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Abstract

Hao, Huang, and Liu [HHL26] recently showed that optimal quantum query complexity
may require large workspace even for short-output problems, and asked whether a quantum
query advantage over classical computation can itself require space. We resolve this question by
exhibiting an explicit total Boolean function with quantum query complexity @ = ©(M), and
randomized query complexity R = ©(M?/29), whereas, for every fixed 0 < n < 1/100 and S <
O(M*/190=m) "its S-space quantum query complexity satisfies Qg = w(M?'/2°). Consequently,

Q< R<Qs,

so the unrestricted quantum query advantage disappears under sufficiently small workspace.

The separation is obtained through a one-bit filtered-parity construction and a space-sensitive
quantum lower bound based on compressed-oracle capacity and a new parity-to-capacity inequal-
ity, which may be of independent interest.
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1 Introduction

Time-space tradeoffs are a classical topic in complexity theory, which asks how restrictions on
workspace affect the time required for computation. A substantial body of work establishes quan-
titative time-space tradeoffs for fundamental (classical) problems, including long-output problems
like sorting [BFK 81, BC82], finding unique elements [Bea91], collision finding [Din20]; and one-
bit output problems, like branching-programs [BJS01], randomized decision-problem [BSSV03], and
element distinctness [BEMADH 87, Yao94].

The same issue arises in quantum query complexity. The standard query model measures the
number of oracle queries while imposing no a priori bound on the algorithm’s workspace. Thus, an
algorithm that is optimal in query complexity may require substantially more space than is achiev-
able in a space-bounded model. This has motivated the study of quantum time-space tradeoffs
for a variety of witness-producing problems, including sorting [K1a03, KSAW07], function inversion
[CGLQ20], finding multiple collision pairs [FIM23], and matrix problems [KSAW07, BKW26]. In
the meanwhile, time-space tradeoffs for decision problems have been less explored. In a restricted
model, where only quantum branching-programs are allowed, [BS24] shows the one-bit quantum
time—space tradeoff, but things are tricky in the general query model.

Collision and element distinctness might be a good candidate for one-bit quantum time-space,
or query—space tradeoff. For the collision problem, the Brassard—Hgyer—Tapp algorithm achieves
O(N'/3) quantum queries while storing a table of size O(N'/3) [BHT97], whereas a Grover-search-
based algorithm can be implemented with logarithmic workspace using O(\/N ) queries [Gro96,
Aar21]. For element distinctness, the optimal O(N?/3)-query quantum walk algorithm also uses
polynomial workspace [Amb07], matching the unrestricted quantum query lower bound [AS04].
Despite the tight characterization of their unrestricted quantum query complexities, the optimal
tradeoffs for the two remain open [Aar21]. Besides the tradeoff itself, a stronger question is whether
the tradeoff can eliminate the quantum query advantage in bounded space.

An immediate barrier to this question is that known quantum time-space lower-bound methods
only work for multi-output problem structures, in which the output itself provides a progress
measure: after partitioning the computation into segments, one can bound how many output items
a small-space segment can produce. Naturally, this argument does not directly extend to Boolean-
output problems. We need a different progress measure.

Recent work of Hao, Huang, and Liu makes substantial progress in this direction [HHL26]. They
show that even for problems with short outputs, achieving the optimal quantum query complexity
can require large workspace, thereby separating space-bounded from unrestricted quantum query
complexity in quantum random oracle model. What remains open are whether the tradeoff could
be proven for a one-bit output problem, and furthermore, the quantum advantage disappears under
an appropriate space bound. We furthermore hope to build this relationship in query complexity
instead of oracle models, that is, consider the worst case instead of the average.

This motivates the central question of this work:

Can the size of workspace determine whether a quantum query advantage exists?

Formally, let Q(f) denote the bounded-error quantum query complexity of a total Boolean
function f with unrestricted workspace, R(f) its bounded-error randomized query complexity, and
Qs(f) its bounded-error quantum query complexity with workspace S. We still wonder whether
Q(f) < R(f) < Qs(f), which shows that unrestricted quantum algorithms outperform classical
ones, while space-bounded quantum algorithms do not.

We answer this question affirmatively. Our starting point is a filtered-parity problem, which
has one-bit output, and predicting the output bit forces a quantum algorithm to record information



with many queries. We formalize this through a new parity-to-capacity inequality and combine it
with the compressed-oracle capacity bound of Hao, Huang, and Liu [HHL26] to obtain a strong
query—space tradeoff despite the one-bit output. Recall that Grover’s algorithm gives a quadratic
speedup for OR. The mechanism above could be turned into a worst-case total Boolean function f
satisfying Q(f) < R(f) < Qs(f), mainly by appending an independent OR block.

