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Abstract

We prove that for all € > 0, there exists a positive integer k such that given a 4-to-1 Game ¥
with alphabet size at most k, it is NP-hard to distinguish between the case that val(¥) = 1 and
the case that val(¥) < §. This confirms the 4-to-1 Games Conjecture from [Khot, CCC 2002].
Previously, the best known result, due to [Dinur, Khot, Kindler, Minzer, Safra], established
the almost-perfect completeness version (but applied to the stricter problem of 2-to-1 Games).
Using results from the literature, we get the following implications:

(1) For all k € N, given a 3-colorable graph G, it is NP-hard to find a proper k-coloring.

(2) For all § > 0, given a 2-colorable 3-uniform hypergraph G, it is NP-hard to find in it an
independent set containing at least § fraction of the vertices.

Our proof is a three-step construction that builds on the two-step framework of [Dinur,
Khot, Kindler, Minzer, Safra]. In the outer-PCP step, we use quadratic equations to gain
perfect completeness. We then construct a new middle PCP that performs low-rank tests while
preserving a key covering property. Finally, we construct a new inner PCP based on a tensor of
the standard Grassmann encoding with its low-rank variant due to [Golowich, FOCS 2023].

The current version of the manuscript is complete mathematically, but it is not in the shape we
wished to share in. We have chosen to do so due to rumors that surfaced around Friday, September
11th. We will work on a more complete version of the manuscript in the close future.
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1 Introduction

The PCP Theorem [FGL1T96, AS98, ALM™98| is a fundamental result in theoretical computer
science with many consequences. Most relevant to the current paper are the applications in the
area of hardness of approximation, in which the PCP theorem often serves as the starting point for
reductions. The combination of Fourier analysis with the long-code (or, in some cases, other error
correcting codes) has proven itself to be very successful recipe, leading to many strong hardness of
approximation results [Fei98, Has01, DS05, Zuc07]. However, this paradigm appears to be incapable
of establishing optimal results for many other problems, and below are a few notable examples:

(1) The Max-Cut problem: given a graph G = (V, E), the goal is to partition the vertex set
into two sides A, B so as to maximize the number of edges crossing between A and B. A
polynomial time algorithm due to [GW95] achieves the approximation ratio agw =~ 0.878,
and the best known NP-hardness result [TSSWO00] has ratio % + ¢, for any € > 0.

(2) The Vertex-Cover problem: given a graph G = (V, E), the goal is to find the smallest set
of vertices A C V that touches all edges of E. Known polynomial time algorithms achieve
approximation ratio 2, and the best known NP-hardness result [KMS25, DKK 25, DKK 21,
KMS23] has ratio v/2 — ¢, for any ¢ > 0.

(3) The 3-coloring problem: given a graph G = (V| E) promised to be 3-colorable, the goal is to
find a proper k-coloring of the vertices of G with k as small as possible. Polynomial time
algorithms for this problem have been studied extensively over the years [Wig83, KMS98,
BK97, ACC06, Chl07, KT17, KTY24, BHL26], and the state-of-the-art algorithm achieves
k = |V|%2=¢ for a small explicit ¢ > 0. The NP-hardness of this problem has also been
studied [KLS00, GK04, BBKO21], and the state-of-the-art NP-hardness result is for k = 5.

To make progress on these problems, Khot [Kho02] introduced the Unique-Games Conjecture and
the d-to-1 Games conjectures, which we present next.

1.1 Label-Cover, Unique Games and d-to-1 Games

It is convenient to discuss PCPs in the language of the label-cover problem, defined as follows.

Definition 1.1. An instance ¥ of the label-cover problem consists of a bipartite graph G =
(LU R, E), alphabets ¥, ¥g, and a collection of constraints {®. C ¥ X Xr}ecr. A constraint
®. is called a projection constraint if there is a map ¢.: X1 — X such that

b, ={(0,0c(0)) | o € 1}

A constraint ®, is called a d-to-1 constraint if it is a projection constraint, and the map ¢, is d-to-1,
namely, |¢-1(o)| = d for all o € Xg.

Given a label-cover instance ¥ and assignments Ay : L — Y1, Ar: R — X g, we define

valy (A, AR) = {e = (u,v) € E | (éL'(u),AR(U)) c q;e}|’

that is, the fraction of constraints that are satisfied by A, Agr. We define the value of ¥ as

val(¥) = max valy(Ap, AR).

ArL,ARr



For parameters 0 < s < ¢ < 1, an input to the promise problem GapPLC(c, s) is a label cover
instance ¥ with projection constraints that either has val(¥) > ¢ or val(¥) < s, and the goal is to
distinguish between the two cases. The basic PCP theorem [FGL196, AS98, ALM*98] combined
with the parallel repetition theorem [Raz98] gives:

Theorem 1.2. For all € > 0, there exists a positive integer r such that GapPLC,.(1,¢) is NP-hard.
Here GapPLC, is the GapPLC problem in which both alphabets have size at most r.

Khot conjectured that versions of Theorem 1.2 continue to hold even when the constraints are
d-to-1 for a small d. Towards presenting these conjectures, we make the following definition.

Definition 1.3. Let d be a positive integer. An instance ¥ of label-cover is called a d-to-1 game
if all of its constraints are d-to-1. In the case that d = 1, ¥ is called a unique-game. We write
GapUG, (¢, s) for the restriction of GapPLC,(c,s) to unique-game instances, and Gap-d-to-1,(c, s)
for its restriction to d-to-1 game instances.

It is easy to see that one cannot hope for Theorem 1.2 to hold for unique-games, and Khot
[KhoO2] conjectured that allowing for imperfect completeness remedies that:

Conjecture 1.4. For any e > 0, there exists r € NT, such that GapUG,.(1 — ¢,¢) is NP-hard.
For d > 2, he conjectured that the assertion of Theorem 1.2 should hold as is. More precisely:

Conjecture 1.5. For any € > 0 and any integer d > 2, there exists a positive integer r such that
Gap-d-to-1,(1,¢) is NP-hard.

These conjectures, and especially Conjecture 1.4, have been shown to have remarkable impli-
cations, see for example [KR08, KKMOO07, Rag08, KV15] and [KholOb, KholOa, Trel2, Khol4]
for surveys, and significant effort has gone into studying them. On the algorithmic front, connec-
tions with semi-definite programming, sum-of-squares algorithms and graph expansion have led to
the development of very powerful techniques and a number of algorithms for unique-games with
non-trivial guarantees [CMMO06, AKK 08, ABS15]. On the hardness front, a line of work [KMS25,
DKK ™25, DKK*21, KMS23] (with contributions from [BKS19, KMMS25]) established the imper-
fect completeness version of Conjecture 1.5, showing that for all € > 0, there is r € NT such that
Gap-2-to-1,(1 — ¢,¢) is NP-hard. This implies that for all ¢ > 0 there exists r € N such that
GapUG,(1/2,¢) is NP-hard, which to date is the best evidence towards Conjecture 1.4.

The difference between Conjecture 1.5 and its imperfect completeness version is significant in
a number of ways:

(1) Implications: there are a number of hardness of approximations results that crucially rely
on perfect completeness, most prominently graph coloring problems.

(2) Techniques: the approach taken by [KMS25, DKK*25, DKK'21, KMS23] inherently in-
curs imperfect completeness. Currently, constructions of low-soundness PCPs with per-
fect completeness follow composition of PCPs, for example [MR10, DH13, DHK15], which
at the very least require constructions that already have perfect completeness and small
soundness (with perhaps a large alphabet which is then reduced), or from parallel repeti-
tion [Raz98, Hol09, Raoll], which inherently increases the d-parameter rapidly.

1.2 Main Result
Our main result is that Conjecture 1.5 holds for d = 4.

Theorem 1.6. For all € > 0, there exists r € Nt such that Gap-4-to-1,(1,¢) is NP-hard.



1.2.1 Implications

We now discuss some implications of Theorem 1.6. Using known connection between d-to-1-Games
and graph coloring/independent sets [DMR09, GS20], we get the following results.

Corollary 1.7. For all k € N, given a graph G, it is NP-hard to distinguish between the following
two cases:

(1) Yes case: G is 3-colorable.
(2) No case: G is not k-colorable.

Previously, Corollary 1.7 was known [BBKO21] for k£ = 5, or in the case the condition in the
yes-case only required a proper 3-coloring of 1 — ¢ fraction of the vertices [HMS23].

Remark 1.8. Under slightly super-polynomial time reductions, our techniques give versions of Corol-
lary 1.7 for k growing with the instant size, but at a very slow rate. Namely, assuming NP has no
algorithms running in time n*("™), we get that there are no polynomial time algorithms that colors a
given 3-colorable graph with O(log - - -logt(n)) colors, where the number of logs is finite (probably
at most 10, say).

In the next corollary, the condition in the completeness case is weaker, but the condition in the
soundness case is stronger:

Corollary 1.9. For all 6 > 0, given a graph G, it is NP-hard to distinguish between the following
two cases:

(1) Yes case: G is 8-colorable.
(2) No case: G has no independent set of relative size at least 0.
Using [KS14], we get the following result for hypergraphs:

Corollary 1.10. For all 6 > 0, given a 3-uniform hypergraph G, it is NP-hard to distinguish
between the following two cases:

(1) Yes case: G is 2-colorable.
(2) No case: G has no independent set of relative size at least d.

Using the results of [HMRW14], Corollaries 1.7 and 1.9 show hardness result for low-rank matrix
completion. An instance in the (k,r, €, c)-completion problem is a matrix A € (RU{L})"*", such
that there exists M € R™*" satisfying:

(1) |M(3,7)| < c and M has rank at most r.

(2) Letting Q C [n] x [n] be the set of (i, ) such that A(i,j) # L, we have that |Q| > 0.9n? and
for each (i,7) € Q we have M (3, j) = A(1, ).

The goal is to find a matrix B € R™*" of rank at most k, such that |B(i, j)| < ¢ for all (i, ;) and

> 1AG,§) = B )P < en.
(4,7)€Q

Applying [HMRW14, Theorem 1.8] on Corollary 1.7 gives:



Corollary 1.11. For all k > 3 and ¢ > 0, the (k, 3,0, c)-completion problem is NP-hard.
Applying [HMRW14, Theorem 1.9] on Corollary 1.9 gives:

Corollary 1.12. For all k > 3 and ¢ > 0, the (k,8,¢&,c)-completion problem is NP-hard for all

0<s<ﬁ.

Remark 1.13. In the accompanying supplementary material [FMW] we give a few more applica-
tions of Theorem 1.6 that were found and proved by ChatGPT 5.6.

1.3 Owur Techniques

In this section we give a brief account of the components that go into the proof of Theorem 1.6.
We defer the reader to Section 2 for a more thorough description.

For 2-to-1 games with almost-perfect completeness, the proof of [KMS25, DKK ™25, DKK 21,
KMS23] combines the following two components:

(1) An outer PCP with completeness close to 1, vanishing soundness, and a feature called the
“covering property” (originally appearing in [KS13]). This game is very far from being a
2-to-1 game, and to turn it into a 2-to-1 game it is composed with an appropriate inner PCP.
The goal of the covering property is to facilitate the composition step.

(2) An inner PCP with perfect completeness and a non-standard notion of soundness. The
inner PCP is based on the Grassmann graph, the Grassmann encoding and the Grassmann
agreement test. The Grassmann agreement test can be viewed as a local tester for the
Grassmann code, but it turns out not to be sound in the traditional error correcting codes
sense. Instead, it satisfies a weaker notion of soundness, which we refer to as non-standard
soundness.

The outer PCP and inner PCP are then composed, and the covering property of the outer PCP is
used in the soundness analysis of the composed PCP (even though the inner PCP only satisfies a
non-standard notion of soundness).

The outer PCP construction of [KMS25, DKK 125 DKK 21, KMS23] is based on the hardness
of approximation result of [Has01] for solving linear equations, which inherently has imperfect
completeness, and this propagates throughout their construction. To remedy that, a key difficulty
is to come up with an outer PCP that has perfect completeness and simultaneously admits (some
version of) the covering property.

We start our outer PCP construction based on hardness of solving a system of quadratic equa-
tions (which has perfect completeness). However, the Grassmann agreement test (which is still the
only tool we have to achieve d-to-1-ness in the inner PCP) is inherently a “linear” test and cannot
incorporate quadratic equations. In order for quadratic equations to be accommodated in a d-to-1
way, we add a layer of construction called the “middle PCP” between the outer and inner PCPs.
In the middle PCP, we carry out a low-rank test that allows us to convert the quadratic equations
into linear ones.

However, this linearization of quadratic equations destroys the covering property that is essential
for composing with a Grassmann-based inner PCP. To remedy that, we have to come up with
another two key ideas:

(1) We do a “lazy parallel repetition” in the middle PCP. This creates room for covering properties
while preserving the soundness.



(2) The covering property we get from lazy parallel repetition is still not sufficient for com-
posing with the Grassmann agreement test of [KMS25, DKK'25, DKK*21, KMS23]. As a
workaround, We base our inner PCP on a combination of standard Grassmann graphs over
matrix spaces F5 ™" with a sparser version of them, known as the low-rank Grassmann graph
over F3*" recently defined by [Gol23].

Statement of AI use: the mathematical ideas and the overall approach presented in this paper
is due to the authors. ChatGPT 5.6 was used for polishing.

2 Proof Overview

In this section we give an overview of the proof of Theorem 1.6. It will be useful to first discuss
the construction of [KMS25, DKK 25, DKK ™21, KMS23] which achieves imperfect completeness.
We then discuss why it fails to have perfect completeness, and then in Section 2.2 we explain
preliminary attempts at fixing that, building towards our construction.

2.1 The Imperfect Completeness Construction

In this section we explain the components that go into the construction of [KMS25, DKK™'25,
DKK™'21, KMS23].

2.1.1 The Outer PCP

It will often be easier for us to describe label-cover instances in the equivalent, active language of
2-prover-1-round games, which we introduce next. In a 2-prover-1-round game, a verifier samples
a challenge e = (u,v), sends u to a prover named Alice, sends v to a prover named Bob. Upon
receiving their challenges, they respond with labels (they are not allowed to communicate once
they get their challenges), and based on their responses the verifier decides to accept or reject.
The value of the game is the maximum, over all strategies of Alice and Bob, of the probability
that the verifier accepts. Identifying the individual challenges the players receive as vertices of a
bipartite graph, the pairs of challenges the verifier may sample as the edges of that graph gives the
equivalence, and the acceptance criteria of the verifier as the constraints, one gets the equivalence.
It is easy to see that the value of a game is exactly the value of the resulting label cover instance.

With this in mind, the reduction of [KMS25, DKK ™25, DKK ™21, KMS23]| starts with the result
of [Has01] regarding the approximability of 3Ling,.

Definition 2.1. An instance of the 3Ling, problem consists of a set of variables 7" and a set of
equations &, where each e € & is a linear equation over Fo containing 3 distinct variables.

Hastad proved that for all € > 0, Gap3Ling,(1 — ¢,1/2 4 ¢) is NP-hard, and the reduction
of [KMS25, DKK 25, DKK 21, KMS23]| starts off with (some regularized version of) this problem.
More specifically, they use the parallel repetition theorem to prove NP-hardness for certain type of
label-cover instances W, g = W, 5 1(¥, &), which we present below in the active 2-prover-1-round
game view, and refer to as the g-smooth k-fold repeated game. For technical reasons, this game
contains an additional feature called “advice”, which we encourage the reader to ignore in first
reading.

(1) Alice’s challenge: the verifier samples equations eq, ..., e from & uniformly and indepen-
dently, and sets F to be the set of all variables that appear in them.



(2) Bob’s challenge: for each i € {1,...,k} independently, with probability 1 — 3, the verifier
takes E! to be the set of variables in e;, and with probability 8 the verifier chooses E! to
consist of a single uniformly chosen variable from e;. The verifier sets E' = E{ U...U Ej.

(3) Advice: the verifier chooses bV, ... b9 ¢ IE‘2E/ uniformly, and then takes aV), ..., a(@ € F¥
where a® is obtained from b(® by filling the missing coordinates with 0’s. We write B =
(b(l), e ,b(Q)) and A = (a(l), e a(q)).

(4) Acceptance criteria: the verifier sends (F, A) to Alice, and (E’, B) to Bob. They respond
with vectors z € F¥ and y € FéE’ respectively, and the verifier accepts if and only if x satisfies
all of the equations ey, ..., e and x| = v.

The works [KMS25, DKK*25, DKK*21, KMS23] prove that for all ¢ > 0, it is NP-hard to
distinguish between the case that val(¥, ;) > 1 — ¢, and the case that val(¥, ) < 27 %%(5k),
Here and throughout, one should think of ¢ as an absolute constant, and of 8 as slightly larger
than 1/k, say 8 = k=3/4. The game VW, s,k has several useful features in the context of 2-to-1
Games:

(1) Simplicity of the constraints: the constraints of ¥, 5 can all be seen to be linear equa-
tions in the responses of the provers. This is because the starting point, the 3Ling,, consisted
of linear constraints, and on top of that we have the consistency constraints between the
responses of Alice and Bob, which is also linear.

(2) The covering property: for a fixed E, the spaces IF2E/ living on Bob’s side cover Alice’s
space ’29 almost perfectly. For example, fixing F, taking E’ randomly as described above
conditioned on F, then y € IFZE/ and lifting it to € F¥ by filling in the missing coordinates
with 0’s, we have that the distribution of x is statistically close to the uniform distribution
over F¥ (this property first appeared in [KS13] in a somewhat different context).

The relevance of these properties will become clear in the next part, the inner PCP.

2.1.2 The Inner PCP

The 2-prover 1-round game W, g constructed in Section 2.1.1 is far from 2-to-1, because given a
Bob-answer y € IFJQE/, there are many possible Alice-answers © € F¥ consistent with it. In order
to make it a 2-to-1 game, in a single query we can ask the provers only for a smaller piece of
information.

For each possible question (E, A) to Alice, we ask her to prepare her answer in “Grassmann
encoding,” and instead of requesting for a full answer z € IF’QE , we ask her to return only the
information in one location of the Grassmann encoding of x.

The Grassmann encoding scheme is based on the Grassmann graph Gr(IF5, ¢), whose vertices
are the ¢-dimensional linear subspaces of F}. Two vertices L and L’ are adjacent if and only if
dim(L N L") = ¢ — 1. By a slight abuse of notation, we also use Gr(F%,¢) to denote the vertex set
of this graph. The Grassmann encoding of a vector x € F¥ stores, at each location L € Gr(Fy,¢),
the local linear function

F[L]: L — Fy defined by z — (z,z) .

Similarly, we ask Bob to prepare his answer y € F’QE/ in Grassmann encoding, where at each
location L' € Gr(FL', ¢ — 1) stores the local function

G[L] : L' — Fy defined by z — (z,7) .



The final 2-to-1 game is the composition of the outer PCP with the Grassmann graph gadget.
In the composed PCP, upon choosing (E, A) and (E’, B) as in ¥, g, the verifier chooses a space
L' from Gr(F¥',¢ — 1) and a space L € Gr(F¥', ) containing L'. The subspace L C F¥' will be
regarded as a subspace of Alice’s space F¥ by appending 0’s in the missing coordinates. The
verifier then sends (F, A, L) to Alice and (E’, B, L) to Bob, expecting to get linear functions
F[E,A,L]: L — Fy and G[E', B, L']: L' — F5. The verifier accepts only if G[E', B, L] agrees with
the restriction F[E, A, L||y/. This is essentially a 2-to-1 game because for any possible choice of
G[E', B, L], there are at most two choices of F[E, A, L] consistent with it.

Covering property and consistency: consider a question (F, A) for Alice in the outer PCP
(think of ¢ as much smaller than k), and the Grassmann graph Gr(F¥. ¢). The covering property
above asserts that if we sample E’ as in the outer PCP and a vertex in the graph Gr(IF2E/,€),
lifting it to Gr(F¥, £) yields a nearly uniform vertex in the latter graph. This implies that if Alice’s
assignment F[E, A, ] is has agreement ¢’ with an actual Grassmann codeword F, then with decent
probability over E’, Bob’s assignment G[E’, B, -] agrees with the projection of F to ]FJZE/. In short,
the covering property ensures the consistency between decodings of assignments of the provers
holds.

The linear equations side conditions: recall that in the outer PCP we want to ensure that
Alice’s response = € F’QE satisfies a collection of k linear equations. Note that these equations
correspond to requiring that the function z — (z,x) attains specific values on k inputs. More
precisely, letting the equations be ey, . . ., e, letting s() ¢ IF”QE be the indicator vector of the variables
appearing in e;, and letting t; € Fy be the constant term of the equation e;, we want to ensure
that <s(i),x> = t;. To do so, we define the space Ng = span(s(l),...,s(k)), and request Alice
to give assignment F[E, A, L + Ng|: (L + Ng) — F2 (instead of just L — F3). The verifier then
checks consistency between Alice and Bob similarly to the above, and additionally that F[E, A, L+
Ngl|ng = gE, where the linear function gg: Ng — Fy is defined by g(s(i)) =t;.

2.1.3 On the Non-Standard Notion of Soundness

One would wish that the Grassmann gadget in the inner PCP has the following type of soundness:
suppose F[L] is a linear map L — Fy for each L € Gr(F¥, /), such that

P [F[Ll]\LmLz = F[L2]|r,nLy
L1,L2€Gr(FE o)

d1m(L1 N LQ) =/{—-1| =9 (21)

for some constant ¢ € (0,1), then there exists a linear function f : F¥ — Fy such that

P F|L] = >0
LeGr(FzE,e)[ L] f|L]

for some ¢’ € (0,1). However, this conclusion cannot be made, as we next explain. Take £ > 0 to
be a small constant, and take an arbitrary set X C F¥\ {0} of size ¢ - 2/Fl. For each € X choose
a random linear function f,: F¥ — Fy, and set a table F on ¢-dimensional subspaces L as follows:

e If L contains a unique point x € X, define F[L] = f,|r.

e Otherwise, choose F[L] as a random linear function on L.

10



Using the inclusion-exclusion formula, one can prove that for a random edge {L1, Lo} in the Grass-
mann graph, with probability at least Q(e) there is © € X such that Ly N X = Lo N X = {z}, and
F satisfies such constraints. Thus, F' passes the Grassmann test Equation (2.1) with § = Q(e).
However, it only agrees on o(1) locations with any given codeword from the Grassmann code.

This example tells us that while there might be no linear function that agrees with F' globally,
it may be possible to extract a linear function by focusing on certain substructures inside the
Grassmann graph. Indeed, it turns out that what can be concluded from Equation (2.1) is something
of this form: there exists Q € Gr(F¥ q) and W € Gr(FZ,|E| — q), where ¢ depends only on 4, and
a linear function f : W — Fs such that

P [F[L}zg|L(QngW >4 (2.2)
LeGH(FE 1)

We refer to the spaces Q and W in Equation (2.2) as zoom-ins and zoom-outs, respectively,
and encourage the reader to ignore W (it will irrelevant for the majority of the discussion). In
words, Equation (2.2) asserts that if F' passes the Grassmann test with noticeable probability, then
inside non-trivial fraction of zoom-ins of constant dimension g, it does have a global linear structure.

The proof of [KMS25, DKK 25, DKK*21, KMS23| has to deal with this non-standard notion
of soundness, and this is the purpose of the advice feature in the game V¥, ;. More precisely,
given Alice and Bob’s tables of assignments F' and G for the composed PCP, one needs to be able
to derive a strategy for the original game ¥, 3. However, the strategy that one can derive using
Equation (2.2) heavily depends on the choice of what zoom-in @ is used. The advice feature allows
the two provers in W, 31 to use (essentially) the same @ for decoding — namely the span of their
advice vectors — which guarantees consistency between their answers.

2.1.4 Difficulties in Achieving Perfect Completeness

The construction for 2-to-1 games with imperfect completeness can be illustrated using Figure 1.

Outer PCP
1. ti . iabl
equation vs. variable gz?me ( Inner PCP
2. smooth parallel repetition >
LGrassmann agreement test
(for low soundness
and covering property)

Figure 1: The imperfect-completeness construction of [KMS25, DKK ™25, DKK 21, KMS23]

The above construction loses perfect completeness right from the start: it uses the 3Liny, prob-
lem, which inherently has imperfect completeness. Moreover, in some sense this seems necessary:
the Grassmann encoding presented above only allows for linear checks in the encoded string € F.

Thus, to achieve perfect completeness it is necessary to come up with an encoding scheme which
is more powerful than the Grassmann encoding, in the sense that it allows for non-linear checks
on the encoded string x € FF. By itself this is not a hard task; for example, the long-code would
work. However, the key difficulty is that one additionally needs the encoding scheme to satisfy a
covering property, and then build an outer PCP with a suitable advice feature.

2.2 Our Techniques

In this section we discuss the new ideas that go into our construction.
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2.2.1 A First Attempt: the Quadratic Grassmann Encoding

We begin by outlining a natural first attempt at a reduction achieving perfect completeness. It
starts with the problem of quadratic equations, 3QSr,, defined as follows.

Definition 2.2. An instance of the 3QSyp, problem consists of a set of variables ¥" and a set of
equations &, where each e € & is a quadratic equation over [Fo containing 3 distinct variables.

Using standard results, it can be proved that there is s < 1 such that Gap3QSr,|[1, s] is NP-
hard. Starting with an instance (¥, &) of 3QSp,, one can construct the S-smooth k-fold repeated
game corresponding to it, Uz = ¥g (¥, &) in the same way as in Section 2.1.1 (we ignore the
advice for now). The main question is how to compose it with a Grassmann-style encoding so as
to get to a d-to-1 Game.

In the game Wg 1, the verifier performs two types of checks: consistency between the responses
of Alice and Bob, and quadratic equations in the response of Alice. The Grassmann encoding is
compatible with the former tye of checks, but not with the latter type of checks, in the sense that
we do not know how to incorporate checking quadratic equations on the encoded message into the
Grassmann encoding itself. Instead, it is natural to consider the quadratic Grassmann encoding.

Let z € IE‘QE represent Alice’s response in the game Wg ;. In the quadratic Grassmann encoding,
one considers the functions over Ff *E defined by z — (2,2 ® z), and takes its Grassmann encoding
QF of x, which assigns to each ¢/-dimensional subspaces L C IF‘QE *E the linear function

QF[L] : L — Fy defined by z — (z,z ® z) .

The main benefit of the quadratic Grassmann encoding is that it indeed allows us to test quadratic
equations as side conditions, as we explain next.

The quadratic equations side conditions: Given legitimate quadratic Grassmann codeword
QF, it is possible to incorporate with it checks of quadratic equations on the encoded message.

Indeed, suppose that e, ..., e are quadratic equations over E, let s, ... sk ¢ JF2EXE be the
indicator vectors of the pairs that appear in ey, ..., e respectively, and let ¢1, ..., t; be the constant
terms. Then the equation e; can be written as <3’,x ® :c> =t; for each i € {1,...,k}. As before,

this can be folded into the encoding by defining Nz = span(s!), ..., s(¥)), asking for the table to
assign values to the sum L + Ng (instead of to just L), and require that their projection onto
Ng completely agrees with the linear function g: Ng — Fo defined by g(s(i)) = t;. This way of
incorporating quadratic side conditions will work for all of the constructions we present below, so
for simplicity of presentation they will be omitted henceforth.

On the other hand, the quadratic Grassmann encoding has 2 very significant drawbacks:

(1) Codeword testing: Even ignoring the issue of non-standard-type soundness, the Grassmann
agreement test from Section 2.1.2 is not actually a tester for the quadratic Grassmann code.
Namely, if a table G that assigns each each ¢-dimensional subspace L C IFQE *E 4 linear function
G[L]: L — Fy passes it with non-negligible probability, then at best we will be able to argue
that it has significant agreement with the Grassmann encoding of an arbitrary 2’ € F§®E ,
i.e., not necessarily of rank 1. We need an additional feature that will guarantee that z’ has
rank 1 (or at the very least small rank) and is symmetric.

(2) The covering property: The covering property does not hold for the Grassmann encoding.
Namely, fixing a question for Alice E and looking at all possible questions E’ for Bob (con-
ditioned on E), the (lifting of the) spaces F£ *¥" do not cover F¥*¥. Indeed, the number of
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possible questions for Bob is roughly (3%2), and the size of Bob’s space is roughly 29(1_'8)2’“2,
so in total they can cover at most

(33ﬁkk> 9(1-B1%k?  9O(BkI05(1/6)) g9k>~98K? _ (99K

points in ]FQE *E which is a tiny fraction.

The first issue, namely ensuring that the encoded message has a low rank, is significantly easier to
handle, and to do so we incorporate tensor tests. More precisely, instead of asking for the value of
the Grassmann encoding at a subspace L C IFQE *E  we will also take a random subspace U C FZ of
dimension ¢, and then ask for the value at the subspace L + U ® U, requiring that the projection
onto U ®U is of rank 1. This yields the following 4-to-4 Grassmann agreement + tensor test. Upon
receiving a table F' assigning linear functions to spaces L + U ® U as above, do the following:

1. Sample Lq, Ls C FfXE of dimension ¢ intersecting at dimension ¢ — 1, and Uy, Us C FE¥ of
dimension /¢ intersecting at dimension ¢ — 1.

