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Abstract

Communication complexity studies how much information must be exchanged to solve a
problem whose input is split among two or more parties. The classical setting deals with
Boolean inputs split between two parties. In this work, we study an algebraic variant, where
the inputs are vectors over a field F € {R,C}.

There are two players, Alice and Bob, with inputs X € F" and Y € F", respectively. We
consider two kinds of tasks. In the polynomial evaluation problem, the goal is to compute the
value of a polynomial g € F[X,Y] on the given input. In the set-recognition problem, the goal
is to decide whether (X,Y) € S, for a given set S C F" x F". In both settings, Alice and
Bob send evaluations of polynomials depending only on their own inputs. In the polynomial
evaluation problem, these messages are combined to compute the evaluation g(X,Y). In the
set-recognition problem, a referee receives the messages and may apply polynomial tests to the
messages received so far; the outcomes of these tests determine acceptance or rejection. The
protocols may be deterministic or probabilistic.

This algebraic communication viewpoint, initiated by Abelson (JACM, 1980) and later devel-
oped by Grigoriev (Computational Complexity, 2008), has remained comparatively unexplored.
In this work, we revisit this model and demonstrate that it continues to offer a rich framework
for new lower bound questions. We present three sets of results.

e Upper bounds and reductions. We give non-trivial upper bounds for a range of natural
polynomial evaluation and set-recognition problems, showing that algebraic communica-
tion can be significantly more powerful than simply sending all input coordinates. We
also prove reductions between different problems, which help organize the landscape of the
model and identify which problems capture its main difficulties. These results serve two
purposes: they illustrate the expressive power of the model, and they show that proving
meaningful lower bounds in this setting is interesting.

e A lower bound framework and tight lower bounds. Our main technical contribution
is a general framework for proving lower bounds for algebraic set-recognition problems.
Using this framework, we prove several probabilistic lower bounds for natural problems
introduced earlier in the paper. In a number of cases, these lower bounds match the
corresponding upper bounds, giving tight or near-tight characterizations of their algebraic
communication. Along the way, we also recover and generalize some of Grigoriev’s original
lower bound results.

e Applications of the framework. Finally, we give two applications of our framework.
First, we use the communication lower bounds to prove lower bounds for a class of left-
to-right algebraic algorithms, which we call algebraic scanners. Second, we show that our
lower bound arguments extend beyond polynomials to a more general algebraic computa-
tional setting inspired by the Blum—Shub-Smale model.
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1 Introduction

Communication complexity studies the amount of communication required to compute a function
jointly by two or more parties on an input distributed among them. The standard setup has two
players. The inputs are usually Boolean strings, and the two players aim to compute a Boolean
function. This model was introduced by Yao [Yao79]. It is mathematically simple, and yet it
captures many important aspects related to communication. It is extremely well-studied and has
a large range of applications to other areas of algorithms and complexity theory such as circuit
complexity, proof complexity, query complexity, and streaming algorithms [Mut05; RY20].

A related model for a more general class of functions was introduced by Abelson [Abe80] soon
after Yao’s two-party model for Boolean functions. Here, the two players, henceforth called Al-
ice and Bob, receive inputs from F € {R,C}. So, Alice receives X = (Xi,...,X,) € F" and
Bob receives Y = (Y1,...,Y,) € F". The goal is to evaluate a polynomial g € F[X,Y] on the
given input (X,Y). We will call this the polynomial evaluation problem. The way they are al-
lowed to do this is as follows: There is a referee receiving messages from Alice and Bob, say
a1(X),...,ar(X) € FIX] and b1(Y),...,b,(Y) € F[Y], respectively. Now, the referee computes
9(X,)Y) = Pla1(X),...,ar (X),01(Y),...,b:,(Y)), where P € F[z1,..., 2 +r,). Among all such
representations of g, we wish to find the one that minimizes r; 4+ ro. The problem has both compu-
tational and algebraic motivations. From the computational point of view, it is closely related in
spirit to Yao’s communication model, since it studies computation under a partition of the input.
From the algebraic point of view, it asks how succinctly can a polynomial in variables X and Y be
represented using polynomials depending only on X and polynomials depending only on Y.

More than two decades after this, Grigoriev [Gri08] introduced a variant of the above model
for decision problems in this setting. These problems are called set-recognition problems'. In this
case, the goal is to recognize a set S C F"" x F": given X € F" to Alice and Y € F” to Bob, check
whether (X,Y’) € S or not. Here, the protocol is visualized as a tree. Every node of the tree belongs
to either Alice or Bob. At an Alice node, say v, she sends a message, a polynomial a, € F[X], to
the referee. Similarly, at a Bob node, say u, Bob sends a polynomial b,(Y) € F[Y] to the referee.
At each node, the referee applies a test” to the messages it has received so far. The tests are also
polynomials (and not arbitrary functions). The tree branches based on the result of the test. For
F = C, the protocol tests {= 0,# 0}, whereas, for F = R, the tests are {< 0,= 0, > 0}. The leaves
of the protocol are labelled by outputs, either accept or reject; an input is accepted or rejected
according to the label of the leaf reached by the protocol on that input. The depth of the tree is the
complexity measure, which we want to minimize. A noteworthy aspect of Grigoriev’s paper is that
it also analyzes a probabilistic communication model. (Formal definitions appear in Section 2.) We
write DCCg(S) and PCCg(S) for the deterministic and probabilistic communication complexities
of recognizing S, respectively, over the field F.

Our work focuses on Abelson and Grigoriev’s models of communication. We study the polyno-
mial evaluation problem as in Abelson’s work, as well as the set-recognition problem, as in Grig-
oriev’s work. We consider both deterministic and probabilistic communication. The set-recognition
problem is a decision problem and, thus, bears some resemblance to decision problems arising in
the communication complexity of Boolean functions, such as those studied in [KN97; RY20]. While
Boolean communication complexity is often amenable to combinatorial techniques, our setting is
inherently different: the domain is F* x F”, rather than a discrete Boolean domain, and the com-

!Simultaneously, Bliser and Vicari [BV08] also introduced a closely related model. We will talk about it in detail
in the section about related work.

?In the original model [Gri08], each node can perform multiple tests. Here, we assume that each node has only 1
test. However, all our results hold for the original model as well.



municated messages are evaluations of polynomials. This calls for a different set of tools, combining
algebraic techniques with analytic reasoning.

In [Gri08], the first strong lower bounds for probabilistic communication were proved. In our
work, we present a general framework for proving lower bounds for probabilistic communication
complexity of set-recognition problems. This involves a substantial generalization of previous tech-
niques [Gri08]. The generalization also achieves a quantitative improvement to the lower bounds
obtained in [Gri08]. Furthermore, we give an extensive analysis of the deterministic model by
providing new upper and lower bounds. We also give two applications of our results. The first
application uses our lower bounds as a black-box to obtain lower bounds for algorithmic problems.
This is similar to the standard communication-to-streaming connection. The second application in-
volves modifying our lower bound proofs further in order to obtain lower bounds for a BSS-inspired
communication model, which is more general than the communication model by [Gri0g].

Polynomial evaluation problem. As mentioned above, the problem was first studied
in [Abe80]. Tt is straightforward that the complexity of the problem is always upper bounded
by 2n. Alice and Bob can simply send their entire input to the referee and then the referee can
compute g(X,Y). Notice that Alice, Bob, and the referee are allowed to compute arbitrary poly-
nomials of their inputs. That is, the complexity of computing a;’s, b;’s and P does not contribute
towards the cost of solving the problem.

The main contribution of Abelson’s work was an elegant mathematical statement showing that
the complexity of the problem is lower bounded by twice the rank of a matrix, which we call the
mixed Hessian matrix and denote it by Hx|y(g). It is an n x n matrix, where the (4, j)th entry is
82g / 8XZ(9Y3

For example, consider the inner product polynomial IP,(X,Y) = 3" | X;Y;. It is not hard to
see that Hx|y (IP,) = I, where I,, is the n x n identity matrix. Thus, Abelson’s bound [Abe80]
gives a tight lower bound of 2n for the polynomial evaluation problem for IP,(X,Y).

Set-recognition problem. Here is another instructive example of the equality polynomial. For
this discussion, let us fix F = R. Let EQ,,(X,Y) = Y7 | (X; — ¥;)2. Since a sum of squares over R
vanishes exactly when every summand vanishes,

V(EQ,) = {(X,X) | X € R"}.

The 2n deterministic upper bound is not hard to see: Alice sends X; to the referee, then Bob sends
Y; to the referee, and the referee tests whether (X; — Y;)? = 0 or not. If it is equal to 0, then the
protocol proceeds to check the next coordinate else it rejects and terminates. In our work, we show
that 2n is tight for deterministic protocols. (We will elaborate on this in Section 1.1.%)

In contrast, one can recognize V(EQ,,) using a probabilistic protocol with O(1) communication.
Using public randomness, Alice and Bob choose r uniformly from a fixed set A C R of size at least
3n. Alice computes a(X) = >, X;r’. Similarly, Bob computes b(Y) = > | ¥;r’. The referee
accepts if and only if a(X) = b(Y). As a univariate polynomial of degree at most n can have at
most n roots, the probability that the protocol accepts when X and Y are not equal is at most
1/3. This shows that the probabilistic protocols are provably stronger than deterministic protocols.
A similar exponential gap was proved in [Gri08] for a set-recognition problem called the Orthant
problem. These gaps underline the fact that the model is non-trivial and proving lower bounds for
probabilistic communication in this model is significant. The bounds for V' (EQ,,) mentioned above

3In [BV08] a 2n lower bound was proved, but this was for a restricted setting where a;’s and b;’s are homogeneous.
We do not need such a restriction.



may remind the reader of analogous bounds for the communication complexity of the Boolean
equality function. We emphasize, however, that this similarity is only superficial: as we will see
below, the techniques involved here are quite different.

In [Gri08], such lower bounds were achieved. In particular, it proved the following statement.

Theorem 1.1 ([Gri0g8]). Let IP,(X,Y) =" | X;Y;, let S(IP,,) = {(X,Y) € R*"xR" | IP,(X,Y) <
0}, and let V(IP,) = {(X,Y) € C" x C" | IP,(X,Y) = 0}. Then, PCCr(S(IP,)) is at least 2n — 6
and PCCc(V(IPy,)) is at least 2n — 6.

Remark 1.2. The theorem above summarizes Proposition 3.1 and Corollary 3.2 of Grigoriev [Gri08].
In fact, these results establish a slightly more general lower bound than the version stated here,
and our work generalizes those original statements as well. For ease of exposition, we state only
this restricted form in this part of the introduction. We return to the more general formulation
later, when discussing the proof techniques underlying our results.

1.1  Our results and techniques

We start with a summary of our results and organization. After this brief summary, we discuss the
main theorems and the proof techniques used to prove them.

1.1.1 Summary and organization

e We provide non-trivial deterministic and probabilistic upper bounds for a broad array of set-
recognition problems. These bounds show that both deterministic and probabilistic models
are non-trivial. Additionally, we prove a tight deterministic lower bound for equality. These
initial bounds also provide a gentle introduction to this model of computation. We present
these results in Section 3.

e We extend and improve Theorem 1.1 above in two ways. In the statement above, we have
F,(X,Y) =IP,(X,Y) and the lower bounds are for the sets S(F,) = {(X,Y) | F,,(X,Y) <0}
over R and V(F,) ={(X,Y) | F,(X,Y) =0} over C.

As our first extension, we prove that F), can be more general and not necessarily restricted
to IP,,. In fact, we show that if F), satisfies a set of conditions (we formally provide these
below), then we can prove strong lower bounds. Thus, this provides a new framework for
lower bounds; to prove a lower bound, one can simply check these conditions. These results
are presented in Section 5.

We also provide tight lower bounds for several set-recognition problems in deterministic and
probabilistic models. Along the way, we show that the lower bound in Theorem 1.1 can be
improved to 2n — 4 (see Theorem 6.10). See Section 6.

e Finally, we give two applications of our results. First, we show that the lower bounds above
can be used to prove lower bounds for a certain class of algebraic algorithms. These algorithms
scan the input from left to right. We call them algebraic scanners. They are reminiscent of
streaming algorithms, but with crucial differences. These results appear in Section 7.

Second, we show that our lower bound proofs work for a more general setting. Specifically, we
show that our lower bound arguments extend beyond polynomials to a more general algebraic
computational model, inspired by the Blum—Shub—Smale model [Blu+98], for Alice, Bob, and
the referee. These results appear in Section 8.



1.1.2 Communication bounds and reductions

We study the deterministic and probabilistic communication complexity of several natural sets.
We prove reductions among these problems, allowing lower bounds for one set to be transferred to
others. For exact equality some field F, we write

VIX-Y)={(X,X) | X eF}=V(X1 - V1, ..., Xp = Yy,).

Thus, V(X —Y) = V(EQ,) over R, whereas V(X —Y) C V(EQ,) over C when n > 2.

Problem Description
EQ., The inputs are equal: X =Y.
UEQ, The inputs agree up to a permutation of their coordinates: there exists o € S,

such that X; = Y,; for every i € [n].
SD,, The inputs differ in at most k coordinates: #{i € [n] | X; # Yi} <k.

P, Over R, recognize the threshold condition > | X;¥; < 0; over C, recognize the
zero condition Y | X;V; = 0.

BF,.4 For a fixed public matrix A, recognize X7 AY < 0 over R where A € R™*" and
XTAY =0 over C, where A € C"*™,

Sl, The coordinate sets intersect: X; =Y for some i, j € [n], equivalently,
Hz‘,je[n](Xi - YJ) =0.

Table 1: Set-recognition problems considered in this paper. All problems are considered over
F e {R,C}.

