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Abstract

We give an elementary proof of the Komlés conjecture by simplifying the recent proof of Guo, Fang,
and Lu. We show that any vectors vi,...,v, € R? with ||vi|l2 < 1 admit signs e; € {—1,1} such that
| >, €ivilloo < 36. The proof uses only elementary combinatorial and probabilistic arguments and
basic calculus.

1 Introduction

The Komlds conjecture is a longstanding problem in discrepancy theory, recorded by Spencer [13]. It
generalizes the O(y/n) discrepancy bound of Spencer [12] and contains the conjecture of Beck and Fiala [8]
as a special case.

We write || - ||2 and || - |0 for the Euclidean and maximum norms, respectively.

Conjecture 1.1 (Komlés conjecture). There is a universal constant C' > 0 such that the following holds for
all positive integers n,d. Let vy,...,v, € R? satisfy ||vil|a < 1. Then there ewist signs €1, ...,e, € {—1,1}

such that
n
LT
i=1

<C.

Progress toward the conjecture. Banaszczyk [2] established the bound O(y/logn) through his vector-
balancing theorem. Subsequent algorithmic progress includes the Gram—Schmidt walk of Bansal, Dadush,
Garg, and Lovett [4], which gives a constructive version of Banaszczyk’s vector-balancing theorem.
Bansal and Jiang [5, 6] obtained the first asymptotic improvement over Banaszczyk’s bound, prov-
ing O((logn)'/*(loglogn)™*). Ercan [9] subsequently removed the iterated-logarithmic factor, obtaining
O((logn)/4).

Recent breakthrough. In September 2026, Guo, Fang, and Lu [10] gave a proof of the Komlds conjecture
with C' = 3v/27m. The authors credit the Odin Automatic AT Research Agent with discovering the proof.
Their argument uses Banaszczyk’s convex-body transform and a variational analysis of the directional total
variation of probability densities. The present work grew out of an effort to understand their argument and
extract an elementary proof.
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Our results. We give an elementary proof of the Komlés conjecture, combining a combinatorial balancing
argument with a continuous construction followed by discretization. The proof does not require advanced
convex geometry or analysis. Our proof yields the constant 36, larger than 3v/27 in [10]. We have prioritized
clarity of exposition and made no attempt to optimize the constant. We note that our proof gives a finite
construction for rational inputs, but does not establish a polynomial-time algorithm.

Theorem 1.2. Let vy, ...,v, € R? satisfy ||vi||la < 1. Then there exist signs €1,...,e, € {—1,1} such that

n
E EiU;
i=1

< 36.

Notation. For a nonnegative function P on a domain X, write supp(P) := {z € X : P(z) > 0} for its
support. In the discrete parts of the proof, all probability distributions have finite support and total mass
> . P(x) = 1. We write Prp[A] := ., P(x) for the probability of an event A, and u(P) := > P(x)x for
the mean when X = R?. For S C R?, conv(S) denotes its convex hull. In particular, u(P) € conv(supp(P)).

Proof approach. Our proof is based on distributions that are nearly invariant under prescribed transla-
tions. The central quantity is their shift distance, which we now define.

For finitely supported probability distributions P, @ on the same domain, their statistical distance (or
total variation distance) is drv (P, Q) := 3 3, |P(z) — Q(z)|.

Definition 1.3 (Shift distance). Let P be a finitely supported probability distribution on R?, and let v € R?,
Write P+ w for the distribution of X + u when X ~ P; thus (P + u)(z) = P(x — u). The shift distance of
P atu s
1
A(Pu) := dry(P.P +u) = 5 > |P(x) = P(x — u)|.

r€eR4

Thus, small shift distance means that P changes little under the specified translation. Equivalently, since

Z min{P(z), P(x —u)} =1 — A(P,u),

z€ERC

A(P,u) < § means that P and its translate have at least 1 — § of their probability mass in common. This
overlap interpretation is what makes shift distance useful in the splitting argument below.

