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List Decoding, Linear Hashing, and Furstenberg over F,

Vinayak M. Kumar”* Geoffrey Mon'

Abstract

We give new bounds for list sizes of random linear codes at capacity, max loads of linear
hash functions, and Furstenberg sets, over every finite field F,,.

1. Random linear codes over F, with rate 1 — H,(p) — & are (p,0(qH,(p)/¢))-list
decodable with high probability for all values of p, g, £, including the high error regime.
This nearly matches the list size lower bound of H,(p)/e due to Guruswami, Li, Mosheift,
Resch, Silas, and Wootters [IEEE Trans. Inf. Theory 2022]. Our bound is the first uniform
improvement for ¢ > 2 since Guruswami, Hastad, and Kopparty [STOC 2010].

2. Linear hash functions over F, hashing n balls to n bins achieve maximum load
O(gqlInlng/Ing) - Inn/Inlnn, both in expectation and with probability 1 — o(1). This
nearly matches the lower bound of Inn/InIn n. Previously, only a polylogarithmic upper
bound was known for g > 2, due to Alon, Dietzfelbinger, Miltersen, Petrank, and Tardos
[J. ACM 1999].

We reduce list decodability and linear hashing to strong Furstenberg set lower bounds, which we
prove using a new polynomial method of multiplicity gaps. While previous polynomial methods
analyze a set S by studying polynomials that vanish on it, we consider polynomials that vanish
everywhere, but with higher multiplicity inside S than outside.

1 Introduction

Subspaces are a fundamental primitive in mathematics and theoretical computer science. In this
paper, we make progress on three intertwined questions on subspaces: list decodability of random
linear codes, expected max load of linear hashing, and lower bounds on Furstenberg sets.
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1.1 List Decodability of Random Linear Codes

An error-correcting code (or simply code) over a finite field F is a subset C C Fj of well-separated
strings (known as codewords). The separatedness of C is measured by its distance d, which is the
minimum Hamming distance between two distinct elements of C. In an adversarial (Hamming) error
model, where a transmitted codeword could be corrupted on any < d/2 coordinates, unique decoding
is always information-theoretically possible because the closest codeword is unique. However, it is
easy to see that this promise breaks when we allow at least d/2 corruptions to take place.

A revolutionary idea in coding theory is the notion of list decoding: instead of hoping for a
unique closest codeword to a noisy input, we are satisfied if the number of codewords close to a
noisy string is small. This weaker guarantee has nonetheless found many applications in both theory
and practice, and has spawned fruitful lines of research. One such program is to find families of list
decodable codes that achieve the best possible parameters.

On the one hand, we want to maximize the rate, R := log q |C|/n, which measures how much
information each codeword contains, because we want to minimize the code’s redundancy (i.e.,
inefficiency). On the other hand, we want to minimize the list size, which is the largest number of
codewords that are close (say, within distance pn) to a single string in [F}. These two goals are in
conflict with each other, because we can always maximize rate by blowing up list size and vice versa.
When the list size is at most L, we say C is (p, L)-list decodable.

List decoding capacity refers to a particular rate threshold 1 - H, (p) below which (for sufficiently
large n) list decoding with constant list size is possible, and above which constant list size is impossible.
A code achieves capacity if it has rate close to this threshold and constant list size, and we are
interested in which families of codes do so. Through a successful series of works, we now know
that one such family is random linear codes.

Random linear codes. Random linear codes (RLCs) are one of the most studied classes of
practical codes. Linear codes have efficient encoders and representations, as well as useful properties
such as symmetry. These properties make random linear codes helpful, for example as a building
block for constructing good codes via concatenation. Random linear codes are also intimately
related to notions in cryptography such as LWE and LPN. Hence, it is of great interest to understand
the properties of random linear codes. Indeed, there has been a long line of work starting in the
1950s studying properties of RLCs, and how close they are in strength to fully random codes.

Let us consider the context of list decoding capacity in detail. In general, if a code has rate near
capacity, i.e., 1 — H,(p) — &, then its list size will grow as the capacity gap & shrinks. Elias [Eli91]
showed that a fully random code with rate gap & from capacity will be (p, H,(p)/e)-list decodable
with high probability, for all choices of parameters ¢, p, €. Guruswami, Li, Mosheiff, Resch, Silas,
and Wootters [GLM*22] also show that an RLC cannot outperform a fully random code, because its
list size must be at least H,(p)/e. Thus, researchers have been pushing towards showing RLCs
have list decodability which is just as strong as fully random codes.

List size bounds. In the binary case (¢ = 2), Guruswami, Héstad, Sudan, and Zucker-
man [GHSZ02] showed the existence (improved by [LW 18] to high probability) of linear codes
with capacity gap € which are (p, O(1/¢g))-list decodable using potential functions. This method
was developed further by Li and Wootters [LLW 18] to show random linear codes with rate gap & are



Table 1: Uniform list decodability bounds for ¢ > 3 and capacity gape (6 :=1—-1/g — p)

Source List size bound

Fully random codes
[Eli91] ~ Hy(p)/e

Random linear codes
[GLM*22] > Hy,(p)/e

\

[ZP81] < g°U/®)
[GHKI0] < exp(O(=222 )y
S €Xp min{p,52} €
this work < O(gH,(p)/¢)

(p, Hy(p) /€& + 2)-list decodable with high probability, thereby matching fully random codes up to a
small additive constant. This essentially completely resolves RLC list decoding for g = 2.

For g > 2, we know much less, as summarized in Table 1. A bound of Zyablov and Pinsker [ZP81]
gives a bound of g2(1/®) for all p. Guruswami, Hastad, and Kopparty [GHK 10] showed that random
F,-linear codes with capacity gap € are (p, C, 4/€)-list decodable with high probability, where

0

Cpq ~ €xp

log%q
min((1-1/g-p)%,p) ||

as analyzed by [GM?22, Theorem 7.1]. For fixed p and ¢, this bound has the optimal & dependence in
contrast with Zyablov and Pinsker [ZP81]. However, this bound’s dependence on g is quasipolynomial
(worse than [ZP81]), and the bound exponentially grows as p approaches 1 — 1/q (the high error
regime). In particular, if 6 := 1 — 1/q — p, note that C, , is exponential in 1/ 62. The difference
between known list sizes for g = 2 versus g = 3 is quite unsettling—intuitively, incrementing the
alphabet size should not drastically affect the list size in such a conceptual way!

High error regime. This motivated a line of work proving list size bounds for F,-RLCs with
q > 3 in the high error regime [CGV 13, Wool3, RW14, RW18]. Recall that a fully random code has
a uniform list size bound of H,(p)/e, even if we set parameters 6 = o(1), & = o(1). Can we prove
the same bound for random FF,-linear codes in the same regime? Some improvements to [GHK10]
were made with the condition that 6 and & decreased to O in a coupled manner [Wool3, RW18].
But the dream of a uniform list bound of C/& for any p, ¢, &, and absolute constant C remains open.

1.2 Linear Hashing

A more general problem is the question of hashing using a random linear map, which has its own
history. Hashing is the idea of randomly mapping a massive universe U to a relatively tiny set of
n < |U| bins. This compression is necessarily very lossy, and many collisions will occur: many
items in the universe will map to the same bin simply by the pigeonhole principle. But if there
is a relatively small set S of items that we actually care about, then hopefully by exploiting the
randomness, collisions between items in S will be rare. Then, we can use the hash to pretend that
our universe is essentially of size n, and reap the benefits in our algorithm, data structure, etc.
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The ubiquitousness of hashing in theoretical computer science cannot be understated. Hash
functions appear in data structures or in subroutines of algorithms, as ingredients in pseudorandom
constructions, and even as convenient mathematical tools for analyzing objects that have nothing to
do with hashing. A common complaint in these applications is that a completely random function
would have amazing properties in these contexts, but at an enormous cost. Hashing research seeks
efficient hash functions which imitate the properties of these expensive random maps.

One such property of great interest is the maximum number of balls in any bin, known as the
max load, which is a canonical measure of hashing quality that is critical to randomized algorithm
design [MUOS5, Chapter 5]. Suppose that we have n balls (the relevant items from the universe) and
a hash table with n bins. Max load measures the imbalance of the table, which is relevant for, e.g.,
the performance of hash tables that use chaining. In this situation, each bin has an associated linked
list that stores all balls that hash to it. To check if a hash table contains a particular key, we need to
compute its would-be bin and then sweep through that linked list. Consequently, the worst-case
running time of this operation is proportional to the max load, so we want it to be small.

A fully random function hashing » balls into n bins will have expected max load ~ Inn/InInn.
However, the space and time required to deal with such functions is enormous—O (U log n) bits are
required to even describe such a function, which is large enough to defeat the purpose of hashing.
Can we get similar performance from a simpler and cheaper family of functions?

Linear hash functions. A natural candidate is the random linear map. For a prime power ¢, let
n = ¢’ for an integer £ > 1, let u > ¢ be arbitrarily large, and let / : Fy, — Fg be a random linear
map. For any set of n balls § C F“, what is the average max load when 4 hashes § into the set of
bins Pg? This question had been studied since the seminal work of Carter and Wegman introduced
universal hash functions [CW79]. Linear hash functions are inexpensive to evaluate and require
only O (log U log n) bits to describe, so they are an attractive alternative to full randomness.

