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Abstract

For every fixed k > 3, we construct an explicit total Boolean function in the k-player
number-on-forehead model with public-coin randomized communication complexity O (1)
and nondeterministic communication complexity Q(n), where n is the number of bits
on each forehead. For three players, our construction improves the strongest previously
known explicit separation, due to Kelley and Lyu (FOCS 2025) building on Kelley, Lovett,
and Meka (STOC 2024), from constant randomized versus Q(n'/?) nondeterministic
communication to the optimal constant versus linear separation. Our construction uses
algebraic geometry codes to preserve the nondeterministic hardness of generalized inner
product while enabling a randomized protocol with constant communication.
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1 Introduction

The number-on-forehead (NOF) model, introduced by Chandra, Furst, and Lipton [CFL83], is a
central model of multiparty communication complexity. An input consists of k strings of n bits,
and player ¢ sees every string except the one on forehead i. The players communicate on a public
blackboard to compute a Boolean function of the input, with the goal of minimizing the number of bits
communicated. The model has many applications, for example to circuit lower bounds [HG91, BH12],
pseudorandomness [BNS92, Vio07], proof complexity [BPS07|, data structures [Pat10], and additive
combinatorics [AS20, LS21, KLLM24|. The extensive overlap among the players’ views makes proving
lower bounds for explicit functions challenging, even for three players.

A basic question in this model is how randomness and nondeterminism affect the amount
of communication required. Randomized protocols use shared random bits and may err with
small probability, while nondeterministic protocols verify certificates of acceptance without error.
The intersection problem shows that nondeterminism can be exponentially more powerful than
randomness. It asks whether k subsets of an n-element universe have a common element, and is the
complement of set disjointness. For fixed k, a common element can be certified using O(logn) bits,
whereas deciding whether one exists requires Q(y/n) randomized communication [Shel4].

We study the reverse direction: how much more efficient can randomized protocols be than
nondeterministic protocols? For two players, an elementary example gives the optimal separation:
equality has a constant-cost public-coin randomized protocol but requires €(n) nondeterministic com-
munication. For three players, however, equality of all three strings can be decided deterministically
with two bits: two players each report whether the two strings they see are equal.

Whether a comparable separation holds for three or more players remained open until Beame,
David, Pitassi, and Woelfel [BDPW10] proved its existence nonconstructively. For every fixed number
of players, they obtained total NOF functions with constant public-coin randomized communication,
one-sided error, and linear nondeterministic communication. They also gave explicit functions with
constant randomized cost and an §2(logn) nondeterministic lower bound for every fixed k > 3.

Making the optimal separation explicit proved much harder. For three players, Kelley, Lovett, and
Meka [KLM24| constructed a function with constant randomized complexity and nondeterministic
complexity Q(n!/3). Their proof builds on techniques from Kelley and Meka’s breakthrough on
three-term arithmetic progressions |[KM23|, extending them to a non-arithmetic setting. Kelley
and Lyu [KL25] subsequently improved the lower bound for the same function to Q(n'/2). Thus,
even for three players, strong explicit separations required substantial advances, while an explicit
construction achieving the optimal separation for every fixed number of players remained open.!

We resolve this problem. For every fixed k > 3, we construct an explicit total function with con-
stant randomized complexity and linear nondeterministic complexity, matching the nonconstructive
separation of Beame, David, Pitassi, and Woelfel [BDPW10|. For three players, this strengthens
the previous Q(n'/?) lower bound to the optimal Q(n). Our function is different from the function
studied in [KLM24, KL25|, and our proof is algebraic rather than combinatorial.

'Related progress concerns Exactly-N [CFL83|, which asks whether k input integers in [N] sum to N. With
n = O(log N) bits per forehead, this problem has constant randomized complexity. Jaber, Liu, Lovett, Ostuni, and
Sawhney [JLL"25] proved nondeterministic lower bounds of n* ™ for three players and Q(log loglogn) for four players.
Their three-player bound inherits exponent 1/600 from their corners theorem; the authors do not attempt to optimize
it.