The proof has two main parts. First, we show that the mean of a distribution with small shift distances
at 6vy, ..., 6v, can be shifted by a signed sum of the v; while remaining in the convex hull of its support. We
allow an arbitrary mean so that this statement can be applied inductively after adding a coordinate. Second,
we construct a mean-zero distribution with the required shift bounds in a cube by rounding a continuous
product density to a rational grid.

Lemma 1.4 (From near invariance to signed sums). Let v1,...,v, € R%. Suppose P is a finitely supported
probability distribution on R® with

A(P, 6’01) S

Wl

Then there are signs €1,...,e, € {—1,1} such that

w(P) + Z g;v; € conv(supp(P)).

i=1
Lemma 1.5 (A near-invariant distribution in the cube). Let v1,...,v, € Q¢ satisfy ||villa < 1. There is a
finitely supported distribution P on [—6,6]? with mean zero and
1
A(P,vi)gg (i=1,...,n)



Proof of Theorem 1.2. First suppose the vectors are rational. Take P from Lemma 1.5 and apply Lemma 1.4
to the vectors v;/6. Since P has mean zero, this gives signs such that

1 n
8 Z&Uz‘ € conv(supp(P)) C [~6,6]¢,

i=1

and hence || Y, £;v;[s < 36. For real vectors, approximate each v; by rational vectors in the set {z € R% :
||z|l2 < 1}, for instance by truncating its coordinates toward zero. Since there are only finitely many sign
vectors, some fixed choice of signs works for an infinite subsequence of these approximations. Passing to the
limit proves the same bound. O

Our theorem controls the final signed sum. The strong Komlds conjecture (also called the prefix Komlds
conjecture) asks whether one can choose signs that simultaneously keep every prefix sum bounded by a
universal constant. We do not know whether our approach extends to the strong Komlés conjecture.

Conjecture 1.6 (Strong Komlds conjecture). There is a universal constant C' > 0 such that every sequence
V1, ..U, € RE with ||vs|l2 < 1 admits signs e1,...,e, € {—1,1} satisfying

k

E EiU;

=1

<C.

o

max
1<k<n

The order is fixed, and the signs may depend on the entire sequence. Prefix balancing goes back to
Spencer [11]; the constant bound was formulated explicitly by Bansal, Jiang, Meka, Singla, and Sinha [7,
Open Problem 6.1 in the full version]. Guo, Fang, and Lu [10, Section 1.2] also note that their proof does
not control all prefixes. The best known bound uniform in d remains O(y/logn), due to Banaszczyk [3].!
Aden-Ali [1] gives a randomized online algorithm that, for every input sequence fixed independently of the
algorithm’s random choices, chooses each sign as its vector arrives and achieves O(y/logn) prefix discrepancy
with high probability.

AI methodology. We used ChatGPT-6 Astra to iteratively refine the proof and the writing, with an
emphasis on simplifying the argument and improving the clarity of the exposition.

Acknowledgements. We thank Nikhil Bansal for helpful feedback and suggestions on an earlier draft.

Paper organization. We give an overview of both lemmas in Section 2, then prove Lemma 1.4 in Section 3
and Lemma 1.5 in Section 4.

2 Proof overview

2.1 From near invariance to signed sums

We prove Lemma 1.4 by induction on the number of vectors, simultaneously in all dimensions. At each
step, we split once in the direction of the last vector, apply induction to the remaining vectors, and pull the
resulting convex combination back to the original support.

1To remove the dimension dependence, let r1,...,r4 € R™ be the rows of the matrix with columns v1,...,v,. A row with
Imk]l1 < 1 has discrepancy at most 1 for every signing and every prefix. Each remaining row satisfies ||ry[|3 > ||7%||2/n > 1/n.
Since Zzzl 7]z = S0, lvill2 < n, fewer than n? rows remain. Restricting to these rows does not increase any column’s
Euclidean norm. Applying the O(y/logd + logn) prefix bound of Banaszczyk [3] in this reduced dimension gives O(y/log n) for
n > 2; see also [7, Theorem 1.1]. If no rows remain, or if n = 1, the discrepancy is at most 1.