On the one hand, we know that linear hash functions cannot have better expected max load than
fully random hash functions. If we pick the set of balls completely randomly, this simulates the
behavior of a completely random hash function and shows that the expected max load for linear hash
functions over any ¢ is at least (1 — o(1))Inn/Inlnn. In addition, Alon, Dietzfelbinger, Miltersen,
Petrank, and Tardos [ADM*99] constructed a set of n balls for which the expected max load is
Q(g'/?), which is relevant when g grows with .

On the other hand, how much worse are linear hash functions compared to fully random hash
functions? Regarding expected max load upper bounds, Carter and Wegman [CW79] established
an expected max-load of O(4/n) on all pairwise independent hash functions. Subsequent improve-
ments, summarized in Table 2, culminated in Alon, Dietzfelbinger, Miltersen, Petrank, and Tar-
dos [ADM™99], whose bound was later optimized by Babka [Bab18]to O (¢g@{I°#21°229) (Jog q n)loza) !
This was the state of affairs until Jaber, Kumar, and Zuckerman [JKZ25] resolved the g = 2 case with
a bound of O (Inn/Inlnn); the leading factor was later eliminated by Bshouty [Bsh26]. Peculiarly,
however, their proof does not appear to extend to ¢ > 2, and gives no bound for these cases—not even
for ¢ = 3! Hence, the state of the art for ¢ > 3 remained the polylogarithmic bound of [ADM*99].

As with list decodability, our techniques thus far are too rigid to work over F3 or other fields. In

'For ¢ > 3, [ADM*99] only claimed a bound of 0,4 ((lognloglog n)'°224) without proof, and [Bab18] removed
the loglogn term for ¢ = 2 but did not address the ¢ > 3 case. We obtain a bound with explicit ¢ dependence by
reconstructing the argument we predict they had in mind in Appendix B, with optimizations to remove the loglog n.



Table 2: Expected max load bounds for random linear hash functions (> and < hide constants)

Source Bound for g > 2 Bound for g = 2

Lower bounds

folklore > (1-o0(1) e > (1-o(1) it
[ADM*+99] > q'3 2 1
Upper bounds
[CW79] S n \n
[MCW78] < q'Pnl/ e
[MV84] < qO(\/10g7) O(Vinn)

