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Abstract

The Shortest Vector Problem (SVP) and the Closest Vector Problem (CVP)
are the fundamental algorithmic questions in the geometry of numbers. In the past
two decades, their algorithmic complexity has been studied quite extensively due
to their connection with lattice based cryptosystems. In this paper, we study these
problems in the setting of generic black-box metric query model, which captures
algorithms that rely on distance evaluations without exploiting specific geometry
of the underlying metric. We prove that any randomized algorithm for solving
SVP or CVP within any constant factor γ < 2/

√
3 ≈ 1.154 which accesses the

metric as a black-box oracle needs to make at least 2Ω(n) queries to the metric
oracle.

Our results rely on fundamental tools from the geometry of numbers and con-
vex geometry. For our SVP lower bound, we use Siegel’s Mean Value Theorem
to probabilistically construct an adversarial metric by introducing 2Ω(n) disjoint
local convex perturbations to the underlying Euclidean norm. The lower bound
for CVP follows from the SVP lower bound by observing that the known Turing
reduction from SVP to CVP works in the black-box metric query model.

1 Introduction
Integer lattices are discrete additive subgroups of Rn. The Shortest Vector Problem
(SVP) and Closest Vector Problem (CVP) are most important algorithmic questions
over integer lattices. Given an integer lattice by a basis and a target vector v, CVP asks
to find a lattice vector u that minimizes the distance to v with respect to a given norm.
Similarly, SVP asks to find the shortest non-zero vector in the lattice with respect to
given norm.
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The security of modern lattice based cryptography rely on the presumed intractabil-
ity of the SVP, CVP and related lattice problems. So recently these problems have been
studied extensively from computational complexity perspective. Theoretical computer
science often relies on black-box models to separate inherent combinatorial difficulty
from specific structural aspects of the problem. A classic parallel can be found in the
generic group model: computing discrete logarithms requires exponential time if the
algorithm accesses group operation through black-box oracle [30], demonstrating that
the problem is fundamentally hard unless specific algebraic structure of the underlying
group is exploited. In this paper, we apply an analogous philosophy to lattice prob-
lems: we investigate the fundamental hardness of SVP and CVP when the algorithm is
allowed to access the underlying metric only through black-box oracle; it can evaluates
distances but cannot exploit the specific geometry of the underlying metric.

The algorithmic complexity of SVP, CVP and related lattice problems has been
studied for their exact as well as approximation versions. The exact versions of both
the problems have 2O(n) algorithms [3], [25]. We also know efficient polynomial time
algorithms to solve the problems within exponential factor of approximation [23], [8].

The exact versions of CVP and SVP are NP-hard, in fact both the problems are
even hard to approximate under some believable complexity theory assumptions [24],
[27]. We also know strong conditional hardness results for these problem. For in-
stance, assuming the Exponential Time Hypothesis (ETH), computing exact SVP and
CVP is known to require 2Ω(n) time [12], [1]. However, proving unconditional com-
putational lower bounds for the approximation variants, the regime in which practical
lattice cryptography operates, remains completely out of reach of existing techniques.

This naturally motivates the study of lattice problems within the generic black-box
metric query model. We say an algorithm accesses the norm through a generic black-
box oracle if the explicit geometric or algebraic definition of the norm is unknown
to the algorithm; instead, whenever it wants to find the norm of a vector w ∈ Qn, it
queries the oracle, which returns the norm of w in O(1) time.

This model perfectly captures algorithms that do not exploit the specific geometry
of underlying metric. A notable example of such algorithms include Ajtai-Kumar-
Sivakumar (AKS) randomized sieving [3], which solves the exact shortest lattice vec-
tor problem in 2O(n) time. It turns out that the AKS sieving technique works for general
symmetric norms given by gauge functions which subsumes usual ℓp norms (see e.g.
[15], [7]). In fact, it even adapts to asymmetric norms [18]. Moreover, AKS sieving,
as well as some of the subsequent algorithms based upon it, can be seen to need only
black-box oracle access for the underlying norm [7]. By restricting the algorithm to ac-
cess the underlying metric through queries to a black-box, we capture the capabilities
of generic AKS-style sieving and other related combinatorial algorithms.

1.1 Our Contributions
In this work, we establish adversary lower bounds on the query complexity of ran-
domized algorithms operating in the black-box metric framework. Our main results
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are:

1. Exponential Query Lower Bound for SVP: We prove that any randomized al-
gorithm requires at least 2Ω(n) queries to the metric oracle to approximate SVP
within any constant factor γ < 2/

√
3 ≈ 1.154.

2. Transferability to CVP: We prove that this 2Ω(n) lower bound extends directly to
approximate CVP within the same constant factor γ < 2/

√
3.

1.2 Technical Overview
The main idea of our lower bound for SVP relies on designing an adversarial metric
oracle that isolates a specific target vector. To force a randomized algorithm to make
2Ω(n) queries, the oracle partitions the space into 2Ω(n) strictly disjoint conical regions.
It then constructs a new metric by applying local convex perturbations to the underly-
ing Euclidean ball exclusively within these cones. By selecting one of these conical
regions uniformly at random and radially stretching the metric inside it, the oracle
embeds the target vector while leaving the rest of the space unperturbed.

The Ideal Setting (Exact Shortest Vectors): Consider an idealized setting where
the input lattice L possesses 2Ω(n) exact shortest vectors (i.e., a lattice exhibiting an
exponential kissing number). By the definition of the first successive minimum λ1(L),
any two non-collinear shortest vectors u, v ∈ Λ must satisfy ∥u± v∥2 ≥ λ1. This im-
plies that the angle θ subtended by u and v at the origin is bounded from below by π/3.
This strict angular separation allows the adversary to construct 2Ω(n) strictly disjoint
conical regions of half-angle α < π/6, each radiating from the origin in the direction
of a distinct shortest vectors. The adversary selects a target vector v∗ uniformly at
random. To hide this vector, the oracle defines a new metric by radially dilating the
unperturbed Euclidean unit ball strictly within the chosen conical region to achieve
a stretch factor γ. Crucially, to ensure that this local perturbation maintains the strict
mathematical convexity of the resulting unit ball, the maximum achievable factor γ de-
pends directly on the lower bound of the angle between the target vectors. Using basic
trigonometry we can see that the stretch factor is bounded by γ ≤ 1/ cos(α). Because
the angular separation of shortest vectors restricts the cone’s half-angle to α < π/6,
the approximation factor is fundamentally capped at γ < 1/ cos(π/6) = 2/

√
3. Be-

cause the conical regions are perfectly disjoint and the local convex perturbations are
exclusively within the conical regions, the norms of all other shortest vectors remains
unchanged, forcing any algorithm to query 2Ω(n) disjoint spatial regions to locate v∗.