1.1 Main results

Write Ri(F), Ni(F), and Dg(F) for the public-coin randomized, nondeterministic, and deterministic
NOF communication complexity of F, respectively. Randomized protocols must err with probability
at most 1/3 on every input. See Section 2 for the formal definitions. The number of players k is
fixed, and implicit constants may depend on k.

Theorem 1.1 (Explicit constant-cost separation). For every fized integer k > 3, there is an explicit
family of total functions F, : ({0,1}™)* — {0, 1} such that, for all sufficiently large n,

Ri(Fn) = Ok(1), Ni(Fn) = Qg (n).

The randomized protocol is one-sided: it accepts every 1-input with probability one and accepts every
0-input with probability at most 1/3.

The linear lower bound is optimal up to a constant factor. For any total function, one player can
send the n-bit input hidden from another player, who can then compute and announce the answer.
The functions F,, are highly explicit, computable in polynomial time.

Following [BDPW10], let BPP{S, NP;¢, and P{¢ be the classes of function families with public-coin
randomized, nondeterministic, and deterministic NOF protocols of cost (log n)o(l), respectively.
Let coRP{® C BPPj° be the subclass whose protocols accept every 1-input with probability one.
Theorem 1.1 gives the following separation.

Corollary 1.2. For every fized k > 3,
coRP° < NPS, and hence BPPL® & NPS°.

Since deterministic communication is at least nondeterministic communication, Theorem 1.1
and Corollary 1.2 also give the following optimal separations, which were unknown previously for
general NOF protocols.?

Corollary 1.3 (Randomized versus deterministic communication). For every fized k > 3, the explicit
family (Fy,) from Theorem 1.1 satisfies, for all sufficiently large n,

Ri(Frn) = Ok(1), Dr(Fpn) = Qk(n).

Furthermore,
coRP{* Z PI7, and hence BPPL Z Pi .

The main difficulty in establishing Theorem 1.1 is that proving explicit nondeterministic lower
bounds in the NOF model is highly nontrivial for many candidate functions one can come up with.
We take advantage of the generalized inner product (GIP) function, for which a strong lower bound
is known [BNS92|. Our construction embeds GIP inside an identity between codewords. Code
distance makes the identity cheap to test at random coordinates. On a suitable set of coordinates,
the codewords are unrestricted, allowing us to use the GIP bound to show that every accepting
cylinder intersection is small.

2For one-way protocols, an optimal explicit separation was obtained in [YZ25].
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Figure 1: The construction for k = 3 players and £ = 2. Each row is a vector in Fy, and a(t) denotes
the entry of row a in column ¢. Forehead i carries the rows agi), ag), ¢®. The randomized protocol
checks (1.1) at a single random column ¢, where player 2 sends player 1 the three entries of forehead 1.
The lower bound uses the columns of an information set S, where the factor entries are free and the

sum of (1.1) over them is a GIP.

1.2 Construction and proof outline
In our NOF function construction, forehead i carries ¢ factor vectors agi), e ,ag) and one vector
c® all in [y, The function accepts exactly when

Z a(l) ;Lk) = Z c®. (1.1)

Here ® denotes coordinatewise multiplication of vectors in Fy, and ¢ is a constant depending only
on k; see Figure 1. Our starting point is to test (1.1) by checking a randomly sampled coordinate.
For this to work, every false identity should fail at a constant fraction of coordinates. We would
therefore like to take the factors from a linear code V C Fg whose coordinatewise products remain in
another linear code W C [}, of large relative distance:

ap®---OayeW for all a;,...,a; € V.

If each a;:) belongs to V and each ¢ belongs to W, then both sides of (1.1) lie in W. Their
difference is therefore either zero or nonzero on a constant fraction of coordinates.