—_—
=
S

[ADM*99, Bab18]' 5 gOUoelon4) (log, n)le2
[DKZ25, Bsh26] —

. glnlng Inn
this work S Thg Tamn

1 +o0(1))Anz

Inlnn

~~~

NN N NN
NS

Inn
Inlnn

fact, these techniques require additional properties, beyond linearity, which hold over F, but vanish
over larger fields. Indeed, Jaber, Kumar, and Zuckerman [JKZ25] comment that their argument
works for any combinatorial hash function which iteratively groups universe elements in a g-wise
independent manner. This property happens to hold for linear maps over g = 2, where pairwise
independence coincides with the binary field, but this “happy coincidence” ends at g > 3. Thus,
we need a new a technique that uses only the linearity of a hash function to deduce pseudorandom
properties, rather than extra combinatorial properties which happen to be true over F,.

1.3 Furstenberg Sets

Finally, consider the fundamental question underlying the max load of linear hash functions and
the list decodability of RLCs: determining the optimal size of a Furstenberg set over a finite field.
Before giving the definition, let us begin with a much more classical notion: Kakeya sets over R”.
These are subsets that contains a unit line segment in every direction. The famous Kakeya conecture
asks whether Kakeya sets over R must have Hausdorft dimension n. This was proven for n = 2 by
Davies [Dav71], and for n = 3 only very recently by an amazing work of Wang and Zahl [WZ25].
The proof for general n is a longstanding open question.

A sister question to the Kakeya conjecture is the Furstenberg conjecture asked by Wolff [Wol99].
This asks what the minimum Hausdorff dimension of a subset S ¢ R must be such that for every
direction, there exists a line whose intersection with S is lower bounded in Hausdorff dimension. This
question was recently resolved by Orponen and Shmerkin [OS26] and by Ren and Wang [RW25].

Time has made it apparent that this question becomes very hard for large n (evenn = 3,4,5, . ..).
In order to stimulate progress for the high-dimensional case, Wolff [Wol99] introduced the finite
field analog of the Kakeya conjecture. If one takes the heuristic that the field R” can be approximated
by Fy with ¢ — co, and sets in R" with Hausdorff dimension d correspond to sets in Fy, of size
0(g?), the finite field version of the Kakeya conjecture asks whether sets S C [y which contain a
line of every slope has size |S| > €Q,(¢") (since g — oo, the hidden constant should not depend on
q). This was resolved by Dvir [Dvi09], whose work kicked off the use of polynomial methods for



Kakeya and Furstenberg set lower bounds over finite fields.

Upon the resolution of Wolff’s finite-field Kakeya lower bound conjecture by Dvir [Dvi09],
generalizations of Kakeya and Furstenberg to higher dimensions were studied, where sets must
contain shifts of every r-dimension linear subspace (‘““slope”) for a fixed parameter r. This notion
has seen great attention over the reals, [Obe07, FM16, HKM 19, HE19, DOV22, BD25]. Formally:

Definition 1.1 (Kakeya sets). A set S C Fy is (6, n,r)-Kakeya if for a 6-fraction of dimension-r
subspaces V/, there exists a shift x € Fy such that (x + V) C S. If ¢ is surpressed, assume 6 = 1.

The traditional Kakeya sets over Fy correspond to 6 = 1 and r = 1. The study of (n, r)-Kakeya
with » > 1 was initiated by Ellenberg, Oberlin, and Tao [EOT10]. Let us also formalize Furstenberg:

Definition 1.2 (Furstenberg sets). A set S C Fy is (6,n,r,T)-Furstenberg if for a 6-fraction of
dimension-r subspaces V, there exists a shift x € Fy such that [(x + V) N S| > T. If ¢ is surpressed,
assume 0 = 1.

Note that (n,r)-Kakeya corresponds to setting 6 = 1 and T = ¢". (n,r,T)-Furstenberg sets
were first studied by Ellenberg and Erman [EE16]. (n,r)-Kakeya and (n, r, T)-Furstenberg sets
have received continued attention throughout the past decade [EOT10, KLSS11, EE16, SSO08,
BC21, DDL21, DD22, DDL23], and have been used in extractor constructions [DKSS13, DW11]
and lattice coverings [ORW22, ORW?25]. Extensions of the polynomial method of Dvir [Dvi09]
led to optimal lower bounds for (n, r)-Kakeya sets in various regimes [DKSS13, KLSS11]. The
polynomial method, along with point-line incidence theory, gives an array of (n, r, T)-Furstenberg
set lower bounds [EOT10, DDL21, DD22]. One of our focuses is to prove stronger lower bounds
on (n,r,T)-Furstenberg sets.

1.4 Our Results

We prove strong lower bounds for Furstenberg sets in a broad range of parameters. This is the main
technical input for our other results on linear hashing and RLC list decodability.

r

Theorem 1.3 (simplified Theorem 2.20). Let 6 > 0, n > r > 1, g be a prime power, and 1 < T < q".
Suppose S is (6,n,n — k, T)-Furstenberg. Then,

oT
11> % - g* exp| -

8q(k +3log, T)
g .

T

We did not attempt to optimize constants in the interest of clarity. However, the leading
constant can be optimized at the cost of blowing up the constant inside the exponent, and vice
versa. For an intuitive way of interpreting this bound, first set § = 1. Any set of size T¢* must
be (1,n,n — k, T)-Furstenberg by the pigeonhole principle. Our lower bound implies that this is
optimal up to a mild factor. Furthermore, this bound is independent of n, and shines when k and T
are small. In our applications, we will have n arbitrarily large, and k, T small, so this is precisely the
bound shape that we need.

Let us compare our bound with two relevant known bounds: one in the regime 7 is large, and
the other when T is small and 6 = 1. The lower bound of Dhar and Dvir [DD22, Theorem 6.14] is
quite weak when 7 is bounded away from 1, but has the strong shape of |S|/¢" > 6T q* exp(—gn/T)
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when T = 1 — o(1). This nearly matches our bound, with the exception of the » in their exponent
rather than our (potentially much) smaller k + 3 logq T. The other lower bound is of Dhar, Dvir,
and Lund [DDL23, Theorem 2], who show a bound only when 6 = 1, in which the shape of
IS| > Tq*(1 — \/g2%+7/T) is obtained. This gives near-pigeonhole bounds for many values of T,
and achieves a bound independent of n like Theorem 1.3. However, this bound is trivial unless
T > 2K, and using the heuristic

1 = Vg2 |T ~ exp(=Vq2**7/T),

this bound has a exponentially worse dependence on k inside the exponential term. Our bound
unifies and optimizes these two prior bounds.

The Furstenberg parameter regime relevant to our applications is the non-classical regime of
fixed ¢ and growing n. In this regime, the “mild” exponential factor in our bound is actually
necessary, up to constants. Intriguingly, for these parameters, random sets are optimal Furstenberg
sets (see Appendix A). This is in stark contrast to Furstenberg and Kakeya set constructions in the
classical regime of fixed n and growing g, where constructions are algebraic in nature.

Linear hashing. For our first application, we achieve optimal expected max load when hashing n
balls into n bins using a random F-linear map. For a function 7 : A — B and subset § C A, define

M(S, h) == max |h"'(b) N S|
beB

to be the max load when h is viewed as a hash function mapping S C A into B. Then,

Theorem 1.4 (simplified Theorem 3.5). For sufficiently large ¢, the following holds. For any prime
power q, integers u > € and n = q°, subset S C Fy of size n, and uniformly random linear map
h:Fy, — Fg, we have

Ilglnlng Inn

E,[M (S, h)] < .
Ing Inlnn

Therefore, for constant g, we achieve optimal max load (up to constants), resolving a question of
[ADM™99] in this regime. In fact, our techniques also show that optimal max load is achieved with
probability 1 — o(1). For g = 2, our theorem gives an alternative proof of optimal expected max
load to the potential-based argument of Jaber, Kumar, and Zuckerman [JKZ25].

We note that Alon, Dietzfelbinger, Miltersen, Petrank and Tardos [ADM™99] show the existence
of a subset S of size g’ which has max load > ¢!/? when ¢ is a square, and > Q(q'/?) otherwise.
Hence, a polynomial dependence on ¢ is unavoidable. However, it is possible the expected max load
bound could be improved to O(g'/? + Inn/InInn), which would be optimal up to constants for any
q and €. We leave this as an open question.

List decoding. Finally, we show that with high probability, a random F,-linear code near capacity
is list decodable with nearly optimal list size, even in the near-maximal error regime.

Theorem 1.5 (simplified Theorem 4.4). For every prime power q, p € (0,1-1/q), € € (0, 1-H,(p)),
and sufficiently large n > no(g), a random linear code C < Fy of rate 1 — Hy(p) — € is

(p,O(qH,(p)/e))-list decodable with probability 1 — g~
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For all p, g, &, this is within a factor g of the lower bound of H,(p)/e [GLM*22], and thus within
a g-factor of a dream uniform bound of O(1/¢) that holds for all parameters. We emphasize the
implications of this bound in the high error rate regime, that is, when ¢ := 1—-1/g—p < 1. For fixed
q, we obtain list size O (1/¢) for all parameters, even when 6 — 0. To the best of our knowledge, this
is the first bound of this type. Previous bounds either blow up (usually exponentially) [GHK10], or
coupled € and ¢ together [Woo13, RW18]. We leave removing this factor of g as an open problem.

1.5 Concurrent Work

After our work was completed, we learned of two concurrent and independent works regarding the
list decodability of random linear codes which were recently posted on the arXiv [YZ26, Sil26].

Yuan—Zhu and Silas both proved that for any p, g, &, random linear codes of rate 1 — H,(p) — &