1.1 Main Results

We first introduce a family of one-bit oracle problems, called ¢-Sum-Filtered Parity. The problem
is defined over two independent random oracles: one selects a structured set of /-tuples, and the
other assigns a Boolean value to each tuple. For an integer k, write [k] = {0,1,...,k — 1}.

Definition 1.1 (¢-Sum-Filtered Parity). Fiz a constant integer ¢ > 4. Let
N =27, M = LNﬁJa

and let
H: [M] - [N], G: [M])* - {0,1}

be independent uniformly random functions. Define

l
Yy = {(:L‘l,...,$g) € [M]Z:a:l < e < g, ZH(:Q) =0 (mod N)}
i=1

Given oracle access to (H,Q), the task is to output F(H,G) := P
the empty set is zero.

veyy G(@), where the parity of

Our first result gives a general query—space tradeoff for this problem.

Theorem 1.1 (General query—space tradeoff). Fiz a constant integer £ > 4. The £-Sum-Filtered
Parity problem has the following properties.

1. There is a deterministic classical algorithm that succeeds with probability 1 —o(1), uses O(M)
oracle queries, and uses O(M log N) bits of space.

2. For every constant 0 < € < 1/2, every quantum algorithm that succeeds with probability at
least 1/2 + €, uses S qubits of space, and makes T oracle queries satisfies

S€+1T =0 (N2(Z1*1)+ZJ%1) )

whenever S = Q(log N) and S = O(N<‘-’+1>32‘5+1) ).

1
The choice M = O(N7T) balances the number of H-queries and selected G-entries. Conse-
-3
quently, within the stated space range, if S = o (N 2(e-1)(e+1)? > , then every such quantum algorithm

1 1
makes w(N7T) queries, whereas the classical algorithm makes only O(/N7T) queries.
We next turn this separation into one for an explicit total Boolean function.



Definition 1.2 (/-Sum-OR Parity). Let N = 2" and M = [NV | Let H € {0,1}Mx
14

G € {0,1MMV and =z € {0,1}* be arbitrary input blocks, where L = [MIFE=3)/AET " For

x € [M], let H(z) € [N] be the integer encoded by (Hy1,...,Hyy), and similarly for G(x). Let

J4
Yy = {(:Cl,...,xg) €M oy <--<x, Y H(z)=0 (mod N)}.
=1

Given query access to these Boolean blocks, the required output is determined as follows. If
M
stz ()]

SumORy,(H,G,2) = | €D G(x) | ® OR(2).

x€Yy

then

Otherwise,
SumOR,(H,G, z) = OR(z).

Here we set the parity of the empty set to be zero.

Our main result gives the desired separation between unrestricted quantum, randomized clas-
sical, and space-bounded quantum query complexity.

Theorem 1.2 (Total quantum speedup and small-space reversal). Fiz a constant integer { > 4.
For all sufficiently large n,

£— ~
D(SumORy,,) = R(SumORy,,) = @(M”an) . Q(SumORy,,) = B(M).
Moreover, every S-qubit quantum algorithm with constant advantage and T queries satisfies

Sl — Q) (M?’/Q*Q/(@H))

-1

for QlogM) < S < O (M“H)(?”l)). Consequently, for every fized 0 < n < 4(27_:;’)2, if § <

£—3
O(M 312 ™" then
Q(SumOR;,,) < R(SumORy,) < Qs(SumORy,,).

In particular, setting £ = 4 gives an explicit family of total Boolean functions f satisfying
Q) =6(M),  R(f)=D(f) =0(M*?),  $Qs(f) = QM)

Therefore, for every fixed 0 < 7 < 1/100 and S < O(M/190-1) we have Q(f) < R(f) < Qs(f).

1.2 Technique Overview

The classical upper bound is straightforward. The algorithm queries and stores all values of H,
enumerates the filtered set Y7, and queries G only on tuples in Y. With high probability, |Yx| =
©(M), which gives the claimed query and space complexities.

For the quantum lower bound, we use the compressed-oracle framework of Zhandry [Zhal9)]
together with the tuple-capacity measure introduced by Hao—Huang-Liu [HHL26]. Informally, the



capacity K (A) measures how much of the oracle G has been recorded on tuples satisfying the sum
constraint defined by H. Hao-Huang-Liu showed that an S-space, T-query quantum algorithm
can have capacity at most

K(A) =0 <S2£+2T2N—2/(e+1)) ‘

The main new step in our proof is to lower-bound the same quantity from the one-bit output.
Conditioned on H, the target is the parity of the G-bits indexed by Yy. We prove a parity-to-
capacity inequality showing that any algorithm computing this parity with constant advantage

must satisfy K(A) = Q(M). Combining the two bounds and using M = O(N ﬁ) gives
SHT = (Nﬁﬂ%) .