Let V(UEQ;) denote the set of (X,Y) such that they agree up to a permutation of their
coordinates. Similarly, let V(SD,, ) denote the set of inputs (X,Y’) such that they differ in at most
k coordinates.

Theorem 1.3. The probabilistic communication complexity of V(UEQ,) is O(1) and that of
V(SDy, 1) is also O(1) when k = O(1).

Note that V(UEQ,,) is simply asking whether X and Y are equal as multisets. We show that
checking this can be reduced to checking whether n symmetric functions (polynomials) of X and Y
are equal or not. Symmetric polynomials appear naturally in the argument because we are checking
for a symmetric property. Thus, this observation allows us to obtain the same upper bound for
V(UEQ,) and V(X —Y). To prove the upper bound for V(SD,, ), there are several technical
insights. The main argument hinges on creating k + 1 vectors in F¥*! such that they are linearly
dependent if X =Y, but they are linearly independent with high probability if X and Y differ at
> k + 1 coordinates.

Next, we consider bilinear forms, BF, 4 = X TAY, where A is an n x n matrix over F and
X,Y € F*. It is clear that when A = I, this is exactly the same as IP,. In fact, if A is a
rank r matrix then, for any (X,Y), there exists (X,Y) such that BF,(X,Y) = IP.(X,Y). We
observe that this conversion is local to Alice and Bob, i.e., given X to Alice (and Y to Bob), Alice
can compute X herself (and Bob can compute Y himself). Thus, the bounds for set-recognition



problems related to IP, transfer to that of BF, 4, where rank of A is r. This yields a family of
problems whose complexity is neither necessarily as large as the full 2n bound nor as small as O(1).

Finally, we consider exact equality, V(X —Y'). A natural approach to a constant-cost equality
protocol is a polynomial encoding ¢ : F* — F: Alice and Bob send ¢(X) and ¢(Y'), and the referee
compares them. For its correctness, such an encoding must be injective, which is impossible when
n > 1; see Proposition 2.4. On restricted domains, however, injective polynomial encodings may
exist. In particular, we construct one for Z™ in Observation 3.1, yielding a constant-cost equality
protocol for integral inputs. Such restrictions are generally unnatural for equality over R or C.
Thus, equality on unrestricted inputs should, in general, be expected to be hard. We prove a tight
lower bound of 2n on the deterministic communication complexity of V(X —Y).

Theorem 1.4 (Deterministic communication complexity of equality). For every n > 1 and F €
{R,C}, the deterministic communication complexity of V(X —Y) is 2n.

The theorem generalizes a lower bound from [BV08]. Their proof uses ideas from projective
geometry and requires that all the polynomials in the communication protocol are homogeneous.

We do not assume homogeneity. Our proof is an adaptation of the classical fooling-set argument
from communication complexity to the algebraic setting.

The idea can be described as follows. For a deterministic protocol C, and a root-to-leaf path
m in C, let T denote the set of inputs that end up at the leaf of w. First, we observe that there
must be an open set U such that the diagonal inputs (X, X) follows 7 for every X € U. At a
high level, this is a pigeonhole argument. Once we have such a leaf, then we can form a fooling set
{(X,X)| X eU}.

1.1.3 Framework for probabilistic communication

To describe the results in this section, we need some notation.

Notations. Recall that for a polynomial p(X,Y’) € F[X, Y], Hx|y(p) is the mixed Hessian matrix.
We will drop the suffix X|Y, if the partition of variables is clear from the context. Let V xp denote
an n X 1 vector in F[X,Y]™ such that the ith entry of the vector is dp/0X;. Similarly define Vyp.
We use R, to denote the determinant of the following (n + 1) X (n + 1) matrix.

_ Hxy(p) Vxp
RpDet( (éyi;))T 0 )

We are now ready to state the new lower bound framework for probabilistic communication.
To ease the exposition, we will focus on F = R for the rest of the section.

Theorem 1.5 (Tight lower bound for real communication). Let F' € R[X,Y] be irreducible, and
let S(F)={(X,Y) e R" xR" | F(X,Y) <0}. If there exists u € R™ x R"™ such that

F(u)=0 and Rp(u) # 0,
then, the probabilistic communication complezity of S(F') over R is > 2n, i.e., PCCr(S(F)) > 2n.

Proof technique. The proof generalizes several technical ideas from [Gri08].

In fact, Grigoriev’s theorem can be stated more generally than the statement of Theorem 1.1,
where the set one wants to recognize does not need to be S(F) for a polynomial F', but instead can
be any semialgebraic set S. Specifically, the general statement says that, for a semialgebraic set S5,
if dim(0S N V(IP,,)) = 2n — 1, then its probabilistic communication complexity is at least 2n — 6.



Our first step is to observe that there is nothing special about IP,, in this setting. As long as the
polynomial F(X,Y) is irreducible and F' { Rp, where Rp is the determinant polynomial defined
above, then, for any semialgebraic set S such that dim(0S NV (F)) = 2n — 1, we can obtain a lower
bound for the set-recognition problem for S. This makes our framework widely applicable.

The second improvement comes from the fact we present a better analysis of the connection
between the rank of Hyy(F) and the communication complexity of communication protocols.
As mentioned above, Abelson proves that if Hxy (F) is high then the communication complexity
of evaluating F' is also high. Grigoriev presents a technique to lift lower bounds for polynomial
evaluation problems to set-recognition problems for a related set. We fine-tune this lift to obtain
better parameters and thus tight lower bounds.

The framework also has a complex analogue, with the boundary condition replaced with Zariski
closure. This yields the following theorem.

Theorem 1.6 (Tight lower bound for communication over C). Let F' € C[X,Y] be irreducible and
let V(F)={(X,Y) e C"xC" | F(X,Y)=0}. If there exists u € C" x C" such that

F(u)=0 and Rp(u) # 0,
then PCCc(V(F)) > 2n.

1.1.4 New lower bounds

Our framework can be applied to obtain several new lower bounds.

Let EQ,(X,Y) = > [(X; — Y;)? and EQ,. = EQ,, —e. For F = R, the polynomial EQ,
evaluates to 0 if and only if X = Y. The set S(EQ, ) consists of pairs (X,Y’) whose squared
Euclidean distance is at most €. We show that its probabilistic communication complexity is 2n.
This contrasts the O(1) upper bound for V(EQ,). For F = C, we show that the probabilistic
communication complexity of V(EQ,, ;) is also 2n.

We also analyze S(IP,,) over R and V(IP,) over C, proving that their probabilistic communica-
tion complexities are at least 2n — 4. This slightly improves the lower bound of 2n — 6 obtained
in [Gri08].

Next, we consider V (Sl ), where Sl (X, Y) = [[;cp [ (Xi —Yj). Note that Sl (X,Y) = 0 if
and only if XY have a non-empty intersection when thought of as sets. Grigoriev analyzed V' (Sl,,)
and proved a probabilistic communication lower bound of n/2 over C and a lower bound of n over
R. We prove a lower bound of 2n — 6 for recognizing two closely related sets. Specifically, we show
that the probabilistic communication complexity of S(Sl, ) over R and V(Sl,, ) over C is at least
2(n — 3), where Sl,, . =Sl,, —¢.

1.1.5 Applications of the lower bounds and the framework

We present two applications of the above communication lower bounds.

Algebraic Scanners. We define a class of algebraic algorithms, which we call algebraic scanners.
An algebraic scanner processes its input from left to right. At each step, it can compute an
univariate polynomial evaluation of the current input and store the resulting value in a memory
register. In addition, it can perform polynomial tests on the contents of its memory registers, with
the outcomes of these tests determining its subsequent actions. After completing a full scan of the
input, the scanner either accepts or rejects. An (¢,t) algebraic scanner stores at most £ elements in
its memory and makes at most ¢ tests. The complexity of the scanner is (¢ + ¢). We also consider
probabilistic variants of algebraic scanners.



We show that communication lower bounds for set-recognition problems lead to lower bounds on
the complexity of the algebraic scanners. This connection is closely inspired by the well-known rela-
tionship between communication complexity of Boolean functions and lower bounds for streaming
algorithms [AMS99; Mut05].

We prove lower bounds for the following two natural geometric problems: (a) Given X,Y € F",
check whether the ¢y distance between X and Y is at most ¢, for some fixed €. (b) Given n green
points followed by n red points, check if there exists a bichromatic pair that collides, i.e. there are
two points of different color with the same value.

Alice, Bob, the referee, and BSS machines. So far, we have assumed that Alice and Bob
communicate evaluations of polynomials and the referee performs polynomial tests. Thus, implic-
itly, the internal computations of all three parties can be carried out by algebraic circuits, possibly
of exponential size. We ask whether our framework continues to apply when Alice, Bob, and the
referee are allowed to use a more general computational model internally. In particular, we al-
low the parties to compute rational functions, and, additionally, allow Alice and Bob to perform
local tests involving rational functions of their respective inputs. These extensions bring the inter-
nal computational model closer to the Blum—Shub—Smale (BSS) model. We prove that our lower
bound framework continues to apply even in this more general setting. The proofs require a careful
adaptation of the techniques we developed in Section 4 and Section 5. One interesting observa-
tion is that lifting lower bounds from polynomial evaluation problems to set-recognition problems

continues to hold even when rational functions are allowed in place of polynomials.

1.2 Related work

As mentioned above, Abelson [Abe80] first studied the communication complexity of the polynomial
evaluation problem. This was further developed by Luo and Tsitsiklis [LT93] in the setting of
distributed algebraic computation. These papers study the amount of information that must be
exchanged by parties who jointly compute algebraic functions whose inputs are distributed between
them.

Grigoriev [Gri0g8], as well as Blidser and Vicari [BV08], studied the set-recognition problem.
While our work mainly builds on Grigoriev’s model, Blaser and Vicari also give a compelling for-
mulation of algebraic communication. In their model, the parties may exchange arbitrary real or
complex numbers. In particular, messages are not necessarily restricted to evaluations of polyno-
mials. Moreover, Alice and Bob communicate with each other directly, rather than with a referee.
Consequently, their later messages may depend not only on their own inputs, but also on the pre-
vious transcripts, including messages received from the other party. Some variants of their model
allow comparisons and zero-tests. The final decision may be made by Alice or Bob and may depend
on parts of the input that are never communicated with the other party throughout the protocol. A
main distinction from our setting (which is also Grigoriev’s setting) is that Blaser and Vicari [BV08]
focus on deterministic communication complexity, whereas we also study probabilistic protocols.

Prior to [BV08], Krajicek had also introduced communication games where two parties ex-
change arbitrary messages rather than polynomial evaluations. This work aimed at generalizing
the well-studied Karchmer-Wigderson games [KW90] and at connecting proof complexity to real
communication complexity and monotone real formulas and circuits [Kra9g].

Monotone real circuits form another related line of work connecting real algebraic computation,
communication, and proof complexity. Pudldk introduced monotone real circuits in the context
of proof complexity, and later work of Hrubes and Pudlédk studied their relationship to monotone
Boolean complexity and real communication protocols [HP17; Pud97]. More recently, Applebaum,



Beimel, Nir, Peter, and Pitassi [App+22] connected monotone real circuits and separable variants
of them to secret-sharing schemes.

Finally, we mention Ben-Or’s algebraic computation tree lower bound [Ben&3], another foun-
dational result concerning exact decision problems over the reals. Our work differs from Ben-Or’s
in both the underlying model of computation and in the techniques used to prove lower bounds.
Ben-Or’s proofs rely on combinatorial properties of the set being recognized. Such arguments do
not directly capture the difficulty in our model, where the main challenge is to bound the amount
of algebraic interaction between the two sides of the input.

1.3 Discussion and open problems

We end the introduction with a discussion and several open problems.

e In our work, we have been able to show many tight lower bounds in deterministic as well
as probabilistic communication models. Two problems which both Grigoriev’s work and our
work study are S(IP,,) over R and V(IP,,) over C. Can we prove a lower bound of 2n for these
problems? We are not able to apply our general framework for the polynomial IP, because
when F' = IP,, there is no u such that F(u) = 0 and Rr(u) # 0. We prove the lower bound
2n — 4 by refining individual steps of the proof and analyzing them for these two sets. Could
we instead use some other properties of IP,, to obtain a tight lower bound?

e Our lower bound framework is quite easy to state and appears to be broadly applicable.
It would be interesting to identify further natural set-recognition problems to which the
framework applies, and to prove lower bounds for them.

e As mentioned above, the communication model studied in [BV08] is different from the model
we study here. An interesting direction is to develop lower bound techniques for probabilistic
communication in their model.

2 Preliminaries

Forn € Nand n > 1, let X = {Xy,...,X,,} and Y = {Y1,...,Y,,} be two sets of variables
throughout this paper. We denote by S,, the symmetric group on [n], and by F[X, Y] the ring of
polynomials in the variables X and Y with coefficients over F € {R, C}.

For polynomials pi,...,p, € F[X,Y], their common zero set (or variety) is defined by

V(pt,...,pm) ={(X,Y) e F" xF" | p;(X,Y) =0 for every j € [m]}.

When m = 1, we simply write V(p). Likewise, the nonzero set (or distinguished set) of p is defined
as the complement of V' (p):

D(p) ={(X,Y) € F" x F" [ p(X,Y) # 0}.
Finally, for p € R[X, Y] the threshold set (also known as the sublevel set) of p is defined as
S(p) = {(X,Y) eR* xR" | p(X,Y) <0},

Definition 2.1 (Constructible set). A set W C C¥ is constructible if it is a finite union of sets
of the form
{zeCV:flz) == fi(z) =0, g(z)#0},

where f1,..., fx,9 € Clz1,...,2N].
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Definition 2.2 (Boundary of a set). Let S C RY. The Euclidean boundary of S, denoted 98, is
defined as the set of all points x € RN such that every open ball centered at x intersects both S and
its complement RV \ S. Formally,

0S ={zx e RN |Vr >0, B,(z) NS # 0 and B.(z) N (RV\ S) # 0},
where By(x) denotes the open Fuclidean ball of radius r centered at x.

