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Abstract

The permanent and mixed discriminant of positive matrices are clas-
sic problems for which we do not expect an efficient algorithm for exact
computation. Thus much work has been done to understand how well
we can bound and approximately compute these quantities. One line of
research in this area begins with the results of [Gur08] where van der
Waerden lower bounds of n!

nn are proven for doubly stochastic inputs for
both problems, using a simple proof via stable polynomials. Along with
the bound itself, the same techniques are used to show that the perma-
nent and mixed discriminant are uniquely minimized at a certain natural
symmetric input.

In this paper, we generalize those results in two ways. First, we extend
the unique minimization results beyond doubly stochastic inputs to other
marginals which are near doubly stochastic. This yields the first such
unique minimization results for the mixed discriminant beyond the dou-
bly stochastic case. We also discuss why one cannot hope similar results
to hold in general for all marginals. Second, we extend the unique min-
imization result for real stable polynomials to strongly log-concave (aka
Lorentzian) polynomials in the doubly stochastic case. This captures an
analogous previous result on unique minimization for the mixed volume.
Finally, we discuss various open problems related to these results.

1 Introduction

The permanent has received significant attention due to its connections to fun-
damental problems in combinatorics and computer science. This has led to
various questions and answers regarding bounding and approximating the per-
manent under a wide range of different assumptions. One of the most famous
is that of the Van der Waerden conjecture from the 1930s (settled in 1980ish by
[Fal81; Ego81]), which says

per(M) ≥ n!

nn
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for all doubly stochastic M ∈ Rn×n
≥0 (i.e., M1 = M⊤1 = 1), and that M =

1
n1 · 1⊤ is the unique minimizer over this set of matrices.

This fact was, for example, used to give the first deterministic en-
approximation algorithm for the permanent of a matrix with non-negative en-
tries [LSW98]. Note that computing the permanent is #P-complete and thus
efficient exact computation is not expected to be possible. This is true even
when M ∈ {0, 1}n×n, where per(M) counts perfect matchings of the associated
bipartite graph.

Around 20 years ago, the first author initiated a line of work which gave
simple proofs of these facts using real stable polynomials and polynomial capac-
ity [Gur06a; Gur08]. This proof method has the added benefit of also applying
to the mixed discriminant of positive semidefinite matrices [Gur06b], and to
some extent to the mixed volume of convex bodies [Gur09a]. Later works ex-
tended these techniques to obtain approximation algorithms for various other
combinatorial and probabilistic quantities as well, including the traveling sales-
man problem [KKO21; GKL24]. These works generalized the doubly stochastic
lower bound and rank-one unique minimization result for the permanent, to
matrices and real stable polynomials more generally which are only “close” to
being doubly stochastic. This extra robustness in the bounds proved to be a
crucial step towards these new applications.

The goal of this paper is then to extend the robust rank-one minimizer
uniqueness results to new regimes. Specifically, we (1) generalize recent unique
minimization results for the permanent to the mixed discriminant, (2) general-
ize coefficient minimization uniqueness for real stable polynomials to strongly
log-concave polynomials, and (3) provide some counterexamples to possible ex-
tensions of these and related results.

In the rest of this section, we state and discuss our main results. See Section 2
for any not-yet-defined notions.

1.1 Main Result: Mixed Discriminant Unique Rank-One
Minimizer

We now extend the fact that 1
n11

⊤ uniquely minimizes the permanent over all
doubly stochastic matrices in a variety of ways. We first recall the definition of
the permanent:

per(M) =
∑
σ∈Sn

n∏
i=1

mi,σ(i)

for a given n× n matrix M . The following is an extension of the unique mini-
mization result for the permanent proven in [GKL24].

Theorem 1.1 ([GKL24]). For all n there exists ϵ > 0 such that: for all c such
that ∥c − 1∥1 < ϵ and

∑n
i=1 ci = n, the permanent is uniquely minimized by

M = 1
n1 · c⊤ over the set of non-negative entry n × n matrices with row sums

1 and column sums c.
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Our first main result generalizes this to themixed discriminant, and hence
also reproves Theorem 1.1. Recall its definition:

MD(X1, . . . , Xn) =
1

n!
∂t1 · · · ∂tn det

(
t1X1 + · · ·+ tnXn

)
for a given tuple of n× n matrices (X1, . . . , Xn).

Theorem 1.2. For all n there exists ϵ > 0 such that: for all C of trace n
and eigenvalues c such that ∥c − 1∥1 < ϵ, the mixed discriminant is uniquely
minimized by (X1, . . . , Xn) =

1
n (C, . . . , C) over n-tuples (X1, . . . , Xn) of trace-1

matrices such that
∑n

i=1 Xi = C.

The proof of this result can be found in Section 4, where we also give more
explicit bounds on the value of ϵ required for the result.

We finally note that unique minimization of the mixed discriminant in the
doubly stochastic case (i.e. when ∥c − 1∥1 = 0) was proven in [Gur06b] using
the known equality conditions of the Alexandrov-Fenchel inequalities for the
mixed discriminant. We are not aware of such easily understood and verified
conditions in the strongly log-concave case, even for mixed volumes; the proofs
in this paper do not use the Alexandrov-Fenchel inequalities whatsoever. In a
certain sense, the proof path using Alexandrov-Fenchel is hidden in the inductive
proofs of analogues of the Van der Waerden and Schrijver’s inequalities for stable
and strongly-loncave polynomials, where the equality conditions are replaced by
much more elementary convex optimization arguments.

1.2 Main Result: Strongly Log-concave Unique Rank-one
Minimizer

The permanent result and the mixed discriminant result are both obtained by
analyzing real stable polynomials. See Section 2.1 for definitions and discussion
of classes of log-concave polynomials. One general result in this direction is
given as follows.

Theorem 1.3 ([Gur06a]). For all n, the all-ones coefficient is uniquely mini-
mized by p(x) =

(
x1+···+xn

n

)n
over homogeneous real stable polynomials p such

that p(1) = 1 and ∇p(1) = 1.

Our second result is to generalize Theorem 1.3 by extending it beyond real
stable to strongly log-concave polynomials [Gur09b] (also called Lorentzian
[BH20] and completely log-concave [Ana+18]). Previous results utilized spe-
cific properties of real stable polynomials, and here we are able to generalize
beyond this setting.

Theorem 1.4. For all n, the all-ones coefficient of p is uniquely minimized by
p(x) =

(
x1+···+xn

n

)n
over homogeneous strongly log-concave polynomials p such

that p(1) = 1 and ∇p(1) = 1.
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We actually prove a more general version of this result based on polynomial
capacity; see Section 5 for the statement and proof.