2. Query F[Ly +U; ® Up] and F[Ly + Uy ® Us]. Accept if they agree on
LiNLy+ (Ul N Uz) & (U1 N UQ),
and their respective projections onto U; ® Us and Uy ® Uy are of rank at most 1.

Given the (non-standard) soundness of the basic Grassmann agreement test, one can analyze the
Grassmann agreement + tensor test and show that it satisfies a similar (non-standard) notion of
soundness. Also, this test is 4-to-4: given a linear function on Li, there are at most 2 linear
functions on L9 that agree with it, and given a rank-1 linear function on U; ® Uy, there are at most
2 rank-1 linear functions on Us ® Us agreeing with it.

Ensuring symmetry is more straightforward. To do that, define for distinct points i,j € [k]
define the matrix M;; € FE*F which is 1 only at locations (i,7) and (j,4), and set Nyym =
span({M; ; | i # j}). Then, ' € FF*¥ is symmetric if and only if the function 2z + (2, 2’) vanishes
on Nsym. Thus, instead of requesting an assignment on L+U®U, the verifier requests an assignment
on L +U ® U + Ngym, and checks that its projection on Nsym vanishes.

The second issue, namely the fact that the covering property fails, is substantially more difficult
to handle, and in the next section we begin the discussion about it.

2.2.2 Variations on the Quadratic Grassmann Encoding

From now, it will be convenient for us to think of points from Ff *E and FfIXE " as matrices. The
covering property fails for the quadratic Grassmann encoding because if, letting Bob’s question be
denoted by E’, we have i € E \ E’, then i-th row and column will always be 0 in liftings from
FE>E" to FE*E. On the other hand, typical matrices from FE*¥ do not contain fully-0 rows. This
raises the question of whether we can replace the structure of £ x F with a sparser structure that
circumvents this atypical behaviour of liftings. Moreover, requiring a response from the provers for
each pair of variables in their respective variable sets is not necessary, as the quadratic equations
we wish to check only require access to ©(k) pairs (out of the (g) many ones that exist).

This view motivates the following general recipe: can we find a graph H with vertex set F and
edge set &, such that we can restrict the quadratic Grassmann encoding to IF‘; in a meaningful
way? The quadratic Grassmann encoding discussed above corresponds to the choosing H to be a
complete graph, but there are many other options for H. Below are a few simple choices we tried:
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(1) Expander graphs: One can try to take H to be an arbirary sparse expander graph. It can be
shown that if the degree of H is small then now the covering property will hold. Unfortunately,
an arbitrary expander graph does not support any form of tensor tests.

(2) Cliques in a sparse high-dimensional expander: one can take a sparse high-dimensional ex-
pander X = (X(0),...,X(k)), where X(0) is the vertex set, and for each i, X (i) C (fﬂ)),
and take H to be the graph underlying it. Because the degree of X is constant, the covering
property holds. Also, we can perform local type of tensor tests: if K € X (k) is a (k+ 1)-face,

then K is a clique in X, so we can choose a subspace U C IF;“O) fully supported in K, and
have access to all of the entries in U ® U.

This observation initially seems very promising, but it has one serious issue. We can only
afford to perform such a local tensor test for a single clique (or perhaps O(1)-many cliques if we
are fine with increasing the value of d for which we are proving Conjecture 1.5). Unfortunately,
these localized tensor tests do not actually gaurantee that the encoded function has a small
rank, and Alice and Bob can use a cheating strategy in the following way. When Alice receives
a space of the type L+ U ® U, she extracts from it a rank-1 vector, and takes any element v in
its support. Then it is highly likely that v belong to K, and because X has constant degree,
the neighbourhood N(v) of v has constant size. Thus, Alice can choose a linear function on
Fg(l) which is rank-1 on Ff(l) NINEXNE) 10t otherwise arbitrary, and responds according
to it. Bob proceeds in the same way, where they agree beforehand on what is the rank-1
function they will use, and what the arbitrary function they will use on the rest of the space.

We remark that another attempt at implementing tensor tests via high-dimensional expanders
is based on coboundary-type expansion, and we have not explored this thoroughly.

In summary, the attempts above suggest that there are meaningful variants of the quadratic Grass-
mann encoding that enjoy the covering property, but they comes at the cost of, at best, being able
to ensure small rank locally. This type of guarantee seems insufficient, at least with an outer PCP
along the lines of Section 2.1.1.

Outer PCP Inner PCP
) ' not enough
1. equation vs. variable fgz%me covering property 1. Grassmann agreement test
2. smooth parallel repetition +--------"-------—"-- > 2. tensor test
(for low soundness 3. expander variations?
and covering property) (for covering property)

Figure 2: Our failed attempt for perfect completeness

2.2.3 A Second Attempt: Three-Step Construction

So far, the described attempts to create covering property for a quadratic-Grassmann-based in-
ner PCP are not successful. In particular, it seems that the idea of “sparsifying” the quadratic-
Grassmann encoding conflicts with tensor test. To address this conflict, we separate the tensor test
from the inner PCP and name it the “middle PCP” (see Figure 3). Notice that the tensor test
(proposed in Section 2.2.1) is a Grassmann structure over F¥ instead of over FZ*¥. Therefore,
the tensor test by itself is compatible with the covering property provided by the smooth parallel
repetition in the outer PCP. We only have to create more covering property for the inner PCP
(which now consists only of a Grassmann agreement test) after incorporating tensor tests into the

14



middle PCP. This will be provided by a “lazy parallel repetition” on the level of the middle PCP
(see Figure 3).

Outer PCP
1. equation vs. variable game
2. smooth parallel repetition
(for low soundness
and covering property)

Middle PCP
1. tensor test
2. lazy parallel repetition
(for covering property)

Inner PCP
Grassmann agreement test
with low-rank variation

Figure 3: Our construction for perfect completeness

3 Preliminaries

In this section we set up basic tools that will be used throughout the paper.

3.1 General Notations

Linear Algebra. Given a finite dimensional Fa-vector space V', we let V* denote the dual space
of V', which consists of all linear functionals f : V — Fs. For any finite-dimensional Fa-vector
spaces V1, Vo and any bilinear form f : V3 ® Vo — 3, we define the linear map Ty : Vi — V5 by
letting T'¢(x) be the functional y — f(z ® y).

Grassmann Graph. Given a finite dimensional Fo-vector space V and a positive integer £ <
dim V| the Grassmann graph Gr(V,/) has as vertices all ¢-dimensional subspaces L C V, and
two vertices are adjacent if they intersect in dimension ¢ — 1. We denote by G(V, /) the uniform
distribution over the edges of Gr(V, /).

3.2 Technical Ingredients from Prior Work

3.2.1 Approximate Coloring of Hypergraphs

Theorem 3.1. For every fived positive integer c, there exists a constant € > exp(—exp(O(c?)))
such that given a 3-uniform hypergraph H, it is NP-hard to distinguish between the following cases:

(1) Yes case: H is 2-colorable.
(2) No case: in every c-coloring of H, at least € fraction of the edges are monochromatic.

Proof. Deferred to Appendix A. O

3.2.2 Grassmann Agreement Test

In this section we state a more precise version of the claim in Equation (2.2) regarding the soundness
of the Grassmann test. It will be convenient for us to think of partial assignment, namely tables F’
that assign to each ¢-dimensional subspace L C F% either a linear function F[L]: L — Fa, or the
nullity element nil. Given a table F' the passing probability of the Grassmann test is

P F[L - FIL } :
(L1,L2)~G(F3,0) L]l [L2]l i,
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where the event does not hold if either F[L;] or F[Lg| are nil. The following result is due
to [KMS23], but we use a slightly different formulation which we derive directly from their re-
sult.

Theorem 3.2. There is an absolute constant C > 0 such that the following holds. Let n,{,q be
nonnegative integers such that n —q > € > q+ 1. Suppose F[-] is a table where F[L] € L* U {nil}
for each L € Gr(F3,0), such that

P [F L = F[L } > 974+5, 3.1
(Ll,LQ)Ng(IFg,E) [ IHLIQLQ [ 2”LlﬂLQ ( )
Then for at least 24—t fraction of subspaces Q € Gr(F%,q), there exist a subspace W € Gr(Fy, n—q)
containing Q and a linear map f: W — Fo such that

P[P = ‘ CLCW]|>20¢,
LGGr(IFg,Z)[ (L= flp|@cLc }

Proof. Deferred to Appendix D. d

We also need the following result, which asserts that if the simpler “equality test” passes with
noticeable probability, then for many zoom-ins () of constant dimension, one could fine a zoom-out
W of constant codimension such that the table F' has significant agreement with a constant on
QCLCW.

Theorem 3.3. There is an absolute constant C > 0 such that the following holds. Let n,{,q be

nonnegative integers such that n—q > € > q+ 1. Suppose ¥ is a finite set and F[] is a table where
F[L] € ¥U{nil} for each L € Gr(F3,0), such that

i [F[Ll] = F[Ly] # nil] > 99t

(L1,L2)~G(F3,0)

Then for at least 24—t fraction of subspaces Q € Gr(F3,q), there exist an element o € ¥ and a
subspaces W € Gr(F5,n — q) containing Q such that

PR = ‘ CLCW| =20,
LGGr(IFg,E)[ [=cojQclc ]

Proof. Deferred to Appendix D. O

3.2.3 List Decoding Bounds

When we use Theorems 3.2 and 3.3 we will often need to argue that the number of possible decodings
is not too large. In this section we precisely define this notion and state the bounds we will use, all
are from [DKK™T25].

Fix a vector space X := F% and let F[-] to be a table which assigns a linear function to every
{-dimensional subspace of X.

Definition 3.4 ([DKK'25]). Let n, ¢, q,w be nonnegative integers such that n —w > ¢ > ¢ + 1.
Fix parameters 79, 71,...,7y € (0,1) and write 7 = (79,...,7w). Fix an Fa-vector space V' of
dimension n and a subspace Q € Gr(V, ¢). Suppose F[-] is a table where F[L] € L*U{nil} for each
L € Gr(V,¢). For a linear subspace W C V with codim W < w and a linear functional f : W — [y,
we say that the pair (f, W) is T-occurring in F[-] modulo @ if

e [F[L] — flr ‘ QcC L} >r,  wherei=n— dimW.
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Definition 3.5. In the setting and notation of Definition 3.4, we say that (f, W) is T-mazimal in
F[] modulo Q if

(1) (f,W) is T-occurring in F'[-] modulo @, but

(2) for any linear subspace W' C F7 that properly contains W and any linear functional f’ :
W' — Faq, the pair (f',W’) is not 7-occurring in F[-] modulo Q.

The set of all 7-maximal pairs will be denoted by LISTg(F ).
We use the following bound on the size of maximal pairs proved by [DKK™25].

Lemma 3.6 ([DKK™25]). There is an absolute constant C' > 40 such that the following holds. Let
n,l, q,w be nonnegative integers such that n —w > 20 > C(q+ 1). Suppose T = (70,...,Tw) 1S a
vector such that

To = 2=t/C and Ti_1 < C’_ITZ»O for each i € [w].

Then for any table F[-] where F[L] € L* U{nil} for each L € Gr(F%,¢), we have
‘LlSTg(F)( < exp(Cw?l).

To handle large collections of zoom-outs we will need to make use of the notion of sunflower of
zoom-outs, defined as follows.

Definition 3.7. Let V be a vector space over Fao, and let Wy,..., W,, C V be subspaces of co-
dimension r. For W C V', we say that (W, W1i,..., W,,) forms a sunflower if

1. W; C W for all 4, and we denote its relative codimension by codimy (W;) = s.
2. For all i # j, codimy (W; N W;) = 2s.

In words, a sunflower is a collection of subspaces Wy, ..., W), living inside a subspace W that
have as small as possible pairwise intersections in it. The following result, from [DKK™25], asserts
that any sufficiently large collection of zoom-outs of constant codimension contains a large sunflower.

Lemma 3.8 ([DKK™25]). Let Wi,...,Wxn C X be distinct vector spaces of codimension r. Let m
be an integer such that (m-2")" < N, then, there exists a subspace W C X of codimensionr—s < r
that W contains m of Wis, say, Wi,..., Wy, and for every i # j € [m], codimy (W; N W;) = 2s.
Such tuple (W, W1, ...,Wy,) is called a sunflower.

3.3 Parameter Relations

For future reference, we explicitly state the relation between the various parameters that will be
used throughout the proof.

Condition 3.9. Let k,qo,q1,q2,t,7,¢,s be positive integers, let §,8,e € (0,1), and let 7 =
(10,71, .., T2qy) be a vector such that for a sufficiently large constant C' > 0, the conditions in Ta-
ble 1 hold.

17



Parameter Requirement First appears in | Why require this
0€(0,1) inner PCP

qo € Nt qo = Clogy(1/96) inner PCP inner PCP
Toge € (0,1) Togo < exp(—q) inner PCP inner PCP
Togo—1,---,70 € (0,1) | i1 < C717E, Vi € [2qo] inner PCP inner PCP
¢ €N 01 = Clogy(1/719) inner PCP inner PCP
s € NT s =30 inner PCP inner PCP
q € NT q = 2*—wg outer PCP inner PCP
g2 € NT q@ = O3 outer PCP middle PCP
ly € NT by > O3 middle PCP middle PCP
re Nt r=2q+1 outer PCP middle PCP
e€(0,1) e < exp(—exp(exp(Cr))) outer PCP outer PCP
ke Nt k> e % exp(exp(fa)) outer PCP outer PCP
B e (0,1) B =k3/1 outer PCP outer PCP
te Nt t > exp(Ck?) middle PCP inner PCP

Table 1: Parameter relations

4 The Outer PCP

4.1 Tripled Sets

In this section we set up some convenient notations for our application of the parallel repetition
theorem. First, it will be convenient for us to remember the order of challenges, and we will use
formalize it using the following two definitions.

Definition 4.1. A tripled set is a finite set E equipped with a partition into subsets of size 3. We
refer to the parts of this implicit partition as the triples of E, and we write Triples(E) for collection
of its triples.

Definition 4.2. Let H be a 3-uniform hypergraph with vertex set ¥'(H) and edge set &(H). Given
a positive integer k, we let HY* denote the k-fold vertex-disjoint union of H. More explicitly, the
vertex set of HY is [k] x #(H), and we denote ¥ (H, k) = [k] x ¥ (H); the edge set of H* is
Ule &;(H, k), where

(%(H, k) = {{(z’,vl), (i,VQ), (i,Vg)} ‘ {Vl,VQ,V?,} < éa(H)}

We let &(H, k) be the collection of all vertex subsets E C [k] x ¥ (H) that result from picking one
edge from each &;(H, k). That is, it is E of the form

FE = {’Um’ | 1€ [k‘], j S [3]} such that {Uz',h ’Uz"g,’UZ"g} € cg’z(H, k‘) for all 7 € [k], (4.1)

and we view it naturally as a tripled set, with Triples(E) = {{viyl, Vi2,Vi3} ! i€ [k]}
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In words, viewing the set of hyperedges in H as the challenges that a verifier samples, the edges
in HY* are naturally viewed as the challenges that the verifier chooses in the k-fold repeated game.

Remark 4.3. For a tripled set E of the form (4.1), the k triples of E are naturally ordered. For
each i € [k], we will call {v; 1, v;2,v;3} the i-th triple of E.

4.1.1 Thinning, and Thinning with Advice

Next, we set up some notations that will be helpful in formalizing the smoothness in our application
of parallel repetition. The following definition will be helpful in formalizing the fact that in smooth
parallel repetition, on each coordinate the two players get identical challenge with probability 1— 3,
and otherwise Alice gets the whole challenge and Bob only gets a single variable from it.

Definition 4.4. Let E be a tripled set and let 5 € [0,1]. We write E’ ~ Thing(E) for the random
subset E/ C F obtained as follows. Independently for each triple T' € Triples(E), we include all
elements of T in E’ with probability 1 — 3, and include a uniformly random element of 7" in E’
with probability 3. We stress that the output E’ itself is only a set, not a tripled set.

Next, we set up notations that will be helpful in handling the advice feature in smooth parallel
repetition.

Definition 4.5. Let E be a tripled set. Fix nonnegative integers ¢1, g2 and a parameter 8 € [0, 1].
We let Jout(E, q1, g2, 3) denote the output distribution of the following process:

1. Sample a S-thinning E’ ~ Thing(E).

2. Sample ¢ = ¢1 + ¢ vectors a(M), ... al® € FQE/ independently and uniformly at random. We
denote Aj, = (a(l), .. ,a(ql)) and Amig = (a(q1+1), . 7a(q1+q2)).

3. Output the tuple (E', Ain, Amid)-

Remark 4.6. For a subset E’ of a finite set E, we always view IFQE/ as a linear subspace of the
ambient space IF”QE . In particular, the vectors a,...,a(? in Definition 4.5 are viewed also as
elements of the vector space F¥.

4.1.2 The Covering Property

We need the following two simple propositions essentially from [DKKT25]. The first one asserts
that fixing E and sampling (E’, Ain, Amid) as above conditioned on the value of Aj,, Amid, the triplets
in £’ are independent, the for each i, the probability E’ contains the entire ith triplet does not
change too much.

Proposition 4.7. Let E be a tripled set. Fix nonnegative integers ¢, g2 and a parameter 8 € [0, 1).
Fix arbitrary tuples
A€ (F2E)q1 and Ay € (]Fg)qz.

Sample
(E', Ainy Amid) ~ Jout(E, q1, 92, B)

conditioned on the event {4, = A1} N {Amid = A2}. Then the resulting marginal distribution of
E’ is independent over triples of E. Furthermore, each triple of F is entirely included in E’ with
conditional probability at least 1 — 49114923,
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Proof. Deferred to Appendix C. O

The second one asserts that the distribution of (Ajn, Amid), once lifted to IFQE as discussed

in Remark 4.6, is close to uniform so long as 5 = o (1

VIEL )
Proposition 4.8. Let E be a tripled set. Fix nonnegative integers ¢1, g2 and a parameter 5 € [0,1).
Fix an arbitrary tuple A; € (F£)9. Sample

(E', Ainy Amid) ~ Jout(E, q1, 92, B)

conditioned on the event {A;j, = A;1}. Then the resulting marginal distribution of A4 has total
variation distance at most 491792 3,/|E|/3 to the uniform distribution over (F%)%.

Proof. Deferred to Appendix C. O

4.2 The NAE Predicate and Satisfiability Notions

In this section we formally present the Not-All-Equal predicate that we will use, along with the
notions of satisfiablity and joint NAE-satisfiability that are arguments rely on.

Definition 4.9. We define a function NAE3 : F3 — Fy defined by
NAEg(xl, T2, xg) =21+ X2+ 23+ 2122 + Tox3 + T3771.
We note that NAEs(x1,x9,z3) = 1 if and only if x1, 9, z3 are not all equal.

As discussed in the introduction, we will use the notion of jointly NAE-satisfying, which we
recall below. When we get a linear function on FY which is an encoding of an assignment to
variables, we use the following definition.

Definition 4.10. Let E be a tripled set and let k,r be positive integers. Given r linear functionals
fO ) FL — o, let aW .. a4 e FZ be the unique vectors such that

FO () = Z Ve, for all i € [r] and = € F¥.
veEE

If we have

> NAEs(al),af),all)) =1 for all {v1,v,v3} € Triples(E),
=1

then the linear functionals fM), ..., f(") are said to be jointly NAE-satisfying. In the case r = 1,
then the functional f) is simply said to be NAE-satisfying.

More generally, when we get a symmetric linear function on FE¥ ® FZ, which is a supposed
quadratic Hadamard encoding of a message, we use the following definition.

Definition 4.11. Let F be a tripled set and let k£ be a positive integer. Given a symmetric bilinear
map f: FY @ FY — Fy, let X € FF*F be the unique matrix such that

flz®y) = Z XuwTuY for all z,y € FY.
u,veEE

If we have
Xoyvy + Xogvy + Xogvs + Xogvy + Xogog + Xugoy, = 1 for all {v1,va,v3} € Triples(E),

then the bilinear map f is said to be NAE-satisfying.
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4.2.1 Linear Functionals vs. Bilinear Forms

Recall that in our reduction, we will want to switch from low-value with respect to joint NAE-
satisfiability, to low-value with respect to bilinear forms of low rank. To facilitate this move, we
will use the following definition and proposition.

Definition 4.12. Let V be a finite-dimensional Fo-vector space and let r be a positive integer.
Given a symmetric bilinear map f: V ® V — Fy and r linear functionals f0), ..., f() : vV — Iy,
we say that ( fO (’")) is a tensor decomposition of f if the following conditions hold:

(1) For each i € [r], we have f() € image(T}). In other words, there exists a vector () € V such
that £ (y) = f(z) @) for each y € V.

(2) For each x,y € V, we have

flaoy) =Y 1@ ). (+2)

The following proposition shows that if a given symmetric bilinear form that NAE-satisfies a
constraint, then any tensor decomposition of it also satisfies that constraint.

Proposition 4.13. Let E be a tripled set and let 7 be a positive integer. Suppose f : FF @FF — Fy
is an NAE-satisfying symmetric bilinear map. Then any tensor decomposition ( O f (’")) of f
is jointly NAE-satisfying.

Proof. let a®, e e ]FQE be the unique vectors such that
O Za for all i € [r] and € F¥.
veR

Let X € FY*F be the matrix defined by

= Zag)ag) for all u,v € E.

Plugging the expansion of f( into (4.2) and changing the order of summation, we get that

flz®y) = Z XuwTulo for all x,yeF;E.
u,veEE

Since f is NAE-satisfying, for each triple {v,ve,v3} € Triples(F) we must have
KXoy, + Xv2v2 + Xvsvs + levz + szvs + Xvsvl =1,

and hence

Z (agil)aga) + aﬁ?a@ + a( i) ( ) + a( i) (%) + a(l) (l) + ai@’d@) =1.
i=1
By Definition 4.9 we thus have

ZNAE5 @) o) ()) 1 for all {v1,va,v3} € Triples(F),

v1’ Qg 5 Ay
and thus £, ..., f) are jointly NAE-satisfying. O
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The following proposition shows that the other direction also holds. It, and the straightforward
corollary following it will be used in the soundness analysis of our reduction.

Proposition 4.14. Let E be a tripled set and let r be a positive integer. Suppose f : FY @ F¥ —
F, is a symmetric bilinear map and M, ... f() . FE — Ty are jointly NAE-satisfying linear
functionals. If (4.2) holds for all z,y € F¥, then f is NAE-satisfying.

Proof. The proof follows the same lines as in Proposition 4.13, and we omit the details. O

Corollary 4.15. Let E be a nonempty tripled set. There exists an NAE-satisfying symmetric
bilinear map f : F¥ @ FY — FE of rank 1.

Proof. There clearly exists a nonzero linear functional f@) : FL — Fy that is NAE-satisfying (by
itself). We can then let f : F¥ @ FY — Fy be the rank-1 bilinear map defined by f(r ® y) =
FD(z) fD(y) for all z,y € FZ and apply Proposition 4.14 to show that f is NAE-satisfying. [

In this section we construct our outer PCP, following the steps outlined in ??. Our reduction
starts with the following result:

4.3 The Equation vs. Variable Game

The goal of this section is to show the second step in our outer PCP construction, which transforms
a 3-NAE instance into a 2-Prover-1-Round game, and then performs on it smooth parallel repetition
with advice. The 2-Prover-1-Round game we will work with is formally defined as follows:

Definition 4.16. Given a positive integer r, nonnegative integers qi, g2, a parameter 3 € [0, 1] and
a 3-uniform hypergraph H, let Gamela[H, k, q1, 2,7, 5] be the 2-Prover-1-Round game where the
verifier executes the following:

1. Sample a uniformly random tripled set E € &(H, k).

2. Sample (E,, Ain, Amid) ~ jout(E, q1,q2, ,3) Send (E, Aina Amid) to Alice and (E/, Aim Amid) to

Bob.
3. Alice must return r linear functionals f), ... f() . F¥ — Fy that are jointly NAE-satisfying;
Bob must return r vectors g(l), . ,g(") : IE‘QE/ — Fy. Accept if
£ o = gW  forallielr].

Remark 4.17. We remark that the game Gamela[H, k, q1,q2,r, 3] can be viewed as the k-fold
parallel repetition of Gamela[H, 1, q1,q2,7, 3], and the game Gamela[H,1,0,0,r,1] is the equation
versus variable game corresponding to the the result of 77.

We now analyze the completeness and the soundness of the reduction outlined in Definition 4.16.
The following lemma establishes the completeness:

Lemma 4.18 (Gamela completeness). For any positive integer k, nonnegative integers qi,qa,
parameter 5 € [0,1] and 2-colorable 3-uniform hypergraph H, we have

Val(Gamela[H, k7QIaQ27 175]) =L
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Proof. By the completeness of the reduction of 7?7, we conclude a strategy for the players for the
case that k = 1: the players simply ignore their advice vectors, and encode an assignment to their
set of variables F by a linear function f: F¥ — Fy. The players can thus lift this strategy to ¥ by
extending their assignment to k-tuples in the obvious way. O

We now move on to the soundness. We start by analyzing the soundness of the basic game
Gamela[H,1,0,0,r,1].

Lemma 4.19. Fiz a positive integer r and a parameter € € (0,1). Suppose H is a 3-uniform
hypergraph such that in every 2"-coloring of H, at least € fraction of the edges are monochromatic.
Then we have

val(Gamela[H, 1,0,0,7, 1]) <1- %
Proof. Let V be the vertex set of H! (which is isomorphic to H).

We fix an arbitrary strategy for Alice and Bob in the game Gamela[H,1,0,0,r,1], and we will
prove that the verifier rejects with probability at least £/3. Since there are no advice vectors in this
game, the question for Alice is simply an random edge of H"!; and as the smoothness parameter
is set to 1, the question for Bob will be a single vertex.

For a vertex v, denote the response of Bob as gf,l), ... ,gl(,r) : ng} — 9. We may view it as r
assignments for the 3-NAE instance (X, C) from 77, so from the soundness there we conclude that
it jointly satisfies at most 1 — ¢ of the constraints of (X,C). Fix such an edge E = {v1,va,v3}
whose constraint is not jointly satisfied by Bob’s response, and let f&) ... f() . IP”QE — Fy be
Alice’s answer to the question E. Since f(), ..., f") are jointly NAE-satisfying ,there exists a
vertex v € {vy,ve2,v3} with

1) (2) (r)
<f ’Fév}’f ’ng}a"wf

F{v}) # (gz()l)vgq()2)7 e 791(;T)) . (43)

Conditioned on the event that Alice receives the questions E, with probability 1/3 the question for
Bob is {v}, in which case their answers are not consistent due to Equation (4.3). Since this is true
for at least e-fraction of the edges £ € &(H, 1), the verifier must reject with probability at least
e/3. O

Next, we incorporate the advice as well as constantly many repetitions, and show that the value
does not increase by too much:

Lemma 4.20. Fiz a positive integers k,r, nonnegative integers qi,qa and parameters 3,e € (0,1)
such that k > 29+t23~1 Suppose H is a 3-uniform hypergraph such that in every 2" -coloring of
H, at least ¢ fraction of the edges are monochromatic. Then we have

val(Gamela[H,k,ql,qg,r, B]) <1- %

Proof. We write ¢ = ¢q1 + q2. As in Remark 4.17, we view Gamela[H, k, q1,q2, 1, 3] as the k-fold
parallel repetition of the game Gamela[H,1,q1,q2,7, 3]. Let (E, Ain, Amid) and (E’, Ain, Amid) be
the questions for Alice and Bob in the k-fold repetition game, respectively. We write

Ain = (a(l), e a(ql)) and Amid = (a(Q1+1), e ,a(q1+q2)).
We say a triple {v1,va,v3} € Triples(E) is “critical” if we have

aV) = al) = a(? =0 for all i € [q] and ’E' N {Ul,Ug,UgH =1.

V1 v v
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Let I C [k] be the collection of indices i € [k] such that the i-th triple of E is critical (see Re-
mark 4.3). Conditioned on the event that I # (), we pick a uniformly random i € I and note
that the i-th “coordinate” of the parallel repetition is a copy of the equation vs. variable game
Gamela[H,1,0,0,7,1] and is independent of the remaining coordinates. Therefore, Lemma 4.19
implies that conditioned on {I # (0}, the verifier rejects with probability at least £/3. Since

- 1

PIIA0=1—(1-2798)">1 278" > 1_27125,
we conclude that in the k-fold repetition game Gamela[H,k,qi, g2, 7, (], the verifier rejects with
probability at least - /3 = /6. O

Finally, we apply the parallel repetition theorem for projection games by [Raoll] to get the
soundness of the reduction in Definition 4.16:

Lemma 4.21 (Gamela soundness). Assume Condition 3.9. Suppose H is a 3-uniform hypergraph
such that in every 4"-coloring of H, at least € fraction of the edges are monochromatic. Then we
have

val(Gamela[H,k,ql,qQ,Qr, 6]) < exp(—kl/s).