The following proposition records the dimension of a hypersurface over R and C. The real case
follows from the Implicit Function Theorem and the dimension theory of real algebraic sets; see
[BCR98, Proposition 3.3.10, 3.3.11] and [Spi65, Theorem 5-1]. The complex case follows from the
Krull Principal Ideal Theorem.

Proposition 2.3. Let F € {R,C}, and let p € F[z1,...,zN] be a non-constant irreducible polyno-
mial. If F = C, then
dimV(p) =N — 1.

If F =R and if there exists xog € V(p) such that Vp(xo) # 0, then
dimV(p) =N — 1.
If, moreover, Vp(x) # 0 for every x € V(p), then V(p) is a smooth real algebraic hypersurface.

One might hope to make communication highly efficient by uniquely encoding an input using
fewer polynomial coordinates. The following proposition rules out such a compression on any
nonempty open set.

Proposition 2.4 ([Taol4, Corollary 1.6.3]). Let F € {R,C}, let U C F" be a nonempty Fuclidean
open set, and let 0 < r < n. No polynomial map ® : U — F" is injective.

In this work, we will also use the following classical bound on the number of zeros of a nonzero
multivariate polynomial over a grid [DL78; LN96; Ore22; Sch80; Zip79].

Lemma 2.5 (Polynomial identity testing lemma). Let 0 # f € F[z1,..., 2| have total degree at
most d, and let A C F be finite. If aq,...,qpm, are chosen independently and uniformly from A,

then p
Prif(ai,...,am)=0] < —.
A

2.1 Communication complexity of a polynomial evaluation problem

Let F € {R,C}. Alice holds X = (Xy,...,X,) and Bob holds Y = (Y1,...,Y,,). To evaluate g at
(X,Y), Alice communicates the values of finitely many polynomials in X, and Bob communicates
the values of finitely many polynomials in Y. The value of g(X,Y) is then computed by applying a
polynomial P to all the communicated values. The cost is the total number of values communicated.

Definition 2.6 (Communication Complexity of a Polynomial). For ri,79 € N, a polynomial-
evaluation representation of g € F[X,Y]| consists of polynomials ay,...,a,, € F[X], b1,... by, €
F[Y], and a polynomial P over F in ri + ro variables such that

9(X,Y) = Par(X),...,an (X),b1(Y),....b(Y)).

The cost of this representation is r1 +ro. The communication complexity of g, denoted ¢(g), is the
minimum cost of any such representation. In particular, constant polynomials have communication
complezity 0.
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Example 2.7 (Inner product). Consider the inner product polynomial 1P, (X,Y) = > " | X;Y;.
Alice communicates the n values a;(X) = X;, and Bob communicates the n values b;(Y) = Y;.
Taking

n
P(Zl, ey ZQn) = E Ziln+is
=1

we obtain IP,(X,Y) =P (a1(X),...,an(X),01(Y),...,0,(Y)). Thus c(IP,) < 2n.

In fact, for any polynomial g € F[X,Y], ¢(g) is bounded by 2n. In the upcoming sections, we
will see how Grigoriev uses linear algebra to prove a matching lower bound.

2.2 Protocol for set-recognition

While the previous section dealt with evaluating a polynomial, we now turn to the communication
complexity of recognizing a set. Let F € {R,C}. Alice receives X € F", and Bob receives Y € F".
Let S C F" x F" be the set that they want to recognize, i.e., they want to check whether their
input belongs to this set or not.

Definition 2.8 (Deterministic set-recognition protocol). A deterministic communication protocol
over F is a finite rooted tree, with the root at level 1, whose leaves are labeled Accept or Reject.
FEach internal node v at level r is assigned

e o message polynomial q,, associated with one of the parties: either q, € F[X]| or ¢, € F[Y];
and

e a testing polynomial P, € Flz1,...,z,].

On input (X,Y), for a v at level r, the associated party broadcasts h, = q,(X) if the node v
belongs to Alice or hy = q,(Y') if v belongs to Bob. The outgoing edge is determined by evaluating
P, on the transcript h = (h1,..., h,), where h; are the message polynomials along a path from the
root to v. QOuer R, the three possible outcomes are P,(h) <0, P,(h) =0, and P,(h) > 0. Over C,
the two possible outcomes are P,(h) = 0 and P,(h) # 0. The outgoing edges are labeled by these
outcomes, so every input determines a unique root-to-leaf path.*

The protocol recognizes a set S C F™ x F™ if this path ends at an Accept leaf exactly when
(X,Y) € S. The cost of the protocol is the mazimum number of internal nodes on a root-to-leaf
path. The deterministic communication complexity DCCg(S) is the minimum cost of a protocol
recognizing S. We drop the suffix when the field is clear from the context.

To familiarize ourselves with the model, consider the equality polynomial

n

EQ.(X,Y) =) (Xi - Yi)?

i=1

and its zero set
V(EQ,) = {(X,Y) e F" xF" | EQ,(X,Y)=0}.

Over R, V(EQ,) = V(X —Y);over C, V(X —Y) C V(EQ,,) when n > 2. Nevertheless, the following
protocol recognizes V(EQ,,) over either field.

“Grigoriev [Gri08] considers the more general model in which each node may have a finite family of testing
polynomials. All results in this paper continue to hold in that model as well.
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First, Alice broadcasts h; = X; for 1 < i < n, and Bob then broadcasts h,1; =Y; for 1 <i <mn.
The testing polynomials at the first 2n — 1 nodes are fixed nonzero constants, so the protocol simply
continues. After the final message, the referee evaluates

n

Py, (h) = Z(hz — i)

=1

The protocol accepts if this value is zero and rejects otherwise. Thus, it recognizes V(EQ;,) with
cost 2n over both R and C.

Definition 2.9 (Probabilistic set-recognition protocol). A probabilistic communication protocol C
consists of deterministic protocols C1,...,Cn, for some finite N, as in Definition 2.8, together with
probabilities py, ..., un > 0 satisfying Zf\il w; = 1. Here, p is a probability distribution over the
deterministic protocols C1,...,Cn. The protocol recognizes S C F™* x F™ with bounded error if every
input is classified correctly with probability at least 2/3; that is,

Pr[C accepts (X,Y) <— (X,Y) eS| >
w

wl N

Its cost is max; cost(C;), and the probabilistic communication complexity PCCg(S) is the minimum
cost of a probabilistic protocol recognizing S with bounded error. We use PCC(S) when the field is
clear from the context.

The following example demonstrates that probabilistic protocols can be significantly more effi-
cient than deterministic protocols. (We will later show a tight lower bound for the same problem
in the deterministic setting.)

Example 2.10 (Equality). The exact-equality set V(X —Y') admits a probabilistic protocol of cost
2.

Proof. Fix a set A C F of size 3n, and choose r € A uniformly at random. For each choice of r,
Alice and Bob respectively broadcast

n n
hy = inri and  hy = Z Yirt.
i=1 =1

The first testing polynomial is constant, while the second is P(z1,22) = z1 — 2z2. The protocol
accepts exactly when P(hy, he) = 0. Thus every deterministic protocol in the distribution has cost
2.

If X =Y, the protocol always accepts. If X # Y, then

n

Q) = Y (X~ V)=

i=1

is a nonzero polynomial of degree at most n. It has at most n roots, so the probability that
Q(r) = 0 is at most n/(3n) = 1/3. Hence the protocol rejects unequal inputs with probability at
least 2/3. O

3 Communication bounds and reductions

In this section, we prove communication bounds for natural sets such as equality and sparse differ-
ence. The discussion in this section will also serve as a warm-up to the communication models.
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3.1 Upper bounds for equality and its variant

In Section 2.2, we discussed a deterministic protocol for the set V(EQ,). We now turn to exact
equality, V(X — YY), and show that integral inputs admit a constant-cost deterministic protocol.
The following was also observed as a remark in [Vic08].

Observation 3.1 (Equality over integers). Let F € {R,C} and n > 1. Under the promise that
X, Y € Z", exact equality admits a deterministic protocol over F of complexity exactly 2.

Proof. We will first construct an injective polynomial map for Alice and Bob, and then use it to
construct a depth-2 protocol for recognizing equality over the integers.
Injective polynomial map. We first construct an injective polynomial ®, : Z" — Z>q.
Define
o(z) =222 — 2 and  P(u,v) = (u+v)* +o.

The map ¢ : Z — Z>¢ is injective: if ¢(z) = ¢(w), then
(z—w)(2(z4+w)—1)=0,

and the second factor cannot vanish for integers z,w. The map ) : 22>O — Z>¢ is also injective.
Suppose ¥ (u,v) = ¥(u',v'), and set s = u+v and s’ = v/ +v'. If s > &', then s > s’ + 1, and
therefore

Y(u,v) > s> (8 +1)2 > 2+ 5" >/, 0)).

Since ¥ (u,v) > (u',v"), we have a contradiction. By symmetry, s < s’ is also impossible, so s = &'
It follows that s? + v = s? 4 v/, hence v = v’ and then u = u’.
Now define recursively

D1(21) = p(21), Dr(z1,. .0y 28) =V (Pr_1(21, -+ oy 2-1), 0(21)) -

Since ¢ and 9 are injective polynomial maps, so is ®,,. These maps have integer coefficients and
therefore define valid message polynomials over both R and C.

Set-recognition protocol. Consider the following depth-2 protocol. At the root, Alice uses
the message polynomial ¢;(X) = ®,(X) and broadcasts h; = ¢1(X). The testing polynomial at
this node is the constant polynomial 1, so the protocol continues to the second node. There, Bob
uses the message polynomial ¢3(Y) = ®,(Y) and broadcasts he = ¢2(Y). The testing polynomial
is

P(Zl, ZQ) = 21 — 292.

The protocol accepts on the zero branch and rejects otherwise. Hence, on the promised inputs, it
accepts precisely when ®,,(X) = ®,,(Y), which, by injectivity, is equivalent to X =Y.

Finally, a depth-1 protocol has only one message, belonging to one party, and its output therefore
depends only on that party’s input. It cannot recognize equality even on the promised inputs, since
the answer depends on both inputs. Thus the complexity is exactly 2. O

Next, we consider unordered equality, in which Alice’s and Bob’s inputs are viewed as multisets
rather than ordered vectors. Equivalently, their inputs are equal up to a permutation of the
coordinates.

Observation 3.2 (Unordered equality reduces to equality). Let F be any field, and define

V(UEQ,) = {(X,Y) € F* x F" | there exists 0 € Sy, such that X; = Yo for alli € [n]}. (3.3)
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Every deterministic or probabilistic protocol recognizing V(X —Y) gives a protocol of the same cost
recognizing V(UEQy,). Consequently,

DCCE (V(UEQ,)) < DCCg (V(X —Y))  and  PCCg(V(UEQ,)) < PCCg (V(X —Y)).

Proof. For Z € F", let ESym,(Z) denote the kth elementary symmetric polynomial evaluated at
Z, and define
ESym(Z) = (ESym,(Z2),...,ESym,(Z)) .

The vector ESym(Z) determines the monic polynomial with roots Z1, ..., Z,:
n
[[t-2) = " —ESym(Z)t" ' +-- -+ (~1)"ESym,(Z). (3.4)
i=1

Consequently, the coordinates of X and Y agree as multisets if and only if ESym(X) = ESym(Y).
Thus
(X,Y) — (ESym(X),ESym(Y))

transforms an instance of unordered equality into an instance of equality, with
(X,Y) e V(UEQ,) <= (ESym(X),ESym(Y))e V(X -Y).

Indeed, the forward implication follows because every elementary symmetric polynomial is invariant
under permutations. Conversely, if ESym(X) = ESym(Y’), then comparing coefficients in Eq. (3.4)

gives
n n

[T¢—x)=]J¢-v.

i=1 i=1
By unique factorization in F[t], these polynomials have the same roots with the same multiplicities.
Thus the coordinates of X and Y agree as multisets, so (X,Y) € V(UEQ,,).

The reduction is local: Alice computes ESym(X') and Bob computes ESym(Y"). Given a protocol
for V(X —Y), replace each Alice-message polynomial ¢(X) by ¢(ESym(X)) and each Bob-message
polynomial ¢(Y) by ¢(ESym(Y’)). These remain one-party polynomials, so the resulting protocol
recognizes V(UEQ,,). O

3.2 Deterministic lower bound for equality

We now prove that deterministic recognition of V(X — YY) requires each party to communicate n
polynomial values. This set captures exact equality over both R and C. The argument begins by
finding one accepting path followed by an open set of diagonal inputs which traverse that path.

Lemma 3.5 (A common accepting path). Let F € {R,C}, and let C be a deterministic protocol
recognizing V(X —Y'). There exist a nonempty Euclidean open set U C F" and a root-to-leaf path
7 in C such that (X, X) follows 7 for every X € U.

Proof. For every internal node v, let
Ap(X) = (ap,1(X), .. a0, (X)) and By(Y) = (by1(Y), .., by, (Y))

collect Alice’s and Bob’s message polynomials along the path from the root to v, including the
message at v. Let
(ho1(X,Y), . . hyr (X,Y)), Ty = Sy + to,
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be their chronological interleaving. Thus, each h, ; is either some a, 1 (X) or some b, ((Y"). Define
the restriction of the testing polynomial at v to the diagonal by

Py(X) = Py (ho1(X, X), ..., hyr (X, X)) € F[X].