In order to apply this to the total Boolean function, we first notice that the capacity lowerbound
holds for every H, hence cutting off the tail of the distribution of |Yz| could trivially preserve the
lowerbound in the worst-case senario while leave the upperbound untouched. Then, we add an
independent OR block to calibrate the randomized query complexity between the unrestricted and
bounded-space quantum scales. We call the resulted boolean function as SumORy,, which satisfies
Q < R < Qg. We will also discuss about why we chose M = N'/(¢=1) and the length of the OR
block.

Remark 1.1. When considering the tradeoff of the total boolean function SumORy,, the queries
are bit-by-bit. However, {-Sum-Filtered Parity is a one-bit oracle problem, and the queries, by defi-
nition, are tuple-by-tuple. But they translate to each other using standard encoding with logarithmic
loss, hence not affecting the tradeoff fundamentally.

2 Problem Setup

2.1 Size of the Filtered Subset
We first analyze the size of the filtered set Yys.

Lemma 2.1. Fizx a constant integer £ > 4. Then

1 (M
Pry | — <|Ygl<M|>1-0M™).
2 ] 1o
Proof. Express the size of the set Yy, which is defined in Definition 1.1, as a sum of indicator
functions.

Yul= ) Il[ZH(:U)zO (mod N)

AG(UZI]) T€EA

For each A € ([]\ZI]), condition on ¢ — 1 of the ¢ values {H(z) : x € A}. Exactly one value of the
remaining uniform variable makes the sum zero modulo N. Therefore,

Epl|> H(z)=0 (mod N)| =Pry

TEA

1
Y H(z)=0 (mod N)] =~

T€EA

Thus the expected size is Eg|Yy| = (]\2[) /N.



For distinct A, B € ([M]), choose a € A\ B and b € B\ A. Condition on every H(x) except
H(a) and H(b). The zero-sum equations for A and B then determine H (a) and H(b), respectively.

Hence
1

Pry [Z H(z)=0 (mod N) and ZH(:B) =0 (mod N)] el

€A zEB

Thus, the covariance terms for distinct A and B vanish. It follows that

Varg (|Yh|) = Z Varpy (]l [Z H(z) =0 (mod N)])

AG( ) T€A
M\ 1 1 M\ 1
= —(1-=)< —.
{ )N N) = \{¢)N
Define p := Eg|Yy| = (AZI)% The identity M = LNﬁJ implies M! < N < (M +1)"!
Thus, N = ©(M*!). Since ¢ is fixed, (AEI) = O(M*), so u = ©(M). Moreover, N > M*! and
(]\64) < M*/#!, which give . < M/£!. Thus, Chebyshev’s inequality and the variance bound above
give
4 Vary (|Yg|)

Pry(|Yh| < p/2] < 2

<

=

=0o(M™).
For the upper tail, the bound on u gives M — > (1 — 1/€)M. Applying Chebyshev’s inequality
again yields
VarH(|YH\)
(M — p)?
<(1-1/0)7"
=Oo(M™1).

Pry[|Yu| > M] <

M2

A union bound now proves the claim.

2.2 Compressed Oracle and the Computational Model

In this section, we explain how queries in the standard quantum random-oracle model (QROM) can
be “recorded” using Zhandry’s compressed-oracle technique [Zhal9]. We focus on the representation
needed for /-SUM-FILTERED PARITY.

We use the following four registers.

e Q) contains the query index and answer/target registers.
e W contains all working registers except for Q.

Together, W and Q are working registers used by the algorithm. They are initialized as |0) before
the computation, and the joint register WQ contains at most S qubits. The two remaining registers,
while not considered as working registers, play an important role in compressed-oracle analysis.



e H is the database register that stores the random oracle H in the compressed oracle view.

e G is the database register that stores the random oracle GG in the compressed oracle view.

The compressed standard oracle can be viewed as a type of lazy sampling technique. Instead of
designating a particular H or G at the very beginning, the compressed oracle maintains databases
on H,G in superposition. Oracle queries are hence interactions between working registers and
database registers. Informally speaking, H, G would be initialized as uniform superposition of the
states defined as follows,

Hyu= Q HG )y (66 = @ 166),

je[M] jeM)*

Standard oracle. Registers H and G are initialized to ) ,|H)n and ) ,|G)a, respectively,
ignoring the normalizing factors. An algorithm accesses the oracle H coherently by applying the
unitary O5%9, which acts nontrivially only on Q and H. Specifically,

O, 2)olH)n = |2,z ® H(w))o| H)u.

The same discussion applies to G, except that G’s domain and codomain have different size. Note
that an H-query requires O(log M + log N) = O(log N) qubits on Q, while a G-query requires
O(llog M + 1) = O(log N) qubits because ¢ is fixed. Hence they both can be included in an
O(log N) query workspace. We therefore slightly abuse notation and use Q for the query register
in both cases. Then

OF %, b)alG) = [x,b ® G(x))qlG)-

It is the most standard form of oracle queries, and Zhandry [Zhal9] showed that it can also be
viewed as the following.

