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Abstract

We prove that, for every constant € > 0 and every function f : ¥ — {0, 1}, there is a coalition of
O(n/+/logn) coordinates and a target output b € {0, 1} such that, after the remaining coordinates are
sampled uniformly and independently, the coalition can choose its values to make the output equal to b
with probability at least 1 — €. The bound is independent of the alphabet size and also holds for mono-
tone Boolean functions on [0, 1]™, resolving a conjecture of Friedgut (Combinatorics, Probability and
Computing, 2004). Unlike the Boolean cube setting, where Kahn, Kalai, and Linial (FOCS, 1988) give
a coalition bound of O(n/logn), no sublinear bound independent of the alphabet size was previously
known.

In collective coin flipping, our result gives the first sublinear bound on the number of bad players
needed to force a fixed output with probability at least 1 — € in any one-round protocol with independent
uniform messages, regardless of the message length.

A key ingredient in our proof is an encoding that lets us relate the influence of a function on a product
space to the p-biased influence of the encoded function. We then rely on a structure theorem of Hatami
(Annals of Mathematics, 2012) for functions with small p-biased influence to bias the encoded function.

1 Introduction

The Kahn—Kalai-Linial (KKL) theorem [KKL88] is a fundamental result in the analysis of Boolean func-
tions. It states that every balanced Boolean function f : {0,1}" — {0, 1} has a coordinate with influence at
least Q(log n/n), where the influence of a coordinate is the probability that changing its value changes the
output. An important consequence is that a small coalition of coordinates can almost determine the output.
More precisely, for every constant ¢ > 0 and any target output b € {0, 1}, there is a set of O(n/logn) co-
ordinates such that, after the remaining coordinates are sampled uniformly and independently, the coalition
can choose its values to make the output of f equal to b with probability at least 1 — ¢.

The same question can be asked for functions f : 3™ — {0, 1} over an arbitrary finite alphabet 3.
Does a sublinear coalition still suffice, with a bound independent of |X|? In this setting, the influence of
a coordinate is the probability that, after the remaining coordinates are sampled uniformly and indepen-
dently, its value can be chosen to make the output either 0 or 1. Bourgain, Kahn, Kalai, Katznelson, and
Linial (BKKKL) [BKKKL92] extended the KKL theorem to these product spaces. Their theorem states
that every balanced function has a coordinate with influence at least ©2(log n/n), with no dependence on the
alphabet size. More generally, their theorem also applies when each coordinate is uniform over [0, 1] and
f:[0,1]" — {0,1}.!

*This work was supported in part by NSF Award CCF-2514586.
'In the continuous setting, we consider Boolean functions on [0, 1]™ that are either monotone or Borel measurable, with proba-
bilities taken under Lebesgue measure.
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However, the consequence for coalitions no longer holds: a small coalition need not be able to force an
arbitrary target output with probability close to one. To see this, consider a finite-alphabet version of the
example discussed by Friedgut [Fri04]. Set ¥ = {0,1,...,n — 1} and define f : ¥ — {0, 1} by

f(z)=1 <= x; #0foreveryi € [n].

The probability that f(z) = 1is (1 — 1/n)", which tends to 1/e. Every coordinate has influence (1 —
1/n)"1: it can determine the output exactly when all the other coordinates are nonzero. Nevertheless, a
coalition of s = o(n) coordinates can make the output equal to 1 with probability at most (1 — 1/n)"~%,
which still tends to 1/e. This is because every coordinate outside the coalition must be nonzero, regardless
of how the coalition chooses its values. In contrast, a single coordinate can force the output to be 0 by setting
its value to 0.

This example illustrates why repeatedly applying BKKKL does not give the same coalition guaran-
tee. For this discussion, it suffices to consider monotone functions (see Claim 2.2). For a monotone Boolean
function on {0, 1}", fixing a coordinate to 1 gives a function on the remaining coordinates whose expectation
is larger by half the influence of that coordinate. Fixing it to 0 instead gives a function whose expectation is
smaller by the same amount. We can then apply KKL to the restricted function and repeat, making progress
towards the same target output at each step. For a monotone Boolean function over a larger ordered alpha-
bet, fixing a coordinate to its largest value increases the expectation of the restricted function, while fixing
it to its smallest value decreases it. The sum of the increase and the decrease still equals the influence, but
one may be much smaller than the other. In the example above, fixing a coordinate to a nonzero value gives
a function whose expectation exceeds the original expectation by only (1 — 1/n)"~! /n, despite the coordi-
nate having constant influence. Thus, BKKKL may give an influential coordinate for which no restriction
makes substantial progress towards our chosen target. Choosing whichever target gives the larger change in
expectation does not resolve the issue: after restricting a coordinate, the next step may move the expectation
in the opposite direction.