Reed—Solomon codes already have this property [Cou22|: multiplying k& polynomials of degree
below r/(2k) gives a polynomial of degree below r/2. So we can take V and W to be the evaluations
of such polynomials on 7 points of Fy, with ¢ > r. Then W has relative distance at least 1/2 and
dimW < k-dim V. With these codes, the construction above already gives an explicit function with
Ri = Ox(logn) and Ni = Qg(n), which suffices for Corollary 1.2. The only cost is that the field
must grow with the block length, so each field symbol takes O(logn) bits.

To establish the optimal separation, we use algebraic geometry codes. Algebraic geometry codes
have the same property over a fixed field [Cou22, Ran15|, which brings the randomized cost down to



Op(1). We can take g to be a power of two depending only on k, which we treat as a constant from
now on, with dimV = ©(r), dim W = O (dim V), and constant relative distance for W.

We take every agf) eV and every c(¥ € W. At each public random coordinate ¢, player 2 sends

the ¢ + 1 field symbols agl)(t), e ay)(t), ¢ (t) hidden from player 1, who checks the identity at ¢
and announces the result. This costs Oy(1) bits, and a constant number of repetitions rejects every
O-input with probability at least 2/3. The function remains total if each forehead holds the messages
of its codewords as a bit string, so every bit string is a valid input.

Nondeterministic lower bound. The hardness is inherited from GIP. Choose an information
set S for V: a set of dimV coordinates on which every assignment of field symbols extends uniquely
to a codeword. The ¢ factors on each forehead are then determined by an unrestricted vector in

Ff;’dimv, namely their values on S. Fix ¢, ... ¢ and sum (1.1) over S:
Z k . k .
S Ialm =33 <.
teS h=11i=1 tes i=1

generalized inner product

Thus on all 1-inputs with these ¢, the k-player GIP of length ¢ - dim V over [F, takes one fixed
value.

A cost-d nondeterministic protocol covers the 1-inputs by at most 2¢ accepting cylinder intersec-
tions. To lower bound d, we compare the measure of one such intersection with the total measure of
the 1-inputs under the uniform distribution on inputs. After fixing the ¢(?, passing from each factor
codeword to its coordinates on S is a bijection on each forehead, preserving cylinder intersections
and the conditional uniform distribution. By the GIP bound [BNS92, BHK01, BDPW10], a cylinder
intersection on which GIP is constant has measure at most 277¢4mY for some constant v > 0. So

2-v6dimV - conditioned on any fixing
dimW _ 2—Ok(dimV)
)

every accepting cylinder intersection of F,, has measure at most
of the ¢ and therefore also unconditionally. The 1-inputs have measure ¢~
since the factors and ¢, ..., c¢*=1 determine ¢®¥). Comparing these measures gives

2d >9 ~v¢-dim V—0Oy, (dim V) )

The density of the 1-inputs does not depend on ¢, whereas the GIP bound strengthens as ¢ increases.
Taking ¢ to be a sufficiently large constant therefore gives d = Q(dim V), which is Qx(n) because
each forehead holds n = (¢ - dimV + dim W) log ¢ = O(dim V) bits.

Organization. Section 2 gives the preliminaries. Section 3 defines the coded GIP function and the
codes we use. Section 4 gives the randomized protocol, and Section 5 proves the nondeterministic
lower bound. The appendix contains the construction of the Garcia—Stichtenoth codes.

2 Preliminaries

All logarithms are to base 2. Let [r] = {1,...,r}. For a prime power ¢ and integer r > 1, write [y
for the vector space of length-r vectors over F,. For a € Fy, write a(t) for its ¢-th coordinate and a|s
for its restriction to a subset S C [r]. The notation Og(-), Qx(-), and O (-) allows implicit constants
to depend on the number of players k.



Linear codes. We call V C I a linear code if it is a linear subspace of IFy. For u € Iy, let [luo
be the number of its nonzero entries. The minimum distance of a nonzero linear code V is

dist(V) := uer{)li\?o} lullo.