Proof. Let ko = [2017%2371]. By Lemma 4.20 we know that

V&l(Gamela[H, ko, q1, q2, 27, B]) <1- %

Since GamelalH, ko, q1, q2, 21, 5] is a projection game, we may apply [Raoll, Theorem 1.4] to con-

clude that its | k/ko|-fold parallel repetition has value at most exp(—ce?|k/ko|), for some absolute
constant ¢ € (0,1). It is then easy to see (via Remark 4.17) that

Val(Game]‘a[H? ka q1, 92, 2’!”, B]) < eXp(—052 Lk/kOJ) < eXp(_k_l/B),
where in the last transition we use the relation k/ky > e~2k1/5 guaranteed by Condition 3.9. [

4.4 From Joint Satisfaction to Bilinear Forms

The goal of this section is to show the third (and last) step in our outer PCP construction, which
replaces the responses of Alice and Bob by symmetric bilinear forms. More precisely, we will consider
the following 2-Prover-1-Round game defined below. It is identical to GamelalH,k,q1, g2, 1, 5],
except that the provers are accepted to provide a single Bilinear form of low-rank (instead of r
linear forms).

Definition 4.22. Given positive integers k,r, nonnegative integers ¢, g2, a parameter 3 € [0,1)
and a 3-uniform hypergraph H, let Gamelb[H,k,q1,q2,7, 5] be the 2-Prover-1-Round where the
verifier executes the following:

1. Sample a uniformly random tripled set E € &(H, k).

2. Sample (E,, Aim Amid) ~ jout(E, q1,q2, ,8) Send (E, Ain, Amid) to Alice and (E/, Ain, Amid) to
Bob.

3. Alice must return a symmetric bilinear form f : F¥ @ F¥ — Fy that is NAE-satisfying and
has rank at most r; Bob must return a bilinear form g : F¥ @ FY" — Fy. Accept if

f’IF'ZE,@FQE/ =4d.
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We now analyze the completeness and the soundess of the reduction outlined in Definition 4.22.
The following lemma establishes the completeness:

Lemma 4.23 (Gamelb completeness). For any positive integer k, nonnegative integers qi,qz,
parameter 3 € [0,1) and 2-colorable 3-uniform hypergraph H, we have

val(Gamelb[H,k,ql,qz, 1,5]) =L

Proof. Using Lemma 4.18, we get that the game Gamela[H, k, q1, g2, 1, 5] has value 1. We denote by
the linear functionals f(E, Ain, Amid): IE‘QE — Fy and g(E', Ain, Amid) : IE‘QE — [y strategies of Alice
and Bob, respectively, that achieve value 1 in Gamela[H, k, q1, q2, 1, 8]. Write f(E, Ain, Amid)(2) =
(u, z) for some u € FY and g(E', Ain, Amid)(2) = (', z) for some v/ € FY'. The bilinear forms
corresponding to u ® v and v ® v agree on Ffl ® IFQE/, are rank 1, and the bilinear form of u ® u
NAE-satisfies all of E. The statement of the lemma follows. O

We now move on to the soundness. The following lemma establishes a connection between a
connection between the soundness of Gamela and Gamelb, and more precisely it shows how to
derive a strategy for the former from a strategy for the latter. Intuitively, this come from the fact
that a rank r bilinear form has at most O, (1) many decompositions into rank 1 bilinear form, but
some care is needed (specifically, the event that the rank of the Alice’s bilinear drops in Bob’s space
is problematic, but thankfully it has low probability).

Lemma 4.24. For any positive integer k,r, nonnegative integers qi,qz, parameter 8 € [0,1) and
S-uniform hypergraph H, we have

val (Game]‘a[Ha k7 q1, 42, 2T7 6]) = 4_T2 (Val (Gamelb[H, k', q1,492,T, ,8]) — 4Q1+q2,'45) .

Proof. We organize the proof into the following three steps.

Step 1: controlling rank drop. We denote
s = val (Gamelb[H, k,qi,q,T, B])

Let F[-] and G[-] be the strategies of Alice and Bob, respectively, under which the verifier accepts
with probability s in Gamelb[H, k,q1,q2,7,3]. For each E € &(H,k) and (E’', Ajn, Amiq) in the
support of Jout(E, q1, g2, 5), we have bilinear maps

F(E, Ain, Amia] : F§ ©F5 +F,  and  G[E', Ain, Amid] : FY @ FY' — Fs.
A pair of questions (F, Aj, Amia) and (E’, Ajn, Amiq) for Alice and Bob is said to be “good” if

F[E, Ain, Amid] = G[E, Ain, Amidl;

’FQE,(@]FZE,
it is said to be “excellent” if in addition to being good, it also satisfies
rank(F[E, Aina Amid]) = rank(G[E’, Aina Amid]) .

By definition, a random pair of questions is “good” with probability s. Furthermore, con-
ditioned on each fixed Alice question (F, Ain, Amid), since rank(F[E,A;n,Am;d]) < 7, we know
from Corollary B.3 and Proposition 4.7 that

g’l {rank(F[E, Ain, Amid”F2E’®F2E’) = rank(F[E,Ain,Amid]> ‘E, Ain, Amid} > (1 —4ntepg)r
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> 1— 4q1+q27“ﬂ.

Therefore, the probability that a random pair of questions is “good” but not “excellent” is at
most 4917%2r3. Consequently, a random pair of questions is “excellent” with probability at least
s — 4011224 B.

Step 2: deriving a strategy for Gamela. Note that in Gamela[H, k,q1,q2,2r, 3] the joint
distribution of questions to Alice and Bob is the same as in Gamelb[H, k, q1,q2,7,5]. We next
derive strategies for the provers in the former game from the tables F[-] and G[-]. The strategy for
Alice is as follows:

1. Receive the question (E, Ain, Amid), and let f = F[E, Ain, Amia]- Note that f : FY @ FY¥ — Fy
is symmetric and NAE-satisfying.

2. Use Lemma B.4 to obtain a tensor decomposition (f(l), e f(QT)) of f.

3. Return the linear functionals f1), ... f2") . FZ — Fy. They must be jointly NAE-satisfying,
due to Proposition 4.13.

Accordingly, the strategy for Bob is:
1. Receive the question (E', Ay, Amid), and let g = G[E, Ain, Amid]-

2. For each i € [2r], select a linear functional g from the subspace image(T},) C (F5¥')* inde-
pendently and uniformly at random.

3. Return the linear functionals g™V, ..., ¢®*") : Fgl — Fo.

Step 3: analysis of the strategy. We show that the above strategy answers every “excellent”
pair of questions consistently with probability at least 4_TQ7 and thereby concluding the desired
inequality

val (Gamela[H, k,q1,qo,2r, B]) > 4*”2(3 — 40ty g),

Suppose (E, Ain, Amid) and (E’, Ain, Amid) are an “excellent” pair of questions for Alice and Bob,
and let

f = F[E7 Aim Amid] and g = G[E7 Airh Amid]-
Let (f(l), cee f(27")) be an arbitrary tensor decomposition of f. By Definition 4.12, we know that

f® € image(Ty) for each i € [2r]. Furthermore, since rank(f) = rank(g) (due to the excellence
condition), it follows from Corollary B.2 that

f(i)

o € image(Ty) for all i € [2r].

2

Since the cardinality of image(Ty) is at most grank(g) < or if ¢ ¢(2) are independently and
uniformly sampled from image(7y), we have

P [f(i)

—_— g(i) for all i € [2r]| > (2—7”)27’ 4
2

as desired. O

Using Lemma 4.24, we can now analyze the soundness of Gamelb.
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Lemma 4.25 (Gamelb soundness). Assume Condition 3.9. Suppose H is a 3-uniform hypergraph
such that in every 4" -coloring of H, at least € fraction of the edges are monochromatic. Then we
have

val(Gamelb[H,k:,ql,qg,r, 5]) <KV,

Proof. Combining Lemmas 4.21 and 4.24, we have
val(Gamelb[H7 k., 2,7, /ﬂ) < ADFErE 4 47 exp(—KY/) < KTV?

where the last transition is due to Condition 3.9. O

5 The Middle PCP

In this section we construct our middle PCP, following the steps outlined in ?7.

5.1 Setup for the Local Tensor Tests

Our first goal is to replace the global rank tests in Gamelb with local tensor checks, and towards
this end we make the following definition.

Definition 5.1. Let E be a tripled set. Fix a parameter 3 € [0, 1] and nonnegative integers ¢, g2, ¢
such that ¢ > gq2. We let Tmia(F, g1, g2, 8, £) denote the output distribution of the following process:

1. Sample (E', Ain, Amid) ~ Jout(E, g1, q2, B).

2. Sample £ — g9 vectors a(V), ... all=2) ¢ IFQE/ independently and uniformly at random. Let
A = (a(l), ... ,a(z_‘p)), and obtain a subspace U = span(Amiq) + span(A4’) C F¥'.

3. Output the tuple (E', Ajn, Amid, U).

The role of U will be that, instead of requiring that Alice’s response is low-rank globally, we
will only require it to be low-rank on U ® U.

Remark 5.2. Similarly to Remark 4.6, the subspace U C F ’25/ in Definition 5.1 is viewed also as a
subspace of FZ.

Remark 5.3. Consider a sample (E', Ain, Amid, U) ~ JTmid(E, q1,42,3,¢) as defined in Defini-

=

tion 5.1. We note that the distribution of (E’, Aj,,U) does not depend on ¢o. This is because
after fixing F’ and A;,, the advice sequence Aniq is uniformly random over (IFJQE/)‘]?.

We will need the following two technical propositions. The first one asserts that for any fixing
of E, Ain, Anmid, the distribution of U over the choice of E’ and A’ is statistically close to being of
a random ¢-dimensional subspace in IE‘QE containing Aj,.

Proposition 5.4. Let E be a tripled set. Fix a parameter § € [0,1) and nonnegative integers
q1, q2, ¢ such that |E| > ¢ > q2. Fix arbitrary tuples

A € (F3)™ and Ay € (FE¥)% such that dimspan(As) = go.
Sample
(Elv Aim Amida U) ~ jmid (Ev q1, 492, 57 E)
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conditioned on the event {Aj, = A1} N {Amiqa = A2}. Then the resulting marginal distribution of
U has total variation distance at most

40+43,/|E|/3 + 27 1E|
to the uniform distribution over the set {U € Gr(F¥, () ! span(A4s) C U }.
Proof. Deferred to Appendix C. O

The next proposition asserts that for any variable in E, conditioned on any fixing of A;, and
U, the probability it is omitted from F is still small (without the conditioning, it is at most 3).

Proposition 5.5. Let E be a tripled set. Fix a parameter 5 € [0, 1) and nonnegative integers qi, ¢.
Fix an arbitrary tuple A € (F¥)9 and an arbitrary subspace Uy € Gr(F¥,¢). Sample

(E,, Ain) empty, U) ~ jmid(Ea q1, 07 Ba E)

conditioned on the event {A4j, = A} N{U = Up}. Then for any subset S C E with |S| < 2, the
probability that S C E’ is at least 1 — 406413,

Proof. According to Definition 5.1, when (E’', Aj,, Amid, U) is sampled from Jnid(F,q1,0,3,¢), a
vector sequence A’ € (F5')! is generated, and then U is taken to be span(A’). Let

B= {(a(l), .,al9) e (FH) ‘ span(a®), ... a®) = Uo}

be the collection of bases of Uy. The event {U = Uy} is thus equal to the disjoint union of
events | Jgep{A’ = B}. It suffices to prove that for each B € B, conditioned on the event {A;, =
Apy N {A" = B}, we have P[S C E'] > 1 — 4013 for any two-element subset S C E. It is easy
to see that the distribution of E’ conditioned on {Ai, = Ao} N {4’ = B} is the same as in the
following process (by comparing Definitions 4.5 and 5.1):

e sample (E', Ain, Amid) ~ Jout(E, q1, ¢, 3) conditioned on {4;, = A} N {Ania = B}.
The desired conclusion thus easily follows from Proposition 4.7. O

For future reference, we introduce here a notation corresponding to the game above with no
advice. It will be useful for us notationally in the end to describe our reduction.

Definition 5.6. Let E be a tripled set. Fix a parameter 8 € [0,1) and a nonnegative integer
¢. Given any subspace Uy C F¥ with dimension at most ¢, we let Jev(E, Up, 8,£) be the output
distribution of the following process:

1. Sample (F’, empty, empty, U) ~ Tmid(E, 0,0, 3,¢) conditioned on the event {U = Up}.

2. Output E’.

5.2 The First Step: the Local Tensor Check Game

We now show the first step in our middle PCP construction, which replaces the global rank checks
on Alice with local rank checks. More precisely, we consider the 2-Prover-1-Round game presented
below. It is similar to Gamelb but with one important distinction. Letting f be Alice’s response,
instead of requiring rank(f) is small, we require that rank(f|yge) is small, where U is (roughly)
a random ¢-dimensional space on Alice’s space which is given to Alice as part of her challenge.
Additionally, as part of his challenge we give Bob a random subspace U’ of dimension £ + 1 that
contains U.
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Definition 5.7. Given positive integers k,fs, nonnegative integers qi,qe such that ¢y > ¢o, a
parameter S € [0,1) and a 3-uniform hypergraph H, let Game2a[H, k, {2, q1, q2, 3] be the 2-Prover-
1-Round game where the verifier executes the following:

1. Sample a uniformly random tripled set E € &(H, k).

2. Sample (E', Ain, Amids U) ~ Imid(E,q1, 62, 5,¢2). Sample a random vector x € FQE/ and let
U'=U + span(z).

3. Send (E, Aj,U) to Alice and (E’, Ain,U’) to Bob.

4. Alice must return an NAE-satisfying symmetric bilinear form f : FY ® F — Fy such that
rank(f|yey) < 1; Bob must return a bilinear form g : F¥' @ FY' — Fy. Accept if

f’]l“QE/@FJQEl =4d.

Remark 5.8. In Definition 5.7, the verifier does not use Anq after generating it. Therefore,
the distribution of (E, A, U,U’) does not depend on ¢y. Consequently, the value of the game
Game2alH, k, {2, q1, g2, 5] does not depend on ¢y either.

Remark 5.9. In Definition 5.7, it is easy to see that the distribution of (E’, A;,, Amid, U’) is identical
to jmid(Ev q1, 42, /8762 + 1)

We now analyze the completeness and the soundness of the reduction outlined in Definition 5.7.
The completeness is straightforward and is given in the following lemma.

Lemma 5.10 (Game2a completeness). For any positive integers k, {2, nonnegative integer qi,q2
such that k > ls > qo, parameter 3 € [0,1) and 2-colorable 3-uniform hypergraph H, we have

val(GameZa[H,k,@,CIl,QQ’ﬁ]) = 1.

Proof. Tt is clear that the provers can ignore the subspaces U or U’ given to them and pretend that
they are in the game Gamelb[H, k,q1,0,1, 5]. Since there is a strategy for Gamelb[H, k, ¢1,0, 1, 3]
with 0 rejection probability due to Lemma 4.23, it follows that the same strategy also passes
Game2alH, k, {2, q1, g2, 5] with probability 1. O

The soundness analysis of the reduction from Definition 5.7, presented in Section 5.3, is much
more involved. Intuitively, if we did not supply Bob with the space U’, the analysis would be
relatively straightforward. Indeed, in that case, while in principle Alice’s response could depend on
the space U she receives, in actuality such strategies do not achieve a high value, as they have to
be consistent with Bob (whose response does not depend on U at all). Thus, in that case Alice’s
response can be thought of as not being dependent on U, and hence the tensor test on U is random
and faithfully checks whether Alice’s response has low-rank globally.

To make out final game 4-to-1 we must supply Bob with the space U’, and the soundness
analysis in that case becomes more complicated. In this case, there are genuine cheating strategies
that Alice and Bob can use, and our argument below analyzes them (using the soundness of the
Grassmann test) and shows that they can still be converted to good strategies for Gamelb.
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5.3 Soundness Analysis

In this subsection, we fix a 3-uniform hypergraph H, positive integers k, {2, nonnegative integers
q1,q2 and a parameter 5 € (0,1). We consider the game Game2a[H,k, /2, q1,q2, ] as defined
in Definition 5.7. The following notational convention will be used throughout Section 5.3 (but not
in later parts of the paper).

Notation 5.11. We use Dyiq to denote the joint distribution of (E, Ain, Amid, U, E',U’) in the
game Game2alH, k, {2, q1,q2, 3], where (E, A;,,U) is the question sent to Alice and (E', A;,, U’) is
the question sent to Bob. We use the symbol * to denote marginalization over the corresponding
component. For instance, sampling from the marginal distribution of (A;,, U, E') under Dpq is
denoted by (x, Ain, *, U, E', %) ~ Dpiq.

Notation 5.12. We will often condition the distribution Dy,jq on some subset of the six components
(E, Ain, Amid, U, E',U’) and consider the induced joint distribution of the remaining components.
For instance, if £ and U’ are fixed, then the conditional joint distribution of (U, E’) is denoted by

P | E.UT].
(E7*7*7U’E17U,)N,Dmid

Notation 5.13. A table F'[] is called an Alice-table if for each possible Alice-question (E, A;,, U)
under Dp,q, the entry F[E, A;,, U] is either nil or an NAE-satisfying symmetric bilinear form

F[E, Ain, U] : F§ @ FY -+ Fy  such that  rank (F[E, Ain, Ullygy) < 1.

Similarly, a table G[] is called a Bob-table if for each possible Bob-question (E’, A;,,U’) under
Dmid, the entry G[E’, Ai, U'] is either nil or a bilinear form

G[E', Ain, U'] : F¥ @ FE" — Fy.

Notation 5.14. Fix an Alice-table F[-] and a Bob-table G[-]. For any tuple (E, A;n,*, U, E',U")
with nonzero probability under D4, we define

L if FE, A, Ullgp

0, otherwise.

/:GE/,Ai ,U/,
Vifpa(E, Ain, U, E', U :{ ®FF [ n, U']

We will often sample (E, Ai,, *, U, E',U’) from Dyiq conditioned on some subset of its components.
For instance, if £ and U’ are fixed, then we denote the corresponding conditional expectation of
Vrfﬂg(E, Aim U, E/, UI) by

Vifp g (B, *, , #,U') = P [F[E,Ain, ol

= G[F', A, U]
(EiAin7*7U7EI7U/)~Dmid

!
Py oFf’ BV,

When none of the components is fixed, we write Vrfr g = Vrfp q(x, *, *, *, x) for short.

5.3.1 Preparing for Grassmann Decoding

We first show that if we have Alice-table and Bob-table that achieve a high value in Game2a, then
the Alice-table must pass the Grassmann equality test with noticeable probability. More precisely,
we have the following lemma:

Lemma 5.15. Assume Condition 3.9. Let F[-] be an Alice-table and G[-] be a Bob-table. For any
E € &(H, k) and any Ai, € (FY)%, we have

P F[E7Ain7 Ul] = F[E7 Ain7 UQ] # 1111:| P VI'fF7G(E, Ain7 *, %k, *)2 - 27@2‘
(U1,U2)~G (FY £2)

Proof. We organize the proof into the following three steps:
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Step 1: fixing E' and U’. Fix a subset £/ C E with size |E’| > ¢35 + 1 and a subspace
U e Gr(IFQE/,EQ + 1) such that the tuple (E, Aj,, *, *, E', U’) has nonzero probability under Dyiq.
By Definitions 5.1 and 5.7, it is easy to see that sampling (F, A;,, x, U, E',U") ~ Dpiq conditioned on
E, A;,, E' and U’ is equivalent to sampling a uniformly random subspace U € Gr(U’, ¢3). Therefore,
we have

2
Vif g (E, A, 5, B, U')* = E Vil rG(E, Ain, U, E',U") | E, Aig, B, U'|
(E,Ain,*7U,E,U/)N/Dmid
= E (Vifpa(E, Ain, Uy, E' U ) Vif g (E, Ain, Uz, E',U")] .
U1,U2€GF(U/762)
(5.1)
Expanding the right-hand side of Equation (5.1) by definition, we get
VI'fF’G(E, Aina *, El? U,)2
- P [FE,Ain,U o = GIE', Ain, U') = F[E, Ain, Usl|prom
UL, Us€Gr (U 5) [ llgprer [ ] [ 2llgpan
< P [FE,Ain,U vomr = FIE, A, Us]| ] 5.2
U1,U2€Gr(U’ £2) [ 1]|]F2E oF [ 2HF2E or ( )

Step 2: fixing only U’. For any fixed U’ € Gr(FL, ¢y + 1) and Uy, Uz € Gr(U’, £3) such that
F[E, Ain,U1] # F[E, Ain, Us], one of the following two possibilities holds:

(1) At least one of F[E, Aj,, U] and F[E, Ai,, Us] is nil.

(2) Both of F[E, A, Up] and F[E, Aj,, Us] are bilinear forms FY @ FY — Fy, and their difference
f=F[E, A, Ui|-F[E, Ain, Us] is nonzero. In this case, there exist two unit vectors z,y € FQE
(i.e. |supp(z)| = [supp(y)| = 1) such that f(z ® y) = 1. Therefore, for any subset ' C E
that contains supp(z) U supp(y), we have F[E, Ajn, U1”1F2E'®E' # F[E, Ain, U2]|F2E/®E/.

In either of the above two cases, it follows from Proposition 5.5 and Remark 5.9 that (note that
U’,U; and U; remain fixed in the following inequality)

|:F[E7Ain7U1”FJQE’®E’ = F[E’Ain’U2”]Ff,®E,

wa B E,Ain,U’} L qntlat2g
E,Ajn,x%, B, U’ )~Dpig

Therefore, taking expectation of the inequality Equation (5.2) over the conditional distribution of
E’ yields (note that Uy and Us are no longer fixed in the following inequality)

E [vrfF,G(E, A, %, B/, U")? ) E, Ay, U’}
(E,A;n,*,*,E’,U’)N'Dmid

< P F\E AinyU :FEaAin,U i1 4q1+62+2 ) 53
Uy,U2€Gr(U’,02) [ [ ’ 1] [ 2] 75 ni } + Jé] ( )

Step 3: both E’ and U’ unfixed. By Proposition 5.4 and Remark 5.9, we know that condi-
tioned on the fixed E and A;,, the distribution of U’ in the sample (E, A;,, *,*,%,U’) ~ Dpiq is
(4q1+£2+1ﬁ\/% + 20271738 _close to uniform over Gr(F¥, ¢, + 1). Therefore, we have

Vifr g (E, Ain, *, *, *)2

2
= E {Vrfﬂg(E, A, *, B U | E, Ain} (by definition)

(E’Ain7*7*»El7U,)NDmid
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< (E,A;n,*,*,%’,U/%Dmid {Vrfpv(;(E, Ain, %, E' U")? ’ E, Ain} (by Cauchy-Schwarz)

< E E
U'€Gr(FE a+1) [(E,Ain*,E" U )~Dpmig

4‘11+@2+1B\/E + 2f2+173k.

We then apply Equation (5.3) to the above and get

[VrfRG(E, Ajn, %, E' U')? ‘ E, Ain, U’H +

VrfEG(E’Ain’*?*?*)Q < E { G [F[EvAimUl] :F[EyAimUZ] %nilH +
U’ €Gr(FE £a+1) |U1,U2€Gr(U’ £2)

4TI (44 V) 4 26 F1, (5.4)

For any fixed U’ € Gr(F¥, /54 1), two independent samples Uy, Us € Gr(U’, £5) are equal to each
other with probability (2/2+! — 1)~1. Furthermore, if U’ € Gr(F¥,fy + 1) is sampled uniformly at
random and Uy, Uy € Gr(U’, £3) are sampled uniformly conditioned on Uy # Us, the distribution of
(Uy,Uy) is uniform over the edges of the Grassmann graph Gr(F%, f5). Therefore, Equation (5.4)
implies

1

VrfF,G(E7Ain7*7*a*)2 < P [F[EaAinyUl] = F[E, AinaU2] 7& ni1:| + m

(U1,U2)~G(FE £5)
+ 4q1+€2+16 (4 + \/E> + 2€2+1—3k

R ; [FIE, A, U] = FIE, Aip, U] # ni1] +27%,
(U1,U2)~G(FE 05)

where we used Condition 3.9 in the last transition. O

5.3.2 Invoking the Grassmann Decoding Theorem

Knowing that Alice’s table must pass the Grassmann equality test with noticeable probability,
we next apply the corresponding decoding theorem to conclude that the given Alice-table must
correspond to a low-rank bilinear form.

Lemma 5.16. Assume Condition 3.9. Let F[-] be an Alice-table and G[-] be a Bob-table. For any
E € &(H,k) and any A, € (FY)1 such that Vifpg(E, Ain, *, %, %) > 2-©2/3 the following holds:
with probability at least 4=5 over (E, Ain, A, %, %, %) ~ Dpiq conditioned on E and Aj,, there ezists
an NAE-satisfying symmetric bilinear map fa : FY @ F¥ — Fy of rank at most 2q2 + 1 satisfying

P (FIE, A, U] = fa| B, Ain, 4] > 275,
(EaAin 7A7U7*7*)NDmid

Proof. We organize the proof into the following three steps.

Step 1: Grassmann decoding. Since Vrfpg(E, Ajn, *, *,%) > 2-%2/3 Temma 5.15 implies

P FIE, A, Ur] = F[E, Ain, U] # nil} > 97202/3 _ 9tz 5 9wt
(U1,U2)~G(FZ £2)

where we used Condition 3.9 in the last transition. Apply Theorem 3.3 to the table F[E, Ajp, ]
yields' a collection of subspaces @ C Gr(F¥, go) such that:

'We apply Theorem 3.3 with ¥ equal to the collection of NAE-satisfying symmetric bilinear maps from F¥ ® F¥
to ]FQ.

32



(1) Q] = 27274 |Gr(FY, g2)

or eac € Q, there exists a subspace € Gr(Fy,3k — ¢q2) and an -satisfying sym-
2) f h Q € 9, th i b Wq GFQE?)]C d NAE-satisfyi

metric bilinear map hg : FE @ FL — Fy satisfying

P F[E, Ay, U] = h CUCWy| =205 5.5
vecE o [FIE AU = o[ Q U < W) (55)

where C' is an absolute constant. For any U € Gr(F¥, ¢5) such that F[E, Ai,, U] = hg, by
definition (see Notation 5.13) we must have rank(hg|ygy) < 1. It thus follows from Equa-
tion (5.5) that

P [rank(hgluer) <1|Q CU C W] > 27C% > 24=(ema)/2,
UeGr(F¥ 02)

where we used Condition 3.9 in the last transition. By Lemma B.5, we must have rank(hg) <
2q2 + 1.

For each @) € Q, since W has codimension g2 with respect to FE we have

_9 o el
P [U c W } Oc U] _ [3/{: (p} [31{ fh} > 9—t2(q2+1) (5.6)
UEGH(FE 0) by —q |51l —q2],
Combining Equation (5.5) and Equation (5.6) yields
P [F[E,Ain, Ul = ho ’ OcC U] > 9-Cas—ta(azt1) 5 9l-63 (5.7)

UeGr(FZ £2)

where we used Condition 3.9 in the last transition.

Step 2: good () translates to good A. Now for any A € (F£)%, we let

4= Ppan(a), if dimspan(A) = go and span(A) € Q,
AT 0, otherwise.

If dim span(A) = ¢2 and span(A4) € Q, then by Equation (5.7) we have

P [F[E,A;n,U] - fA‘ span(A) C U} > 914, (5.8)
UEGH(FE 05)

By Proposition 5.4, we know that conditioned on the fixed E, A;, and Aniq = 4, the distribution
of U in the sample (E, Ajn, A, U, ¥, %) ~ Dpig is (40792 H28/k + 2©273) close to uniform over the
set {U € Gr(F¥,(;) | span(A) C U}. Therefore, the inequality Equation (5.8) implies

[F[E,Ain, Ul = fa ‘ E, AinaA] > ol—t3 _ 4q1+q2+£2/8\/%_ ota—3k > 2765’

P
(EzAin 7A’U7*7*)NDmid

where we used Condition 3.9 in the last transition.
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Step 3: abundance of good A’s. It remains to show that

(EvAin:Ayf*,*)NDmid [dim span(A) = ¢z and span(A) € Q ‘ E,A;n] > 443,

By Proposition 4.8, it suffices to show

P [dim span(A) = g2 and span(A) € Q} > 476 4 40+ 3\/F.
A€(Fg)92

But the left-hand side of the above display is clearly equal to

‘Q| > 1 . 2—(12—53 > 4—55 + 4q1+Q26\/E’

P [dmspan(d) = @] g >

Ae(FEya2

where we used Condition 3.9 in the last transition. O

5.3.3 Deriving Strategy for the Outer PCP

We now use the structural result regarding Alice’s strategy to complete the soundness analysis of
Game2a. Before we do so, fixing Alice-table and Bob-table, we prune Alice-table and only keep the
responses on questions which have noticeable success probability.

Definition 5.17. Let n € (0, 1) be threshold parameter. Given an Alice-table F'[-| and a Bob-table
G|-] for Game2a[H, k, {2, q1, g2, 3], consider the Alice-table F'[-] defined by
F|E, A, U], if Vrf E A U, x, %) >,
F’[E,Am,U]z{ o Ul Vit s
nil, otherwise.
The pair of tables (F’, Q) is called the n-pruning of (F,G).

The following straightforward proposition shows that n-pruning drops the success probability
of Alice and Bob by at most 7.

Proposition 5.18. Let n € (0,1) be threshold parameter. Given an Alice-table F[-] and a Bob-
table G[-] for Game2a[H, k, {2, q1, g2, 5], let (F’,G) be the n-pruning of (F,G). Then

Vifp g 2 Vrfpg —n.