The example leaves open whether a small coalition can always force at least one of the two outputs.
Friedgut [Fri04] conjectured that this is indeed the case, formulating the question for Boolean functions on
[0, 1]™. In the finite-alphabet setting, the question asks whether, for every constant ¢ > 0 and every function
f 3™ — {0,1}, there is a set of o(n) coordinates, with a bound independent of |X|, and a target output
b € {0, 1} such that, after the remaining coordinates are sampled uniformly and independently, the coalition
can choose its values to make the output equal to b with probability at least 1 — . Towards this, Filmus,
Hambardzumyan, Hatami, Hatami, and Zuckerman [FHHHZ19] showed that, under any product distribution
on {0, 1}", a coalition of O(nloglogn/logn) coordinates can force some fixed output with probability at
least 1 — ¢, for any constant € > 0. This allows arbitrary coordinate biases, but encoding larger alphabets as
bits introduces a dependence on the message length.

We resolve Friedgut’s conjecture, obtaining a coalition of size O(n/+/logn) in both the finite-alphabet
and continuous settings.

Theorem 1 (Informal version of Theorem 3.1 and Corollary 3.2). For every constant € > 0, every finite
alphabet ., and every function f : X" — {0,1}, there is a coalition of O(n/+/logn) coordinates and a
target output b € {0, 1} such that, after the remaining coordinates are sampled uniformly and independently,
the coalition can choose its values to make the output equal to b with probability at least 1 — €. The implicit
constant depends only on €. The same guarantee holds for monotone functions as well as Borel measurable
Boolean functions on [0, 1]".

Recall that, on the Boolean cube, KKL gives a coalition of size O(n/log n). In the other direction, Ajtai
and Linial [AL93] showed the existence of almost-balanced functions f : {0, 1} — {0, 1} that are resilient



to coalitions of size 2(n/(logn)?). More precisely, for every constant § > 0, there is a constant ¢ > 0 such
that every coalition of at most cn/(log n)? coordinates can change the probability of either output by at most
5. This leaves a gap between the lower bound of €2(n/(log n)?), which already holds on the Boolean cube,
and our upper bound of O(n/+/logn).

Connection to collective coin flipping. The study of influential coalitions originated in collective coin
flipping, introduced by Ben-Or and Linial [BL85], where players try to agree on a random bit despite adver-
sarial faults. This is a fundamental problem in fault-tolerant distributed computing and has been extensively
studied (see the survey of Dodis [Dod06]). In the full information model, players broadcast messages using
independent private randomness. An unbounded adversary controls a fixed set of bad players and chooses
their messages after observing the good players’ messages in the current round. For one-round protocols
with uniform messages from Y, this is exactly the setting discussed above: each coordinate is a player’s
message, the function f : ¥ — {0, 1} determines the output, and controlling a player allows the adversary
to choose that coordinate after observing all coordinates outside the coalition.

Thus, for single-bit messages, KKL shows that O(n/logn) bad players suffice to force a fixed output
with probability at least 1 — e, for any constant € > 0. Our result gives a bound of O(n/+/log n) bad players,
regardless of the message length.

1.1 Proof Overview

We explain the main ideas in the proof of Theorem 1 for monotone functions f : [r]” — {0, 1}, where
[r] = {1,...,r}. Throughout this overview, we fix a constant error £ > 0. As discussed above, repeatedly
choosing an influential coordinate need not make progress towards the same output. Our approach is to
decrease the expectation towards 0 for as long as we can make sufficient progress, and then show that a
small coalition can force 1 if this process stops.

For a monotone function A : [r]” — {0,1}, let J?(h) denote the increase in the probability of output 0
when coordinate j can be chosen after observing the remaining coordinates, which are sampled uniformly
and independently. By monotonicity, this is exactly the decrease in expectation obtained by fixing coordinate
j to its smallest value. Set J°(h) = > J?(h). (See Section 2.1 for formal definitions.) Our key result is
that, if E[h] > & and J°(h) < 7 for 7 > 0, then a coalition of exp(O(72)) coordinates can force 1 with
probability at least 1 — . The implicit constant depends only on . This is formally stated as Lemma 3.3.
Thus, small total influence towards 0 gives a small coalition that can force the opposite output.