However, relying on this idealized scenario presents a formidable mathematical
hurdle. Explicitly constructing lattice families with exponential large kissing numbers
remains a notoriously difficult open problem in the geometry of numbers [13]. The
current best known explicit construction based on Barnes-Wall lattices [10] achieves
only quasi-polynomial bound (nΘ(logn)) on the kissing number [17]. In 2019 Vlăduţ
published a paper claiming construction of lattices with exponential kissing number
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[34], but the claim was retracted by him in 2024 [35]. In fact, Bennett et. al. in [13]
refuted the claim formally.

While probabilistic arguments guarantee exponential kissing numbers for general
non-lattice sphere packings, they fail for lattices: a random lattice sampled under the
Haar-Siegel measure has an exact kissing number of just two almost surely, as acci-
dental length equalities occur with probability zero. So even showing an existence
of lattice families with exponential kissing number appears to be a formidable open
problem.

Our Resolution (The dense ϵ-shells): We bypass this theoretical barrier by
demonstrating that the adversarial construction does not strictly require exact shortest
vectors. It is mathematically sufficient to hide the target among a exponentially many
”almost” shortest lattice vectors. We relax the exactness requirement to an ϵ-shell; an-
nular subset of Rn containing lattice vectors with lengths in the interval [λ1, (1+ ϵ)λ1].
Using Siegel’s Mean Value Theorem, we probabilistically guarantee the existence of
a lattice Λ containing 2Ω(n) vectors strictly bounded within this narrow shell. We an-
alyze the angular separation of the vectors in the ϵ-shell and prove that the angle θ
between any two vectors within this specific shell remains strictly bounded below by
π/3. This preserves the necessary angular separation to construct 2Ω(n) disjoint conical
caps on the unperturbed Euclidean unit ball, finalizing the adversarial metric construc-
tion without requiring explicit exponential kissing numbers.

Because lattices with exact exponential kissing numbers are not known to exist,
our geometric relaxation to a probabilistically guaranteed ϵ-shell is quite crucial for
our proof.

Transferring the Bound to CVP: To extend our lower bound to the Closest Vec-
tor Problem, we utilize the standard Turing reduction from SVP to CVP [20]. We note
that this reduction works with respect to any convex norm and can be seen to oper-
ates entirely in a black-box manner, it simply queries the CVP subroutine using the
exact same metric oracle provided for SVP. Consequently, any randomized algorithm
attempting to solve CVP in the generic metric model is forced to interact with our
unaltered adversarial metric, directly transferring the 2Ω(n) query lower bound to CVP
without requiring any structural changes to the oracle.

Remark 1.1 While concepts like ”angles” and ”tangential cones” provide useful in-
tuition in lower dimensions, visual geometry in n-dimensional space can often be
highly misleading. So in our proofs we rely on concrete algebraic definitions (dot
products, gauge functions, convex hulls, etc) rather than spatial analogies to ensure
the rigor.

1.3 Related Works
The algorithmic study of lattice problems was initiated by Gauss. In his classical book
Disquisitiones Arithmeticae, Gauss gave a deterministic polynomial time algorithm for
SVP in 2 dimensions. A major breakthrough in the study of algorithmic complexity of
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SVP was the LLL algorithm due to Lenstra, Lenstra and Lovasz [23]. They solved SVP
in n dimensions within exponential factor by generalizing Gauss’ algorithm. Babai [9]
using nearest plane method gave a 2O(n) factor algorithm for CVP based on LLL.

van Emde Boas [33] proved NP-hardness of CVP with respect to any ℓp norm and
for SVP with respect to ℓ∞ norm. In fact, based on some natural complexity theory
assumptions we know that CVP is a hard problem for certain approximation factors
as large as 2O( logn

log logn
)(see e.g. [5], [19]). Proving that CVP is hard to approximate

within polynomial factor is an important open problem in the area. van Emde Boas
[33] conjectured hardness for SVP in ℓ2 norm. and it remained probably the biggest
open problem in the area for almost two decades. In a seminal paper Ajtai [2] proved
that SVP is NP-hard under randomized reduction. NP-hardness of approximation ver-
sion of SVP has also been studied relying on some complexity theory assumptions.
For example, for any ϵ > 0 there is no polynomial time algorithm approximating SVP
on n-dimensional lattice in ℓp norm to within a factor of 2O((logn)1−ϵ) under some com-
plexity theory assumptions [21]. [24] is for an excellent survey on the complexity of
lattice problems.

Another direction of research was to find an efficient algorithm to solve CVP and
SVP exactly. [22], [14] gave 2O(n logn) time deterministic algorithm to solve SVP or
CVP exactly with respect to ℓp norm. In a breakthrough paper [3] Ajtai, Kumar and
Sivakumar gave a 2O(n) time randomized exact algorithm for SVP for ℓ2 norm. Sub-
sequently, using sieving technique they gave a 2O(n) time approximation algorithm for
CVP [4]. We also know a 2O(n) exact algorithm for CVP in ℓ2 norm due to Micciancio
and Volgarious [25].

The AKS sieving technique is generic; it works not only for standard ℓp norms but
can also be adapted for norms given by gauge functions [15], [7] and even asymmetric
norms [18]. Following the original AKS result, there are some follow-up papers which
provides heuristics to significantly improved the exact time and space complexities for
both SVP and CVP [26], [11] (they have exponential running time but improve the
constant in the exponent as compared to original AKS).

We also know strong conditional hardness results for these problem. For example,
assuming the Exponential Time Hypothesis or strong ETH we know solving SVP and
CVP approximately within certain factors requires exponential time [12], [1].

When discussing the theoretical limits on solving lattice problems, it is critical
to distinguish between computational time lower bounds and query complexity lower
bounds. The lower bounds based on the ETH measure the computational time required
by a Turing machine that has full, explicit access to the lattice basis and the exact norm
definition. These bounds work for any algorithm for the problems but they are con-
ditional; they depend on the assumption that the ETH holds true. By contrast, the
adversary bounds explored in this work measure query complexity under a black-box
oracle model. They establish an unconditional lower bound of 2Ω(n) on the query com-
plexity of the algorithm but they work only for specific class of algorithms: namely
the algorithms which access the metric through a black-box oracle. This holds re-
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gardless of the algorithm’s internal computational power. Even if P=NP, the algorithm
mathematically lacks the geometric information required to output the correct answer.

The concept of utilizing tangential conical regions to analyze this geometric in-
formation was previously explored by Arvind and one of the current authors [6] for
the exact Shortest Vector Problem. However, their geometric analysis was inherently
limited to lattice families possessing at most a polynomial (poly(n)) kissing number.
Furthermore, their lower bound applied specifically to algorithms required to output
all shortest vectors, rather than finding just one. In contrast, our adversarial framework
bounds the query complexity of finding a single approximate shortest vector (up to a
factor of γ < 2/

√
3). By relaxing the requirement of exact shortest vectors and uti-

lizing probabilistically guaranteed dense ϵ-shells, we establish a strictly exponential
2Ω(n) lower bound for approximate SVP and CVP.