Compressed oracle. Write [0) := (|0) + [1))/v/2 and [1) := (|0) — |1))/v/2 for the Fourier-basis
states of the answer qubit. In this basis, an H-query acts non-trivially only on the register Q and
H as

Onlw, 2)q|H)u = (=1)" |2, 2)q| H) .

Unlike the standard XOR. queries, the Fourier-basis query changes a phase, and hence also “acts
on” the database registers. Moreover, if we encode the database registers H and G in the basis
[0), 1), they encode information about the query more clearly.

Let 0 =00---0 be the all-zero boolean string. Initially, ignoring the normalizing factor, the H
register is Y 4 |H)u = ]6>H In this representation, an H-phase-query acts as follows:

Onlz, 2)q @ [3)m.|S)m_,
= |2,2)q ® 5@ 2)m, |S)u_, -

Here H; is the database cell register at position = € [M], while H_, contains the rest.
A similar argument applies to G.

Oclx,b)q @ |P)a.|Pla
= |x,b)q @ [p ® b)a. | Pa_,.

Theorem 2.2 ([Zhal9] and [HHL26, Lemma 4.9 in the full version]). Let A be an (unbounded)

quantum algorithm making oracle queries. The output of A given access to the compressed oracles

Op, Og¢ is identical to the output of A given access to a standard oracle O?}d, O%d.

(1)



3 Classical Upper Bound

In this section, we give a classical upper bound for /-SUM-FILTERED PARITY using the following
algorithm.

(1) Query and store H(z) for every z € [M].

(2) Enumerate the ¢-tuples in Yy, query the corresponding G-bits, and compute their parity,
stopping with output 0 if more than M such tuples are found.

This requires O(M log N) space and gives a worst-case O(M) query bound. By Lemma 2.1, the
cutoff changes the output only with probability O(M~1).

Algorithm 1 Classical algorithm for -SUM-FILTERED PARITY

1: Query and store H(x) for every x € [M].
2: answer < 0 and count < 0.

3: for all 1 < --- < zy in [M] do

4 if Y0 H(z;) =0 (mod N) then

5: if count = M then

6 return 0

7 end if

8 Query G(x1,...,z¢) and XOR it into answer.
9: count < count + 1.

10: end if

11: end for

12: return answer

Proposition 3.1. Fiz a constant integer £ > 4. There is a deterministic classical algorithm that
outputs F(H,G) with probability 1 — O(M~1), using M queries to H and at most M queries to G
with O(M log N)-bit space.

Proof. If |Yg| < M, Algorithm 1 queries every G-bit appearing in F'(H, G) exactly once and returns
their parity. Thus, it can fail only when |Yz| > M, which has probability O(M 1) by Lemma 2.1.
The algorithm makes M queries to H and at most M queries to G. The stored H-table uses
Mlog N bits; the loop indices, counter, query registers, and output bit use O(log N) additional
space. The algorithm therefore has space complexity O(M log N). O

4 Parity Forces Recording Capacity

Fix a quantum algorithm A. We show that any advantage in predicting the parity on H-selected
domain, i.e., solving {-SUM-FILTERED PARITY, forces a large expected recording weight on the
database register G for random oracle G.

4.1 Introducing the capacity.

We first specify what “large expected recording weight” means. Let A be the algorithm that aims
to solve /-Sum-Filtered Parity. For fixed H, we can omit H as it stores unentangled information
about H. During the computation, A queries G by applying O¢, and the inter-query operations may

depend on H. Let ¢ < T be the number of G-queries, and let A(()H), e ,AgH) be the corresponding



inter-query quantum channels on WQ. Each AEH) is implicitly extended by the identity on G.

Finally, A performs a two-outcome POVM on the working registers WQ. Thus, immediately
before the final measurement, the joint state is

piro = AG™ (10X0lwa ® [0X01 ) -

PH,it1 = Affl) (OGpH,iOg> ; 0<i<g, (2)
PH = PHq-
Here and below, identities on omitted registers are implicit: AEH) acts on WQ, whereas O¢g acts on
QG.
For Y C [M ]E, define the parity-flip operator
Xy =[] X (3)
xeY

and the recording-weight observable

Wy = Y li)ilc, (4)

xeY

We next define the recording capacity that connects the algorithm’s success bias to the HHL
capacity bound.

