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Abstract

Given any fixed constant 0 < € < 1 and a matrix space B = (Bj1,...,By) < Q™"
we give a deterministic NC? algorithm that outputs a matrix A € B such that

rank(A4) > (1 — e)crk(B),

where crk(B) denotes the maximum rank of a matrix in 5. This complements the recent
breakthrough of Chatterjee, Ghosh, Gurjar, Raj, and Thierauf (ECCC, TR26-100), who
gave an NC algorithm for computing the noncommutative rank of symbolic matrices.
For commutative rank, Bléser, Jindal, and Pandey previously gave a deterministic
polynomial-time approximation scheme (ToC, 2018).

Our algorithm follows a different route from the subspace-design approach of
Chatterjee, Ghosh, Gurjar, Raj, and Thierauf. It has two main ingredients. First,
using a polynomial-size 4-wise independent family together with operator scaling
(Gurvits’04, Garg-Gurvits-Oliveira-Wigderson’20), we obtain a scalar matrix whose
rank is an absolute constant fraction of crk(B). Second, we boost this constant-
factor approximation to a (1 — ¢)-approximation by analyzing the associated Schur
complements through Smith normal form over a discrete valuation ring. This mainly
helps in iteratively reducing the rank deficit.

1 Introduction

Given a set of matrices By, ..., B,, € Q™*", the rank problem asks to compute the rank of the
linear matrix B(z) = >_;*, x;B; over the rational function field Q(z1, ..., z,,). Equivalently,
if B=(By,...,B,) is the corresponding matrix space, the problem is to determine

crk(B) = max{rank(B) : B € B}.

This problem, often referred to as Edmonds’ problem, has close connections with
combinatorial optimization. The classical algebraic formulations of bipartite and general
matching via the Edmonds and Tutte matrices are important special cases [Edm67, Tut47].
These connections were developed further by Lovasz in the study of matching and matroid
problems [Lov79).

Deciding whether the matrix space has full rank matrix or equivalently checking if
det B(z) # 0 is usually referred to as symbolic determinant identity testing problem SDIT.
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Over a sufficiently large field there is a simple randomized polynomial-time algorithm to solve
the SDIT problem using the Polynomial Identity Lemma [Sch80, Zip79, DL78]. However,
finding an efficient deterministic algorithm seems elusive due to its direct connection with
circuit lower bounds [KI04].

Over the last few years, a different picture emerged for the noncommutative version of the
problem. Here the variables in B(x) are treated as noncommuting variables, and the rank is
taken over the free skew field. Independent breakthrough works of Garg, Gurvits, Oliveira,
and Wigderson and of Ivanyos, Qiao, and Subrahmanyam gave deterministic polynomial-time
algorithms for noncommutative rank [GGOW20, 1QS18]. The former proceeds through
operator scaling, while the latter gives an algebraic algorithm based on shrunk subspaces
and the concept of blow-up. Another algorithm using convex optimization was developed by
Hamada and Hirai [HH21]. Building on the ideas of [IQS18], Chatterjee and Mukhopadhyay
later gave another polynomial-time algorithm in which the rank-increment step is reduced
to polynomial identity testing for noncommutative algebraic branching programs [CM23].
These results exhibit a sharp contrast between the commutative and noncommutative rank
problems.

For commutative rank, a beautiful approximation result was obtained by Blaser, Jindal,
and Pandey [BJP18]. They gave a deterministic polynomial-time approximation scheme:
for every fixed € > 0, one can find A € B satisfying

rank(A) > (1 — ¢) crk(B).

This substantially improves the 1/2-factor approximation that follows from deterministic
algorithms for noncommutative rank. This is due to the well-known result [FR04] that

crk(B) < ncrank(B) < 2crk(B).

Subsequently, Bhargava, Bléser, Jindal and Pandey extended the related ideas to higher-
degree algebraic rank problems [BBJP19]. Thus, although exact deterministic computation
of commutative rank remains open, it admits efficient deterministic approximation to
arbitrary constant accuracy. A recent work of Chakraborty, Datta, Kusre, Mukhopadhyay,
and Sinhababu gives a catalytic logspace algorithm (CL) with a polynomial-time bound
(CLP) for (1 — €) rank approximation [CDK™26].

Very recently, in a breakthrough, Chatterjee, Ghosh, Gurjar, Raj, and Thierauf proved
that bipartite matching is in NC, and extended their method to give an NC algorithm for
computing noncommutative rank [CGGT26]. Their approach is inspired by the explicit
subspace designs [GK16], and also by the beautiful work of Brakensiek, Chen, Dhar, and
Zhang [BCDZ26]. This result naturally raises the question of parallel complexity of the
approximation question for commutative rank: can the polynomial-time approximation
scheme for crk(B) also be parallelized? Our main result answers this question affirmatively
over Q. Our main result is the following.

Theorem 1.1. For every fized 0 < € < 1, and matriz space B = (By,..., By,) < Q™™
there is an NC* algorithm that computes a matriz A € B such that rank(A) > (1 — &) crk(B).

1.1 Proof idea

The proof of Theorem 1.1 is broadly divided into two parts. In the first part, we compute
a matrix A, in NC?, from the given matrix space B such that rank(A4) > ¢y crk(B) for an
absolute constant 0 < ¢y < 1. In the second part, we use a boost argument to find a matrix
from B, in NC*, whose rank is at least (1 — ¢) crk(B).
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The argument used for the first part is analytical and inspired by the connection of
quantum information theory with operator scaling [Gur04], and moment methods [Ber97].
For the analysis of this part, it is enough to assume that the input matrix space is of full
rank. Subsequently, we apply the same argument to the sub-matrix of the matrix space B
having maximum rank.

If a matrix space D = (Dy,...,D,,) € Q"™ is of full rank, then it is also dimension
non-decreasing. In other words, for every subspace U

dim(o D;(U)) > dimU.