Before proving the above key result, we show how it directly implies our theorem. Starting with f,
we repeatedly fix coordinates to their smallest value to decrease the expectation. Set § = cy/logn/n for a
sufficiently small constant ¢ > 0. As long as the expectation exceeds € and some coordinate has J? >0,
we fix that coordinate to its smallest value, namely 1. Each step decreases the expectation by at least §, so
there are at most 1/6 = O(n/+/logn) such steps. If the expectation falls to at most &, then the coordinates
we fixed form a coalition forcing the output O with high probability, as desired. Otherwise, the remaining
function has expectation greater than ¢ and total influence towards 0 at most nd = cy/logn. Applying
Lemma 3.3, we obtain a coalition of size exp(O(c? logn)) that can force the output to be 1 with probability
at least 1 — . For sufficiently small ¢, this coalition has size at most y/n. By monotonicity, this coalition
biases the output towards 1 even without controlling the previously fixed coordinates. Thus, in either case,
we obtain a coalition of size O(n/+/logn).

We next explain how to prove Lemma 3.3, the central ingredient in our argument. Our starting point
is a theorem of Hatami [Hat12] that gives a small coalition whenever the total p-biased influence is small.



For a Boolean function on independent bits that each equal 1 with probability p, the p-biased influence
of a bit is the probability that independently resampling the bit from the same distribution changes the
output. The total p-biased influence is the sum of these probabilities over all bits. (See Definition 2.1 for a
formal definition.) The consequence of Hatami’s theorem that we use states that for a monotone function
on independent p-biased bits (where 0 < p < 1/2), with expectation at least £ and total p-biased influence
at most 7, a coalition of exp(O(7?)) bits can force the output to be 1 with probability at least 1 — ¢. The
bound depends only on 7 and €, even if there are arbitrarily many bits and p is arbitrarily small. (We refer
the reader to Theorem 3.4 for the precise statement.)

This gives a route to our lemma. Recall that we are given a monotone function & : [r]" — {0, 1} with
E[h] > € and J°(h) < 7. We encode each coordinate of h by independent p-biased bits so that the resulting
function has total p-biased influence at most O(7). We must also approximately preserve the expectation
and ensure that a coalition of bits biasing the encoded function gives a coalition of at most as many original
coordinates biasing h. Applying Hatami’s theorem to the encoded function would then give the desired
bound.

To obtain such an encoding, we represent each coordinate by independent bits that equal 1 with proba-
bility p. To do this, each bit is assigned a value in [r], and the encoding outputs the largest value assigned
to a bit that equals 1 (or 1 if all bits are 0). With suitable repetitions of the assigned values and sufficiently
small p, the output approximates the uniform distribution on [r]. The important property is that every (non-
constant) threshold function over [r| corresponds to an OR function over a subset of the p-biased bits. Since
fixing all other coordinates of a monotone h leaves a threshold or a constant function, this lets us bound the
total p-biased influence of the encoded function by 2 J°(h), up to an arbitrarily small approximation error.
This is proved in Lemma 3.5. Now applying Theorem 3.4 gives the desired coalition of bits. These bits
belong to at most as many original coordinates, so controlling those coordinates gives a coalition for h with
no dependence on 7, as desired.

Organization We introduce necessary background in Section 2. In Section 3, we prove our main result
that bounds the size of an influential coalition, using a reduction to the biased Boolean cube. We present
and analyze this reduction in Section 4.

2 Preliminaries

Notation. All logarithms, unless specified otherwise, have base 2. For b € {0, 1}, we write b to mean
1 —b. Forastring x € ¥" and a set S C [n], let zg denote its restriction to the coordinates in S, and
let x_g denote its restriction to the remaining coordinates. We use U] to denote the uniform distribution
over [r]”. When r is clear from context, we write U,,. For x, y in either {0, 1}" or [r]" or [0, 1]", we write
x < yif x; < y; forevery i € [n]. A Boolean function f on either domain is monotone if = < y implies

f(@) < fy).
2.1 Influence of Boolean Functions
We use two notions of influence: Influence on the biased Boolean cube and influence towards a fixed output

in product spaces.

p-biased influence. Let ji;; denote the distribution on {0, 1}" obtained by independently setting each bit
to 1 with probability p. When n is clear from context, we will just write z,,.



We use the following notion of influence with respect to the p-biased distribution, as in Hatami [Hat12].

Definition 2.1 (p-biased influence). Foranyn € N, p € [0,1], and function f : {0,1}" — {0, 1}, we define
the p-biased influence of variable i on f as:

I(f) = x;ru [f(@1, . @i, @, Tig1, - @) (@1, iy Yiy i1, -5 T |-
Y~ Hp

With this, we define the total p-biased influence of f as:
r(f)=> L)
i=1

Influence towards a fixed output. We next define the influence towards a direction. Before that, we need
notation for the probability that a coalition can force a given output.

Throughout, let 3 be a finite set, let n € N, let f : 3™ — {0, 1} be a function, and let o be an arbitrary
distribution on .. Let o™ be the product distribution obtained by sampling each coordinate independently
from o.

