, and since a > 0,

+ b+ mA < mA | _ B.
bo + by |c|<k 1_{]{ J

The number of such pairs (a, bg) is at least

(mA = (k = 1)(|c| + b1))*

2(k-1)
Using (19), this is at least
k=1 (om 2
2 ¢ 7Y
Therefore,
LOm/4] 2
k-1 0
dimQ> ~——(8| . (T’"—bl)
b1=0
k-1 om/4 (g 2
> 5 |B|/ (Tm—x) dx
0
63 3
= —|8B|(k - 1)m".
353810k = Dm
This proves the final item. o

3.2 Upper Bounding The Number of Constraints

At every received point («, y), we impose the divisibility constraints (15). It remains to bound how many
independent linear conditions these constraints impose. For this rank calculation only, it is convenient to write

Yo=y+TU.

For z > 0, define
A(z) = |{c € Zgal cw(c) < z}|.

3.2.1 A Bound on A(z)’s Growth

As a first, modular step, in this section we will prove the following bound on how quickly A(z) grows.

(+ @)

Lemma 3.3. We have

A(z) <

((d-1NH2."’
Further, if d > [£73/97 and
63(1-6)\ 77

then
A(W +m) < |B|d2/(2+0)+9(1_6)/18.

11



Before proving this, we require some elementary facts which govern the volume of these scaled lattices.
We start by recalling a folklore, basic fact about the volume of the unit simplex:

Proposition 3.4. Consider the d — 1 dimensional simplex

Then, VOI(S) = ﬁ

With this bound on the volume of the unit simplex, we can easily extend this to a formula for the volume of
the “scaled” simplex:

Corollary 3.5. Let z € Rx. Then, for the scaled simplex

SZ:{xER”ZIBI:Zi-xiSz},

i

we have that
zd-1

((d-DH?
Proof. We start by assuming that z = 1. In this case, we consider the body

{xeR‘;gl:Zi-xisl}.

i

Vol(S,) =

Now, we perform a change of variables with y; =i - x;. In the y-variables, the volume of the body

{ eR%: Zy,sl}

is exactly ﬁ by Proposition 3.4. Translating back to the x variables, we lose a factor of exactly (d — 1)! in
the volume. This is because a linear map multiplies the volume by a factor of exactly its determinant (which
in this case is exactly (d — 1)!). Thus, Vol(S;) = W, and uniformly scaling the coordinates by z, and

thus the volume by a factor of z¢~! yields the desired corollary. O

Our goal is to use these simplices to provide a tighter bound on the size of A(z). To do this, we now
compare the volume of S, with A(z). We consider any u € Z‘igl which satisfies ;i - u; < z. For any such
point, we then consider its corresponding “half-open unit cube,” obtained as

+ [0, )41,
We have:

Proposition 3.6. Consider any u € Z‘igl which satisfies ;i - u; < z. Then, the unit cubes u + [0, 1)4~! are
pairwise disjoint and moreover

Vol U u+0, D)9 = Az).

uEZgg':Zi iu;<z

12



Proof. Pairwise disjointness follows from the fact that each unit cube is anchored at a distinct integral lattice
point. The volume follows from the fact that

Vol U u+1[0,1)4 1| = Z 1= A(2).

ueZg(;':Zii‘ust uEZ‘Zi(;l:ZiLu,-Sz
O

We now prove the following containment property, which will allow us to directly translate our volume
estimates for the scaled simplex to bounds on A(z):

Proposition 3.7. For z an integer, we have that

S, c U (u+ [0, D) € Sevaa-1)2-

Zi u; <z
Proof. The first containment follows because if x € S,, then u; = | x; | satisfies

d-1 d-
I-u; < 1-x; <2,

1

—_

i i

andx € u + [0, 1)?~!. The second containment follows because for any x € u + [0, 1)?~! and }; iu; < z, then

d-1 d-1 d-1
Dlivi< Yilui+1) <2+ Y i<z+dd-1)/2,
i=1 i=1 i=1
Thus, any such u + [0, 1)¢~! is contained in Szrd(d-1))2- O

By using Corollary 3.5, we then see that:
Corollary 3.8. Let z € R>qg. Then,

741 (z+d(d-1)/2)4!
(@-nn =M=y

This estimate of A(z) already proves the first point of Lemma 3.3.