=1

Now we use the connection with operator scaling. Given any 0 < n < 1, one can construct
the left and right invertible matrices L and R such that the set of matrices {Ay,..., A}
where A; = LD;R is scalable. More precisely, define M(A) = > . A;Af and N(A) = >, A A,
and

ds(A) = [|M(A) = I||5 + [IN(A) = 1|7 <.

This is a measure of the distance from doubly-stochasticity. Now consider
S = Z GZ‘AZ‘,
i

where the sign vectors € = (€1,...,€,) € {—1,+1}" are chosen from a 4-wise independent
family H,, that can be easily shown to be constructible inside NC?. Set,

X =Tr(S*S), Y =Tr((S*S)?).

The quantities X and Y are the sum of the square and fourth powers of the singular values

of S. More precisely,
X = Z 0]2 Y = Z O';-l.

J=1 Jj=1

A routine application of Cauchy—Schwarz gives
X% < pY = rank(9)Y,

implying that rank(S) > X72 ! Choosing the parameter n appropriately in the doubly
stochastic distance measure and the 4-wise independence of the signs, one can control E[X]
and E[Y]. In particular, we see that E[X] is of order n, and that E[Y] = O(n), where
the expectations are over the 4-wise independence family. Then using another round of
Cauchy—Schwarz inequality we prove that

Efrank(S)] > E {XTQ} > > con.

for an absolute constant 0 < ¢y < 1. This shows the existence of a sign vector € in the 4-wise
independence family such that

rank(S) = rank (Z eiAZ) > con.

i

!Define X2/Y = 0 on the event Y = 0, where necessarily S = 0 and X = 0.
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Such an e can be found by trying all of them in parallel and choosing the one with the
maximum rank. Clearly, this can be performed in NC?*[Csa76, Mul87].

For the second part, we need to lift this method to matrices whose entries are homogeneous
polynomials of a fixed degree k. We first describe a rather general methodology and then
apply this to an appropriate matrix during the final stage of the algorithm analysis. One
of the key ideas here is to use complete polarization that replaces a homogeneous degree-k
matrix M (x) by a matrix which is linear in each of k independent groups of variables
XM X®) The polarization method is standard and well-known in mathematics [Lan12,
§2.6.4]; see also Procesi [Pro07, Chapter 3, §2].

Applying the linear rounding result successively to the k groups gives sign vectors

e W e,

such that the polarized matrix has rank at least cf times its true rank.
By the polarization identity, this matrix is a signed sum of the 2* ordinary matrix
evaluations

j€S
Then the sub-additivity property of rank implies that one of these evaluations has rank at
k
least 0, := %,% times the true rank. This gives the universal set

Zhm = {Ze(j) S C k], M, ... €M e Hm}

jes

For fixed k,
| Zkm| < 28| Hon|F

So, this family has a polynomial size and can be enumerated in parallel.
Now we provide a sketch of the rank boosting step. Let,

B=(By,...,B,) <Q"", B(z) = inBi, ¢ = crk(B).

Suppose that the current matrix A € B has rank r. After invertible row and column
transformations we may write

_ (5 0 _ (X(2) Q(z)
A= <0 o> Bl = (P(a:) Z(x))"
We introduce a new formal variable ¢ and consider the matrix A + tB(x). It is a standard
idea that to increse the rank further, one needs to look at the Schur complement
H(t,x)=Z —tP(I, +tX)'Q = ho + thy +t*hg + - - - .

For k > 1, collect the first k coefficients into

ho 0 0
h h
(A B@)=| "
0
hi— hi ho



Equivalently, J, is the matrix of multiplication by H (¢, z) modulo t*.

Let K = Q(z1,...,%,). Using the theory of Smith normal form of H(t,x) over the
power-series ring K [[t]] (which is also a discrete valuation ring (DVR)) [AM69a, Chs. 5,9-10];
[Lan02, Chapter §XII]; [Hun74, Chapter §VII], we show that

rankg Ji > k(c—r) —r =ke— (k+ 1)r.

This suggests defining
Ag(A) = ke — (k+ 1) rank A.

The condition Ag(A) > 0 is exactly

rank A <

k—FlC'

Now we briefly describe how the polarization process is applied on J;. The matrix .J is
first homogenized by adding one extra variable z. The homogeneous matrix has degree k in
the m + 1 variables (z,z1,...,x,,). For

2= (20,2151 %m) € Zpmt1

define
(21/207"'7Zm/z())7 ZO#OJ
b(z) =
(z1, s Zm), 20 = 0.
We then define
Dk,m = {b(Z) A Zk,erl }

From the sub-additive property of the rank and the polarization identity, we get C' = B(b),
with b € Dy, such that

Let s be the rank increment as we move from A to A + tC,
s = rankg(A +tC) —r.
Then, from the same Smith form calculation it is easy to observe that
rank Ji(A, C) < ks.

Therefore, s > %’“Ak(A). A nonzero minor of A + tC has degree at most n, so among n + 1
distinct rational values of the line parameter one realizes this rank increase. Hence one
phase produces a matrix A’ satisfying

k1
k

Ag(A") < <1 6k) Ag(A).

As long as the deficit is positive, it decreases by a fixed factor depending only on k. After
the Oy (logn) phases the deficit is non-positive and hence

k
rank A > k c.

+1

Finally, choosing k = [1 — 1] gives rank A > (1 — €)c. Since there are only (O(logn)
sequential phases, and each phase consists primarily of polynomially many parallel matrix-
rank computations in NC?, the overall algorithm lies in NC3.
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Organization. The rest of the paper is organized as follows. In Section 2, we provide the
necessary algebraic background and also present a construction of t-wise independent family.
Section 3 contains the construction of a matrix from the given matrix space whose rank is a
constant fraction of the maximum possible rank. Finally, the rank boosting argument is
presented in Section 5 which completes the proof of Theorem 1.1.

2 Preliminaries

In this section, we provide the necessary algebraic background and include a construction of
t-wise independent distribution.