Fori € [n] and b € {0, 1}, we define the following quantity:

Pi’(f,a) = xr]i)gn [3] eEX: f(l‘l, N ,xi_l,j,a?iﬂ, ‘e ,xn) = b]
We also extend this notion to sets. For S C [n] and b € {0, 1}, define
Pi(f.0) = Pr [3j€%%: f(jos) =0].
x~o™

Often we do not mention the distribution o, in which case the underlying distribution is uniform over the
domain. We use the same definitions for monotone or Borel measurable functions f : [0,1]" — {0,1},
with each coordinate sampled uniformly from [0, 1] and coalition assignments chosen from [0, 1]°. These
probabilities are well defined when f is Borel measurable: coalition-success events are projections of Borel
sets, and hence are analytic and Lebesgue measurable.”> When f is monotone, the coalition can force output
b precisely when setting every coordinate in .S to b gives output b. The resulting restricted function is
monotone and hence Lebesgue measurable.
Using these, define the influence towards direction b € {0, 1} of coordinate i € [n] as:

JN(f.0) =Pi(f,0) = Pr [f(x)=1].

We finally define J'(f,0) = >, J}(f,0) and J°(f,0) = 3. IV(f,0). As above, when we omit o, the
underlying distribution will be the uniform distribution.
2.2 Monotonizing and Discretizing Boolean functions

We present results that let us without loss of generality assume that our given function is monotone and is
over finite alphabet.

2This is not true for functions f that are merely Lebesgue measurable. Hence, all our statements are stated only for monotone
f or Borel measurable f.



Monotonizing Boolean Functions When proving lower bounds on the influence of coalitions, it suffices
to consider monotone Boolean functions. This follows from the following monotonization lemma, proved
using a sifting argument similar to those in [BL85, KKL88, BKKKL92].

Claim 2.2. For every Borel measurable function f : [0,1]" — {0,1}, there exists a monotone function
g :[0,1]" = {0,1} such that E[g] = E[f] and, for all S C [n] and b € {0, 1}, it holds that P%(g) < P%(f).
Furthermore, if f : [r]" — {0,1}, then such a monotone function g : [r]" — {0,1} exists with these
properties.

Proof. This follows by a standard sifting argument. Write D = [0,1] or D = [r], as appropriate, and
let 4 denote the uniform probability measure on D. For each i € [n] and assignment x_; € D" 1, let
Ui »(t) = f(z—4,t). We replace this function by a monotone function m;, : D — {0, 1} with the same
expectation, as follows.

If E[¢; »] = bforb € {0, 1}, then we define m; , = b. Otherwise, when D = [0, 1], define m; ,(t) = 1
ifand only if ¢ > 1 — E[¢; ]. When D = [r], set k = |{t € [r] : £; »(t) = 1}| and define m, ,,(t) = 1 if and
only if ¢ > r — k. Thus, in the discrete case, the ones occupy precisely the largest k elements of [r].

We monotonize f coordinate by coordinate, with the operation in coordinate 7 replacing every ¢; , by
m; .. Each operation preserves the expectation. It also preserves monotonicity in every previously treated
coordinate: if two assignments to the other coordinates are ordered in such a coordinate, then their original
functions are pointwise ordered. Their expectations are therefore ordered, and the replacements remain
pointwise ordered, including when one of the original functions has expectation 0 or 1. Consequently, the
final function g is monotone and satisfies E[g] = E[f]. We argue each step preserves Borel measurability,
so that the operations can be iterated, below.

It remains to show that a single operation, taking f to f’ by monotonizing coordinate i, satisfies
P%(f) < PY(f) forevery S C [n] and b € {0,1} and that f’ is Borel measurable. First, suppose that
i € S. The replacement does not introduce an output value that was absent from the original one-variable
function. Indeed, if the expectation of this restricted function were e € {0, 1}, then it must attain the value e
over a measure 1 set, and hence changing this to constant e does not introduce any new value; otherwise, the
output values available to the functions are {0, 1} and are left unchanged. Thus, every assignment outside
S that allows the coalition to force b under f” also allows it to force b under f.

Now suppose that i ¢ S. Fix an assignment « to the coordinates in [n] \ (S U {i}). For each 8 € D%,
define

Cp={teD:f(t,a,f)=b}, Ch={teD:f(tap) =0}
Conditioned on «, the probability that the coalition can force b under f is u(|J 3 Cg). The replacement

preserves “(Clﬁ) = 1(Cg). Moreover, the sets Cé are all upper intervals when b = 1 and all lower intervals
when b = 0, and hence are nested. For either choice of D, this gives

plJCh =s%pu(0,é):81gpu(0ﬁ)§u Jcs
5 5

Averaging over «, we obtain P%(f') < P%(f). Applying this at every step proves the claim in both cases.
Lastly, we show that f’ thus obtained is Borel measurable. First, the map x_; — E[/; ;] is Borel
measurable by the Fubini—Tonelli theorem. Second, m; , depends on ¢; ,, only through § = E[/; ,]. Letting
myg be the corresponding function, we see that the map (6,¢) — my(t) is the indicator of a Borel subset
of [0,1] x D. As f'(z) = mgj,,)(xi), a composition of these Borel maps, it is Borel measurable as
claimed. O



Discretizing Boolean Functions We next show how to discretize a monotone function while approxi-
mately preserving its expectation and the probability that any coalition can force either output.