As a last comment, Theorem 1.4 was proven for volume polynomials (which
are strongly log-concave) in [Gur09a] using a more complicated proof. The main
difference in the proofs comes from the fact that we are able to show an inductive
property of doubly stochastic minimizers; i.e. that the partial derivatives must
also be doubly stochastic. See Step 3 of Section 5.4 for further details. See
also the last paragraph of Section 1.1 for discussion on the connection of these
strongly log-concave results to the Alexandrov-Fenchel inequalities.

1.3 Main Result: Failure of Rank-One Minimizers

To understand the delicateness of the above results, we now provide some neg-
ative results for statements which naturally generalize the above results. The
first result shows why one of the marginal vectors needs to be 1 in the above
results.

Proposition 1.5. For all n and all r, c ̸= 1, the rank-one matrix 1
nrc

⊤ does
not minimize the permanent over the set of non-negative entry n × n matrices
with row sums r and column sums c.

And finally, even in the case where the column sums are 1, the row sums
need to be close to 1 for rank-one unique minimization results to hold. We
note that this result already appears in the conference paper [GKL24], but we
include it and its proof here also for completeness.

Proposition 1.6 ([GKL24]). For all n, there exists c such that: every non-
negative entry n × n matrix with row sums 1 and column sums c has positive
permanent, but the set of such matrices is minimized on its relative boundary.

The proofs of these results can be found in Section 6.

1.4 Open Questions

A number of open questions remain. First of all, there is another version of the
rank-one unique minimizer question for the mixed discriminant.

Question 1.7. For all n, does there exist ϵ > 0 such that: for all t such that
∥t − 1∥1 < ϵ and

∑n
i=1 ti = n, the mixed discriminant is uniquely minimized

by (X1, . . . , Xn) =
1
n (t1I, . . . , tnI) over n-tuples (X1, . . . , Xn) of matrices such

that tr(Xi) = ti and
∑n

i=1 Xi = I?

This question is natural because it can generalized to all real stable polyno-
mials, as given in the following more general question.

Question 1.8. For all n, does there exist ϵ > 0 such that: for all t such
that ∥t − 1∥1 < ϵ and

∑n
i=1 ti = n, the coefficient of x1x2 · · ·xn is uniquely

minimized by p(x) = 1
nn (

∑n
i=1 tixi)

n
over n-homogeneous n-variate real stable

polynomials p such that p(1) = 1 and ∇p(1) = t?
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Another natural open question here is related to the tightness of capacity
bounds on a certain inner product applied to determinantal polynomials.

Question 1.9. For all n, let u1, . . . ,un,v1, . . . ,vn be 2-norm unit vectors such
that

∑n
i=1 uiu

⊤
i =

∑n
i=1 viv

⊤
i = I, and define

p(x) = det

(
n∑

i=1

xiuiu
⊤
i

)
, q(x) = det

(
n∑

i=1

xiviv
⊤
i

)
.

Do we always have that p(∂x)q(x) ≥ n!
nn ?

An affirmative answer to this question is actually equivalent to Conjec-
ture 6.1 from [Gur06b] on the quantum permanent (also known as the Cayley
hyperdeterminant, or 4-dimensional Pascal determinant) of doubly stochastic
separable PSD block matrices. The left-hand side of the inequality in Ques-
tion 1.9 is precisely the quantum permanent of the associated matrix. A weaker
version of Question 1.9 can be derived from the results of [AO17], and a more
general version of the conjecture also appears as Remark 3.10 in [Gur09b].

We further note that the quantum permanent of a general doubly stochastic
PSD block matrix is known to not satisfy such a bound; in fact, it can even
take the value 0. That said, efficiently algorithmically determining precisely
when it is 0 is an open problem [Gar+20; Gur04] whose resolution would yield
efficient algorithms for a version of the famous PIT (polynomial identity testing)
problem.

Finally, there is quite a bit of literature (e.g. [For80; Min84; Bru85; Hwa85;
FS86; Son+97; PSW11; SB24] etc.) on minimizers of the permanent over faces
of the Birkhoff polytope. For example, it is open for many classes of faces of
the Birkhoff polytope whether or not the permanent is minimized in its relative
interior (such faces are called cohesive in the literature; see the survey [CW05]).
We briefly tried to apply techniques from this paper to various classes of such
faces, but we could not immediately obtain anything new. A natural question
is then whether or not this is possible in some cases, and how such statements
would generalize to matrices with column sums 1 and row sums ≈ 1.

1.5 AI Declaration

We note that the literature review for the last paragraph of Section 1.4, along
with some testing to see if our results could apply in the context of cohesive
faces of the Birkhoff polytope, was completed with the help of AI (ChatGPT
5.6 Sol). The rest of this paper was created by the authors without the use of
any AI tool, except perhaps for creating some .bib file entries.

2 Preliminaries

Throughout we use standard vector and set notation. We let C,R,Z denote the
complex, real, and integer numbers, respectively. We use a subscript to modify
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these sets; for example Z≥0 denote the non-negative integers. We also use other
sensible notation; e.g. we let Rn×n denote the set of n × n matrices with reel
entries. Also, given x,y ∈ Rn we use x ≤ y to denote xi ≤ yi for all i ∈ [n], we
denote x⊙y = (x1y1, . . . , xnyn), we denote x

y = xy1

1 · · ·xyn
n (whenever x > 0),

we denote ∥x∥1 =
∑n

i=1 |xi|, and we denote ⟨x,y⟩ =
∑n

i=1 xiyi.
We will make use of a number of shorthands for various spaces throughout.

Specifically, we define certain matrix spaces:

• Matn(c) =
{
M ∈ Rn×n

≥0 : M1 = 1, M⊤1 = c
}
,

• PSDn = the set of n× n positive semidefinite matrices,

• MatTupn(C) = {(M1, . . . ,Mn) ∈ PSDn
n : tr(Mi) = 1 ∀i,

∑n
i=1 Mi = C}.

2.1 Log-concave Polynomials

Here we give some definitions and useful notation, before recalling a few results
we will make use of.

Definition 2.1. An n-homogeneous polynomial p ∈ R≥0[x1, . . . , xn] is real
stable if p(z1, . . . , zn) ̸= 0 for all z1, . . . , zn in the (open) complex upper half-
plane.

Definition 2.2. An n-homogeneous polynomial p ∈ R≥0[x1, . . . , xn] is
strongly log-concave (SLC) if ∂α1

x1
· · · ∂αn

xn
p(x) is either log-concave on Rn

>0

or identically zero for all α ∈ Zn
≥0.

Example 2.3. For all A1, . . . , An ∈ PSDd, the polynomial p(x) =
det (

∑n
i=1 xiAi) is real stable. By considering diagonal matrices, this im-

plies products of linear forms with non-negative coefficients are also real sta-
ble. Finally, for all compact convex bodies K1, . . . ,Kn ⊆ Rd, the polynomial
p(x) = vol (

∑n
i=1 xiKi) is strongly log-concave, but not necessarily real stable.

We will not explicitly use the following, but it is a well-known fact in the
literature.