are (p, Hqg(p ) 4 C n.¢)-list decodable for some C), ;. Silas further showed that for any fixed p, g, for

sufficiently small & < o(p, g), a random linear code of rate 1 — H,(p) — & will have list size either

L Hy(p)/e] or [Hy(p)/€] + 1.
In the work of Yuan and Zhu, Remark 3.9 of their paper declares that their additive term is

Cpq =exp

Hence, this bound has a quasipolynomial dependence on ¢, and blows up exponentially in the high
error regime p — 1 — 1/q. In the work of Silas, Section 8 of the paper claims that for constant g,

their additive term is
1 ) )
_1_ N0’
(I-2-p)

and so the list size here does blow up exponentially as p — 1—1/q at a similar rate as Yuan and Zhu.
From tracing the ¢ dependence of Silas’s C, 4, it appears to be the case C, , = exp(O,, (log® q)),
which is a bit worse than that of Yuan and Zhu and of Guruswami, Héstad, and Kopparty [GHK 10].

In our work, we show that for any p, g, &, an RLC of rate 1 - H,(p) —€is (p, 16q(H,(p)/e+1))-
list decodable. Our argument can be adjusted to replace the leading constant of 16 with 1.01. Hence,
for fixed p, g and € — 0, our bound is within a factor of g of optimal, making it worse than the
bounds of Yuan and Zhu and of Silas in this regime. However, our bound’s dependence on ¢ is only
a single factor of g, and perhaps more notably, our bound has optimal dependence on p. No matter
how close p gets to 1 — 1/g, our list size bound is always at most, say, 16¢q/&. To the best of our
knowledge, our list bound is the only one in the literature which gives a uniform bound of O,(1/¢)
in the high error rate regime, even with the concurrent work included.

Cpq =exp|0y

1.6 Proof Overview

We will first dive into the question of linear hashing and reduce it to Furstenberg set lower bounds.
Next, we outline how our strategy for Furstenberg sets, and finally we relate linear hashing to the list
decodability of RLCs.



1.6.1 Linear Hashing

For simplicity, we will assume our universe has dimension 2¢, and consider a simpler question for
intuition. For every set S of n := ¢ balls from the n?-size universe F2¢, does there exist a linear map
h: Féf — Pg such that M (S, h) < T, where T = ©,(£/In{)? Since each h can be identified with its
kernel, and each preimage of 4 is simply a coset of its kernel, it is sufficient to find one subspace
V <¢ Ff such that for all x € FZ/, |(x + V) N S| < T.

Suppose for contradiction that there is a subset S C Fé‘; for which M (S, h) > T for all h. This
implies that for all V <, Péf, there exists a shift x such that |(x + V) N S| > T. Note that this is exactly
the definition of a (2¢, £, T')-Furstenberg set. Hence, if we can show that all (2¢, £, L)-Furstenberg
sets are of size strictly larger than ¢¢ = n, we will reach a contradiction as desired. We note this
translation between Furstenberg sets and max load of linear maps has been made previously in work
of Dhar, Dvir, and Lund [DDL21, Lemma 15]

Unfortunately, Furstenberg set lower bounds in the literature are extremely poor in this regime
of parameters. The main issue is the fact that T points is a vanishingly small fraction of the g°
points in a coset. We call this the “sparse” regime. Most arguments in the literature go through
the polynomial method, which give optimal lower bounds for Kakeya sets. Since Kakeya sets
require a shift of every subspace to be fully contained in it, they can be thought of as the “densest”
instances of Furstenberg sets. The method, as used traditionally used, severely degrades as the
Furstenberg instances get sparser. The best known Furstenberg set lower bound in this regime
shows (2¢, £, L)-Furstenberg sets have size at least (L/q%)*¢*‘ exp(=2¢/q¢"™") = q_Q(fz) [DD22,
Theorem 6.14], which is astonishingly worse than the ¢ lower bound we desire.

1.6.2 Strong Furstenberg Set Lower Bounds

We now explain our approach to proving strong Furstenberg lower bounds in this sparse regime. To
do so, we first give a brief overview of the polynomial method of multiplicities technique used by
Kopparty, Lev, Saraf, and Sudan [KLSS11] to show optimal Kakeya set lower bounds. Let S C F]
be (2¢,)-Kakeya. Their argument studies a flavor of algebraic complexity of a Kakeya set by
encoding it as a polynomial P € F,[xy,...,x,] with certain constraints and studying its properties.

In particular, let the multiplicity complexity dy;(S) be the smallest possible degree that P can
have such that it vanishes with multiplicity M on S. That is, if we take any M — 1 derivatives on P,
the resulting polynomial will still vanish at every point in S. On the one hand, we can upper bound
dy (+) for any set as a strictly increasing function of its size: small sets have smaller dj;, simply by
bounding the number of constraints imposed on P. On the other hand, we can show that dy;(S) is
large when S is Kakeya by utilizing its structure.

Consider a polynomial P € F,[xy,...,x,] that vanishes on every x € S with multiplicity M.
The goal will be to show that P will vanish with high multiplicity over a very large product set
over the rational function field F,(¢1, ..., 7). Multiplicity Schwartz—Zippel then converts the large

product set size and large total multiplicity into a large degree lower bound on P.

For any subspace V < IFZ, there exists some shift by € ng such that by +V € §. V can
be parametrized by a linear form in £ formal variables ?{, ..., ?,, and thus the restriction of P
to by + V can be written as a polynomial in F,(t1, ..., 1) of total multiplicity M g‘. One can
gather analogous information over all subspaces V and derivatives of p, glue them together using
multiplicity Schwartz—Zippel, and derive a lower bound on dj;, which will scale with the total



multiplicity garnered at each restriction.

What happens when S is (2¢, ¢, L)-Furstenberg rather than Kakeya? It is natural to attempt
the same argument, where we look at a minimal degree polynomial P € F,[xi,...,x,] which
vanishes on S with multiplicity M. The constraint-counting argument remains the same, but the
Schwartz—Zippel argument now suffers. For every V <, [}, we know there is a shift by such that
by + V intersects S in > L vectors. Hence, P restricted to this affine space will be an {-variate
polynomial with total multiplicity ML < Mq’. This multiplicity degradation causes the gluing
procedure to give a much smaller degree lower bound. We remark that this approach recovers the
Furstenberg lower bounds of Dhar and Dvir mentioned earlier using a different argument [DD22,
Theorem 6.14].

Polynomial method of multiplicity gaps. Our idea to avoid this severe multiplicity degradation
1s surprisingly simple: enforce multiplicity constraints on x ¢ S as well. This initially seems like a
horrible idea, as this implies our polynomial will now be zero everywhere, rather than on S alone.
How can such a polynomial encode any information about §? We crucially set the multiplicity
constraints on x € S to be more relaxed than on x € S. Hence, information about our set is encoded
solely in the derivatives—in the gap between the two classes of multiplicity constraints—rather than
in the zero set.

More concretely, for parameters M’ < M, we define the multiplicity gap complexity dus p(S) to
be the smallest nonzero degree of a polynomial P which vanishes with multiplicity > M on each
x € §, and vanishes with multiplicity > M’ onx ¢ S. Then for every V <, I, the restriction of P to
by + V will now have total multiplicity ML + M’(q% — L), which gets very close to the Kakeya-case
quantity Mq® as M’ approaches M.

However, there is a cost to increasing M’. The larger M’ is, the more linear constraints each
x ¢ S will induce in the coefficients, which then degrades the dependence of the degree upper
bound on |§|. By performing the computation, one observes that the number of linear constraints
is dominated by enforcing multiplicity M on S, unless M’ is extremely close to M. We thus set
M’ = (1 — &)M, compute the lower bound implied by the polynomial method, and optimize the
value of ¢ to yield our optimal bounds.

To the best of our knowledge, applications of polynomial method to lower bound sets with
structure always consider polynomials that vanish on that set (perhaps with high multiplicity), but
never enforce any conditions outside of S. In the setting of Furstenberg sets, enforcing multiplicity
outside of the set allows us to get optimal lower bounds. We hope that this technique of enforcing
multiplicity outside of S will have further applications.

Furstenberg acrobatics. To generalize our results to arbitrarily large universe and to develop
tail bounds strong enough to deduce expectation, we require ways to strengthen parameters of
Furstenberg sets.

Given a (0, n, r, T)-Furstenberg set S, where § < 1, we use a classic “random rotations” trick
to construct a (1/2, n, r, T)-Furstenberg set whose size is not much bigger than S. This is done by
taking unions of sufficiently many random rotations of S to cover more directions, and was most
relevantly used by Ordentlich, Regev, and Weiss [ORW?22, Theorem 2.8] for Kakeya sets. This
allows us to amplify tail bounds.

We also provide a new way to compress the ambient dimension of a Furstenberg set. Given a
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(8, n,r, T)-Furstenberg set S and n’ < n, we can construct a (6, n’,n’ — n + r, T)-Furstenberg set of
size at most |S| . This is done by randomly mapping S C [y into IF"Z' using a random linear map, and
showing that for some choice of linear map, the image of S is the desired Furstenberg set. To the
best of our knowledge, this maneuver appears to be new, but is heavily inspired by a compression