Proof. For any E € &(H, k), any A, € (FE)% and any U € Gr(F¥, £s), from Definition 5.17 it is
easy to see that
VrfF’,G(E7 Aim U7 *, *) 2 VrfF,G(Ea Aina U7 *, *) —n.

Taking expectation over (E, Ain, *, U, *, %) ~ Dmiq then yields the desired conclusion. O
The following lemma shows the soundness of Game2a.

Lemma 5.19 (Game2a soundness). Assume Condition 3.9. Suppose that in every 4"-coloring of
H, at least € fraction of the edges are monochromatic. Then we have

Val(GameZa[H, kz,ég,ql,q%ﬁ]) < 2w/,

Proof. Assume on the contrary that the value of Game2a[H, k,¥{s,q1,q2, ] is larger than 9—a2/4,
Then by definition, there are an Alice-table F[-] and a Bob-table G[-] for Game2a[H, k, {2, q1, g2, O]
such that Vifpg > 27%/4. Let (F’, G) be the (2'79/3)-pruning of (F,G). By Proposition 5.18 we
have

Vifpr g > 9 @2/4 _ 9l=a2/3 5 ol-a2/3

where we used ¢y > 24 (as guaranteed by Condition 3.9).
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Step 1: strategy for Gamelb. For each F € &(H, k) and each possible sample (E’, Ain, Amid)
from Jout(E, q1, q2, B), let F(E, Ain, Amid) be the collection of all NAE-satisfying symmetric bilinear
maps [ : IF”QE ® }FZE — [Py such that rank(f) < 2¢2 + 1 and

P [F/[E AmaU ‘E Aln7Amld:| = _K%-
(E7Ain7Amid7U7*7*)NDmid

We now derive strategies for the provers in Gamelb[H, k, q1, g2, r, 8] from the tables F'[-] and G[].
The strategy for Alice is as follows:

1. Receive the question (E, Ain, Amid)-

2. If F[E, Ain, Amid] is empty, return an arbitrary NAE-satisfying symmetric bilinear map f :
FE @ FY — Fy of rank 1 (see Corollary 4.15).

3. If FIE, Ain, Amid] is nonempty, return an arbitrary NAE-satisfying symmetric bilinear map
f € F[E, A, Amida]. By the definition of F[E, Ai,, Amid], we have rank(f) < 2¢2 + 1 = r,

where the last transition is due to Condition 3.9.
The strategy for Bob is:
1. Receive the question (E', Ain, Amid)-
2. Conditioned on E', A;, and Anig, sample (x, Ain, Amid, *, E',U’) ~ Diid-

3. Return the bilinear map G[E’, Ai,, U’] (note that by definition, the table G[-] does not contain
nil entries).

Step 2: analysis of the strategy. Since

[VrfF’ G(E, Ain, x, %, *)] = Vifp ¢ > 217(12/3,
(E’Ain’*7*)*7*)NDmid ' ’

we have’
(E,A F )~D [VrfF’,G(E,A.n,*7*7*) =2 q2/3] > 27l (5.9)
s Ajn k% Kk )y Dmid

For any E € &(H,k) and A;, € (FF)? such that Vit q(E, Ain, *, %, %, %) > 2-%2/3 we know
from Lemma 5.16 that

P (FIB, A, Amia] # 0| B, 4] > 275,
(B, Ain,Amid*,%,%)~Dmid

Combining with Equation (5.9) yields

]P) E Ai Ami 2 2*2837(12/3. 5 10
(E,AimAmid’*’*’*)N,Dmid |:‘F[ ’ n d] 7é (Z):| ( )

Given a tuple (E, Aj,, Amid) and an element f € F[E, Ain, Amid], we have

[G[E,’ Ain, Ul = [lep gpp

P Ea Aim Amid]
(EyAimAmld: B U/)NDmld

> P [F’[E,Ain,U] = f and Vifp (B, A, U, E/,U") = 1 ‘ E A,n,Am,d}
(E7Ain9Amid7U7E/7U/)NDmid

*Here we use the fact that Vrfpr g (F, A, *, *, *) always lies in [0, 1].
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_ E []1 FIIE. Ay Ul = f] - Vit o(B. Ay U, %,
(E’AimAmidyUy*,*)NDmid [ [ ] f:| r F,G( * *)

> 217(12/3 ' P [F/[EaAinaU] = f )EvAinaAmid:|
(E»AimAmidan*y*)NDmid

B, Ain, Amia|

(because (F’, G) is the (2'~%/3)-pruning of (F,Q))
> ol—5-a2/3, (since f € F[E, Ain, Amid])

Importantly, conditioned on E, A;,, Amig and E’, the distribution of U’ in a conditional sample
(E, Ain, Amid, %, E',U") ~ Dpiq does not depend on E. Therefore, the above display implies that
under the strategies presented in Step 1 of the proof, for any tuple (E, Aj,, Amid) with any element
f € FIE, Ain, Amid], the following expectation is at least 21—f3—a2/3,

3 / . . . .
(EyAimAmidaIEE,a*)NDmid [B]I;’b [Bob returns f‘FE’@FgE’ on question (F ,A,n,Am,d)} )E,A,n,Am,d} .

Combining with Equation (5.9), this implies that’

P {Alice(E7 Ainy Amid) |1F2E’

E ' = Bob(E, Aip, Amia)]
(B, Ain; Amidy*, B %)~ Diid [Bob ®FF b 2 :|

is at least
9=265-q2/3  9l—(3—q2/3 > k:_l/Q,

where we used Condition 3.9 in the last transition. Since the distribution of (E, Ain, Amid, ') in
Gamelb[H, k, q1, g2, 7, (] is identical to the distribution of the sample (E, Ajn, Amid, *, B, *) ~ Dmid,
it follows that our prescribed strategies pass Gamelb[H, k, q1, g2, 7, ] with probability

val(Gamelb[H,k,ql,qg,r, 5]) > 12,

contradicting Lemma 4.25. O

5.4 The Second Step: Applying Lazy Parallel Repetition

We now show the second step in our middle PCP construction. More precisely, we consider the
following 2-Prover-1-Round game, in which Alice and Bob get t-blocks of challenges, one of which
is a true challenge from Game2a, whereas on each one of the rest of the blocks they receive the
same randomly sampled challenge of Alice from Game2a. Additionally, on each block the players
receive a list of randomly chosen vectors.

Definition 5.20. Given positive integers k, {2, t, nonnegative integers qo, q1, a parameter 3 € [0,1)
and a 3-uniform hypergraph H, let Game2b[H, k, {2, t, qo, q1, 3] be a 2-Prover 1-Round game where
the verifier executes the following;:

1. For each j € [t], sample a uniformly random tripled set E; € &(H, k).

2. Sample a uniformly random index ¢ € [t|. Sample (E., A., empty, Ue.) ~ Jmid(Eec, q1,0, 5, £2).
Sample a random vector x € Ffe and let U, = U, + span(z).

3. For each j € [t] \ {c}, do the following:

3Here we use Alice(E, Ain, Amid) to denote Alice’s answer to the question (E, Ain, Amid), and Bob(E’, Ain, Amid)
denotes Bob’s answer to (E’, Ain, Amid)-
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e Sample a uniformly random advice sequence A; = (a(j’l), e a(j’qo)) € (IF‘QEJ ® FQEj)qO,
i.e. aU" is a uniformly random vector in Ffj ® ]FQEj for each i € [qo].
e Sample (EjghOSt, empty, empty, U;) ~ Tmid(E}, 0,0, 5, (2).
o Let B} = Ej and U} = Uj.
4. Denote sequences

5:(E1,...,Et), U:(Ul,...,Ut), A:(Al,...,At), and
& =(F,....E), U =(Ui....U).

5. Send (£, A,U) to Alice and (&', A,U") to Bob.

6. Alice must return NAE-satisfying symmetric bilinear forms

f :ng@)Ej — 3 such that rank(f;|v,eu;) <1 for each j € [t];

Bob must return bilinear forms
E’ E .
g; Fy? @Fy7 — Fo for each j € [t].

E’ E’
Accept if g; is the restriction of f; to Fy,” @ IF,’ for each j € [t].

Ignoring the lists A; for a moment, the game we have above is the lazy parallel repetition version
of Game2a, and the main point in it is that Alice does not know which one of the ¢-blocks the real
challenge lies on (Bob certainly knows, because on that block his question is shorter). Lazy parallel
repetition is well-known to preserve completeness and soundness (but not improve them), as well
as to improve the “smoothness” of a game. We include the lists A; to enable the advice feature in
our final PCP, and we show that they do not hurt the soundness of the construction by too much
(they have no effect on other features of the construction).

The following lemma establishes the completeness of the reduction in Definition 5.20.

Lemma 5.21 (Game2b completeness). For any positive integers k,lo,t such that k > {2, nonneg-
ative integers qo,q1, parameter 5 € [0,1) and 2-colorable 3-uniform hypergraph H, we have

V&l(Game2b[H,k,ég,t,ql,ﬁ]) — 1.

Proof. We fix strategies from Lemma 5.10 that achieve value 1. Alice ignore the vectors A; and
answers each block j € [t] separately according to her strategy from Game2a, and Bob answers
according to Alice’s strategy for Game2a on j # ¢, and according to Bob’s strategy for Game2a for
Jj=c O

The following lemma establishes the soundness of the reduction in Definition 5.20.

Lemma 5.22 (Game2b soundness). Assume Condition 3.9. Suppose that in every 4"-coloring of
H, at least € fraction of the edges are monochromatic. Then we have

Val(GameZb[H,k,ﬁg,t,q(),qhﬁ]) < 9—q2/4
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Proof. 1t suffices to show that
val(Game2b[H,k,ﬂg,t,q(),ql,ﬁD < val(Game2a[H,k,ﬁg,ql,o,ﬂ]),

after which the conclusion follows from Lemma 5.19 (combined with Remark 5.3).

Assume Alice and Bob have a strategy for Game2b[H, k, 3,1, qo, q1, f], and we next show how
to derive a strategy for Game2a[H, k, {2, q1,0, B]. In the latter game, Alice and Bob can first agree
upon the following “shared data” using public randomness:

e a uniformly random critical index ¢ € [t], and

e a uniformly random tuple (E;, A;, U;) for each non-critical index j € [t]\ {c}. More precisely,
sample E; from &(H, k) uniformly, sample A4; from (F2EJ ® IFZEj)qo uniformly, and let U; be

the span of ¢y uniformly random vectors in FQEj .

Given a question (E, A,U) in Game2a[H, k,{2,q1,0, 3], Alice can construct (£,.A,U) by planting
(E,A,U) in the critical index ¢ and using the shared data for the non-critical indices. Similarly,
given a question (E’, A’,U’), Bob can construct (£’, A’,U") by planting (E’, A’,U’) in the critical
index ¢ and using the shared data for the non-critical indices. The provers can then pretend that
they are in Game2b[H, k, (2,1, qo, q1, 5], and use their strategy for Game2b[H, k, (2, t, g0, q1, ] to an-
swer the verifier in Game2a[H, k, (2, q1,0, 8]. Whenever the strategy for Game2b[H, k, {2, t, qo, q1, 0]
provides consistent answers to (€, A,U) and (&', A’,U’), the consistency in the critical index implies
that the derived answers to the questions (E, A,U) and (E’, A',U’) in Game2a[H, k, {2, q,0, 3] are
also consistent. Therefore, the verifier in Game2a[H, k, {2, q1,0, 3] accepts with probability at least
the acceptance probability in Game2b[H, k, {2, t, qo, q1, (] O

6 The Inner PCP

6.1 Tripled Packets

Definition 6.1. Let E be a tripled set. For any v € E, we let e, € FQE denote the standard basis
vector supported on v; that is, for u € V' let (ey), = 1 if and only if u = v.

(1) We define N1(E) C F¥ @ F¥ be the linear subspace spanned by all vectors of the form
€y @ €y T+ Eyy @ Eyy + €43 @ Eyy + €4y @ Eyy + €y @ Eyy + €9y B €4y,
where {v1,v2,v3} ranges in Triples(E).
(2) We let No(E) C FE @ FY be the linear subspace spanned by all anti-symmetric vectors, i.e.

NQ(E):span{x®y+y®x‘x,yeFZE}.

(3) Let N(E) = Ni(E) + Na(E) be the sum of the two subspaces.
(4) A linear map f : N(E) — F3 is said to be SymNAE-satisfying if we have:

o fley, ® ey, + €y, @ €yy + €y @ €y + €y @ €yy + yy @ €y + €4y ® €y,) = 1 for all triples
{v1,v2,v3} € Triples(E); and

e fz®y+y®x) =0 for all z,y € F¥.
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Proposition 6.2. For any tripled set F, there is a unique linear map f : N(E) — Fy that is
SymNAE-satisfying.

Definition 6.3. For a sequence of (not necessarily tripled) finite sets & = (E1,..., E}), we let
V(&') denote the Fy-vector space
E’ E’
<F21 OF, ) |

Definition 6.4. Fix a sequence of (not necessarily tripled) finite sets & = (Ef,...,E}) and a

E
sequence of linear subspaces U = (Uy,...,U;) with U; C F,” for each j € [t]. We let QU C V(E')
be the linear subsapce defined by

Du = é(Uj @ U;) C é(Ff ® F?‘) —V(&").
j=1

Jj=1

V() = @

t
Jj=1

Definition 6.5. A tripled packet is a pair (€,U), where €& = (E1, ..., Fy) is a sequence of tripled

sets, and U = (Uy,...,U;) is a sequence of linear subspaces with U; C IF2E 7 for each j € [t]. We let
N(E,U) CV(E) be the linear subspace defined by

N(EU) = é(N(Ej) +U;® Uj) c é(wff ® Ffj) = V(E).

j=1 j=1

Definition 6.6. Given an tripled packet (£,U) where & = (E4,...,E;) and U = (Uy,...,Us), a
linear map f : N (E,U) — Fy is said to be SNR-satisfying if we have:

o fl N(E;) is SymNAE-satisfying for each j € [t].

e rank(f|y,ou,) < 1 for each j € [t].

6.1.1 Thinning of Tripled Packets

Definition 6.7. Let (E1, ..., E;) be a sequence of tripled sets. Fix an index ¢ € [t] and a parameter
B € 10,1]. We write & ~ Thin, g(€) for the random sequence &' = (E, ..., E}) obtained by setting
B} = Ej for all j € [t] \ {c} and sampling E; ~ Thing(E.). A sequence &’ in the support of the
distribution Thin,;/5(€) is called a c-critical descendant of £.

Definition 6.8. Let £ = (Ey,. .., E;) be a sequence of tripled sets. Fix a parameter § € [0, 1] and
a nonnegative integer £. We let Jin(&, 3, ¢) denote the output distribution of the following process:

1. Sample a uniformly random index ¢ € [t]. Sample (E., empty, empty, U.) ~ Tmid(Ee, 0,0, 3, ).
Sample a random vector x € FQEC and let U, = U, + span(z).

2. For each j € [t] \ {c}, sample (E;‘?ThOSt,empty, empty, Uj) ~ Jmid(Ej,0,0,5,0). Let E}; = E;
and U} = Uj.

3. Let & = (Ey,...,E}), U =(Uy,...,U;) and U’ = (Uy,...,U}).
4. Output the tuple (c,U, &, U").

Proposition 6.9. In the setting and notation of Definition 6.8, the random subspaces Uy, ..., U;
are mutually independent. Furthermore, they are jointly independent of the random index c.
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6.2 The Low-Rank Grassmann Graph
6.2.1 Construction from Hadamard Code

Definition 6.10. Let £ be a positive integer. For eachi € {0,1,...,2°~1}and b€ {0,1,...,£—1},
define Bit(i,b) € Fa to be the mod-2 remainder of the integer |i-27°|. Equivalently, the sequence

(Bite(i,€ — 1), Bity(i,£ — 2),...,Bit(i,0))
is the length-¢ binary representation of ¢, with the most significant bit listed first. For each integer
i€{0,1,...,2° — 1} and vector u € FY, define
¢
Hady(u, i) = Y _upBity(i,£ — b) € Fy
b=1
to be the “inner product” of u with the binary representation of i (viewed as a vector in ]Fg)

Definition 6.11. Let ¢, s be positive integers, and let ¢ = 2s(2° — 1). Suppose E’ is a finite set,
and A € (F§")7 is a sequence of vectors

For each u € F%, define a vector

262 s
Lvec(A, 0, u) = Z Had(u, 2" —i —1) Z a?512-1) @ o(25%2) | e FY @ B (6.1)
i=0 j=1

Since u + Had(u,2f —i — 1) is a linear map for each i, the map u + Lvec(A, ¢, u) from F§ to
IE‘QE/ ® IFSJ/ is also linear. For any linear subspace U C F5, we denote the image of the latter linear
map restricted to U by

Lspan(A, £, U) = {Lvec(A, l,u) |u € U} CFY @ FY.

Remark 6.12. In the setting and notation of Definition 6.11, suppose that the odd-indexed vectors
a® a® . aleD are linearly independent, and that the even-indexed vectors a® a@® . a@
are also linearly independent. Then for any u € F4\ {0}, since Had,(u,4) = 1 for exactly 261 of
the i’s in {1,2,...,2¢ — 1}, it follows from Equation (6.1) that

rank (Lvec(A, ¢, u)) = 27 1s.

6.2.2 Mixed-Type Advice Sequences

Definition 6.13. Given a sequence of finite sets &' = (EY, ..., E}), a subset of indices J C [t| and
positive integers ¢, s, we let «7;(E’, £, s) be the collection of advice sequences (A1, ..., A;) such that:

(1) For each j € [t]\ J, the component A; is a sequence of £ vectors A; = (a¥, ... aU) where

aU) e Ty @ F,’  foralli e [4].
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(2) For each ¢ € .J, the component A, is a sequence of ¢ = 25(2¢—1) vectors A, = (a(*V), ..., a(>9),
where ‘ )
al) e IF2EC for all i € [q].

If both sequences (a(c’l),a(c’?’) ey a(c’q_l)) and (a(c’g), aled) . ,a(C’Q)) are linearly indepen-
dent, we say that A. is saturated.

We let o/ (E', 4, s) denote the sub-collection of advices sequences (A1, ..., A;) € @7(E', ¢, s) such
that A, is saturated for each c € J.

Definition 6.14. Fix a sequence of finite sets £’ = (E], ..., E}), a proper subset of indices J C [t]
and positive integers ¢,s. Given an advice sequence A = (41,...,4;) € @5(E',¢,s), write A; =
(aUD, ..., alH) for each j € [t] \ J. For each u € F5, define

l
Mvec(A,u) = ZLvec(Ac,E, u) + Z (Z up - a(j’b)> e V(. (6.2)

ced JEf\S \b=1
For any linear subspace U C FY, we denote
Mspan ; (A, U) = {Mvec(A,u) |u € U} C V(). (6.3)

Notation 6.15. In the remainder of the paper, we will often use the notation Mspan ;(A,U)
(defined in Equation (6.3)) with U = F5. When J is clear from context, we abbreviate

o(A) := Mspan (A, Fé)

We also write

p(A) := (Mvecy(A, e1),...,Mvecs(A er)) € V(E),

where eq, ..., e, denote the standard basis vectors of ]Fg. Thus, o(A) is the linear span of the vectors
in the sequence p(A), and we write o(A) = span(p(A)).

Definition 6.16. Fix a sequence of finite sets &' = (Ej,..., E}), a proper subset of indices J C [t],
positive integers £, s and a nonnegative integer gy < ¢. Given an advice sequence A = (Ay,..., A;) €
Ay(E', L, s), we define a sub-advice Ay = (A, ..., A}) € 5(E' qo, 2(=%5) as follows:

(1) For each j € [t] \ J, write A; = (a(jvl), e ,a(ﬂ)) and let A’ = (a(jvl), ..., a0,

(2) For each c € J, write A, = (al®V, ..., a(®9), where ¢ = 25(2°—1). Denote ¢; = 2s(2¢—2°~%)
and let A, = (a(c’l)7 o 7a(07q1)).

Proposition 6.17. In the setting and notation of Definition 6.16, we have*
Mvec; (A, u) = Mvec s (Ajg, ©) for all u € F2,
Consequently, by Equation (6.3) we have

Mspan ; (A, FL) = Mspan ;(Apg,], Fi%).

“Here, we identify FL° with the subspace F x {0}*~% C F%; that is, a go-bit string is extended to an £-bit string
by appending £ — qo zeros.
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Proof. Denote s; = 27%5. As in Definition 6.16, let ¢ = 25(2 — 1) and ¢ = 2s(2¢ — 26~ %),
Let 4 be an integer ranging in {0, 1,...,2¢ — 2}. For each u € FY considered as an ¢-bit string,
since its last (¢ — qo) bits are all 0’s, the value of

q0
Hadg(u, 2" — i — 1) =Y _uy(1 — Bity(i, £ — b))
b=1

does not depend on the last (¢ — gp) bits of the binary representation of i. Furthermore, if the first
qo bits of i are all 1’s, then Had(u, 2¢ —i — 1) = 0. Therefore, if we define 7 (i) = 2/%i /2% for
each i € {0,1,...,2¢ —2¢=% — 1} for each ¢ € J and u € F¥ we can deduce from Equation (6.1)
that

2¢—2f—20 -1 s
Lvec(Ac, b, u) = Z Hady(u, 2° — (i) — 1) Z ale2H25=1) @) ge21+2))
i=0 j=1
290 —2 S1
— Had,(u, ol _ ol—qo; _ 1) Z q(e2s13+2j=1) o (e,251142)
i=0 j=1
290 —2 S1

= Hadg, (u,2%° —i—1) Z (2121 @ g(290420) | — Tivec(AL, go, u).
i=0 J=1

It then follows from Equation (6.2) that

0
Mvec (A, u) = ZLvec(A’C, qo,u) + Z (Z Up - a(j’b)> = Mvec(Ajg, 1),

ceJ JE[\J \b=1
for any u € F2. O

Notation 6.18. Throughout the remainder of the paper, the set J C [t] of critical indices will
always satisfy |J| < 2. When J = {¢1, c2} with ¢; # cg, we suppress the braces and write ¢p, c2 in
place of {c1,co} whenever J appears as a subscript. For example, we write

Loy e (€, 0,s)  instead of e, ) (€4, 5).
Similarly, when J = {c}, we write, for instance,

Mspan,.(A,U) instead of Mspanyy (A, U).

6.2.3 Zoom-out Probabilities

Proposition 6.19. Fix a sequence of non-empty finite sets £ = (E], ..., E}), a subset of indices
J C [t], positive integers ¢, s and a nonnegative integer gy < £. Let f : V(E') — Fy be an arbitrary
linear functional that is not identically zero. For any fixed advice sequence A’ € o75(E’, qo, 2 %)
and any vector u € F§ \ F4°, we have

}_ —s—1 _ _ , } o
5 2 < Ae%J]lz)gf,e,s) [f (MVGCJ(-A7 u)) =1 } Ajgo] = A] < 5 +2 '
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Proof. As usual, we denote A = (Ay,...,4;) and A; = (a(j’l),a(j’Q), .. ) for each j € [t]. Since f

E E
is not identically zero, there exists an index j € [t] such that the restriction of f to F,” ® F,” is
nonzero. Depending on whether this index lies in J, we divide into two cases:

A

Case 1: the restriction of f to F,” ® F,’ is nonzero for some j € [t] \ J. In this case, if we let
be{g+1,...,¢} be an index such that u; = 1, even after conditioning on all vectors in A except
for at?) | the value of f(Mvecy(A,u)) (see Equation (6.2)) is still an unbiased Bernoulli random

. E E, .
variable purely due to the randomness of the vector a(?) e F,” ®F,”. Since al??) is not included
in the sub-advice A, we conclude that

1
—_— — / P —
Aed}?g’,z,s) [f (Mvecy (A u)) =1| Ay = A] = 5

Case 2: the restriction of f to FQEé ® FQEé is nonzero for some ¢ € J. As in case 1, we let
be{g+1,...,0} be an index such that u, # 0. Now let i = 2¢ — 26=® — 1, whose (-bit binary
representation has a 0 in the b-th position and 1’s in all other positions. Even after conditioning
on all vectors in A except for the 2s vectors (none of which is included in the sub-advice Aj,)

¢,2si+1) (c,2si+2) ¢,25i+2s)

al ,al .y al :

the value of f(Mvec;(A,u)) (see Equations (6.1) and (6.2)) is still the Bernoulli random variable
X = Zf(a(c,Qsi—‘er—l) ® a(c,25i+2j))
j=1

or its negation. By independence among the vectors in A, it is easy to see that P[X = 1] lies in
the interval [1 —27°7! 1 +27571] "and hence we have

’ 2
Lgsige p [f (Mvec; (A, u)) = 1| Ay =A] < Lygme O
2 = Acd;(E14s) ’ lao} ) '
Proposition 6.20. Fix a sequence of non-empty finite sets & = (E],..., E}), a subset of indices

J C [t], and positive integers ¢,s. Let W C V(&’) be a linear subspace with codimension w. For
any fixed advice sequence A" € o7;(E', ¢ — 1,2s) such that o(A") C W, we have

27w 275 L P A CW|Apn=A]<27% 4275,
Ay (E'0,5) [7(A) S W[ Ay ) +

Proof. We fix an arbitrary vector u € I} \]Fgfl. Since o(A") C W and
o(A) = o(Aj_1)) + span(Mvec (A, u)),
the desired inequality is equivalent to

27w 9785 L P M u) €W [ A=A <27 +277. 6.4
Ae%(y,z,s)[ vec (A, u) | Aje—1) ] + (6.4)

Let F be the collection of linear functionals f : V(E') — Fy such that W C ker(f), and denote

_ . Y
p= ffef‘lf AedI(P;‘/,E,s) [f(Mvec (A, u)) = 1] Ajy = AT | . (6.5)
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Note that |F| = 2%, and for each f € F that is not identically zero we may apply Proposition 6.19
to estimate the probability expression on the right-hand side of Equation (6.5), which yields

2v -1 /1 2v -1 /1
— 257l < p« 42757 .
o (ar) et ) &

On the other hand, by exchanging the expectation and the probability on the right-hand side
of Equation (6.5) (i.e. double counting), we have

1
=—(1- P M Au) e W A=A ). 6.7
p=3 (1 B, Mvecs () € W] Ay = A7) (6.7
Comparing Equations (6.6) and (6.7) immediately yields the desired Equation (6.4). O

Corollary 6.21. Fiz a sequence of non-empty finite sets &' = (EY,...,E}), a subset of indices
J C [t], and positive integers £,s. Let W C V(E') be a linear subspace with codimension w, and
suppose that s = £ + w. Then for any nmonnegative integer qo < £ and any fixed advice sequence

A€ o5&, qo,207%5) such that o(A') C W, we have

27w(@*q0)*1 < B P / O'(A) CW ‘ A[qo} _ .A/] < 27w(€*q0)+1.
ey (EL,s)

Proof. The conclusion follows easily by induction on ¢ — gg, using Proposition 6.20 as induction
steps. The condition s > ¢ + w guarantees that

(2—w _ 2—s)£—qo > 2—w(€—qo) (1 o (€ o q0)2—s+w) > 2—w(£—qo)(1 - 2€—l—s+w) > 2—w(€—q0)—17

and similarly for the upper bound. O

6.2.4 Mixed-Type Grassmann Graph

Definition 6.22. Fix a sequence of finite sets & = (F],..., E]), a nonempty subset of indices
J C [t] and positive integers £,s. Define MGr;(E’,¢,s) to be the following collection of linear
subspaces:

MGr;(E',0,5) = {o(A)| A€ (& L s)} CGr(V(E),0).

Proposition 6.23. Fix a sequence of non-empty finite sets &' = (Ej,..., F}), a nonempty subset
of indices J C [t], positive integers £, s and a nonnegative integer go < £. Assume that |E.| > 2¢72s
for each ¢ € J. For any fixed advice sequence A’ € o7 (€', qo, 2(=w5)  if we sample A € o7;(E', 4, 5)
conditioned on o (A,)) = o(A’), the resulting distribution of o (.A) has total variation at most

3 oI/

ceJ
to the uniform distribution over the set {L € MGr(&’,¢,s)|o(A') C L}.

Proof. Tt is not hard to see that if we sample A € @77 (&', £, s) conditioned on o(Ay,) = o(A’), the
resulting distribution of o(A) is exactly the uniform distribution over {L € MGr;(€’,¢,s) | o(A") C
L}. On the other hand, writing ¢ = 25(2°—1) and g = 2s(2¢—2°7%), for any A’ € &/ (&', qo, 2" %5s)
we have

* (ol ol
By AE T (EL8) [ Agy = AT
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=P {(a(ql), . ,a(c’q)) is saturated for each ¢ € J | fixed saturated sequences (a(c’l), e ,a(c"h))}

(where a(®?) (for ¢ € J and i € [q]) are sampled independently and uniformly from Ff‘é)

>H< _ 92— 13|E’) >1_22 ELl/2 O

ceJ ced

Proposition 6.24. Fix a sequence of non-empty finite sets & = (E1,..., E}), a subset of indices
J C [t] such that 1 < |J| < 2, positive integers ¢, s and nonnegative mtegers qo,w. Assume

s =L+ w, qo < £, and |EL| > 2425 for each ¢ € J.
Then for any fixed subspaces
Q € MGrj(£',¢0,2%s)  and W € Gr(V(E), dimV(£) — w)
such that @ C W, we have

9 w(l=q0)~2 ¢ P LCW|QCL]< 9—w(l—q0)+2
LEMGr;(E'6,5) -

Proof. Pick A’ uniformly at random from the set
{A e ay(e 00,2 m5) | o) = @}

It follows from Proposition 6.23 that

P LCW|QCL|-E P A CW Ay = AT < 27 1El2 g gmwi=2,
LeMGrJ(gf,z,s)[ cwilecl A | Acots (€ 0,5) [7(A) S W[ Ay ]} ‘ CEZJ

Combining the above with Corollary 6.21 yields the desired conclusion. O
6.2.5 Extension of Agreement

Lemma 6.25. Fiz a sequence of non-empty finite sets &' = (EY, ..., E}), a critical index ¢ € [t],

positive integers £, s, nonnegative integers qo,w and a parameter 6 € (0,1). Assume
s> and > 2qy + 2w.