2.1 Algebraic background

We include some algebraic background related to Discrete Valuation Rings, Smith normal
form which we use later in our algorithm design. These can be found in [AM69b, Hun74,
Lan02]. Some of these concepts are also used by Oki [Oki20, Oki23].

Throughout this paper, fix

K =Q(x1,...,2m).

Standard references for discrete valuation rings are Atiyah-Macdonald [AM69a, Chs. 5,9-10],
Lang [Lan02, Chapter §XII|; for Smith normal form Hungerford [Hun74, Chapter §VII].

2.1.1 Formal power series, Laurent series, and the t-adic valuation

The ring
K[[t]] = {ao+ arit + ast® + -+~ 1 a; € K}

is the ring of formal power series in t over the field K. Its fraction field is

K((t)) = {Z a;t! - N € Z},

j>N
the field of formal Laurent series. For a nonzero Laurent series
ft) = at’ +ap 1t H a, # 0,

define its t-adic valuation by ord; f = v. Thus every nonzero f € K|[[t]] has a unique
factorization

f(t) = t"u(t), v >0, u(0) # 0.

The factor u(t) is a unit of K[[t]]; conversely a power series is a unit exactly when its constant
term is nonzero. The maximal ideal is (¢), and every nonzero ideal is (t) for a unique v.
Hence K{[[t]] is a discrete valuation ring (DVR) [AMG69a, Ch. 9].

We shall repeatedly use the elementary comparison

ord, f < deg, f (0# f e K[t]). (1)



2.1.2 Smith normal form

Because a discrete valuation ring (DVR) is a principal ideal domain (PID), a matrix
G(t) € K[
of rank d over K ((t)) admits Smith form. Thus there are
U(t) € GLy(K[[H]), V(1) € GLo(KT[t])

such that
UGV (t) = diag (™, ..., t7,0,...,0), (2)

where
0<y < <.

This decomposition can be found in [Hun74, Proposition 2.11, p.339]. We call the integers
v; the Smith invariant exponents. For 1 < 7 < d,

|I‘II1|:1]I|1 ord; det G[I, J] = vy + -+ vy, (3)
=|J|=j

where the minimum is over nonzero j x j minors. In particular, for a rank d matrix there is
a nonzero maximum minor whose valuation is exactly vy + - -+ + vy.
2.1.3 Truncation modulo t*

There is a natural identification

K[[t]/(t") = K[t]/(t").

If
G(t) = Go+tG1 +t°Go+ - - -,

then multiplication by G(¢) modulo t* is a K-linear map

(K[11/ ()" — (K[t]/(t%))".

Writing a vector as
v(t) = vg +tvy + -+ oy,

the coefficients of G(t)v(t) mod t* are obtained by convolution. Hence, in the coefficient

basis 1,t,...,t*"! the multiplication map is represented by the lower block matrix 2
Go 0 -+ 0
G, Gy .
@)= "7 : (4)
: oo 0
Gr1 - Gi1 Go

2.2 Construction of t-wise independent distribution

In this section we give a self contained construction of ¢-wise independent distribution over
{—1,+1}™ within NC?. This construction is well-known [ABIS6]. In our application, we
use it for ¢t = 4.

2See also [Oki20, Sec. 3.1].




2.2.1 Construction of extension fields

Let m > 2 and set r := [log,m], ¢ :=2". Thus m < ¢ < 2m. We represent the field F, as

where f(z) € Fyz] is an irreducible polynomial of degree r.
We first note that such a representation can be constructed uniformly in NC?,

Lemma 2.1. An irreducible polynomial f € Fy|z] of degree v can be found deterministically
within NC?. Consequently, arithmetic in For = Fy[2]/(f) can be performed in NC?.

Proof. There are exactly 2" = poly(m) monic polynomials of degree r over 5. We test all
of them for irreducibility in parallel. More precisely, for each monic degree-r candidate g,
enumerate in parallel all monic nonconstant polynomials h with

1 <degh < [r/2]

and test whether h | g. A degree-r polynomial is reducible if and only if it has a nonconstant
factor of degree at most |r/2]|. The number of such possible factors is less than 27/2+1 =
poly(m), and all degrees involved are O(log m). Polynomial division can therefore be carried
out in polylogarithmic depth, and all divisibility tests can be performed in parallel in NC.
Finally, select the lexicographically first candidate having no such divisor.

Once f is fixed, elements of Iy are represented by polynomials of degree < r over Fs.
With such a representation, the field arithmetic can be clearly performed in NC?. O]
2.2.2 The trace function

We next recall the elementary properties of the trace function
Tr .= Trg, /p, : Fg — Fa.

It is given explicitly by

Tr(a) =a+a®+a” +--+d” .

Lemma 2.2. The map
Tr: Fyr — Fy

has the following properties.
1. Tr is Fy-linear.
2. Tr is not the zero map.

3. Consequently, Tr is surjective and
| ker(Tr)| = 2! = g

In particular, if U is uniformly distributed over F,, then Tr(U) is a uniformly distributed
bit.



Proof. For a,b € F,, the Frobenius identity in characteristic two gives
(a+b)? =ad® +17.

It follows immediately that
Tr(a + b) = Tr(a) + Tr(b),

and scalar linearity over [Fy is immediate. Thus Tr is Fy-linear.
We also note that Tr(a) € Fy. Indeed, using a* = a for every a € F,,

Tr(a)? = a?+a* + - +a”
—a+a>+--+d’ =Tr(a).

The only elements of F, satisfying 2? = x are 0 and 1.
It remains to show that Tr is nonzero. Consider the polynomial

T(X):=X+X?+X¥ +...+X¥ " eF,X].

Since the degree of T'(X) is 21, it can not vanish on F,. Hence Tr is nonzero.
Then, by the rank-nullity theorem,

dimp, (ker(Tr)) =r — 1,

and
| ker(Tr)| =2""! =

Ll

Hence the trace of a uniformly random element of [F, is uniformly distributed in [Fs. m

2.2.3 t-wise independence from polynomials

Choose pairwise distinct elements
a, ..., 0y € Fy;

this is possible since ¢ > m.
For

a = (ao,...,at_l) S ]FZ?

define the polynomial
pa(Z) = Q + alZ + -+ at_th_l.