Before the proof of the second item of Lemma 3.3, we introduce one key lemma that we will take advantage
of, which relates the expectation of a distribution over a simplex to its centroid:

Lemma 3.9. Let S = conv{vy,...,vq_1} be a d — 1-dimensional simplex, and let X be uniformly distributed

on S. Then
1 d-1
BLX] = - ; Vi

In particular, the expectation of X is the centroid of S.

We provide a self-contained proof of this lemma in the appendix, as it is a folklore result with a simple
proof.

13



Proof of the second item of Lemma 3.3. Recall that we wish to show that A(W +m) < |B|d?/ (2+0)+0(1-0)/18
B is already defined with respect to W, indeed,

B = {c eZigl tw(c) W, el < Hl + 1—9) m”

If we remove the second constraint from the definition of B (i.e., the restriction on |c|), our desired inequality
is not hard to show, as it boils down to comparing the number of points with w(c) < W to the number of
points with w(c) < W + m. This could be directly bounded by (3.8). Unfortunately, B is also defined with
the second constraint on |¢|. Our goal going forward is thus to show that this constraint does not decrease the
number of points in B by too much.

Next, recall that W := {(1;;(;(/—625)1:41} that m = d°, and that d := [¢~3/?]. Since ¢* > x + 1 for all x € R,
we have that d > log(d) + 1 = log(ed). Therefore, W > | (1 + 8/2)m| > 1. Now, our intermediate goal is to
show that most points in Sy also satisfy the additional constraint |c| < [(1 + %79) m-| To do this, we sample a

random point X = (X1, ... Xy_1) from the simplex Sy, and will bound its expected magnitude. Crucially,
the simplex Sy has as its vertices

w
d-1

w
0’ W'ela - €2, LR ] *€d-1,
2
and the expectation of a uniform point in a simplex is its centroid (as per Lemma 3.9). Thus, we see that

d-1

Z i

i=1

E <(1+6/2)-m,

-1
4 1 Wlog(ed)
T d 2 i

by our choice of W. Now, we can apply a simple Markov bound to see that

(1+6/2)
ZX >{(”_) u = U+30/4)

Pr

Equivalently, this means that

(1 +0/2) B 0 Wd—l
}) = (1 e +39/4)) VollSw) = 155 ((d- 1))’

[ swepa< (1) m

where the last equality uses Corollary 3.5.
Now, we claim that

{XESW |X|<

(1 + ?’4—9)4} c | (u+ [0, 1)d—1).

uesB

This is because if we consider any point x in the first set, if we apply the coordinate-wise floor |x;], the
resulting point ¥ now must be in the set 8. Adding the half-open unit cube to every point u € 8 thus captures
all points whose coordinate-wise floor would be in 8. Importantly, by plugging in our volume bounds, we

v (u + [0, 1)d—1) (1 + 34—8) m”)

ue8B

|B| = Vol

ZVOI({XGSW:|X|S

o Wd—l
> . .
=%+30 (d=-1))2

14



At the same time, (3.8) implies that

(W +m+ (‘;))d_l

AW +m) < (d=1?

Dividing these two estimates then implies that

g\ d-1

AW +m)  4+36 m+ (5)

< Ay —2] .
18] 0 W

This is exactly the quantity we seek to bound for Lemma 3.3, and we now simply plug in the relationships
between m, d, W, 0 to obtain our desired result.
Since log(1 + x) < x, m = d°, and

(1+ 0/2)d4J
log(ed)

we have

AW m) | 4+30 (d=1)(m+(3)

I
RCERNT?Y 0 W

2
logd + 1).
219 08 06(1)
Here the final equality also absorbs the floor in the definition of W. Since d = [£~3/?] and (20) holds, we
have that the last expression is at most

2 0(1-0)
log d.
(2+9+ 18 )Ogd

Exponentiating gives
A(W+m) < |B|d2/(2+0)+9(1_9)/18,

as desired. O

3.2.2 Bounding the Rank

With this bound on the growth of A(z), we can now proceed to bound the rank of all the imposed constraints.
Throughout this section, we fix one pair (@, y) where « is an evaluation point and y is a received value. We
will bound the number of linearly independent constraints imposed across all of the coefficient constraints
arising from (15) applied at (a, y).