Let B
Px)= [] Pux),
v internal
Py#0

where the empty product is 1. The tree is finite, hence P is well-defined. Moreover, by definition,
P is a nonzero polynomial. Choose Xy € F" such that P(Xy) # 0. N

Let m = (v1,...,v¢) be the path followed by (Xo, Xo). For each i € [¢] with P,, # 0, continuity
gives an open ball B; containing Xy on which P,, has the same sign as at Xy over R, or remains
nonzero over C. If ]Svi =0, set B; = F". Then

is a nonempty Euclidean open set, since 7 is finite and every B; is an open set containing Xg. Every
(X, X), with X € U, takes the same branch as (X, Xy) at each node and therefore it follows 7.
Finally, 7 is accepting because (Xg, Xo) € V(X —Y). O

Let ai,...,as € F[X] and by, ...,b; € F[Y] be the transcript messages along m. Define
AR (X) = (a1(X),...,as(X)), B:(X) = (bi1(X),...,0(X)).
Next we show that the common path forces each of these maps to distinguish all inputs in U.

Lemma 3.6. Let U and 7 be given by Lemma 3.5. The maps Az : U — F* and B, : U — F! are
mjective.

Proof. Suppose that X, X’ € U and A(X) = A-(X’). Along 7, the cross-input (X, X’) produces
the same transcript as (X', X’): Alice’s messages agree by assumption, and Bob has input X’ in
both instances. Thus (X, X') reaches the same accepting leaf. Since C' recognizes equality, X = X',
and hence A, is injective on U.

If Br(X) = Br(X'), then (X, X’) produces the same transcript as (X, X) and is likewise
accepted. Therefore X = X', so Bj is also injective on U. ]

We now have all the ingredients for the lower bound.

Theorem 1.4 (Restated). For every n > 1 and F € {R,C}, the deterministic communication
complezxity of V(X —Y) is 2n.

Proof. Broadcasting all coordinates of X and Y gives a deterministic protocol of cost 2n.
Conversely, let C' be any deterministic protocol recognizing V(X —Y'). By Lemma 3.5, some
nonempty open set U C F" follows one accepting path m. Let s and t be the numbers of Alice-
and Bob-messages along w. By Lemma 3.6, the corresponding polynomial maps A, : U — F* and
B, : U — F! are injective. By Proposition 2.4, this gives s > n and ¢t > n. Hence 7 contains at
least s+t > 2n messages, so the depth of C is at least 2n. O

By restricting the inputs, the tight lower bound for V(X —Y') can be lifted to V(UEQ,,) defined
in Eq. (3.3).
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Theorem 3.7. For everyn > 1 and F € {R,C},
DCCEg (V(UEQ,,)) = 2n.

Proof. The upper bound follows from observation 3.2 and Theorem 1.4.

For the lower bound, choose pairwise disjoint nonempty open sets Up,...,U, C F and set
U=Upx---xUy. For X,Y €U, if X; = Y,;), then, they belong to both U; and U, ;, disjointness
forces o (i) = 4. Thus

Forall XY e U (X,Y) e V(UEQ,) <<= X =Y.
In other words, on U x U, V(UEQ,,) coincides with V(X —Y). Hence, Theorem 1.4 applies and
proves that DCC(V(UEQ,,)) > 2n. O
3.3 Complexity of sparse difference
Let F € {R,C}. For integers n > 1 and 1 < k < n, define the k-sparse difference set over F by:
V(SDng) ={(X,Y) e F* x F" | #{i € [n] : X # Y} < k}.

We start with the observation that any set-recognition protocol for V(SDy4 k) would give an
equally efficient protocol for V(X —Y).

Observation 3.8 (Equality reduces to sparse difference). For everyn > 1 and k > 1,
DCCg (V(X —=Y)) <DCCg (V(SDp4i.x)) and PCCr (V(X —Y)) <PCCr (V(SDyyik)) -
Proof. Given (X,Y) € F" x F", define

X=|X,...,X,,0,...,0 and Y=|[Y,...,Y.1,...,1
k k

The appended coordinates contribute exactly k disagreements, and hence

{icm+h | R#7:)

=k+[{ien] | X;#Yi}|.
Therefore,
X=Y < ()?,?) € V(SDn+k’k)
O

Together with the deterministic lower bound for equality, this reduction gives the following
lower bound for sparse difference:

Theorem 3.9 (Deterministic lower bound for V(SD,,1)). For every n > 1, 1 < k < n, and
F e {R,C},
DCCE (V(SDy 1)) > 2(n — k).

Proof. For k = n, the claim is immediate. For k < n, apply Observation 3.8 with equality on F*~*.
By Theorem 1.4,

DCC (V(SD,,.4)) = DCC (V(SD(n_ky £, 5)) = DCC (V(X —Y)) = 2(n — k).
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In the next theorem, we show that V(SD,, ;) admits an efficient probabilistic protocol. For the
correctness of the protocol, we will need the following standard evaluation-rank criterion:

Proposition 3.10 ([Kayll, Claim 7]). Let fi,..., fo € F[t]. Then, the matriz

filar) - filaa)

fila)) - filor)

has nonzero determinant as a polynomial in «aq,...,qp if and only if fi,..., fo are linearly inde-
pendent over F.

We now apply this criterion to obtain an efficient probabilistic protocol for recognizing V' (SD, 1.).

Theorem 3.11 (Probabilistic protocol for V(SD,,1)). Let F € {R,C}. Forn >1 and 1 <k <n,
let
V(SDpi) = {(X,Y) € F" x F" | #{i € [n]: X; #Y;} <k}.

Then,
PCCkg (V(SDy ) <2k 4+ 2.

In particular, for fixed k, the probabilistic communication complexity is independent of n.

Proof. Setup. For inputs X,Y € F", define
n . n .
ax(t)=>_Xit',  qr(t) =) _Yit",  qan(t) = ax(t) — av (1).
i=1 =1

Let

D= (k+ 1)n(”).
k
Choose a finite set A C F with |A| > 3D. Choose

a=(a1,...,ap) € AFFL
uniformly at random. For a set S = {s1,..., s} C [n] of size k,
ai' ot qair(on)
Ms(e) = : :
gy o oty qair(okg)

The sampled value of a determines the following deterministic protocol T,.

Protocol. Alice broadcasts ¢x (o) and Bob broadcasts gy (a;) for every j € [k+1]. All inter-
mediate testing polynomials are constant. At the final node, the protocol computes the transcript
differences

qair (j) = qx (o) — qy (o)) (j €k+1)).
Define the testing polynomial
Pla) = H Det Ms(ax).
se()
This is a polynomial in the transcript values gx (o), gy (c;), and the protocol accepts exactly when
it evaluates to zero. Thus each T, has depth 2k + 2.
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Correctness. The input (X,Y) € V(SD,, ) if and only if gqig has at most k& nonzero coeffi-
cients. Then, for some S € ([Z]) the support of ggig is contained in S. Indeed, if the support has
fewer than k elements, we may extend it to a k-element subset of [n]. For this S, the last column
of Mg(a) is a linear combination of the first k columns. Hence, P(a) = 0 for every choice of «, so
the sampled protocol always accepts.

Conversely, suppose (X,Y) ¢ V(SD,, ;). Then, gqig has more than k nonzero coefficients. For
every S = {s1,..., sk}, the polynomials

t817 .. 7t8k7 leff(t)

are linearly independent, since ggqi¢ has a nonzero coeflicient in a degree outside S. By Proposi-
tion 3.10, each Det Mg(cx) is a nonzero polynomial in a; hence, their product is nonzero. Moreover,

deg Det Mg(ax) < n + Z s < (k+ 1)n,
seS

and therefore deg P < D. By Lemma 2.5,

Pr[T, accepts (X,Y)]= Pr [Pla)=0]< D

<
acAk+l |A] —

Wl

Thus the protocol rejects with probability at least 2/3. Alice and Bob each communicate k + 1
values, so the total cost is 2k + 2. ]

3.4 Complexity of bilinear forms

Let A € F™*" be a fixed public matrix known to both Alice and Bob, and let X = (X3,...,X,,)
and Y = (Y1,...,Y,) be vectors of variables. The matrix A defines the bilinear form

BF, 4(X,Y) = XTAY.
Consider the real threshold set for a fixed A € R™*"
S(BFn4) ={(X,Y) eR"xR" | BF, a(X,Y) <0}.
Over C, we consider the zero set for a fixed A € C"*"

V(BF,.4) = {(X,Y) € C" xC" | BF,(X,Y)=0}.

Recall the notation for the inner product problems from Theorem 1.1. Taking A = I,, gives
BF,, 1, = IP,. Thus, the family of set-recognition problems for bilinear-form threshold sets includes
the inner-product problem. Moreover, we observe the following equivalence in the complexity of
these two problems.

Observation 3.12 (Equivalence with inner product). Let A € R"*™ and r = rankr(A) > 1. Then,
DCCr (S(BFn,A)) = DCCr (S(IP;)) , PCCr (S(BFn,A)) = PCCr (S(IP;)).
For the complex case, let A € C"*" and r = rankc(A) > 1. Then,

DCCc (V(BFn,A)) =DCC¢ (V(IPT‘)) ) PCCc (V(BFn,A)) =PCCc (V(IPT‘)) .
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Proof. First, let us assume that F = R. Choose P, Q € GL,(R) such that
I, 0O
T _ r
prag= (5 9).

Let X € R" and Y € R" be the truncations of P~1X and Q'Y respectively, to their first r
coordinates. Then,

BF,A(X,Y) = (P'X)" PTAQ(Q )

(g

o ).
Consequently, o
(X,Y) e S(BF,a4) <<= (X,Y)eS(IP,).

By a similar argument for F = C we also get the following:
(X,Y) € V(BF,4) <= (X,Y)ecV(IP,).

Here Alice computes X from X, while Bob computes Y from Y, so this transformation is local.
Conversely, let (X,Y) € F" x F” be an input to the inner product problem, where F € {R, C}.
Alice and Bob locally construct

X:P()zaon—r>7 Y:Q(?aon—r>-
Then,
~ T ~ ~ i~ ~ o~
BF, 4(X,Y) = (X,On_r) PTAQ (Y,On_T) - XTy = 1P, (X,Y) .

Thus, a protocol for the bilinear-form problem can recognize inner product with the same cost and
error probability. Together with the forward reduction, this proves the claimed equivalences. [

The observation transfers communication bounds for r-dimensional inner product directly to
bilinear forms of rank r. In particular, after proving the inner product lower bound in Section 6.3,
we use it to obtain the same 2r — 4 lower bound for both the real threshold set S(BF,, 4) and the
complex zero set V(BF,, 4).

4 Communication complexity via mixed Hessian rank

We now return to the communication complexity of computing a polynomial, as defined in Defini-
tion 2.6; see Example 2.7 for the basic example. Abelson [Abe80] proved that such a computation
is constrained by the rank of the matrix of mixed second partial derivatives.

Definition 4.1 (Mixed Hessian matrix). Let F € {R,C}. For a polynomial g € F[X,Y], its n X n
mixed Hessian matrix Hx |y (g) is defined by

0%g
0X,0Y;

[HX|Y(9)]ij =

20



The rank of the mixed Hessian matrix defined above is a lower bound on the communication
complexity of computing a polynomial.

Lemma 4.2 ([Gri08, Lemma 2.2]). Let F € {R,C}, and let g € F[X,Y]. Suppose that
9g(X,Y)=Q(a1(X),...,ar (X),01(Y), ..., b, (Y))

is a minimum-size representation of g, where ai,...,a,, € F[X] and b1,...,b,, € F[Y]. Then
rank Hxy (9) < min{ry, 72} and

c(g) =r1 +re > 2 -rankHyy(g).
Here the rank of a polynomial matrix is taken over F(X,Y).

For completeness, we give the proof of the lemma in Section A. The rank lemma can be used
to obtain tight bounds for communication complexity of computing the inner product polynomial.

Example 4.3 (Tightness for inner product). Recall from Example 2.7 that the inner product poly-
nomial

IP,(X,Y) =) X
=1

satisfies c(IPy) < 2n. Clearly, Hx |y (IPy,) is the identity matriz, hence, rank Hxy (IP,) = n. By
Lemma 4.2, c(IPy) > 2n. Therefore, c(IP,) = 2n.

Grigoriev observed that the rank of the mixed Hessian matrix is dictated by the irreducible
factors of the polynomial. The following lemma generalizes [Gri08, Lemma 2.4].

Lemma 4.4 (Rank of multiples). Over a field F of characteristic zero®, let p € F[X,Y] be irre-
ducible, and let r be an integer with 1 < r < n. Suppose that some v x v minor of Hx|y (p) is not
divisible by p. Let

g=p"h, m > 1, p1h.

Then,
rank Hxy (g) > r — 2.

Proof. For each i,j € [n], we first differentiate with respect to Y; and then with respect to Xj,
following the convention in Definition 4.1. Differentiating ¢ = p”™h and grouping the rank-one
terms gives

Hxpy (9) = mp™ "hHxy (p) + p"Hxpy ()
m— T m—
+m(Vxp) (Vy (@™ 'h))" +mp™ (Vxh)(Vyp)".
After factoring out the common scalar p™~! from the first two terms, the main matrix is
M = mhHxy(p) + pHxy (h)
=mhHxy(p) (mod p).

Let p be an r X r minor of H X‘y(p) that is not divisible by p, and let ups be the corresponding
minor of M. Then

pav = (mh) "y (mod p).

®Qver arbitrary fields F, we require char(F) { m
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Since p is irreducible, it is prime in the unique factorization domain F[X,Y]. Also, m is a nonzero
scalar in F and hence a unit. Together with the assumptions p{ h and p t p, this gives pt (mh)"p.
Thus, puy # 0, so M, and hence p™ 1M, has rank at least r.

The remaining terms in Hy|y(g) are two matrices of rank at most one:

Hxpy (9) =p™ ' M + m(Vxp) (VY(melh))T +mp™ N (Vxh)(Vyp)T,

By the inequality rank(A + B) > rank(A) — rank(B), adding a rank-one matrix can decrease the
rank by at most one. Thus the two rank-one terms can decrease the rank of p™~!M by at most
two. Therefore

rank Hxy (g9) > r — 2.