Proposition 2.4. Every homogeneous real stable polynomial is strongly log-
concave.

We note that strongly log-concave is equivalent to Lorentzian [BH20] and
completely log-concave [Ana+18] for homogeneous polynomials. That said,
we also give one other equivalent definition of strongly log-concave which relies
upon the following folklore result in convex analysis.

Lemma 2.5. If p ∈ R[x1, . . . , xn] is d-homogeneous and x ∈ Rn is such that
p(x) > 0, then the Hessian of log p at x is negative semidefinite if and only if
the Hessian of p1/d at x is negative semidefinite.

This leads to the following alternative definition of strongly log-concave poly-
nomials.
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Corollary 2.6. If p ∈ R≥0[x1, . . . , xn] is d-homogeneous, then p is log-concave
on Rn

>0 if and only if p1/d is concave on Rn
>0.

We now state a few basic properties of real stable and SLC polynomials from
the literature, which have straightforward proofs. We first need a definition,
which describes the Newton’s inequalities that hold for real-rooted polynomials.

Definition 2.7. A polynomial f ∈ R≥0[t] of degree at most n is n-Newton if
for f(t) =

∑n
k=0

(
n
k

)
fkt

k we have f2
k ≥ fk−1fk+1 for all k.

Lemma 2.8. Both the classes of real stable and strongly log-concave polynomials
are preserved under taking partial derivatives and under external fields (i.e.

p(x) 7→ p(a⊙x)
p(a) for a ∈ Rn

>0).

Lemma 2.9. Let p ∈ R≥0[x1, . . . , xn] be d-homogeneous, and fix x1, . . . , xn−1 ∈
R≥0. If p is real stable then f(t) = p(x1, . . . , xn−1, t) is real-rooted, and if p is
strongly log-concave then f(t) = p(x1, . . . , xn−1, t) is d-Newton.

Finally, we generalize some of the notation use for matrices above to poly-
nomials. Specifically we define the following spaces of polynomials:

• HStabn(c) is the set of all n-variate n-homogeneous real stable polynomials
p such that p(1) = 1 and ∇p(1) = c, and

• SLCn(c) is the set of all n-variate n-homogeneous strongly log-concave
polynomials p such that p(1) = 1 and ∇p(1) = c.

We will also call a homogeneous polynomial p doubly stochastic if p(1) = 1
and ∇p(1) = 1. Note that this implies p is n-variate and n-homogeneous.

2.2 Polynomial Capacity Bounds

In this section, we recall various results from the literature on polynomial ca-
pacity. Given p ∈ R≥0[x1, . . . , xn] and α ∈ Rn

≥0, the α-capacity of p is defined
as

Capα(p) := inf
x∈Rn

>0

p(x)

xα
.

We often just say capacity when α is understood from context. Polynomial
capacity has been used in various contexts to lower-bound combinatorial and
probabilistic quantities which are hard to compute. We now recall some of these
bounds, which quantifies the difference between the capacity of a polynomial
and its coefficients.

Theorem 2.10 ([Gur09b]). Let p ∈ R≥0[x1, . . . , xn] be a d-homogeneous
strongly log-concave polynomial. Fix α ∈ Rn

≥0 such that
∑

i αi = d. Then

pα
Capα(p)

≥
(
d

α

)
αα1
1 · · ·ααn

n

dd
,

where pα is the coefficient of xα in p.
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Theorem 2.11 ([Gur15, Thm. 5.1]). Let p ∈ R≥0[x1, . . . , xn] be a d-
homogeneous real stable polynomial. Fix α ∈ Rn

≥0 such that
∑

i αi = d, and
let di be the degree of xi in

∂αi+1
xi+1

· · · ∂αn
xn

p
∣∣∣
xi+1=···=xn=0

for i = 1, . . . , n. Then we have

pα
Capα(p)

≥
n∏

i=2

(
di
αi

)
ααi
i (di − αi)

di−αi

ddi
i

,

where pα is the coefficient of xα in p.

It is straightforward to see that the lower bound of Theorem 2.11 is strictly
decreasing in di for fixed αi. With this, we obtain the following immediate
corollary of Theorem 2.11.

Corollary 2.12. Let p ∈ R≥0[x1, . . . , xn] be an n-homogeneous real stable poly-
nomial such that p(ei) = 0 for some i ∈ [n]. Then

∂x1 · · · ∂xnp(x)

Cap1(p)
≥ (n− 2)n−2(n− 1)!

(n− 1)2n−3
>

n!

nn
.

Thee next result now gives a lower bound on the capacity itself for real stable
polynomials under certain conditions on the gradient of the polynomial. This
and similar results were originally used to prove Theorem 1.1 and to improve
the approximation factor for the traveling salesman problem.

Theorem 2.13 ([GL21]). If p ∈ R[x1, . . . , xn] is a n-homogeneous real stable
polynomial such that p(1) = 1 and ∥1−∇p(1)∥1 < 2, then

Cap1(p) ≥
(
1− ∥1−∇p(1)∥1

2

)n

.

Finally, we give one final result on the capacity of product of linear forms.
This result is known in the literature, but we give a short proof here. We note
that this sort of result can also be proven for capacity on completely positive
operators.

Lemma 2.14. For any n× n matrix M with non-negative entries, we have

Cap1

(
n∏

i=1

(Mx)i

)
=

1

nn

(
inf

x,y>0

⟨Mx,y⟩
x1y1

)n

.

In particular,

Cap1

(
n∏

i=1

(Mx)i

)
= Cap1

(
n∏

i=1

(M⊤x)i

)
.
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Proof. Let pM (x) =
∏n

i=1(Mx)i. For all x,y > 0, by AM-GM we have(
⟨x,y⟩
n

)n

≥
n∏

i=1

xiyi = x1y1,

with equality if and only if yi = x−1
i for all i ∈ [n]. Thus we first have

1

nn

(
inf

x,y>0

⟨Mx,y⟩
x1y1

)n

≥ inf
x>0

∏n
i=1(Mx)i

x1
= Cap1(pM ).

By the above equality condition, we also have

1

nn

(
inf

x,y>0

⟨Mx,y⟩
x1y1

)n

≤ 1

nn

(
inf
x>0

⟨Mx, (Mx)−1⟩
x1(Mx)−1

)n

= Cap1(pM )

which completes the proof.

3 Optimizing Forms

In this section, we give some general results on optimizing forms. These results
are mainly about determining what sort of optima a form can have on a given
feasible region. The main result of this section is Theorem 3.5, which proves
that minimizers of symmetric multilinear forms over symmetric compact convex
sets are symmetric, so long as no minimizers occur on the boundary. We will
later use this result to prove our main result on the uniqueness of the rank-one
minimizer for the mixed discriminant. That said, we have decided to state the
results here more generally, as they seem interesting in their own right.

The first result is on quadratic forms which we will bootstrap to prove the
main result.