Given a linear code V, define its k-product by
PASLEES spang, {u1 © - Oug:w; €V, i € [k]},

where © denotes coordinatewise multiplication in [y

Information sets. Let V C [} have dimension m. A set S C [r] is an information set if [S| =m
and the map sending each codeword a € V to a|s € Fj" is a bijection. A generator matriz of
V is a matrix whose rows form a basis of V. It has rank m, so choosing m linearly independent
columns gives an information set. Let pg : F;* — V be the inverse of the restriction map a — als.
Fora € V and y € Fi, ps(y)ls = y and ps(als) = a. If a is uniform in V, the bijection gives
Prla|s = y] = ¢~™ for every y € F}".

NOF communication. For a Boolean function F : X} x -+ x X, — {0,1}, player ¢ sees every
input block except the ith. The players communicate on a public blackboard, and local computation
is free. In a deterministic protocol, each message is determined by the blackboard so far and the
inputs visible to the speaker. A public-coin randomized protocol also has access to shared random
bits, which are free. Its cost is the maximum communication over inputs and random choices, and
Rk (F) is the minimum cost with error at most 1/3 on every input. A protocol has one-sided error if
it accepts every 1-input with probability one.

A nondeterministic protocol provides the players with a common certificate of a fixed length,
which they verify by a deterministic NOF protocol. A 1-input has some certificate causing the protocol
to accept, whereas no certificate is accepted on a O-input. The cost of a nondeterministic protocol is
the certificate length plus the worst-case communication cost of the verification protocol. We write
Ny (F) for the minimum such cost. We write Dy (F) for the minimum worst-case communication cost
of a deterministic protocol for F.

Cylinder intersections. Given a product space X7 X --- x X, a set A; is an i-cylinder if
membership in A; does not depend on the ith input: whenever (X(l), . ,X(k)) € A;, changing x(
to any other element of X; keeps the input in A;. A set A is a cylinder intersection if A = ﬂle A;
for cylinders A1, ..., Ag. It is accepting for a Boolean function F if A C F~1(1).

Generalized inner product. The generalized inner product (GIP) is

GIPE (31, ...y ) =3

t=114

yOr),  yW,.y®ery

w ok
=1



3 The coded GIP problem

Definition 3.1 (Compatible codes). Fix an integer £ > 1 and €,0 € (0,1]. Two linear codes
V, W C Iy are (g, 6)-compatible for k-products if the following hold:

1. Product containment: YOk C W.
2. Dimension of the small code: dim(V) > er.
3. Distance of the large code: dist(WW) > or.

Our function tests whether a sum of products of V-codewords is equal to a sum of WW-codewords.
Product containment puts both sides in W, and distance ensures that a uniformly random coordinate
detects a false identity with probability at least §. The dimension bound provides a large information
set on which we embed GIP for the nondeterministic lower bound.

Garcia—Stichtenoth codes provide such pairs over a field whose size is independent of the code
length. This allows each sampled coordinate to be checked with O (1) communication.

Theorem 3.2 (Garcia—Stichtenoth compatible codes, [GS96, SAKT01]). Let k > 2 be a fized integer,
and let g be a power of 4 satisfying (32k)? < q < (64k)?%. For every integer j > 0, let rj = (q—\/cj)qj/Q.
Then there exist linear codes V;, W; C F¢ that are (6/./q, 3/4)-compatible for k-products.

Furthermore, for fived q, generator matrices for both codes can be constructed and codewords can
be encoded deterministically in poly(r;) time.

Fix k > 2, take ¢ and the code family from Theorem 3.2. For a fixed level j > 0, write
V=V, W:=W;, r:=r; m:=m;:=dm(V;), m:=m;:=dim(W;).
By Definition 3.1, Theorem 3.2 and the Singleton bound, the dimensions satisfy
6r//g<m<m<r/4+1. (3.1)

Since ¢ depends only on k, both code dimensions are O(r).

The problem. Now we describe our NOF problem: each forehead will encode ¢ codewords from V
and one from W. Set
0= 22, n:=n; = (fm +m)loggq.