trick done in the work of Alon, Dietzfelbinger, Miltersen, Petrank, and Tardos [ADM*99] on linear
hashing. This trick allows us to generalize from input dimension 2¢ to arbitrarily large dimensions.

1.6.3 List Decodability of RLCs

After getting max load bounds for linear hashing, list decoding bounds for RLCs immediately follow.
This is because a linear code C < Fj of rate R being (p, L)-list decodable is exactly equivalent to

M(h,B) < L, where h : P’; — ]Fgl_R)" is any linear map of kernel C, and B C IF'“Z is Hamming ball
of radius pn. Therefore, analyzing the list decodability of an RLC is equivalent to analyzing how
well a random linear map hashes Hamming balls (rather than arbitrary sets). RLC list decodability
is consequently a simple application of our hashing result.

2 Tight Bounds for Furstenberg Sets

2.1 Preliminaries

U <, V denotes that U is a dimension-r subspace of V.

Hasse derivatives. We make use of Hasse derivatives, which are an analog of traditional derivatives
which are useful for multivariate polynomials over finite fields. However, all of the properties
of Hasse derivatives that we use have analogs that hold for traditional derivatives over R. These
properties and their proofs can be found in the work of Dvir, Kopparty, Saraf, and Sudan [DKSS13].

Definition 2.1 (Hasse derivative). Let X = (Xi,...,X,) and P(X) € F[X] be an n-variate
polynomlal Let i be a non- negative 1nteger vector of dlmensmn n. The i-th Hasse derivative of P,

denoted P(’) is the unique coefficient of Z' in the expansion of P(X + Z) e F[ X, Z]:
P(x+2) = PO(X)Z.
i
From the definition, it is clear that the Hasse derivative is linear.

Fact 2.2. Let P be a polynomial. Then, every coefficient of every Hasse derivative of P is a linear
combination of the coefficients of P.

For a vector i € ZZ, let ||?|| = Z?:l i;. Just as in the reals, taking a derivative reduces the

degree of a polynomial by 1.
Fact 2.3 ([Sarl1, Lemma 2.1.4]).

deg(P") = deg(P) — ||i]|.

11



For a polynomial P € F,[x1, ..., x,], denote Py to be the homogeneous part of P, i.e., the unique
homogeneous polynomial such that deg(P — Py) < deg P. The derivative of the homogeneous part
is the homogeneous part of the derivative.

Fact 2.4 ([DKSS13, Proposition 2.3]).
(PN = (Py)?
We now define the multiplicity of a polynomial at a value.

Definition 2.5 (Multiplicity). Let P € F;[xy,...,x,] and a € F}. We define mult(P, a) to be the

largest nonnegative integer m such that for all i€ ZZ ), with [[i][ < m, 20 (a) =0.

If a polynomial has a zero with multiplicity at least m at some point, the derivative of the
polynomial will have mulitplicity at least m — 1 at that point.

Fact 2.6 (Multiplicity loss [DKSS13, Proposition 2.3]).
mult(PD, &) > mult(P, @) — ||i]|.

We finally present a very important lemma, relating the number of zeros (with multiplity) of a
polynomial to its degree.

Lemma 2.7 (Multiplicity Schwartz—Zippel, [DKSS13, Lemma 2.7]). If P is a n-variate nonzero’

polynomial over F of (total) degree at most d, then for all S C F,

Z mult(P,X) < d - |S|""".

Xesn

2.2 Method of Multiplicity Gaps

Let us begin with the a lower bound which holds for every value of a parameter &, to pick later.

Theorem 2.8. Let S C Fy be (6, r, aq")-Furstenberg. Forall0 <& < 1and B = a+(1-¢)(1-a),

5Beq" \"
(sors) — 1oy
I1-(1-¢g) ’

1S| > q" -

or equivalently

1 — (9B \"
0q"+q-1

S|l<q" ———

IS| < ¢q (o)
se(1-a)q"+q-1\"

-4 - (1—s)n

2A polynomial that is not the literal zero—P might still evaluate to zero everywhere!
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We prove this using the polynomial method of multiplicity gaps, building on the extended
multiplicity method of [DKSS13, KLSS11] with a new twist. At a high level, we will analyze
the multiplicity gap complexity of a set S: what is the smallest d such that there exists a nonzero
degree-d polynomial P that encodes § in its multiplicity gaps? That is, for some parameter M, we
want a P with multiplicity M on every point in S and multiplicity (1 — £)M on every point in S.

On the one hand, for any set S, there is an easy upper bound on the multiplicity gap complexity
that depends on the size of S, by counting the linear constraints imposed on P by the multiplicity
requirements. The smaller the set, the fewer the imposed constraints and so the smaller the
multiplicity gap complexity.

On the other hand, we can lower bound the complexity when S is Furstenberg. Because S hits
many affine subspaces, restrictions of P to those subspaces must vanish with high multiplicity.
All of these subspaces can be treated as distinct roots when we work over a function field, and by
Schwartz—Zippel (in particular, the strengthened variant using multiplicities), only a high degree
polynomial can have this many roots. Therefore, a Furstenberg set has high multiplicity gap
complexity, so it cannot be small.

Lemma 2.9 (Constraint counting [DDL21, Lemma 12]). For any integer parameter M, subset
S CF", and real 0 < € < 1, choose the smallest d such that

(M+n—1)|S|+((l—8)M+n—1)|§|<(d+n)' 0
n n n

Then, there exists a nonzero n-variate polynomial P of degree d over F such that

VX € S, mult(P,X) > M,

. = - M)

Vx € S,mult(P,x) > (1 -e)M.
Proof. If mult(P,¥) > M for a point X € S, then for every i with ||i|| < M, 20 (X) = 0. The
coefficients of P are linear combinations of coefficients of P, so this enforces a linear constraint

on the coefficients of P. Using stars and bars, there are (M +:_1) |S| many pairs (7, X) with X € S.

Thus, the total rank of the linear constraints imposed on P by S and S is at most the LHS of (1).
Meanwhile, the RHS is the number of coefficient variables in a degree-d n-variate polynomial, also
by stars and bars. Since the constraints do not outnumber the variables of this system, there must
exist a nontrivial solution, i.e., a nonzero P satisfying the multiplicity constraints. O

Fact 2.10 (Multiplicity gap complexity upper bound). The degree d chosen in Lemma 2.9 satisfies

(M+n—l)|S|+((l—s)M+n—1)|§|>(d+n—1), )
n n n

because (1) is strictly increasing in d.

Proposition 2.11 (Multiplicity gap complexity lower bound). For all 0 < ¢ < 1 and B, =
a+ (1 -¢&)(1-a),let S C Fy be (6,r,aq")-Furstenberg, and let P be nonzero and degree-d
satisfying (M). Then,

3)

M —d
a> &4‘”3—}.

q-1
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Proof. We will lower bound the multiplicity of the homogeneous part of P on different subspaces
and use multiplicity Schwartz—Zippel to get a degree lower bound. The first step is to show that on
many affine subspaces, many derivatives of P vanish.

Claim 2.12. For a ¢ fraction of n X r matrices V, there exists a shift b such that for every i with
w := ||||, the r-variate polynomial Q:,(7) = PO (b + V1) has total multiplicity at least

D muli(Q;,.1) > ag (M —w) + (1-a)g" (1 -&)M —w) = ¢"(B-M —w). (4

TR
teFy

Claim proof. First, consider a random V with full column rank. Its columns span a uniformly
random r-dimension subspace, so with probability §, there must be a shift b+ colspan(V) that
intersects S in at least ag” points. Every 7 is mapped to a unique point in this shift, and using
Fact 2.6 with the multiplicities enforced by (M) gives (4).

Now, let us extend this to general n X r matrices. For each s < r, take a uniformly random
rank-s matrix V and let A := colspan(V), and complete A to a random rank-r subspace A’. With
probability § over V and A, there is a good shift ¥ + A’ that intersects S at ag” points. This means
that for at least a ¢ fraction of V, there exists a suitable completion A’ with such a good shift.

Consider such V and completely tile the good completion y + A’ with ¢"~* shifts of A. By
averaging, at least one of these shifts b + A hits S at @g® points. Finally, notice that for every X €A,
there are ¢"~* solutions 7 to Vi = X. Thus, for at least & fraction of V, there exists b so that

Z mult(Q>,7) = Z q* mult(P(f),l; +X)2q 7 ¢ (AM —w),

ieF, XeA
by Fact 2.6 and the multiplicity constraints (M). O
Using the contrapositive of multiplicity Schwartz—Zippel, if Q;,, satisfies (4) and
q(BsM —w) > d —w > deg(Q;y),
then Q;, is the zero polynomial. This is true whenever

. ’VQﬁsM - d“
w<m:=|——|_
q-1
If Q7 = 0, we can show that part of P® must also be zero.
Claim 2.13 (Unshifting). If Q;, is zero, then so is (P(;)) w(V7).

Claim proof. Recall that Q;,(7) = PD (B + V7). Plug b + V7 into each monomial of (P?)y and
expand; each such monomial (say of degree ) will expand to

(l; + V?)j1 (l; + Vf)j2 e (l; + Vf)j[ = (V?)jl(Vf)j2 e (Vf)j[ + (products of < ¢ terms).

The first term on the RHS is the same monomial but with V7 substituted instead of b+ V7, so the
sum over these terms across monomials will appear in both Q- and (P) (V7). This is the only

possible source of degree-¢{ monomials in Q- ,, so if (P%Y)y(V7) is nonzero, then so is O; - O
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We have shown so far that for a ¢ fraction of n X r matrices V, every ||;|| < m will give
(PDYy(VY) = 0 (equivalently, (Py)®(V7) = 0 via Fact 2.4). Let us now treat V7 itself as
the parameter by viewing (Py)") as a polynomial over the r-variate function field F, (f)—now,

(Py)®(V7) = 0 means that V7 itself is a root. Define the set of n-output linear functions on r
variables, which is a product set:

T" ={Vi:V eF"}, T:={i.1):i€cF,} CF0).

On a 6 fraction of T™, for all 7 with ||;|| < m, (PH)@ is the zero polynomial, which is the zero
element of the function field. This is saying that Py (as a polynomial over Fq(f)) has multiplicity m