O

In the following lemma, we observe that under stronger assumptions we get full mixed Hessian
rank for powers of irreducible polynomials.

Lemma 4.5 (Full-rank criterion for powers). Over a field F of characteristic zero, let p € F[X,Y]
be irreducible, and define the determinant of (n+ 1) X (n+ 1) matrix

_ Hxiy(p) Vxp
R, = Da<62;F 0 >.

Suppose that p{ R,. Then, for every
g=p™h, m=>2 pth,

we have
rank Hxy (9) = n.

Proof. Let x = Vxp, and y = Vyp. Following again the convention in Definition 4.1, differentiating
g = p™h and factoring out p™ 2 gives

Hxp(9) =™ 2 [ m(m — 1)h xy” + p [ mhHxy (p) + ma (Vyh) " +m(Vxh)y" + pHxy (h)
— ——

X M
=pm? ()\wyT + pM) i
The matrix determinant lemma gives
Det (A\zy” + pM) = —p" 'Det (% iﬁ) = p"1Q, (4.6)
where
M Az
= —Det
N <yT —p>

Modulo p, the term pH X|y(h) in M vanishes. Therefore computing () modulo p gives

— ADet (thxy@) +ma (Vyh) +m (Vxh)y" m>
- T

Y 0
_ mhHxy(p) @«
= ADa( y% 0
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For the second equality, subtract m - (0h/0Y;) times the last column from the jth column, and
then subtract m - (0h/0X;) times the last row from the ith row. Thus,

Q= -\mh)" 'R,
=-m"(m—1)h"R, (mod p).

Since p is irreducible, it is prime in the unique factorization domain F[X,Y]. Hence, if p does
not divide h then it does not divide h". Since it divides neither A" nor R,, it does not divide A" R,,.
Thus, the right-hand side of the preceding congruence is not divisible by p, and consequently @ # 0.
By Eq. (4.6),

DetHx |y (g9) = prm=AHnTlg £ 0.

Therefore, rank Hxy (g9) = n. O

The full-rank criterion extends from polynomials to rational functions; we prove this general-
ization in Section 8.2.

Remark 4.7. The assumption m > 2 causes no loss in lower-bound applications. Indeed, if g = p™h
with m > 1 and p 1t h, then g = p?™h?, where 2m > 2 and p { h%. Thus, Lemmas 4.2 and 4.5 give
c(g?) > 2n. Moreover, any protocol computing g also computes g2 at the same cost by squaring its
output, so ¢(g?) < c(g). Hence, c(g) > 2n as well.

5 Framework for probabilistic lower bounds

In this section, we present a general framework for proving algebraic communication lower bounds.
The framework is designed by providing sufficient conditions that make the set-recognition problem
hard for the communication model. The recipe is similar whether we are working over the reals
or complex numbers. However, due to the topological differences between R and C, the proofs are
substantially different. We will start with the case F = R.
5.1 Over the real numbers
Recall from Lemma 4.5 that, for an irreducible polynomial p € F[X,Y], we define determinant of
(n+1) x (n+ 1) matrix
Hx vy (p) VXP)
R, = Det .
? <(VYP)T 0

Theorem 5.1. Let S C R"xR™ be a semialgebraic set and let F' € R[ X7, ..., X,,, Y1, ..., Y})] satisfying:

1. F s irreducible over R

2. SNV (F) has dimension 2n — 1

3. F{Rp.
Then PCCgr(S) > 2n

Proof. Let C be a probabilistic communication protocol recognizing S. By definition, C is a family of
deterministic protocols {C1, ..., C }, where each deterministic protocol C; is chosen with probability
p; > 0 such that ZiE[N] p; = 1. Let d denote the maximum depth of any deterministic protocol
tree in the finite support of C (i.e., the communication complexity of C).

23



For each C; and a node v in Cj, let g;,, be a testing polynomial at node v. We define G; =[] ¢;.0,
where the product ranges over the nodes v of C;. We will assume that our protocols are minimal.
That is, the protocol has been pruned such that there are no unreachable nodes and any node
whose composed testing polynomial is identically zero has been contracted. We will first prove the
following lemma about the boundary of S. Recall that, if a point lies in the boundary of S, namely
0S5, then for any ball around w, there is at least one point in S and one point outside S.

Claim 5.2. For any u € 05, there exists at least one i € [N] such that G;(u) =0, i.e.,
N
05 < |V (Gy).
i=1

Proof of the claim. Assume, for contradiction, that there exists u € 95 such that G;(u) # 0, for all
i € [N]. Then, no testing polynomial in any C; vanishes on u, meaning u is in the finite intersection,
(recall that D(q) denotes the nonzero set of ¢)

ue () D(g) =: A
ceC
qeC

where, the intersection ranges over the (nonzero) testing polynomials g € C; and across all C; € C.

But, since A is a Zariski open set (thus, a Euclidean open set), as it is defined by polynomials,
there exists some ball B, around w such that every testing polynomial across every protocol has
constant sign across the elements of B, and, by extension, all C; are constant functions on B,,.

To see this, first observe that for every i € [N], G;(u) # 0. This means that, on input u, the
protocol traverses only along > 0 or < 0 tests, and reaches a leaf (I; in protocol C;). Assume that
the output at this leaf is o; € {accept, reject}. That is, C; outputs o; on u. Then, by continuity
of the polynomials in the protocol, there is a ball of radius §; around w, denoted by B, (9;) , such
that every point z € By(d;), Ci(2) = 0;. Let d9 = min;c[yjd;. Then, we know that for every point
z € By(dp), and every i € [N], Ci(z) = Cj(u).

Now, for any z € B, (do),

Pr[C accepts z] = Z pi x 1[C; accepts z]
1€[N]
= Z p;i X 1[C; accepts u]
1€[N]
= Pr|[C accepts u], (5.3)
where 1[C; accepts z] is 1 if C; accepts z and 0 otherwise. The second equality comes from our
argument above and the fact that z € By (dp).
But, u is in the boundary of S. This means that in any ball around u, and, hence specifically
in By(dp), we have two points zi, € S and zoys ¢ S. Thus, we know that Pr[C accepts zi,| > 2/3
and Pr[C accepts zout] < 1/3. Thus, 2/3 < Pr[C; accepts zin| = Pr[C; accepts zout] < 1/3, which
is a contradiction. o

We use the above claim and the following fact to complete the proof of Theorem 5.1.

Fact 5.4. [Hen07] If F is irreducible, dim(V (F')) = 2n — 1 and F' { G then

dim(V(F) N V(G)) < 2n — 2
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At an intuitive level, the above fact says that, given a set of zeroes of an irreducible polynomial
F, if we impose an additional non-trivial constraint G = 0 on the set, then the codimension of
the intersection must be at least 1, i.e., the dimension must drop by at least 1. Note that, the
assumption dim V(F') = 2n — 1 ensures that the real zero set of F' contains a genuine hypersurface
piece.f

Using the above fact, we will first show that F' must divide some G;. Suppose it does not.
Then, for any i € [N], not all the roots of F' can be roots of G;. Thus, if F' did not divide any Gj,
then we would have dim (V(F) N V(G;)) < 2n — 2 for all i € [N] and so

N
dim (U (V(F)n V(Gi))> <2n-2. (5.5)

=1

By Claim 5.2, we have 0S NV (F) C Ui\il (V(F)NV(G;)), so Eq. (5.5) implies that

N
dim(8S NV (F)) < dim (U(V(F) N V(Gm) <2n -2, (5.6)
=1

which contradicts Assumption 2.

Thus, F must divide some G;. Since F is irreducible (in particular prime), it must divide some
individual testing polynomial, G, occurring in the tree C;. That is, G = F™ - H, where m > 1 and
F { H. The polynomial F being irreducible also means that G?> = F?™ . H? = F™ . H?, where
m/ > 2 and F { H2. From our assumption in Theorem 5.1, we also know that F { Rp.

We now apply Lemma 4.5 to G* and obtain that ¢(G?) > 2rank(Hyy(G?))
2n.  Next, notice that c(G) > ¢(G?): suppose c¢(G) = s, it implies that G(X,Y) =
g(a1(X),... a5 (X),b1(Y),...,bs,(Y)), where s1 +s2 = s. Then, G*(X,Y) is computed by simply
squaring g. Thus, ¢(G?) < s. Together with the lower bound on ¢(G?), we get ¢(G) > 2n and
hence, the communication complexity of recognizing S, i.e. the depth of the protocol, which is at
least ¢(G), is at least 2n. O

Remark 5.7. The condition that dim(0S NV (F)) = 2n — 1 is crucial and cannot be made weaker.
Indeed, if dim(0S NV (F)) < 2n — 2 then Eq. (5.6) would not be a contradiction. In other words,
we need dimension 2n — 1 so that the boundary is too large to lie inside V/(F)NV(G) unless F' | G.

A weaker mixed Hessian assumption gives a correspondingly weaker lower bound. If some r X r
minor of Hyy(F) is not divisible by F', then Lemma 4.4 can be used in the final step of the
preceding proof to obtain a lower bound of 2(r — 2).

Theorem 5.8. Let S CR™ x R™ be a semialgebraic set and let F € R[X1,...,X,,Y1,...,Y,], and
let 1 <r <mn. Suppose that

1. F is irreducible over R;

2. SNV (F) has dimension 2n — 1; and

3. some r X r minor of Hx|y (F') is not divisible by F.
Then PCCgr(S) > 2(r — 2).

We now derive the main result stated in the introduction by specializing S in Theorem 5.1 to
the threshold set S(F).

In particular, it excludes polynomials such as x* + 32, whose real zero set has smaller dimension.
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Theorem 1.5 (Restated). Let F € R[X,Y]| be irreducible, and let S(F) =
{(X,Y) e R"xR" | F(X,Y) <0}. If there exists u € R" x R" such that

F(u)=0 and Rp(u) # 0,
then, the probabilistic communication complezity of S(F') over R is > 2n, i.e., PCCr(S(F)) > 2n.

Proof. Let (21, ..., zon) = (X,Y). It suffices to verify Conditions 2 and 3 of Theorem 5.1. Condition
3 follows immediately: if F' | Rp, then V(F) C V(Rp), contradicting F'(u) = 0 and Rp(u) # 0.
It remains to verify Condition 2, namely,

dim(9S(F)NV(F)) =2n— 1.
Since Rp(u) # 0, neither the last row nor the last column is zero. Hence,
VxF(u)#0 and Vy F(u) # 0,

so VF(u) # 0. We may therefore fix i € [2n] such that 0F/0z;(u) # 0. By continuity, there exists
an open ball B, around u such that 0F/dz; has constant sign on B,,. Since u is non-singular, by
the Implicit Function Theorem, intersecting V' (F') with a sufficiently small ball around u preserves
its dimension. Hence, shrinking B, further if necessary, we get by Proposition 2.3,

dim(V(F)NB,) =2n — 1. (5.9)

Now, fix z = (21, ..., 2on) € V(F) N By. Since we assumed JF/0z; has constant nonzero sign on
B, we get that F' is strictly monotone in the z;-direction. Thus, for sufficiently small € > 0, we
have

F(z1y ey 2i — €y ooy 22n) < F(21, 00y Ziy ooy 22n) = 0 < F(21, 0y 20 + €, oy 22n)

if increasing and with the inequalities reversed if decreasing. In either case the two points
(214 ey 26 — €, eey Zon) and (215 .y 2i + €, oy Zon)

lie on opposite sides of S(F) and so we conclude that z € dS(F). Thus, since z was arbitrary, we
have
V(F)N B, CIS(F) (5.10)

Finally, Eq. (5.10) together with Eq. (5.9) gives us
2n — 1 =dim(V(F) N B,) < dim(dS(F)NV(F)) <2n — 1.
Hence, dim(0S(F) NV (F)) = 2n — 1, as desired. O
Remark 5.11. The same proof works for the stricter threshold set,
S-o(F)={(X,Y)€R"xR" | F(X,Y) < 0}.

All results regarding weak threshold sets thus remain true after replacing it with a strict threshold
set.
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5.2 Over the complex numbers

We now prove the complex analogue of the real framework. The real framework is formulated
using the Euclidean boundary, whereas, over C, we express the corresponding condition using
Zariski closure.

Theorem 5.12. Let S C C" x C" be a constructible set of dimension 2n — 1 and let F €
C[Xy,..., Xn, Y1, ..., Yy] satisfy

1. F' s irreducible over C
2. V(F) C S, where S is the Zariski closure of S.
3. F{Rp.

Then, PCCc(S) > 2n.

Proof. Let U = V(F) and note that almost every point of U lies in S.”

Let ¢ = {Ci,...,Cn} be a probabilistic communication protocol recognizing S, and let
i,--.,un be the corresponding probability distribution. The following claim identifies a single
protocol Cj, that is correct on a constant fraction of the points both inside and outside U.

Claim 5.13. There exists Cy € C that accepts at least 1/3 of the points in U and rejects at least
1/3 of the points outside U.

Proof of the claim. For each j € [N], let A; be the fraction of points in U accepted by C; and
let B; be the fraction of points outside U rejected by Cj. By the correctness of the probabilistic
protocol,®

2 2
Z}H]'Aj >3 and Z niBj = 3.

jelNy J€[N]
Therefore,
> A+ Bj) > g,
JE[N]
so there exists k € [N] such that Ay + By > 4/3. Since Ay, By < 1, both Ay and By, are at least
1/3. o

Let T1, ..., T),, be the polynomials along the path 7 in Cy, in which all decisions are T;(X,Y") # 0.
Take the product
Gr=]]T.
i=1

First, we will show that 7 as defined above is a rejecting path in Ci. We will use this fact to deduce
that F'|Gk. Once we have that F'|Gj, then the proof is similar to the proof of Theorem 5.1.

