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Abstract

The permanent and mixed discriminant of positive matrices are clas-
sic problems for which we do not expect an efficient algorithm for exact
computation. Thus much work has been done to understand how well
we can bound and approximately compute these quantities. One line of
research in this area begins with the results of [ | where van der
Waerden lower bounds of :,'L are proven for doubly stochastic inputs for
both problems, using a simple proof via stable polynomials. Along with
the bound itself, the same techniques are used to show that the perma-
nent and mixed discriminant are uniquely minimized at a certain natural
symmetric input.

In this paper, we generalize those results in two ways. First, we extend
the unique minimization results beyond doubly stochastic inputs to other
marginals which are near doubly stochastic. This yields the first such
unique minimization results for the mixed discriminant beyond the dou-
bly stochastic case. We also discuss why one cannot hope similar results
to hold in general for all marginals. Second, we extend the unique min-
imization result for real stable polynomials to strongly log-concave (aka
Lorentzian) polynomials in the doubly stochastic case. This captures an
analogous previous result on unique minimization for the mixed volume.
Finally, we discuss various open problems related to these results.

1 Introduction

The permanent has received significant attention due to its connections to fun-
damental problems in combinatorics and computer science. This has led to
various questions and answers regarding bounding and approximating the per-
manent under a wide range of different assumptions. One of the most famous
is that of the Van der Waerden conjecture from the 1930s (settled in 1980ish by
[ ; 1), which says
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for all doubly stochastic M € RIF" (i.e, M1 = MT1 = 1), and that M =

%1 .17 is the unique minimizer over this set of matrices.

This fact was, for example, used to give the first deterministic e"-
approximation algorithm for the permanent of a matrix with non-negative en-
tries | ]. Note that computing the permanent is #P-complete and thus
efficient exact computation is not expected to be possible. This is true even
when M € {0,1}"*", where per(M) counts perfect matchings of the associated
bipartite graph.

Around 20 years ago, the first author initiated a line of work which gave
simple proofs of these facts using real stable polynomials and polynomial capac-

ity | : ]. This proof method has the added benefit of also applying
to the mixed discriminant of positive semidefinite matrices | ], and to
some extent to the mixed volume of convex bodies | ]. Later works ex-

tended these techniques to obtain approximation algorithms for various other
combinatorial and probabilistic quantities as well, including the traveling sales-
man problem [ ; ]. These works generalized the doubly stochastic
lower bound and rank-one unique minimization result for the permanent, to
matrices and real stable polynomials more generally which are only “close” to
being doubly stochastic. This extra robustness in the bounds proved to be a
crucial step towards these new applications.

The goal of this paper is then to extend the robust rank-one minimizer
uniqueness results to new regimes. Specifically, we (1) generalize recent unique
minimization results for the permanent to the mixed discriminant, (2) general-
ize coefficient minimization uniqueness for real stable polynomials to strongly
log-concave polynomials, and (3) provide some counterexamples to possible ex-
tensions of these and related results.

In the rest of this section, we state and discuss our main results. See Section 2
for any not-yet-defined notions.

1.1 Main Result: Mixed Discriminant Unique Rank-One
Minimizer

We now extend the fact that %11—r uniquely minimizes the permanent over all

doubly stochastic matrices in a variety of ways. We first recall the definition of

the permanent:
per(M) = Z Hngo(i)

geS, i=1

for a given n x n matrix M. The following is an extension of the unique mini-
mization result for the permanent proven in | ].

Theorem 1.1 (| ). For all n there exists € > 0 such that: for all ¢ such
that |lc — 1|1 < € and Y_._, ¢; = n, the permanent is uniquely minimized by
M = %1 ¢ over the set of non-negative entry n x n matrices with row sums

1 and column sums c.



Our first main result generalizes this to the mixed discriminant, and hence
also reproves Theorem 1.1. Recall its definition:

1
MD(Xy,..., X,) = Ea“ Oy, det (1 X1+ -+ 6, X))

for a given tuple of n X n matrices (Xi,...,X,).

Theorem 1.2. For all n there exists ¢ > 0 such that: for all C' of trace n
and eigenvalues ¢ such that ||c — 1|1 < €, the mized discriminant is uniquely
minimized by (Xq,...,X,) = %(C, ..., C) over n-tuples (X1, ...,X,) of trace-1
PSD matrices such that >, X; = C.

The proof of this result can be found in Section 4, where we also give more
explicit bounds on the value of € required for the result.

We finally note that unique minimization of the mixed discriminant in the
doubly stochastic case (i.e. when ||c — 1||; = 0) was proven in | ] using
the known equality conditions of the Alexandrov-Fenchel inequalities for the
mixed discriminant. We are not aware of such easily understood and verified
conditions in the strongly log-concave case, even for mixed volumes; the proofs
in this paper do not use the Alexandrov-Fenchel inequalities whatsoever. In a
certain sense, the proof path using Alexandrov-Fenchel is hidden in the inductive
proofs of analogues of the Van der Waerden and Schrijver’s inequalities for stable
and strongly-loncave polynomials, where the equality conditions are replaced by
much more elementary convex optimization arguments.

1.2 Main Result: Strongly Log-concave Unique Rank-one
Minimizer

The permanent result and the mixed discriminant result are both obtained by

analyzing real stable polynomials. See Section 2.1 for definitions and discussion

of classes of log-concave polynomials. One general result in this direction is
given as follows.

Theorem 1.3 (] D). For all n, the all-ones coefficient is uniquely mini-
mized by p(x) = (%)n over homogeneous real stable polynomials p such
that p(1) =1 and Vp(1) = 1.

Our second result is to generalize Theorem 1.3 by extending it beyond real
stable to strongly log-concave polynomials [ ] (also called Lorentzian
[ ] and completely log-concave | ). Previous results utilized spe-
cific properties of real stable polynomials, and here we are able to generalize
beyond this setting.

Theorem 1.4. For all n, the all-ones coefficient of p is uniquely minimized by
p(x) = (%)n over homogeneous strongly log-concave polynomials p such
that p(1) =1 and Vp(1) = 1.



We actually prove a more general version of this result based on polynomial
capacity; see Section 5 for the statement and proof.

As a last comment, Theorem 1.4 was proven for volume polynomials (which
are strongly log-concave) in [ ] using a more complicated proof. The main
difference in the proofs comes from the fact that we are able to show an inductive
property of doubly stochastic minimizers; i.e. that the partial derivatives must
also be doubly stochastic. See Step 3 of Section 5.4 for further details. See
also the last paragraph of Section 1.1 for discussion on the connection of these
strongly log-concave results to the Alexandrov-Fenchel inequalities.

1.3 Main Result: Failure of Rank-One Minimizers

To understand the delicateness of the above results, we now provide some neg-
ative results for statements which naturally generalize the above results. The
first result shows why one of the marginal vectors needs to be 1 in the above
results.