Lemma 3.1. Let q(x) be a quadratic form on Rn, and let S ⊂ Rn be a closed
convex set containing no affine lines. If min{q(x) : x ∈ S} has no minimizers
on the relative boundary of S, then it has at most one minimizer in S.

Proof. Suppose min{q(x) : x ∈ S} has no minima on the relative boundary S,
but u ̸= v are two minima in the relative interior of S. Letting W ⊆ Rn denote
the orthogonal complement to the vector space parallel to the affine span of
S, minimality in the relative interior implies ∇q(u),∇q(v) ∈ W . Since q is a
quadratic form, its gradient is a linear form, and thus ∇q(y) ∈ W for all y in the
line L through u and v. Therefore every y ∈ S∩L minimizes q(x) over S. Since
S ∩L contains a point of the relative boundary of S, this is a contradiction.

We now prove a few basic convex geometric results.

Lemma 3.2. Fix a set S ⊆ (Rn)d with d ≥ 2 and any w3, . . . ,wd ∈ Rn. If
T = {(u,v) ∈ (Rn)2 : (u,v,w3, . . . ,wd) ∈ S} contains an affine line, then S
contains an affine line.
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Proof. By assumption, (u0,v0) + t · (u1,v1) ∈ T for all t ∈ R. Therefore
(u0,v0,w3, . . . ,wd) + t · (u1,v1,0, . . . ,0) ∈ S for all t ∈ R as desired.

Lemma 3.3. Fix a closed convex set S ⊆ (Rn)d with d ≥ 2 and any
w3, . . . ,wd ∈ Rn. If (u,v) is on the relative boundary of T = {(x,y) ∈ (Rn)2 :
(x,y,w3, . . . ,wd) ∈ S}, then (u,v,w3, . . . ,wd) is on the relative boundary of
S.

Proof. Fix (u,v) on the relative boundary of T . Let B ⊂ aff(S) be some small
relatively open ball centered at (u,v,w3, . . . ,wd), and define

B′ := {(x,y) : (x,y,w3, . . . ,wd) ∈ B}.

Thus B′ is relatively open in aff(T ) and contains (u,v). Since (u,v) is
on the relative boundary of T , there exists (u′,v′) ∈ B′ \ T . Therefore
(u′,v′,w3, . . . ,wd) ∈ B \ S, which implies B ̸⊂ S. Since this holds for any
small ball about (u,v,w3, . . . ,wd), we must have that (u,v,w3, . . . ,wd) is on
the relative boundary of S.

Finally, we now prove the main result of the section. First we need a defini-
tion.

Definition 3.4. We call a set S ⊆ (Rn)d Sd-invariant if for all (w1, . . . ,wd) ∈
S and all σ ∈ Sd we have that (wσ(1), . . . ,wσ(d)) ∈ S.

Theorem 3.5. Let P (x1, . . . ,xd) be a symmetric multilinear form on Rn for
some d ≥ 2, and let S ⊂ (Rn)d be an Sd-invariant closed convex set containing
no affine lines. If min{P (x1, . . . ,xd) : (x1, . . . ,xd) ∈ S} has no minimizers
on the relative boundary of S, then all its minimizers over S are of the form
(w, . . . ,w) for some w ∈ Rn.

Proof. If P has no minimizer in S, then we are done. Otherwise suppose
(w1, . . . ,wd) is a minimizer of P over S, which by assumption is contained
in the relative interior of S. Define a function

f(u,v) := P (u,v,w3, . . . ,wd),

which is a symmetric bilinear form on Rn. Further, one can consider q(u,v) =
f(u,v) to be a quadratic form on R2n. Thus (w1,w2) is a minimizer of q over
T = {(u,v) ∈ (Rn)2 : (u,v,w3, . . . ,wd) ∈ S}.

Suppose now that min{q(x,y) : (x,y) ∈ T} has a minimizer (u′,v′) on
the relative boundary of T . Then (u′,v′,w3, . . . ,wd) is a minimizer of P over
S, and also (u′,v′,w3, . . . ,wd) is contained in the relative boundary of S by
Lemma 3.3. This contradicts the assumptions, and thus min{q(x,y) : (x,y) ∈
T} has no minimizers on the relative boundary of T . Thus by Lemma 3.1 and
Lemma 3.2, min{q(x,y) : (x,y) ∈ T} has at most one minimizer in T , and
therefore (w1,w2) is the unique minimizer of q over T .

But by symmetry of P and Sd-invariance of S, (w2,w1) is also a minimizer
of q over T , and thus w1 = w2. By applying the same argument to (wi,wj) for
all i ̸= j, we find that there is some w ∈ S such that wi = w for all i. Thus all
minimizers of P are of the form (w, . . . ,w) for some w ∈ Rn.
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4 Unique Minimizer: Mixed Discriminant

In this section we prove our first main result Theorem 1.2 on the unique min-
imization of the mixed discriminant. Recall that the mixed discriminant is
defined via

MD(M1, . . . ,Mn) =
1

n!
∂x1

· · · ∂xn
det (x1A1 + · · ·+ xnAn)

for a given tuple of n × n matrices (A1, . . . , An). Our main result can then be
re-stated as follows.

Theorem 4.1. For all n there exists ϵ > 0 such that: for all C ∈ PSDn with
eigenvalues c such that tr(C) = n and ∥c− 1∥1 < ϵ, the mixed discriminant is
uniquely minimized over MatTupn(C) at 1

n (C,C, . . . , C).
More concretely, the result holds for any C ∈ PSDn with eigenvalues c such

that tr(C) = n and

1

c1 · · · cn

(
1− ∥c− 1∥1

2

)n

>
(n− 1)2n−3

nn−1(n− 2)n−2
.

We now prove Theorem 4.1. Fix (A1, . . . , An) ∈ MatTupn(C). We consider

p(x1, . . . , xn) = det

(
n∑

i=1

xiAi

)
,

where the mixed discriminant of A1, . . . , An is proportional to the all-ones co-
efficient of p.

Step 1: Lower bound the capacity of p. Fix x1, . . . , xn ∈ R. Since∑n
i=1 xiAi is Hermitian, there exist unitary U and diagonal D (dependent on

x) such that

UDU∗ =

n∑
i=1

xiAi.

This implies

D =

n∑
i=1

xiU
∗AiU,

which gives

p(x1, . . . , xn) =

n∏
i=1

n∑
j=1

Mijxj

where Mij = (U∗AjU)ii ≥ 0 since Aj is PSD for all j ∈ [n]. Note that for each
j we have

n∑
i=1

Mij =

n∑
i=1

(U∗AjU)ii = tr(U∗AjU) = 1,

11



and for each i we have

n∑
j=1

Mij =

n∑
j=1

(U∗AjU)ii = (U∗CU)ii.