2 Preliminaries

2.1 Convex bodies and gauge functions
A convex body K ⊂ Rn is a compact and convex subset of Rn with a non-empty
interior. K is called O-symmetric if for all x ∈ K, −x ∈ K.

Next we formally define functions which are useful for defining general notion of
norms w. r. t. O-symmetric convex bodies. They are sometimes referred as Minkowski
functionals in the literature. We call them gauge functions following Siegel [31].

Definition 2.1 (gauge function) [31] A function f : Rn → R+ is called a gauge
function if it satisfies following properties:

1. f(x) > 0 for all x ∈ Rn \ {0} and f(x) = 0 if x = 0.

2. f(λx) = λf(x) for all x ∈ Rn and λ ∈ R+.

3. f(x+ y) ≤ f(x) + f(y) for all x, y ∈ Rn.

For u ∈ Rn, we denote f(u) by ∥u∥f and call it norm of u with respect to gauge
function f . We know that usual lp norms satisfy all the above properties. A gauge
function f naturally defines a metric on Rn. For points x, y ∈ Rn the distance between
them is simply given by f(x − y). For x ∈ Rn and r > 0, let Bf (x, r) denote the
f -ball of radius r with center x:

Bf (x, r) = {y ∈ Rn|f(x− y) ≤ r}

Proposition 2.2 [31] Let f : Rn → R+ be any gauge function then Bf (0, 1) (a unit
radius ball around origin) is a n dimensional bounded O-symmetric convex body. Con-
versely for any n dimensional bounded O-symmetric convex body C, there is a gauge
function f : Rn → R+ such that Bf (0, 1) = C.
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So given any bounded O-symmetric convex body K there is a natural gauge function
fK associated with it and for any x ∈ Rn we can define norm of x with respect to K
as

∥x∥K = fK(x) = inf{s > 0 | x ∈ sK}

Figure 1: Norm w.r.t. O-symmetric convex body

2.2 Integer lattices and lattice problems
Let B = {b1, . . . , bn} ∈ Rn be a collection of n linearly independent vectors. The
lattice L generated by B is the set of all integer linear combinations of b1, b2, . . . , bn :

L = {x1b1 + x2b2 + . . .+ xnbn | xi ∈ Z for i ∈ [n]}

. The set B is called as a basis for the lattice L.
The length of shortest non-zero vector in a lattice L with respect to metric specified

by a bounded O-symmetric convex body K is called as the first successive minima of
L and denoted by λ1(L, K):

λ1(L, K) = inf{∥v∥K | v ∈ L \ {0}}
If the lattice and underlying metric is clear from the context we simply use λ1 to

denote the first successive minima.

Definition 2.3 (Shortest Vector Problem) Given an integer lattice L by a basis, the
shortest vector problem (SVP) is to find a shortest non zero vector in L w.r.t. a given
metric specified by O-symmetric convex body K. In other words, the goal is to find
u ∈ L such that

∥u∥K = λ1(L, K)

In the approximation version SVPγ of the problem, the goal is to find u ∈ L such that

∥u∥K ≤ γ · λ1(L, K)

, where γ ≥ 1 is called as factor of approximation.
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Definition 2.4 (Closest Vector Problem) Given an integer lattice L by a basis and a
vector v ∈ Rn, the closest vector problem (CVP) is to find u ∈ L closest to v w.r.t. a
given metric specified by O-symmetric convex body K. In other words, the goal is to
find u ∈ L such that

∥v − u∥K = min
w∈L

∥v − w∥K

In the approximation version CVPγ of the problem, the goal is to find u ∈ L such that

∥v − u∥K ≤ γ ·min
w∈L

∥v − w∥K

Definition 2.5 (Kissing Number) The kissing number of an integer lattice L is num-
ber of shortest non-zero vectors in L (w. r. t. given metric). In other words, kissing
number is equal to number of lattice vectors of length λ1(L, K).

The kissing number of lattices is mainly studied w. r. t. ℓ2 norm. From simple
packing argument we can see that kissing number of any n dimensional lattice is upper
bounded by 2O(n). We refer to [17] for interesting history of kissing numbers.

Table 1 gives kissing numbers for some well-known lattice families in Euclidean
space.

Table 1: Well-known lattice families and their kissing numbers.

Lattice Family Dim. (n) Kissing No. τ(Λ) Geometric Significance

Integer Lattice (Zn) n 2n The standard hypercubic lattice. Its
kissing number grows only linearly.

Root Lattice (An) n ≥ 1 n(n+ 1) Formed by points in Zn+1 whose
coordinates sum to zero. Exhibits
quadratic growth.

Root Lattice (Dn) n ≥ 3 2n(n− 1) Consists of vectors in Zn with an
even coordinate sum.

E8 Lattice 8 240 Achieves the theoretically maxi-
mum possible kissing number in 8
dimensions.

Leech Lattice (Λ24) 24 196, 560 Achieves the strictly optimal kiss-
ing number and sphere packing
density in 24 dimensions.

Barnes-Wall (BWn) n = 2d nΘ(logn) The currently best-known ex-
plicit lattice construction for large
n, achieving quasi-polynomial
growth.
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As noted in the introduction, showing existence of lattice families with 2Ω(n) kiss-
ing number remains a big open problem in geometry of numbers [13]. In the context of
our adversarial metric construction, the kissing number dictates the number of strictly
disjoint conical regions the oracle can embed. As we do not have explicit (or even
existential) lattice families of dimension n with 2Ω(n) kissing number, it makes the re-
laxed ϵ-shell construction presented in Section 3 quite crucial to get 2Ω(n) lower bound
on query complexity.

2.3 The Space of Lattices and Probabilistic Methods
For construction of our adversarial metric, we need to show existence of lattices which
have exponentially many ”almost” shortest lattice vectors. To prove the existence of
such lattices without relying on explicit constructions, we need to use probabilistic
method over the space of all lattices. Let Xn = SL(n,R)/SL(n,Z) denote the contin-
uous space of all full-rank lattices in Rn with a fundamental parallelepiped of volume 1
(unit-covolume lattices). This space admits a unique, translation-invariant probability
measure known as the normalized Haar-Siegel measure, denoted by µ. By equipping
Xn with this measure, we can mathematically treat a lattice Λ as a random variable
drawn from Xn, allowing us to compute the expected number of lattice points falling
into arbitrary geometric regions. To compute these expectations, we rely on a founda-
tional result by Siegel [32], [16] which bridges the discrete counting of lattice points
with continuous Lebesgue integration.