Proposition 1.5. For all n and all v,c # 1, the rank-one matriz %rcT does
not minimize the permanent over the set of non-negative entry n X n matrices
with row sums r and column sums c.

And finally, even in the case where the column sums are 1, the row sums
need to be close to 1 for rank-one unique minimization results to hold. We
note that this result already appears in the conference paper | ], but we
include it and its proof here also for completeness.

Proposition 1.6 (| ). For all n, there exists ¢ such that: every non-
negative entry n X n matrix with row sums 1 and column sums ¢ has positive
permanent, but the set of such matrices is minimized on its relative boundary.

The proofs of these results can be found in Section 6.

1.4 Open Questions

A number of open questions remain. First of all, there is another version of the
rank-one unique minimizer question for the mixed discriminant.

Question 1.7. For all n, does there exist € > 0 such that: for all £ such that
[t — 1|1 < eand Y., t; = n, the mixed discriminant is uniquely minimized
by (X1,...,Xn) = L(t11,...,t,I) over n-tuples (Xi,...,X,) of PSD matrices
such that tr(X;) =¢; and Y., X; = I?

This question is natural because it can generalized to all real stable polyno-
mials, as given in the following more general question.

Question 1.8. For all n, does there exist ¢ > 0 such that: for all ¢ such
that ||t — 1|1 < e and Y. | t; = n, the coefficient of z122 -z, is uniquely
minimized by p(z) = X (3 t;z;)" over n-homogeneous n-variate real stable

polynomials p such that p(1) = 1 and Vp(1) = 7



Another natural open question here is related to the tightness of capacity
bounds on a certain inner product applied to determinantal polynomials.

Question 1.9. Fixn < N, fix unit vectors wy, ..., un,v1,...,vxy € C" and fix
0 <ai,...,ay <1suchthat vazl auul = Zfil a;v;vf =T and Ef\il a; =n.
With this, define

N N
x) = det (Z xz\/auluf> ,  q(x) =det (Z acl-\/aj-vmf> .
i=1 i=1

Do we always have that ) paga > n"’ where p,, is the & coefficient of p(x)?

An affirmative answer to this question is actually equivalent to Conjec-
ture 6.1 from | | on the quantum permanent (also known as the Cayley
hyperdeterminant, or 4-dimensional Pascal determinant) of doubly stochastic
separable PSD block matrices. The left-hand side of the inequality in Ques-
tion 1.9 is precisely the quantum permanent of the associated matrix. A weaker
version of the bound (slightly better than e~ see Section 7) in Question 1.9
can be derived from the results of | ], and a more general version of the con-
jecture also appears as Remark 3.10 in | ]. We discuss all of this further
in Section 7.

We further note that the quantum permanent of a general doubly stochastic
PSD block matrix is known to not satisfy such a bound; in fact, it can even
take the value 0. That said, efficiently algorithmically determining precisely
when it is 0 is an open problem [ ; ] whose resolution would yield
efficient algorithms for a version of the famous PIT (polynomial identity testing)
problem.

Flnally, there is quite a bit of literature (e.g. [ ; : ; :

: ; | etc.) on minimizers of the permanent over faces
of the Birkhoff polytope. For example, it is open for many classes of faces of
the Birkhoff polytope whether or not the permanent is minimized in its relative
interior (such faces are called cohesive in the literature; see the survey | D.
We briefly tried to apply techniques from this paper to various classes of such
faces, but we could not immediately obtain anything new. A natural question
is then whether or not this is possible in some cases, and how such statements
would generalize to matrices with column sums 1 and row sums ~ 1.

1.5 AI Declaration

We note that the literature review for the last paragraph of Section 1.4, along
with some testing to see if our results could apply in the context of cohesive
faces of the Birkhoff polytope, was completed with the help of AT (ChatGPT
5.6 Sol). The rest of this paper was created by the authors without the use of
Al except for creating some .bib file entries and some basic Google queries.



2 Preliminaries

Throughout we use standard vector and set notation. We let C, R, Z denote the
complex, real, and integer numbers, respectively. We use a subscript to modify
these sets; for example Z>o denote the non-negative integers. We also use other
sensible notation; e.g. we let R™*™ denote the set of n X n matrices with reel
entries. Also, given x,y € R™ we use < y to denote x; < y; for all i € [n], we
denote £ ®y = (z1y1, ..., TnYn), we denote ¥ = z¥* .- 2¥ (whenever x > 0),
we denote ||| = >, |2;], and we denote (x,y) = > ;| ;.

We will make use of a number of shorthands for various spaces throughout.
Specifically, we define certain matrix spaces:

o Mat,(c) = {M ERVM:M1=1, M'1= c},
e PSD,, = the set of n x n positive semidefinite matrices,

L] MatTupn(C) = {(]\417 R 7Mn) S PSDZ : tI‘(Ml) =1 VZ, Z?:l Mz = C}

2.1 Log-concave Polynomials

Here we give some definitions and useful notation, before recalling a few results
we will make use of.

Definition 2.1. An n-homogeneous polynomial p € Rx¢[z1,...,%,] is real
stable if p(z1,...,2,) # 0 for all z1,..., 2, in the (open) complex upper half-
plane.

Definition 2.2. An n-homogeneous polynomial p € Rsq[z1,...,2,] is
strongly log-concave (SLC) if 97! --- 92 p(x) is either log-concave on RZ,
or identically zero for all a € Z%,,.

Example 2.3. For all A4,...,4, € PSD, the polynomial p(x) =
det (31, x;A4;) is real stable. By considering diagonal matrices, this im-
plies products of linear forms with non-negative coefficients are also real sta-
ble. Finally, for all compact convex bodies K7, ...,K, C R? the polynomial
p(x) =vol (Y, x;K;) is strongly log-concave, but not necessarily real stable.

We will not explicitly use the following, but it is a well-known fact in the
literature.

Proposition 2.4. FEvery homogeneous real stable polynomial is strongly log-
concave.

We note that strongly log-concave is equivalent to Lorentzian | ] and
completely log-concave | ] for homogeneous polynomials. That said,
we also give one other equivalent definition of strongly log-concave which relies
upon the following folklore result in convex analysis.

Lemma 2.5. If p € R[z1,...,2,] is d-homogeneous and x € R™ is such that
p(x) > 0, then the Hessian of logp at x is negative semidefinite if and only if
the Hessian of p*/¢ at x is negative semidefinite.



This leads to the following alternative definition of strongly log-concave poly-
nomials.

Corollary 2.6. If p € Rxg[z1,...,x,] is d-homogeneous, then p is log-concave
on R, if and only ifpl/d is concave on RY,.

We now state a few basic properties of real stable and SLC polynomials from
the literature, which have straightforward proofs. We first need a definition,
which describes the Newton’s inequalities that hold for real-rooted polynomials.