Then n = Ok(r) and m = Ok(n). Arbitrary input lengths are handled by standard padding. Fix
bases of V and W and a binary representation of Fy. Split each x € {0,1}" into blocks
x = (uy,...,up V), Vh e [€], u, € {0,1}™184 v € {0,1} M08,

Interpreting consecutive groups of log ¢ bits as field elements, use these blocks as the basis coefficients
of codewords aj,...,a, € V and ¢ € W. This gives a bijection between {0,1}" and V¢ x W. We
identify x with (ai,...,ap, c) under this bijection.

Definition 3.3 (CodedGIP function). For inputs x(1), ..., x*) ¢ {0,1}", represented as x() =
(agz), cel, agz), c), define the coded generalized inner product function CodedGIP : ({0,1}")*F —
{0,1} by

¢ k
CodedGIP(x™V), ... x*)) =1 {Zagﬁ ©oall) = Zcm} .
h=1 i

In the NOF model, player i sees all input blocks except x(". We prove the randomized upper
bound in Section 4 and the nondeterministic lower bound in Section 5.



4 Constant-cost randomized communication protocol

In this section, we give a randomized protocol with Og(1) communication for CodedGIP. Let

V4 k
b:= Zag) @---@agk) —Zc(i).
h=1

i=1

Thus CodedGIP = 1{b = 0}. By Theorem 3.2, b € W and if b # 0, at least 3r/4 of its coordinates
are nonzero. Therefore checking one random coordinate suffices.

Theorem 4.1. There exists a randomized protocol for CodedGIP in the k-player NOF model with cost
Op(1). When CodedGIP = 1, it always outputs 1; when CodedGIP = 0, it outputs O with probability
at least 3/4.

Proof. We first describe the protocol. The players view their visible input blocks as codewords.

1. Choose a uniformly random coordinate ¢ € [r] by public randomness.

2. Player 2 sends agl)(t), . ,aél)(t), cM(1).

3. Player 1 uses these values and the visible blocks x@ . x®) to compute
¢ ko '
HOEDSS | ERNOEDSERIOH
h=1i=1 i=1

and sends the output bit 1{b(¢) = 0}.

If CodedGIP =1, b = 0. So the protocol always outputs 1. If CodedGIP = 0, then b € W\ {0},
and at least 3r/4 coordinates of b are nonzero. Therefore the protocol outputs 0 with probability at

least 3/4. Player 2 sees x(M and sends £ + 1 field elements, each represented by log q bits. Since
¢ = 22 and ¢ = ©(k?), the total cost is (€ + 1)logq + 1 = O(1). O

5 Nondeterministic lower bound

In this section, we prove the nondeterministic communication lower bound. A cost-d protocol covers
all 1-inputs by at most 2¢ accepting cylinder intersections. Using a known correlation bound for GIP,
we show that each accepting cylinder intersection contains only a 2~ %) fraction of the 1-inputs,
which forces d = Q(n).

Theorem 5.1. The nondeterministic communication complexity of CodedGIP satisfies

Nj,(CodedGIP) = Q(n).

5.1 Cylinder intersections and GIP
We first recall the cylinder-cover bound and a correlation bound for GIP.

Fact 5.2 (|[BDPW10, proof of Theorem 3.4]). If F has a nondeterministic NOF protocol with cost d,
then F~1(1) can be covered by at most 2¢ accepting cylinder intersections.

For any positive integer w, let v be the uniform distribution on (Ffl")k The following estimate
first appears in [BHKO1]; we use the form stated in [BDPW10].



Lemma 5.3 (|[BDPW10, Fact 4.11]). Fiz positive integers k > 2 and w > 1. Let q be a power of 2.
For every cylinder intersection B C (IF}]")’C and T € Fy,

V(Bm(mPgQ—%ﬂ)—”g”'g<1—;>(1_<1_;>”4>Wﬂ1.

k)

After fixing the codewords ¢V, ..., c®), we use an information set of V to express each accepting
cylinder intersection in coordinates on which GIP is constant. Recall that m = dim(V), and let u
and v be uniform on ({0,1}")* and (Fgm)k, respectively.