Using this, we get the sign bit
€(a) == (—1)Trpala),

Define,
Hmy = {(e1(a), ... em(a)) :a € FL} C{-1,+1}™.

The following lemma is well-known and follows from the standard Vandermonde matrix
based argument.

Lemma 2.3. Let a be uniform in IFZ. Then the field-valued random variables
pa(a1)7 s 7pa<am)

are t-wise independent and uniformly distributed over IF,.
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Now we argue that the trace map converts these field-valued variables to t-wise indepen-
dent random variables over {—1,+1}™. This is implicit in [DPT24].

Theorem 2.4. Let a be chosen uniformly from IFZ. Then
Ei(a) = (_1)Tr(pa(ai))7 S [m]’

are t-wise independent unbiased Rademacher random variables. Equivalently, for every set
of distinct indices iy, ..., is, where s < t, and every 0y,...,0, € {—1,+1},

Prle,(a) =61,...,6,(a) =6 =277

Proof. By Lemma 2.3,
(pa(ah)? s 7pa(ais))

is uniform over IF;.
Fix bits by,...,bs € F5. By Lemma 2.2, each equation

Tr(y;) = b;
has exactly ¢/2 solutions y; € F,. Note that p,(«a;) is distributed uniformly on F,. Therefore

Pr[Tr(pa(ci,)) = b1, ..., Tr(pa(a,)) = bs]
@,
q° '

Summarizing, we have the following corollary.

Corollary 2.5. For every fized constant t, there is a uniformly NC?-constructible sample
space of t-wise independent unbiased signs

(€1,...,6m) € {—1,+1}"
having support at most ¢* < (2m)t = mO®.
For the remainder of the paper we abbreviate the 4-wise-independent family by

Hm = Hm74.

3 Constant fraction rank approximation

The goal of this section is to output a matrix from the given matrix space such that the rank
is at least a constant fraction of the maximum rank possible. Moreover, the computation is
performed in NC?.

Let the input matrix be

=1

defined over Q. The associated matrix space is B = (By, ..., B,,). The commutative rank
of B denoted by crk(B) is same as the rank of B(x) over the function field Q(x).

10



Definition 3.1. A tuple D = (Dy, ..., D,,) of n x n complex matrices is dimension non-
decreasing if for every subspace U < C",

dim(CJ D;(U)) > dim U.

i=1

For a tuple A = (A, ..., A,,) define

M(A) ZZAZ-A;*, N(A) ZZAE‘Ai,

and its distance from doubly stochasticity is given by
ds(A) = [[M(A) = I|[7 + [N (A) = I][3

Theorem 3.2. [Gur04, Theorem 4.6] A square complex tuple of matrices is scalable if and
only if it is dimension non-decreasing. Fquivalently, if D is dimension non-decreasing, then
for every n > 0 there exist invertible matrices L, R such that the tuple A; = LD;R satisfies
ds(A4) <.

The result is also implicit in [GGOW20]. Nevertheless, we include some facts which are
used to prove Theorem 3.2 in Section A mainly for completeness.
Since L, R are invertible matrices, we have the following rank identity

rank (Z EZ'LDiR) = rank <Z eiD,) i

% %

3.1 Moment method

For this sub-section, we assume that the matrix space has full rank.

Lemma 3.3. Let Ay,..., A, € C™", and set M =) . A;A7, N =), AfA;. Assume
1
M =L\ +|IN - Lz < —. 5
| I+ 1l 7 < 16 ()

Let ¢ be uniform on a 4-wise-independent distribution over {—1,+1}"™ and S =Y. e;A;. Then
with positive probability rank S > con, for an absolute constant 0 < ¢y < 1. Consequently,
for at least one sign vector in the family, we get that the rank is at least con.

Proof. Define two different nonnegative random variables
X = Tr(S*S), Y = Tr((5*S)?). (6)

Let 7=Tr M =Tr N = . ||Ai]|%. Since E; ; [g;£,] = 0 unless i = j, it is easy to observe
that E [X] = 7. Next, we prove a bound on E[Y].
Claim 3.4. E[Y] < Tr(N?) + 2 Tr(M?)
Proof. By expansion,

E[Y] = Eleeened] Tr(A;A;ALA).
2,9,k 0
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As above, every surviving tuple belongs to one of the three pairing patterns
1=7, k=1 1=k, j=1 1=1{, =k,

and overcounting the all-equal case is enough for an upper bound.
For the first pairing pattern, the contribution is

> Tr(A; A AGAL) = <Z AFA > = Tr(N?).

ik

For the second pairing pattern, using the triangle inequality,

< Z |Tr ((ArA
< ZHAfAjllp
,J

= T;(MQ).

ZTr (AFA;ATA

i,

Here
| Te(B?)| = (B, B)p| < ||1B*||pl| Bllr = || BlI%-

For the third pairing pattern,

S OTr(ATAAA) =) A A7 = Te(M?).

©,J ,J
Therefore
E[Y] < Tr(N?) 4 2 Tr(M?),
as claimed. n
By (5),
M — L||r < 1/4y/n, IN = L,||r < 1/4+/n.
Since ]
[r—nl = | Te(M — L) < VallM ~ L]l < 7.
we have 3
n
> —. 7
P> (7)
Moreover
Te(M?) < | M|%
< (1/4+vn)®
25m
< —.
— 16
The same estimate holds for Tr(N?). Then using Claim 3.4,
75n
ElY 8
Vi< 2 )
If 01,...,0, are the nonzero singular values of S, then
p p
Yoy v-Ya
i=1 Jj=1
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Cauchy-Schwarz gives

X2 < pY = rank(S)Y. (9)

Observe again using Cauchy—-Schwarz that

VY Y
So,
X? E?[X] _ 3n
E k >E|—| > > —.
rank(5)} 2 { Y } = ElY] ~ 2
Hence we complete the proof with ¢y = % O

3.2 The NC? algorithm for finding the constant rank approxima-
tion matrix

We apply the result obtained in Section 3.1 to the given matrix space whose crk is r. The
main theorem is the following.