Definition 2.7. A polynomial f € R>q[t] of degree at most n is n-Newton if
for f(t) = > r_o () fut® we have f2 > fr_1fis1 for all k.

Lemma 2.8. Both the classes of real stable and strongly log-concave polynomials
are preserved under taking partial derivatives and under external fields (i.e.

p(x) — % for a e RZ).

Lemma 2.9. Letp € Rxg[z1,...,x,) be d-homogeneous, and fix x1,...,2p_1 €
R>o. If p is real stable then f(t) = p(z1,...,%n_1,t) is real-rooted, and if p is
strongly log-concave then f(t) = p(z1,...,2n_1,t) is d-Newton.

Finally, we generalize some of the notation use for matrices above to poly-
nomials. Specifically we define the following spaces of polynomials:

e HStab, (c) is the set of all n-variate n-homogeneous real stable polynomials
p such that p(1) =1 and Vp(1) = ¢, and

e SLC,(c) is the set of all n-variate n-homogeneous strongly log-concave
polynomials p such that p(1) =1 and Vp(1) = c.

We will also call a homogeneous polynomial p doubly stochastic if p(1) =1
and Vp(1) = 1. Note that this implies p is n-variate and n-homogeneous.

2.2 Polynomial Capacity Bounds

In this section, we recall various results from the literature on polynomial ca-
pacity. Given p € Rx¢[z1,...,2,] and o € RZ, the a-capacity of p is defined
as

T
inf p—( )

Capa (p) = xeRL, ™
>0

We often just say capacity when « is understood from context. Polynomial
capacity has been used in various contexts to lower-bound combinatorial and
probabilistic quantities which are hard to compute. We now recall some of these
bounds, which quantifies the difference between the capacity of a polynomial
and its coeflicients.

Theorem 2.10 (] D). Let p € Rsglz1,...,z,] be a d-homogeneous
strongly log-concave polynomial. Fiz o € RY, such that > ;s =d. Then

pa d a?l .« . ag’!l
_ P S -+ __n
Cap,(p) ~ \a dd



where po 18 the coefficient of ™ in p.

Theorem 2.11 (] , Thm. 5.1]). Let p € Rxo[z1,...,2,] be a d-
homogeneous real stable polynomial. Fiz o € RY, such that Y =d, and
let d; be the degree of x; in

80¢i+1 . 8C¥n
Tit1 wp P S
fori=1,...,n. Then we have
Pa f[ (di> ot (di — )b
Capa(p) - i—2 Q; d?l ’

where po 18 the coefficient of x in p.

It is straightforward to see that the lower bound of Theorem 2.11 is strictly
decreasing in d; for fixed «;. With this, we obtain the following immediate
corollary of Theorem 2.11.

Corollary 2.12. Let p € R>g[z1, ..., 2] be an n-homogeneous real stable poly-
nomial such that p(e;) =0 for some i € [n]. Then

8951 e aznp(w)
Cap; (p)

(n—2)"2(n-1! _ n!
(n—1)2n=3 nn

>

Thee next result now gives a lower bound on the capacity itself for real stable
polynomials under certain conditions on the gradient of the polynomial. This
and similar results were originally used to prove Theorem 1.1 and to improve
the approximation factor for the traveling salesman problem.

Theorem 2.13 (] D). If p € Rlxy,...,z,] is a n-homogeneous real stable
polynomial such that p(1) =1 and ||1 — Vp(1)|1 < 2, then
1—Vp@)[\"
Capl(p) > (1 _ H Qp( )|1> )

Finally, we give one final result on the capacity of product of linear forms.
This result is known in the literature, but we give a short proof here. We note
that this sort of result can also be proven for capacity on completely positive
operators.

Lemma 2.14. For any n X n matriz M with non-negative entries, we have
- 1 (Mz,y)\"
Capy (,Hl(M‘”)i) = (m,z?iomlyl) '
im

In particular,



Proof. Let py(z) =[], (M=);. For all ,y > 0, by AM-GM we have

(x,y) " . 1,1
@) Lo =2ty

i=1
with equality if and only if y; = 2; * for all i € [n]. Thus we first have

1 ) (Mz,y)\" _ . . Tl (Mz);
nm (mqu}io zly? > = ;2% ol Cap, (pur)

By the above equality condition, we also have

n -1
n \zy>0 xly! n® \=z>0 xl(Mx)?!

) = Cap, (pum)

which completes the proof. O

3 Optimizing Forms

In this section, we give some general results on optimizing forms. These results
are mainly about determining what sort of optima a form can have on a given
feasible region. The main result of this section is Theorem 3.5, which proves
that minimizers of symmetric multilinear forms over symmetric compact convex
sets are symmetric, so long as no minimizers occur on the boundary. We will
later use this result to prove our main result on the uniqueness of the rank-one
minimizer for the mixed discriminant. That said, we have decided to state the
results here more generally, as they seem interesting in their own right.

The first result is on quadratic forms which we will bootstrap to prove the
main result.

Lemma 3.1. Let g(x) be a quadratic form on R™, and let S C R™ be a closed
convex set containing no affine lines. If min{q(x) : © € S} has no minimizers
on the relative boundary of S, then it has at most one minimizer in S.

Proof. Suppose min{¢(z) : « € S} has no minima on the relative boundary S,
but u # v are two minima in the relative interior of S. Letting W C R"™ denote
the orthogonal complement to the vector space parallel to the affine span of
S, minimality in the relative interior implies V¢(u), Vq(v) € W. Since ¢ is a
quadratic form, its gradient is a linear form, and thus Vq¢(y) € W for all y in the
line L through u and v. Therefore every y € SN L minimizes g(x) over S. Since
SN L contains a point of the relative boundary of S, this is a contradiction. [

We now prove a few basic convex geometric results.

Lemma 3.2. Fiz a set S C (R™)? with d > 2 and any ws,...,wg € R*. If
T = {(u,v) € (R")? : (u,v,ws,...,wy) € S} contains an affine line, then S
contains an affine line.



Proof. By assumption, (ug,vp) +t - (u1,v1) € T for all ¢ € R. Therefore
(ug, vo, w3, ..., wq)+t-(u,v1,0,...,0) € S for all t € R as desired. O

Lemma 3.3. Fir a closed conver set S C (R™)? with d > 2 and any
ws, ..., wg € R". If (u,v) is on the relative boundary of T = {(x,y) € (R")?:

(x,y,ws,...,wq) € S}, then (u,v,ws,...,wy) is on the relative boundary of
S.