One split. Let v = v,. We split P to form a distribution Q on R? x {0,1}. A new state (z,b) has possible
parents x + 3v and x — 3v in P; a parent is available if it has positive mass in P. At each position z, the
split assigns half the larger parent mass to (x,0) and half the smaller parent mass to (z,1). Every state of
positive mass therefore has an available parent, and a state with b = 1 has both.

We regard the bit b as an extra real coordinate. The first d coordinates retain their mean p(P). The
last coordinate has mean § := Prg[b = 1], which is half the overlap of the two translates of P. Since these
translates differ by 6v, the assumption A(P,6v) < 1/3 gives 8 > 1/3. Thus u(Q) = (u(P), B).

Induction. Extend each remaining vector to (v;,0) € R+, Splitting does not increase shift distance in
these directions, so induction applies to @. It gives signs for the first n — 1 vectors and a point

(1(P) + s, 8) € conv(supp(Q)), s = i €;.
i=1

Represent this point as the mean of a probability distribution R supported on supp(Q). Its last coordinate
forces Prr[b = 1] = § > 1/3. This is why we keep the extra coordinate when applying induction: it ensures
that the chosen convex combination still has enough mass with two available parents.

Pullback. Send each entry of R with b = 0 to any available parent in P. These entries have total mass
at most two-thirds, and each move is by £3v. Their contribution to the change in the first d coordinates
of the mean is therefore av for some |a| < 2. The entries with b = 1 have both parents available and total
mass at least one-third. By dividing this mass between its parents, we can contribute any scalar multiple of
v with coefficient between —1 and 1. Choose ¢, € {—1,1} with |e,, — a| < 1 and use this mass to contribute
(en, — a)v. The resulting distribution is supported on supp(P) and has mean u(P) + s + €,v, completing the
induction step.

Connection to the original proof. Guo, Fang, and Lu [10, Section 4] introduce an extra coordinate and
rearrange a density along it, placing larger values closer to zero. This preserves mass and does not increase
total variation distance between translates in the original coordinates. Our splitting operator uses a bit as
the extra coordinate and sorts two translated probabilities. Preserving the mean of this coordinate under
induction supplies the mass needed for the pullback. This simplifies the argument, at the cost of a larger
constant in the final bound.

2.2 A near-invariant distribution in the cube

For Lemma 1.5, we first construct a continuous probability density I on [—6,6]%. We take F to be a product
of one-dimensional densities, each proportional to max{6 — [t|,0}2. To estimate the effect of translation,
we work with f = /F, a product of tent functions. When we square the derivative of f in direction v
and integrate, the mixed terms vanish by symmetry, leaving a multiple of Y, v = ||v||3. The fundamental
theorem of calculus and Cauchy—Schwarz then give total variation distance at most ||v||2/+/12 for a translation
by v.

We then discretize the construction to make it finitely supported. We choose a positive integer N such
that the grid N~1'Z? contains all the given rational vectors, and round each coordinate to the nearest grid
point. Since £6 are grid points, rounding keeps the support in the cube. It also preserves symmetry, giving
a finitely supported distribution with mean zero. Rounding commutes with translations by grid vectors and
cannot increase total variation distance. The same bound therefore holds for the rounded distribution. Since
||vill2 < 1, this bound is less than 1/3 for each given vector.



3 From near invariance to signed sums

The proof of Lemma 1.4 uses one split, an application of induction, and one pullback. The split adds a
coordinate taking values in {0,1}, so we view its output as a distribution on R4l For u € RY, write
@ := (u,0) for the corresponding vector in R4*1,

Definition 3.1 (Splitting operator). Let v € R, and let P be a finitely supported nonnegative function on
R?. Define T, P on Rt by

(T,P)(x,0) := %maX{P(m +v), Pz —v)},
(T, P)(z,1) := %min{P(m +v), Pz —v)},

and set it to zero whenever the last coordinate is not 0 or 1.