To this end, we will think of the constraints as a linear map from the space of interpolation monomials Q,
into some suitable F, vector space. Specifically, let

i,b,e1 €Zsy, cE€ Z‘;El,

_ . d+2 .
I—{(l,b,el,c)EZZO T i+db<m, e <2m-1, w(c)§W+m—1}’

denote the set of possible exponent vectors indexing the monomials over T, E, Y1, . . ., Y4 that are required
to vanish by (15). Then, we let @, : Q — Fg, where @, (Q)(i,p,e,,c) 18 the coeflicient of TiEbe‘YC in

0 (a/ +T, y+ Z;.lzl (-)/*'TiY; +TE, v1,..., Yd), i.e. the substitution in (14) when defining the constraints
in (15). In this language, the constraints of (15) imposed by («, y) are exactly equivalent to requiring @ ,,

15



to vanish. Hence, the goal of this subsection is to bound the rank of ®, . Multiplying this bound by the
number of received points then gives a bound on the overall number of linearly independent constraints (15)
we impose.

To bound rank (®), it will be helpful to first perform one intermediate substitution towards (14), and instead
bound the rank of the map after this substitution. Let ¥, be the map which takes Q € Q as input, substitutes

X=a+T, Yo=y+TU,
and reduces modulo 7"". Notice that every monomial appearing lies in
V =span {T"U“Y Y :0<r<m,0<a<r,0<b<m, w(c)<W+r}.

Indeed, every factor of U arising from (y + TU)? is accompanied by a factor of 7', while the conditions
by < m and w(c) < W already hold for every monomial of Q. Hence ¥, maps from Q — V.

By performing this substitution and modular reduction, we can instead focus on bounding the “remaining”
transformation needed for @, ,, which we defineby I' : V — Fé . For F € V, rewrite F in the variables
T,E,Y,...,Ygusing

d
E=U- ) (-1)/*'1i7ly;. 1)
j=1
Then, for every (i,b,ey,c) € 1, define I'(F)(; p,e,,c) to be the coeflicient of TiEbe‘YC in the resulting
polynomial. Thus, I'(F) records exactly the coefficients required to vanish by the local constraints.

One can check that the map of interest ®,, , factors as ®,,, = I' o ¥, . Therefore,
rank @, ,, < rankT,

and it suffices to upper bound rank I'.
Our strategy is to find a large number of linearly independent vectors in ker I, and to this end we start by
observing a simple divisibility condition which ensures membership in ker I

Lemma 3.10. Suppose F € V is divisible by T" E" for some r, h > 0 satisfying r + dh > m. Then F € kerT..

Proof. After rewriting F in the variables T, E, Y1, . .., Yy, every monomial containing E b has b > h and is
divisible by 7”. Hence
r+db>r+dh>m.

Hence after rewriting F', none of these monomials are recorded, and I'(F) = 0. O

For 0 < r < m, define

m-—r
hr:Z[ -"
d

so that A, is the smallest integer satisfying » + dh, > m. Using Lemma 3.10, we can show that " has a large
kernel by finding many multiples of 7" E" in V', for suitable r, h, that are linearly independent.

Lemma 3.11. We have

m—1
dimkerI" > Z max (0, (r = hy + 1)(m = hy + DA(W +7)). (22)
r=0
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Proof. For each 0 <r < m, define

XK, :span{TrEhrU“YlbYC:OSaSr—h,, 0<b<m-—h,, cezi! a)(c)SW+r}.