on a ¢ fraction of T". Py overall is nonzero so by multiplicity Schwartz—Zippel over F,, (@),

QﬁsM - d“

d > om|T)| >6q’{
q-1

At last, let us prove Theorem 2.8 by combining our bounds for d.

Proof of Theorem 2.8. As a reminder, M is a parameter that we can set to be whatever we want.
With that in mind, let us compare our upper and lower bounds on d which hold for all M. (2) gives

(d+n—1) - (M+nn—1)|S|+((1—8)]\;1+n—1)|§|

n
_ ((M+n—1)_((1—s)M+n—l))'|S|+qn((1—3)11:+n—1)-

n n

Rearranging this gives a lower bound for |S| for every choice of M, including in the limit M — oo:

n

n-qr7

51> TLL, 5)
-7
(d+n—1) ((1—3)M+n—1)
M= e T T
(57) ()
We can analyze the behavior of 77 and 7 as follows.
l-eM+n—-1 (1-eg)yM+n-2 l-e)M
_UzoMinzl (-oMrn=2 (=M _ y o g
M+n-1 M+n-2 M M—co
_d+n-1 d+n-2 d S d\"
T=“M+n—1 M+n-2""M"\M)
(3) gives a lower bound for d/M:
i . 5ﬁsqr+l
M~ S6qg"+q-1
Plugging into (5) and taking the limit M — oo, we get our bound.
S| > lim 1—9°
Moo 1 -1
3Beq”_\" n
" (5qr+;1_1) _(1_8)
=z ‘ O

1-(1-¢)n
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Next, we choose € to get a good lower bound. This bound is nearly tight; see Appendix A.

Corollary 2.14. Let S C Fj be (6,n,r,aq")-Furstenberg. Forall 1 < C < adq™1/2,
|S| S ex 2Cn ! 1
— 2 —{l-=]| a
q" P dag'! C

Proof. Sety = g—;}. From Theorem 2.8, we have for every € € (0, 1) that

0q"+q-1 1+y
q" = 1—(1-¢g) - 1-(1-g)n

r n n
|S| (1 _ de(l-a)q +q—1) _ (1 _ 6)" (1 _ s(l—a)+y) _ (1 _ 8)”
> —

By the mean value theorem, we have that for x > y > 0, x* — y" > ny""!(x - y), and by
Bernoulli’s inequality, we have 1 — (1 — )" < ne. Hence,

_ oyl (o el-a)+y
1] N n(l-eg) (8 T+y ) _ a+y-v/e (1 g
q" -~ ne 1+vy '

As € gets smaller, the second factor becomes larger, but the first factor decreases, and even becomes
negative once € < y/(a + y). However, we note that for any € > Cy/(a + ) that is growing, the
first term remains the same asymptotically, while the second term decays. This hints that we should
set & = Cy/(a + ) for some constant-bounded C > 1. Plugging this in, we have

n—1
a+y-vyle (1-e)! = ety Cy
I +vy Cl|l+y a+y

1 C}’n_l
>{1-=|el1-=£| .
=)o (-

Assuming 1 — Cy/a > 1/2, weuse 1 —x > exp(—x/(1 — x)) to obtain

|S] 1 2Cny 1 2Cn
— > |1 - =|aexp|- > |1 - =]aexpl———]. O
q" C a C adq!

Remark 2.15. The constant 2 inside the exponential term in Corollary 2.14, which will affect the
load bound for hashing and the list size for random linear codes, can be set arbitrarily close to 1 as
long as the correponding assumption on C is updated. For clarity, we will not optimize this and
other constants throughout.

2.3 Furstenberg Acrobatics
2.3.1 Random Rotations

We now improve the Furstenberg set lower bound for small § by using a “random rotations” argument,
just like how Ordentlich, Regev, and Weiss did for Kakeya sets [ORW?22, Lemma 2.6]. This is
crucial to getting tail bounds sharp enough to obtain optimal expectation and also to get optimal
probability of achieving list decoding capacity.
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Lemma 2.16. Let 0 <& <6 < 1. Assume S C Fj is (e,n,r,T)-Furstenberg. There exists S’ which
is (0,n,r,T)-Furstenberg with
og(l-¢)

Proof. The idea will be to take the union of random rotations of S. These random rotations will
introduce new “rich” directions, thereby boosting € to §. We will then upper bound the number of
random rotations needed, giving the upper bound on the size of S’.

Let My, ..., My be random and independent n X n invertible matrices over IFZ. Consider
S" = Uierx) MiS, where MS = {Ms : s € S}. Fix an r-dimensional subspace V < F. For a fixed 7,
the probability that V is not a rich direction in M;S (does not intersect M;S in at least ag” points) is
at most 1 — . This is because at least € fraction of subspaces are rich for S, and an M; transitively
permutes these rich subspaces. Hence the probability V is not rich when we take the union of k
independent rotations is (1 — e)k . Thus, there exists a choice of My, ..., M; such that the number
of rich directions of S’ comprise of at least 1 — (1 — £)*. For this quantity to be at least &, we need
k = [log(1 —¢6)/log(1 — &)]. The result now follows by noting |S’| < k|S]|. O

Combine this random rotations lemma with our prior lower bound Corollary 2.14. This shifts
the dependence on ¢ from inside the exponential to outside.

Corollary 2.17. Let S C FZ be (6,n,r,T)-Furstenberg. As long as T > 8¢,
oT _ 8qn
S|z —-q¢g"" -—

S| 14 CXP( T )

Proof. We will use the following claim:

Claim 2.18. Forx € (0,1),
{ log(1/2) wg %
log(1 —x) X

Claim proof. First,

In(1/2) < In2

In(1 —x) < — — < —.
n(1-x) xz}ln(l—x) X

Then,
1
og(1/2) < log(1/2) +1
log(1 —x) log(1 —x)
x+n2 2
< < -,
X X
sincex <1<2-1In2. O

Now, assume for the sake of contradiction that there exists set S contradicting the corollary. By
Lemma 2.16, there exists a (1/2, n, r, T)-Furstenberg set S” of size

log(1/2 oT 8
|S,|< M —_ n_reX _ﬂ
log(1-6)| 4 T
T 8
< 5 q" exp(—%).
However, this directly contradicts Corollary 2.14 with C = 2. O
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2.3.2 Random Projections

Jumping ahead a bit, Corollary 2.17 is strong enough to show optimal expected max load for hash
functions on ambient dimension n = O(¢), which is the expository case described in Section 1.6, as
well as optimal list size for random linear codes with rate bounded away from zero. Unfortunately,
this lower bound is meaningless when n > T'/g, which is the setting of hashing from large universes
or random linear codes with vanishing rate.

We will use a dimension reduction idea to improve the Furstenberg set lower bound in the case
where r = n— k for small k, at the cost of a leading constant factor. We can do so by taking a random
projection of a (&, n,n — k,T)-Furstenberg set which reduces the ambient dimension drastically
to something which only depends on k and 7. This is inspired by a compression step done in
[ADM™99]. The first step is to show that a random linear map that compresses any arbitrarily large
vector space to 2¢ dimensions will be surjective on an arbitrary fixed set of size ¢" with constant
probability. This is optimal as it is the converse of the birthday paradox.

Lemma 2.19 (Dimension reduction). Let V be a vector space, and let f: V — Pg’ be a uniformly
random linear map. For every set B C 'V of size at most ¢,

| =

Pr/[|f(B)| = |B]] >

Proof. By 2-universality, any fixed pair of vectors collide with probability 1/4%. There are (“23')
pairs of vectors from B, so the expected number of collisions within B is at most

2
a2 | B < |B| <172
2 2q2t

Therefore, with probability > 1/2, there are no collisions, which implies | f(B)| = |B]. |

If we take a (6, n, n— k, T)-Furstenberg set S over I and apply a random projection, the resulting
set will still be meaningfully Furstenberg, because this lemma shows that many affine subspaces that
intersect S at 7" points will continue to do so after projection. But our new Furstenberg set is over
a significantly smaller ambient dimension, so we can apply our Furstenberg lower bound which
implies a much stronger lower bound for S.

Theorem 2.20 (formal version of Theorem 1.3). Let 6 > 0, n > k > 1, g be a prime power,
8¢ <T<q" % andt = [log, T']. Suppose S is (6,n,n — k,T)-Furstenberg. Then, there exists a
(0/2, k + 2t,2t,T)-Furstenberg set of size at most |S|, which implies

8q(k + 2t))

5T
Sl> —-
N SleP( -

Proof. Let h : Fy — F’q‘”’ be a uniformly random surjective linear map. Consider a uniformly
random subspace W <, F’;”’ . We will show that

Prjw[3b e Fy™ |(b+ W) N h(S)| > T] >

NS

(6)

18



Then it will follow that the proportion of directions W <y, which have a shift that intersects
h(S) on at least T points is at least 6/2 in expectation. We can then fix & that achieves at least
this average, and obtain that A(S) is (6/2, k + 2t,2¢t, T)-Furstenberg of size |h(S)| < |S|. Apply
Corollary 2.17 to get a lower bound.

Define the random subspace V := A~'(W). We note that V will be a random subspace of
dimension n — k in Fy. Define the event

k+2t
Fq

& = (Fby € FZ’ [(by +V)NS| > T).

By definition of S, we know that Prj, w[&] > 6. Condition on & which fixes some subspace V
which is heavy for S, and let Sy be an arbitrary subset of size T from (by + V) N S. Despite
this conditioning, g = h|y: V — W is still a uniformly random surjective map. And because
Sy —by C Visasetofsize T < ¢', Lemma 2.19 implies that g will preserve its size often:

Prlg(Sy —by)| =T | &] > 1/2.
But this implies that
T =1g(Sv = by)| < |h((S = by) N V)| = |h(S = by) " W| = |r(S) N (h(by) + W),

and thus there is a shift of W that intersects 4(S) in at least 7" places. Hence,
0
Pr;[3b e By, |(b+ W) N h(S)| > T] > Pr[&] - Pr[|g(Sy - by)| =T | E] > >

establishing (6). O

3 Linear Hashing over [,

We will explicitly denote dependence on g anywhere it appears.

Definition 3.1 (Max load). For a function 4 : A — B and subset S C A, we define

M(S, h) = max |h"1(b) N S|
beB

to be the max load when h is viewed as a hash function mapping S C A into B.

3.1 Max Load Tail Bounds

A tail bound for the max load of a random (surjective) linear hash function is a special case of a
Furstenberg lower bound. The contents of each bin are determined by shifts of the kernel of the
hash function, so a bad set of balls S is precisely one where many subspaces have shifts that heavily
intersect S. If we directly apply our Furstenberg lower bound to the hashing setting, we get the
following tail bound:

Theorem 3.2 (Load tail bound from Furstenberg). Let g be a prime power, u > £ > 1 be integers,