Claim 2.3. For all n,r € N, with r > 2, the following holds. For any monotone function f : [0,1]" —
{0,1}, there exists a monotone function g : [r]" — {0, 1} such that |E[f] — E[g]| < %, and for any S C [n]
and b € {0,1}, we have that ‘P%(g) — Pf’g(f)‘ < I

aw:f(“‘l..%‘l)

Proof. We define g as follows:

r—1""""r-1

As f is monotone, we immediately have that ¢ too is monotone. We then proceed by an appropriate hybrid
argument, discretizing one coordinate at a time. When discretizing a single coordinate, by monotonicity of
f, the change in expectation is at most % This can be seen as follows: on fixing all other coordinates, the
restricted function is either constant or a threshold. Thus, its probability under the uniform distribution on
{0,1/(r —1),..., 1} differs from its probability under the uniform distribution on [0, 1] by at most 1/r. By
triangle inequality, we infer that [E[f] — E[g]| < % as desired.

We similarly argue regarding P%(g) and P%(f) for any S C [n] and b € {0,1}. First, since f and
g are monotone and discretization maps values 1 and r to 0 and 1 respectively, we see that discretizing
coordinates of S preserves these quantities, and we assume that those coordinates are fixed to 1 or r for
b = 0 and b = 1 respectively. Then, for other coordinates, we argue as earlier and discretize coordinate by
coordinate, observing that the change in probability is at most % Applying appropriate triangle inequalities

then, we obtain that |P%(g) - Pf’g(f){ < n%‘s‘ < 2, as desired. O

2.3 Basic Probability notions

For distributions X, Y on the same finite set , let [ X —Y| = 13 |Pr[X = 2] — Pr[Y = z]| de-
note their statistical distance. Next, let || X — Y|, = maxyeq |Pr[X = w] — Pr[Y = w]| denote the /,
distance between them.

We record the following useful inequality.

Fact 2.4 (Data Processing Inequality). Let Q, Q) be arbitrary finite sets. Let X,Y ~ Q be such that
IX — Y| <e. Then, forany f : Q — ', we have that | f(X) — f(Y)| < e.

From this, we easily obtain the following inequality.

Claim 2.5. Let X, Y ~ Qand € > 0 be such that |X — Y| < e. Then, for any f : Q@ — {0, 1}, we have
that

Emm—EmMSa

z~X y~Y

Proof. Fix any such f, X,Y. Then,

x~X y~Y

EWM—EWM=WmﬂW)

<e.

where last step follows by Fact 2.4. 0



3 A bound on influential coalition size

In this section, we will prove the following main result regarding biasing a function over [r]".

Theorem 3.1. For all constant € > 0, there exists a constant C' = C(g) > 0 such that the following holds.

Forall r,n € N and function f : [r]" — {0, 1}, there exists b € {0,1}, and B C [n] with |B| < C - ﬁ
og(n
such that

Ph(f)>1-e
We obtain the same coalition bound for monotone or Borel measurable Boolean functions on [0, 1]™.

Corollary 3.2. For all constant € > 0, there exists a constant C = C(g) > 0 such that the following
holds. For any n € N, consider [0, 1]™ with the uniform measure. Let f : [0,1]" — {0, 1} be an arbitrary
monotone or Borel measurable function. Then, there exists b € {0,1} and B C [n] with |B| < C - %

V/log(n)

such that
Ph(f)>1—e.

Proof. If f is non-monotone (and so by assumption Borel measurable), then we apply Claim 2.2 and
without loss of generality assume that f is a monotone function. Then, we apply Claim 2.3 with
r = max{2, [2n/c]} to obtain a function g : [r]"™ — {0, 1} such that if there exists B C [n] and b € {0,1}
such that P%(g) > 1 — 5, then P%(f) > 1 — £. We finally apply Theorem 3.1 to g with error parameter 5
and find such b, B to obtain the desired result. ]

To prove Theorem 3.1, we will need the following result that shows that if total influence towards 0 of a
function is small, then there exists a small coalition, biasing a function towards 1.