Thus the column sums of M are 1 and the row sums a of M are majorized
by c (see condition (1) of Definition 4.2 below). We recall some equivalent
definitions of majorization as follows. We will not use all of these, but have
decided to include them for the interested reader.

Definition 4.2 (e.g. [MOA11]). Given x,y ∈ Rn, we say that y majorizes x,
equivalently written x ⪯ y if one of the following equivalent conditions holds:

1. there is a Hermitian matrix with diagonal entries x and eigenvalues y,

2. ∥x− α1∥1 ≤ ∥y − α1∥1 for all α ∈ R,

3.
∑n

i=1 xi =
∑n

i=1 yi and
∑k

i=1 x
↓
i ≤

∑k
i=1 y

↓
i for all k ∈ [n], where x↓ is x

with entries sorted in non-increasing order,

4. there exists D ∈ Matn(1) such that Dy = x, and

5. conv (σ · x : σ ∈ Sn) ⊆ conv (σ · y : σ ∈ Sn).

Note that condition (2) of Definition 4.2 implies ∥a−1∥1 ≤ ∥c−1∥1. There-
fore by combining the above with Lemma 2.14 and Theorem 2.13, for all x ∈ Rn

>0

we have

p(x)

x1 · · ·xn
=

∏n
i=1(Mx)i
x1 · · ·xn

≥ Cap1

(
n∏

i=1

(Mx)i

)
= Cap1

(
n∏

i=1

(M⊤x)i

)

≥
(
1− ∥a− 1∥1

2

)n

≥
(
1− ∥c− 1∥1

2

)n

whenever ∥c− 1∥1 < 2. This implies

Cap1(p) ≥
(
1− ∥c− 1∥1

2

)n

. (1)

Step 2: Apply Theorem 3.5 We note that MD is a symmetric multilinear
form, and that MatTupn(C) is a compact convex Sn-invariant set. Thus to
apply Theorem 3.5, we need to study the relative boundary of MatTupn(C). A
tuple (A1, . . . , An) is on the relative boundary of MatTupn(C) if and only if Ai

is singular for some i ∈ [n]. In this case, we have

p(ei) = det(Ai) = 0,

12



which by Corollary 2.12 implies

MD(A1, . . . , An)

Cap1(p)
≥ (n− 2)n−2

n(n− 1)2n−3
. (2)

On the other hand, we compute

MD

(
C

n
, . . . ,

C

n

)
=

det(C)

nn
=

c1 · · · cn
nn

.

Now if c is such that

(n− 2)n−2

n(n− 1)2n−3

(
1− ∥c− 1∥1

2

)n

>
c1 · · · cn

nn
,

we combine (1) and (2) to obtain

MD(A1, . . . , An) >
c1 · · · cn

nn
= MD

(
C

n
, . . . ,

C

n

)
for all (A1, . . . , An) on the relative boundary of MatTupn(C). Therefore we can
apply Theorem 3.5 to conclude that all minimizers of MD over MatTupn(C) are
of the form (A, . . . , A). The only such element of MatTupn(C) is 1

n (C, . . . , C),
and thus this uniquely minimizes MD over MatTupn(C).

5 Unique Minimizer: SLC Polynomials

The point of this section is to prove Theorem 1.4; that is, to generalize to
strongly log-concave polynomials the fact that the permanent is uniquely min-
imized over doubly stochastic matrices by the multiple of the all-ones matrix.
An analogous fact was proven for doubly stochastic real stable polynomials in
[Gur06a]. Let us explicitly recall Theorem 1.4.

Theorem 5.1. Let p ∈ R≥0[x1, . . . , xn] be n-homogeneous and SLC. If

∂x1 · · · ∂xnp(x) =
n!

nn
Cap1(p) > 0,

then for v = ∇p(1)
n we have p(x) = (

∑
i vixi)

n
.

5.1 Univariate n-Newton Polynomials

To prove Theorem 5.1, we first need a number of facts about the class of n-
Newton univariate polynomials derived from SLC polynomials. Recall the def-
inition of n-Newton in Definition 2.7. The main result of this section is Theo-
rem 5.4, which gives a refined capacity bound for n-Newton polynomials based
on their degree. To prove this, we first need a few basic results on hte capacity
of n-Newton polynomials.

13



Lemma 5.2. For any a > 0, we have that

Cap1

((
1 +

a

n
t
)n)

= a

(
n

n− 1

)n−1

,

with the optimum achieved at t = n
a(n−1) .

Proof. We compute

∂t

[
1

t

(
1 +

a

n
t
)n]

=
1

t2

(
1 +

a

n

)n−1
(
at · n− 1

n
− 1

)
,

and thus the derivative is 0 exactly at t = n
a(n−1) . Therefore Cap1

((
1 + a

n t
)n)

is optimized at t = n
a(n−1) and

Cap1

((
1 +

a

n
t
)n)

=
a(n− 1)

n

(
n

n− 1

)n

= a

(
n

n− 1

)n−1

.

Lemma 5.3. Let f, g ∈ R≥0[t] be such that f is of degree at least 2 and g(0) > 0.
Then Cap1(f) is optimized at some t0 > 0, and if g(t) < f(t) for all t > 0 then
Cap1(g) < Cap1(f).

Proof. The fact that limt→0+
f(t)
t = +∞ = limt→+∞

f(t)
t implies the first claim.

Now let t0 > 0 be a value of t which optimizes Cap1(f). Then we have

Cap1(f) =
f(t0)

t0
>

g(t0)

t0
≥ Cap1(g),

which implies the second claim.

We now prove the mian result of the section. To do this, we make use of the
truncation operator, which “cuts off” terms of a polynomial above a certain
degree. Formally, for d ≤ n we define

truncd

(
n∑

k=0

ckt
k

)
=

d∑
k=0

ckt
k.

Theorem 5.4. For all d, n such that 1 ≤ d ≤ n there exist constants γn,d ≥ 1
such that:

1. for all n-Newton polynomials f(t) of degree at most d such that ∂tf(0) > 0
we have

∂tf(0) ≥ γn,d

(
n− 1

n

)n−1

Cap1(f),

2. 1 = γn,n < γn,n−1 < · · · < γn,2 < γn,1 =
(

n
n−1

)n−1

, and

14



3. assuming d ≥ 2 (and ∂tf(0) > 0), the inequality of (1) is an equality if
and only if f(t) = truncd [(a+ bt)n] for some a, b > 0.

Proof. We define

γn,d =
Cap1 ((1 + t)

n
)

Cap1 (truncd [(1 + t)
n
])
.

Note that γn,n = 1 and γn,1 =
(

n
n−1

)n−1

by Lemma 5.2, and γn,n < γn,n−1 <

· · · < γn,2 < γn,1 by Lemma 5.3. This implies (2) and the ( ⇐= ) direction of
(3).