and h : Fy — ]Fg be a uniformly random surjective F,-linear map. For any T > 8q and any S C F,

q)
8 8q(€ +2[log, T1)
Pr[M(S,h) > T] < LS|exp 1 S .
q‘'T T
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Proof. Denote 6 := Pr[M(S,h) > T] and 1 := [log, T']. The kernel of 4 is a uniformly random
subspace of Iy of dimension u — €. If M (S, h) > T, then some shift of this kernel intersects S in at
least T points. Therefore, Pr;,[M (S, h) > T| = ¢ implies that S is (9, u, u — ¢, T)-Furstenberg. By
Theorem 2.20, this implies that

oT {+2t
8 €+ 2t
N exp(q( + ))'

== 0 <
q‘T T

For linear hashing, we are interested in a uniform random linear map, rather than a uniform
surjective linear map. We can generalize the tail bound by showing that linear maps are surjective
with high probability. If u is sufficiently large, the probability that / is not surjective is small enough
that we can union bound it with the tail.

Theorem 3.3 (General tail bound for large u). Let g be a prime power, u > € > 1 be integers, and
h:F, — F[ be a uniformly random F,-linear map. In addition, suppose that u is sufficiently large,
ie. u uo(f |S|,T, q). Then for any T 8q and any S C F“, we have

91S| 8q(¢ +2[log, TT)

Pr[M(S,h) > T] <
([M(S,0) > ] < —Crexp .

Proof. When u is sufficiently large relative to the other parameters, then the probability that 4 is
not surjective is tiny. Thus, the max load tail bound conditioned on surjectiveness extends to this
general case with a tiny loss. Let & be the probability that 4 is not surjective. Viewing /4 as an ng“
matrix, & is equivalent to the probability this matrix is not full rank, which is

{—

1-— (1 _ q—u)(l _ q—u+1) . ( —u+{’ 1) Z —u+€.

i=0

Conditioned on =&, h is a random linear surjective map for which Theorem 3.2 applies. Hence,

Pr(M(S,h) > T] < Pr[E]+Pr[M(S,h) > T | -&]

Pa—— 85| o 8q(¢ + 2[log, T1)
qu T
9|S] (Sq(5+ 2[log, T1))
< Texp
q‘T T
as long as uo (¢, S|, T, q) is set large enough. O

Finally, we can extend this tail bound to every u with an appropriate embedding. If the tail
bound holds over large u” > u, we can lift our set § and our random hash function / from [} to PZ'
while preserving which balls go into which bins (and hence preserving the max load). Theorem 3.3
then applies, and this bound has no dependence on u’ so it also applies to our original setting.
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Corollary 3.4 (General tail bound for all u). Let g be a prime power, u > € > 1 be integers, and
h:Fg— Fg be a uniformly random F-linear map. Then for any T > 8q and any S C F,, we have

9|5] 8q(¢ +2[log, T1)
7 €XP .
q‘'T T

Pr[M(S, h) > T] <

Proof. If u > up(¢,|S|,T,q) from Theorem 3.3, then we are done. Otherwise, pick u’ =
uo(¢,1S|,T,q), and lift S and & to Fg/: add zeroes to the end of each tuple in §, and add
uniformly random columns to the matrix of 4, turning it into a uniformly random linear map on a
larger universe. Theorem 3.3 gives a tail bound for the larger universe, but the bin assignments (and
hence max load) are the same as if we had evaluated 4 on S in the original, smaller universe. O

3.2 Optimal Expected Max Load

Combining our tail bounds with tail bounds of prior art [ADM*99] allows us to show that linear
hashing over F, achieve optimal expected max load for any constant g.

Theorem 3.5 (formal Theorem 1.4). There is an absolute constant €y such that for all integers
t > {o, the following holds. For any prime power q, integer u > {, subset S C F5 of size n = q°,
and uniformly random linear map h : Fy — Fg, we have

10g¢ Inlng 1
E [M(S,h)] < — —o(q ing _nn )

Int Ing Inlnn

Proof. We will write the expectation as the integral of the upper-tail bound.
E,[M(S,h)] = / Pr[M(S,h) > t] dt.
0

Evaluate this integral by splitting it into three regions:

(1) In the first region when 7 is small, we expect Pr[M (S, h) > t] = Q(1). We will thus use
a trivial bound of 1 until our tail bound starts to predict tail decay. Let us integrate up to
t < 9¢g¢/In¢. This term will dominate the integral.

9g¢/In¢ 9g¢/Int 9g¢
/ Pr[M(S,h) > t]dt < / ldt = —.
0 0

(2) In the next region, ¢ is now large enough that our tail bound becomes meaningful. However,
this integral does not converge, so we will need an appropriate upper limit. This second
region bridges the gap until very strong tail bounds hold. Corollary 3.4 applies in this regime
if 9¢/In € > 8, which is true for £ > Q(1).

Y Y 8 8q (¢ +2[log, t])
/ Pr[M(S,h) > t] dt < / —exp( ) dr.
9g¢/In ¢ 9gt/In¢ I !
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The exponential term is nonincreasing for ¢ > e, and our integral’s limits clearly fall in this
regime. So, let us simplify the integral by moving the exponential term out with the lower
limit substituted. This term on its own is upper bounded by

(8(5 +2log,(8¢/In¢) +4)) (81n€ 1610g,(8¢/In ¢) 32
exp < exp +

+ < 0
9¢/In¢ 9 9¢/In¢ 9¢/In¢ ’

for ¢ larger than an absolute constant. Therefore,

y vy
/ Pr[M(S,h) > t] dr < 86°/1° / — dt
9g{/Int 9g¢/In¢ t
< 811 y.
Choose y = exp(g£'/?°) so that this is upper bounded by 8¢£'%/20.

(3) Lastly, once ¢ is large enough, we can utilize the extremely strong tail bound Corollary B.4
from [ADM™99]. In this region, the integral will easily converge to something vanishing.

/ Pr[M(S, h) > t] dt

Y

< / PI'[M(S, h) > Wq15+log210g2q€10g2 q] (q15€10g2 q) dw
w

dw

(o)
1
15+log, lo lo
<2C[ 5] ngf gz‘l/ v
w w4

< 2q15+log210g2qg10g2‘1 /00 1 !

woow 8
. &xp(O(Ing(In’ +log, log, ¢)))
T (log, W— DWW

dw

w

Here, W := y/(q'¥*ou0n4700:0) = exp(q£'" -0 (In g (In €+1og, log, q))) > ¢ =00,
which gives

400

q(€1/20—0(ln€))2’

X

which is at most 1 for £ larger than an absolute constant.

In total, whenever ¢ is larger than some absolute constant £y, the expectation is upper bounded by

9g¢ 10g¢
EA[M(S, )] < =L 484619/ 41 < L
In¢ In¢

We can also write this bound in terms of » instead of ¢ as follows:
10g¢  10g Inn
In¢ Ing Inlnn—Inlng
10 Inn In(£1Ingq)
"~ Ing Inlnn In(¢lng) —Inlng
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_10g Inf+Inlng Inn

"~ Ing In¢  Inlnn

_0 gIlnlng Inn
- Ing Inlnn/

(When g = 2, Inln g is actually negative, but we still recover a O(Inn/Inlnn) upper bound.) O

4 List Decodability of Random [ -Linear Codes

An error-correcting code C C Fy (with relative distance 6, say) has the property that every two
codewords differ in at least on places. Equivalently, every Hamming ball of radius én contains at
most one codeword of C. List decoding generalizes this property to larger Hamming balls.

Definition 4.1. For 0 < p <1 -1/q, a (p, L)-list decodable code C C Fy satisfies the property
that every Hamming ball of radius pn contains at most L codewords of C.

Let H,(p) denote the g-ary entropy function. The list decoding capacity 1 — H,(p) is a special
rate threshold for when list decodability with constant list size is achievable. We recommend
Chapter 7 of Guruswami, Rudra, and Sudan [GRS26] for more details.

Theorem 4.2 (List decoding capacity, see [GRS26, Section 7.4]). Let 0 < p < 1 —1/q and let
e > 0 be sufficiently small. Then for every sufficiently large n,

(1) there exists a (p, O(1/&))-list decodable code with rate 1 — H,(p) — &, and
(2) every (p, L)-list decodable code with rate 1 — H,(p) + & must have L > gen,

We now show that random F,-linear codes achieve list decoding capacity—in particular, have
optimal list size near this rate threshold—for ¢ = O(1), by directly showing list size is a special
case of hashing max load. We will define a random linear code (RLC) C C F; of rate R as the
kernel of a uniformly random parity check matrix of size (1 — R)n X n. Up to an exponentially small
probability, this is equivalent to choosing the code as a uniformly random generator matrix n X Rn
or as a uniformly random subspace of dimension Rn. First, show that bounding the list size of a
linear code is equivalent to bounding the max load when linearly hashing a Hamming ball. This
connection was briefly mentioned in [DLM*26], and we formally prove it here.

Lemma 4.3. Let h : Fy — IFEII_R)n be a linear map, C = h='(0), and B C Fy be the Hamming ball
of radius pn centered at 0. C is (p, L)-list decodable if and only if M (B, h) < L.

Proof. The definition of (p, L)-list decodability of C can be written as

max |[(x + B) N C| < L.
xeFy

However, by relativity of motion, this is equivalent to

max |[BN (x +C)| < L.
xeFy
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Finally, the left hand side is equal to the max load M (B, h). We can tile FZ with shifts of C, and each
shift corresponds to a different nonempty preimage of 4. We can extend the quantifier to consider
all preimages without changing the maximum value.

max |B N (x +C)| =max |BNn h~ (y)| < L. m|
xeFy yeFy

Now that we know list size is equivalent to max load, we can plug the set B into our tail bound.

Theorem 4.4 (formal Theorem 1.5). Consider all0 < p <1-1/qandall0 <& <1—-H,(p). Let
C < Fj be a random linear code of rate 1 — H,(p) — €, and let

Hq(p) + 1)
- .

L::16q-(

Ifn>40/e -log,(1/¢e), then C is (p, L)-list decodable with probability 1 — g~
Proof. Let B C Fj be the Hamming ball of radius pn centered about zero, so that |B| < gHa(p)n,

andlet R .= 1- H,(p) — &. A random linear code C of rate R is defined as the kernel of a uniformly
random linear function h: Fy — IF,SI_R) "
We can bound the probability that C is not (p, L)-list decodable. By Lemma 4.3, this is equivalent
to the max load M (B, h) being larger than L, and we can show this is rare using Corollary 3.4.
Pr([C is not (p, L)-list decodable] = Pr [M (B, h) > L]
9|B]| 8q((1 — R)n+2[log, L1)
< ————-ex
g(=Rnp, L
9gHa(p)n 8q((Hy(p) + &)n + 2[log, L1)