>0 >

Here, K, is a subspace of F, [T, U,Y1,...,Y,]/(T"™) and we define K. = 0 if there are no monomials. We
first verify that %, C V as this may not be true apriori. Fix a monomial 7" E" g € K. We verify that it
indeed lies in V. Expand E using (21) and consider a monomial appearing. Let e be the exponent of Y; in it
for j > 2 and set M = }, j:2( J — D)e;. It suffices to show this monomial is in V. Suppose that, in expanding

E"r | we select e j copies of Y; for each j > 2, and let

d
M="(j-Dej.
=2

J

These choices contribute a factor of 7™ and a monomial in Y>, . .., Y; of w-weight M. Since the monomial
Y€ coming from g satisfies w(c) < W + r, the resulting monomial has 7-degree » + M and w-weight at most
W +r + M. Its U-degree is at most

(r=h.)+h.=r<r+M,

and its Y;-degree is at most
(m—=hy)+ h, =m.

Thus, after reducing modulo 7", every resulting monomial lies in V.

Additionally, r + dh,, > m, so Lemma 3.10 implies K, C kerI" and it is straightforward to compute that
the dimension of %K. is

dim %K, = max(0, (r — by + 1)(m — hy + DAW +1)). (23)

Finally, we check that the spaces Ky, . . ., Kj,— are linearly independent. To this end, suppose

m—1

ZF,:O, F, ek,

r

and let »* be the smallest index for which F,+ # 0. Since
E=U-Y, (modT),

the coefficient of 7" in F,» is
(U =Y g #0.

Every F, with r > r* is divisible by T7"*!, so none of them can cancel out this coefficient, contradicting
>, F» = 0. Hence the spaces K, are linearly independent. Summing (23) proves the lemma. O

We are now ready to upper bound the rank of I".

Lemma 3.12 (Local rank). We have
20
rank I < |B|m3d 50 . (24)
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Proof. For each fixed T-degree r, we can directly count that there are (r+ 1) (m + 1) A(W +r)-many monomials

in V, which means
m—1

dimV = Z (r+ 1)(m+ DAW +r).
r=0
By Lemma 3.11 and rank-nullity,
m—1
rank(®) < Z AW +r)B,,
r=0

where
B, = (r+1)(m+1)—max(0, (r — hy + 1)(m — hy + 1)).

Observe that by definition of 4,., we have

m-—r

B, <h.(r+m+?2) and h, <

+1.

Summing over 0 < r < m gives

m—1 3
m>—m (m+2)m(m+1) m(m-1)

B, < 2
2, d + >d + 5 +m(m+2)
_d*(d+1)(2d+ 1)(d* -d+1)(2d* - d +5)

- 6
3
m
<d8=—,
- d

where the last inequality holds for d > 3. Finally, by Lemma 3.3,

0(1-9)

AW +7) < AW +m) < |B|d=e+" T

Moreover,
2 (1 -0) - 5-6

216 18 5+0°

Hence
5-0
AW +r) < |B|d5e,
and therefore
50 Y 20
rank " < |B|d e Z B, < |B|lm’d 5.
r=0

3.3 The Interpolation Lemma
We now complete the interpolation, which achieves the main goal of this section.

Proposition 3.13 (Interpolation). Let degree k and blocklength n be such that k/n < (1 —0)g, let A = [en],
and let Q C Fy[X, Yo, ..., Yq] be the interpolation space described in (18). Assume further that (20) holds.
Then, for any received wordy = (y1,...,yn) € [y, there exists a nonzero Q € Q such that any polynomial P
of degree at most k — 1 agreeing with y in at least A positions satisfies

o(x,P(x), P (x),...,PH (X)) = 0.

18



Proof. By Lemma 3.2 and the inequality on A in (10),

93
di > —|B|(k - )m’
imQ > 384IBI( Ym

On the other hand, Lemma 3.12 shows that the number of homogeneous linearly independent constraints
imposed over all instances of (15) is at most n|B|m3d%. We first verify that dim Q > n|B|m3d%, which
will imply that the linear system has a nonzero solution Q satisfying (15). To see this, note that by the
inequality above, it is sufficient to show

03 k-1 20
Rl Y BT
3d 1 407

Since we set k = [ (1 — 0)en], we have

and by choice of d in (10), we have

N

o 6

d3s+0 > g7 540,

Altogether, this gives

3 4 _ 301 — _
kol 000 g
384 n 768
which is greater than 1 for all sufficiently small e—precisely when (20) holds.