Claim 5.14. Let m and Gy, as defined above. Then any u € D(Gy), i.e., any input that ends up at
the leaf of m, is rejected by Cy.

U is irreducible and has dimension 2n — 1. Since U C S and dimS = dimS = 2n — 1, U is an irreducible
component of S and so SN U contains a dense Zariski-open subset of U, since S is constructible.

8By the previous footnote, almost every point of U belongs to S. Moreover, almost every point outside U lies
outside S.
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Proof of the claim. Let ' be some path other than = and let T7,--- , T} , be the testing polynomials
encountered along 7/. Since 7’ differs from m, the points, (X’,Y”), which follow 7/ must have
T/(X',Y') = 0 for some i € [m’]. Since T} is nonzero, V(1) is either empty or a finite union of
hypersurfaces of dimension 2n — 1, by Proposition 2.3. Hence the set of inputs following 7', being
contained in V(77), has dimension at most 2n — 1.

Thus, 7 is the only path for which a full dimensional subset follows. Furthermore, the space
of points we wish to reject, (C™ x C™) \ S, is full dimensional, since S has dimension 2n — 1 and
constructible. By Claim 5.13, 1/3 of points of (C™ x C™)\ S are correctly rejected and this can only
be the case if 7 is a rejecting path. o

Claim 5.15. F | Gi

Proof of the claim. Suppose, for contradiction, that F' ¥ Gi. As F is irreducible, using Fact 5.4, we
get that
dim(F) < 2n — 2, where E=UnV(Gy).

Furthermore, for every u € U \ E we have G(u) # 0 and so C}, rejects u. Thus
B ={ueU|Ci(u) =accept} C E.

Hence, C}, only accepts points from a dimension 2n — 2 set, which is a zero fraction of the points
of U. But C was chosen to accept 1/3 of points from U. This is a contradiction. o

We can now write G, = F™ - H, where m > 1 and F' t H. We know that F is irreducible.
This means that G2 = F?™ . H? = F™ . H? where m’ > 2 and F { H2. From our assumption
in Theorem 5.12, we also know that F' { Rp. The rest of the proof is identical to the proof of
Theorem 5.1, which shows that ¢(Gy) > 2n and hence, the communication complexity of recognizing
S is at least 2n, i.e. the depth of the protocol, which is at least ¢(Gy), is at least 2n. O

As in the real case, a weaker assumption on the mixed Hessian gives a correspondingly weaker
lower bound. Using a non-divisible » x r minor together with Lemma 4.4 yields the following
complex analogue of Theorem 5.8.

Theorem 5.16 (Mixed Hessian framework over C). Let S C C" x C" be a constructible set of
dimension 2n — 1, let F € C[X1,..., Xy, Y1,...,Yy], and let 1 < r < n. Suppose that

1. F is irreducible over C;
2. V(F) C S, where S is the Zariski closure of S; and

3. some r x v minor of Hx |y (F) is not divisible by F'.

Then
PCCc(S) > 2(r — 2).

In the complex case we do not have threshold sets, but the natural analogue would be the
hypersurface-membership problem:

Theorem 1.6 (Restated). Let F € C[X,Y]| be irreducible and let V(F) =
{(X,Y)eC"xC" | F(X,Y)=0}. If there exists u € C" x C™ such that

F(u)=0 and  Rp(u) # 0,
then PCCc(V (F)) > 2n.
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Proof. Clearly V(F) is a constructible set of dimension 2n—1, so we need only verify that Conditions
2 and 3 of Theorem 5.12 are satisfied. First observe that Condition 2 is trivial since V(F) is already
Zariski closed, so V(F) = V(F). Next, Condition 3, that F' { Rp, is also easy to see. If F' | Rp
then V(F') C V(Rp) which contradicts the existence of w. O

6 New probabilistic lower bounds

We now apply the framework developed in the previous section to prove probabilistic communication
lower bounds for several natural set-recognition problems over both R and C.

6.1 The s-equality set

For € > 0, define’

n

EQ (X, Y)=) (X;-Y))?, EQue=EQ,—¢ (6.1)
=1

and
S(EQue) = {(X, Y)eR" xR" | EQ,(X,Y) < 0}.

Thus, S(EQ,, ) consists of pairs of vectors whose squared Euclidean distance is at most . We first
prove that the defining polynomial is irreducible.

Lemma 6.2 (Irreducibility of EQ,, ). For every n > 2 and € > 0, the polynomial EQ, (X,Y)
defined in Fq. (6.1) is irreducible over both R and C.

Proof. Set d; = X; —Y;. Since the map (X;,Y;) — (X; — Y;,Y;) is an invertible linear change of
variables, it suffices to prove that
n
g(d) =) di —¢
i=1

is irreducible over C. Its homogenization is

n

Q(d,z) =Y df —ez”.

=1

Since @ is a quadratic form of rank n + 1 > 3, it is irreducible over C (see [Tve64]). If ¢ had a
non-trivial factorization, homogenizing its factors would give a non-trivial factorization of (). Hence

q, and therefore EQ,, ., is irreducible over C, and consequently over R.
O

We now prove the communication complexity of the real threshold set S(EQ,.) and of the
corresponding complex hypersurface.

Theorem 6.3 (Communication complexity of EQn,e). Letn > 2 and € > 0, and set

EQ.(X,Y) =

)

(X; —Y)?,  EQu.=EQ, —¢,
1

n

9The polynomial EQ,, exactly captures equality of vectors over R, but not over C when n > 2. Nevertheless, we
retain the notation for consistency.
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S(EQuz) = {(X,Y) € R" x R" | EQ,-(X,Y) < 0}.
Then,
PCCR (S(EQn.)) = DCCR (S(EQu.)) = 2n.

Moreover,
PCCc (V(Eng)) = DCCc (V(Eng)) = 2n.

Proof. By Lemma 6.2, the polynomial EQ,, . is irreducible over both R and C. Let u € R" x R" C
C™ x C™ be any point satisfying
X -Y =(£0,...,0).

Then, EQ,, (u) = 0. Writing d = X — Y, we have
vXEQn,a = 2d7 VYEQma = _2d7 HX\Y(EQn,a) = _2Ina

and hence
Req, . (u) = 4(=2)"d"d = 4(=2)" e £ 0.

Therefore, Theorem 1.5 gives PCCRr (S (EQmE)) > 2n. The same point u also satisfies the hypotheses
of Theorem 1.6, so

PCCc (V(EQ,.)) > 2n.

For the matching upper bounds, Alice and Bob broadcast their coordinates, using 2n messages
in total, after which the testing polynomial evaluates EQ,, .(X,Y’). Over R, the protocol accepts
when this value is nonpositive; over C, it accepts when the value is zero. Thus, both deterministic
protocols have depth 2n, completing the proof. ]

6.2 The s-hypercube set

For ¢ > 0, define
9 2
HC.(X,Y) = ((Xi _Y)? - 1) . HChe=HC,—¢ (6.4)

and
S(HC,.) ={(X,Y) e R" x R" | HC,,(X,Y) < 0}.

The set S(EQ,) can be viewed as recognizing whether a point Z € R™ is close to the origin,
when Z is distributed between the two parties and presented as Z = X — Y. We can generalize
this to sets recognizing whether a distributed point Z = X — Y is close to some point in a finite
structured set. Taking this structured set to be the vertices {—1,1}" of the Boolean hypercube, we
obtain S(HC,, ), which we call the e-hypercube problem.

We first prove that its defining polynomial is irreducible.

Lemma 6.5 (Irreducibility of HC,, .). For every n > 3 and € > 0, the polynomial HC,, .(X,Y")
defined in FEq. (6.4) is irreducible over C.

Remark 6.6. For n = 2, it can be proved that HCy . is irreducible over R whenever ¢ # 1.
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Proof of Lemma 6.5. Let d; = X; — Y;. Since this is an invertible linear change of variables, it
suffices to prove irreducibility in the variables di,...,d,. The highest-degree homogeneous part of

n

HCpe =) (df —1)° —¢

=1

is A =" d?} which is irreducible over C when n > 3 (see [Tve64]). If HC, . = gh were a non-

=1 "1
trivial factorization, then the highest-degree homogeneous parts of g and h would give a non-trivial
factorization of A, a contradiction. Thus HC,, . is irreducible over C, and hence over R. O

Having proved the irreducibility of HC,, ., we compute the mixed Hessian needed to apply the
lower-bound framework.

Lemma 6.7 (Mixed Hessian of HC,, ). Let d; = X; —Y;. Then
Hxpy (HCne) = —diag(12d] — 4,...,12d} — 4).

In particular,

(12d7 — 4).

An,a = Det HX|Y(HC7L,€) = (—1)”
i=1

n
1=

Proof. Each summand of HC,, . depends on only one d;, so the mixed derivative vanishes when
i # j. For i =j,

OHC,, - ) 92HC,, - ) ,
2 = 4 . . — 1 ! = — . 1 = — 1 s T 4 . .
The two formulas follow. ]

We now determine the communication complexity of the real threshold set S(HC,, ) and of the
corresponding complex hypersurface.

Theorem 6.9 (Communication complexity of HC,, ;). Let ¢ > 0 and n > 3, and set

HCL(XY) = 3 (X = Y2 —1)", S(HC,) = {(X,Y) € R x R" [ HC,(X. 1) <0}
=1

where HC,, . = HC,, —e. Then
PCCRg (S(HC, ) = DCCR (S(HCy,2)) = 2n.

Moreover,
PCCc (V(HC,,.)) = DCCc (V(HC,,2)) = 2n.

Proof. By Lemma 6.5, the polynomial HC,, . is irreducible over the relevant field under the stated
assumptions. Choose u € R™ x R™ C C™ x C" such that, withd = X - Y,

d? =1+ /e, do=--=d,=1.
Then HC,, . (u) = 0. Let v = VxHGC,, - (u). From Eq. (6.8)

vV = 4d1(d12 — 1),
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we have v; = 4dy+/e # 0 and v; = 0 for ¢ > 2. By Lemma 6.7, the last n — 1 diagonal entries of
HX|Y(HCn’€)(u) are all —8. Moreover, VyHC,, . = —VxHC, ., and hence

Applying Theorem 1.5 gives
PCCr (S(HC,,c)) > 2n,

while Theorem 1.6 gives
PCCc (V(HC,,()) > 2n.

For the upper bound, Alice broadcasts h; = X; and Bob broadcasts h,1; = Y; for every i € [n].
The final testing polynomial is

; ((hl hnss) 1) e.

Over R, the protocol accepts when this value is nonpositive. Over C, it accepts when the value
is zero. This gives deterministic protocols of depth 2n for S(HC, ) and V(HC, ), respectively.
Together with the two lower bounds, this proves both equalities. ]

6.3 Inner product

Grigoriev proved a lower bound of 2(n — 3) for the inner product set-recognition problems [Gri08,
Proposition 3.1]. Using our framework together with the mixed Hessian rank bound of Lemma 4.4
(instead of Lemma 4.5), we improve this bound to be 2(n — 2).

Recall that

IP,(X,Y) =) X,
i=1
Over R, we consider the threshold set S(IP,,), while over C, we consider the zero set V(IP,).
Theorem 6.10 (Probabilistic lower bound for inner product). For every n > 3,
PCCgr (S(IP,)) > 2(n — 2) and PCCc (V(IP,)) > 2(n — 2).
Consequently, the same lower bound holds for DCCg (S(IP,,)) and DCCc (V(IP,,)).

Proof. The polynomial IP,, is irreducible over both R and C. Over R, consider the point
u = ((1,0,...,0),0) € V(IP,). Since VIP,(u) = (0,(1,0,...,0)) # 0, Proposition 2.3 gives
dim V(IP,) = 2n — 1.

Claim 6.11. 9S(IP,,) = V(IP,,).

Proof of the claim. First, let (X,Y) ¢ V(IP,). Then IP,,(X,Y) is either strictly positive, or strictly
negative. By continuity, the same strict inequality holds throughout some open ball around (X,Y).
This ball is therefore either contained in S(IP,,), or disjoint from it, so (X,Y) ¢ 9S(IP,,). Hence

aS(IP,) C V(IPy).

For the reverse inclusion, fix (X,Y) € V(IP,) and an arbitrary open ball B, (X,Y"). We construct
within this ball one point where IP,, is negative and another where it is positive.
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Suppose first that X # 0. For every ¢ > 0,

n n
IP(X,Y +tX)=tY X7?>0, IP (XY —tX)=-t) X7<0,
i=1 =1
where we used the bilinearity of IP,, and the fact that IP,(X,Y) = 0. Choosing ¢t < r/||X || places
both points in B, (X,Y).
If X =0and Y # 0, the same argument applies after perturbing the first input:

n n
IP,(tY,Y) =t) Y7 >0, IPy(—tY,Y)=—t» V<0,
=1

=1

Again, both points lie in B,(X,Y) for sufficiently small ¢ > 0.
Finally, if X =Y = 0, then for sufficiently small ¢ > 0 the points ((¢,0,...,0),(¢,0,...,0)) and
((t,0,...,0),(—t,0,...,0)) lie in B,(0,0), while

IP,((t,0,...,0),(t,0,...,0)) = t> > 0, IP,((£,0,...,0),(=t,0,...,0)) = —t> < 0.
Thus every open ball centered at (X, Y’) meets both S(IP,,) and its complement. Therefore (X,Y) €
0S(IP,,), proving the reverse inclusion. o
We have
Hxy (IPn) = In.

Hence Det Hy y (IP,) = 1, which is not divisible by IP,,. Together with the claim and dim V(IP,,) =
2n — 1, this verifies the hypotheses of Theorem 5.8 with r = n. Therefore,

PCCR (S(IP,)) > 2(n — 2).