Now if d = 1 or f(0) = 0 then ∂tf(0) = Cap1(f). Thus for the remainder of
the proof, we may assume without loss of generality that f(0) = 1 and d ≥ 2.
Since f is n-Newton we have

f(t) =

(
n

0

)
+

(
n

1

)
∂tf(0)

n
t+

d∑
k=2

(
n

k

)
ckt

k

≤
(
n

0

)
+

(
n

1

)
∂tf(0)

n
t+

d∑
k=2

(
n

k

)(
∂tf(0)

n

)k

tk

= truncd

[(
1 +

∂tf(0)

n
t

)n]
.

Note that if f(t) is not equal to g(t) := truncd

[(
1 + ∂tf(0)

n t
)n]

then the above

inequality is strict for all t > 0. Thus by Lemma 5.3 we have

Cap1(f) ≤ Cap1

(
truncd

[(
1 +

∂tf(0)

n
t

)n])
,

with strict inequality unless f(t) = truncd

[(
1 + ∂tf(0)

n t
)n]

. By Lemma 5.2, we

also have Cap1

((
1 + ∂tf(0)

n t
)n)

= ∂tf(0)
(

n
n−1

)n−1

. Since

Cap1

((
1 + ∂tf(0)

n t
)n)

Cap1

(
truncd

[(
1 + ∂tf(0)

n t
)n]) =

∂tf(0)
n Cap1 ((1 + t)

n
)

∂tf(0)
n Cap1 (truncd [(1 + t)

n
])

=
Cap1 ((1 + t)

n
)

Cap1 (truncd [(1 + t)
n
])

= γn,d,

we therefore have

∂tf(0)

(
n

n− 1

)n−1

= Cap1

((
1 +

∂tf(0)

n
t

)n)
= γn,d Cap1

(
truncd

[(
1 +

∂tf(0)

n
t

)n])
≥ γn,d Cap1(f),
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with strict inequality unless f(t) = truncd

[(
1 + ∂tf(0)

n t
)n]

. By rearranging,

this implies (1) and also the ( =⇒ ) direction of (3).

5.2 Support and Capacity of SLC Polynomials

In this section we prove various results on the interaction between support,
capacity bounds, and capacity minimizers for SLC polynomials. The main result
of this section is Corollary 5.7, which gives a capacity-based sufficient condition
for an SLC polynomial to have full support. Note that we do not directly use
Corollary 5.7 in Section 5.4, but instead give the argument used in the proof.
We still give Corollary 5.7 explicitly to unify this section.

First is a more refined version of a derivative capacity bound due to Gurvits,
which was originally used to prove Theorem 2.10.

Theorem 5.5. Let p ∈ R≥0[x1, . . . , xn] be n-homogeneous and SLC, and let di
be the degree of xi in p. If ∂x1

· · · ∂xn
p(x) > 0 then

Cap1
(
∂xi |xi=0 p(x)

)
≥ γn,di

(
n− 1

n

)n−1

Cap1(p),

where γn,di ≥ 1 is as defined in Theorem 5.4.

Proof. Without loss of generality, we assume i = n. Thus for all x ∈ Rn−1
>0 ,

the polynomial f(t) = p(x1, . . . , xn−1, t) is of degree dn. Further, ∂tf(0) > 0 by
assumption, and f is n-Newton by Lemma 2.9.

With this, by Theorem 5.4 we have

∂tf(0) ≥ γn,dn

(
n− 1

n

)n−1

Cap1(f)

which implies

Cap1
(
∂xn |xn=0 p(x)

)
≥ γn,dn

(
n− 1

n

)n−1

Cap1(p)

by taking inf over x ∈ Rn−1
>0 on both sides.

Now we prove a basic support lemma for SLC polynomials. This can be
proven using the fact that SLC polynomials have M-convex support, but we
have decided to give a simpler self-contained proof here.

Lemma 5.6. Let p ∈ R≥0[x1, . . . , xn] be n-homogeneous and SLC. If the coef-
ficient of xn

i in p is positive for all i ∈ [n] then p has full support.

Proof. We prove this result by induction on n. Fix p and define

Hp = {α ∈ ∆n ∩ Zn : ⟨xα⟩p(x) = 0}.

So as to obtain a contradiction, suppose Hp is non-empty and let α be the
vector which maximizes maxi∈[n] αi over Hp. By possibly permuting variables,
we will assume that α1 ≥ α2 ≥ · · · ≥ αn.
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Case 1: α3 = 0 or n ≤ 2. In this case f(t) = p(t, 1, 0, . . . , 0) is n-Newton
and has strictly positive t0 and tn coefficients by assumption. The n-Newton
property then implies the tk coefficient of f is positive for all 0 ≤ k ≤ n, which
is a contradiction.

Case 2: α3 > 0. In this case α1 ≤ n− 2, which implies the xn−1
i xj coefficient

of p is strictly positive for all i, j by our assumption on α. Thus ∂x1
|x1=0 p(x) is

(n−1)-variate and (n−1)-homogeneous, with strictly positive xn−1
i coefficients

for all i ∈ [n]. The inductive hypothesis then implies the xα coefficient of p is
strictly positive, which is a contradiction.

The above two results combine to give the mian result of the section.

Corollary 5.7. Let p ∈ R≥0[x1, . . . , xn] be n-homogeneous and SLC. If
∂x1 · · · ∂xnp(x) > 0 and

Cap1
(
∂xi

|xi=0 p(x)
)
=

(
n− 1

n

)n−1

Cap1(p)

for all i ∈ [n], then p has full support.

Proof. So as to obtain a contradiction, suppose p does not have full support.
Then by Lemma 5.6, there exists i ∈ [n] such that the coefficient of xn

i is 0 in
p. Thus by Theorem 5.5 we have

Cap1
(
∂xi

|xi=0 p(x)
)
≥ γn,di

(
n− 1

n

)n−1

Cap1(p),

where di < n. Since γn,di
> 1 by Theorem 5.4, this is a contradiction.

5.3 General Capacity Minimizers

This section is devoted to some basic results on capacity minimizers and
uniqueness, most of which can be found in [GS00]. Note that none of these
results require the SLC property. Recall that a homogeneous polynomial
p ∈ R≥0[x1, . . . , xn] is doubly stochastic if p(1) = 1 and ∇p(1) = 1.

Lemma 5.8. Let p ∈ R≥0[x1, . . . , xn] be n-homogeneous with full support. Then
for all c > Cap1(p) we have that Kc := {x > 0 :

∏
i xi = 1, p(x) ≤ c} is

compact. In particular, Cap1(p) is minimized at some y > 0.

Proof. Let p(x) =
∑

κ pκx
κ, and let pmin > 0 be the minimum coefficient of p.

Fix c > Cap1(p). For any i ̸= j and any x ∈ Kc we have

c ≥ p(x) =
∑
κ

pκx
κ ≥ x1 · xi

xj
· p1+ei−ej

≥ xi

xj
· pmin.