Proof. Fix (u,v) on the relative boundary of T'. Let B C aff(S) be some small
relatively open ball centered at (u,v,ws, ..., w,), and define

B :={(z,y) : (x,y,ws,...,wy) € B}.
Thus B’ is relatively open in aff(7") and contains (u,v). Since (u,v) is
on the relative boundary of T, there exists (u’,v’) € B’ \ T. Therefore
(v, v, ws,...,wg) € B\ S, which implies B ¢ S. Since this holds for any
small ball about (u,v,ws,...,wy), we must have that (u,v,ws,...,wy) is on
the relative boundary of S. O

Finally, we now prove the main result of the section. First we need a defini-
tion.

Definition 3.4. We call a set S C (R")? Sy-invariant if for all (w1, ..., wy) €
S and all o € Sq we have that (w,(1),..., W) € 5.

Theorem 3.5. Let P(x1,...,x4) be a symmetric multilinear form on R™ for
some d > 2, and let S C (R™)? be an Sy-invariant closed convex set containing
no affine lines. If min{P(xq,...,xq) : (X1,...,24) € S} has no minimizers

on the relative boundary of S, then all its minimizers over S are of the form
(w,...,w) for some w € R™.

Proof. If P has no minimizer in S, then we are done. Otherwise suppose
(w1,...,wy) is a minimizer of P over S, which by assumption is contained
in the relative interior of S. Define a function

f(u,v) := P(u,v,ws, ..., wg),

which is a symmetric bilinear form on R™. Further, one can consider ¢(u,v) =
f(u,v) to be a quadratic form on R?>". Thus (w;,wz) is a minimizer of ¢ over
T = {(u,v) € (R")?: (u,v,ws,...,wy) € S}.

Suppose now that min{q(x,y) : (z,y) € T} has a minimizer (uv’,v’) on
the relative boundary of T. Then (u’,v’,ws,...,wy) is a minimizer of P over
S, and also (uw/,v',ws,...,wy) is contained in the relative boundary of S by
Lemma 3.3. This contradicts the assumptions, and thus min{q(x,y) : (z,y) €
T} has no minimizers on the relative boundary of 7. Thus by Lemma 3.1 and
Lemma 3.2, min{q(x,y) : (x,y) € T} has at most one minimizer in T, and
therefore (w1, ws) is the unique minimizer of ¢ over T

But by symmetry of P and Sg-invariance of S, (ws, w;) is also a minimizer
of ¢ over T, and thus w; = w,. By applying the same argument to (w;, w;) for
all 7 # j, we find that there is some w € S such that w; = w for all 4. Thus all
minimizers of P are of the form (w,...,w) for some w € R". O

10



4 Unique Minimizer: Mixed Discriminant

In this section we prove our first main result Theorem 1.2 on the unique min-
imization of the mixed discriminant. Recall that the mixed discriminant is
defined via

1
MD(M,...,M,) = Eag“ - Oy, det (x1 A1 + -+ 20,A5)
for a given tuple of n x n matrices (Aj,...,A,). Our main result can then be

re-stated as follows.

Theorem 4.1. For all n there exists € > 0 such that: for all C' € PSD,, with
eigenvalues ¢ such that tr(C') = n and |c — 1||1 < €, the mized discriminant is
uniquely minimized over MatTup,, (C) at %(C, c,...,C).

More concretely, the result holds for any C' € PSD,, with eigenvalues ¢ such
that tr(C) = n and

O e N R
€1 Cp 2 nh~t(n —2)72

We now prove Theorem 4.1. Fix (A4,...,A,) € MatTup,, (C). We consider

p(x1, ..., x,) = det (Z xiAi> ,
i=1

where the mixed discriminant of Aq,..., A, is proportional to the all-ones co-
efficient of p.

Step 1: Lower bound the capacity of p. Fix z1,...,2, € R. Since
>oi, x;A; is Hermitian, there exist unitary U and diagonal D (dependent on
x) such that

i=1

This implies
n
D= leU*AlU,
i=1
which gives
play, ) = [ Mijz,
i=1j=1

where M;; = (U*A,;U);; > 0 since A; is PSD for all j € [n]. Note that for each

j we have
n

ZMU = Z(U*AjU)ii =tr(U*A;U) = 1,
=1

i=1

11



and for each 7 we have

3

1 j=1

J

n

Thus the column sums of M are 1 and the row sums a of M are majorized
by ¢ (see condition (1) of Definition 4.2 below). We recall some equivalent
definitions of majorization as follows. We will not use all of these, but have
decided to include them for the interested reader.

Definition 4.2 (e.g. | ). Given x,y € R", we say that y majorizes x,
equivalently written & < vy if one of the following equivalent conditions holds:

1. there is a Hermitian matrix with diagonal entries & and eigenvalues vy,
2. || — allj; < ||y — ol for all « € R,

3. =" yiand YF ot < S°F gt for all k € [n], where @t is @

(2
with entries sorted in non-increasing order,

4. there exists D € Mat,, (1) such that Dy = @, and
5. conv(oc-x:0€S,)Cconv(o-y:0€Sy,).

Note that condition (2) of Definition 4.2 implies ||a— 1|1 < ||c—1||;. There-
fore by combining the above with Lemma 2.14 and Theorem 2.13, for all z € RZ
we have

p(z) _ H?:1 (Mz);

T Ty T1- Ty
> Cap, (H(Mw)i> = Cap, (H(MTw)z)
=1 =1

oy la=1h\" o le=1ls
- 2 - 2

whenever ||c —1||; < 2. This implies

Caa(p) = (1- "21”) 1)

Step 2: Apply Theorem 3.5 We note that MD is a symmetric multilinear
form, and that MatTup,,(C) is a compact convex S,-invariant set. Thus to
apply Theorem 3.5, we need to study the relative boundary of MatTup,,(C). A
tuple (A1, ..., A,) is on the relative boundary of MatTup,, (C) if and only if A;
is singular for some ¢ € [n]. In this case, we have

p(ei) = det(Az) = O,

12



which by Corollary 2.12 implies

MD(Ay4,..., A,)
Capl(p)

On the other hand, we compute

MD(C C’)Zdet(C)_cl~-~cn.

Ty e ey

n n

Now if ¢ is such that

_2n—2 -1 n s Cp
(n—2) (1 e ||1) L CLln
nn

n(n — 1)2n=3

we combine (1) and (2) to obtain

MD(A, ..., A,) > 2 :MD<C,...,C>
n n

for all (Ay, ..., A,) on the relative boundary of MatTup,,(C). Therefore we can
apply Theorem 3.5 to conclude that all minimizers of MD over MatTup,,(C) are
of the form (4, ..., A). The only such element of MatTup,,(C) is 2(C,...,0),
and thus this uniquely minimizes MD over MatTup,, (C).

5 Unique Minimizer: SLC Polynomials

The point of this section is to prove Theorem 1.4; that is, to generalize to
strongly log-concave polynomials the fact that the permanent is uniquely min-
imized over doubly stochastic matrices by the multiple of the all-ones matrix.
An analogous fact was proven for doubly stochastic real stable polynomials in
[ ]. Let us explicitly recall Theorem 1.4.