Lemma 5.4. For every cylinder intersection A C CodedGIP™1(1) and fized ¢, . c® W, there
exist a cylinder intersection B C (Ff;m)k and T € Fy such that

v(B) =pu(AlcM, ..., c®)),  BC(GIPF, )7 (7).

q,tm

Proof. Fix A = ﬂle A; C CodedGIP~1(1) and ¢, ..., c®) € W, where each A; is an i-cylinder.
Choose an information set S C [r] of V. The entries on S give unrestricted coordinates for each
factor codeword; summing the acceptance identity over S fixes the GIP of these coordinates. For
i € [k] and h € [¢], write

yO =y ey =) ls e B

To write the original cylinder conditions using these entries, recover each input with the inverse pg
defined in Section 2:

O Ft—V x {eD), @iy®) = (ps(y(?), o ps(yy)),e).

Set @(y™",....yW) = (@1(yM),..., 2(y™*))) and

Changing only y® changes only @i(y(i)), which does not affect membership in 4;. Hence each B; is
an i-cylinder, so B is a cylinder intersection.
Next, we verify the conditional measure identity. The map @ is a bijection onto the inputs with

the ¢ fixed, which are uniform under g conditioned on ¢, ..., ¢ . Therefore,
B
v(B) = q|k£7|n = p(A| W ,c(k)).

It remains to show that GIP has a fixed value on B. For every (y(l), . ,y(k)) € B, summing the
acceptance condition in Definition 3.3 over t € S gives

L k k
GIPE (v, y®) =SS T () = 353 e t) = 7.
h=1teS i=1 tes i=1

Since the ¢ are fixed, 7 € F, is independent of (y(),... ,y®) and B C (GIP§7em)_1(7). O



5.2 The lower bound proof

We now compare the measure of all 1-inputs with the measure of a single accepting cylinder
intersection to finish the lower bound proof.

Proof of Theorem 5.1. Under the uniform distribution u, the codewords a,(f) and ¢® are mutually
independent and uniform in V and W, respectively.

Step 1. Compute the measure of all 1-inputs. Fix all ag) and ¢, ..., c¢#=1 The input is a
1-input exactly when
¢ k=1
ek — Zag) O 0 agk) _ ZC(Z)'
h=1 i=1

Since V¥ C W and W is linear, the right-hand side lies in W, so exactly one choice of c¢(¥) gives a
I-input. Recalling that m = dim(W), we obtain

11(CodedGIP~1(1)) = g~ ™. (5.1)

Step 2. Bound the measure of one accepting cylinder intersection. Let A be an accepting
cylinder intersection and fix ¢, ..., ¢®). Lemma 5.4 gives a cylinder intersection B C (Fg’”)k with
v(B) = u(A|c®, ..., c®)) and a value 7 € F, such that B C (GIP];’Em)_l(T). Since ¢ is a power of
2, applying Lemma 5.3 with w = #m we have

v(B) =

[#(BN (6IPG) ™ (1) —v(B)fa| _ (| (i- 1>k1 -
< : < gt

1—1/q q

The last inequality uses ¢ = 2¥*2k and k — 1 < V/q- By the measure identity of Lemma 5.4 and
averaging over cW. ..., c® we have

p(A) < g, (5.2)
Step 3. Derive the communication lower bound. We compare (5.1) and (5.2) to bound the
number of accepting cylinder intersections in any protocol. Suppose a nondeterministic protocol has
cost d. By Fact 5.2, its 1-inputs are covered by accepting cylinder intersections AM) | ..., A®) with
s < 29 Hence

¢ <> (AW < 2dgm R,

a=1

Recall the parameter choice (32k)? < ¢ < (64k)? in Theorem 3.2 and the dimensions 6r/,/g < m <
m <r/4+1in (3.1). Together with n = (¢m + m)logq, we obtain

d > (4km — m)logq > (g-l) log g = Qx(n). O

10



Appendix A Garcia—Stichtenoth codes

In this appendix, we prove Theorem 3.2 using the second Garcia—Stichtenoth tower [GS96| and the
basis algorithm of [SAK'01]. Throughout, fix k£ and ¢ as in Theorem 3.2.