Definition 4.1 (Selected recording capacity). Focus on algorithm A with fixed choice of H: [M] —
[N] first. Define
Ky(A) := Tr[pH(IWQ ® WyH)] ,

and define the selected recording capacity of A as K(A) := Eg[Kg(A)], where the expectation is
over a uniformly random H.
4.2 The success probability as observable value

Lemma 4.1. Represent the final binary POVM of A by a Hermitian operator B on WQ with
|B|| < 1. Define the conditional success bias as By := 2Prg 4[ATC = F(H,G)] — 1. Then

B =Tr[pu (B ® Xy,)] -

Proof. For each G, let py c be the premeasurement density operator on WQ when the Boolean
oracle is G. Before Fourier transforming the truth-table register G, let o be the joint density
operator. Its diagonal blocks satisfy

(Glaou|G)g = 27MZPH,G~
For fixed G, the definition of B gives
2Pry[ATC = F(H,G)] -1 = (1) HD Tv(Bpy g).
Because G is uniform, averaging this identity over G gives

B =2"M" N (2PrfAC = F(H,G)] - 1)
G: [M])*—{0,1}

=27M N ()T T(Bppe).
G: [M]*={0,1}

10



For each x, let Zg, act on the truth-table qubit indexed by x. Since F'(H,G) = Dycy,, G(x),

II Zex | 1G)c = (-G,

x€Yy

Substituting the diagonal-block identity above and using the orthogonality of the states |G)g now
yields

Tr|ow |Bo [] Ze

XEYH
=27 M N ()P T(Bpy )
G: [M)*—{0,1}
= Bu.

Finally, the Hadamard transform changes oy into pg and maps each Zg, to Xg,. Hence, by
Equation (3),

B =Tr|pu | Be [[ Xex || = Trlon(B ® Xy,)].

x€Yy

4.3 An exact parity-to-capacity inequality
Lemma 4.2. For every fized H, Ky (A) > |Yu|B8%/4.

Proof. Since we are working with fixed H, write p := py, Y := Yy, K := Kg(A), and §:= By. If
Y = &, then K = 0 and the claim is immediate. Assume that Y # &, and define the Hermitian
operators

2
O = IWQ X (IG — |Y|Wy> R Oy = B® Xy.
The spectrum of Wy is contained in {0, ...,|Y|}. Together with ||B| < 1 and X% = Ig, this gives

OI<I, O03=B>@Ig=I

The operator Xy flips each recording qubit indexed by Y, so Xy Wy Xy = |Y|Ig — Wy. Con-
sequently,

2
Xy (IG - wWY> Xy

2
=Ic— — (|Y|Ig — W

2
= (I - = .
(G mWY)

This identity gives 0109 + 0201 = 0.
For a,b € R, set Oy := aO1 + bO2. The preceding operator inequalities and the anticommuta-
tion relation imply

02, = a*0f + b*03 + ab(0102 + 0201)
< (a® +0H)I.

11



By the definitions of K and S,

2K
Tr(pO1) =1 — v Tr(pOz) = B
Since Qg is Hermitian, Cauchy—-Schwarz gives
2K 2
a (1 —~ ) +b8| = [Tr(pOup)|?
Y|
< Tr(pO )
< a’ + b
By Cauchy—Schwarz again,
2K 2 2K\ ?
1-=—)+08] =(1-="~ 2,
e (1-57) + = (1-f7) +0

Combining this identity with the preceding bound yields (1 — 2K/|Y|)?2 + 32 < 1. In particular,

K > |Y|(1 —+/1— (?)/2. Finally,
I G5 s
VI T e E T

which proves the desired inequality. O

4.4 Averaging over H

Using Definition 4.1, we now combine the fixed-H inequality with the concentration of Yy to
lower-bound K (A).

Theorem 4.3. Fiz 0 <& < 1/2, and let A be a quantum algorithm for (-SUM-FILTERED PARITY.
Let K(A) be its selected recording capacity as defined in Definition 4.1. If A outputs F(H,G) with
probability at least 1/2 + €, then, for all sufficiently large N,

M\ &2 9
> — = .
K(A) > <€>8N QM)
Proof. For each H, let By be the conditional success bias from Lemma 4.1. Set
M\ 1
wimBullVull = () €= U Yl 2 2,

By Lemma 2.1, Prgy[~€] = O(M™1). Since ¢ > 0 is fixed, this probability is at most ¢ for all
sufficiently large NNV.
The success assumption gives

Ex(Bu] = 2Pry g a[ATY = F(H,G)] — 1> 2.

Since B < 1 for every H,
En(leBul = Ex[Bu] — En(l-¢Bu]
> 2e — PI“H[—|5]
> €.

12



Cauchy—Schwarz therefore gives

e? < (Ex[leBul)’
Pry[€] EnlleSH)
Ex[leB).

Lemma 4.2 gives Ky > |Yy|B% /4. Using Definition 4.1 and restricting the expectation to &,

ININ A

we obtain

K(A) =En[Kn]

1EnlVirl53]

%EH[HSBJQF{]

o e

- 8
Substituting p = (Af) /N proves the explicit bound. Since M = LNf—%j, we also have = (M),
which proves the asymptotic bound. O

v

v

5 Capacity Upper Bound from HHL

We show that a bounded-space, bounded-query algorithm cannot produce large capacity K(.A).