17



Thus maxi,j

(
xi

xj

)
≤ c

pmin
, which implies xi ∈ [pmin

c , c
pmin

] since
∏

i xi = 1.

Therefore

Kc =

{
x ∈

[
pmin

c
,

c

pmin

]n
:
∏
i

xi = 1, p(x) ≤ c

}
,

which implies Kc is compact.

Lemma 5.9. Let p ∈ R≥0[x1, . . . , xn] be such that p(1) = 1. Then p is doubly
stochastic if and only if 1 minimizes Cap1(p).

Proof. First, 1 minimizes Cap1(p) if and only if

inf
t∈Rn

[
log p(et)− ⟨t,1⟩

]
is minimized at t = 0. Since log p(et) − ⟨t,1⟩ is convex and smooth, this is
equivalent to ∇|t=0 log p(e

t) = 1, where ∇|t=0 log p(e
t) = ∇p(1). This is the

same as saying p is doubly stochastic.

Lemma 5.10. Let p ∈ R≥0[x1, . . . , xn] be n-homogeneous with full support.

Then there exists y > 0 such that p(y⊙x)
p(y) is doubly stochastic.

Proof. By Lemma 5.8, there exists some y > 0 which minimizes Cap1(p). Let-

ting q(x) = p(y⊙x)
p(y) , we have q(1) = 1. Since y minimizes Cap1(p), we have that

1 minimizes Cap1(q). Therefore q is doubly stochastic by Lemma 5.9.

Lemma 5.11. Let p ∈ R≥0[x1, . . . , xn] be n-homogeneous with full support. If
p is doubly stochastic, then p is uniquely minimized over {x > 0 :

∏
i xi = 1} at

x = 1.

Proof. Let p(x) =
∑

κ pκx
κ. Using Jensen’s inequality, p(1) = 1 implies

log p(x) = log

(∑
κ

pκx
κ

)
≥
∑
κ

pκ log (xκ) .

Since log is strictly concave, this inequality is strict unless xκ = xκ′
for all

κ,κ′. Thus the above inequality is strict unless x = 1. We now further have

∑
κ

pκ log (xκ) =

n∑
i=1

log xi

∑
κ

κipκ =

n∑
i=1

log xi · ∂xi
p(1) = 0,

since ∂xi
p(1) = 1 by double stochasticity and

∑n
i=1 log xi = 0. Therefore,

p(x) ≥ 1 with strict inequality unless x = 1.

Corollary 5.12. Let p ∈ R≥0[x1, . . . , xn] be n-homogeneous with full support.
Then p is uniquely minimized over {x > 0 :

∏
i xi = 1}.
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Proof. By Lemma 5.10, there exists y > 0 such that q(x) = p(y⊙x)
p(y) is doubly

stochastic. By Lemma 5.11, q is uniquely minimized over {x > 0 :
∏

i xi = 1}
at x = 1. Therefore p is uniquely minimized over {x > 0 :

∏
i xi = 1} at

x = y.

As a final remark, we note that Corollary 5.12 can be strengthened to say
that we have unique minimization if and only if p has full support. In fact,
by the proof of Lemma 5.8, the support condition can be weakened to just the
coefficients “nearby” to the all-ones vector. These facts were already proven in
the hyperbolic case in [Gur06a].

5.4 Proof of Theorem 5.1

Let p(x) be an n-variate n-homogeneous SLC polynomial for which
∂x1 · · · ∂xnp = n!

nn Cap1(p) > 0. Define pi(x) = ∂xi |xi=0 p(x) for all i ∈ [n],

let di denote the degree of xi in p(x), and let v = ∇p(1)
n . Our goal is to prove

that p(x) = (
∑

i vixi)
n
.

Step 1: Prove p has full support. By Theorem 5.5 we have

Cap1(pi) ≥ γn,di

(
n− 1

n

)n−1

Cap1(p)

for all i ∈ [n], where γn,di
≥ 1 is as defined in Theorem 5.4. Thus for i = n, by

iteratively using Theorem 5.5 we obtain

n!

nn
Cap1(p) = ∂x1 · · · ∂xnp

= Cap1
(
∂x2

|x2=0 · · · ∂xn
|xn=0 p

)
≥
(
1

2

)1

Cap1
(
∂x3

|x3=0 · · · ∂xn
|xn=0 p

)
≥
(
1

2

)1(
2

3

)2

Cap1
(
∂x4

|x4=0 · · · ∂xn
|xn=0 p

)
≥ · · ·

≥

[
n−1∏
k=1

(
k − 1

k

)k−1
]
Cap1

(
∂xn

|xn=0 p
)

≥ γn,dn

[
n∏

k=1

(
k − 1

k

)k−1
]
Cap1(p)

= γn,dn
· n!

nn
Cap1(p)

≥ n!

nn
Cap1(p),
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which implies all inequalities are actually equalities. The same argument works
for any ordering of the variables, and thus γn,di = 1 and

Cap1(pi) =

(
n− 1

n

)n−1

Cap1(p)

for all i ∈ [n]. Since γn,di = 1 implies di = n by Theorem 5.4, we therefore have
that p has full support by Lemma 5.6.

Step 2: Reduce to doubly stochastic p. By Lemma 5.10, there exists

y > 0 such that q(x) := p(y·x)
p(y) is doubly stochastic. Therefore by assumption

we have

p(y)

y1 · · · yn
· ∂x1

· · · ∂xn
q(x) = ∂x1

· · · ∂xn
p(x) =

n!

nn
Cap1(p).

By Theorem 2.10 and Lemma 5.9, we also have

∂x1
· · · ∂xn

q(x) ≥ n!

nn

since q is doubly stochastic. Combining these gives

n!

nn
Cap1(p) =

p(y)

y1 · · · yn
· ∂x1

· · · ∂xn
q(x) ≥ n!

nn
· p(y)

y1 · · · yn
≥ n!

nn
Cap1(p),

and thus these inequalities must actually be equalities. Therefore

∂x1
· · · ∂xn

q(x) =
n!

nn
,

and if the theorem holds for doubly stochastic q, we would obtain q(x) =(
1
n

∑
i xi

)n
. Thus

p(x) = p(y) · q(y−1 ⊙ x) = p(y) ·

(
1

n

n∑
i=1

xi

yi

)n

,

which implies p is a power of a linear form. Therefore we must have p(x) =
(
∑

i vixi)
n
.