Theorem 3.5. Let .
B(z) =Y x;B; € Qlz]™"
i=1

be the input matriz whose rank is r over Q(x). Then for some ¢ € H,,, we get that
rank B(e) > cor, where H,, be a 4-wise independent distribution over {—1,4+1}™ as obtained
in Corollary 2.5, and cq is the constant promised by Lemma 3.3.

Proof. Consider an r x r sub-matrix of B(z) which is of full rank over Q(z). Let D(z) =
>, x;D; be the corresponding sub-matrix. There exists a € Q™ such that D(a) is
invertible.

We claim that the tuple (Dy,..., D,,) is dimension non-decreasing. Indeed, for every
subspace U < C", D(a)U C ). D;(U). Since D(a) is invertible,

dim Y " D;(U) > dim D(a)U = dim U.

By Theorem 3.2, for n = 1/16r there are invertible complex matrices P, @) such that
A = PD,Q
satisfy (5). Lemma 3.3 gives a sign vector € € H,, with
rank <Z eiAZ) > cor.
Invertibility of P, implies

rank (Z eiDZ-> = rank (Z eiAi) > cor

% 7

[]

The NC? algorithm follows immediately by trying all € € H,, in parallel followed by
ordinary rank computation [Csa76, Mul87].
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4 Using the properties of DVR

The main goal of this section is to connect the concepts from discrete valuation ring and
Smith normal form to the rank approximation setting. This will be eventually used in
Section 5 to analyze the algorithm.

Let

B=(Bi,...,B,) <Q"",  B(x)=) x:B;
=1

and let ¢ = crk(B).
Fix A € B of rank r. After invertible row and column transformations, identify

A:<{; 8> B(@:(?ﬁ((f)) %D

Let
K = Q(xla s wxm)
and define
H(t,x) =Z —tP(I, +tX)'Q = ho + thy + t*hg + - - - .
Using
(I +tX) 7' =D (—tX)",
>0
we have

ho = Z, hy = (-1)PX’7'Q (j>1).

In particular, as polynomials in x, h; is homogeneous of degree j + 1. For k > 1, let

ho 0O --- 0

hy hy ° :

Jo(H) = Ju(A, B(z)) = _1 0 ;
1 -+ hi hg

Then we would like to prove the following theorem.

Theorem 4.1.
rankg Ji(A, B(z)) > k(c—r) —r = ke — (k+ 1)r.

Proof. Let 6 = ¢ — r. The following claim is standard.

Claim 4.2.
rankg (A +tB(x)) = c.

Proof. Choose a nonzero ¢ x ¢ minor B[I, J|(z) of B(x). In the corresponding minor of
A+ tB(x), the coefficient of ¢¢ is exactly det B[I, J](z), so that minor is nonzero. Hence
>

rank g (A + tB(x))

C.

For the reverse inequality, write A =), a;B;. Then

A+tB(x) =) (a; +tz;)B;.

]

If this matrix has rank higher than ¢, then by specializing suitable scalar values for ¢t and x
variables, we can exhibit a matrix in B which has rank higher than c. O]
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Since I, +tX is invertible over K (¢), the block matrix structure shows that the rank of
the Schur-complement
rankK((t)) H(t, .1') =c—1r=04.

Next we use two standrad facts. Since K[[t]] is a discrete valuation ring, it is also a PID
[AMG69b]. The second fact is that the Smith normal form exists over every PID [HunT74,
Proposition 2.11, p.339], and in particular over K{[¢]]. Thus there exist invertible matrices

U(t),V(t) € GL,—.(K[[t]])
such that
U(t)H(t, )V (t) = diag(t",...,t,0,...,0),

where
0<1y <--- <y,

and D be the diagonal matrix.
We claim the following.

Claim 4.3. 5
Z v <. (10)
i=1

Assuming the claim, we give the rest of the argument.
Let,
Ry = K[t]/(t").

Reduce H,U,V, D modulo t*; for simplicity we keep the same notation. We then have
UHV =D  in R0,

and U,V € GL,_,(R). The reason why even after modulo by t* the matrices U and V
continue to be invertible is the following. Originally the matrices U(t) and V (¢) are invertible
over K[[t]]. So their determinant polynomials are units over K[[t]], which remain units even
after modulo by t*.

Consider the Rj-linear map

Ty : R — R, v+— Hu.

Because K embeds in R as the constant polynomials, the same map is also K-linear after
restricting scalars. As a K-vector space,

Ry, = Spang{1,t,... t" '}, dimg Ry, = k,

so R, ™" has K-dimension k(n —r).
Write
v(t) = vo +tvg + -+, v; e K"

Modulo ¥,

H(t)v(t) = ho’Uo + t(hlvo + ho’Ul)
+ t2(h2U0 + hivr + hove) + - -+ .

Thus, with respect to the K-basis induced by 1,¢,...,t*7!, the matrix of the K-linear map
Ty is precisely Jx(H). Hence

ranky Ji(H) = dimg Im Ty

15



The identity UHV = D gives, as maps on R},
TD :TUOTHOTv.

Since U and V are invertible over Ry, Ty and Ty are invertible; in particular they are
invertible as K-linear maps. Therefore

dimg Im Ty = dimg Im T)p.
It remains to compute the latter. Since D is diagonal, T is the direct sum of the maps
Ry, — Ry, f(&) — 7 f (1),
for 1 <1 < ¢, together with zero maps. For one Smith factor ¢¥,
Lt b T TR (mod ).

Its image has K-basis

tll tl/+1 . tk*l

ey

when v < k, and is zero when v > k. Hence its K-rank is
max{k — v,0}.