Theorem 5.1 (Selected-capacity upper bound). Fiz a constant integer £ > 4, let A be a uni-

form quantum algorithm using at most S qubits and T oracle queries. If S = Q(log N) and
S = O(NV(EHDEHD) ghen

K(A) = O<Szz+2T2N—2/(e+1)) .

In particular, for £ =4, K(A) = O(ST2N~2/5) whenever S = Q(log N) and S = O(NV/4).

Proof. We use the following one-bit specialization of HHL’s capacity bound. For each H, define
the unrestricted ordered zero-sum set

L
= {x: (z1,...,2¢) € [M]": ZH(%) =0 (mod N)}

=1

This is the set used by the HHL capacity for the constant target sequence {yg} given by yg = 0 for
every H. Unlike Yy, the set Y allows repeated coordinates and all orderings. The strict-ordering
condition in Definition 1.1 gives Yz C Y. Let K be the recorded capacity obtained from K in
Definition 4.1 by replacing Yz with Y.

Theorem 5.2 (One-bit specialization of [HHL26, Theorem 9.3 in the full version|). Fiz a constant
integer £ > 4, and let H and G be the two random oracles in ¢-SUM-FILTERED PARITY. Let A be
a uniform quantum algorithm using S qubits, at most T queries to H, and at most T queries to G.
Then, we have'

F(A) _ O<52€+2T2N—2/(Z+1)>

for S =Q(log N) and S = O(Nl/((”l)(z”l))).

In [HHL26)’s original notation, Ny = 2 and hence no = log No = 1, so their bound reduces to the special form.
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For every H,

XG?H\YH

Taking the trace of this operator against py and then averaging over H gives K(A) < K(A).
Thus, Theorem 5.2 gives

K(A) = O<Sze+2T2N—2/(4+1)> .
Substituting ¢ = 4 gives 20 +2 =10, 2/({ + 1) = 2/5, and (¢ + 1)(2¢ + 1) = 45, which proves the
specialization. ]
6 Proof of the Separation

Proof of Theorem 1.1. For part (i), check Proposition 3.1.
For part (ii), fix 0 < € < 1/2 and a quantum algorithm A as in the theorem. By Lemma 2.1

and Theorem 4.3,
M\ &? 1
> - = ).
K(A)_<E>8N o(xer)

K(A) = O(S%HTQN’Q/(ZH)) ,

By Theorem 5.1,

when S = Q(log N) and S = O(NY((“+DRHD)) - Comparing these two bounds yields
G222 N2/ (1) _ () (Nﬁ) '
Since S and T are non-negative:

ST = Q(Nﬁﬂfl) . O

7 Space-sensitive Quantum Query Advantage for a Total Boolean
Function

7.1 Construction and Main Result

The construction in ¢-Sum-OR Parity differs from ¢-Sum-Filtered Parity defined in Definition 1.1
in three aspects.

1. We turn the original problem concerning random functions into a worst-case statement about
a total function. Hence the three input “oracles” are now arbitrary truth tables instead of
random functions. We remark that here the truth table for H should be bit encoded, so
querying one whole value H(x) € [N] costs log N bit queries.

2. The function discards the filtered-parity term when the filtered set, Yz, is too large (specifi-
cally, when [Vi| > [2(1‘5 ) /N] ).

3. A disjoint OR block is XORed with the parity block.

14



Theorem 7.1 (Total quantum speedup and small-space reversal). For every sufficiently large
integer n, the following bounds hold for ¢-Sum-OR Parity Problem:

D—R~— (:)(M1+(z73)/(4(z+1))) ’
Q = O(M).

An deterministic classical algorithm uses O(M log M) bits of space. Fix a constant 0 < & <
1/2.  Let a uniform quantum algorithm, that uses S qubits and T total queries, succeeds with

probability at least 1/2 + € in the worst case. Then T = w(MH(Z*?’)/(‘l(ZH))) when Q(log M) <
S < M(£_3)/(4(£+1)2)_77, where 1 is a fixed positive constant satisfying 0 < n < 4(&?)2. In fact, the
following tradeoff holds:

i+l _ §(€M3/2_2/(e+1)) ‘

when S = Q(log M) and S = O (M=D/(FDEHD))
Substituting ¢ = 4 immediately gives the following corollary.

Corollary 7.2. For { = 4, let M = |[NY3|. Set L = (MQI/QO]. For algorithms with constant
advantage, if they are space-unrestricted, then

D=R-= @(M21/20) — @(N7/20),
Q = O(M) = O(N'/3).