Lemma 3.3. For all constant ¢ € (0,1), there exists a constant C = C(g) > 1 such that the following
holds. For alln,r € N, 7 > 0 and a monotone function f : [r]™ — {0, 1} such that E, v, [f(x)] > € and
JO(f) < 7, there exists T C [n] with |T| < exp(C - 72) so that

Pr(f)>1-e.
We prove this key lemma in Section 3.1. We first show how it implies Theorem 3.1.

Proof of Theorem 3.1. We apply Claim 2.2 to assume without loss of generality that f is monotone. We will
first show how to find such b and B, and then analyze and show that it has the claimed properties.

Finding such b and B Let § = 100.0; ol k;g(n) where Cremma 3.3 > 1 is the constant in
Lemma 3.3 for the parameter ¢. R
We consider the following algorithm to find such a B.

e Let Zp = (D and let fo = f.

* For i > 0, proceed as follows.

- IfPr[fi(x) =0] > 1 —¢, thenletb = 0, B = Z; and terminate.

- Otherwise, if there exists j € [n] \ Z; such that J?(f,-) > 0, then define Z;11 = Z; U {j},
and fi1(z) : [r]""*"1 — {0, 1} as the function obtained from fixing variable j in f; to 1, and
proceed to the next iteration.

— Otherwise, if for all j € [n] \ Z;, J?(fi) < 0, then set b = 1, and apply Lemma 3.3 (with
T = dn) to f; to obtain the desired coalition B.



Analysis We now analyze the above algorithm.
As J?(fi) > ¢, we easily see that Pr[f;11 = 0] > Pr[f; = 0] + J. This shows that our algorithm must
terminate in finite steps. If our algorithm terminates by setting b = 0, then we will have that |B| < % =

(0] L as desired.
log(n)
Otherwise, our algorithm terminates by setting b = 1 in iteration ¢ for some ¢ > 0. In that case, we have

that | B| < exp(ClLemma 3.3 - (0 - n)?) = o(n/+/log(n)), by our choice of constants in &. To argue about
correctness, by monotonicity of f, we see that

Pp(f) = lzr[f(xfB,TB) =1]> f;r[f@foZi,?”B, 1) =1>1-c¢.

3.1 Proving the direction switching lemma

In this subsection, we will prove Lemma 3.3, our result that if total influence of a function towards 0 is
small, then small coalition can bias it towards 1.

To prove this, we will need the following two ingredients. First, we will need the following result of
Hatami regarding functions with small p-biased influence.

Theorem 3.4 (Simplified version of Corollary 2.10 from [Hat12]). For all constants € € (0, 1), there exists

a constant C = C(g) > 1 such that the following holds. For alln € N,0 < p < %, and a monotone

function f 2 {0,1}" — {0, 1} with By, [f(x)] > ¢, there exists S C [n] with |S| < exp (C’ : (Ip(f))2>
such that
P}S‘(fa/‘p) >1-e

Second, we need the following result that relates p-biased influence of a function to bias towards 0 of
the original function.

Lemma 3.5. Forr,n € N, let f : [r]™ — {0, 1} be a monotone function. Then, for alle > 0, p € (0,1/2)
there exists m € N and a function g : {0,1}"™ — {0, 1} with the following properties.

1. g is monotone.
2. | By l9()] = Bz, [f (2)]| < pr.
3. 1P(g) < 2-J°(f) + 4pr - n>

4. Forall S C [m], if
Py(g,pp) 21— ¢,
then there exists T C [n]| with |T'| < |S| such that

Pr(f) >1—¢c—prn.

We will prove Lemma 3.5 in Section 4. We now show how we can combine these two ingredients and
prove our direction switching lemma.



Proof of Lemma 3.3. We let
) € T
p=min (50 50)
so that prn < % and 4prn~2 < 27. With this, we apply Lemma 3.5 to f with parameters €.cimma 3.5 = % to
obtain a function g : {0,1}™ — {0, 1} for some m € N with the following properties:

1. g is monotone.

2. Eyop,l9(y)] > € —prn > 5.

3. 1P(g) < 27 +4pr - n? < 47.

4. Forall S C [m], if P§(g, pp) > 1 — 5, then there exists 7' C [n] with |T'| < |S| such that
Pr(f)>1-e

With this, we apply Theorem 3.4 with parameter e7pcorem 3.4 = 5 to g to finda € = C(e) > 1 and

a coalition S C [m] with |S| < exp(C - 72) such that P§(g, p1,) > 1 — 5. By property 4 of g above, the
desired claim follows. t

4 From functions in product space to p-biased space

We use this section to prove Lemma 3.5. The main idea is to encode each coordinate so that every non-
constant threshold of its encoded value is an OR of some of its bits. Since fixing all other coordinates of a
monotone function leaves a threshold or a constant function, this will let us bound the p-biased influence of
the encoded function by the influence of f towards 0. We first prove this influence bound, then choose the
encoding to approximate the uniform distribution, and finally complete the proof of Lemma 3.5 at the end
of Section 4.3. Throughout this section, fix a monotone function f : [r]™ — {0,1} and p € (0,1/2).