Since the diagonal coordinates form a direct sum, the dimensions add, yielding
5
rankg Ji(H) = Z max{k — v;,0}.
i=1

Therefore,
5
ranky Ji(H) = Zmax{k:—yi,O}. (11)
i=1
Finally,
max{k — V;, O} > k— Vi,

so by (10) and 6 = ¢ —r,
5
rankg Ji(H) > Z(k — ;)
i=1

0

i=1
>k(c—r)—r
=ke— (k+ 1)r.

This proves the theorem.
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4.1 The proof of Claim 4.3

Proof. Since K|[t]] is a discrete valuation ring, hence a PID, Smith normal form gives

matrices

U(t), V(t) € GLy—(KT[t]])

such that
Ut)H(t,z)V(t) = D(t) := diag(t",...,#,0,...,0).

We first show that there is a nonzero 6 x 6 minor H|[I, J|(t) satisfying

5
ord;det H[I, J|(t) = Z vi.

i=1
For a matrix M over K[[t]], let
Zs(M) := (det M[I,J] : |I| = |J| = 9)

denote the ideal generated by all its 0 x ¢ minors.

(12)

We claim that multiplication by invertible matrices over K[[t]] does not change this ideal.

For example, by the Cauchy-Binet formula,

det(UM)[I,J] = ) detU[I, ] det M[S, .J].
S:|S|=5

Thus every o-minor of UM is a K|[[t]]-linear combination of é-minors of M, and hence

Ts(UM) C Zs(M).

Applying the same argument to

M =UYUM)
gives the reverse inclusion.
Remark 4.4. Note that )
-1 _ adj(U)
detU "~

But det(U) is a unit in K[[t]] and hence U~ € GL,,_.(K[[t]]).

Therefore
Zs(UM) = Zs(M).

The same argument for right multiplication shows
Zs(MV) =TIs(M).

Combining both we get that,
Zs(H) = Zs(D).

For the diagonal Smith matrix D, the only nonzero § x § minor is

s = ittt s

Hence
I(;(H) — (tu1+...+u5) .
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Because K[[t]] is a DVR, the valuation of an ideal generated by finitely many elements
is the minimum of the valuations of its generators. Therefore some nonzero  x ¢ minor

HII, J|(t) satisfies
ord;det H[I, J|(t) = v1 + - - + vs,

which proves (12).
Considering A + tB(x) again, define

Do(t) :=1I, + tX.

Since Dy(0) = I,
Do(t) € GL (K[[1]])-

Consider the (r + 9) x (r + d) submatrix

o DO(t) tQ*,J
My (t) = (tPI,* tZrg

of A+tB(z).
To expose its determinant, define

0

L(t) = ( L O) . R(t) = (Ir —Do(t) Qs

—tP; . Do(t)™1 I
Both matrices belong to GL,;5(K[[t]]) and satisfy
det L(t) = det R(t) = 1.
A direct block multiplication gives

Lo 0r0 = (%8 )

Indeed, the lower-right block is

tZ; 5 — (tPr.)Do(t) 1 (tQ..5) = tH[I, J](t).

Since the left, right matrices have determinant one,
det My ;(t) = det Do(t) det(tH[I, J](1)).

As H[I,J] is 0 x 6,
det(tH[I, J|(t)) = t° det H[I, J](t).

Therefore

det My ;(t) = det(I, + tX)t° det H[I, J](t).

Now
det(1, +tX)

has constant term 1, and hence

ord; det(I, +tX) = 0.

18
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Using (12) in (13), we obtain
5
ord, det My ;(t) =6+ > _v;.
i=1

On the other hand, M ;(t) is an (r + J) x (r + ¢) matrix whose entries are affine linear

in t. Hence
deg, det My ;(t) < r + 0.

The determinant is nonzero by (13). For every nonzero polynomial f(t), ord, f < deg, f.

Thus
)

d+ Z v; = ordy det My ;(t) < deg, det My ;(t) < r+ 0.

i=1
Thus we get that, Zle v; <. O

We give an illustrative example.

4.2 An example

Example 4.5. Let
Ry = K[t]/("),

with K-basis
1.t 2,63, ¢

Consider first multiplication by t*:
me : Ry — Rs, ft) — £ (t).
On the basis elements,
1 t2 t—t3 2t 3 0, tt— 0.

Hence, with respect to the basis

Lt 12,8,
the corresponding K-matriz is
00 0O0O
00 0O0O
To=11 0 0 0 O
01000
00100

Therefore ranky Ty = 3.
Similarly, multiplication by t3,

mys : Rs — Rs, ft) = 2 f(t),

satisfies
1 t3 t— th 2.3t — 0.
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Thus its matriz is

&3

I
o~ oo o
oo oo
coocoo
coocoo
coooo

and hence ranky Ty = 2.
Now suppose the truncated Smith diagonal is

0= (; )

over Rs. As an Rs-linear map it acts on R2. After viewing R2 as a 10-dimensional vector
space over K, the corresponding K -linear map is represented by the block diagonal matriz

N_ TQ 0
=4 1)

Therefore rankg D = ranky Ty 4+ ranky T3 = 5.

5 The (1 —¢)-approximation for the matrix rank in NC’

In this section, we complete the proof of Theorem 1.1. Let,
B=(Bi,...,By) <Q"",  Bx)=) =B,
i=1

and write ¢ := crk(B) = rankg(,) B(x). Let the current scalar matrix be A = B(a) € B, and
r := rank A.

We have already proved the following in Theorem 3.5. There is an absolute constant ¢
and, for every number of variables s, a polynomial-size family H, C {£1}*® that is uniformly
enumerable in deterministic parallel time, such that for every homogeneous rational linear
pencil L(y) = > ;_, y;L; of generic rank R has some ¢ € H, with rank L(e) > coR. We have
already proved,

rankg() Ji(A, B(z)) > ke — (k+ 1)r.

Define
Ak(A) := ke — (k4 1) rank A. (14)
If Ax(A) <0, then
rank A > i c,
kE+1

and we get approximation of the quality [BJP18] by fixing k = [1/¢ — 1].
We first state a result, and assuming that we complete the rest of the argument.