Theorem 2.6 (Siegel’s Mean Value Theorem) For any Riemann-integrable function
f : Rn → R of compact support, the expected sum of f over the non-zero vectors of
a random unit-covolume lattice Λ ∼ µ is exactly equal to the Lebesgue integral of f
over Rn:

EΛ∼µ

 ∑
x∈Λ\{0}

f(x)

 =

∫
Rn

f(x)dx

.

We need to analyze the variance of these lattice point distributions, for this purpose
we utilize Rogers’ integration formula [28], which bounds the second moment of the
Haar-Siegel measure. In the original paper Roger gave explicit series for the variance,
the upper bound on the variance as stated below is from [29].

Theorem 2.7 (Roger-Schmidt variance bound) Let n ≥ 3. For any bounded, mea-
surable subset S ⊂ Rn, let N(S,Λ) = |Λ ∩ S|. Under the Haar-Siegel measure on
Xn, the variance of N(S,Λ) is bounded by a constant multiple of its volume:

Var(N(S,Λ)) ≤ C · Vol(S)

where C > 0 is an absolute constant independent of the volume of S.
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2.4 The Black-Box Oracle Model
In this model, the algorithm does not know the gauge function explicitly. It must learn
the geometry by querying the oracle for the norm of arbitrary vectors w ∈ Qn. Our
lower bounds hold against general queries; the algorithm is not restricted to querying
only displacement vectors between lattice points and targets.

An algorithm A operates in this model if it does not possess an explicit geometric
or algebraic description of the convex body K or the corresponding gauge function.
Instead, A is provided with a black-box oracle OK . For any query vector x ∈ Qn, the
oracle returns the exact norm of x w. r. t. the metric given by the convex body K in
O(1) time:

OK(x) = ∥x∥K
. The query complexity of an algorithm A is defined as the total number of calls
made to the oracle OK . The algorithm may perform unbounded internal computational
steps, which are not charged. This model perfectly captures generic distance-based
combinatorial algorithms, such as AKS randomized sieving.

3 Construction of Adversarial Convex Body
First we prove existence of lattices with dense ϵ-shell which play a crucial role in the
construction of adversarial convex body.

3.1 Lattices with dense ϵ-shells
Our construction of adversarial metric oracle crucially relies on existence of a lattice
L which has exponentially may lattice points inside a ball of radius (1 + ϵ) · λ1(L) .

Figure 2: Dense ϵ-shell

We prove existence of such a lattice in the Theorem below.
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Theorem 3.1 For any constant ϵ > 0 and sufficiently large n, there exists a full-rank
lattice Λ ⊂ Rn with first successive minimum λ1 > 0 such that the number of lattice
vectors in the ϵ-shell Sϵ is exponential in n:

|Λ ∩ Sϵ| ≥ 2Ω(n)

where
Sϵ = {x ∈ Rn | λ1 ≤ ∥x∥2 ≤ λ1 · (1 + ϵ)}

.

Proof:
Let Xn = SL(n,R)/SL(n,Z) denote the space of unit co-volume lattices in Rn,

with the unique normalized Haar-Siegel probability measure µ. Let L is sampled from
Xn with respect to measure µ. Let B(R) ⊂ Rn be the ball of radius R around origin w.
r. t. ℓ2 norm. We carefully choose R such that the volume of B(R) is exactly a small
constant, say Vol(B(R)) = 1/3. Let Aϵ(R) denote the closed ϵ-shell surrounding this
ball, defined as:

Aϵ(R) = {x ∈ Rn | R ≤ ∥x∥2 ≤ R · (1 + ϵ)}

. Consider following two events:

- E1 be the event that the shortest nonzero vector of L has length at least R.

- E2 be the event that Aϵ(R) contains 2Ω(n) vectors of lattice L.

If we can show that both the events E1, E2 happen with sufficiently large probabilities
then using union bound we can argue that event E1 ∩ E2 happens with a non-zero
probability which would suffice to show existence of lattice with required property.
Let us analyze probabilities of the events E1 and E2.

Let f be the indicator function of B(R). From Siegel’s Mean Value Theorem (The-
orem 2.6) it follows that the expected number of non-zero lattice vectors of L strictly
inside B(R) is precisely volume of B(R) which is 1/3. By Markov’s inequality, the
probability that B(R) contains at least one lattice point is at most 1/3. Therefore,
with probability at least 2/3, the shortest non-zero vector of L has length ≥ R. Hence
P[E1] ≥ 2/3.

Next, we analyze the probability of event E2. Let us denote the volume of the shell
Aϵ(R) by VA. Clearly VA grows exponentially with the dimension n:

VA = Vol(B(R)) ((1 + ϵ)n − 1) =
1

3
((1 + ϵ)n − 1) = 2Ω(n)

. By Theorem 2.6, the expected number of lattice points in Aϵ(R) is exactly VA:

EL∼µ| L ∩ Aϵ(R)| = VA
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.
By Theorem 2.7 we know that the variance of the random variable |L ∩ Aϵ(R)| is

upper bounded by CVA:
Var |L ∩ Aϵ(R)| ≤ CVA

where C is an absolute constant.
Applying Chebyshev’s inequality to the random variable NA = |L ∩ Aϵ(R)|, the

probability that the number of lattice points deviates from the expectation by a large
factor is bounded by:

P
(
|NA − VA| ≥

VA

2

)
≤ 4 · Var(NA)

V 2
A

≤ 4C

VA

Since VA = 2Ω(n), this probability goes to 0 exponentially fast as n approaches ∞.
Thus, with probability 1 − o(1), a random lattice contains Θ(VA) = 2Ω(n) points in
Aϵ(R). So P[E2] ≥ 1− o(1).

By the union bound, the event E1 ∩E2 happens with a strictly positive probability
(at least 2/3−o(1) > 0). So there exist lattice Λ with no non-zero lattice points strictly
inside B(R) and contains 2Ω(n) lattice points in the shell Aϵ(R). For this specific
lattice, the first successive minimum satisfies λ1 ≥ R. Consequently, every lattice
vector x residing in the shell Aϵ(R) has length bounded by:

λ1 ≤ ∥x∥2 ≤ R · (1 + ϵ) ≤ λ1 · (1 + ϵ)

This implies that all 2Ω(n) vectors in Aϵ(R) lie strictly within the desired ϵ-shell Sϵ.
This completes the proof.

3.2 Angular separation of ϵ-shell vectors
Let Λ ⊂ Rn be a full rank lattice. Let

Sϵ = {x ∈ Rn | λ1(Λ) ≤ ∥x∥2 ≤ λ1(Λ) · (1 + ϵ)}

To ensure that the adversarial conical perturbations are strictly disjoint, we must prove
that the angle between any two target vectors in the ϵ-shell Sϵ is sufficiently large. We
use simple geometry to prove the lower bound on the angular separation. A simple
useful fact is: norm of difference of any two non-colinear lattice vectors is bounded
from below by the length of shortest non-zero vector in Λ, λ1(Λ).