Let W C V(&' be a linear subspace with codimension w, and Q@ C W a linear subspace such that
some o(A) = Q for some A € (€', qo, 271 7%5). Suppose F|] is a table where F[L] € L* U{nil}
for each linear subspace L C V(E'), and there exists a linear function f: W — Fay such that

e Brn [FIooa) = Flogagy [ 7(A) = Q and o(g) S W] > 6. (638)
Then there exists a subspace W' C V(E') containing W and a linear function g : W' — Fo such
that

(6.9)

B [Flot) = gl | o) = Q and o) c ] > 5.

AE, (£ 4+1,5)
Proof. We let 1 be the maximum possible value of the left-hand side of Equation (6.9) when W’
ranges in the set of linear subspaces of codimension at most w and g ranges in (W’)*. The goal is
to show that 4n > 6. Throughout the proof, we let L, L’ C V(£’) be random subspaces sampled by
the following process:
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1. Sample A € @ (&', £ +1,5) conditioned on o(Ay,) = Q-
2. Let L =0(Ap) and L' = o(A).

The most important fact about the joint distribution of (L, L’) that we are going to use is the
following: conditioned on L’, for any linear subspace such that Q C Ly C L' and dim Ly = dim L—1,
the probability that I = Lg is exactly (2(+17% —1)~1,

Let p =P[L' C W] and denote

%0 =P |FIL] = flu
1 =P [ FIL|, = flo but FIL| # flu

By the definitions of 7y and 7, we immediately have n > . We denote by W the collection of
linear subspaces W’ C V(&) such that dim W' =1+ dim W and W C W’. For each W/ € W, we
let

L’gw],

L’gW].

pw =P[L' C W but L' ¢ W], and

P [F[L’]\mw = floow ‘ LCW but I W], if pyr >0
Twr =

O, if pwr = 0.

For each W' € W, there are exactly two linear extensions of f to W’. If we choose g : W' — Fs to
be a uniformly random one of the two, then it is easy to see that

1
E [P [F[L’] — gl and L' C W’H = Yop + SV,
g
and hence 9
n>E [IP’ [F[L/} =glp|L' C W’H _ 20P + ywpw/2 (6.10)
g P+ pwr
It is not hard to see that
1
wew
and furthermore,
P [F[L'HL — f|r and L C W]
B 1
=P T 5T —q (NPT Z YW PW’
W'ew
<2 2 L i <1
< 2%p + PESETa—] Z Yop + 5w PwW! (using 11 < 1)
Wrew
1 . .
<2n-p+2n- D —] Z (p+ pw) (using Equation (6.10) and vy < 7)
W’'ew

<4n-P[L CW]. (using Equation (6.11) and [W| = 2% — 1 < 2fF1-%0 — 1)

This gives the desired inequality
4y > P [F[L/HL - f|L‘L c W} >4,

where we used Equation (6.8) in the last transition. O
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6.3 The 4-to-1 Game

Definition 6.26. Let H be a 3-uniform hypergraph. Given positive integers k and t, we let
&(H,k,t) denote the collection of all sequences £ = (Ey, ..., E;) such that E; € &(H, k) for all

Jj e [t].

Definition 6.27. Given positive integers k, 2,1, s1, qo, a parameter 8 € [0,1) and a 3-uniform hy-
pergraph H, let Game2c[H, k, (2,1, s1, qo, 5] be a 2-prover 1-round game where the verifier executes
the following:

1. Sample a uniformly random sequence €& = (F1, ..., Ey) € &(H, k,t).

2. Sample (c,U, &' U") ~ Tn(E, B, L2).

3. Sample a uniformly random sequence A = (A1, ..., A;) € (&', qo, s).
4. Send (€, A,U) to Alice and (&', A,U’") to Bob.

5. Alice must return a linear map f : V() — Fy such that f| Ny 18 SNR-satisfying; Bob must
return a linear map g : V(') — Fa. Accept if fl,en = g.

Proposition 6.28. For any positive integers k, lo,t,s1,qo, parameter 8 € [0,1) and 3-uniform
hypergraph H, we have

Val(Game2b[H7 k,la,t,qo, 2951, ﬂ}) = val (Game2c[H, k,la,t,81,qo, B])

Proof. 1t is easy to see the equivalence between Game2b and Game2c by comparing Definitions 5.20
and 6.27. ]

Definition 6.29. Given positive integers k,?1,/2,t,s, a parameter § € [0,1) and a 3-uniform
hypergraph H, let Game3[H, k, (1, (2,1, s, 3] be a 2-prover 1-round game where the verifier executes
the following:

1. Sample a uniformly random sequence € = (F1, ..., Ey) € &(H, k,t).

2. Sample (c,U,E"\U") ~ Tin(E, B, £2).

3. Sample a uniformly random sequence A = (Ay,..., A;) € A.(E',201,s). Let
L =o(Ay)) CV(E) and L' =o(Ap, 1)) CV(E).

4. Send (&,U, L+ N(E,U)) to Alice and (E",U', L' + @PU’) to Bob.

5. Alice must return a linear map f : (L + N (E,U)) — Fq such that f|N(5,u) is SNR-satisfying;
Bob must return a linear map g : (L' + @U’) — Fa. Accept if 9| +qu) = flir+qu)-

The game defined in Definition 6.29 is clearly an “at most 4-to-1” game, in the sense that for
any response of Alice there are at most 4 responses for Bob which would make the verifier accept.
Indeed, this is because L C L' is of one less dimension, and U, U’ are identical on all coordinates,
except for the critical coordinate i € [t] where U; C U, has one less dimension. Thus, the space
of Bob has at most two more dimensions than the space of Alice (but it may be the case it only
has one more dimension). It is not difficult to turn this “at most 4-to-1” game to an actual 4-to-1
game as per Definition 1.1, and we will include that in the full version of the paper.

The completeness and soundness of Game3 are formulated by the following two lemmas.
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Lemma 6.30 (Game3 completeness). For any positive integers k, (1, 0a,t, s, a parameter € [0,1)
and a 2-colorable 3-uniform hypergraph H, we have

val(Game3[H,k,€1,€2,t,s,ﬁ]) — 1.

Proof. Let h: ¥ (H) — Fy be a proper 2-coloring of H. It can naturally be lifted to a map (recall
from Definition 4.2)

h: ¥ (H, k) — Fy defined by h(i,v) = h(v) for any (i,v) € ¥ (H, k).

The map h naturally extends to a linear map

¥ (H.k)
2

g:F — o,

which induces a bilinear map

¥ (H)

g: F;/(H’k) ® Fg/(H’k) — Fy defined by g(z ® y) = g(x)g(y) for each x,y € F, /.

It is clear that g is symmetric, NAE-satisfying and of rank 1. Finally, we take
t
i=1

to be the linear map defined by

f(Zl"' "Zt) = 9(21) +e +g(2t)7 for any 2i,...,2t € F;(H’k) ®}F;//(H7k)

In Game3[H, k, {1, ¥3,1, s, 3], the provers can make the verifier accept with probability 1 using the
following strategy:

(1) Alice returns f|ar(gg) on any received question (L + N(E,U)).
(2) Bob returns f|z/ gy on any received question (L' + @U’). O

Lemma 6.31 (Game3 soundness). Assume Condition 3.9. Suppose that in every 4" -coloring of H,
at least € fraction of the edges are monochromatic. Then we have

Val(Game3[H,k,€1,€2,t,s,ﬁ]) <6

The proof of this lemma is the most technical part of this section. We first present several
important technical lemmas in Section 6.4 and complete the proof of the soundness lemma in
Section 6.5.

6.4 Preparatory Lemmas for Soundness Analysis

In this subsection, we fix a 3-uniform hypergraph H, positive integers k, f1,¢s,t,s, a nonnegative
integer qop and a parameter 8 € (0,1). We consider the game Game3[H, k, (1, (2,t,s, 3] as defined
in Definition 6.29. The following notational convention will be used throughout Section 6.4.

The first two notational definitions below are parallels of Notations 5.11 and 5.12 in Section 5.3.

48



Notation 6.32. We use Dj, to denote the joint distribution of (£,U, &', U’, A) sampled by the
verifier in Game3[H, k, {1, ls,t,s,3]. We also need a variant of Dj, where the five components are
expanded into seven components: denote D; to be the joint distribution of (£,U, L, Q,&".U’, L"),
where (E,U, &', U, A) is sampled from D;, and

Q=0(Ay)), L=oAy), L'=o(Aygy).

We use the symbol * to denote marginalization over the corresponding component. For instance,
sampling from the marginal distribution of (U, E’) under D, is denoted by (x,U, E’, x, %) ~ Dj,.

Notation 6.33. We will often condition the distribution D;, on some subset of the five components
(E,U,E U, A) and consider the induced joint distribution of the remaining components. For
instance, if £ and U’ are fixed, then the conditional joint distribution of (4, £’) is denoted by

. /
cuel g, L1EU]

Similar conditioning notation will be used for the seven-component joint distribution D;q.

The notions of Alice-table and Bob-table to be defined in Notation 6.35 are slightly more nuanced
than their counterparts in Notation 5.13. In particular, the entries of an Alice-table do not exactly
correspond to the possible questions Alice may receive.

Notation 6.34. For any possible sample (£,U,*, %, %) ~ Di,, the pair (£,U) is called an Alice-
packet. Similarly, a pair (£',U") is called a Bob-packet if (x,*,E',U’, ) has nonzero probability under
Din. For any possible sample (E,U, L, , *, *, %) ~ Dit, the tuple (£,U, L) is called an unfolded-Alice-
question. Similarly, a tuple (£',U’, L") is called an unfolded-Bob-question if (x,x,*, %, U' L") has
nonzero probability under D;:.

Notation 6.35. A table F'[-] is called an Alice-table if for each Alice-packet (£,U) and each linear
subspace L C V(&), the entry F[E,U, L] is either nil or a linear functional F[E,U, L] : L — Fs.
Similarly, a table G[] is called a Bob-table if for each Bob-packet (£/,U") and each linear subspace
L' CV(&'), the entry GIE',U’, L] is either nil or a linear functional G[€', U, L'] : L' — Fs.

Notation 6.36. Fix an Alice-table F[-] and a Bob-table G[-]. For any tuple (£,U, L, " U', L")

with nonzero probability under DiJ; , we define

1, if Gl&"U',L')|, = FlE.U, L),

Vifpg(E,U,L,E U L) =
F6( ) {O, otherwise.

We will often sample (€,U, L,*,E U, L') from D; conditioned on some subset of its components.
For instance, if £ and U’ are fixed, then the conditional expectation of Vifpq(E,U, L, \U', L) is
denoted by

Vifp (€, %, %, 5, U’ %) = P Gleu, 1|, = Fleu, 1] ‘g,u’} .
(EULxE U L) ~DF

6.4.1 Covering Property of Mixed-Type Subspaces
Definition 6.37. For a fixed Alice-packet (£,U) and a sequence of vectors

B=(aW,... a0y e (V(&)P,

let TVDg¢ 4(B) denote the total variation distance between
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(1) the distribution of p(A) when (€,U, *, *, A) ~ D, is sampled conditioned on the fixed Alice-
packet (£,U) and the event { p(Apg)) = B } (if this event happens with zero probability, let
TVD¢ y(B) = 1); and

(2) the uniform distribution over the set

{(a(1)7 e 7a(QO)7 b(q0+1)7 e 7b(2£1)) ’ b(q0+1)7 ttt b(zz:l) € V(g)} g (V(g))zz:l

Lemma 6.38. Assume Condition 3.9. For any fized Alice-packet (£,U), we have

—-1/3
(E,Z/I,*,EA)NDM [TVD&U (p(A[qD])) ‘g,U] <t .

Proof. Towards the goal of applying Proposition C.1, we set up some notation. Write
E=(BE,...,E), U=(U,....U;) and q = (22" —1)s.

For each j € [t], define sets <7}, #; and a map w; : &7 — H%; by

o = {(a(l), . ,a(%l)) ’a(i) € IE‘QEj ®F§j for each i € [251]} = (F;EJ ®F2Ej>% ’

B = (Fff ® FZEj)Q1 , and T (a(l), o a(%l)) — (a(l), e a(ql)).
For each j € [t], let u; be output distribution of the following process:
1. Sample E; ~ Trev(Ej,Uj, B, €2).

2. Pick vectors UV, ... a%%) from IFQEj independently and uniformly at random. Let A =
(a(jvl)’ .. ’a(j7Q1))‘

3. Output the sequence
(Lvec(A7 201,€1),...,Lvec(A, 2, eggl)) €

where eq,...,e9, € F%gl are the standard basis vectors.

We can then define a distribution p over H§':1 «7; as in the statement of Proposition C.1; it is easy to
see (using Proposition 6.9) that u is identical to the distribution of p(A) when (€,U, *, *, A) ~ Dj,
is sampled conditioned on (€,U).

Now we can apply Proposition C.1 to @/, %;, m; and u; as defined above. The conclusion
of Proposition C.1 says that

A g 218]{321%1 1/3

E [TVD ),u}g i,
(€7M7*7*,A)Npin eu (p( [q()])) 4t

where we used Condition 3.9 in the last transition. -

Definition 6.39. For a fixed Alice-packet (£,U), a linear subspace @ € Gr(V(£), qo) and a linear
subspace W C V(&) containing @), let TVDg s w (Q) be the total variation distance between

(1) the distribution of o(Ap,)) when (&,U,*,%, A) ~ Dj, is sampled conditioned on the fixed
Alice-packet (€,U) and the event {o(A) = Q} N {o(Ap,) €W} (if this event happens
with zero probability, let TVDg 1y w (Q) = 1); and
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(2) the uniform distribution over the set {L € Gr(V(€),41)|Q € L € W}.
If W =YV(£), we omit the subscript W and write TVDg /(@) = TVDg¢ 11 v(£)(Q)-

Lemma 6.40. Assume Condition 3.9. Fiz an Alice-packet (E,U), a linear subspace @ € Gr(V(E), qo)
and a linear subspace W C V(&) containing Q. Letting w = codim W, we always have

TVDeyw(Q) < 2™ . TVDe 1(Q).
Proof. This is simply due to

P [LCW|QCL]>2 b, O
LeGr(V(E),61)

Lemma 6.41. Fiz an Alice-packet (£,U) and a linear subspace Q € Gr(V(E),qo). We have

TVDeulQ) < EHwmdyD [TVD‘S’“ (P(Apgo))) ‘5 U and {o(Ay,) = Q}} + 29K,

Proof. Use the following fact to pass from the uniform distribution over (V(£))* to the uniform
distribution over Gr(V(£),£;): for any sequence of vectors B = (a1, ..., al®)) € (V(£))® such that
span(B) = Q, if plootd) pll) V(&) are sampled independently and uniformly at random, the
probability that a@), ... a0 pl@+1) . p(4) are not linearly independent is most 260—9%%, O

Lemma 6.42. Assume Condition 3.9. For any fized Alice-packet (£,U), we have

(S,Z/{,*,EA)NDin [TVD&U (U(A[qd)) ‘5’2/[] S t_1/4'

Proof. Using Lemma 6.41 followed by Lemma 6.38, we have

£1—9k2t
(5,u,*,£,EA)~Din [TVDS’“ (7 (Aa) ‘g,u} < (s,u,*EA)NDm [TVD‘S’“ (P Ao))) ‘g,u] 2

< 13 + 251—91& < t_1/4,
where we used Condition 3.9 in the last transition. O

Definition 6.43. For a fixed Alice-packet (€,U), a linear subspace Q € Gr(V(E), qp) is said to be
smooth with respect to (£,U) if TVDg (Q) < t1/8.

Corollary 6.44. Assume Condition 5.9. For any fized Alice-packet (£,U), we have

P [Q is smooth with respect to (€,U) ‘ S,Z/{} >1—t1/8,
(57M7*7Q7*7*7*)ND$

Proposition 6.45. Assume Condition 3.9. Fix an positive integer ¢ < 2¢;. For any fixed Alice-
packet (&,U), if we sample (€,U, *,*, A) ~ Dj, conditioned on (€,U), the resulting distribution of
o(Ajg) has total variation distance at most t=1/4 to the uniform distribution over Gr(V(E), £).

Proof. The proof is entirely analogous to the (combined) proofs of Lemmas 6.38 and 6.41, and is
hence omitted. The main difference is that when one invokes Proposition C.1, this time one can
take %; to be a singleton set for each j € [t]. O
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6.4.2 Alice’s Existence of Decoding

Lemma 6.46. Assume Condition 3.9. Let F[-] be an Alice-table and G[-] be a Bob-table. For any
Alice-packet (£,U), we have

P FIE.U, L = FIE.U,L > Vrfra(E.U 2_oh
(L1, Lo)~G(V(E) 1) [7 ) IHLIQLQ [7 ’ 2”L1QL2] rF7G'(7 7*7*7*7*)

Proof. We organize the proof into the following two steps.

Step 1: fixing (£,U’,L). Fix a Bob-packet (£’,U4’) and a subspace L' € Gr(V(E'),¢; + 1) such
that
iy A —r ‘ 5,u,5',u’} > 0.
(EUE U A)~Dy (A1)
By Definition 6.29, it is clear that if we sample (€,U, &', U’, A) ~ D;, conditioned on &,U, &', U" and
the event {o (A}, 417) = L'}, the resulting distribution of o(Ap,) is uniform over the set Gr(L', £1).
Therefore, we have

Vifpa(E,U, %, E U, L')?

2
= (E,U,g’,ZEI{-I:',A)NDin |:VrfF,G(57u7 *75/72/[/7[//) gauag/aul and {U('A[ﬁJrl]) = L/}:|
= E [Vrfpa(E,U, L1, E" U, L") Vit pa(E,U, Ly, E' U L)] . (6.12)

o L17L26GI’(LI,£1)
Expanding the right-hand side of Equation (6.12), we get

VrfF,G(ga u? *, 8/7 u,v L/)2

= P FIE,U, L] = G[E" U, L d FIE,U, Ly] = G[€', U, L
L1,L2€Gr(L’,£1)|: [ [ 1] [ T HLl an [ y Uy 2] [ U HLQ]

< _ . .
YR S | FIEU Ll i, = FIEU Lol | (6.13)

Step 2: (£',U', L) unfixed. By Proposition 6.45, we know that conditioned on (€,U), the distri-
bution of o( A}y, ;1)) in the sample (E,U, *, x, A) ~ Dy is t~ /4 close to uniform over Gr(V(&), £1+1).
Therefore, we have

Vrfp,g(éf,b{,*,*,*,*)Q

2
- (5,u,5/,£ltz;,,4)~D;n |:VI'fF,G (&U, « &U, U(A%H])) ‘ E,U} (by definition)
2
s (e,u,sf,g:;,A)ND;n [VrfFvG (€U, E U o(Ap 1)) ‘5,1/1] (by Cauchy-Schwarz)

< E E
L'eGr(V(E),01+1) | (EUE U\ A)~Diy

[Vrfgg(f,u,*,z‘)',u’,L’)Q ‘ .U and {o(Ajy 1)) = L’}H Iy
We can now apply Equation (6.13) to the above and get
Vif g (E,U, *, %, %, %)?

<

< E P FIEU, L = F[E,U, L /4
L'€Gr(V(E),61+1) [Ll,LzeGr(L/,el)[ €U Il &4, 2”L1“L2H +
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1

< E [F UL — FIEU, L } E—————
(L1,L2)~G(V(E),41) | 1HL10L2 [ 2]|L10Lz + 20i+1 _ 1 +
< E [F &.U, L — F[EU, L } 90 ing Condition 3.9
tatabiern L leanr, = Fl 2llranr | ¥ (using Condition 3.9)
as desired. O

Definition 6.47. Let F[-] be an Alice table, and let (£,U) be an Alice-packet. For any linear
subspace @ C V(&) with dim @ < qo, we say that the tuple (£,U, Q) is answerable with respect
to F[] if dim@ = ¢p and the following statement holds: there exists a linear subspace W &
Gr(V(E),9k*t — qo) and a linear map f : W — Fy such that

P F L) = CLC > —).
LeGr(V(E),Zl)[ &,U, L] f’L’Q_ _W} exp(—qp)

Lemma 6.48. Assume Condition 3.9. Let F[-] be an Alice-table and let G|-| be a Bob-table. For
any Alice-packet (£,U) such that Vrfpg(E,U,*, %, %, x) > 2-1/3  we have

P [(E,Z/{, Q) is answerable with respect to F'[] )E,U} > 470,
(S,L{,*,Q,*,*,*)ND;:

Proof. Since Vrfp g (E,U, %, *, %, %) > 27%/3 Temma 6.46 implies

P F(‘:,U7L = F(‘:,Z/{,L 22*2(12/3_2751 227(124»57
(L1,L2)~G(V(E),41) [ [ 1”L1QL2 [ 2”L10L2]

where we used Condition 3.9 in the last transition. Apply Theorem 3.2 to the table F[E,U, L],
where L ranges in Gr(V(£), (1), yields a collection of subspaces @ C Gr(V(£), qo) such that:

(1) |Q] =270~ |Gr(V(E), 41);

2) for eac € Q, there exists a linear subspace € Gr ,9k%t — qo) and a linear map
fi h Q € Q, th i li b Wq € Gr(V(€),9k? d a li
fo : Wg — Fa such that

P Fl&E U L) = CLCWo| > —CPR) > —a),
LEGr(V(E),61) [&.u, L] fQ|L QS LCWq exp(—Cq5) = exp(—qp)

where C' is an absolute constant and the last transition is due to Condition 3.9. By Defini-
tion 6.47, this means that for each @ € Q, the tuple (£,U, Q) is answerable with respect to

Therefore, it now suffices to show that

(8,U,*,EA)NDM [U(A[qo]) €Q ’ S,M} > 474,

But it follows immediately from Proposition 6.45 that

P A, ) eQlEU| > P €O -tz 0w =145y 8
(€ U, A)~Diy [O—( o)) Q‘ } QeGr(V(E),q0) @eQl

where we used Condition 3.9 in the last transition. O
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6.4.3 Bob’s Existence of Decoding

Definition 6.49. Let G[:] be a Bob table, and let (£',U’) be a Bob-packet with critical index
¢ € [t]. For any linear subspace @ € V(&') with dim @ < qo, we say that the tuple (&', U, Q) is
pre-answerable with respect to G[] if the following statements hold:

1. The tuple (x,x,%,Q,& .U, *) has nonzero probability under D;". In other words, @ = o(A)
for some A € o.(E', qp, 2247 %5).

2. There exists a linear subspace W C V(&) with codim W < ¢p and a linear map f : W — Fo
such that

P [Glenu, L], = fl, | Q.U and {L € W} > exp(—ad).
(%%, L,Q,E' U L' )~Dif:

Definition 6.50. Let € (0,1) be a threshold parameter. An Alice-table F[-] and a Bob-table
G[] is said to be n-transferable (with each other) if the following statements hold:

(1) For any unfolded-Alice-question (£,U, L) such that F[E,U, L] # nil, we have

VrfF,G(Sauv L7 *, %k, *) 2 .

(2) For any unfolded-Bob-question (£',U’, L") such that G[€,U, L] # nil, we have
VrfF7G(*7 *, %k, g/,ul7 L/) 2 1.
Lemma 6.51. Assume Condition 5.9. Let F[-] be an Alice-table, and let G|-] be a Bob-table that is

27D transferable with F[-]. Fix an Alice-packet (€,U) and a linear subspace Q € Gr(V(E), qo) such
that

(1) @Q is smooth with respect to (E,U) (as per Definition 6.43), and
(2) (E,U,Q) is answerable with respect to F[-| (as per Definition 6.47).
Then

P (&', U, Q) is pre-answerable with respect to G[] ‘ EU, Q} > 474, (6.14)
(S,U,*,Q,E’,L{’,*)ND;:

Proof. We organize the proof into the following three steps.

Step 1: transference. Since (€,U, Q) is answerable with respect to F'[-], by Definition 6.47 there
exists a linear subspace W € Gr(V(£),9k%*t — qp) and a linear map f : W — Fy such that

P F L= CLCW| > —q).
reaBe o [FEU T = fly |Q € LCW] > exp(—a)

We then have

IP) |:F[S7U7L]:f‘[, lgaqua'nd {LQW}}
(S,L{,L,Q,*,*,*)N’Dit
> P FIEU, L] = CLCW|-TVD by Definition 6.
LeGrV(E) 1) [ EU, L= flL ‘ Q W} VD¢ yw(Q) (by Definition 6.39)
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eXp(—qg’) — 2hi(ao0+1) TVDe 14(Q) (by Lemma 6.40)

Z
> exp(—qp) — 201 (018 > exp(—243). (by Definition 6.43 and Condition 3.9)

By the definition of Vifr (&, U, L,E",U’, L) in Notation 6.36, we have

P [G[é?’,u’,L’HL . ] £,U,Q and {L C W}}
(EU,L,Q.E U\ L)~D;F
> P [F[f;,u,L] = f| and Vifpa(E,U, L, E U, L) =1 ) E,U,Q and {L C W}}
(EU,L,Q.E U L)~D;f
> 9. P [F[g,u,L] _ ‘ £,U,Q and {L C W}]

(EU,L,Qxx3)~Dyf
(since F[-] and G[-] are 27% transferable)

> 27 exp(—QqS) > exp(—BqS’).

Step 2: locating good Bob-packets. For any Bob-packet (£/,U") such that (€,U, *,Q,E" . U, x)
has nonzero probability under DI, we say it is “good” if

i [Glenu, ), = 1l ] EU,Q, U and {L CW}| > exp(~3q3)/2.  (6.15)
(EULQ.E U L)~D}

By the conclusion from Step 1 of the proof, it follows that

P [(5’,24’) is good } £,U,Q and {L C W}] > exp(—3¢0)/2.  (6.16)
(EULQ.E U ¥)~Dif

Since @ is smooth with respect to (£,U), by Definitions 6.39 and 6.43 we have

P LCW|&EU = P LCW CL —TVD
(S,M,L,Q,*,*,*)ND;: |: = ‘ ) 7@] LEGHV(E)41) [ ‘Q } E,U(Q)

> 9—i(qo+1) _ 4—1/8 > 2*5%7
where we used Condition 3.9 in the last transition. Consequently, Equation (6.16) implies

P [(5’,u’) is good ) .U, Q} > 9% exp(—3¢3)/2 > 474, (6.17)
(S,M,*,Q,E’,Z/{’,*)N'Di‘l’;

where we used Condition 3.9 in the last transition.

Step 3: extension. By Definition 6.29, the condition Equation (6.15) is equivalent to

1ot _ _ 3
@ 1o G oAy = Flotay [ 0(A) = @ and 0(A)) € W] > exp(-3a})/2

where ¢ is the critical index of £ and s’ = 261~ 1s. By Lemma 6.25, this implies

oy [CIE U oA = gloy [ o Ajgy) = Q and o(4) € W] > exp(~3a)/8 > exp(~af),

for some linear subspace W’ C V(£’) containing W N V(E’) and some linear function g : W’/ — Fs.
Since the codimension of W' in V(&’) is at most

dim V(&) — dim(W N V(")) < dim V(E) — dim W = g,
this means that (£',U’, Q) is pre-answerable with respect to G[-] whenever (€', U’) is good. There-
fore, Equation (6.17) implies the desired Equation (6.14). O
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Definition 6.52. Let GJ-] be a Bob table, and let (£',U’) be a Bob-packet with critical index
¢ € [t]. For any linear subspace @ € V(') with dim @ < ¢o, we say that the tuple (£,U’, Q)
is answerable with respect to G[-] if Q € MGr.(£’, gg,2%17%5) and the following statement holds:
there exists a linear subspace W C V(&) with codim W < ¢p and a linear map f : W — Fy such
that

P GIEe'U L'l=flp|lQC L CcW| > —
L’EMGr(f)’,Zl—i-l,s/) [ [ ’ ) ] f|L Q = - j| exp( qO)’

where s’ = 261715, More specifically, we also say that (£.U’, Q) is answerable with respect to G[]
using (f, W).

Proposition 6.53. Assume Condition 3.9. Let F[-] be an Alice-table, and let G[-] be a Bob-
table that is 2~ %-transferable with F[-]. Suppose (£',U’) is a Bob-packet with critical index ¢ and
Q € MGr. (&', g, 2*17%5) is a subspace such that

(1) 2] > 3k/2, and
(2) (&', U',Q) is pre-answerable with respect to G[-].
Then (£,U', Q) is answerable with respect to G[-].