Lemma 5.1. Fiz k. There is a polynomial-size, deterministically (in parallel) computable

family Dy, € Q™ and a constant By := g—?Iz with the following property. For every matrix
space B and every current scalar matriv A € B, some b € Dy ,,,, with C := B(b), satisfies

rank J (A4, C) > By rankqy) Jix(A, B(x)). (15)
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Assuming Lemma 5.1, we complete the argument.
Lemma 5.2. Let s := rankg) (A + tC') —r. Then,
rank Ji (A, C) < ks. (16)

Proof. Using left and right transformations to

I, 0
()

Let He(t) be the corresponding Schur complement. Since the upper-left block is invertible
over Q(t), rankg()) He(t) = s. Thus over the DVR Q[[t]], the nonzero Smith factors of He
are t¥1, ..., t“s up to units. After reducing modulo #*, the i*" term contributes max{k —v;,0},
as we already discussed. Hence,

rank J, (A4, C) = Zmax{k VZ,O}<Zk—k3

]

The following lemma is standard and the proof is similar to the proof of Claim 4.2. This
follows from the simple fact that the determinant as a polynomial in ¢ has degree at most n.

Lemma 5.3. If rankgq (A +tC) > r + s, then among the n + 1 values X € {0,1,...,n}
there is one satisfying rank(A +AC) > r+s.

5.1 The boosting step
We are handling the case,
rankg) Ji(A4, B(z)) > Ak(A).
By Lemma 5.1, some b € Dy, ,,, with C' = B(b), satisfies
rank Jy (A, C) > BrAr(A).
Since s = rankgq) (A 4 tC') — r. Lemma 5.2 gives

s> %rank Je(A,C) > @Ak(A)

Lemma 5.3 now provides A € {0,...,n} such that

rank(A+XC)>r+s>r+ ﬁ}:Ak(A)

Continuing like this, let A; be the current matrix after round j. Let r; := rank A;, and
define '
AY = AL(A) = ke — (k + Dr;. (17)

Here k is fixed throughout the run, only j changes.
It Al(j) > 0, we can obtain the next matrix A, with

Tj1 275+ BkA
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Therefore
AV — ke — (k + 1)rj

Sh%%k+w(m+¢%A?)
— (1 _ %ﬁo Al(cj)'
Let

kzlﬁh (18)

For fixed k, the number p; € (0, 1) is the same in every round. Thus, as long as the deficit
is positive,

pr=1—

AT < gAY, (19)

Theorem 5.4. For every fized k > 1, after T = Oy (logn) rounds, the algorithm outputs
A € B satisfying
k

rank A >
k+1

crk(B).

Proof. Start from Ay = 0. Then A,(CO) = kc < kn. Choose T so that pl kn < 1. Since k is
fixed and p < 1 is a fixed constant, such a T" is Og(logn).
Suppose, for contradiction, that

A,(j) >0 for every 0 < j <T.
Then the contraction estimate applies in every round and gives
0< AP < )PAY < pTEp < 1.

But
A,gT) =ke— (k+ Drp

is an integer, a contradiction. Hence for some 7 < T one has

()
AD <o,
which is equivalent to
k

Ty > C.

T k+1
The actual deterministic update simply choose, among all candidates A considered in a
round, one of maximum ordinary rank. O]

Just to summarize, for fixed k the algorithm enumerates Dy, ,,, once. Then, at each phase,
for every b € Dy, and every A € {0,1,...,n}, it computes

A+ AB(b)

and its rank, all in parallel. Then it keeps a candidate of maximum rank. Clearly this
can be performed in NC? since the rank computation can be done in NC* [Csa76, Mul87].
Since A = 0 is among the candidates considered in every phase, the rank never decreases.
Hence once Ag(A;) <0, it remains non-positive in all subsequent phases. We get the final
approximation by choosing k = [ —1].
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5.2 Proving Lemma 5.1

In this section we prove Lemma 5.1. The main difficulty in proving Lemma 5.1 is that
the matrix Jj is not a linear (or affine linear). If that is the case, then we will be able
to apply the construction of 4-wise independence, and we will be done. So we try to find
a way to linearize (in a certain sense) the matrix J; without paying too much for the
rank. Interestingly, there is a somewhat general approach to dealing with such problems in
mathematics [Pro07, Chapter 3, §2].

Proof. The first observation is that the entries of Ji are not homogeneous. In particular,
the degree of the terms in h; is j + 1. We consider a new variable z and multiply each h; by

2#=J=1 to obtain a new matrix Jk Notice that each term in Jk is homogeneous of degree k
over the set of variables Y = {z,x1,zs,...,2,,}. We first compare generic ranks. Let

R :=rankqz, ... emn) Je(T1, .o Tm),

and choose a nonzero R x R minor p(z) of Ji(x). Let p(z,2) denote the corresponding
minor of Ji(z, ). Since the entries of .J, are polynomials,

p(1,z) = p(z) # 0.
Therefore p(z, x) is itself a nonzero polynomial, and hence

rankgy) Jp(Y) > rankoe,,..zm) Je(T1, - o) Tm). (20)

-----

Consider k copies of the variable set Y and denote them by {Y (M, ... Y(®}, In particular,

= {z(j),xgj), . ,x%)}.

Next, we use the concept of Polarization [Lanl2, §2.6.4],

Pol(J, (Y™, ..., y®)) = Y~ (—1)k 1817, (Z y(j)> ’

SCk] jes
and,
Sy - (Z 2959 Z“/’%j .
jes jes jes jes

By the sub-additive property of rank function, we get that there exists S C [k] such that

1 ~
rankQ(y(1) 77777 Y () Jk (Z YU > o rankQ(y(l) ..... Y(k))(POl(Jk(Y(1)7 . ,Y(k)))), (21)

jES

Now we observe a few basic properties.