Lemma 3.2 For any constant δ > 0, there is a constant ϵ > 0 (ϵ depends on δ) such
that for any two distinct non-collinear lattice vectors x, y ∈ Λ∩Sϵ the angle θ between
them is bounded from below by π/3− δ.

Proof. Let x and y be two distinct, non-collinear lattice vectors in the ϵ-shell Sϵ.
By the definition of the ϵ-shell, the ℓ2 norm of both vectors satisfy:

λ1 ≤ ∥x∥2, ∥y∥2 ≤ (1 + ϵ)λ1
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As Λ is a lattice, the difference x−y is also a non-zero lattice vector. By the definition
of the first successive minimum, the length of this difference vector cannot be strictly
smaller than λ1, ∥x − y∥2 ≥ λ1. Let θ be angle between x and y. Consider the
geometric triangle formed by the origin, x, and y. Using cosine rule, we get:

cos θ =
∥x∥22 + ∥y∥22 − ∥x− y∥22

2∥x∥2∥y∥2

To find the minimum possible angle θ, we must find the maximum possible value for
cos θ.

To maximize cos θ we replace ∥x∥2 and ∥y∥2 with their maximum possible value
(1 + ϵ)λ1 in the numerator, and we replace the subtracted term ∥x − y∥2 with its
minimum possible value λ1. We replace both ∥x∥2 and ∥y∥2 in the denominator with
their minimum possible value λ1. Applying these bounds yields:

cos θ ≤ (1 + ϵ)2λ2
1 + (1 + ϵ)2λ2

1 − λ2
1

2λ1 · λ1

Which implies

cos θ ≤ 2(1 + ϵ)2 − 1

2
= (1 + ϵ)2 − 1

2

Expanding the squared term gives:

cos θ ≤ 1 + 2ϵ+ ϵ2 − 1/2 =
1

2
+ 2ϵ+ ϵ2

We have cos(π/3) = 1/2. By the continuity of the cosine function, for any arbitrarily
small δ > 0, we can choose a sufficiently small ϵ > 0 such that the small additive error
(2ϵ+ ϵ2) satisfies:

cos θ ≤ 1

2
+ 2ϵ+ ϵ2 ≤ cos

(π
3
− δ

)
Because the cosine function is monotonically decreasing on the interval [0, π], this
implies:

θ ≥ π

3
− δ

3.3 Conical Regions and Adversarial Convex Body
Next we define exponentially many conical regions and our adversarial convex body
and prove their useful properties.

Definition 3.3 (Conical Region) For a given vector u ∈ Rn \ {0} and an angle pa-
rameter θ ∈ [0, π], the conical region Fu,θ is defined as:

Fu,θ =

{
x ∈ Rn \ {0}

∣∣∣ ⟨x, u⟩
∥x∥2∥u∥2

≥ cos θ

}
13



Let δ > 0 be a constant. By Lemma 3.2 we know that there is a constant ϵ (which
depends on δ) such that angular separation between any two non-colinear lattice points
in ϵ-shell Sϵ is at least π/3 − δ for any lattice Λ. Let Λ ⊂ Rn be a full rank lattice
such that there are at least 2Ω(n) lattice vectors in the ϵ-shell Sϵ. We know that such
lattice exists by Theorem 3.1. Using simple geometry and trigonometry we prove that
conical regions corresponding to any two non-collinear lattice vectors u, v ∈ Sϵ are
disjoint for θ = π/6− δ/2.

Lemma 3.4 Let u, v ∈ Λ ∩ Sϵ be two distinct, non-collinear lattice vectors from the
ϵ-shell, and let δ > 0 be the gap parameter from Lemma 3.2. If θ < π/6 − δ/2, then
Fu,θ ∩ Fv,θ = ∅.

Figure 3: Disjoint conical regions

Proof:
We will give a proof by contradiction. Assume there exists a non-zero vector

x ∈ Fu,θ ∩ Fv,θ. Let x̃ = x/∥x∥2, ũ = u/∥u∥2, and ṽ = v/∥v∥2 denote the unit
vectors along the direction of x, y and v respectively. By the definition of the conical
regions, we have:

⟨x̃, ũ⟩ = c1 ≥ cos θ and ⟨x̃, ṽ⟩ = c2 ≥ cos θ

We split ũ and ṽ into components parallel and orthogonal to x̃:

ũ = c1x̃+ wu where ⟨wu, x̃⟩ = 0

ṽ = c2x̃+ wv where ⟨wv, x̃⟩ = 0

14



Because ũ and ṽ are unit vectors, by the Pythagorean theorem, the squared norms of
their orthogonal components are exactly ∥wu∥22 = 1− c21 and ∥wv∥22 = 1− c22. Let us
consider the normalized inner product between the two target vectors u and v:

⟨u, v⟩
∥u∥2∥v∥2

= ⟨ũ, ṽ⟩ = ⟨c1x̃+ wu, c2x̃+ wv⟩

As ⟨x̃, x̃⟩ = 1 and the cross terms vanish, this simplifies to:

⟨ũ, ṽ⟩ = c1c2 + ⟨wu, wv⟩

Clearly, ⟨wu, wv⟩ ≥ −∥wu∥2∥wv∥2. Substituting the norms gives:

⟨ũ, ṽ⟩ ≥ c1c2 −
√

1− c21

√
1− c22

Let us define the function f(c1, c2) = c1c2 −
√

1− c21
√

1− c22. For c1, c2 ∈ [0, 1],
standard calculus shows that f is monotonically increasing with respect to both c1
and c2. Therefore, since c1 ≥ cos θ and c2 ≥ cos θ, the absolute minimum of this
expression occurs when c1 = cos θ and c2 = cos θ.Substituting these minimum values
for c1 c2 yields:

⟨ũ, ṽ⟩ ≥ cos2 θ −
√
1− cos2 θ

√
1− cos2 θ

⟨ũ, ṽ⟩ ≥ cos2 θ − sin2 θ = cos(2θ)

We are given that θ < π/6 − δ/2, which implies 2θ < π/3 − δ. Because the cosine
function is monotonically decreasing on [0, π], we have:

cos(2θ) > cos
(π
3
− δ

)
Consequently:

⟨u, v⟩
∥u∥2∥v∥2

> cos
(π
3
− δ

)
But by Lemma 3.2, for any two distinct vectors u, v ∈ Λ ∩ Sϵ, the normalized inner
product (which is equal to cosine of the angle between them) is bounded above:

⟨u, v⟩
∥u∥2∥v∥2

≤ cos
(π
3
− δ

)
This is a contradiction. Therefore, no such non-zero vector x exists, and Fu,θ ∩Fv,θ =
∅.

Figure 3 shows the disjoint conical regions centered around points u, v ∈ Sϵ.