Proof. By Proposition 6.23, the total variation distance between the following two distributions of
L' is at most, say, k™2

(1) sample L' € MGr.(&', 41 + 1,247 15) conditioned on Q C L/; and
(2) sample A € (€', 01+ 1,247 1s) conditioned on o(Ay,) = Q, and let L' = o (A).

We know from Proposition 6.24 that even if we further condition both distributions on {L' C W},
for any linear subspace W C V(&’) of codimension at most ¢p, the resulting distributions are still
k~!-close in total variation distance. By definition, this allows one to convert pre-answerablility to
answerability. O

Lemma 6.54. Assume Condition 3.9. Let F[-] be an Alice-table, and let G|-] be a Bob-table that
is 279 -transferable with F'[-]. Then for any Alice-packet (£,U) such that Vripg(E,U, %, *,*,%) >
2-%/3  we have

P [(5',2/', Q) is answerable with respect to G| ‘ 8,2/{} > exp(—6€%),
(8’u7*7Q76/:U/7*)N'Dit

Proof. First of all, combining Corollary 6.44 with Lemmas 6.48 and 6.51 yields

P [(8',1/{', Q) is pre-answerable with respect to G[-] ’E,Z/{} > (4_@ - t_l/s) 470
(EUxQ.E U *)~Dif

> exp(—56%),  (6.18)
where we used Condition 3.9 in the last transition.

For each Bob-packet (£',U') with critical index ¢ € [t], we let ||E||min := |Ec|. Using Condi-
tion 3.9, it is not hard to see (cf. Propositions 4.7 and 5.5)

P [I\S’Ilman > 3]<:/2] >1- kL (6.19)
(5,1/{7*,*,5’,*,*)ND$
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and (cf. Proposition 6.23)

P Q € MGr(&,qo, 22798) | ||E lmin = 3k/2| =1 — kL (6.20)
(EU#Q.E *%)~Djf

For any Bob-packet (£/,U") with [|€||min = 3k/2 and any Q € MGr(&’, qo, 2217 %s), the pre-
answerability of (&',U’, Q) can be converted to answerability, due to Proposition 6.53. Therefore,
combining Equations (6.18) to (6.20) yields the desired conclusion. O

6.5 Soundness Analysis

Now, we have all ingredients to analyze the soundness of Game3.

Proof of Lemma 6.51. Assume that
Va1<Game3[H,k,€1,€2,t,s,B]) >4,
the goal is to show that
val(Game2c[H,k,€2,t,sl,qo,,é’]) > 2_‘12/4,

which leads to a contradiction to Lemma 5.22.

Recall that the answers returned by Alice and Bob in Game3 are “folded”. We define the follow-
ing folded tables F, G for Alice and Bob. Suppose that the verifier samples (E ULy, E" U L) ~
D;f. Then the question sent to Alice is that (,U, L + N(E,U)) and she returns a linear func-
tion f on L 4+ N(E,U). Then, we define FIE, U, L + N(£,U)] := f. Similarly, G is defined by
GIE U, L' + PU' = g if g is the linear function returned by Bob upon receiving the question
Eu,r'+epu').

Getting unfolded tables. To make use of the decoding lemmas (Lemmas 6.48 and 6.51), we
need to define “unfolded” tables F*[-], G*[']

F*[E,U,L] := F[E,U,L + N(E,U)]|1,
and
G U, L] =G [5',u’,L’ + @u'} I,

for every possible sample (€,U, L,*,&',U', L") ~ D;". For other unfolded questions (£,U, L), (', U', L'),
we simply define F*[£,U, L] := nil and G*[£',U', L] := nil.

Getting transferable tables via pruning. To use Lemma 6.51, we also want our table to be
transferable. We use the following process to get transferable tables F'[-], G[:] from F* G*.

Definition 6.55 (Pruned tables). We use the following process to define our final tables F'[-], G[-]
used for decoding.

1. Initialize with F := F*, G := G*.
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2. If there exists an unfolded-Alice-question (£,U, L) such that
Vifpg(E,U, L, *,%,%) <270,
let F[€,U, L] :==nil. Similarly, if there exists an unfolded-Bob-question (&’',U’, L’) such that
Vrfp g (*, %, E U L) <270,

let G[€,U,L] := nil. Repeat this process until for every unfolded-Alice-question (£,U, L)
such that F[E,U, L] # nil, we have Vrfp o (E,U, L, *,*,%) > 27% and for every unfolded-Bob-
question (£',U’, L") such that G[E',U’', L'] # nil, we have Vrfpg(x,*,x,E U L") > 270,

By definitions, F'[-], G[-] obtained are 2~ %-transferable.

Now, we want to argue that when we sample question (£,U, L,*,E,U', L") ~ Di', the proba-

bility that Vrfpo(E,U, L,E",U', L") = 1 holds is non-negligible. Due to the condition that
Val(Game3[H,k,€1,€2,t,s,ﬁ]) >4,
and our definition F*, G*, we know that
Vrf e g (%, %, %, %, %, %) > 0.

It is easy to see from the definitions of F[-], G|-], the probability of agreement would decrease
by at most 279%%! since when each unfolded question of Alice or Bob is pruned, its conditional
contribution to the agreement is at most 279, As a result, we get

VIt p g (k, %, %, %, %, %) = Vi pe gn (%, %, %, %, %, %) — 9—qo+1 > 5/2, (6.21)

under Condition 3.9.

Induced strategy for Game2c. Now, we are ready to explain our strategy for
GameQC[H, k, 62, t, S1, 490, 5]

and defer the analysis of its success probability later. Assume that the verifier sends (£, A,U) to
Alice and sends (&', A,U") to Alice and we use @ to denote o (A[qo]) here. The strategies are,

o Let 7:= (70,...,T2,) @S 70, ..., T2g, determined in Condition 3.9. Note that by Condition 3.9,
7 satisfies the constraints of Lemma 3.6. Alice first picks a subspace Q' C @ of codimension
at most 1 wuniformly at random. If LIST,, (F[E,U,-]) # (0, Alice picks a uniformly random

clement (f,W) € LISTL,(F[€,U,-]) and randomly extends f to a linear function on V() as
its answer; if LIST?/(F [€,U,"]) is empty, Alice returns an arbitrary answer.

e Bob first picks a uniformly random integer ¢* € {0,...,qo}, and then, picks an arbitrary pair
(f,W) where W is a subspace of V(&) of codimension ¢* and f € W* among those satisfy

P Gle'U, L' =flp|lQC L C W] > exp(—qp),
L'eMGr (&’ £1+1,26171.5)

if there exists such a pair; then, Bob also randomly extends the function to a linear function
on V(&’) and returns it. If there does not exist such a pair (f, W), Bob returns an arbitrary
answer.

It suffices to prove this strategy succeeds with probability larger than 27%2/4.
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Applying decoding lemma for Bob. In this part, we prove that
Pl sn0.6 14 5)~D [(€',U',Q) is answerable with respect to G[-]| > exp(—T03). (6.22)

Recall that answerable is defined in Definition 6.52.
By Markov’s inequality and (6.21), we know that

IP(SZ/{ * %k, ok >a<)~’D.Jr [Vrf(g,u’ *, 0k, ok, *) = 27(10/3} > 5/2 — 27(10/3 > (5/47

under Condition 3.9. After fixing a Alice-packet (£,U) with Vrf(E, U, *, *,, %) > 27%/3 Lemma
6.54 gives

P [(5’,1/{’, Q) is answerable with respect to G| ‘ E,Z/[} > exp(—603).
(S,U,*,Q,g’,u’,*)wDi‘:

Combining the facts above, we conclude that
P(*,*,*,Q,E’M’,*)NDiﬁ (&, U',Q) is answerable with respect to G[-]| >4 - exp(—602) > exp(—T7£3),
(6.23)

under Condition 3.9.

We define a partial list of pairs ¢[-] as follows, for every possible sample (£',U’, Q) which is
answerable with respect to G[] and let (f, W) be an arbitrary pair that satisfies (1) codimy,g) (W) <
qo, and f € W*, (2)

P (Gle w1 = fl|Q S L' S W] > exp(—a)),
L'eEMGr(&' #1+1,2611.5)

define 4[&",U', Q] := (f,W). For other possible samples (&',U’,Q), define 4[E",U',Q] := nil.
Note that ¢ actually stands for any possible table that Bob might answer for answerable (£/,U’, Q)
in his strategy before randomly extending it to a linear function on V(&’). Conditioned on any

possible list ¢ of Bob, we want to show that the strategy still succeeds with probability larger than
2—42/4,

Good tuples and excellent tuples. In this part, we first introduce two important definitions.
We say a sample (E,U,*,Q,E" U, %) ~ Dit is good if
1. (&,U',Q) is answerable, and let (f, W) =9[E" U, Q];

2. there exists a subspace @' C @ with codimg(Q’) < 1 such that

P FIEU L) = flp |Q CLCW| > exp(—q).
LEMGr(E’ 41,241 -5)

We say a sample (E,U, *,Q,E U, x) ~ D is excellent if
1. (& U',Q) is answerable, and let (f, W) =¥[&", U, Q];

2. there exists a subspace Q' C @ with codimg(Q’') < 1 and a pair (f',W') € LISTL, (F[E, U, )
such that W C W' and f'|w = f.

The first step towards the analysis is to prove that a sample is good with non-negligible prob-
ability.
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Claim 6.56. P(S,u,*,Q,S’,L{/,*)ND;: [(E,U,Q,&" U is good | > exp(—8(3).
Proof. For every possible sample

G, %, %,Q, & U %) ~ D;:
where (£',U’', Q) is answerable, we know that

1. P GIE U, L= flp|Q C L' CW| > exp(—qj), where we let (f,W) =
L'eMGr (&’ £1+1,26171.5)

g u',Ql;
2. for every L' such that G|, U',L'] = f|p # nil, it holds
Vifp (%, %, E U L) > 27,
since tables F[-], G[-] are 2~ %©-transferable.

Combining the two facts above, we know that in the following distributions defined in two steps
(1) sample L' € MGr(&', 61 + 1,247 . 5) | Q C L' C W; (2) sample (£,U, L, E U, L") ~ D |
(&U', L"), it holds

[F[E,U, L] = G[E’)Z/{/’ L/”L = f|L} Z exp(—qg - QO)'

L'eMGr(E’ 014+1,261-1.8)|QCL'CW
(EULxE U L' )~DE (€U, L")

Observe that the marginal distribution of (€,U) are the same in the distribution
(E.U, L E U L) ~ Dy | (€U, L),

for every L' € MGr(&',¢1 + 1,271 . 5) and for every fixed L' € MGr(&’, ¢, +1,2671.5), (£,U) and
L are independent. Then, by Markov’s inequality, we get

E [FIE,U, L] = f|r] > exp(—qj — q0)/2, (6.24)
L'eMGr(&’ 01 +1,26071.8)|QCL'CW
(EULxE U LN)~DF(EUE U L)

for at least exp(—qj — qo)/2 fraction of Alice-packets (€,U) sampled from (£,U,x,Q,E" U’ *) ~
D | (E',U',Q), here we also use the fact that the marginal of (£,U) are the same for every Q once
(&U) is fixed.

Now, we prove that for every fixed Alice-packet (€,U) for which (6.24) holds, (£,U,Q, &', U") is
good. This concludes that

P [ (EU,Q, & U is good]
(EUHQ,E U *)~DF

> P [(&,U',Q) is answerable] -exp(—q5 — qo)/2
(*,*,*,Q,E’,M’,*)ND;"

> exp(—T767) - exp(—qg — q0)/2 > exp(—847). (using (6.23))

Note that the distribution in LHS of (6.24) is the following, first uniformly sample an element
L' € MGr(&', ¢y + 1,267 . 5) conditioned on @ C L' C W; and then uniformly sample an /-
dimensional subspace L C L. First, by the definition of MGr, we know that L € MGr(&’,¢1,2% - 5).
We claim that this distribution over MGr(£’,¢1,2% - s) is 2=“i-close (for some absolute constant
¢ > 0) to the following one under Condition 3.9:
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e let Q' := @ with probability 27%; otherwise, uniformly sample a subspace Q' C ) conditioned
on codimg(Q’) = 1;

e uniformly sample L € MGr(&’, 4,24 - s) conditioned on Q' C L C W.

This can be verified using Proposition 6.19.
Combining this claim and an averaging argument, we conclude that there exists

Q' C Q,codimp(Q') <1
such that

P FIE UL = flp |Q CLCW| > exp(—g) — q0)/2 — 27 > exp(—g)),
LEMGr(E’ £1,2%1 -5)

under our Condition 3.9. O

In the last step of our soundness analysis, we prove that samples are excellent with non-negligible
probability. Formally, we prove the following claim.

Claim 6.57. Pc /. o er 10 pt [(E,U,Q,&" U is excellent | > exp(—30£3).

Analysis of the strategy. Before proving the claim, we first show how to complete the soundness
analysis using Claim 6.57. Assume that in Game2c[H, k, (2,1, s1, qo, (], the verifier samples a tuple
(&, U, A, &, U") and it sends (€,U, A) to Alice and sends (£,U’, A) to Bob. Let Q := o (Apg,)). We
prove the following claim on the success probability of our strategy on an excellent tuple.

Claim 6.58. If (£,U,Q, &', U") is excellent, the strategy wins with probability at least exp(—3Cq3l).

Proof. Note that by our assumption and strategies, upon getting the tuple (£,U,Q,E’,U’), Bob
picks (fB,Wg) = 4[E",U', Q] since (&', U',Q) is answerable and randomly extends it to a linear
function fB on V(&"). Alice first randomly samples a subspace ' C @ of codimension at most 1 and
then randomly picks a pair (f4, W) € LISTS, (F[€,U, ]) (which is non-empty since (€,U,Q, &, U")
is excellent), also randomly extends it to a linear function fA on V(). The strategy wins when the
all following events happen,

1. W C Wa, falwy = fB:
2. ]7,4 is SNR-satisfying;

3. ]?A|V(5’) = fB.

Due to Lemma 3.6 and the fact that (£,U,Q,E",U") is excellent, with probability at least 27% -
exp(—Cqily) > exp(—2Cq3ly), we have Wp C Wy and falw, = f5-

Next, we prove that for every (fa, Wa) € LISTS, (F[€,U, -]), there exists a good linear function
1€ V(E)* such that f'lw, = fa and f'| (e 1) is SNR-satisfying, which implies that conditioned on
the first event, the second event happens with probability at least 2729 since codimyg) (W4a) < 2qo.
Let wa = codimyg)(Wa) < 2go. By the definition of LIST?, (F[E,U,]), we have

P FlEU, L] = "CLCW4l| > 1w,
LeGr(V(g),gl)[ (€U L] = falp | Q" S LCWa| > 7u,
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As a result, we get the same lower bound for the unfolded table ﬁ,

P Fl&,U,L+N(EU)|L = TCLCWAl >y
LGGr(V(E),@l)[ [&.U L+ NE UL =fale |Q S LC A] Twa

By averaging argument, there exists a subspace L = L +N(E,U), where L € Gr(V(E), 1) such that
]P)LGGr(V(é'),él) [ﬁ’[S,U,EHL = falL ‘ QI CLC LN Wa /\L+N(5,U) = f} = TwA/Q.

Note that F[€,U, L] € L* is a linear function and its restriction F[€,U, L]| N(eu) is SNR-satisfying.
If f4 does not admit such good extension, we then have f A‘WAHZ +F .U, EHWA 7> Which means

P ey LFEE U Dl = '"CLCLAWANL+NEU) =L
LeGr(V(S),Zl)[ (&, U, L)L = fal | Q" CLC WAL+ N(EU) }

. LEGr(V(E),él)[ [ lo=fale |Q S LC A]

h P [L+NEUW=LQ CLCLNW,
LeGr(V(E),61)

<27 <7 /2

under Condition 3.9, leading to a contradiction.

Finally, it is easy to see that conditioned on the first two events, the last happened with
probability at least 279 since codimy¢)(Wp) < qo. Combining facts above, we conclude that
the strategy wins with probability at least exp(—2Cg3¢1)273% > exp(—3Cq3¢1) under Condition
3.9. ]

Combining Claims 6.57 and 6.58, we conclude that the strategy wins with probability at least
exp(—30£2) - exp(—3Cq2ty) > 27 /4,
under Condition 3.9, giving a contradiction to Lemma 5.22. O

6.6 Proof of Claim 6.57

In this section, we prove Claim 6.57.

Proof of Claim 6.57. We first introduce a useful definition.
Definition 6.59. Given an integer k* € {0,...,3k} a tuple (£,U, Q), we define Re 1,0 1+ to be the

set of all Bob-packets (€',U") that satisfies (1) ||€||lmin = k¥, (2) the tuple (€,U,Q,E",U’) is in the
support of the distribution (€U, *,Q, &' U’ x) ~ Dit. We say a tuple (£,U,Q, k*) is redundant if
Reu.ore| = exp(Ck*/2).
We prove that if (£,U, Q) satisfies all following conditions,
L Pyt it somD 1 (224,Q) [(E,U,Q,E"U") is good] > exp(—8(2)/2;
2. Ple st n@&r st 5)~DF 1(E14,Q) 1€ min = 3k/2] 21— 1/VE;

3. for every k* € [k], k* > 3k/2, (£,U,Q, k") is redundant.
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we then have
IP((S,Z/{,*,Q,S’,M’,*)N,D;:|(5,U,Q) [(5,“, Q, 5/,2/[/) is excellent] 2 eXp(—QOK%) (625)

We first show that a sample (E,U,*,Q,*,*, %) ~ Di': satisfies the above three conditions with
probability at least exp(—10¢2).
First, by Claim 6.56 and a Markov’s inequality, we get
P e0,4,0.00)~D} [P(&u,*@,ezu',*)w;\(s,uQ) [(€,U,Q.&",U') is good] > exp(~8(7)/ 2] (6.26)
> exp(—862)/2. (6.27)

Also, as shown in the proof of Lemma 6.54, for every Alice-packet (€,U), we have

P (1€ lmin > 38/2] > 1~ k7.
(EUQ.E U %)~Dif

By Markov’s inequality, we get

Picttn @ity [Peunaswmngcue 1€]nn>36/2) >1-1/VE]  (629)
>1-1/Vk. (6.29)
For the third condition, it is not hard to prove that for every integer k* € [3k], k* > 3k/2

P & 14,0 6)~DF [(E,U,Q, k") is redundant] > 1 — exp(—Q(k?)).

by a Chernoff-type argument under Condition 3.9.

Using a union bound over £*, we conclude that the third condition is satisfied with probability
at least 1 —k-exp(—Q(k?)) > 1 —exp(—Q(k?)). Combining (6.26), (6.28), the statement above, and
a union bound, we know that (E,U, *, Q, x, *, *) ~ D;: satisfies all three conditions with probability
at least

exp(—861)/2 = 1/Vk — exp(—Q(k?)) = exp(—1047),

under Condition 3.9.

It suffices to prove that (6.25) holds for every (€,U, Q) that satisfies the three conditions above.
We first introduce a technical lemma used in the remaining proof. We defer the proof of this lemma
to Section 6.7.

Lemma 6.60. Assume Condition 3.9. Let F[-], G[-] be the pruned tables of Alice and Bob (see
Definition 6.55). Fiz an Alice-packet (E,U) and a linear subspace @ € Gr(V(E),qo). Suppose
m > exp(1000 - k%) is a positive integer and c1,. .., cm € [t] are pairwise distinct indices. For each
i € [m], assume (E,U]) is a c;-critical Bob-packet such that the following hold:

(1) For every i € [m], (E,U,Q,E!,U) is good; let (f;,W;) denote G[E],U],Q)].
(2) Writing & = (Ein, ..., Eit) for each i € [m], we have |E1c,| = |Eacy| = -+ = |Em,cml-

Then there exists linear subspaces W C V(E) with codimygy(W) < 2q0 and Q' C Q and a linear
map f: W — Fo such that

P FlE. U, L] = 'CLCW| > —100 - ¢).
rear B [FIEU T = flu| Q' € L€ W] > exp(~100- )

Furthermore, for some i € [m] we have W; CW and flw, = fi.
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Now, we complete the proof using the lemma above. By a union bound and the three conditions,
we get

P [(E,U,Q.&,U') is good A ||E||min = 3k/2] > exp(—863)/2 — 1/Vk
(EU%Q.E U #)~DF|(EU,Q)

> exp(—943),
under Condition 3.9. Let & be the event that

1€/ hmin = k" > 36/20 B g (EMQE U i good | [l = K] > exp(-0£7)/2

By Markov’s inequality, we get

P (2] > exp(—93)/2. (6.30)
(EUHQ,E U ) ~DH(EU,Q)

Furthermore, we claim that for every fixed integer k* > 3k/2, if

P [(E,U,Q. & U is good | [|Elmin = k*] > exp(—9¢3)/2, (6.31)
(EU*Q.E U x)~DF(EU,Q)

we then have

P [(E,U,Q. & U is excellent | [|E|min = k*] > exp(—9¢7)/4.  (6.32)
(EUXQE U ¥)~DFI(EUQ)

We define ng,u,Q,k* C Reu,qx+ to be the Bob-packets (£',U’) such that (€,U,Q,E",U’) is good,
and let R¢ 1 o e © Reu,@i+ to be the Bob-packets (€',U’) such that (€,U, Q,E',U’) is excellent.
Note that (6.31) implies that [R; 0| > exp(Ck*/2 — 902)/2 > exp(Ck*/4) under Condi-
tion 3.9. Applying Lemma 6.60 iteratively, we get |R¢; ol = Ry gnel — exp(1000k%) >
IR 14.qa /2 since if [Rig 1y o 1| 2 exp(1000k*) there exists a Bob-packet (£',U’) € Ree .05 Such
that (£,U,Q, &', U") is excellent. This completes the proof of (6.32) and gives the corollary that

P [(5,1/{,@,5',1/{’) is excellent | 9] > exp(—9¢2) /4. (6.33)
(EUHQ,E U ) ~DH(EU,Q)

Combining (6.30) and (6.33), this proves (6.25) and then the whole claim.

6.7 Proof of Lemma 6.60
In this section, we prove Lemma 6.60, which completes the whole proof of Lemma 6.31.

Proof of Lemma 6.60. Since for every i € [m], (€,U,Q,E!,U]) is good, we know that there exists a
subspace Q; C @ with codimg(Q;) < 1 such that

P [F[S,Z/I, L] = filu
LEMGr(E! 41,201 5)

Qi CLCW| > exp(—af) (6.34)

By an averaging argument, there exists a subspace Q' C @ with codimg(Q’) < 1 and an integer
w € {0,...,qo0} such that

’{Z : Qz = Q/ A\ COdimV(SZ() (Wz) = w}‘ > 2—24(2) -m.

Let m' = exp(—q})/(10 - X - 2= (P=4)w) wwhere A\ > exp(—k?) is a real number to be deter-
mined later. Applying Lemma 3.8 to the collection of subspaces W; that satisfy Q; = Q' and

COdimv(gl{)(Wi) = w, we know that there exist distinct indices i1,...,i,s € [m] and a subspace
W C V(&) such that
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L. for every j € [m/], Q;; = Q', codimy g (W) = w;
i
2. Wi+ + Wi, =W;

3. there exists an integer w’ > 0 such that (1) for every j € [m’], codimy (W;;) = w’ and (2) for
every distinct j, j' € [m/], codimw (W, NW; ) = 2w'.

Note that we can get codimy,g)(W) < 2w < 2qo as a direct consequence since (1) m’ > 2, and (2)

COdimV(g)(W) < COdimv(g)(Wil + Wi2) < COdimV(é’{l)(Wil) + COdimv(é‘Zfz)(VVig) < 2w,

here the second inequality comes from the fact that c;; # ¢, and thus V(& ) +V(&],) = V(£).
In the remaining proofs, we show that there exists a linear function f € W* and j € [m/], such
that

P FIEU, L] = 'CLCW| > —100¢). 6.35
recrEoe ey [FIEU T = 11| Q' € L€ W] > exp(-~100]) (6.35)

and f;; = f ‘Wij‘ The plan is to first show that there exists a f € W* that satisfies (6.35) and then
prove the full statement.

Existence of decoding. To prove that there exists a linear function f € W* such that

P F[E,U, L] = "CLCW| > —100¢7),
reeBre o FIEU LI = flL|@ € L€ W] > exp(~1004])

we consider the Grassmann linearity test proposed by [KMS25, DKK*25]. To be more specific,
we consider the following test over W. Sample two subspaces Q' C Ly, Lo C W of dimension ¢,
conditioned on dim(L; N L) = d, where we define d = [¢1/10] and D = 2¢; — d, and check if
FlE U, L1]|L,nL, = FIE,U, La]|1,nL,- We define agree(E,U, W, Q') to denote the probability that
the test passes. [KMS25, DKK™25] proved the following decoding lemma for this linearity test.

Lemma 6.61 ([KMS25, DKK*25]). Under Condition 5.9, if agree(E,U, W, Q') > n then there
exists a linear function f € W* such that

Precrve)e) [FIE UL = flL | @ € L C W] = n®/1000.

To avoid a dependency issue in the future, we consider the following process of sampling a
matrix M € (V(£))”, where each row x € [D], M, is a vector in V(£):

e for each x € [D]\ [¢*], independently and uniformly sample M, from W;
e let {y1,...,ys} be an arbitrary fixed basis of @', let M, =y, for every x € [¢*].

After getting the matrix M, we define Ly := span{ My },¢[e,], L2 := span{ Mz }oc(qoju(p)\j])- We
use P to denote the joint distribution of Ly, La. It is easy to see that P is exp(—(k))-close to the
distribution in the definition of agree(&,U, W, Q"). Thus, it suffices to prove that

P(Ll,LQ)NP [F[S,Z/{, LIHLlﬂL2 = F[gvua L2]|L1|’1L2} > exp(—5qg). (6'36)
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First-moment calculations. For every j € [m/], let Z; denote the event that L, Ly C Wi, it
is easy to see that

P, Loyop [25] = 27 PO (6.37)

We let %; denote the event that L; + Lo € MGr(E{j,D,Qd - s). We want to calculate the
probability that

]P(Ll,LQ)NP [@] ’ ’%] .

To this end, we define A := Pz, r,yop |%; | L1, L2 C V(é’{j) . Instead of explicitly computing the
value Pz, r.,y~p [%j|Z]], we prove that

1/3 < Py 1ayop [ 23] /A < 3. (6.38)
Note that
Pry,po)~p [@J AZj| Ly, Ly © V(S{j)}

P(r, 1oy |25 ] L1, Lo CV(EL)]

IED(Ll,LQ)N’P [@] | ’%/]] =

It is easy to see that the denominator equals
Poy sapp | 25 | L1 La C V(EL)| =27 P70,
Also, we have
P(L,,Lo)~P [% NZj | L1, Ly C V(S{j)}
=P(r,,02)~P [@] | L1, Ly C V(gz‘,j)} “Plry,1o)~p [‘% | L1, Ly C V(S{j) N
= A Premerer ,pap-as) LW, |Q cL].
By Corollary 6.21 and Proposition 6.23, we get

27070 — exp(—Q(K)) < Premr(ey ,pap-a.) [L € Wiy | Q' C L] <2770+ 4 exp(—Q(k)),
J

which completes the proof of (6.38) under Condition 3.9.
We define Z; to be the following event that F[E,U, L1]|r,nr, = F[E,U, La)|1,L,, and we want
to calculate the conditional probability

P(LLLQ)NP [‘ff] ’ ‘% A @]] :

Note that the distribution (L, L) ~ P conditioned on 2 A %; is 27*(“)_close to the following
one (actually the two distributions are equal if we further impose L; + Lo = L)

e uniformly sample a subspace L € MGr(S{j,D, 2P=4" . 5) conditioned on Q' C L C Wi
e independently sample two subspaces L1, Lo € I\/IGr(E{j,El, 241.5) conditioned on Q' C Ly, Ly C
L.
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Thus, we conclude that

Py 1ayp [ 25 | 25 N 5]+ 2740

> PLEMGr(Sl{j,Dyszq*,S) [FIE,U, L1]|pinL, = FIEU, Lo) |1y, | Q € L1, Le CLAQ € L C W]

Ll,LQGMGr((g{]_ 7417221 ~S)

2
2 PLEMGI’(&{J_,D,2D7‘1*-5) |:PL1€MGF(£Z{j,Z1,2€1'S) [F[(‘:,Z/{,Ll] = fij’Ll | QI g Ll g L] | Q/ g L g Wij

K3

>P [FIEU L) = fijlr, |Q CLi CL,Q CLCW;,]*  (Cauchy-Schwarz)

LEMGr(E! ,D2P~4".s)
J
L1EMGr(€] 41,20 5)

> P [Pl L] = filu, |@ € LE W]~ exp(—0(0)

=
L1EMGr(E] 41,21 5)
J

> exp(—2¢5) — exp(—Q(£1)).