Hence quantum algorithms are strictly faster than classical ones. Consider algorithms using space
S, and query bound T', the following tradeoff holds:

S5T _ Q(Mll/lo) _ Q(Nll/?;O)

when Qlog M) < S < O(MY'). Consequently, T = w(M?'/?0) = w(N7/20) when Q(log M) <
S < M/00=n gpnq 1 is a constant satisfying 0 < n < 1/100. In this space range, the quantum
query exceeds the classical one.

The rest of this section proves Theorem 7.1 and Corollary 7.2: Proposition 7.7 gives the unre-
stricted query complexities, and Proposition 7.9 gives the bounded-space tradeoff and reversal.

7.2 Standard Query Facts

We will use the following standard facts about OR, and parity.

Lemma 7.3. For OR on L bits, R(ORy) = Q(L) and Q(OR;) = O(VL).
Lemma 7.4. For parity on k bits, Q(PARITY}) = Q(k).

We also need to encode the random oracles as Boolean tables, which is specifically listed in the
following lemma.

Lemma 7.5. Let F : [K] — [R] be an oracle. Assume that K and R are powers of two, and set
r =log R. Fiz an r-bit encoding of the range of F'. The standard oracle query maps

[z, y) = |2,y ® F(z)).
The corresponding bit-query maps
|z, j,b) = |z,j,b® Fj(x)),
where j € [r] and Fj(x) is the jth bit of the encoding of F(x). Then the following simulations hold.
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1. If a quantum algorithm A uses S qubits and T bit queries, then a standard-oracle algorithm
B has the same output distribution, uses S + O(r) qubits, and 2T standard queries.

2. If a quantum algorithm A uses S qubits and T standard queries to F', then a bit-query algo-
rithm B has the same output distribution, uses S + O(logr) qubits, and rT bit queries.

Proof. Bit queries from standard queries. The simulator B runs the circuit of A and simulates each
bit query. To simulate a query to Fj(x), it uses an r-qubit scratch register initialized to zero. It
first queries the standard oracle to write F'(z) into the scratch register. It CNOTSs the jth scratch
bit into the answer qubit of the bit query. It then queries the standard oracle again to restore the
scratch register to zero. On each computational-basis query state, this is exactly

|z, 5,0) = |2,5,0 & Fj(x)).

Thus every bit query costs at most two standard queries.
Standard queries from bit queries. The simulator B again runs the circuit of A. To simulate
one standard query, it applies the bit-query oracle once for each j € [r], their product is exactly

2,y) = |2,y & F(z)).
Thus every standard query costs at most r bit queries. ]

We’ve introduced Lemma 2.1 to analyze the size of the filtered set Y. However, the following
corollary would still simplify the analysis of the Boolean version of the problem.

Corollary 7.6. Set p:= (J‘f)/N For a uniform function H : [M] — [N],
I )
Pry[b < |Vl <20] > 1- 2.
2 %

Proof. The moment calculation in the proof of Lemma 2.1 applies here. It gives Eg[|Yy|] = p and
Varg (|Yr|) < p. Chebyshev’s inequality and a union bound proves the claim. O
7.3 Unrestricted Query Complexities

We next determine the three unrestricted query complexities.

Proposition 7.7. The unrestricted query complezities satisfy
D—R~=— @( Ml+<f—3)/(4<f+1)>) ,
Q = O(M).
Moreover, the upper bound for D is achieved by a deterministic algorithm using O(M log M) bits.

Proof. The classical part. There is a simple algorithm that shows the upper bound. It first query
and store all M log N bits of H, then enumerate Y locally and stop counting after [2u] +1 tuples.
If the count exceeds [2u], query every bit of z and return its OR. Otherwise, enumerate Y again
and query all selected G-bits, XOR their values, and then XOR the result with the OR of z. This
algorithm makes at most M log N + [2u] + L = ©(L) queries and uses O(M log M) bits of space.
Recall that L = [M!T=3)/(4(H1)] shows the desired upper bound. As for the lower bound, fixing
every G-bit to zero restricts the function to OR on L bits. Apply Lemma 7.3 to this restriction
proves the randomized query complexity Q(L).
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The quantum part. For the quantum upper bound, the same algorithm described above still
works, and we can speed the OR part by Grover search. Hence the quantum query complexity is
at most _

O(Mlog N + [2u] + VL) = O(M).
Here we use the fact that L = o(M?) for every fixed ¢ > 4.

By Corollary 7.6, some function H* satisfies ;1/2 < |Yg+| < 2u. Hence Yy« = ©(M). Fix this

H* and fix z to the all-zero string. The expected output of the resulting function would be parity

on O(M) distinct bits. By Lemma 7.4, it requires (M) queries. This proves the quantum lower
bound. ]

7.4 The Bounded-Space Reversal

Lemma 7.8. Fiz 0 < e < 1/2. Let A compute (-Sum-OR Parity with worst-case success is at least
1/2 4 ¢. After fizing z to zero, its selected recording capacity satisfies K(A) = Q(e2M).