Fix this Q. We show that it satisfies the assertion of the lemma. Let P € F,[X] be a polynomial of degree
at most k — 1. Then, at every agreement evaluation point a between P and y, Lemma 3.1 gives

Q(a +T,P(a+T), PN (a+T),..., P+ T)) =0 mod T™.

Hence the specialization
Q(x, P(X), P (X),.... Pl (X))

has at least A distinct roots, each of multiplicity at least m. It therefore has at least mA roots counted with
multiplicity. By the second item of Lemma 3.2, its degree is strictly smaller than mA, so the polynomial
Q(X,P(Xx), P (X),..., Pl4(X)) is identically zero. |

4 Algorithm and Analysis: Proof of Theorem 1.1

The goal of this section is to show how the interpolation techniques of Section 3 can be leveraged to prove
Theorem 1.1. We begin by presenting our novel list-decoding algorithm.

4.1 The List-decoding Algorithm

We present our list-decoding algorithm in Algorithm 1. At a high-level, interpolation equations in Section 3
are used to compute an interpolation polynomial Q € F,[X,Yo,Y],...,Y4] of suitable degree. Then, the
algorithm of Kopparty [Kop15] is invoked (as stated in Theorem 2.1) to find the list of potential message
polynomials P.
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Algorithm 1: List-decoding of Reed—Solomon Codes

Input: Parameters n, k, ¢, 0, €. Evaluation points (ay,...,a,) € F?, Received message
(yla" ,}’n) € ]Fg
Output: A list £ of polynomials P € F,[X] of degree at most k — 1.
1 SetA=[en],d=T[e39, m=d’B=[mA/(k-1)],W = |(1+6/2)dm/log(ed)].
2 Define the monomial space Q as in (18). Namely,

a,bo,b1,C2,...,Cd GZZ(),

4, ci <[(1+36/4)m], bi<m,
b()+b1+|C|SB, ijz(j—l)CjSW
a+ (k—=1)(bg+ by +|c|]) <mA

boybiye .
Q = span { X“Y, Y'Y :

3 Invoke Proposition 3.13 to find some nonzero Q € Q satisfying (15) at («;, y;) for all i € [n]. That is,
for all i € [n] enforce that the polynomial

d
0 a,-+T,y—Z(—T)-iY]-+Td+1E,Y1,...,Yd (25)
j=1
is divisible by 7.
4 Invoke Theorem 2.1 to find a list £ of polynomials P € F,[X] of degree at most k — 1 for which
o(x,P(x), P (x),...,Pl(X)) = 0.

5 Remove all P € L for which (P(ay),..., P(a,)) has agreement less than A with (yq,..., y,).
6 return £

4.2 Analysis
We now state our formal list-decoding result.

Theorem 4.1 (Main Result). Fix parameters n > k > 1 and €,6 € (0,1) such that, k > [£73/9],
k/n < (1-86)g, and

768 (26)

3 1 %
6°(1-0)\""
- ( ( )) '
Further select a prime q such that ¢ > max(n,4&'=%n/k). Then, for any distinct evaluation points
-12
@i, ...,an € Fy and any received word (y1, ..., yn) € Fy, then Algorithm 1 outputs, in q°(¢ %) time,
a list of all univariate polynomials P € F,[X] of degree less than k such that the agreement between

(P(ay),...,P(an)) and (y1,...yn) is at least en. Furthermore, the lenght of this list is at most q0(8*3/6)‘

Before we prove, Theorem 4.1, we show how Theorem 4.1 implies Theorem 1.1.

Proof of Theorem 1.1. For fixed 8 € (0, 1) it is clear that (26) holds for all all sufficiently small £ > 0.
Invoking Theorem 4.1, for any prime ¢ > max(n,4s'=%/%n/k) = @4 o(n) (which exists by Bertrand’s
postulate), we have that any Reed-Solomon code with 7 distinct evaluation points over F, of rate at most

O(s” 0(8_9/9). O

(1 — 6)& can be decoded up to radius (1 — £)n in time g %) with a list size at most q
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We now turn to proving Theorem 4.1.