Here, we use the fact that the following two distributions are exp(—£(¢1))-close in TV distance,

1. uniformly sample a subspace L € MGr(é’i’j,D, 2P=4" . ) conditioned on Q' C L C W,,; sample
a subspace L; € MGr(EZ-’j,Kl, 241 . 5) conditioned on Q' C Ly C L;

2. uniformly sample a subspace L; € MGr(&'i/j,El, 241 . 5) conditioned on Q' C Ly C Wi,

This can be deduced from Lemma 6.20.
Under Condition 3.9, we conclude that

P(Ly, Loy 125 | 25 NF5) = exp(—qp). (6.39)

Second-moment calculations. Towards proving (6.36), we show that for every two distinct
indices j,j’ € [m/], we have

2—2(D_q*)w/_2)\ < P(L1,L2)~73 [% A 3?,/]'/ A @J A @]’] < 2—2(D—q*)w’+2)\ (6.40)

Again, it is easy to see that Pz, 1,)~p [3&3 A ,%”J/] = 272(0=4)v' T guffices to calculate the

probability
HJ)(1317L2)~7> [gj A @j, | % A 5{]/]
The goal is to prove that

N2/4 <P, e [gy‘] N | X5 A 5{]] <42, (6.41)

We use a similar argument as the proof of (6.38). We first define auxiliary tripled sets £ =
(Eq,...,E) as follows

e for every c € [t] \ {Cijacij/}u let Ej = Eje;

o let Ecz'j = Eij,cz-j and Ecij/ = Ei"vcij/'

J
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Then, we have

P(Ll,Lz)NP [@J N @j’ A '%/J N ’%’ | Ly, Ly C V(g)}

Prypoyp |25 N | 25N Xy | = 3
(L1,L2) [ T J J P (L 12)~P [%A%/\Ll,ngv(g)]

First, it is easy to see that W;, N Wi, € V(E), and let w = codimv(g)(Wij N VVZ-],,) < 2w. Then, we
have

Py, Lo)~p {% A Zj | L1, Ly € V(E)} — o~ (D=a")T
Also, we have
Pasarp %A% A 250 2y | L Lo CVE))
= B BT L V@ P[5 5| 250 2]
=2, (L1,l]2)~7’ (2N Dy | 25 N ]

Here, the second equality comes from the fact that the projections of L1, Ly on coordinates Cij» Ciyy
are independent under the distribution . Applying Corollary 6.21 and Proposition 6.23, we get

2—(D—q*)ﬁ—2 g P [% /\%, ‘ % A %/] < 2—(D_q*)'[ﬁ+2’
(L1,L2)~P

under Condition 3.9. This also concludes the proof of (6.40).
We complete the proof of (6.36) by

P(ry Lo)~p [FIEU, Li]|LinL, = FIE,U, Lo]|1,nL,] (6.42)

> P Zi NY; N %] — P N N X5 N L A4
‘Z/ (Ll,LQ)NP[ i NN Zj . Z  (LuLa~P K j ] (6.43)
J€(m’] 33" €lm'],5#7

>m 2P\ exp(—qd) /3 — (2m/ - 2~ (P ))2 (6.44)

> exp(—5¢j)- (plugging in m/ = exp(—¢qg)/(10 - A - 27 (P=a)w)y)

Applying Lemma 6.61 and use the fact that
agree(é’,u, w, Ql) > P(L1,L2)~79 [F[gaua L1”L1|’1L2 = F[gvua L2”L10L2] - exp(—Q(k)) 2 exp(—6qg),
we conclude that there exists f € W* such that

P FIE U, L] = 'CLCW| > —100 - ¢}).
LeGr(V(é'),£1)[ [ y U, ] f’L Q CLC exp( QO)

Existence of a consistent decoding. In the first part of the proof, we have shown the existence
of a linear function f € W* satisfying (6.35). In the second part, we further show that there exists
f € W* and index j € [m/] such that f satisfies (6.35) and f|W¢j = fi; at the same time. In the

remaining proofs, we use another input from [DKK'25]. (6.35).
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Claim 6.62 (Corollary of Lemma 3.15, [DKK*25]). Assume Condition 3.9. Let {f' € W*}icp to
be the list of all linear functions that satisfy (6.35). We then have (1) p < exp(105 - ¢); and (2)

" F) - [F[S,U,L1]|L1mL2 = FIE,U, L)1,y A FIEU,L1] & {f'1, Yiep) A FIE U, La) & { '], biepy)
1,L2)~

is at most exp(—20 - qf).
For every j € [m/], we define an event #; by
Wi = Nyepm gz (L NF) -

Then, we have

o o | (il 25 1 95 25 H5) A (FIE U ) € () by V FIE U Lol € {(F) nabiep )

> (LI,E)NP (Ve 25 N N 25 N W) ]

= o B (Vi 25 A 95 0 25 A 5) A (FIE U T A dici) A FIEU: Lol () naietn)

As shown in the calculation of (6.42), we know that

P [(ViewmZ5 A% N 25 N W)

(L17L2)NP

> P [Z;AN% N2 — P Ny N X N X
Z ((LI’L”NP[ inmnss Z .(Ll,m)w[ R J])
gelm’] 33" €lm’],i#5’

> exp(—5¢5)-

Also, notice that (Vjepn 25 A %5 A 25 A W;) implies F[E,U, Li]|,nL, = F[E,U, La]|1,nL, by def-
initions and thus

o o | (il 25 1 95 25 A H5) A (FIE U 4] & AP dieyy A FIEU Lol ¢ (F) 12 biep )

< (Ly [IZ)NP [F[E,U,Ll]’leL2 = F[87u7L2]|L10L2 N F[gvu’Ll] ¢ {(fi)|L1}iE[p] AF[S?Z/{’LQ] ¢ {(fi)’L2}i€[p]}

< exp(—20g7). (by Claim 6.62)

Combining the two estimates, we conclude that

o E)w [(\/je[m’]% N N Z5NHG) N (F[&UaLl] € {(I)N tiep Vv FIEU, Lo] € {(fi)’Lz}ie[pO]
> exp(—5qj) — exp(—20gg) > exp(—6qq),
under Condition 3.9.

By the symmetry of L1, Ly and the union bound, we get

o o | (il 25 1 95 25 A H5) A (FIE U ) € () dieyy V FIE U Lol € {(F) naiep )

<2} B (25820 285 A (FIEU L) € () b))

JEM]
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< . . . . - i , .
<23 (25 7 B A2 A ) A (Filis € (e iern )|

Here, the last inequality comes from the fact that (2 A % A 25 A W) implies that (fi;)|r, =
F[€,U, L;]. By an averaging argument, there exists j € [m’], such that

~ exp(—6q7)
P N W i 1 ) . | > .
By [ AT (Fila € (P Mdicn) | 251 35] 2 5 p o
(L1,L2)~P
By our choice of m/, the denominator satisfies 2m’ - P (25 N %] <1, and we get
(LiLay~p

o B [l € ANt | 251 95] > expl(~6af).

By an averaging argument again, we conclude that there exists i € [p] such that

P iyl = (f 'CLCWi|= P = (f PN
LEMGr(5£j7€1,2£1~s) |:f]|L1 (f )‘Ll |Q"CLC J:| (L1 )P [f]’Ll (f )|L1 | j /;

> exp(—6q3)/p = exp(—200¢]).

It suffices to prove that f;, = fi\wi]_. Assume that f;, # fi|Wl.j. Let Wi’j C Wi, such that for every
Y€ Wi’j, it holds f;;(z) = f'(x). It is easy to see that codimv(g)(Wi’j) =w + 1. By Corollary 6.21,
we have (1)

P [L - VI/Z | Ql C L] > 2—(21_q*)w—17
LEMGr(g], 01,21 5) J

and (2)
P fLeW s = l@cr]= B [Lowl|@cL
LeMGr(sgj 01,2615) LeMGr(sgj 41,201.5)

< 9—(li—g")(w+1)+1.

Combining two estimates, we conclude that, if f;; # fi|Wij, we have

P [fz'lel = (M 1@ cLC Wij} < 9~ (li—a)+2
LeMGr(Ei’j 01,281 -5)

which leads to a contradiction under Condition 3.9. O
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A Approximate Coloring of Hypergraphs

In this section we prove Theorem 3.1, restated below.

Theorem 3.1. For every fived positive integer c, there exists a constant ¢ > exp(—exp(O(c?)))
such that given a 3-uniform hypergraph H, it is NP-hard to distinguish between the following cases:

(1) Yes case: H is 2-colorable.
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(2) No case: in every c-coloring of H, at least € fraction of the edges are monochromatic.

Definition A.1. Let dy and d; be positive integers. A (do,d;)-biregular projection label cover
instance W = (Vo, V1, E, X0, X1, (Te)eer) consists of the following data:

(1) two vertex sets Vj and Vi;

(2) aset E of edges between Vj and V; such that in the bipartite graph (Vo U Vi, E), every vertex
in Vy has degree dy and every vertex in V7 has degree dy;

(3) two finite alphabets ¢, ¥1; and
(4) a collection of constraints (7 )ecE, where each 7. is a map from g to X.

The value of ¥, denoted by val(¥), is the maximum value of

i Z 1 [T (ug,01) (Ao(v0)) = A1 (v1)]

5,
0,v1)EE

achievable by assignment maps Ag : Vp — g and Ay : Vi — X4,

Theorem A.2. There ezists an absolute constant v € (0,1) such that for every fized positive
integer u, given a (3%,5%)-biregular projection label cover instance ¥ = (Vo, Vi, E, ¥, X1, (Te)ecE)
such that |Xo| = 7 and |X1] = 2%, it is NP-hard to distinguish between the case val(V) = 1 and
the case val(¥) < 2774,

Proof of Theorem 3.1. We proceed by a reduction from Theorem A.2. Let v € (0,1) be as in The-
orem A.2, and let u = [40y~2c]. We fix a (3%, 5%)-biregular projection label cover instance
U = (Vo, V1, E, 30, X1, (Te)ecr) with |Xg] = 7" and [¥1] = 2%; we will show how to map it to
a 3-uniform hypergraph H while linking the value of ¥ to the colorability of H.

The proof is divided into 8 steps. We first construct the hypergraph H in Steps 1 and 2. The
completeness of the reduction is proved in Step 3, while Steps 4 to 8 will be devoted to proving the
soundness of the reduction. Except for Step 6, the proof is almost identical the one in [DRS05],
and we claim no originality here.” Throughout the proof, we let £ = 2¢2.

Step 1: multi-layered label cover. Following the ideas of [DGKRO05, DRS05], the first step
is to perform a “multi-layered” parallel repetition on W. For each i € [¢], let V; and R; be the
cartesian products

V=V x Vit and Ry=37'x B0
The (¢ — 1)-tuples v = (v1,...,v_1) € V; will be the “blown-up vertices” in the i-th layer, and R;
can be viewed as their alphabets. For each i,j € [{] such that i < j, let & ; be the collection of
pairs

(V7V/) - ((Uh SRR ’l)g,l), (U{la s 71)271)) € Vi X V]

such that:
(1) vs=0l forall s € {1,2,...,i —1}U{j,j+1,...,£—1}; and

(2) (vs,vl) € Eforall se{i,i+1,...,5—1}.

®The arguments in Steps 1, 5 and 8 are due to [DCGKRO5].
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Given such an pair (v,Vv’) € & j, we define a projection map 7, v : R; — R; by

T(v,v') (Ula <o 70571) = <017 <o Ti=15 Ty, 07) (Ui)7 B W(vjfl,vg.il)(o—j—l)v Ojye- 70571) )

for all 01,...,0i_1 € X1 and 0y,...,0p_1 € Xp.
For each i,j € [¢] such that i < j, we have

(€l = Vil - (34Y 7 = (3*) 7 VA T H Vol 7 = 30D (5/3) 7 v, (A1)

where we used the (3%, 5%)-biregularity of ¥ and its consequence |V;|/|Vp| = 5*/3".

Step 2: construction of H. Following [DRS05], we construct the hypergraph H by composing
the multi-layered label cover from Step 1 with an inner gadget based on the Kneser graph.
For each i € [{], we let r; = [(|[R;] — ¢)/2]. The vertex set of H is the disjoint union of

cartesian products |_|f:1 (Vi X (IZZ)), and the hyperedges of H are the collection of unordered triples
{(v,81),(v,S2),(v',S3)} such that:

(1) v € V; and v/ € V; for some ¢, j € [¢] such that i < j;
(2) (v,v') €&

(3) S1,5; € (n) and S3 € (T,j]), and

(4) S1 NSy =0 and 7T(V7Vl)(RrL' \ (Sl U 52)) C Ss.

Using Equation (A.1), we can upper-bound the number of edges in H by

ST &l 2R R8T 2 max g ) < 3uEDRT T2y (A.2)
il i< ’ ijell, i<j

It is clear that H can be constructed from ¥ by a polynomial-time Turing machine. It suffices
to prove the following statements:

(1) Completeness: if val(¥) = 1, then H is 2-colorable.

(2) Soundness: if under some c-coloring of H, less than exp(— exp(Q(c?))) fraction of edges of H
are monochromatic, then val(¥) > 277%

The first statement will be proved in Step 3, and the second will be proved in Steps 4 to 8.

Step 3: completeness. In this step, we assume val(¥) = 1 and show that H is 2-colorable.
Suppose Ag : Vo — ¥ and Ay : V; — ¥ are assignments that together satisfy every constraint
of U. Then for any i € [¢], we can define a lifted assignment map A; : V; — R; by letting

A;(V) = (Al('ljl), N 7A1(Ui—1)7AO(Ui)7 N ,A()(Ugfl)), for all v = (1)1, N ,'Ug,l) S Vz

For any vertex (v,S) € V; x (f ), we color it red if A;(v) € S, and otherwise color it blue.

%
7

Now, for any hyperedge {(V, S1), (v, S2), (v, 5’3)} included in H (see Step 2), we have:

(1) The vertices (v,S1) and (v, S2) cannot be both red, because S N Sz = 0.
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(2) Let i,j € [{] be the indices such that v € V; and v/ € V;. If (v,S5;) and (v, S3) are both
colored blue, then A;(v) € R; \ (S1 US2) and hence

T(v,v') (ﬁz(v)) € Ss, due to F(v,v’)(Ri \ (S1US2)) C S5.

By the definitions of (/) and A;, Kj, we have 7y, /) (ﬁl(v)) = gj(v'). Therefore, if (v, S7)
and (v, S2) are both colored blue, then (v’, S3) must be colored red.

In conclusion, the hyperedge {(v, S1), (v, S2), (V/, 53)} cannot be monochromatic under the pro-
posed coloring. This means that H is 2-colorable as long as val(¥) = 1.

Step 4: finding the leading color. In the rest of the proof, we fix a c-coloring of H, denoted
by the map

¢ R;
Fillizo (Vix (57)) = el
We suppose that at most e fraction of edges of H are monochromatic under f, for some € € (0,1)

to be specified later.
For each i € [¢] and each v € V;, we apply [DRS05, Lemma 2.2] to the vertices in the set

{(v, S) ‘ S e (fj)} to find a color ¢, € [c] such that:
(1) The fraction of sets S € (f;) such that f(v,S) = ¢y is at least |R;|~¢7L.

(2) There exist disjoint sets Sy, So € (%) such that f(v,S1) = f(v,S2) = ¢y. The set R;\(S1US2)
will be denoted by B(v) and used later in the proof.

For each i € [£], let ¢ € [¢] be a color that maximizes the number of tuples v € V; with ¢, = ¢(®.
Since £ = 2¢?, by the pigeonhole principle there exists a color ¢* € [¢] such that ¢ = ¢* for at
least 2c¢ distinct indices ¢ € [¢]. Pick exactly 2¢ indices among them, and let I be the set of these
2c indices.

Step 5: locating two critical layers. Observe that the bipartite graph (V; U Viy1,&iit1) is
bi-regular for all i € [¢ — 1], due to the bi-regularity of ¥. Consider the following random walk:

1. Start at a uniformly random element vV € V.

2. For each i € [¢ — 1], let v(*D) be a uniformly random element of Vi conditioned on
(V(i),V(iJrl)) S 52',1'4_1.

Due to the bi-regularity of the bipartite graphs (V; U Vii1,&;i4+1), this random walk produces a
random sequence (v(l), e ,V(Z)) € V; X -+ X Vy that is marginally uniform over each V;. Further-
more, by the definition of the edge sets &; ;, it is easy to see that for any 4, j € [¢] such that i < j,
the distribution of the pair (v(9, v(9)) is uniform over & ;.

For each i € [¢], let I'; be the event that c ) = ¢, By the marginal uniformity and the choice
of the ¢®’s we have P [[;] = ¢ 1. By the inclusion-exclusion principle, we have

1>P [Uielrl} >Y Py - Y PILiNT
el i,j€I,i<j
I
>\I-cl—<| |> max P[I;NT;].

2 ijel, i<j
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Therefore, there exist 7,5 € I with ¢ < j such that
N 20\ " _ 1
P;NTy) > (’2|> (I -1) = <20> > .

By the uniformity of (v, v(9)) over & ;, this means that

P {cv = and ¢y = c(j)} > —.
(V,V/)Egi’j

Since i, j € I, by the definition of I, the above is equivalent to

1
P [ev=cy=c]2

> —. A.
(V,V/)Efi,j 202 ( 3)

In the remainder of the proof, we fix the indices 7 and j identified above (satisfying Equation (A.3)).

Step 6: disrecarding monochromatic edges.  We let £* be the collection of all pairs (v, v’) €
& ; such that:

(1) ¢y = ¢y = ¢*; and
(2) no hyperedge of H of the form {(v, S1), (v, S2), (v/, S3)} is colored monochromatically by f.

By Equation (A.2), the total number of monochromatic edges of H under the coloring f is at most

u(£— u(e— 1
e 3Nyl e 3u ST T g ) < = 16
4c?

where we chose a sufficiently small ¢ = exp(— exp(O(c?))) that justifies the last transition. It then
follows from Equation (A.3) and the definition of £* that

N 1
1| > 202 |Eij

1 1
~ 12 il = 12 Eijl- (A.4)

Step 7: strategy for the multi-layered label cover. The goal of this step is to decode from
f a “good” assignment map for the two critical layers (identified in Step 5) of the ¢-layered label
cover instance (constructed in Step 1).

For each v/ € V}, let N*(v') be the collection of tuples v € V; such that (v,v’) € £*.

In this paragraph, we define a deterministic map A; : V; — R; using the coloring f. Fix a tuple
v e V;. If ¢y # ¢*, we assign A;(v') arbitrarily. Otherwise, for each v € N*(v'), we denote

B(v,V') = m(y vy (B(V)).

Recall from Step 4 that, the set B(v) C R; can be decomposed as the disjoint union of two sets
51,59 € (f;) such that f(v,S1) = f(v,S2) = ¢*. For each S € (I:”JJ) such that B(v,v’) C S, by the
construction in Step 2, the hyperedge

{(V, Sl), (V, SQ), (V/, Sg)}

is included in H. By the definition of £*, this hyperedge cannot be monochromatic under the
coloring f, and therefore f(v’',S) # ¢*. However, recall also from Step 4 that the fraction of
S e (fj) such that f(v/,S) = c¢* is at least |R;|~¢1. Therefore, at least an |R;|~“"! fraction of
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S e ( ) contain none of the sets B(v,v'), where v ranges in N*(v'). We can then apply Lemma A.3
to ﬁnd6 an element of R; that is contained in B(v,v’) for at least
67C

T= e+ )R]

fraction of the tuples v € N*(v'). Define A, (v ) to be such an element of R;.

We now define a random assignment map AV = R by picking each A (v) independently
and uniformly at random from B(v). By the definition of B(v) (in Step 4), we have |B(v)| <
|R;| — 2r; < c. Therefore, we have

IEAZ[ P [ (i) = )]
_ [pAZ[ v (i) = 4]
Bl

A;(v') € B(v, v’)” (by the choice of A;(v'))

1
>n- E [ } > 1 (by the definition of B(v,v’))
c

Therefore, there exists an deterministic instantiation EZ :V; = R; of JZ(Z such that

i i n
(v,v]’P)Jeg* [ﬂ-(v’v,) (Al(v)) - Aj(V/)} = E

By Equation (A.4), it follows that

Y — A i
ol [w(v,v,)(Al(v)) = A(v )} > k. (A.5)

In the rest of the proof, we fix A; to be an instantiation of A; that satisfies Equation (A.5).

Step 8: strategy for the original label cover. We define a random pair of (correlated)
embedding maps ¢g : Vo < V; and ¢1 : V1 < V; as follows:

1. For each s € {1,2,...,i — 1}, let v = v} be a uniformly random element of V;.

2. Foreach s e {i+1,i+2,...,j— 1}, pick a pair (vs,v,) € E uniformly at random.

3. Foreach s € {j,j+1,...,0 — 1}, let vy = v, be a uniformly random element of V}.
4. For each w € Vj, let po(w) = (v1,...,0i—1, W, Vit1,...,0—1) € V.
5. For each w’ € V1, let 1 (w') = (vi,...,vj_, W', vj 1,...,v_4) €V}

If we first sample the random maps ¢g, 1 and then independently sample a pair (w,w’) € E, it
is clear that (¢o(w),¢1(w’)) is uniformly distributed over &; ;. Therefore, it follows from Equa-
tion (A.5) that

E [ P

i T U
(poyp1) [(ww')EE [W(‘po(w)’%(w/)) (Ai (cpo(w))) - Aj(spl(w,))H > 4¢3 (A-6)

We now define a random pair of (correlated) assignment maps Ag : Vo — X and A; : Vi — 3
as follows:

®Note that for any v € N*(v'), we have |B(v,Vv')| = |7 v)(B(V))| < |B(v)| < |Ri| — 2ri < c.
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1. Sample the pair of embedding maps ¢q, ¢1 as described earlier.
2. For each w € Vj, let Ag(w) be the i-th coordinate of A;(¢pg(w)).
3. For each w' € V1, let A;(w’) be the i-th coordinate of Aj(gpl (w)).

By the definition of m( in Step 1, it follows from Equation (A.6) that

wo(w),p1(w’))

_ / i
(A()I?Al) [(w,ﬁ)eE [”(w,w')(Ao(w)) = Ay (w )H > =t

Therefore, there exists a deterministic instantiation (Ag, A1) of the random pair of maps (Ao, A1)
that satisfies at least 1/(4c®) fraction of the constraints in ¥. Thus we have

i 6—° 6~ ¢ 1 _
1(P) > L > > > > 2777,
W) 235 2 s D IRj| ~ Ac*(c+ 1)(f — 1) In(7%) = 220 .y
where we used u > 407 2c in the last transition. O

Lemma A.3. Fiz a positive integer c. Let R be a nonempty finite set with |R| > 6¢, and let r be
an integer such that |R|/3 < r < 2|R|/3. Suppose By,..., By C R are a sequence of subsets such
that |B;| < ¢ for each i € [m)]. If at least an |R|~"! fraction of r-element subsets S € (f) contain
none of the sets B1,..., By, then there exists an element a € R contained in at least

67C
clc+1)In|R|
fraction of the sets By, ..., Bp,.

Proof. Let
[{i € [m] | a € B}|
7 := max .

a€ER m
Without loss of generality, suppose Bj, ..., B, are a maximum pairwise disjoint subfamily among
the sets Bi, ..., By, for some integer ¢ € [m|. By maximality, every B; contains some element of

U:=B1U---UB,.
Therefore

m < Z‘{ZE [m] | a € Bi}| <|U|-nm < cq-nm,
acU
and hence n > 1/(cq).
Next we upper-bound ¢ using the assumptions in the lemma. Let S be chosen uniformly at
random from (f) For each j € [¢], we have

" [B,CS}_(|Rr—|Bj|>/<R|)_'Bﬁ1 ot >(1)Bﬂ'>60
se(®) r—|B;j| r St Rl-t T \6) T 7

where we used the assumptions r > |R|/3 and |B;| < ¢ < |R|/6 in the third transition.
Because the sets By, ..., B, are pairwise disjoint, the events { B; C S}, for j € [g], are negatively
correlated under the uniform distribution over (I:L) Hence

q
Seﬂglj) [B; ¢ S forall j € [q]] < jr:[lsi% B, ¢ 8] < (1—6-°)1.
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Therefore, by the assumption in the lemma, we have

—c-1 ; or all i € [m ; or all j - 6791
IR| gseIEZR)[BZ;t_Sf lic] ]]<S€HE’R)[B]§ZSf ljelg] <(1-67°

T T

Taking logarithms gives
(c+1)In|R|
S —1In(1 —67¢)

Combining this with n > 1/(cq), we obtain the desired inequality

<6%c+1)In|R).

67C
S I O
T2 e+ )R]

B Basic Linear Algebra

Proposition B.1. Let V be a finite dimensional Fs-vector space and let U C V be a linear
subspace. For any bilinear form f:V ® V — s, we have

rank(f) — 2codim U < rank(f|ygyr) < rank(f).
Proof. Let v : U < V be the embedding map, and let g = f|ygy. Then we have the commutative

diagram
Ty

U——V

Both composing with ¢ on the right and composing with ¢! on the left reduce the rank by at most
codim U, so we have
rank(7) — 2codim U < rank(7T,) < rank(7%),

as desired. ]

Corollary B.2. Let V be a finite dimensional Fo-vector space and let U C 'V be a linear subspace.
Suppose f:V @V — Fy is a bilinear form such that rank(f|ygu) = rank(f). Then for anyv € V,
there exists uw € U such that

fozr)=flu®x) forallx €V.

In other words, letting g = flugy, we have h|y € image(Ty) for each h € image(Ty).

Proof. Let + : U < V be the embedding map. Since rank(f|ygu) = rank(f), it follows from the
proof of Proposition B.1 that
image (T’ o v) = image(T¥),

which is exactly the desired conclusion. O

Corollary B.3. For any positive integers n,r and any symmetric bilinear form f :Fy @ F§ — Ty
with rank r, there exists an r-element subset S C [n] such that the restriction of f to FS @ F5 has
rank r.
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Proof. Since dimker(Ty) = n — r, there exists an r-element subset S C [n] such that
F5 + ker(Ty) = Fy. (B.1)

Let ¢ : ' — F3 be the embedding map. To show that the restriction of f to F§ ® F5 has rank r,
it suffices to show that
rank (i o Ty o 1) = rank(T}).

The symmetry of f implies
(Trou)t =t 0Ty,

so it suffices to show that rank(7yo.) = rank(7). But this is immediate due to Equation (B.1). O

Lemma B.4. Let V' be a finite dimensional Fo-vector space, and let v be a positive integer. For
any symmetric bilinear form f : V@V — Fo with rank r, there exist a nonnegative integer k < 3r /2
and k vectors vi,...,vr € V such that

k

f(fU@y):Zf(iL‘@Uz‘)f(y@vi) for all z,y € V.
i=1

In other words, any symmetric bilinear form of rank r has a tensor decomposition (see Defini-
tion 4.12) into at most 3r/2 linear functionals.

Proof. We proceed by induction on r. The conclusion clearly holds for » = 0. In the rest of the
proof, assume r > 1 and the conclusion is true for all smaller values of r. Consider the following
two cases.

Case 1: there exists a vector v € V such that f(v ® v) = 1. Define a subspace

U={ueV|fluv)=0}CV.
It is clear that ker(7y) C U, and since v ¢ U we also have dim U < dim V' — 1. Therefore,
rank(flrgr) < dimU — dimker(7y) < dim V' — dimker(7) — 1 = rank(f) — 1.
Define a linear map 7 : V — V by letting 7(z) = 2 — f(x @ v)v for all z € V. Tt is clear that
fr(z)®@v) = flz@v)— fz@v)2=0 for all x € V,
and hence the image of 7 is contained in U. Furthermore, for each x,y € V we have

fr@)on(y) = flz@y) —2f(z@0)fly@v)+ flz@v)fly @v)f(vev)

=flz@y) - flzev)fly@wv). (B.2)
Applying the induction hypothesis to the bilinear form f(ﬂ'() ® 7'('()) (which has rank at most
r — 1 because image(r) C U and rank(f|lygy) < r — 1), we get k vectors vy,...,v, € V with
k < 3(r —1)/2 such that
k
f(r(z)@7(y)) = Z flx®v)f(y®v;) for all z,y € V. (B.3)
i=1

Combining Equations (B.2) and (B.3), we get

k

f@oy) =flzev)flyev)+ ) f@ouv)flyouv) foralaycV,
=1
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as desired (noting that k + 1 < 3r/2).
Case 2: f(v®v) = 0 holds for all v € V. Since rank(f) > 1, there exist v,w € V such that
flv®w) = 1. It follows from the case assumption that v and w are linearly independent. Define a

subspace
U={ueV|fluedv)=flueow)=0} CV.

The rest of the argument is entirely analogous to Case 1. Since U N span{v,w} = {0} we have
dimU < dimV — 2. Due to ker(Ty) C U, we then have rank(f|ygy) < r — 2. Define a linear map
m:V — V by letting

m(r) =z — fz@v)w— f(r@w)v for all x € V.
Similarly to Case 1, it is easy to verify that
flr(x)®@v) = f(r(x) @w) =0 for all x € V,
and hence the image of 7 is contained in U. Furthermore, for each z,y € V one gets

f(n(z) @ (y))
=flzey) - frev)flyow) - flt@w)f(y@v)
=flzey) - frev)flyev) - fEew)fly@w) - fze (v+w)fly® (v+w)).