Over C, Proposition 2.3 gives dim V(IP,,) = 2n — 1. Moreover, V (IP,,) is Zariski closed and
hence equals its Zariski closure. Thus, the hypotheses of Theorem 5.16 are satisfied with r = n,
and

PCCc (V(IP,)) > 2(n — 2).
O
We now return to the bilinear-form threshold and zero-set problems introduced in Section 3.4.

Corollary 6.12 (Communication bounds for bilinear forms). Let A € R™*™ and r = rankg(A) > 1.
Then
2r —4 < PCCRg (S(BF;,4)) < DCCRg (S(BFy,4)) < 2r.

For the complex case, let A € C"*" and r = rankc(A) > 1. Then
2r —4 <PCCc (V(BF,,4)) < DCCc (V(BF,,4)) < 2r.

Proof. The upper bounds follow from observation 3.12 and the protocol in which Alice and Bob each
broadcast their r coordinates. For r < 2, the lower bounds are immediate. For r > 3, Theorem 6.10
gives the lower bound 2(r — 2) in both cases, and the result follows from observation 3.12. O
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6.4 The &-SI set

The set-intersection problem asks whether two input vectors, viewed as sets, share a common
element; that is, whether X; = Y} for some i, j € [n]. Grigoriev proved probabilistic communication
lower bounds of n over R and n/2 over C for this problem (see [Gri08, Corollary 5.5]). We consider
the following perturbed variant. Let

SIL(X,Y) = ﬁ ﬁ(xi ~Y)),  She(X,Y)=SlL(X,Y)—¢, (6.13)

i=1j=1
where € > 0, and define
S(Slhe) ={(X,Y)eR" xR" | Sl,.(X,Y) <0}.
We first prove the irreducibility of the e-SI polynomial °.

Lemma 6.14. For every n > 2 and ¢ € R\{0}, the polynomial Sl,, . defined in Eq. (6.13) is
irreducible over both R and C.

Proof. Tt suffices to prove irreducibility over C. Set d = n?. The homogenization of Sl,, . is
SI,(X,Y) —ez?.

The polynomials X; —Y; are irreducible, and no two are nonzero constant multiples of one another.
Hence, every irreducible factor of Sl,, /e occurs with multiplicity one, whereas its multiplicity in a
gth power would be divisible by ¢; thus, Sl,, /¢ is not a gth power in C(X,Y") for any prime ¢ | d.
Therefore, by the binomial irreducibility criterion, the homogenization is irreducible when regarded
as a polynomial in Z over C(X,Y). By Gauss’s lemma [GG13, Section 6.2], the homogenization is
therefore irreducible in C[X, Y, Z]. If Sl,, . admitted a non-trivial factorization over C, homogenizing
its factors would give a non-trivial factorization of SI,,(X,Y) —eZ 4. Hence Sl ¢ is irreducible over
C, and therefore also over R. ]

For the mixed Hessian rank we use the following identity of Borchardt.

Proposition 6.15 (Borchardt’s identity [Bor57, Equation 2]). Let C' and C'®) be the nx n matrices
defined by

1 2 1
b v A o
Then
[T &-x)-v)
DetC® = Det(C)Perm(C) = ISKJS: - Perm(C),
TTIIx: -
i=1j=1

where Perm(C') denotes the permanent of C. Moreover, Perm(C) is a nonzero rational function.
Consequently, Det C?) #£ 0, and C® has rank n over F(X,Y) for F € {R,C}.

Lemma 6.16 (Mixed Hessian of the SI polynomial). For every n > 2 and & # 0, there exists a
nonzero (n — 1) x (n — 1) minor M of Hx|y (Sls¢) such that

Sl { M.

We will show that Sl,, . is irreducible over all € # 0. However, we will use it when ¢ > 0.
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Proof. Since Sl,, . = Sl,, —¢, it has the same mixed Hessian as Sl,,. We perform the following calcu-
lation in the rational function field F(X,Y’). Clearing denominators then gives the corresponding
polynomial identity. We compute Hx/y (Sl,) using logarithmic differentiation. The first derivatives

are:
GSI 85I
—SI E X Yb = -5, E X Y

Taking the mixed second derlvatlve and applying the product rule gives
0?Sl 0 - 1
BN .
0X;0Y;  0X; X, Y
a=1
S, [~ 1 0 ([« 1
B () s (2
0X; o X, Y 0X; " X, —Y;

=1
- 1 - 1 1
Sk ZXZ-—Y}, ZXQ—Y +S'”(Xi—Y-)2
b=1 a=1 J J

We can express this system over all 4,5 € [n] as a matrix equation. Let C'®) be the n x n
) _ 1
T (XY

and v; = >0 | w15 We can now write the mixed Hessian as
J a=1 X,—Y;

matrix with entries C’( Let u and v be column vectors defined by u; = > ;. sz%}/b

Thus rank Hx/y (Sl,.) = rank(C'? — uvT).
By Proposition 6.15, C® has rank n, while uv? has rank at most one. Hence
rank Hyy (Sl,) > n — 1.

Therefore H x|y (Slnc) has a nonzero (n —1) x (n — 1) minor M. Every entry of this mixed Hessian
is homogeneous of degree n? — 2, so M is homogeneous. Since Sl,, ¢ is not homogeneous due to its
nonzero constant term, it cannot divide the nonzero homogeneous polynomial M. O

We obtain the probabilistic lower bound by the same framework used for the inner product set.
Theorem 6.17 (Probabilistic lower bound for the e-SI set). For every n > 2 and € > o't
PCCR (S(Slne)) > 2(n —3) and PCCc (V(Slye)) > 2(n — 3).

Consequently, the same lower bounds hold for the corresponding deterministic communication com-
plexities.

Proof. By Lemma 6.14, Sl,, . is irreducible over both R and C.
Claim 6.18. 95(Sl,c) = V(Sl,.).

Proof of the claim. Continuity gives 95(Sl, ) € V(Sl,c). Conversely, let z € V (S, ). Since S,
is homogeneous of degree n?, Euler’s theorem of homogeneous polynomials gives

ZXaa ZY]aS' 25

"For n € {2,3}, these lower bounds are vacuous.

35



Then Sl,,(z) = €, so evaluating Euler’s identity at z shows that VSl .(z) # 0. Moving a sufficiently
small distance from z in the two opposite gradient directions therefore gives points where Sl,, . has
opposite signs. Hence z € 95(Sl,, ), proving the reverse inclusion. o

Let u € R® x R" be given by
X, =" Yv;=0 (i€n]).
Then Sl (u) =€, so u € V(Sl,, ). Moreover,

Sl

_ o 1-1/n?
ox, (W) =ne # 0,

so VSl, c(u) # 0. By Proposition 2.3,
dim V(Sl,, ) = 2n — 1.
Together with the claim, this gives
dim (9S(Sl, ) NV (Slyc)) = 2n — 1.

By Lemma 6.16, an (n — 1) x (n — 1) minor of Hyy(Sl,¢) is not divisible by Sl, .. Applying
Theorem 5.8 with r =n — 1 gives

PCCR (S(Sln,s)) > 2(” - 3)'

Over C, Proposition 2.3 gives dim V' (Sl,,.) = 2n — 1. The set V(Sl,, ) is Zariski closed, and
hence equals its Zariski closure. Together with Lemmas 6.14 and 6.16, this verifies the hypotheses
of Theorem 5.16 with r = n — 1, which gives

PCCe (V(She)) = 2(n — 3).

7 Applications of communication lower bounds

In this section, we provide an application of our communication complexity lower bounds to an
algorithmic setting. To the best of our knowledge, this algorithmic model has not been considered
in the literature before. But very similar models have been studied in different settings such as of
one-pass algorithms, streams over N, and turnstile models [AMS99; LNW14; Mut05].

Informally, the setup is as follows. The input is a string (aq, ..., a,) € F". The algorithm reads
the string, after reading each coordinate, it may write a polynomial function of that coordinate
into its memory and optionally query a testing polynomial with the current contents of its memory.
The decisions in the following steps are based on the result of the tests (=,# in the case of C and
<,>,= in the case of R). The underlying algorithm may be deterministic or probabilistic. In the
latter case, the probability of error is bounded by 1/3. The formal definition follows.

Definition 7.1 (Algebraic Scanner). Let F € {R,C}. An algebraic scanner is an algorithm that,
on input @ = (..., o) € F?, scans the input from left to right. It has a memory register which
is initially empty, that is, M(©) =1. At each step (1), it may perform the following operations.
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o Append the memory with a new value fi(oy): M® = (M(i_l),fi(ai)), where f; € F[z]. The
memory stays unchanged, i.e., M = MUY if nothing is appended in step i.

o Ask a tester query about the content of the memory at that step: Is Qi(M(i)) op 07, where
Qi € Flz1,..., 2], Ui is the number of items in the memory and op € {#,=} if F = C and
op e {<,> =}, if F=R.

o At each step, at most 1 memory append operation can happen and at most one query is
performed. The result of the query may be used to decide the choice of polynomials f’s and
Qs in the following steps.

At the end of step (n), the algorithm either accepts or rejects.

We will say that S C F" is accepted by an ({,t)-scanner, if there is an algebraic scanner that
uses at most £ items in the memory and at most t query polynomials and accepts a € F" if and
only if a € S. We say the cost of the scanner is { + t.

A probabilistic scanner is defined as a finite-support distribution over deterministic scan-
ners. We say that S C F" is accepted by an ({,t)-probabilistic scanner, if there is an
algebraic probabilistic scanner that uses at most ¢ items in the memory and at most t query poly-
nomials. Fora € F", if a € S, it accepts a with probability at least 2/3 and, if a ¢ S, it rejects with
probability at least 2/3.

Theorem 7.2. Let S C F" x F" and let § = {X oY € F?" | (X,Y) € S}, where X oY denotes
concatenation of X and Y. If PCCg(S) > r, then any (¢,t)-probabilistic scanner for S is such that
L+t>r.

Proof. We prove the contrapositive. Suppose we have an (¢, t)-probabilistic scanner for S , where
£+t < r. Then given input X to Alice and Y to Bob, Alice runs the scanner on her input. When
she finishes processing her input, Bob starts processing his input. Each stored value from Alice’s
half becomes an Alice message; each stored value from Bob’s half becomes a Bob message; the
referee simulates all tests.

Notice that every time something is written in the memory, it becomes a possible input to
the query polynomial at subsequent steps. Thus, the query polynomial receives at most £ inputs.
Second, every time a test is performed, the protocol branches and increases the depth of the
protocol. As there are at most ¢ tests and ¢ memory storage steps, we get that r > ¢ 4+ ¢, which
contradicts our assumption. O

Using the above theorem and the lower bounds on the communication complexity from Section 6,
we obtain lower bounds on algebraic scanners for the following problems.

e-fo-distance:
Given: vectors «, 5 € R™
Check: lo(a, 8) < e

bichromatic collision:
Given: n green points a € F" followed by n red points 5 € F"
Check: Is there a pair of points of different colors that have the same value?

Corollary 7.3. Let n > 2 and let € > 0. Any algebraic probabilistic scanner over R for e-fo-
distance has cost at least 2n and over F € {R,C} for bichromatic collision has cost Q(n).
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Proof. Note that for (o, 8) € R" x R", la(a, 8) < ¢ if and only if (a, 8) € S(EQ,2). Also, note
that o € F" and 8 € F" have a bichromatic collision if and only if («, ) € V(SI,,) Thus, using the
probabilistic communication complexity lower bounds on S(EQ,, .2) and V'(Sl,,) and by Theorem 7.2
we get the corollary. I

We also obtain lower bounds for two algebraic problems. To define these two problems, we
introduce some notation. For the sake of this discussion, we will assume F = C.
Notation. A univariate monic'? polynomial of degree n may be represented either by its coefficients
or by its roots. For example, consider f(t) =t —4t+ 3. Here, we can represent it by the coefficient
vector (1, -4, 3). But suppose we rewrite f(t) = (t — 1)(¢ — 3), then we can represent it in terms of
the multiset of roots, i.e., by {1,3}. Here, we will assume the latter representation for univariate

monic polynomials. We will denote this representation by roots(f(t)) = {a1,...,a,}. This means,
f(t) = Tiep (t — c)-
GCD:

Given: roots(f(t)) followed by roots(g(t)), where f(t) and g(¢) are univariate monic polynomi-
als.

Check: Is ged(f(t),g(t)) # 17

Resultant:
Given: roots(f(t)) followed by roots(g(t)), where f(¢) and g(¢) are univariate monic polynomi-

als.
Check: Is Resultant(f(t), g(t)) = &?

Corollary 7.4. Letn > 2 and € > 0. Any algebraic probabilistic scanner over C for both GCD
and Resultant has cost Q(n).

Proof. Note that resultant of f(¢) and g(t) is equal to

IT I (i 8-

i€[n] j€n]

And this is 0 if and only if their ged is non-trivial, i.e., it is not equal to 1 [CLO05, Chapter 3,
Section 1].

Thus, by lower bounds on the communication complexity of V'(Sl,,) and V' (Sl ) and by Theo-
rem 7.2, we get the corollary. O

8 Extension to bounded-time BSS machines

In this section we generalize the communication model and prove that our framework for proving
probabilistic lower bounds can be adapted in this general model. Our more general model is inspired
by the well-known Blum-Shub-Smale model of computation [Blu+98].