< — L ——— - exp
q(Hq(p)+£)nL L
9 8¢q((Hy(p) +&)n +2[log, L)
- ex .
gL L

To control the exponential term, let us set list size to be

;- 16q(Hy(p) +2) _ 16q - (Hq(p) N 1)’
&

which is at least 8¢g as needed to apply Corollary 3.4. Then,
Pr[C is not (p, L)-list decodable]
9¢ 16¢[log, L]
< exp
16gH,(p) + 16q¢ (16Hq(p) + 16
—en/4
6z Pz, L) "

2
< ﬂ . q_sn/4.

qe?

) . een/Z . q—sn

<

Ifn > 40/e - log,(1/¢), then g2q®* > ¢°"13, so this is upper bounded by

2
< 144e _ q_g(sn). -
qan/S
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A Upper Bound via Probabilistic Method

When 6 = 1, we can show that Corollary 2.14 is almost tight (up to a g factor in the exponential term)
using random sets. We begin with a generic upper bound, and then set parameters appropriately in
both lower and upper bounds. Any density-a set is a (1, n, r, g”)-Furstenberg set by pigeonhole
over the shifts of each subspace, so we will hope to beat this using the probabilistic method. We do
not attempt whatsoever to optimize the constants here.

Lemma A.1. For sufficiently large n, let r < n/2 and let S C F}, be drawn i.i.d. randomly with
probability p < a. For everyn < 1, suppose that

¢ D(a|p)<(n-3r/2)Ing—InV2 —Inln(qg" " " /n). (7
Then S is a (1,n,r,aq")-Furstenberg set with probability at least 1 — 1.

Proof. The probability that S is not Furstenberg can be estimated by union bounding over each
dimension-r subspace V and considering the probability of every shift of V being small in S.

n-r

Pr[S is not Furstenberg] < ¢"" (1 =Pr[[VN S| > ag' 7" . (8)
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|V N S| is binomially distributed with expectation pqg" < aq”, and its tail satisfies [Ash90, (4.7.2)]
. exp(=¢"D(a |l p))

Pl [’ ;; Z d r =
qur .

Substitute into (8) and upper bound using the exponential inequality.

=

n—-r

Pr[S is not Furstenberg] < ¢’ """ exp(— q
2q"

exp(—¢q"D(a || P)))-

If p satisfies (7), then this entire expression is strictly less than 7. O
Proposition A.2 (Tightness). Let a € (0,1), g,r € Z, r < n/2, and n sufficiently large.

(1) If n = Q(aq™™"Y), the smallest (1,n,r, aq")-Furstenberg set S satisfies

a 4n |S] n—0(r)
Eexp ——— | < —; < 3eexp| -————— - Ing|.
aq aq

(2) Ifn = o(aq™™"), the smallest (1,n,r, aq")-Furstenberg set S satisfies

o _ 'S|@_\/Z“(”‘qofr”l“qm(l).

X

qr—l q"

a-—3

Proof. Let us begin by calculating a Furstenberg upper bound using the probabilistic method, and
then set parameters appropriately for lower and upper bounds in both regimes.

Largen. Whenn = Q(aq "), the exponential term of Corollary 2.14 dominates. Set C = 2 to get
|S| L 4n
q" z 2 p a,qr—l :

For the upper bound, choose p to be

(n—3r/2)Ing —InV2 —In 1n(3qr<"—r>))
aq”

p=a(l-a)l/® exp(—
-0
< 2. exp(——n (r) -lnq).
2 aq”
This choice of p satisfies Lemma A.1 for n = 1/3, using the fact that

1- 1
D(allp):alng+(l—a)ln a?alng—ln .
p l1-p p l-a

So, S chosen i.i.d. with probability p will be Furstenberg with probability at least 2/3. Next, by
Markov’s inequality, |S| < 3p with probability at least 2/3. Hence, |S| < 3p and S is Furstenberg
with probability at least 1/3, so there exists a (1, n, r, g”)-Furstenberg set with density at most 3p.
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Small n. When n = o(ag"™"), apply the exponential inequality to Corollary 2.14 and balance the
first two terms by setting C = \aq’~!/n to get

|S| an
— > - .
qn 5qr—1
For the upper bound, use the approximation
(@ - p)?
D(allp)> ———-
a

Then, we can satisfy Lemma A.1 as long as p satisfies

-p< \/(ZQ)((” —3r/2)Ing - InV2 - InIn(3g"("=1)))
ql‘ .

Hence, it suffices to choose

pma- \/2a(n - Zr(r))lnq +o(1),

and S chosen i.i.d. with probability p will be Furstenberg with probability at least 2/3. In addition,
via the Chernoff bound, the density of S will be at most p + O (4/p/q") with probability at least 2/3.
So, S will be Furstenberg and also have size

IS| < @ — \/2a(n — Zr(r))lnq + O(Jg) +o0(1). O

B Tail Bound of Alon-Dietzfelbinger-Miltersen—Petrank-Tardos

Lemma B.1. Let a; for 1 < i < k be random variables and let 0 < ay < 1 be a constant.. Suppose
that for 0 < i < k we have 0 < ;41 < «@; and conditioned on any set of values for ay, ..., a; we
have E[a;;1 | aq,...,q;] < a/l.z. Then for any threshold 0 <t < 1 we have

Pr[ak > t] < al(;—logzlogz(l/t)+log210g2(1/a'0).

From this, a weak version of coupon collection can be shown.

Lemma B.2. (a) Let S C F; of density %' =1-a < 1land0 < € < u is an integer, then for

. . . . . €
uniform random surjective linear map h : F; — F,,
Pl'[h(S) + Pg] < au—{’—logz {-log, log, g+log, logz(l/a/).
(b) There exists constant ¢ > 0 such that the following holds. Let S be a subset of a vector space

V of arbitrary dimension over F,. Let { > 0 be an integer. If |S| > gl 0'°%294% then for a
uniform random linear h : V. — F¢,

Pr[h(S) =F] > %
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We note that when g = 2, item (b) recovers the coupon collector prediction, but for larger g,
the set S will be asymptotically larger (even for ¢ = 3). This is the cause behind the max load
degradation for larger q.

Proof.

(b)

(a) Denote k = u — £. We pick h by picking k vectors vy, ..., v; uniformly at random
from Fy, and choosing A to be a random surjective linear map conditioned on the kernel of &
containing vy, ..., v. Denote Ag = A, A;+1 = A; +span{v;}, A; = IFZ \A;,and a; = |A_,-|/q”.
Observe that L . L

Aiy1 = ﬂ (Ai +7) €A N (A +vis).
yespan{v;}
Hence, conditioned on a choice of vy, ..., v;, we can bound

_ 1 _
Ela;:1] = PI‘XNFZ [x € A1l < Pr[x € A;,N (A; +vis1)] = ? Z Prix—veA]= al-z.

X€A;
Therefore, the «; satisfy the assumption of Lemma B.1, and thus

¢
Pr[ak > q—f] < ak—logzlogz(q )+log, logy (1/a) _ au—€—10g2€—10g210g2 q+log, logz(l/a).

It suffices to show that a; < ¢~¢ implies h(S) = ]Fg. Now define B = h(A). Since h is
surjective, we have |~ (B)| = ¢“~¢|B|. Now note that #(Ay) = h(A + Span(vy,...,vi)) =
h(A +ker h) = B. Therefore A, ¢ h™'(B), and so |Ax| < ¢“~¢|B|. However, the bound on
ay implies |Ag| > ¢ — ¢*~¢. Hence, we must have |B| > ¢¢ — 1, and thus |B| = ¢’. This
implies h(A) = Pg as desired.

Let W = ]th, where t = |log, (4m)]. We factor & into hy o ho, where ho : V. — W is a random
linear map, and h; : W — Fg is a random surjective linear map. For any fixed distinct s, ¢ € S,
ho will collide the two with probability 1/|W|. Therefore, the expected number of collisions
caused by A is at most

m 1 < m? 1 _m
2] Wl 2 4m 8
Hence, by Markov’s inequality, the number of collisions exceeds m /2 with probability at most
1/4. With that many collisions, it will be that |#¢(S)| < m/2. Condition on the event that this
doesn’t happen, and Sy := ho(S) is of size > m/2. Denote @ = 1 — |Sp|/|W|. We observe
m/2 7

<1-e_ L
¢ Am 8

Hence, by part (a), it follows

7 t—{—log, {—log, log, g+log, log, (8/7)
8 )

Pr[h(So) # F4] < (—

1
< exp (—g(log(4m) —{ —log, ¢ — log, log, g + log, log,(8/7)) | .
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Let C; := log, log,(8/7) and C, := 81n4. Hence, if we pick m such that
log,(4m) — ¢ —log, £ —log, log, g + Cy = Cy,
it follows that Pr[h;(So) # F,] < exp(—3 - 8In4) < 1/2. This means

log,(4m) = C; — Cy +1og, £ + £ +log, log, g

— m = %qCZ—C1+10g2€+€+log2 log, q < q15+10g2 log, qqlogz €+€'
For such an m, it follows
. . 11 1
Pr{A(S) # Fy] = Pr{ISol <m/2] + Pr |hi(So) #F, | 1So] > m/2| < 7+ 7 =5, ©

With these covering properties, a max load tail bound can be derived.

Theorem B.3. Let 1 > 1, u > € > 1 be integers, and let S C Fj be an arbitrary subset of size q‘.
For uniformly random linear h : Fy — Pg,

PI‘[M(S, l’l) > q15+10g2 log, g+t+log, t] < 2q—t(t—log2 {+log, t).

Proof. Denote T := g'3*log21og2g+log2 141 We will factor through Fi” . Let by : Fy — Fg” be a
random linear map, and let 4, : }Fg*’ — Fg be a random surjective linear map. Denote the event

E={3yeF, :h'(y) c ()}

We first show that Pr[&E | M (S, k) > T] > 1/2. Condition on 4 and h, such that |h~'(y) N S| > T
for some y. Consider the distribution over all A after this conditioning. We will show that
the probability & is satisfied is at least 1/4, which implies the same lower bound in the weaker
conditioning of M(S,4) > T. Denote V := h™!(y) and W := h;l(y) = IF;. Let i = hily, which
we note is a map taking V to W. By Proposition 3.4 of [ADM99], &/ is either a random linear or
random affine linear map. Let §" = § N V. Applying Lemma B.2 to ] and §” C V, it follows in this
conditional distribution,

1
Pr(&] > Pr[h;' (y) € hi(S)] > Pr[h|(S') =F,] > 5
Therefore, Pr(&E | M(S,h) > T] > 1/2, and so we have
P
Pr[M(S,h) > T] = rio] < 2Pr[&]. )

Pr(E | M(S,h) > T

To estimate Pr[&], we phrase it as a covering problem. Let S = IFg” \ 71(S). We see
& & mh(S) #F,.

Therefore, by Lemma B.2 and the fact that 1 — |S1|/¢‘*" < ¢*/¢‘*" = g, we have

Pr [8] < q—t(t—log2 ¢-log, log, g+log, log,(g")) — q—t(t—log2 {+log, 1) )

Combining this with (9) yields the desired result. O
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Corollary B.4. Let u > € > 1 be integers, and let h : F; — }Fg be a random linear map. For
arbitrary S C I of size q‘, we have

PI'[M(S, /’l) > Wq15+log2 log, q£10g2q] < 2W_10ng,

Proof. Sett to be the smallest integer such that 7 + log, ¢ > log, £ + log, w + log, log, w. Thus,
t > log, w, and plugging this 7 into Theorem B.3,

PI‘[M(S, h) > Wq15+log2 log, qglogz q] < Zq—tlogq W 9yt < 2W—logq w O
It is not hard to see that integrating this tail bound yields the following expectation bound.

Corollary B.5.
Eh [M(S, h)] — 0(ql5+10g2 log, qglogz q).
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