Theorem 5.1. Let p € R>g[z1,...,zy] be n-homogeneous and SLC. If
n!
Oz, O, p(xT) = v Cap,(p) > 0,
then for v = VPT(I) we have p(x) = (3, vix;)".

5.1 Univariate n-Newton Polynomials

To prove Theorem 5.1, we first need a number of facts about the class of n-
Newton univariate polynomials derived from SLC polynomials. Recall the def-
inition of n-Newton in Definition 2.7. The main result of this section is Theo-
rem 5.4, which gives a refined capacity bound for n-Newton polynomials based
on their degree. To prove this, we first need a few basic results on hte capacity
of n-Newton polynomials.
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Lemma 5.2. For any a > 0, we have that

can ((1+2)) = (575)

with the optimum achieved at t = ﬁ

Proof. We compute

1 n 1 n—1 —1
o, 7(1+3t) :7(”3) at- 22 1),
t n t2 n n

and thus the derivative is 0 exactly at ¢t = a(nnfl). Therefore Cap, ((1 + %t)n)
and

is optimized at t = ﬁ

o, ((1420)) = 20 (1) e (1)

Lemma 5.3. Let f,g € Rxq[t] be such that f is of degree at least 2 and g(0) > 0.
Then Cap, (f) is optimized at some to > 0, and if g(t) < f(t) for all t > 0 then

Cap, (g) < Cap,(f).

Proof. The fact that lim;_,q+ @ = +00 = limy_, 4 oo =~ implies the first claim.
Now let ty > 0 be a value of ¢ which optimizes Cap,(f). Then we have

f(to) _ g(to)

>
to to

@)

Cap,(f) =

2 Capl (9)7

which implies the second claim. O

We now prove the mian result of the section. To do this, we make use of the
truncation operator, which “cuts off” terms of a polynomial above a certain
degree. Formally, for d < n we define

n d
truncy (Z cktk> = Z cktk.
k=0 k=0

Theorem 5.4. For all d,n such that 1 < d < n there exist constants v, q > 1
such that:

1. for all n-Newton polynomials f(t) of degree at most d such that 9y f(0) > 0
we have

n—1
atf(o) Z Yn,d (77;1) Capl(f)a

n—1
2. 1= Tn,n < Yn,n—1 <0 < Tn,2 < Yn,1 = (%) ) and

14



3. assuming d > 2 (and 9;f(0) > 0), the inequality of (1) is an equality if
and only if f(t) = truncy [(a + bt)"] for some a,b > 0.
Proof. We define
Cap, ((1+1)")
Cap, (truncy [(1+¢)"])"

n—1
n

Note that v, , =1 and 7,1 = (—) by Lemma 5.2, and vy,.n < Ynn—1 <

Yn,d =

n—1
-+ < Yn,2 < Yn,1 by Lemma 5.3. This implies (2) and the ( <= ) direction of
(3).
Now if d =1 or f(0) =0 then 9;f(0) = Cap;(f). Thus for the remainder of
the proof, we may assume without loss of generality that f(0) = 1 and d > 2.
Since f is n-Newton we have

)+ ()20 (o
)+ )1 ()
~ trunc [(H@f@t)”]_

Note that if f(t) is not equal to g(t) := truncy [(1 + %(O)t) } then the above
inequality is strict for all ¢ > 0. Thus by Lemma 5.3 we have

Cap, (f) < Cap, (trurmd Kl + atf( )y ) D :

n
with strict inequality unless f(t) = truncy Kl + %@t) ] By Lemma 5.2, we

also have Cap, ((1 + &fT(O)tyl) = 0,f(0) (#th. Since

Cap, ((1 + a"fT(O)t)n> B 8tf(0 Cap, ((1+1)")
Cap, (truncd [(1 —+ %@t) n]) B %(O) Capl (truncg [(141)"])

Gy (1))
Cap, (truncg [(1 +¢)"])

= Tn,d>

we therefore have

o 00) (nﬁ 1>”1 = Cap, <(1 I 8tJ;(O) t> ")
= Yn,a Cap; (truncd Kl + atJ;(O)t) ”})

> Y4 Capy (f),
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with strict inequality unless f(t) = truncy [(1 + mt) } By rearranging,

n

this implies (1) and also the (=) direction of (3).

5.2 Support and Capacity of SLC Polynomials

In this section we prove various results on the interaction between support,
capacity bounds, and capacity minimizers for SLC polynomials. The main result
of this section is Corollary 5.7, which gives a capacity-based sufficient condition
for an SLC polynomial to have full support. Note that we do not directly use
Corollary 5.7 in Section 5.4, but instead give the argument used in the proof.
We still give Corollary 5.7 explicitly to unify this section.

First is a more refined version of a derivative capacity bound due to Gurvits,
which was originally used to prove Theorem 2.10.

Theorem 5.5. Let p € R>q[z1,...,2y,] be n-homogeneous and SLC, and let d;
be the degree of x; in p. If Oy, -+ Oy, p(x) > 0 then

n—1

n—1
Cavs (01 op@) = 2 () Cona()

where yp.q, > 1 is as defined in Theorem 5.4.

Proof. Without loss of generality, we assume ¢ = n. Thus for all x € Rggl,

the polynomial f(t) = p(x1,...,2n_1,t) is of degree d,,. Further, d;f(0) > 0 by
assumption, and f is n-Newton by Lemma 2.9.
With this, by Theorem 5.4 we have

n—1

NOEST ( )n_l Capy (/)

which implies

n—1

n—1
Capy (e, |, =0 P(®)) > Ym0 ( ) Cap, (p)

by taking inf over x € R;lgl on both sides. O

Now we prove a basic support lemma for SLC polynomials. This can be
proven using the fact that SLC polynomials have M-convex support, but we
have decided to give a simpler self-contained proof here.

Lemma 5.6. Let p € Rxg[z1,...,2,] be n-homogeneous and SLC. If the coef-
ficient of xI* in p is positive for all i € [n] then p has full support.

Proof. We prove this result by induction on n. Fix p and define
H,={aeA,NZ": (x%)p(x) = 0}.

So as to obtain a contradiction, suppose H, is non-empty and let o be the
vector which maximizes max;c[,) a; over Hy. By possibly permuting variables,
we will assume that oy > ag > -+ > «y,.

16



Case 1: a3 =0 or n < 2. In this case f(t) = p(¢,1,0,...,0) is n-Newton
and has strictly positive t° and t" coefficients by assumption. The n-Newton
property then implies the t* coefficient of f is positive for all 0 < k < n, which
is a contradiction.