Lemma 5.5.

rankgy o) Y(k))(Pol(jk(Y(l), LYy > rankQ(y)(ﬂ(z, T1yeney L))

77777

Proof. By homogeneity of degree £k,

Pol(J) (Y, ..., Y) = [ D (=D BISIH | Ju(Y) = K Ji(Y),

SCk]
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Let R
R := rankgy) Jip(Y),

and choose a nonzero R x R minor p(Y) of Jy(Y). Let q(Y( ),...,Y®)) be the corresponding
minor of Pol(.J;). Then the polynomial substitution Y = =Y® =Y gives

g(Y,....Y) = (K)"p(Y) #0.
Hence ¢ is not the zero polynomial, proving the rank inequality. O

Next, we prove that the entries in Pol(:f;(Y, ..., Y)) are linear in YV .. [ Y(®),
Lemma 5.6. In the matriz Pol(J, (YD, ..., Y®))) each term is multilinear in YV, ..., Y®),

Proof. 1t is enough to argue entrywise, and then monomial by monomial. Fix a monomial
m' occurring in the expansion of

>0 Tv).

SCIK] jES

and let T C [k] be the set of variable buckets actually used by m’. The monomial m’ can
occur only from terms with 7" C S, and with the same coefficient in each such term. Its
total coefficient is therefore multiplied by

S (-

SCIK]
TCS

Writing S =T UU gives

(1) = (=TS () = ()T 1

5T UCk)\T

Thus the coefficient vanishes unless T' = [k]. Since every entry of j;c is homogeneous of total
degree k, any surviving monomial has total degree k£ and uses all k£ buckets. Consequently
it uses each bucket exactly once. Hence every entry of the polarization is homogeneous

linear in each bucket separately, i.e. multilinear of multidegree (1,...,1) over the buckets
Yy oy k), O

Putting everything together. Set
PIYD, . Y®) = Pol(J, (YD, ... y®))

and let
Ro = rank(@(y(l)w’y(k)) P(Y(l), e ,Y(k)).

By Lemma 5.6, P is a homogeneous linear pencil in Y'(!) once the other buckets are considered
within coefficients.

Choose a nonzero Ry X Ry minor of P. Viewed as a polynomial in Y1), at least one
of its coefficients is a nonzero polynomial in Y® ..., Y®) Since Q is infinite, there exist
rational values
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for which that coefficient remains nonzero. Hence
rankqy o)) P(Y(l), a?, ... ,a(k)) = Ry.

Theorem 3.5, now applied to this linear pencil over the first bucket, gives some ) € H,,41
such that
rank P(eM . a® ... a™) > ¢R,.

Therefore the corresponding minor of
P y®@ vy ®)
is not identically zero, and so

rankQ(y<2> Y (k) P(E(l), Y(Q), c. ,Y(k)) Z C()Ro.

-----

Repeating the same argument bucket by bucket, we obtain
(e, ™y eHE

such that
rank P(e) ... k) > ch Ry, (22)

Now consider the identity:

P, Z i 1517, (Z 6(J')) _

SClk jeSs

By rank sub-additivity, some S C [k] satisfies

~ ) 1
rank Jj (Z e(])) > 5 rank P(e) ... k)

JjES
> SR, (23)

Combining Lemma 5.5 with (20), this gives

rank J, (Z U) > —rankQ Je(A, B(z)). (24)

JES

Now define the family

Dinst = {Ze(j) :S C k], (€W, Py e ’H,’;H}.

jes
For fixed k, B
‘Dk7m+1| < 2k|Hm+l|k = pOIY(m)v

and the family is uniformly enumerable in deterministic NC.
For every _ _
b= (bo,b1,...,bm) € Dimia
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put into Dy, the vector

(bl/b07"'7bm/b0)7 bo%oa
(b1, -, bm), bo = 0.

b:

This remains a polynomial-size deterministically (in parallel) enumerable family for fixed k.
For z # 0, homogeneity of the blocks gives

j\k(27$1,...,[[‘m):Zka(xl/Z,...,{Em/Z>- (25)

Choose b guaranteed by (24). If by # 0, then (25) gives

k
~~ _C
rank Ji (A, B(b)) = rank Ji(b) > 2—2 ranko(y) Ji(A, B(x)).

If by = 0, every homogenized block z*~9~1h; with j < k — 1 vanishes, and the only surviving
block is hy_1(by,...,bn) in the bottom-left position. Hence

rank jk(fl;) = rank hy_1(b1, ..., bn).
The matrix Ji(A, B(by,..., b)) contains this matrix as a block submatrix, so
rank Ji (A, B(by, . .., by)) > rank Ji,(b).

Together with (24), this proves Lemma 5.1 with 5 = g—?lz O

This also completes the proof of Theorem 1.1.
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A The operator scaling result

In this section, we mainly records some facts used in the proof of Theorem 3.2 for completeness.
All concepts and results are from [Gur04, GGOW20]. For a tuple

D:<D17"'7Dm)7 DiE(CTXT’
write

Tp: M,(C) — M,(C),  Tp(X):=> DiXDj.
=1

Thus, Tp is a completely positive, and in particular positive, linear operator.
Recall that the tuple D is dimension non-decreasing if

dim (Z D,;(U)) > dim U for every subspace U < C".
i=1

The following result is well known.

Lemma A.1. [GGOW20, Theorem 1.4] The tuple D is dimension non-decreasing if and
only if the positive operator Tp is rank non-decreasing, i.e.,

rank Tp(X) > rank X for every X = 0.

For a tuple A = (A, ..., A,,) define

M(A) = Z A;Af, N(A) = ZA;*A@-,

and
ds(A) := |[M(A) = L||% + [|N(A) — L||7.

Using the connection with the operator Tp the following theorem is proved in [Gur04].
Also, see [GGOW1S8, Section 2] for a more comprehensive explanation.

Theorem A.2. [Gur04, Theorem 4.6] If D = (Dy,...,D,,) is dimension non-decreasing,
then for every n > 0 there ezist invertible matrices L, R € GL,.(C) such that, for A; := LD;R,
one has ds(A) <.

This is the restatement of Theorem 3.2.
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