A.1 Functions, orders, and evaluation

Let ¢ be a formal variable, and let Fy(t) consist of the ratios of polynomials over F, with nonzero
denominators. We work with functions in a field K containing F,(¢) and finite-dimensional over it.
A point P is described by an order map vp : K — Z U {oco} satisfying

vp(0) =00, wp(K\{0}) =2,  wvp(c)=0 (ceF,\{0}),

and, for nonzero f,g € K,

vp(fg) =ve(f) +vr(g),  ve(f+g) = minfup(f),vp(g)}- (A1)

A positive order means a zero, and a negative order means a pole, whose order is —vp(f). We call
P a rational point if every f with vp(f) > 0 has a unique ¢ € F,; such that vp(f —¢) > 0; we then
define f(P) = c¢. The rules in (A.1) imply that evaluation preserves addition and multiplication.

For example, in F,(t) the point ¢ = ¢ records the exponent of ¢ — ¢ in a rational expression
after cancellation. To describe infinity, use u = 1/t and examine u = 0. For nonzero polynomials
A, B e F,[t],

deg A
@_udegB—degAu—A(l/u) Voo(A/B) = deg B — deg A.

B(t) udee BB(1/u)’

The numerator and denominator of the last fraction have nonzero values at v = 0, namely the
leading coefficients of A and B. In particular, v (t) = —1 and vee(u) = 1.

Fix a rational point Ps,. For an integer a > 0, define the space of functions with no poles except
possibly at P, and with pole order at most a there:

L(aPx)={f€K:vp_(f) > —a, vp(f) >0 for every P # Px}.

This is a vector space over ;. The standard Riemann-Roch dimension formula associates to K a
nonnegative integer g, called its genus, such that

a>29—-1 = dimp, L(aPx)=0a+1—g. (A.2)

We also use the standard bound that a nonzero function in this space has at most a distinct rational
zeros away from Pa:

0# f€L(aPx) => |{P # Px: P isrational and f(P) = 0}| < a. (A.3)

A.2 The GS tower and its computation

The second Garcia—Stichtenoth tower starts with a formal variable tg and is defined recursively by

Va £/
Ko=TFy(to),  Kns1=Knltns1),  t) +ther = —=2 (h>0). (A.4)

Va1
|

11



At level j, let P; consist of the tuples (ao,...,a;) € Fg“ satisfying

Va
ap

N

a8/6+a07$0, a,\ﬁ_l—kahﬂz 1+1
ap,

0<h<j). (A.5)

Here F 5 denotes the subfield of F, with /g elements. All denominators in (A.5) are nonzero.
Indeed, if aV9 4 a # 0, then

avi aVatt
avi—l +1 - avVi+a € Fua\ {0}

The additive map y — yV7 + y has exactly V/q roots and takes its values in F 75, so each element of
F /5 is attained exactly /g times. Thus there are ¢ — /g choices for ag and /g extensions of every

prefix, each still satisfying ah\/fl + apt1 # 0. Hence

Pl = (4= V)" = .

Garcia and Stichtenoth [GS96] prove that each tuple a € P; gives a distinct rational point P, of
ICj with t,(Pa) = ap. They also prove that ¢y has a unique pole in K;, at a rational point denoted
by P, and that

. ri
vpo(th) = —¢" M2 (0<h<j),  g<—— (A.6)
Vi1
To compute at P, put up = 1/t in (A.4), obtaining
\[ U}\Z/al .
up +uy = #7 vpy (up) = ¢V,
L4y
Every uj, has value 0 at Py, the denominator has value 1, and vp,_(u;) = 1.
Fix an order of P; and write its points as Py, ..., P-;. For functions with no poles at these points,

define

ev(f) = (f(P),.... f(P)) €Fy.
To compute a generator matrix, we need a basis of the chosen function space and its values at
these points. For fixed ¢, given j > 1 and an integer 0 < a < r;, the algorithm in Section IV-A
and Theorem 7 of [SAK'01] computes a basis of £(aPs) and its evaluations deterministically in
poly(r;) time. Its even-characteristic assumption holds because ¢ is a power of 4. For j = 0, use the
basis 1,%g, ...t and evaluate at the elements ¢ € IF, with cVi4c#0.