Case 2: a3 > 0. In this case a3 < n— 2, which implies the x?‘lxj coefficient
of p is strictly positive for all 7, j by our assumption on a.. Thus 0Oy, |, _o p(x) is
(n—1)-variate and (n — 1)-homogeneous, with strictly positive 27~ coefficients
for all ¢ € [n]. The inductive hypothesis then implies the  coefficient of p is
strictly positive, which is a contradiction. O

The above two results combine to give the mian result of the section.

Corollary 5.7. Let p € Rxqlz1,...,2,] be n-homogeneous and SLC. If
Oy -+ Og, p(x) >0 and

n—1

n

Capy (9z,],,—oP(x)) = ( >n_1 Cap; (p)

for alli € [n], then p has full support.

Proof. So as to obtain a contradiction, suppose p does not have full support.
Then by Lemma 5.6, there exists ¢ € [n] such that the coefficient of z}* is 0 in
p. Thus by Theorem 5.5 we have

Cap; (0, n—1

i

=0 P(®)) = Y, < )n_l Cap, (p),

where d; < n. Since 7,4, > 1 by Theorem 5.4, this is a contradiction. O

5.3 General Capacity Minimizers

This section is devoted to some basic results on capacity minimizers and
uniqueness, most of which can be found in | ]. Note that none of these
results require the SLC property. Recall that a homogeneous polynomial
p € R>q[z1,...,2,] is doubly stochastic if p(1) = 1 and Vp(1) = 1.

Lemma 5.8. Let p € R>g[z1,...,%,] be n-homogeneous with full support. Then
for all ¢ > Cap,(p) we have that K, := {x > 0 : [[,z; = 1, p(x) < ¢} is
compact. In particular, Capy(p) is minimized at some y > 0.

Proof. Let p(x) =, pex”, and let pin > 0 be the minimum coefficient of p.
Fix ¢ > Cap4(p). For any ¢ # j and any « € K. we have
T4

1 T
c> p(az) = anmn >x - j "Plte;—e; > ; * Pmin-
” j j

17



Thus max; ; (i—) < £, which implies z; € [P=i» <] since [[,z; = 1.
J

—  Pmin Pmin
Therefore
Pmin . |"
K. = me{mm,} : z, =1, ple) <c,p,
¢ { c Pmin 1:[ ’ ( )
which implies K, is compact. O

Lemma 5.9. Let p € Rxqg[x1,...,xy] be such that p(1) = 1. Then p is doubly
stochastic if and only if 1 minimizes Cap(p).

Proof. First, 1 minimizes Cap, (p) if and only if

it [logp(e?) — (¢, 1)

is minimized at ¢ = 0. Since logp(et) — (t, 1) is convex and smooth, this is
equivalent to V|,_,logp(e?) = 1, where V|,_,logp(e?) = Vp(1). This is the
same as saying p is doubly stochastic. O

Lemma 5.10. Let p € Rxo[z1,...,2,] be n-homogeneous with full support.
Then there exists y > 0 such that % is doubly stochastic.

Proof. By Lemma 5.8, there exists some y > 0 which minimizes Cap, (p). Let-

ting q(x) = %, we have ¢(1) = 1. Since y minimizes Cap; (p), we have that

1 minimizes Cap(q). Therefore ¢ is doubly stochastic by Lemma 5.9. O

Lemma 5.11. Let p € Rxqz1,...,2,] be n-homogeneous with full support. If
p is doubly stochastic, then p is uniquely minimized over {x > 0: [[, z; =1} at
x=1.

Proof. Let p(x) =), pex'. Using Jensen’s inequality, p(1) = 1 implies

log p(z) = log <anw"> > prlog (x).

Since log is strictly concave, this inequality is strict unless x&* = z*' for all
K, k'. Thus the above inequality is strict unless & = 1. We now further have

n n
an log (z") = ZIngi Z"fipn = Zlngi - 0z;p(1) =0,
K =1 K =1

since d,,p(1) = 1 by double stochasticity and > . ;logz; = 0. Therefore,
p(x) > 1 with strict inequality unless = 1. O

Corollary 5.12. Let p € Rxq[z1,...,2,] be n-homogeneous with full support.
Then p is uniquely minimized over {& > 0: [[, z; = 1}.

18



Proof. By Lemma 5.10, there exists y > 0 such that ¢(x) = %

stochastic. By Lemma 5.11, ¢ is uniquely minimized over {& > 0: [, z; = 1}
at @ = 1. Therefore p is uniquely minimized over {& > 0 : [[,z; = 1} at
T =1y. O

is doubly

As a final remark, we note that Corollary 5.12 can be strengthened to say
that we have unique minimization if and only if p has full support. In fact,
by the proof of Lemma 5.8, the support condition can be weakened to just the
coefficients “nearby” to the all-ones vector. These facts were already proven in
the hyperbolic case in [ ].

5.4 Proof of Theorem 5.1

Let p(x) be an n-variate n-homogeneous SLC polynomial for which

Oz, Oy, p = %Capl(p) > 0. Define p;(x) = 0O, xi:Op(w) for all i € [n],

Vp(1)
n

let d; denote the degree of z; in p(x), and let v =
that p(z) = (3, viz;)".

. Our goal is to prove

Step 1: Prove p has full support. By Theorem 5.5 we have

n—1

n—1
Capy (pi) > Yn,d; ( ) Cap, (p)

for all ¢ € [n], where v, 4, > 1 is as defined in Theorem 5.4. Thus for i = n, by
iteratively using Theorem 5.5 we obtain

n!
o Capy(p) = Oz, =+ Or,p
=C

(

o)
[T ()

k=1

n!
R Cap,(p)

&

P1 (61'2‘1:2:0 U 81n wn:Op)

[

Capl (8333 |w3:0 T 83771 |wn:0 p)

vV
7 N

N~ N~
N~

1 2 2
<3) Capl (814|x4:0 e axn‘xnzop)

Y

Y

Capy (0s, |, —oP)

Cap; (p)

n!
> o Cap, (p),
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which implies all inequalities are actually equalities. The same argument works
for any ordering of the variables, and thus 7, 4, = 1 and

Cap, (pi) = (n — 1>n1 Cap; (p)

n

for all i € [n]. Since vy, 4, = 1 implies d; = n by Theorem 5.4, we therefore have
that p has full support by Lemma 5.6.

Step 2: Reduce to doubly stochastic p. By Lemma 5.10, there exists
y > 0 such that ¢(x) := % is doubly stochastic. Therefore by assumption

we have

p(y) n!
L0, -y, =0y, O, =0 .
o q(x) p(z) = Capy (p)

By Theorem 2.10 and Lemma 5.9, we also have

n!
O, Oz, q(xz) > nn

since ¢ is doubly stochastic. Combining these gives

n! r(y) n!  p(y) n!
2 =22 9, 0y, PG AL AN ¢ ,
o Capa(p) — g(x) > 2 g S apy (p)

and thus these inequalities must actually be equalities. Therefore

|
axl e 8wr,LQ(w) = o

nn’

and if the theorem holds for doubly stochastic ¢, we would obtain ¢(xz) =
(L3, 2;)". Thus

p(x) =py)-a(y™  ©x) =p(y)- (:LZ z> ;
i=1 ¢

which implies p is a power of a linear form. Therefore we must have p(x) =

(2 viwa)"™.