Definition 3.5 (Adversarial Convex Body) Given u ∈ Sϵ and the stretching factor
γ > 1 we define the adversarial body Bu,γ as the convex hull of of B ∪ {v,−v}:

Bu,γ = conv(B ∪ {v,−v}) where v = γλ1(Λ)ũ

where B = {x ∈ Rn | ∥x∥2 ≤ λ1(Λ)} denote the standard ℓ2 ball of radius λ1(Λ)
around origin and û = u/∥u∥2 is a unit vector in the direction of u. Figure 4 gives
visual representation of the adversarial convex body centered around point u.
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Figure 4: Adversarial Convex Body

Lemma 3.6 Let u ∈ Sϵ, θ ∈ [0, π] and the stretching factor γ < 1/ cos θ. Let B be a
ball of radius λ1(Λ) around origin. Then any point x ∈ Bu,γ but not in B is contained
in the union of symmetric conical regions defined by the angle θ:

Bu,γ \B ⊂ Fu,θ ∪ F−u,θ

Proof:
Let x ∈ Bu,γ \ B. The shaded region in Figure 3 indicates conical region around

u, there will be such region around −u symmetrically.
As Bu,γ is centrally symmetric, we can assume without loss of generality that x =

(1 − s)b + sv for some point b ∈ B and scalar s ∈ (0, 1). On substituting v = γλ1ũ,
we get

b =
x− sγλ1ũ

1− s

. As b ∈ B, we have ∥b∥22 ≤ λ2
1. Taking the squared norm and multiplying by (1− s)2

gives:
∥x∥22 − 2sγλ1⟨x · ũ⟩+ s2γ2λ2

1 ≤ (1− s)2λ2
1

By rearranging the terms we get:

2sγλ1⟨x · ũ⟩ ≥ ∥x∥22 + s2γ2λ2
1 − (1− s)2λ2

1 (1)

Now we will show that the right hand side of the above equation is at least 2λ1∥x∥2.
To see this, let E is the difference:

E = ∥x∥2 − λ2
1(1− s)2 + s2γ2λ2

1 − 2sλ1∥x∥

By expanding and rearranging the terms we get:

E = ∥x∥2 − 2sλ1∥x∥ − λ2
1 + 2sλ2

1 − s2λ2
1 + s2γ2λ2

1

16



Which implies

E = (∥x∥2 − λ2
1)− 2sλ1(∥x∥ − λ1) + s2λ2

1(γ
2 − 1)

By taking out the common factor (∥x∥ − λ1) from the first two terms:

E = (∥x∥ − λ1)(∥x∥+ λ1 − 2sλ1) + s2λ2
1(γ

2 − 1)

Now we can see that all three terms in the above expression are greater than zero.
Firstly, as x ̸∈ B we get (∥x∥ − λ1) > 0. Since s < 1 and ∥x∥ > λ1 we get

∥x∥+ λ1 − 2sλ1 > λ1 + λ1(1− 2s) = 2λ1(1− s) > 0

. Since γ > 1, the term s2λ2
1(γ

2 − 1) is strictly positive. Which implies E > 0. So we
have proved:

∥x∥2 + s2γ2λ2
1 − λ2

1(1− s)2 > 2sλ1∥x∥
Hence from Equation 1 we get

2sγλ1⟨x · ũ⟩ > 2sλ1∥x∥

Since γ < 1/ cos θ, we get
⟨x · ũ⟩
∥x∥

> 1/γ > cos θ

Thus proving x ∈ Fu,θ.

Lemma 3.7 Let Λ be an integer lattice and B be a ball of radius λ1(Λ) around origin.
For an angle θ ∈ (0, π) let γ < 1/ cos θ be the stretching factor. Then for any vector
x /∈ Fu,θ ∪ F−u,θ, its norm with respect to the adversarial body Bu,γ is exactly equal
to its norm with respect to the original body B :

∥x∥Bu,γ = ∥x∥B

Proof:
By definition, the norm of vector x with respect to the two bodies are:

∥x∥B = inf{t > 0 | x/t ∈ B}

∥x∥Bu,γ = inf{t > 0 | x/t ∈ Bu,γ}
As the ball B is a subset of the adversarial body (B ⊆ Bu,γ), for any scalar t if

x/t ∈ B then x/t ∈ Bu,γ . So the infimum for Bu,γ is less than or equal to the infimum
for B, which gives us:

∥x∥Bu,γ ≤ ∥x∥B
Now, we will rule out a possibility that ∥x∥Bu,γ < ∥x∥B, hence proving the equal-

ity. Suppose :
∥x∥Bu,γ < ∥x∥B
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If this strict inequality holds, then by the definition of the infimum, there must exist
some scalar t∗ that satisfies:

∥x∥Bu,γ ≤ t∗ < ∥x∥B

such that the scaled point y = x/t∗ is contained in the adversarial body (y ∈ Bu,γ) but
not in the original body B:

y ∈ Bu,γ \B

As γ < 1/ cos θ by Lemma 3.3, we get:

y ∈ Fu,θ ∪ F−u,θ

By the definition of conical regions, this means the normalized inner product of y
satisfies the cone inequality. Because substituting y = x/t∗ yields:

⟨(x/t∗) · ũ⟩
∥x/t∗∥2

=
1
t∗
⟨x · ũ⟩
1
t∗
∥x∥2

=
⟨x · ũ⟩
∥x∥2

≥ cos θ

This implies x ∈ Fu,θ ∪ F−u,θ, a contradiction. As the strict inequality leads to a
contradiction, we conclude that ∥x∥Bu,γ = ∥x∥B

4 Adversary Lower bounds for SVP and CVP

4.1 Lower bound for deterministic algorithms for SVP
Theorem 4.1 (Deterministic Lower Bound for SVP) Any deterministic algorithm
A that solves the Shortest Vector Problem (SVP) on an n-dimensional lattice Λ within
an approximation factor of γ′ < 2/

√
3 using a black-box metric oracle must make at

least 2Ω(n) queries to the oracle.

Proof:
We choose stretching factor γ as a constant such that γ′ < γ < 2/

√
3. So

1/γ >
√
3/2 = cos(π/6). Due to continuity of cosine function and the fact that it

is monotonically decreasing in the interval [0, π/2], there exists a non-zero constant δ
such that 1/γ > cos(π/6 − δ/2). We choose ϵ = min{ϵ(δ), γ−γ′

γ′ }, where ϵ(δ) is the
constant given by Lemma 3.2.

Let Λ be the lattice obtained by Theorem 3.1 and

Sϵ = {x ∈ Rn | λ1(Λ) ≤ ∥x∥2 ≤ λ1(Λ) · (1 + ϵ)}

. Let U = |Λ∩Sϵ| be the set of target lattice vectors located in the ϵ-shell Sϵ. We have,
|U | = 2Ω(n). Let B be ball of radius λ1(Λ) around origin.