We call  + v and  — v the two possible parents of (z,b). A parent is available if it belongs to supp(P).
Every state in supp(7, P) has at least one available parent, and a state with b = 1 has both. We will use
this freedom in the pullback.

Mass and mean. Adding the maximum and minimum gives

(P(z+v) + P(z —v)). (1)

N =

1
Z(TUP)(va) =

b=0
Summing over x shows that T, preserves total mass, even for unnormalized nonnegative inputs. In particular,
it maps probability distributions to probability distributions.
Now suppose P is a probability distribution. The two opposite shifts cancel in the mean of the first d
coordinates:

ST, by = 5 (e~ 0)P(a) + 5 (o + ) Pla) = u(P)

z,b T T

The mean of the last coordinate is its probability of being 1. By the overlap interpretation of shift distance,

1 :
(I’b)PNrTvP[b =1]=3 Zm:mm{P(a: +v), P(z —v)}

1
=3 > min{P(z), P(z — 2v)} (2)
1 A(P,20)
—
Thus, writing 8 := Prr, p[b = 1], we have

w(ToP) = (u(P), B).

Claim 3.2 (Shift distance does not increase). Let P be a finitely supported probability distribution on R?,
and let u,v € R, Then
A(T,P,u) < A(P,u). (3)

Proof. Both maximum and minimum are nondecreasing in each argument, so 7T, preserves pointwise inequal-
ities between nonnegative functions. The definition also gives T,,(P + u) = T, P + .

Consider the mass common to P and P + u, given by H(z) := min{P(z), P(x — u)}. Since H < P and
H < P + u pointwise, applying T, to these inequalities gives

T,H < min{T,P,T,(P + )} = min{T, P, T, P + u}.



Since T, preserves the total mass of H,

1 - A(T,P,a) =Y min{(T,P)(z,b), (T,P + u)(x,b)}

x,b

> (T, H)(w,b)
x,b
:ZH(J:) =1—-A(Pu).

This proves (3). O

Proof of Lemma 1.4. We induct on n, proving the statement simultaneously for all dimensions d. For n = 0,
the conclusion is p(P) € conv(supp(P)), which holds because u(P) is a convex combination of the support
points.

Suppose n > 1, let v = v, and set @ := T3, P. By (2),

Bie Pr [pe1] = L2 BW6Y

G B0 L @ = u(P).).

For i < n, Claim 3.2 gives A(Q,67;) < A(P,6v;) < 1/3. Apply the induction hypothesis to @ and
Di,...,Up_1 € R&TL Tt yields signs €1, ..., e,_1 such that

(4(P) +5.5) € conv(supp(Q)),  5:= 3 e

Choose a probability distribution R supported on supp(®)) whose mean is this point. Since the last coordinate
takes only values 0 and 1, its mean determines its probability of being 1:

Pr [b=1=8>
(Lb)iR[ =8>

Wl =

We now pull R back to supp(P) by moving each state (z,b) to its available parents x4 3v and x —3v. For
the states with b = 0, choose any available parent and send the entire mass there. Their total mass is 1 — 3,
so their contribution to the change in the first d coordinates of the mean is av for some scalar a satisfying

la] < 3(1— B) < 2.

Every state with b = 1 has both parents available. Send a common fraction ¢t € [0, 1] of each such state’s
mass to z + 3v and the remaining fraction 1 — ¢ to & — 3v. Since these states have total mass 3, their
contribution to the change in the mean is

30tv — 3B(1 — t)v = 38(2t — 1)v.

As t varies from 0 to 1, the coefficient ranges over [—38,308]. Choose ¢, € {—1,1} to have the sign of a,
taking £, = 1 when a = 0. Since a € [—2,2], we have

len —al <1< 38.