As in Case 1, we then apply the induction hypothesis to decompose f (7r(ac) ® W(y)) into the sum
of at most 3(r — 2)/2 terms of the form f(z ® v;)f(y ® v;). Thus f(xr ® y) can be written as the
sum of at most 3(r — 2)/2 4+ 3 = 3r/2 such terms, as desired. O

Lemma B.5. Let V be a finite dimensional Fo-vector space, and let Q, W C V be linear subspaces
such that Q C W. Denote ¢ = dim Q. Let { be a positive integer such that ¢ +2 < £ < dim W.
Then for any bilinear form f:V @ V' — Fy such that rank(f) > 2 + 2 codim W, we have

P k <1|lQ cUu| g2v--9/2
veawo [rank(f|ygu) <1|Q C U] ,

Proof. Let g = flwgw. By Proposition B.1, the assumption that rank(f) > 2+ 2 codim W implies
rank(g) > 2. It suffices to work with the restricted map g in the rest of the proof.

Let ¢/ = | (£—q)/2| > 1. To pick a uniformly random U € Gr(W, ¢) that contains @, we first pick
uniformly random subspaces Uy, Us € Gr(W,{') independently, and then pick a uniformly random
U € Gr(W, ) conditioned on Q,U;,U; C U. Since we always have

rank(f|lygr) = rank(glver) = rank(glv,eu,),

it suffices to show that
P rank <1 < 23—t
UL, Us€Gr W) [ (g|U1®U2) ]
As in the proof of Proposition B.1, we let (y, : Uy — W and (y, : Uy — W be the two
canonically defined embedding maps. Then we have

rank(g|v, gu,) = rank (LJ{JQ oTyouy,).

Note that
rank(Ty o vy, ) = dim(Uy + ker(Ty)) — dim ker (7).
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Therefore, denoting w = dim W and r = rank(g) = w — dimker(7},), we can calculate

P [rank(T} o vp,) < 1]

U1 €Gr(W,)
= UleGIrFZW,E’) [dim(U; + ker(Ty)) — dimker(Ty) < 1]
S P Ui CK

Z U €Gr(W, ") [ L= ]

KeGr(W,w—r+1), KDker(Ty)
_ -1 ;
w—r+1] [w]™? qu—r—itl _
<(2T—1>-[ p ] M =@ -0 ]l w1
2 2 i=0
<2 (2*”1)‘/ <2 2, (using r > 2 and ¢/ > 1)

Similarly, since

rank (LJ([JQ oTyouy,) = dim (U + ker (LTUI o Tg)) — dim ker (LTUl o TgT),

an analogous calculation shows

GIPZ P [rank (LTUQ oTyo LU1) < 1} < g—l'+2 whenever dim ker (L;r]l o TgT) <dim W — 2.
U eGr(W, 0/

But dim ker (LLI o Tg ) < dim W — 2 happens exactly when rank(7} o ¢r;,) > 2, the probability of
which has already been shown to be at least 1 — 2-¢+2 Therefore, we conclude that

P

Iallk ! oT,o 042 —0'+3
Uy, Uz € t Ly <1] <‘2‘2 — + ,
1,U2€Gr(W,0") |: ( Us 9 1) 2

as desired. O

C Covering Properties

C.1 Covering in the Outer PCP

Proposition 4.7. Let E be a tripled set. Fix nonnegative integers ¢1, g2 and a parameter 5 € [0,1).
Fix arbitrary tuples
A € (Fg;)ql and A € (F?)qQ.

Sample
(E/7 Ain7 Amid) ~ jout(E, 41,492, /8)

conditioned on the event {Aj, = A1} N {Amiqa = A2}. Then the resulting marginal distribution of
E’ is independent over triples of E. Furthermore, each triple of E is entirely included in E’ with
conditional probability at least 1 — 4917423,

Proof. We write ¢ = q1 + g2. Without loss of generality, we assume
E=[3k] and Triples(E) = {{3i — 2,3i — 1,3i} | i € [k]}

for some positive integer k.
Let P C E be the union of the supports of all vectors appearing in the fixed advice sequences
Ay and A,. For each i € [k], let

P={je{1,2,3}|3i—3+j€ P}
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Consider a sample
(E,7 Ain» Amid) ~ jout([?)k’}a q1, 92, 5)

conditioned on the event {Aj, = A1} N {Amia = A2}. Under this conditioning, the marginal
distribution of E’ is independent over the triples of E: for every i € [k],

(1) if |P;| > 2, then 3i — 2,3i — 1 and 3i are all included in E’ with probability 1;

(2) if P; is a singleton set {j}, then 3i — 2,37 — 1 and 3 are all included in £’ with probability
1 — 11, and with probability 7 only 3¢ — 3 + j is included in E’, where

- (8/3)(1 — 279) _ omup
M= BB -2+ (1-pB)(1—2922  223+3(1—p)

<2%B;  (C1)

(3) if P, = (), then 3i — 2,3i — 1 and 3i are all included in E’ with probability 1 — ng, and with
probability 7y only (a uniformly random) one of them is included in E’, where
B-274 2243

= = 2
=5 9= (1-B)23 225+ (1 f) < 27p. (C.2)

In each of the above three cases, the triple {3i — 2,3i — 1,3i} is included entirely in E’ with
probability at least 1 — 2293 = 1 — 4017¢ 3, 0

Proposition 4.8. Let E be a tripled set. Fix nonnegative integers q1, g2 and a parameter 5 € [0,1).
Fix an arbitrary tuple A; € (F£)9. Sample

(Ela Ain, Amid) ~ jout(E7 q1, 42, /8)

conditioned on the event {A4;, = A;}. Then the resulting marginal distribution of Apq has total
variation distance at most 491792 3,/|E|/3 to the uniform distribution over (F%)%.

Proof. As in the proof of Proposition 4.7, we assume
E=[3k] and  Triples(E) = {{3i —2,3i —1,3i} |i € [k]}

for some positive integer k. Let P C E be the union of the supports of all vectors appearing in the
fixed advice sequences A;. For each i € [k], let P, = {j € {1,2,3}|3i — 3+ j € P}. We organize
the proof into the following two steps.

Step 1: description of the distribution. Similarly to Equations (C.1) and (C.2), we let

22013
)

Let Dy be the uniform distribution over

22013
0T Pag (=)

<2’ and < 2208,

(FgQ)S = {(x(l)yl‘(z), x(3)) ‘ x(1)7$(2)7x(3) are vectors in IFgQ} .
For each j € [3], let D; be the uniform distribution over the subset
{(93(1),$(2),x(3)) € (F2)? ‘ 2@ =0 for all i € [3] \ {j}} C (FE2)3.

For each i € [k], we define a distribution D®) over (Fgl)?’ as follows (according to the conditional
distribution of E' N {3i — 2,37 — 1, 3i} described in the proof of Proposition 4.7):
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(1) if |P| > 2, let DY) = Dy;
(2) if P; is a singleton set {j}, let D be the mixture (1 — 1;)Dg + mD;;
(3) if P, =0, let D@ be the mixture (1 —19)Do + 210D1 + L10Da + 110Ds.

It is straightforward to verify that in each of the above three cases, for any tuple X € (IF%Q)‘3 we
have

‘\/D /Dg ) ‘ ‘D(Z /Do( ) —1 < 22q2 max{ng, 771} < 22%‘1‘2‘11/8. (Cg)

Now consider a sample

(E', Ain, Amid) ~ Jout([3K], a1, g2, B)

conditioned on the event {A;, = A;}. The conditional distribution of E’ is as described in the proof
of Proposition 4.7 and does not depend on ¢s. It is then easy to see from the proof of Proposition 4.7
that the conditional distribution of Aniq is the output distribution of the following process:

1. For each i € [k], sample a tuple of three vectors (w(?”'*Q), x(3i*1),x(3")) ~ D),

2. Form the 3k-by-g2 matrix X € ngxq? whose i-th row is z(*) for each i € [3k]. Let M p denote
the resulting distribution of X.

3. Output the ¢o columns of X.

Step 2: tensorization of Hellinger affinity. It now suffices to show that Mp is close to
uniform over ngm (the space of 3k-by-go matrices).
For each i € [k], by Equation (C.3) we have that the squared Hellinger distance between D)

and Dy is
1 \/ 2 . _
- D) 'D 1 <2 q1+4q2—1 32
2m0[< X)/Do(X) - )] 8,

and therefore the Hellinger affinity between D and Dy is

S oommm -1t Y (Y0 - o) s 1 e

Xe(Fi?)3 XG(Fq2

The Cartesian products
k k
[[P?=Mp and  [][Do=DF*
i=1 i=1

define two distributions over ngxq2. By the tensorization of Hellinger affinity over product distri-
butions, we have

Z \//\/lP(X)DS@Ic H Z \/PO(X)Do(X

Xery =1 Xe(FR)?

> (1 _ 24(11+4q2—1I8 ) > 1— 24q1+4q2_lﬁ2k.
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Consequently, the squared Hellinger distance between Mp and Dggk is

L (v - B ottt

XeFaFra2

and hence by Cauchy-Schwarz,” the total variation distance between Mp and DSM is

% > ’MP(X) —~ Dg@k(X)] < V2. /2a+He 152 = 2201208/ < 2atesy . O
XeFaFrae

C.2 Covering in the Middle PCP

Proposition 5.4. Let E be a tripled set. Fix a parameter 8 € [0,1) and nonnegative integers
q1, G2, £ such that |E| > ¢ > ¢o. Fix arbitrary tuples

A € (FHHn and Ay € (F¥)% such that dimspan(As) = go.
Sample
(B, Ain, Amia, U) ~ Tmid(E, q1, g2, 58, 0)

conditioned on the event {Aj, = A1} N {Amiqa = A2}. Then the resulting marginal distribution of
U has total variation distance at most

40+03.\/|E|/3 + 2 1P
to the uniform distribution over the set {U € Gr(F¥, () ! span(Az) C U }.
Proof. We write q = q1 + q2 and ¢/ = £ — gs.

According to Definition 5.1, when (E’, A;,, Amid, U) is sampled from Jmia(E, g1, g2, 5, £), a vector
sequence A’ € (Ffl)él is generated, and then U is taken to be the sum span(Apmig) + span(A’). Let

Ain ) Amid € (Fg/)q1+QQ

denote the concatenation of the two vector sequences A;j, and Aniq. Note that before any condi-
tioning, the distribution of (E’, Ajy W Apnig, A’) is identical to Jout(F, q, ¢, 5). Therefore, it follows
from Proposition 4.8 that after conditioning on {Aijn = A1} N {Amia = A2},

the distribution of A’ is (4‘7"’[/ BVIE|/ 3) ~close to uniform over (FZ)*. (C4)
Since dim span(Az) = g9, it is easy to see that
P [dim(span(Az) +span(A)) =¢] >1— 2t~ IEl, (C.5)
Ac(FEYY

Furthermore, if A € (FQE)” is a uniformly random vector sequence, then the distribution of
(span(Asz) 4 span(A)) conditioned on the event

{dim(span(Asz) + span(A4)) = ¢}

is uniform over the set {U € Gr(F¥, ()| span(Az) C U}. Therefore, it follows from Equations (C.4)
and (C.5) that conditioned on {Aj, = A1} N {Amia = A2}, the distribution of U = (span(Amig) +
span(A)) has total variation distance at most

418 3 /|E|/3 4 27 1Fl = 40 +lg. /| E| /3 + 2t 1E
to the uniform distribution over {U € Gr(F¥, ()| span(A;) C U}. O
"For any two probability vectors p,q € R, we have ||p — q|l1 < |ly/® — vall2 - IvP + Vall2 < 2|lv/P — Vallz-
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C.3 Covering in the Inner PCP

Proposition C.1. Fix positive integer k,¢ and finite sets ¢, . .., 2% with |<7;| = k for each j € [t].
Suppose that for each j € [t] there is a probability distribution p; over .27 and a surjective map
m; : @; — 9B; onto some finite set %;. Let 7 : Hz-:l ol — H;Zl %; be the coordinate-wise map
defined by

m(ay,...,ar) = (m(a1),...,m(at)) for all (ai,...,a) € H§:1 ;.
Define a probability distribution u on H§:1 a/; to be the output distribution of the following process:
1. Sample a uniformly random index ¢ € [t].
2. Sample a. ~ fi.. For each j € [t] \ {c}, sample a; uniformly at random from .o7;.
3. Output (aq,...,a).
For each b € szl HAj, let dist(b) be the total variation distance between

(1) the distribution of a ~ p conditioned on the event {m(a) = b} (if Pg~y [7(a) =b] = 0, let
dist(b) = 1), and

(2) the uniform distribution over the subset 7=1({b}) C H§:1 ;.

Then we have
k
E |dist <t/
aNM[ ist(7(a))] g
Proof. For each j € [t], let f; : @/; — [0,400) be the probability density function of x;; that is, let
fila) =k - p;i({a}) for all a € 7. It is then easy to see that the probability density function of x
is given by

f(ah N

<~4~\>—~

t
Z for all (aq,...,a) enzzl%-
For each j € [t], let g; : B; — | ) be defined by

+
{ wen iy Wi(a)]s i ({by}) # 0,

otherwise.

For each b € H;Zl B, let

Zgj = LB, @),

For any b € H;:1 2; that lies in the support of g, the total variation distance between the
distribution of a ~ u conditioned on {m(a) = b} and the uniform distribution over 7=!({b}) is

1 f(a) H 1
— - E -1 € —— Var a by Cauchy-Schwarz
acr~1({d}) H \/aeﬂ‘l({b}) F(a) (by Y )

2 9(b) 29(b)
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t
1
S & E fila f; is upper-bounded by k
2-9(0) ; ey N s )
S 1 : (by the definition of g(b))
2 nition
2\ t-g(b) y g

Let v be the distribution of 7(a) when a is sampled uniformly from H§:1 <7;. We then have

o [dist((a))?] = E [9(b) - dist(n(a))?] < E [ft] — 4%’

and hence E,, [dist(7(a))] < \/k/(4t) by Cauchy-Schwarz. O

D Grassmann Decoding Theorem

D.1 The Expansion Theorem

Definition D.1. Let n, ¢, ¢ be nonnegative integers such that n —q > ¢ > ¢+ 1, and let € € (0,1).
Suppose £ C Gr(F3,/¢) is a set of subspaces. We say that L is (q,¢e)-pseudorandom if for any
subspaces @ € Gr(F3,q) and W € Gr(F4,n — q) such that Q@ C W, we have

Lec%g,@ [LeL|QCLCW]<e,

Definition D.2. Let n, ¢, ¢ be nonnegative integers such that n —q > ¢ > ¢+ 1, and let € € (0,1).
A function f: F3* — {0,1} is said to be (g, €)-pseudorandom if for any matrices

VieFyY, ZieFyY Yo eFY" and  Zy € FYY,

such that {X € nge

XY, =7 and Yo X = ZQ} is nonempty, we have

E [f(X)|XY1 =2 and Y2X = Z5] <.
XeFpx*

Lemma D.3 ([MZ26, Lemma A.18]). Let n,{,q be nonnegative integers such thatn—q > € > q+1,
and let € € (0,1). Suppose L C Gr(F3,0) is (q,¢)-pseudorandom (in the sense of Definition D.1).
Define a function f : F3*¢ — {0,1} by

F(X) = {1, if rank(X) = ¢ and col(X) € L,

0, otherwise.

Then f is (q,4¢)-pseudorandom (in the sense of Definition D.2).
Definition D.4. Given a function f : FSXZ =R, welet Tf: nge — R be the function defined by

TiX) = E /(X +11Y2)]. (D.1)
Y1€F3x17y2€]17§><é
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Lemma D.5 ([EKL23, Theorem 69]). There is an absolute constant C' > 0 such that the following
holds. Let n,f,q be nonnegative integers such that n —q > £ > g+ 1. Then any (q,2_0q2)-
pseudorandom function f : FSXZ — {0,1} satisfies

(f,Tf) <27™E[f].

Lemma D.6. There is an absolute constant C > 0 such that the following holds. Let n,f,q be

nonnegative integers such that n —q > ¢ > q+ 1. Then any (q, Q*qu)—pseudomndom subset
L C Gr(Fy,¢) satisfies

P [Li,Lre L] <277%%. P [LeL].
(L1,L2)~G(F3,0) LeGr(Fg 0)

Proof. If ¢ = 0 the conclusion obviously holds. We assume ¢ > 1, and let C' be the constant
from Lemma D.5. Suppose £ C Gr(F3,¢) is (q, 2*(C+2)42)—pseudorandom. Define a function
f o FP = {0,1} from £ as in Equation (D.1). By Lemma D.3 we know that f is (g, 2-0a%).
pseudorandom (in the sense of Definition D.2).

If X € F*‘, v; € F3*! and Ys € FL*4 are independent and uniformly random, then conditioned

on the event
{rank(X) = ¢} N {Y1 ¢ col(X)} N {Ya # 0}, (D.2)

the pair (col(X),col(X + Y1Y2)) is a uniformly random edge of the Grassmann graph Gr(F%,¢).
Note that the probabibility of the event Equation (D.2) is at least 1 — 267 — 2= —2=¢ > 1/2,
Therefore, we have

1

P [f(X) = (X +Y1Y3) =1] 25

[Ll, Lg c E] (D3)
X€Fy, YieFy™!, vaeF) >

(L1,L2)~G(F3,0)

Since the left-hand side of Equation (D.3) is exactly (f, T f), using Lemma D.5 we can conclude
that

P Li,Loe L] <2(f, T <272 . E[f]<27%. P [Lecf]. O
(L1,L2)~Q(Fg,€)[1 2 € L] <2(f,Tf) [f] LeGr(M)[ ]

D.2 From Expansion to Decoding

Theorem D.7. There is an absolute constant C > 0 such that the following holds. Let n,{,q be
nonnegative integers such that n —q > € > q+ 1. Suppose F[-] is a table where F[L] € L* U {nil}
for each L € Gr(F3,0), such that

P FIL ~ FIL | =27+ D.4
s Fas [P, = FlEallc, 0.1
Then there exist a linear map f : F§ — Fy and subspaces Q € Gr(Fy,q), W € Gr(F3,n — q) such

that Q C W and
P |F[L]= ‘ CLCW]|>207
LEGr(IFg,Z)[ L= fl|QEeLc }

Proof. For each linear functional f : F3 — Fa, let £L; denote the set of subspaces L € Gr(IF3, /)
such that F'[L] = f|,. We have

[Le .cf]] = E [fe(]gg)* [f\L - F[L]H =92, (D.5)

E [ P =
fe(FD)* | LeGr(Fy,0) LeGr(F3,0)
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Furthermore,

Lutae )| - P [flu = Pt and £y, = P

E P [
fe(®y)* L(L1,L2)~G(F3 L) (L1,L2)~G(Fy,0) | fe(Fy)*

(D.6)
Note that for any edge (L1, L2) of the Grassmann graph Gr(F%, ¢) such that
FlLillp,np, = FlL2lln,az,
we have
P | fly, = Flli]and f|y, = L] = 27
retyye [Flos = FlEaJand flp, = FLs)
Therefore, combining Equations (D.4) and (D.6) yields
E [ P [Ly,Ls € ﬁf]] > 27t gmatt = g ls, (D.7)
fe®3)* [(L1,L2)~G(F3.0)

Combining Equations (D.5) and (D.7), we know that there exists a linear functional f € (F§)* such
that
P [Li,Lye Ly] >279"2. P [LeLy].
(L1,L2)~G(FZ,0) LeGr(F3 )
It then follows from Lemma D.6 that L£; is not (g, 2*Cq2)—pseudorandom, which is exactly the
desired conclusion. O

Theorem 3.2. There is an absolute constant C' > 0 such that the following holds. Let n,¢,q be
nonnegative integers such that n —q > € > q+ 1. Suppose F[-] is a table where F[L] € L* U {nil}
for each L € Gr(F3,0), such that

P F|L = F|L > 9—q+5 31
(L17L2)NQ(IFS,E)|: [ IHLlﬁLz [ 2]|L1OL2} (3.1)

Then for at least 24— fraction of subspaces Q € Gr(F%,q), there exist a subspace W € Gr(Fy, n—q)
containing Q and a linear map f: W — Fo such that

LeGlI(DIFg,e) [F[L] =flp ‘ QCLC W} > 9-0a,

Proof. We take C' to be the same constant as in Theorem D.7. Let Q be the collection of subspaces
Q € Gr(F%, q) that satisfy the desired property, and we will prove that

g2 n
Q] = 2797 (Gr(Fy, ).

In the rest of the proof, we assume on the contrary that |Q| < 2_‘1_£2|Gr(F§, q)|-
We define a table F'[-], where F'[L] € L* U {nil} for each L € Gr(F%,¢), as follows:

F'[L] =

nil, if Q@ C L for some Q € Q,
F[L], otherwise.

We thus have

[FlILl# P <y, P [QCL=1Q [zquml

P
LeGr(Fg,q) QEQLGGr(FS,q) 2

91



—1
<9l on(l—q) , 9l(n—f) _ 10| - 2[2_nq < 262’Q‘ ) |:7”L:| <279,
912

Therefore, it follows from the assumption Equation (3.1) that

/ —F —q+5 _ 9 .90 5 9—qt+4
(Ll,Lz)IBg(lFS,z) [F [LIHLN‘M =F [L2HL10L2} > 2 22722 '

Applying Theorem D.7 to the table F” yields subspaces @ € Gr(F%,q), W € Gr(F4,n —q) such that
Q CW and

P [F’L _ ‘ CLCW] > 9-Cd”, D.8

LEGr(F2 0) E=fljeels (D-8)

By the definition of Q, this implies that @ € Q. However, as F'[L] = nil for any @ € Q, the
left-hand side of Equation (D.8) must be 0, which is a contradiction. O

Lemma D.8. There is an absolute constant C > 0 such that the following holds. Let n,¢,q be

nonnegative integers such thatn—q > £ > q+ 1. Suppose 3 is a finite set and F[-] is a table where
F[L] € ¥U{nil} for each L € Gr(F%,¢), such that

(L17L2)~9(F§,e)[ (L] [L2] # ni ] (0.9)

Then there exist an element o € ¥ and subspaces Q € Gr(Fy,q), W € Gr(F§,n — q) such that
QCW and
P [F[L] :a‘QngW] > 907,
LeGr(F3,0)

Proof. For each element o € ¥, let £, denote the set of subspaces L € Gr(Fy, ¢) such that F[L] = o.
We have

Le cg]} _ E [Jé”z o = F[L]]] -5 (D.10)

E P =
o€ | LEGr(FY 0 LeGr(F,0)

Furthermore, due to the assumption of the lemma, we have

E [ P [L1, Ly € 50]] = E [ P [0 =F[L]= F[LQ]]]
o€ | (L1,L2)~G(F5 ,0) (L1,L2)~G(F5 ,0) |o€X
! P F[Li] = F[L 2 o
- . = i1] > . (D.11
=] (Ll,L2>~g<F3,Z>[ L] = FlL) 721 DI

Therefore, combining Equations (D.10) and (D.11), we know that there exists an element o € X
such that
P [L1,Ly € L,] >279%2. P [LeL,].
(L1,L2)~G(F3,0) LeGr(Fy,0)
It then follows from Lemma D.6 that L, is not (q,2_cq2)—pseud0random, which is exactly the
desired conclusion. O

Theorem 3.3. There is an absolute constant C > 0 such that the following holds. Let n,{,q be
nonnegative integers such that n—q > € > q+ 1. Suppose ¥ is a finite set and F[-] is a table where
F[L) € ¥U{nil} for each L € Gr(F3,0), such that

(L1,L2)~G(F3 L) [L1] [L2] # ni ]
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Then for at least 24— fraction of subspaces Q € Gr(F3,q), there exist an element o € ¥ and a
subspaces W € Gr(F5,n — q) containing Q such that

P |F) = ’ CLCW| =202,
LeGr(Fg,z)[ Ll=cjQCLC ]

Proof. One can use Lemma D.8 to prove Theorem 3.3 in an entirely analogous way to how Theo-
rem D.7 is used to prove Theorem 3.2. O

E List Decoding Bounds

The following lemma is from [KMS25, Theorem B.1] (see also [DKK™25, Lemma 3.1]).

Lemma E.1 ([KMS25, DKK*25]). There is an absolute constant C' > 0 such that the following
holds. Let n,l,b be positive integers such that n > 2¢ and 40 < b < ¢/4. Suppose F[-] is a table
where F[L] € L* for each L € Gr(F3,{), such that

P [FL — F[L > e,
(L1,L2)~G(F3 L) Filleio, ol | > €

for some parameter € € [247Y/% 1], Then there exists a linear map f : F§ — Fo such that

P F[L] = >0l
LEGr(IFg,Z)[ 2] f‘L} c

Lemma E.2. There is an absolute constant C' > 40 such that the following holds. Let n,£,b be
positive integers such that n > 2¢ and C < b < /4. Suppose F[] is a table where F[L] € L*U{nil}
for each L € Gr(F3,0), such that

P [FL — FIL > e, E.1
(L1,L2)~g(]Fg,€,b) [ 1HL1QL2 [ 2]|L10L2 € ( )

for some parameter € € [24_b/4, 1]. Then there exists a linear map f : Fy — Fy such that

P F[L] = > e,
LeGr(IFg,Z)[ o f|L} ¢ e

Proof. We define a random table F'[-] as follows: for each L € Gr(F%, ),
(1) if F[L] # nil, let F'[L] = F[L];
(2) if F[L] = nil, pick a uniformly random linear functional h € L* and let F'[L] = h.

Therefore, for each L € Gr(FF}, £) the entry F’'[L] always takes value in the space L*.
For any fixed linear map f : [} — Fo, the random variables

Z;(L) =1 [F’[L] = f|, and F[L] = nil] for L € Gr(F%, ¢)

take values in {0, 1}, have expected values at most 2=¢ and are mutually independent. Therefore,
by Chernoff bound we have

1 1
P Zp(L) = 27| <exp <—-2—f- Gr(F3, ¢ )
P Gr(IE‘Q,E)\Leg(%ge) ! 3 Gr(E3, 01
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< eXp <_; . 23(77,—3—1)) < 2—71,

where in the last transition we used the condition that n > 2¢ > 320. By a union bound over all
linear maps f : F} — Fy, it follows that with nonzero probability over F’ we have

E Ze(L)] < 217¢.
LEGr(IE‘g,E)[ f( )]

In other words, there exists a realization of the random table F”[-], which we denote by Fy[], such
that

(1) for each L € Gr(F3, ), we have Fy[L] € L*;
(2) for each L € Gr(F%,¢), we have Fy[L] = F[L] whenever F[L] # nil;

(3) P [FO[L] = f|, and F[L] = nil} < 2! for any linear map f : Fy — Fy.
LeGr(F3 0)
Since Fp[-] only replaces the nil values in F'[-], it is clear that Equation (E.1) also holds for Fp,
ie.

P [F L — RIL ] >,
(o Ly o) olL1llz,nr, = Follallp,nr, | =€

and hence we may apply Lemma E.1 to obtain a linear map f : F§ — Fa such that

P L] = > C7led
LeGY(W)[ oLl = 1. | > C7'e,

for some absolute constant Cyp > 0. Combining this with the second and third properties of Fp|:]
listed above, it follows that

P F[L] = > Cted — 21t > (20 te?
pec o [FILI = f11] 2 Cite (2C0) 7<%,

where the last transition holds as long as €? - 2¢ is sufficiently large. O

Corollary E.3. There is an absolute constant C > 40 such that the following holds. Fizx positive
integers n,£,b and a nonnegative integer q such that n > 2¢ and C(q+ 1) < b < /4. Let Q €
Gr(F3,q) be a subspace. Suppose F|-| is a table where F[L] € L* U {nil} for each L € Gr(F%,?),
such that

FlLallpnz, = Fllallpng, [Q € Lis L] >, (E2)

P
(L17L2)Ng(]ngévb)

for some parameter € € [27%8 1]. Then there exists a linear map f : F§ — Fy such that

P F[L] = CL| >0 27343,
LeGr(FQ,Z)[ 2] f’L‘Q_ } c

Proof. Since there are exactly 29 linear functionals () — [y, there exists a linear functional h € Q*
such that

P [FL — FIL d FIL :h‘ CL,L})T‘J, E.3
i Erss o [l = Filallng, and FiLlg=h|QE La o] > 2% (£3)

Let Q¢ € Gr(Fj,n — ¢q) be a linear subspace such that @ N Q° = {0}. Define a table F'[] as
follows: for each L € Gr(Q¢, ¢ — q) containing @,
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(1) if FIL 4+ Q] #nil and F[L+ Ql|g = h, let F'[L] = F[L + Q] ;
(2) if F[L+ Q] =nil or F[L + Q]| # h, let F'[L] =nil.

It then follows from Equation (E.3) that

P [F’L — F[L }22*%
(Ll,L2)~g(QC,€—q,b—q) [ 1”L1I’7L2 [ 2HL1I’7L2 €

Applying Lemma E.2 to the table F'[-] and then translating the conclusion back to F[-] yields the
desired result. O

Lemma E.4. Fiz positive integers n,{,b, a nonnegative integer q and a parameter n € (0,1) such
that

n > 20, Clg+1)<b< t/4, and  n=27Y8

Let Q € Gr(Fy,q) be a subspace. Suppose F[-] is a table where F[L] € L* U {nil} for each
L € Gr(F5,0). Let fi,..., fm : F5 — Fy be the list of all linear functions f : Fy — Fo such that

LeGl%Fg,z) [F[L] =flc ’ Qc L] Z 1.

Then we have m < 2/n and
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