A.3 The compatible codes

We choose pole bounds 8r;/,/¢ — 1 and r;/4 — 1 to allow k-products while keeping at least 3r;/4
nonzero evaluations.

Proof of Theorem 3.2. Construction. Fix j > 0. In ;, set
V; =ev(L((8r;/v/a—1)Px)), W; =ev(L((r;/4—1)Px)). (A.7)

These are linear codes. Both pole bounds are integers, and (A.6) together with the choice of ¢ in
Theorem 3.2 gives

i g1 < T < oy (A.8)

va Vi 4
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Products. Since k < ,/q/32 from Theorem 3.2, we have

R(Y 1) <D k<l
V4 4 4

Thus the product of any fi,..., fr € L((87j/1/q —1)Px) has no poles away from P,, and pole order

at most r;/4 — 1 there, by (A.1). Since evaluation preserves multiplication,

k
ev(fi) ©--Oev(fy) = ev(HfZ) ewW;.

i=1
Taking the linear span proves Vj@k CWj.
Distance and dimension. For 0 < a < r; and nonzero f € L(aPx), (A.3) gives
lev(Hllo = 7j —a>0.
Evaluation is therefore injective on both spaces, and dist(W;) > 3r;/4. By (A.2) and (A.8),
67“j 87“j 87“j ~ Ty Ty
— Smy = gs— M= -9
va© ol v Vi ok 4
Thus V;, W; are (6/,/q, 3/4)-compatible for k-products.
va

Computation. Fix an order of F,. Enumerate ag with a; Y+ ag # 0, then extend each prefix by
trying all ¢ choices for the next coordinate in (A.5). Apply the cited basis algorithm to the two
function spaces in (A.7), using the polynomial bases above when j = 0. The evaluations of each
basis form the rows of a generator matrix. Encoding multiplies the basis coefficients by this matrix.
For fixed ¢, these constructions and encoding take poly(r;) time. See [SAK'01] for more details. O

A.4 Garcia—Stichtenoth codes in TCS works

Rubinstein [Rub18] uses GS-based codes in an MA protocol for Set Disjointness to prove SETH-based
hardness of approximate nearest-neighbor search. [KLM18| extend this approach to Merlin-assisted
multiparty protocols using the k-product property, obtaining hardness of approximating Dominating
Set.

For proof systems, [BSKK'16| use GS-derived codes to obtain non-uniform PCPs with linear
proof length and sublinear query complexity. [BSCG*17| combine GS codes with interaction to
obtain three-round IOPs with linear proof length and constant bit-query complexity. [BHI*24] use
AG multiplication codes to construct linear-length dot-product proofs over fixed fields, verified by
one linear query to the input and proof together.

Other applications include secret sharing and secure computation over small fields [CC06, Chel9,
HVW24]. Variants of GS codes support improved list decoding and multipoint local decoding [GP0S,
GX22, CXY20]. They also yield pseudorandom generators and codes resilient to computationally
bounded channels [Shp09, CTS13, SS21]. Their recursive structure enables subquadratic-time
encoding after preprocessing [NW19].

We bring this tool to NOF communication. The randomized protocol uses k-product containment
and constant relative distance to detect a false identity by checking one random coordinate. GS
codes combine a fixed field with linearly many independent coefficients, giving O (1) communication;
Reed—-Solomon codes require a growing field and give Og(logn) in the same construction. A
nondeterministic protocol must verify the global vector identity, although every player is missing
one factor in each product. After fixing the WW-codewords, summing over an information set gives a
generalized inner product on linearly many independent field symbols; Lemma 5.3 then bounds the
measure of each accepting cylinder intersection and yields the Qg (n) lower bound.
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