Proof. Consider an H* satisfying 11/2 < |Yg+| < 2u. The threshold rule does not fire, so the target
is parity on Yg+. By Lemma 4.1 and the inequality in Lemma 4.2, Ky« (A) > ue?/2. Averaging
this bound and applying Corollary 7.6 gives

K(A) > (1 - z> “;2 = Q(2M). O

Proposition 7.9 (Bounded-space tradeoff and reversal). Fiz a constant0 < e < 1/2. Let a uniform
quantum algorithm compute (-Sum-OR Parity with worst-case success at least 1/2 + €. Suppose
that it uses S qubits and makes T total queries. If S = Q(log M) and S = O (M(E_l)/((“l)@”l))),
then

gl+lp _ §(€M3/2_2/(e+1)) ‘ (5)

Proof. Fix z to zero, and omit the queries to the z truth table. Writing the remaining G-queries in
the equivalent Hadamard representation does not change the live space or query count. Together
with the translation by Lemma 7.5, Theorem 5.1 applies to the resulting algorithm. Combining it
with Lemma 7.8 yields, for an absolute constant C,

&M < 5((5 +Clog N)2Z+2T2N*2/(5+1)> .
Using NV = G(Mg_l) and taking square roots gives
(S + Clog N)F'T = Q (5 M3/2—2/(e+1)) ‘

Since S = Q(log M) and log N = O(log M), this simplifies to the displayed bound. This proves the
tradeoft. O

8 Choosing the Parameters

8.1 Choosing the OR Block

In Section 7 we choose the OR block length L to be M1+(=3)/(4(+1) (without the ceiling). It is the
midpoint of the interval that allows both the unrestricted advantage and the small-space reversal.
The next proposition shows that in detail.
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Proposition 8.1. Replace the relation in the definition by N = MPT)  where 0 < p < £.
Consider uniform quantum algorithms with advantage € € (0,1/2] and space S. Assume that
S = MM and S = Q(log M). Let ci(p) denote the exponent of the deterministic classical query
upper bound for the filtered-parity block. Let q¢(p) denote the exponent yielded by the bounded-space
quantum query lower bound. That is,

¢ pe-1)

= 1,0 — =— =
Let the OR block have length L = M) The unrestricted advantage and the small-space reversal
both hold when ci(p) < a < q¢(p). The width of this interval is uniquely mazimized at p = £ — 1.
At this value, its midpoint is « =1+ (€ — 3)/(4(£ + 1)).

Proof. We first identify the two exponents in the statement. The classical upper bound could be
derived from the algorithm we described before.

Mmmwn:M+<¥yN

_ Mmax{l,Z—p}—‘ro(l).
We used the fact that (AEI ) /N = Mt P+o() | This explains the definition of ¢y(p). The exponent

q¢(p) comes from the capacity lower bound. Specifically, M%®) = N1/(+1) (z\g ) /N. Substituting
N = MP+°() gives the following exponent.

t—p, p L p D
2 i+l 2 2 741
¢ pe-1)
2 2(0+1)
= q(p).

When o > ¢(p), the deterministic algorithm has query cost M*T°(1) The OR restriction gives
the matching randomized lower bound. Thus D = R = M®+°(1) in this regime. The unrestricted
quantum algorithm gives the upper bound

Q< Mmax{a/ZCz(P)}""O(l) .

Hence o > ¢y(p) gives the unrestricted quantum advantage. For S = M o), the capacity lower-
bound argument gives

Qg > M®)—o1),
Thus o < qu(p) gives the small-space reversal. It is therefore enough to choose ¢/(p) < a < gqo(p).
The choice « =14 (¢ —3)/(4(¢ + 1)) and p = ¢ — 1 satisfies these inequalities. We choose them

since the choice of p maximizes the width of the interval (Cg(p), qg(p)). Specifically speaking, for
O<p<l-—1,

¢ {+3
q(p) — ce(p) = -5t e
For/—1<p</,
¢ /-1
qg(p) —Ce(p) 9 1- mp-

The first branch is strictly increasing in p. The second branch is strictly decreasing in p. The
unique maximum is therefore attained at p = £ — 1. At p = £ — 1, we have ¢,({ — 1) = 1 and
@l —1)=3/2—2/(£+1). Hence we need to choose a such that 1 < a < 3/2—-2/(¢+1). So we
just choose the midpoint of it. O
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8.2 Choosing the Filter Scale

The construction sets M = N/ for another reason, that is, make the selected set Yy has
the same order as the list of H-values. To see this, ignore floors and write N = MPT°(); then
w:=Egl|Yy|] = (]\g )/N =M t=p+o(1) " The classical deterministic algorithm that stores H and
reads the selected G-bits has parity-block query scale M + (Af ) /N, which is balanced when {—p = 1.
Equivalently, M = N/(¢=1)
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