Step 3: Prove p(ei) = 1
nn for all i. From now on we assume that p is

doubly stochastic. By Lemma 5.11, Cap1(p) is uniquely minimized over {x >
0 :
∏

i xi = 1} at 1. Similarly, since pn also has full support and is (n−1)-variate
and (n − 1)-homogeneous, we have that Cap1(pn) is also uniquely minimized
over {x > 0 :

∏
i xi = 1} at some y by Corollary 5.12.
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Now f(t) = p(y1, . . . , yn−1, t) is n-Newton by Lemma 2.9. Thus by Theo-
rem 5.4 we have

Cap1(pn) = ∂tf(0)

≥
(
n− 1

n

)n−1

Cap1(f)

≥
(
n− 1

n

)n−1

Cap1(p)

= Cap1(pn),

which implies all inequalities are actually equalities. In particular,

Cap1(p) = Cap1(f) = Cap1(p(y1, . . . , yn−1, t)),

and since Cap1(p) is optimized uniquely at 1 over vectors with product equal
to 1, we have y = 1 as well. By the above equalities, we also have

∂tf(0) =

(
n− 1

n

)n−1

Cap1(f)

which implies f(t) = (a+ bt)n for some a, b > 0 by Theorem 5.4. Since f(1) =
p(1) = 1 and ∂tf(0) = ∂xn

|xn=0 p(1) = 1 by double stochasticity, we have that

a = n−1
n and b = 1

n . Therefore p(en) = ⟨tn⟩f(t) = 1
nn . Applying a similar

argument to pi implies p(ei) =
1
nn for all i ∈ [n].

Step 4: Prove p(x) =
(
x1+···+xn

n

)n
. Since p is a homogeneous polynomial,

it is sufficient to prove the equality on the standard simplex ∆n. By concavity
of p1/n (see Corollary 2.6), for all x ∈ ∆n we have

p1/n(x) ≥
n∑

i=1

xip
1/n(ei) =

1

n

n∑
i=1

xi.

Concavity of p1/n also implies

p1/n(x) ≤ p1/n(1) +∇p1/n(1)⊤(x− 1) = 1 +
1

n
1⊤(x− 1) =

1

n

n∑
i=1

xi.

Therefore we have(
x1 + · · ·+ xn

n

)n

≤ p(x) ≤
(
x1 + · · ·+ xn

n

)n

.

Since this holds for all x ∈ ∆n, we thus have that p(x) =
(
x1+···+xn

n

)n
for all x.

6 Failure of Rank-One Minimizers

In this section, we prove our main counter results to simple minimizer unique-
ness.
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6.1 Permanent, with both marginals non-uniform

Fix positive r, c ̸= 1 such that ∥r∥1 = ∥c∥1 = n, and consider Matn(r, c) which
is the set of all n × n matrices with non-negative entries and row sums r and
column sums c. Note that this set contains the matrix 1

nrc
⊤. We will now

prove Proposition 1.5, which says that 1
nrc

⊤ never minimizes the permanent
over Matn(r, c) in this case.

Consider the polynomial per(X) on a matrix of variables. The gradient of
this polynomial can be expressed as a matrix, with entries

∇ per(X)ij = per(Xij),

where Xij is the matrix X with row i and column j removed. In particular, we
have

∇ per

(
1

n
rc⊤

)
=

1

nn

∏
k ̸=i

ri
∏
k ̸=j

cj = per

(
1

n
rc⊤

)
· 1

ricj
.

Now, any minimizer of the permanent which lies in the relative interior of
Matn(r, c) must have gradient in W⊥ where W is the linear space parallel
to the affine span of Matn(r, c). The space W consists of all matrices with row
and column sums all equal to 0, and is of dimension n2 − (2n − 1). Thus W⊥

consists of all matrices M with entries of the form

mij = ai + bj

for some ai, bj ∈ R. (Note that the dimension of this space of matrices is 2n−1.)
Now we prove Proposition 1.5. Since 1

nrc
⊤ lies in the relative interior of

Matn(r, c), if it is a minimizer then we need ∇ per
(
1
nrc

⊤) ∈ W⊥ which implies

1

ricj
= ai + bj for all i, j,

for some ai, bj ∈ R. This cannot happen if r, c ̸= 1, by the following result
applied to x = a, y = 1, and z = b.

Lemma 6.1. If for non-zero vectors x,y,z the matrix xy⊤+yz⊤ is rank one,
then one of x, z is collinear to y.

Proof. Suppose y, z are linearly independent. Since xy⊤ + yz⊤ is rank one,
there is some t, s not both zero such that (xy⊤ + yz⊤)(ty + sz) = 0. This
implies

0 = (ty⊤y + sy⊤z)x+ (tz⊤y + sz⊤z)y.

Thus if x,y are linearly independent, then we have

ty⊤y + sy⊤z = 0 = tz⊤y + sz⊤z.

Therefore

0 = t
(
ty⊤y + sy⊤z

)
+ s

(
tz⊤y + sz⊤z

)
= (ty + sz)⊤(ty + sz) > 0,

a contradiction. Thus either x,y are linearly dependent, or else y, z are linearly
dependent.
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6.2 Permanent, with marginals far from all-ones

We now study an example which proves Proposition 1.6. Fix t > 0 and n ∈ N,
and define ϵ := 1

n1+t . Further define α ∈ Rn
>0 and c ∈ Rn+1

>0 via

α :=
(
1−ϵ, 1−ϵ, . . . , 1−ϵ) ∈ Rn

>0 and c :=
(
1+α1, α2, α3, . . . , αn,

n∑
j=1

(1−αj)
)
∈ Rn+1

>0 .

Note that ∥c−1∥1 = 1+(n−2)ϵ+1−nϵ = 2(1−ϵ) < 2, which by Theorem 2.13
implies per(X) > 0 for all X ∈ Matn+1(c). We first have

per

(
1

n+ 1
1 · c⊤

)
=

(n+ 1)!

(n+ 1)n+1
(2−ϵ)(1−ϵ)n−1nϵ =

n!

n(1+t)n
·2− n−1−t

1− n−1−t
· (n

1+t − 1)n

nt(n+ 1)n
.

Now consider the matrix

M =



1 0 0 · · · 0 0

1−
∑1

j=1(1− αj)
∑1

j=1(1− αj) 0 · · · 0 0

0 1−
∑2

j=1(1− αj)
∑2

j=1(1− αj) · · · 0 0

0 0 1−
∑3

j=1(1− αj) · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · ·
∑n−1

j=1 (1− αj) 0

0 0 0 · · · 1−
∑n

j=1(1− αj)
∑n

j=1(1− αj)


.

Note that M ∈ Matn+1(c). The matrix M is upper-triangular, and thus we
have

per(M) =

n∏
k=1

k∑
j=1

(1− αj) =

n∏
k=1

(kϵ) = n! · ϵn =
n!

n(1+t)n
.

We then further have

2− n−1−t

1− n−1−t
· (n

1+t − 1)n

nt(n+ 1)n
≈ 2n(n−1)t· (n− n−t)n

(n+ 1)n
≥ 2n(n−1)t· (n− 1)n

(n+ 1)n
≈ 2n(n−1)t

e2
> 1,

which implies per(M) < per
(

1
n+11 · c⊤

)
for large enough n.
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