We will give a proof by contradiction. Suppose there is a deterministic algorithm
A that solves SVP within factor γ′ by making N = 2o(n) queries to the metric oracle.
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During the execution suppose A makes a fixed set of queries Q = {q1, q2, . . . , qN}
and outputs a non-zero lattice vector y. Without loss of generality, assume that y ∈ Q.
Oracle answers all queries w. r. t. convex body B as a metric, that is on query qi oracle
returns ∥qi∥B for i ∈ [N ]. For θ < π/6 − δ/2, from Lemma 3.3 it follows that for
non-colinear lattice points x, y ∈ Sϵ we have

Fx,θ ∩ Fy,θ = ∅

.
Now since N = 2o(n) and |U | = 2Ω(n), it implies that there is u∗ ∈ U such that the

algorithm made no queries in the conical regions Fu∗,θ, F−u∗,θ:

Q ∩ (Fu∗,θ ∪ F−u∗,θ) = ∅

. The adversary now sets the true metric to be the metric given by the adversarial body
Bu∗,γ . Since 1/γ > cos(π/6−δ/2) and none of the queried vectors are in Fu∗,θ∪F−u∗,θ

by Lemma 3.3 we have

∥qi∥Bu∗,γ = ∥qi∥B
So the algorithm A can not distinguish whether the queries are answered with

respect to B or Bu∗,γ . With respect to the adversarial metric Bu∗,γ , the boundary in the
direction of u∗ is expanded by the stretching factor γ:

∥u∗∥Bu∗,γ =
∥u∗∥B
γ

.
As u∗ ∈ Sϵ, we have ∥u∗∥B ≤ 1 + ϵ we get:

∥u∗∥Bu∗,γ ≤ 1 + ϵ

γ

As
Q ∩ (Fu∗,θ ∪ F−u∗,θ) = ∅

by Lemma 3.3 we get

∥qi∥Bu∗,γ = ∥qi∥B ≥ 1

. As the output lattice vector y ∈ Q we get ∥y∥Bu∗,γ ≥ 1.
The approximation factor achieved by the algorithm is the ratio between the norm

of its output y and the norm of the shortest vector u∗ with respect to Bu∗,γ :

Approximation ratio =
∥y∥Bu∗,γ

∥u∗∥Bu∗,γ

≥ 1
1+ϵ
γ

=
γ

1 + ϵ
> γ′

.
The last inequality follows from our choice ϵ > γ−γ′

γ′ . This is a contradiction as
algorithm fails to output a vector with norm within γ′ factor of the norm of the shortest
vector.
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4.2 Lower bound for deterministic algorithms for CVP
Theorem 4.2 (Deterministic Lower Bound for CVP) Any deterministic algorithm
A that solves the Closest Vector Problem (CVP) on an n-dimensional lattice Λ within
an approximation factor of γ′ < 2/

√
3 using a black-box metric oracle must make at

least 2Ω(n) queries to the oracle.

Proof:
We give a proof by contradiction, using well known polynomial-time Turing re-

duction from SVP to CVP [20]. First we recall the reduction from SVP to CVP from
[20]. Given a lattice Λ with basis {b1, b2, . . . , bn}, the reduction constructs n sub-
lattices. For each i ∈ {1, . . . , n}, it defines the lattice Λi as the lattice generated by
{b1, . . . , bi−1, 2bi, bi+1, . . . , bn}. The basis for Λi is obtained from the basis of Λ by re-
placing bi by 2bi. The algorithm ASVP then calls the CVP algorithm exactly n times,
asking it to find the closest vector in Λi to the target point ti = bi. The shortest of
the resulting difference vectors is guaranteed to solve the γ′-approximate SVP for the
original lattice Λ if ACVP solves γ′-approximate CVP.

The correctness of the reduction relies on parity of the lattice coefficients to iso-
late the shortest vector into a shifted sub-lattice. Crucially, it depends only on the
translation-invariance of the distance function and does not invoke inner products, an-
gles, or any specific geometric properties of the norm. Therefore, the reduction works
for arbitrary norms given by gauge functions. Also the reduction doesn’t need to see
the metric explicitly and works perfectly in the black-box set up (accessing metric
through a black-box oracle).

So clearly, if we have a deterministic algorithm to solve CVP within factor γ which
accesses metric through black-box oracle and makes at most 2o(n) queries to the oracle
then we have similar algorithm for SVP which makes at most n2o(n) = 2o(n) oracle
queries, a contradiction by Theorem 4.1. Thus proving the desired.

4.3 Lower Bound against Randomized Algorithms (via Yao’s Min-
imax Principle)

In this Section we use Yao’s Minmax principle to extend our lower bounds to ran-
domized algorithms. The principle states that the expected cost of any randomized
algorithm on the worst-case input is lower-bounded by the expected cost of a deter-
ministic algorithm on a chosen probability distribution over the inputs. As a result, to
prove that any randomized algorithm must fail with high probability using few queries,
it suffices to define a distribution of inputs and prove that any deterministic algorithm
fails with high probability over this distribution.

Theorem 4.3 (Randomized Lower Bound for SVP) Let R be any randomized algo-
rithm which accesses metric through black-box oracle and solves the Shortest Vec-
tor Problem (SVP) for n-dimensional lattice Λ within an approximation factor of
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γ′ < 2/
√
3 with constant success probability (say, with probability ≥ 2/3). Then

expected number of oracle queries R makes must be at least 2Ω(n).

Proof:

We choose lattice Λ, target vector set U , constants γ, ϵ, convex bodies B and Bu,γ

for u ∈ U exactly as in the proof of Theorem 4.1. We define a probability distribution
D over the the collection of convex bodies {Bu,γ|u ∈ U}. To construct an instance
from D, we draw a target vector u∗ uniformly at random from the set U . We set the
true metric of the oracle to be the corresponding adversarial body Bu∗,γ . Let A be
any deterministic algorithm that makes at most N = 2o(n) queries to the metric oracle.
We analyze the probability that A successfully achieves a γ′-approximation when the
metric is drawn from D. As A is deterministic, its sequence of queries is entirely
fixed by the oracle’s responses. Let Q = {q1, q2, . . . , qN} be the queries A makes and
oracle simply returns the standard base norm B for all queries. By Lemma 3.3, the
conical regions Fu,θ ∪F−u,θ for all u ∈ U are strictly mutually disjoint. Therefore, any
single query qi ∈ Q can fall into the perturbed cones of at most one target vector in U .
Consequently, the entire set of N queries can intersect the cones of at most N distinct
target vectors. Because the true target u∗ is chosen uniformly at random from U , the
probability that any of the algorithm’s queries hit the perturbed cones of u∗ is bounded
by:

Pr[Q ∩ (Fu∗,θ ∪ F−u∗,θ) ̸= ∅] ≤ N

|U |
=

2o(n)