4.1 The encoding and its influence bound

We assign each bit a value in [r| and output the largest value assigned to a bit that equals 1, or 1 if all bits
are 0. Formally, we define the following max selector function.

Definition 4.1. For ¢ € N and a nondecreasing sequence a = (a1, . . ., ap) € [r]’, we define ¢, : {0,1}* —
[r] as

14
_ Amax{ic[fl:y;=1} Y 7& 0
d)a(y) {1 y = 0(

The useful property is that, for every ¢t > 1,

baly) >t V owi=1
1€[l): a;>t

Thus, every nonconstant threshold on [r] becomes an OR of some of the encoding bits. This property holds
for every choice of a. We will choose a to approximate the uniform distribution in Section 4.2.
For now, fix any nondecreasing sequence a € [r]’. Set m = £ - n and define g : {0,1}™ — {0,1} as

9W) = f(Da(yr, - Ye)s - s PaYm—tt1s - -+ Ym))- (1)
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Let A be the distribution on [r] obtained by sampling y ~ ,uﬁ and outputting ¢, (y). The encoded blocks are
independent, so their joint distribution is A™.
We now prove the influence bound.

Claim 4.2. We have
() < 2-3(f. A).

Proof. Forj € [n],let B; ={(j —1)-¢+1,...,5-¢}. It suffices to show that

ST P(g) <2-39f,A)

1€B;

for every j € [n]. Fix such a j and condition on all blocks except B;. Let x_; denote their encoded
values, and let h(yp,) = f(da(yp;), z—;) be the remaining function, where the encoded value is placed in
coordinate j.

If fixing x_; makes f constant, then h is constant as well, and both its total p-biased influence and the
conditional influence of coordinate j towards 0 are zero.

Otherwise, by monotonicity, there is a value ¢* > 1 such that f(z,2_;) = 1 if and only if z > ¢*. In
particular, f(1,z_;) = 0. The function h is therefore an OR of k = |{i € [¢] : a; > t*}| bits. Each of these
k bits changes the output exactly when the other £ — 1 bits are zero and the two independent samplings of
the bit (from 1) give different values. Consequently,

(k) = k-2p(1—p)- (1 —p)*"
= 2(1 — p) Pr[exactly one of these k bits is 1]
< 2Prfh = 1]
—2 Pr, [f(aj,55) = 1

=2( Pr [f(zj,z—;) =1] = f(1,2_;)),

zi~A

where the final equality use the fact that 2~/ does not make f a constant, and so f(1,z_ ;) must be 0.
Recalling that z_; follows the distribution A" we get

Y Pg)<2 E [ Pr[f(zj,zy)=1—f(La_j)] =2I)f A).

i€B; Py AT A
The claim now follows by summing over j € [n]. O

4.2 Approximating the uniform distribution

We next choose a so that A approximates the uniform distribution on [r]. It is helpful to note that

y~ub

This just follows by definition of ¢, since the encoded value is at most ¢ exactly when every bit assigned a
value greater than i is zero. We choose the number of such bits to make this probability close to i /r. Taking
differences for consecutive values of ¢ gives the following.

11



Lemma 4.3. There exists { € N and a nondecreasing sequence a = (a1, ...,ap) € [r]* such that for all
i € [r], we have that

Proof. For i € [r], let x(i) be the unique nonnegative integer such that
(L=pH < = < (1= ppO. @)

Let a be the nondecreasing sequence containing one copy of 1 and, for each i > 2, x(i — 1) — x(¢) copies
of i. We observe that x(r) = 0 and so, for any ¢ € [r], the number of terms in a that have value > i is x (7).
Therefore, Pry,,, [¢a(y) < i] = (1 — p)x@.

Thus, for ¢« > 2, we have

Pr [60(y) = 1] = Prlga(y) < i] ~ Prlga(y) <i — 1
= (1 —p)X® — (1 — px(=1), 3)

To bound Equation (3), we will make use of the following claim, which is proved at the end of this
subsection.
Claim 4.4. The following holds:

S < (1=pXD < Z(142p).
S < (1=p) = (1 +2p)

First, consider the case of ¢ = 1. Since ¢,, takes values in [r|, we have

Pr [¢a(y) =1] = (1 _p)x(l)‘
y~pip

Applying Claim 4.4, we obtain
1
r

S |-

< Prloaly) =1 < (1+2) < 42,

Y~Hp

yielding the desired bound for i = 1.
For the remainder of the proof, fix 7 > 2. First, using Equation (3), we compute that

P 6aly) =il = (1= 0 = (1 =)
' 1—1

(1+2p) -

<

—X e

<-+2p
r

where for the middle inequality, we applied Claim 4.4.
Similarly, again using Equation (3), we have that

yfﬁ [ba(y) =i] = (1 — p)X) — (1 — p)XC—1)
1—1

1
> -
T

(1+ 2p)
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>-—2p

S |-

where for the middle inequality, we again applied Claim 4.4.