Proof of Theorem 4.1. We first prove that Algorithm 1 is correct. For our parameters k, n, €, 6 satisfying
k/n < (1 — 6)e and (26), we have by Proposition 3.13 we are guaranteed to find a nonzero Q € Q such that
for all b > 0, the coefficient of E? in

d
Olai +T,y= Y (-T)Y; +TE,Y1,....Ya

j=1
is divisible by 7*~“" By substituting E with T¢E, we have that the coefficient of E? in
d .
Olai + T,y = ) (-T)Y; +T™'E, Y1, ¥y
j=1
is divisible by 77". Thus, (25) is indeed divisible by 7"*.
To apply the root-finding algorithm in Theorem 2.1, we can see the choice of the parameter £ is valid as

k > [&73/9] = d. We need to verify that the field size ¢ is sufficiently large relative to Q. First, we bound
degy. Q foralli € {0, 1,...,d}. Since for any X“Yé’OYlblY" € Q we have that by + b + |¢| < B, observe

mA n _o/p
dngiQSBSL{ 1ws2d3sz<4gl 9/9E§q,

where the last line follows from the fact that g > 4s'~%/¢2.

Furthermore, since for any X“Yé’"Ylb‘YC € Q, we have that a + (k — 1)(bg + b1 + |c|) < mA, we have that

degy 1 4o, k-1 Q <mA < 2d%n <ds' 0%k < g,

.....

where the last inequality follows from the fact that ¢ > n > k and g > 4g'=9/¢ -

To finish, we give a run-time analysis. The time needed by Theorem 2.1 is g@(@+!) = qo(g_w), S0 it
suffices to bound the time it takes to compute Q.

First, we upper-bound the number of monomials in Q. For any X “Yé’ OYlb 'Y € Q, we have that
27:2 c; < W< 2d* = 0(g71%/9), so there are at most doE™ < qo(g_lz/a) choices for c. Since
by + b; < B, there are at most B2 < q2 choices for by and b;. Finally, there are at most mA < q2
choice for a. Thus, Q has at most g* - qo(‘gflz/g) = qo(‘gflz/g) monomials. To count the number of
constraints imposed, observe when writing out the expansion (25), each monomial of Q can become up
to (mA + 1)(B*3) < ¢% . ¢*@*D) monomials. Thus, the total number of equations imposed is at most

d+1
n- g2t g0 = 0™ Tt g clear that each constraint can be computed in ¢©¢™7'*) time, so
. . . . . -12/6 . .
the total time it takes to set up the linear system defining Q can be done in ¢© (¢ ") time. Furthermore, it
-12/6 . . . . .
only takes @ (¢ ") to find a nonzero Q in the kernel of this linear system. Thus, altogether the runtime is
0(8712/9) . h 0(873/9) .
q with at most g polynomials found. O
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A A Proof of Lemma 3.9

We first recall the following lemma we seek to prove.

Lemma A.1. Let S = conv{vy,...,vq-1} be a d — 1-dimensional simplex, and let X be uniformly distributed

on S. Then

1 d-1
BLX] = - Z(; v;.

In particular, the expectation of X is the centroid of S.
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Proof. We start by considering the standard simplex

d-1
Ag-1 = {(/l(),. . .,/151_1) € Rgo . Z/li — 1} ,
i=0

and define the affine map
d-1
F(o,...,4q-1) = Z Aivi.
i=0

Since the vertices vy, ..., vg—1 are affinely independent, F is an affine bijection from A4_; onto S.

The Jacobian of F, restricted to the affine hull of A;_1, is a fixed nonzero constant. Consequently, F
multiplies the volume of every measurable subset of Ay_| by the same factor. Thus, if Z = (Zy,...,Z4_1) is
uniformly distributed on A,4_1, then F'(Z) is uniformly distributed on S. We may therefore write

The uniform distribution on A,4_ is invariant under every permutation of its coordinates. Hence
E[Zo] =E[Zi] = --- = E[Za-1].

On the other hand, Zfl:_ol Z; = 1 identically. Taking expectations gives

d-1
D Elzil =1,
i=0

and therefore

1
E[Z] = 7 for every i.
By linearity of expectation,
d-1 =
E[X] = ZE[Zi]Vi = Z Vi,
i=0 i=0
which is precisely the centroid of S. O
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