Set L
En—a
fi=o 42—
2t 6B
The preceding inequality ensures that ¢ € [0, 1], and 38(2t — 1) = €, — a. Thus the one-bit states contribute
exactly (e, —a)v. Together with the contribution av from the zero-bit states, the total change in the first d

coordinates of the mean is exactly ,v.



Let S be the resulting distribution on R?, adding contributions that reach the same parent. Every state
transfers its entire mass to available parents, so S is a probability distribution supported on supp(P). Its
mean is

1(S) = u(P) + 5+ 4v = u(P) + 3 ev; € conv(supp(P)),
i=1

as required. O

4 A near-invariant distribution in the cube

We first prove a continuous version of Lemma 1.5, using a product density whose square root has small
directional derivatives. We then deduce Lemma 1.5 by rounding this density to a grid.

A probability density is a nonnegative integrable function F : R¢ — R with fRd F(z)dx = 1. We say that
F is supported on S if it vanishes outside S. For two densities, statistical distance is defined by replacing
the sum with an integral: dpv(F,H) := 1 [o. |F(2) — H(z)|dz. We write ||h||r2 = (Jga |h(z)|* dz)'/? for
the L2 norm, Vh for the gradient, and v - Vh for the directional derivative along v.

Lemma 4.1 (A continuous near-invariant distribution in the cube). For every positive integer d, there is

a continuous probability density F supported on [—6,6]?, symmetric about the origin, such that for every
v € RY,
1 [[v]l2
— Flx+v)— F(x)|dr < .
5 P+ o) = Plolds < 2

Proof. Define

d
b(t) = % max{6— 1,0},  f(z):= [[blen),  Flx) = f(2)*

k=1

1
b =1, /b/2:77 /bb/:O
/]R ]R() 12 R

show that F is a continuous probability density supported on [—6,6]%. Since b is even, F(—z) = F(x), so
the density is symmetric about the origin and has mean zero. These identities also give, for every v € R¢,

The elementary identities

v 2
[ vsepa =L, (4)

Indeed, the mixed terms vanish because they contain the factor [bb' = 0, while the kth diagonal term is
vZ/12.

Because b is continuous and linear on each of finitely many intervals, the fundamental theorem of calculus
along line segments gives, for almost every =z,

1
flz+v)— f(z) :/ v- Vf(z+tv)dt.
0

Values of the derivatives at the breakpoints do not affect any of the integrals. Cauchy—Schwarz therefore
gives

1

/ |f(x+v)—f(:c)\2da:§/ / vV f( + to)|? da dt
R4 0 JRd

[P

12




Factoring a difference of squares and applying Cauchy—Schwarz once more, we obtain

3 [, [P+ = P@)]dr < S15C+0) = Fliallf+0) + flos

[[v]]2

V12’
where we used || f||r2 = [|f(- +v)||z2 = 1. O

(5)

<NFC+0) = fllze <

We now round the continuous density to obtain the finitely supported distribution required by Lemma 1.5.

Proof of Lemma 1.5. Let F' be the symmetric density from Lemma 4.1. Choose a positive integer N such
that Nv; € Z? for every 4, and let G = N~'Z? = {k/N : k € Z%} be the resulting grid. Round each
coordinate of a sample from F to the nearest multiple of 1/N. The resulting distribution is

P(x) ::/CF(x—Fz)dz (z € G), C = {—2;\],5\])(1,

and P(x) = 0 outside G. Because —6 and 6 are grid points, rounding keeps the support in [~6,6]¢, so P has
finite support. Symmetry gives P(—z) = P(z) and hence u(P) = 0; cell boundaries have zero probability.
Rounding commutes with grid translations and cannot increase total variation. Explicitly, for v € G,

A(P,v) = % Z

zeG

/(F(x—i—z—v)—F(x—i—z))dz
c

1 Hv||g
< — F(z— - F < .
<35/, | (z v) (z)\ dz < 5

The first inequality uses that the cells 2+ C, z € G, partition R?; the last uses Lemma 4.1 with —v. Applying
this to each v; yields A(P,v;) < 1/v12 < 1/3, as required. O
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