Step 3: Prove p(e;) = - for all i. From now on we assume that p is
doubly stochastic. By Lemma 5.11, Cap4(p) is uniquely minimized over {x >
0:][; z; =1} at 1. Similarly, since p,, also has full support and is (n—1)-variate
and (n — 1)-homogeneous, we have that Cap,(p,) is also uniquely minimized
over {z > 0:]], z; = 1} at some y by Corollary 5.12.
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Now f(t) = p(y1,..-,Yn—1,t) is n-Newton by Lemma 2.9. Thus by Theo-
rem 5.4 we have

Capy (pn) = 0:£(0)
n—1
> (n_l) Cap, (f)

n

> (n — 1>n_1 Cap, (p)

n

= Capy (pn),

which implies all inequalities are actually equalities. In particular,

Cap, (p) = Cap, (f) = Capy(p(y1,- -, Yn—1,1)),

and since Cap, (p) is optimized uniquely at 1 over vectors with product equal
to 1, we have y = 1 as well. By the above equalities, we also have

n —

o0 ( 1)"1 Capy (/)

which implies f(t) = (a + bt)™ for some a,b > 0 by Theorem 5.4. Since f(1) =

p(1) =1 and 0, f(0) = Oy, ,, _oP(1) = 1 by double stochasticity, we have that
a = "1 and b = L. Therefore p(e,) = (t")f(t) = -%. Applying a similar
argument to p; implies p(e;) = -1 for all i € [n].

nn

Step 4: Prove p(x) = (%)n Since p is a homogeneous polynomial,

it is sufficient to prove the equality on the standard simplex A,,. By concavity
of p*/™ (see Corollary 2.6), for all z € A,, we have

n 1 n
1/n > /(o) — — -
pl/"(x) > ;wzp (€)=~ ;xz

1/n

Concavity of p*/™ also implies

1
1/n < 1/n 1/n T _ _ —qT _ _ X
P (a:)_p (1)+Vp (1) (:L' 1)—1+n1 (CL‘ 1)—anl.

Therefore we have

n n
<x1+"'+x”) <p(z) < (x1+"'+xn> .

n n

Since this holds for all & € A,,, we thus have that p(z) = (2+-422)" for all .

6 Failure of Rank-One Minimizers

In this section, we prove our main counter results to simple minimizer unique-
ness.
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6.1 Permanent, with both marginals non-uniform

Fix positive r, ¢ # 1 such that ||r||; = |||z = n, and consider Mat,, (7, ¢) which
is the set of all n x n matrices with non-negative entries and row sums r and
column sums c. Note that this set contains the matrix %rc—r. We will now
prove Proposition 1.5, which says that %rc—'— never minimizes the permanent
over Mat,,(r, ¢) in this case.

Consider the polynomial per(X) on a matrix of variables. The gradient of

this polynomial can be expressed as a matrix, with entries
V per(X);; = per(Xi;),

where X;; is the matrix X with row ¢ and column j removed. In particular, we

have ) . ) .
V per (rcT) = — H 5 H cj = per <rcT) . .
n n" X . n TiCj
k#i  k#j

Now, any minimizer of the permanent which lies in the relative interior of
Mat,, (7, c) must have gradient in W+ where W is the linear space parallel
to the affine span of Mat,,(r, ¢). The space W consists of all matrices with row
and column sums all equal to 0, and is of dimension n? — (2n — 1). Thus W+
consists of all matrices M with entries of the form

mij = a; -I-b]

for some a;,b; € R. (Note that the dimension of this space of matrices is 2n—1.)
Now we prove Proposition 1.5. Since %rcT lies in the relative interior of

Mat,,(r, ¢), if it is a minimizer then we need V per (%TCT) € W+ which implies

1

’I“iCj

= a; —+ bj fOI‘ all i,j,
for some a;,b; € R. This cannot happen if r,c # 1, by the following result
applied to x = a, y =1, and z = b.

Lemma 6.1. If for non-zero vectors x,y, z the matriz xy ' +yz ' is rank one,
then one of «, z is collinear to y.

Proof. Suppose y, z are linearly independent. Since zy' + yz ' is rank one,
there is some t, s not both zero such that (zxy' + yz")(ty + sz) = 0. This
implies
0=(ty'y+sy z)x+ (tz'y+sz' 2)y.
Thus if x, y are linearly independent, then we have
tyly+sy z=0=tz'y+sz'z.
Therefore
0=t (tyTy + syTz) +s (tzTy + ssz) = (ty + sz) " (ty + sz) > 0,

a contradiction. Thus either @,y are linearly dependent, or else y, z are linearly
dependent. O
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6.2 Permanent, with marginals far from all-ones

We now study an example which proves Proposition 1.6. Fix ¢t > 0 and n € N,
and define € := —~. Further define a € RZ; and ¢ € RZ{" via

n
o= (1—6,1—6,...,1—6) e RY, and c:= (1+a1,a2,a3,...,an,Z(l—aj)) ERZ#.
j=1

Note that [[e—1||; = 1+ (n—2)e+1—ne = 2(1—¢€) < 2, which by Theorem 2.13
implies per(X) > 0 for all X € Mat,,+1(c). We first have

L) e M 2-n (o)
e <n+11'“ > = g 1 O e = e T e i 1)

Now consider the matrix

i 1 0 0 0 0
1 1
1723‘:1(1*0‘3') Zj:zl(lfaj) ) 0 0 0
0 1_Zj:1(1_0‘j) Zj:1(1_0‘j) 0 0
M= 0 0 1-30 (1—ay) 0 0
0 0 0 S ay) 0
L 0 0 0 1_2?:1(1_0‘.7') Z?:1(1_04j)_
Note that M € Mat,+1(c). The matrix M is upper-triangular, and thus we
have i
. & n!
k=1j=1 k=1
We then further have
2-n " (1) opn-1t (M=) o ey (=) op(n—1)t .1,

1—n=1=t ntn+1)n (n+1)n = (n+1)" e2

1
n+1

which implies per(M) < per ( 1- cT) for large enough n.