12 A univariate monic polynomial is a polynomial in one variable whose leading coefficient is 1
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8.1 Bounded-time BSS machines

In this general model, Alice, Bob, and the referee are allowed to compute more general classes of
functions. Implicitly, they are allowed to use computation defined by the following computational
model:

Definition 8.1 (Bounded-time BSS machine). A bounded-time BSS machine is a finite computa-
tion tree consisting of

e Input nodes that read input from R into specified registers, (Ry, ..., Ry), together with finitely
many additional registers initialized to fixzed real constants

e Computation nodes that execute R; < Rj x Ry, where x € {4+, —, X, /}, where division by
zero s disallowed.

e Branch nodes that branch according to R; >0 or R; =0 or R; < 0.

o Output leaves that outputs a single real-valued number.

Remark 8.2. Usually, in a standard BSS model, the output leaf writes out the (vector-valued)
contents of the registers. However, since the communication model we consider is single-valued, we
will only be considering BSS machines with single-valued output.

Note that BSS machines are usually directed graphs, not trees, but by assuming every input halts
within a uniform finite time bound we may unravel the BSS machine to a (potentially exponential
sized) tree as defined above.

Now if we just follow one path, 7 in this tree then by regarding the inputs as variables, the
output is a rational function, which we denote as M7 (X) € R(X). Hence, globally, the output of
the BSS machine, M (X), is just a piecewise rational function. We assume these rational function
have no poles on their corresponding pieces.

Furthermore, the set of points which travel along 7 is given by a semialgebraic set. Indeed, each
branching along 7 is given by the sign of a rational function which can be described by (in)equalities
of polynomials.'?

Thus, a bounded-time BSS machine induces a finite partition of R™ into semialgebraic sets, one
for each feasible computation path, and on each such set its output agrees with a rational function.

8.2 Extension of the full-rank mixed Hessian criterion to rational functions

We start by generalizing Lemma 4.5 to work for rational functions. This will play a critical role in
Theorem 8.6.

Lemma 8.3 (Fractional full-rank criterion for powers). Let F be a field of characteristic zero, let
p € F[X, Y] be irreducible, and define determinant of (n + 1) x (n+ 1) matriz

Hxy (p) VXP)
R, = Det .
P <(VYP)T 0
Suppose that p{ Ry,. Then for every
m @
g=r ga m227 p*(% pj(b

with a,b € F[X, Y]\ {0}, we have
rank Hxy (g9) = n.

B3Since if Q(X) = A(X)/B(X) then Q(X) =0 <= A(X) =0and Q(X) >0 <= A(X)B(X) > 0 and
Q(X) <0 <= A(X)B(X) <0. (Assuming B(X) # 0).
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Proof. Let
A=F[X,Y],) = {gzc,de FIX,Y], d # 0, pm}, h= %

First, h is a unit in A, since p { @ and hence h™! = b/a € A. Second, A is closed under differentiation:
if r/s € A, then
0 (r\ _ s0zr —rdzs
5z G) =
since p { s2. Finally, since F[X,Y] is a unique factorization domain and p is irreducible, (p) is
prime. Hence, A is a local domain with maximal ideal pA, so A/pA is a field. The images of both
h and R, in this field are nonzero: the former because h is a unit and the latter because p { R,,.
These are precisely the properties of A and reduction modulo p used in the proof of Lemma 4.5.
Hence, the same calculation applies over A and gives

€A,

s 52

DetHyy(g9) = prm=2)+n=1p Q=-m"(m—1)h"R,#0 (mod pA).

Here, the nonvanishing follows from m > 2, char(F) = 0, and the preceding observations about h
and R,. Therefore, Q # 0 and Det Hx |y (g) # 0. Since the fraction field of A is F(X,Y), it follows
that
rankr(x vy Hxy (9) = n.
O

Remark 8.4. The above is a strict generalization of Lemma 4.5, since we retrieve the result by
simply setting b = 1.

8.3 Framework for BSS probabilistic lower bounds

We now consider the extension of Definition 2.8 and Definition 2.9 given by replacing every poly-
nomial with bounded-time BSS machine. I.e. the protocol is exactly the same but the local
computations and the branching are now done by bounded-time BSS machines. Furthermore, the
communication complexity, ¢(g), in this new model is defined exactly as in Definition 2.6 but with
ai,...,Gr, b1,...,by, and P and g all given by bounded-time BSS machines.

Surprisingly, it turns out that even with this general model we can get the exact same framework
for lower bounds of semialgebraic set-recognition! This result seems to hint that increasing the
local power of the model does not result in greater computational power for set-recognition of
semialgebraic sets.

Before we state and prove the main theorem, we need a generalization of Lemma 4.2, since path-
specific computations of bounded-time BSS machines are rational functions rather than polynomial
functions. This generalizes [Gri08] whose result is inspired by the much more general result, [Abe80,
Theorem 2].

Lemma 8.5 (Mixed Hessian bound for rational computations). Let F € {R,C}, and let g € F(X,Y')
be a rational function. Suppose that

g(X, Y) = Q(al(X)a ey Qry (X)a bl(Y)7 E) brz(y))a

is a minimum-size representation of g, where ai,...,ar, € F(X), b1,...,b,, € F(Y) and Q €
F(A1,..., Ary, B1, ..., Byy) are all rational functions. Then rankHyy(g) < min{ri,r2} and con-
sequently

c(g) =r1 +re > 2 -rankHx |y (9),

where the rank is taken over F(X,Y).
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Proof. In the following all derivatives are formal derivatives and the calculations can be done over
any open subset of F” x F™ on which the denominators are non-zero.

Let a = (ai,...,ar,) and b = (by,...,b.,). All the considered functions at least of regularity C>
(as we are dealing with quotients of polynomials), so Schwartz’s theorem can be applied (and the
partial derivatives can be swapped). By the same calculation as in the proof of Lemma 4.2 we have
that

Hx v (9) = Jx (a)Ha5(Q)(a, b) Jy (b)T,

where Jx(a) is the n x 71 Jacobian matrix and Jy (b) is the n x ry Jacobian matrix. Thus
rank Hxy (9) < min{ry,ra}.

and so
c(g) =r1+re > 2rank Hx |y (9)

as desired. O
Theorem 8.6. Let S C R™ x R™ be a semialgebraic set and let F € R[X,Y] satisfy

1. F is irreducible over R

2. SNV (F) has dimension 2n — 1

3. F{Rp
Then S has BSS-probabilistic communication complexity at least 2n.

This proof is a lift of the proof of Theorem 5.1, so while it can mostly stand on its own, it is
essentially simply a modification of Theorem 5.1.

Proof. Throughout this proof we only consider paths through trees which are realizable; i.e. paths
for which there exists some input that follows the given path. Furthermore, throughout this proof,
all fractions are in reduced form.

Let C be a probabilistic communication protocol recognizing S.

Note that a protocol C consists of a computation tree of computation trees: Indeed, we have an
outer tree which branches based on the results of BSS machines which themselves are computation
trees.

Thus we define a trace, 7, of a protocol C' to consist of

e A path through the outer tree.

e A path through every communication BSS machine encountered on that outer path. This
could be either Alice’s machine or Bob’s machine.

e A path through every transcript-testing BSS machine encountered on that outer path. This
is the referee’s BSS machine.

and we denote by Tr(C) the set of traces of C'.

Along such a 7, the communicated values are rational functions and all testing functions are
conducted by rational functions. Therefore, we see that any branch test occurring along 7 has the
form

NC,T,i(X7 Y)
Gori(X,Y) = Dora(X,Y)
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where ¢ indexes the branch tests.
Then, we define (assuming without loss of generality that N¢ ,; # 0):

= H NC,T,i
[

which is a finite product, since every path is finite. Furthermore, the set
P={Pc,|CeC,meTe(C)}

is finite since there are only finitely many protocols in C and since we consider only bounded-time
BSS machines, there are only finitely many traces, 7, in C.

Claim 8.7.

osc|) U vrer) =V
CeC reTr(C)

Proof of the claim. Suppose, for contradiction, that there exists u € 9S such that u ¢ V. So
Pcr(u) #0 for all Po, € P.

For each C' € C we denote by 7¢ the unique trace followed by u. Since we disallow division by
zero in BSS machines, every denominator along the trace encountered is nonzero. Moreover, since
u ¢ V every numerator encountered is also nonzero. Since the nonzero set of these numerators
and denominators is an open set it follows that there exists an open neighborhood B¢ around u.
Moreover, by continuity the signs of the numerators and denominators are unchanged on B¢. Thus
every element of Bg follows the trace, 7¢, and outputs the same value as u. Hence, the finite
intersection of open neighborhoods,

= (1 Be,

ceC

is itself an open neighborhood of u on which the protocol, C, has constant output.
More precisely this observation shows that, on B,,, we have

Pr[C accepts z] = Pr[C accepts u]

and so is constant on B,,.

But, u is on the boundary of S and so B, must contain two points zj, € S and zoy ¢ S and
by definition we must have Pr[C accepts zin] > 2/3 and Pr[C accepts zout] < 1/3. This gives us the
desired contradiction:

2/3 < Pr|[C accepts zin| = Pr[C accepts zout] < 1/3
since zin, zout € By, and Pr[C accepts z]| is constant on B,,. o

Assume now for contradiction that F'{ Pc . for all C and 7. By Claim 8.7 and by Fact 5.4 we
see that

dim(@SNV(F) <dm | | | (V(Pe)nV(F)) | <2n-2
CeCreTr(C)

which contradicts assumption 2.
Thus, F' divides some Pcy -, and since F' is irreducible (in particular prime) F’ must divide some
numerator, N¢, 7.0
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Claim 8.8. N¢, -, 0 comes from a transcript test. (In particular not from any private computation
done by Alice or Bob).

Proof of the claim. Assume it came from a private computation, say from Alice. Then N¢, 7,0
would only depend on X:
Ncom0(X,Y) = A(X).

But then F(X,Y) | A(X) and so F would only depend on X and be independent of Y. This would
imply that Vy F' = 0 and in particular Rp = 0 which means F' | Rp. This contradicts F't Rp and
so N¢y,7,0 must come from a transcript test. o

Let Q(X,Y) be the rational function such that (written in reduced representation)

NCoyTo,O(X7Y)

QX,Y) =
( ) ‘D0077'070(X7 Y)
What we have shown so far is that by Claim 8.8, Q(X,Y) is the result of a transcript test and so

_ Neyro(X,Y)

Q(X,Y) = Q(al(X)7-"7a7”A(X)7b1(Y)’ ”"bTB(Y)) a D¢y O(X7Y)

with
F | Ncgm0

and since () was written in reduced form we have ged(Ney .0, Dy, r,0) = 1 so we also have
F Jf Dcy, o0

We may therefore write N, -, 0 = F™N with m > 1 and F 1 N. This, in turn, gives

~ 2
N
Q2 — FQm
DC()J‘(),O

with 2m > 2 and F' ¢t N2 and F 1 D%O 0.0+ Thus, we now apply the fractional full-rank criterion,
Lemma 8.3, to get that

c(Q?) = 2rank(Hy)y (Q%)) = 2n

where the first inequality is from Lemma 8.5. Finally, by the same observation in the proof of
Theorem 5.1 we get

Q) > (@) > 2n
as desired. ]

Remark 8.9. One can define compler bounded-time BSS machines, that is, BSS machines when the
underlying field F is C, wherein we branch only on = or #. With this model one should be able to
get a BSS analogue of the complex framework Theorem 5.12.

Indeed, if we consider all the rational functions, 17, ..., T;, along the trace in following # 0 and
take their product to be Gj. Then, in reduced form, we would have that

_ N

Gk_Dk
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and, by the same argument as Claim 5.14 and Claim 5.15, we may conclude that

F ’ Nk and FJ(Dk

Furthermore, by the same argument as in Claim 8.8 it must be the case that a factor of N comes
from the numerator of a transcript test.
The proof then follows exactly as in Theorem 8.6 to conclude that

c(Gr) > ¢(G3) > 2n,

i.e. the depth of the protocol, which is at least ¢(Q), is at least 2n.
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A Proof of the mixed Hessian rank bound
Lemma 4.2 (Restated). Let F € {R,C}, and let g € F[X,Y]. Suppose that

9(X,Y)=Q(a1(X),...,ar (X),00(Y),...,0,(Y))

is a minimum-size representation of g, where ai,...,a,, € F[X] and b1,...,by, € F[Y]. Then
rank Hxy (g) < min{ry, 72} and

c(g) =r1+7r2 > 2 -rank Hx)y (g).
Here the rank of a polynomial matriz is taken over F(X,Y).

Proof. Leti,j € {1,---,n}. We use the same notations as in Definition 2.6. In the rest of the proof,
all the functions are at least of regularity C2 (as we are dealing with polynomials), so Schwarz’s
theorem can be applied (and the partial derivatives can be swapped). We compute H Xly:

89 _ aQ(a (X)’ va?“l(X)vbl(Y)"" 7b7"2(Y))
0X; (X,Y) = : 0X; (X,Y)
. e 0Q(ar(X), a4, (X),01(Y), -+ by (Y)) Bay(X)
(chain rule) = Z day(X) ap X,

p=1
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Hence,

0%g B 1 ?Qa1 (X)), ,ar (X),b1(Y), -+ , by (Y)) Dap(X)
0X;0Y; &.Y)= p; 8ap(X)8§;] 0X,
+ 8Q(a1(X)? T Gy (X)a b1<Y)7 U 7b7"2 (Y)) 82(1p(X)
dap(X) dX,0Y;
T

(chain rule) =303 (6%19/)) (aacz(al(X), L (X),bi(Y), - ,zmm)) (%(X))

p=1g¢=1

Thus,
da1(X)/0X b (Y) /oy \ "
Hxy(9) = ( : ) Hap(Q) ( : )
da,, (X)/0X by, (Y)/0Y
where a = (a1, ,a,,) and b= (b, ,by,).
Thus, rank(H x|y (¢)) < min(ry,re) and r1+7r2 > 2min(ry, r2) > 2rank(Hx|y (g)). We conclude.
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