Hence, we conclude that

Pr [ga(y) = 1] — ~| <2
Yy~ pp r

as desired. Lastly, we prove our remaining claim.

Proof of Claim 4.4. By definition of (i) from Equation (2), our lower bound of (1 — p)X(?) >
Similarly, from Equation (2), we compute our upper bound as

L follows.
T

. 1 1
1— X(Z)<3.7
(1-p) S
i P
= — .14+ ==
r <+1—p>
i
<--(1+2
_r(+p),

where the last inequality uses the fact that p € (0,1/2).

4.3 Completing the proof

Fix a sequence a that satisfies the properties in Lemma 4.3. We first record the resulting bounds on the
distance from uniform.

Lemma 4.5. The following holds regarding A.

1.
A = Uyl < 2p.

2. Foralli > 1,
‘Ai - UH < pri.

Proof of Lemma 4.5. The first part is immediate from Lemma 4.3. For the second part, we proceed by
induction on ¢. For ¢ = 1, by definition of statistical distance and the first part,

AU =)

a€lr]

Pr[A = d] 1
r

< pr.

For ¢ > 2, applying the triangle inequality, we obtain
A'-Ul <A xA-UM x A+ U xA-US < U,
=AU+ 1A - U,
<pr(i—1)+pr = pri,
where the equality holds because taking a product with the same distribution preserves statistical distance,

and the last inequality follows from the induction hypothesis and the case ¢ = 1. O
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We next relate the influence of f towards 0 under A to its influence under the uniform distribution.

Claim 4.6. It holds that
30(f,A) < 39(f) + 2pr - n?.

Proof of Claim 4.6. By monotonicity of f, PY(f,A) = Prgpan[f(1,2_;) = 0], and the same equation
holds under the uniform distribution as well. Applying Claim 2.5 and Lemma 4.5 to the indicators of
f(1,z—;) = 0and f(x) = 0, respectively, we obtain

P)(f,A) <PYf)+prm and  Pr [f(z)=0]> Pr [f(x)=0]—prn.

x~AT z~Up
Therefore,
I A) =D <P?<f, A)— Pr [f(z) = 01>
<3 (P2 + o By [1(0) = 01— prn) )
= Jo(f) + 2p7“ ’ 7’L2,
as desired. ]

With the above bounds, we are ready to prove Lemma 3.5.
Proof of Lemma 3.5. We prove each of these results one after the other.

1. Lety; <y2 € {0,1}™, and let z1, 2 € [r]" be their corresponding encoded values. By definition of
®a, changing an input bit from 0 to 1 cannot decrease the encoded value of its block. Thus, z; < xs.
Since f is monotone, we obtain g(y1) = f(x1) < f(z2) = g(y2), as desired.

2. By definition of g, we have that E, -, [g(y)] = Ez~a»[f(x)]. Hence, it suffices to show that

JE V@I - B [f@)| < prn.

Applying the data processing inequality (Claim 2.5), it suffices to show that |A™ — U,,| < prn. This
last claim directly follows from Lemma 4.5.

3. This directly follows from Claim 4.6 and Claim 4.2.

4. Let S C [m] be arbitrary such that P} (g, 1) > 1 —¢. Fori € [n],let B; = {(i —1)-£+1,...,i-(}.
We define our set 7" as follows: T' = {i € [n] : B; NS # 0}. Then, |T'| < |S|. We claim that

Pr(f,A)= Pr [f(r" o r)=1]>1-c.

First, let us see how our desired claim follows from this. From Lemma 4.5, we have that |[A"™ — U”"| <
prn. Applying Claim 2.5 to the function obtained by fixing the coordinates in 7" to r, we have that

Ph(f)= Pr [f(rT,a_r) =1]>PL(f,A)—prn>1—c—prn

z~Un
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as desired.

We now prove our remaining claim that P.(f, A) > 1—¢. Let S’ = J;o B;. Setting all bits in each
block indexed by 7" to 1 produces encoded values at most r. By monotonicity of f, fixing the original
coordinates in 7" to r can only increase the output. Thus, P%.(f, A) > PL,(g, i1,,). By the definitions
of T and S’, we have S C S’. Therefore,

P%(fa A) Z P}S’(.Q?MP) Z P}S’(Q?N’p) 2 1—e.
O
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