2Ω(n)
= 2−Ω(n)

So with probability 1−2−Ω(n), none of the algorithm’s queries fall inside the cones
of u∗. Now the adversary claims that underlying metric is in-fact Bu∗,γ , even though it
has answered all the queries assuming that the underlying metric is B. From Lemma
3.3 we know that on all the queried point norm w. r. t. B and Bu∗,γ agree:

∥qi∥Bu∗,γ = ∥qi∥B

Because the algorithm receives the exact same responses as it would under the ball B,
it fails to identify the change in metric. Let y be the output of the algorithm. Now,
the probability that the fixed output y accidentally falls into the cone of the randomly
chosen u∗ is exactly 1/|U | = 2−Ω(n). So, the total probability that the deterministic
algorithm A succeeds either by successfully querying the cone or by blindly guessing
a valid output vector is bounded by the union bound:

Pr[A succeeds] ≤ N

|U |
+

1

|U |
=

N + 1

|U |
= 2−Ω(n)

Because any deterministic algorithm making N = 2o(n) queries has a vanishingly
small probability of success o(1) over the distribution D, Yao’s Minimax Principle
guarantees that any randomized algorithm making an expected N = 2o(n) queries must
also have a success probability bounded by o(1). Therefore, to achieve a constant
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success probability (e.g., ≥ 2/3) for γ′-approximate SVP, a randomized algorithm
must make at least 2Ω(n) expected queries. Thus proving the desired.

Corollary 4.4 (Randomized Lower Bound for CVP) Let R be any randomized al-
gorithm which accesses metric through black-box oracle and solves the Closest Vec-
tor Problem (CVP) for n-dimensional lattice Λ within an approximation factor of
γ′ < 2/

√
3 with constant success probability (say, with probability ≥ 2/3). Then

expected number of oracle queries R makes must be at least 2Ω(n).

Proof:

We give a proof by contradiction, using the well-known Turing reduction from SVP
to CVP [20]. Let ACV P be a randomized algorithm that solves γ′-approximate CVP
with a success probability of at least 2/3, making an expected Q = 2o(n) queries to the
metric oracle. The reduction to SVP requires invoking the CVP algorithm exactly n
times on different shifted sub-lattices. To ensure the overall SVP reduction succeeds
with a high constant probability, we must formally bound the probability of failure
across all n independent calls. First, we amplify the success probability of ACV P . By
running ACV P independently k = Θ(log n) times for a single instance and selecting
the valid output vector closest to the target (the one which has smallest distance to
the target), we reduce the failure probability of a single CVP invocation from 1/3
to at most 1

3n
. This amplification increases the expected queries per CVP instance

to Θ(log n) · Q. Now we apply the union bound. The probability that any of the n
amplified CVP calls fails is bounded by:

Pr[failure] ≤ n ·
(

1

3n

)
=

1

3

Consequently, this yields a randomized algorithm for SVP that succeeds with proba-
bility at least 1 − 1/3 = 2/3. The total expected number of queries N made by this
resulting SVP algorithm to the metric oracle is:

N = n ·Θ(log n) ·Q = Θ(n log n) · 2o(n) = 2o(n)

This is a direct contradiction with Theorem 4.3. As from Theorem 4.3 we know
that any randomized algorithm solving γ′-approximate SVP with success probability
≥ 2/3 must make at least 2Ω(n) expected queries. So, the expected query complexity
Q of the original randomized CVP algorithm can not be 2o(n).

4.4 Tightness of the Bound for the ℓ2 Metric
If the adversary chooses the standard Euclidean ℓ2 ball as the base metric C, the stretch
factor cannot exceed 1/ cos(θ), where θ is the half-angle of the assigned cone. This is
not a limitation of our proof technique, but a strict geometric property of the ℓ2 norm.
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Suppose the adversary attempts to construct some updated, O-symmetric convex body
C ′ to embed the target vector v = γλ1u. To preserve the spatial disjointness required
for the lower bound, C ′ must identically match the base ball C everywhere outside
the assigned cone Fu,θ. Because C ′ is a convex body containing both the unperturbed
base ball C and the new stretched peaks {v,−v}, it must strictly contain their mini-
mal convex hull: conv(C ∪ {v,−v}) ⊆ C ′. Because the boundary of the ℓ2 ball C
is uniformly curved, this minimal convex hull is defined by the exact tangent lines
drawn from the peak v to the surface of the sphere. These tangent lines form a right
triangle with the origin and the point of tangency. By standard trigonometry, the angle
this tangential boundary makes with the central axis u is exactly arccos(1/γ). If the
adversary attempts to increase the stretch factor strictly beyond γ = 1/ cos(θ), this
tangent angle becomes greater than θ. This physically forces the outer boundary of the
minimal convex hull to cross outside the allowed cone Fu,θ. Since C ′ must contain this
hull, C ′ inevitably leaves the region as well. Once the perturbation leaves this region,
it intersects with the cones assigned to other target vectors, destroying the spatial dis-
jointness required for the lower bound. Therefore, for algorithms operating over the
ℓ2 metric, nothing better than the 1/ cos(θ) limit is geometrically possible within this
black-box framework.

5 Concluding Remarks and Open Problems
In this paper, we proved unconditional 2Ω(n) query complexity lower bounds on any
randomized algorithm for SVP (respect. CVP) which accesses the metric through
black-box oracle and solves SVP (respect. CVP) within factor γ < 2/

√
3. We ob-

served that if the base metric is the ℓ2 ball, its curvature strictly limits the stretch
factor to γ ≤ 1/ cos(θ). This raises a natural question: can the lower bound technique
achieve a proof for larger approximation factors by using a different base body?Bodies
with flat faces, like the ℓ∞ polytope, theoretically allow for a much larger local stretch
without leaving a single assigned cone. However, the flat-faced bodies have extreme
corners. When the convex hull wraps around the stretched peak and these corners, it
inevitably intersects neighboring cones, destroying the disjoint packing required for
the lower bound. So metric like ℓ∞ wont give any better result. We leave following
open question for future work:

What is the maximum achievable stretch factor γ for an arbitrary o-symmetric con-
vex body? Specifically, what is the exact mathematical trade-off between a body hav-
ing flat faces (to maximize local stretch) and remaining globally round (to successfully
pack 2Ω(n) disjoint target cones)?

Historically, it is believed that CVP is a harder computational problem than SVP.
But our technique doesn’t prove any better lower bound result for CVP compared to
SVP. The obvious reason for this is we use Turing reduction from SVP to CVP to prove
the lower bound for CVP using the lower bound for SVP. It raises a natural question:
can we prove better lower bound for CVP (which works for larger approximation fac-
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tors)? Of course such a lower-bound proof must directly construct adversarial body
for CVP and the argument shouldn’t be via SVP to CVP Turing reduction.
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