7 An Aside on the Quantum Permanent

In this section, we recall the definition of the quantum permanent, and then
derive the weaker bound for Question 1.9 mentioned above. We then use this
bound to also derive some interesting bounds on the mixed discriminant of PSD
matrices.
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7.1 The Quantum Permanent

Recall that a linear operator T' : R"*™ — R™*" is completely positive (CP)
if

N
T(X)=) A;XA
=1

for some complex n X n matrices Aq,..., Ay, and such an operator is said to
be doubly stochastic if

T(I,) =1, and T*(I,) =1I,,
where

N
TH(X) =) A XA
i=1

A CP operator is called separable (or entanglement-breaking) if the A; matrices
are rank-one; i.e. A; = u;v} for some u;,v; € C™ for all ¢ € [N].

The quantum permanent (QP) is then an important quantity one can
compute from a given CP operator. It is given by

et (i A) - <det (i A> et <§ A> >

where the expectation is over i.i.d. standard complex Gaussians z1,..., 2y and
the inner product is the unique (up to scalar) unitarily-invariant inner product
on N-variate homogeneous polynomials of degree n. For example, (p,q) =
p(0x)q(x) has the correct normalization.

We now describe an alternative equivalent approach for separable doubly
stochastic CP operators. For such an operator T', we have a (not necessarily
unique) representation via

QP(T)=E

N
T(X) = Zaiviu;‘Xuiv:‘,
i=1

where u;, v; € C" are unit vectors and 0 < a; < 1 for all ¢ € [N], and

N N N
E auu; = E a;v;iv; =1, and E a; = n.
=1 =1 =1

In this case, the quantum permanent can be written as

QP(T) = (p,q),

where the inner product is the coefficient-wise dot product and

N N
p(x) = det (Z Z; aiuiuf> and ¢(x) = det <Z xi\/avivf> .
i=1

i=1
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This is precisely the quantity we want to lower-bound in Question 1.9. We note
that in fact this coefficient-wise dot product is also the unitarily-invariant inner
product.

7.2 Bounding Separable Quantum Permanents

With this, we can use results of | ] to prove a lower bound on the quantum
permanent of T' in this separable doubly stochastic case. Noting that the poly-
nomials in the inner product are multiaffine, we apply Theorem 1.1 of | ]
to obtain
QP(T) > (1 ay'e inf P2)IW)
z,y>0 (zy/a)®

N N b
where ab := [[,-, a;b; and a® := [[,_, a’.

To lower-bound the infimum, note that log p(e¥) and log ¢(e¥) are both con-
vex on R™ since p and ¢ have non-negative coefficients (by Hélder’s inequality).
Note then that for y = %loga we have

N -1
Oy, log p(e¥) = e¥iy/a,u;] ( g e¥ aiuiui> u; = aq;
i=1

for all i € [N]. Thus logp(e¥) —y-a is convex with zero gradient at y = 3 loga,
which implies

p(@) _ p(v/a)

ze = (Vay
The same thing holds for ¢, and since p(y/a) = ¢(v/a) = 1, we therefore have

p@)aly) _ p(Va)a(/a)
(zy/a)> = (a/a)e

for all > 0.
Applying this to the quantum permanent bound given above, we obtain

QP(T) > (1 —a)=@ > (1 - %)an > e, (3)

where the second inequality follows from the fact that Hf;l(l —t;)t7t s log-
convex on {t € [0,1]N : 1Tt = n}. For a stronger bound, Carathéodory’s
theorem says N < n*, giving a lower bound of

n(n®-1)
QP(T) > (1 - 13) .

n

Note that we can remove the usual +1 from Carathéodory’s theorem because
of the affine double stochasticity constraint.
The above discussion then leads to the following.
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Theorem 7.1. If T : R™"*"™ — R"*™ 4s a separable completely positive operator,
we have

(n3-1)
Cap(T) > QP(T) > (1 - nl) Cap(T) > e~ Cap(T),

where Cap(T) = infx g %(%))'

The upper bound on QP(T) given in Theorem 7.1 was proved in | .
We note that even this bound is not valid for general CP operators; the identity
map already shows that at best we have n!Cap(T) > QP(T), and in fact this
holds in general.

7.3 Mixed Discriminant Bounds from the Quantum Per-
manent
We note that Theorem 7.1 implies an interesting corollary on the mixed dis-

criminant of doubly stochastic tuples of matrices. Fix n x n PSD matrices
Ay, ..., Ay, given by

n
A; = E AijUijv;;
=1

for all ¢ € [n], where v;j € C™ are unit vectors for all 7, j. Then define

T(X) = Z Z /\ijvije;‘Xeivfj.

i=1 j=1

For all k € [n], this implies

T(ekeZ) = Z )\kjvkjv,ﬁj = Ak,

Jj=1

and T'(eqe;) = 0 whenever a # b. Thus if (A4,...,A4,) is doubly stochastic
(ie., tr(4;) =1 for alli € [n] and Y. | A; = I,,) then we have

n! MD(Al, Ceey An) = QP(T) > H (1 _ )\ij)lf)u;j7
ij=1

where the equality follows from Eq. (15) of (the arXiv version of) [ ] and
the inequality follows from (3). (The n! comes from the usual normalization of
the mixed discriminant, which we adopted in this paper.)

This mixed discriminant bound is a generalization (with simpler proof) of
the permanent inequality of Gurvits which was used to settle the asymptotic
Friedland’s lower matching conjecture in | ; ]. We note that the Bethe
approximation used for the permanent in those works is not applicable to the
mixed discriminant.
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Majorization of the diagonal entries by the eigenvalues then gives another
lower bound on the mixed discriminant. Since [[;;_, (1~ tij)} 7t is log-convex,
it is maximized over any convex set at the extreme points. Thus in the above
lower bound is maximized over all choices of ¢;; in the permutohedron defined
by ()‘ij)?,jzl' Since the sequence of diagonal entries of the matrices Ay,..., A,
lies in this permutohedron by majorization, we thus further have

’I’L'MD(A]_, .. aAn) = QP(T) > H (1 _ aij)l—(lqij’
ij=1
where a;; = (A;);; is the jth diagonal entry of A; for all ¢, j € [n].

7.4 Doubly Stochastic PSD Operators

As a final note, we obtain a van der Waerden type bound for a the class of
doubly stochastic PSD operators, with respect to the Frobenius (trace) inner
product. That is, we will show that QP(T) > :' for all such operators T'.
Note that an operator T is doubly stochastic and PSD whenever T'(I) = I
and there exists a PSD operator S such that T = S2. Since T, S are Hermitian,

we can consider their spectral decompositions:

N N
T(X) =Y AVi(Vi, X) and S(X) =Y VAVi(V;, X),

i=1

where A; > 0 and (V;,V;) = 0 for all ¢ # j. Since tr(X) = (I, X) =(T'(I),X) =
(I,T(X)) = tr(T(X)), we thus have A\; = 1 for all V; with non-zero trace.
Therefore T'(I) = S(I), and thus S is also doubly stochastic.
We now bound QP(T"). Another formulation of the quantum permanent is
given by
QP(T) = (det(T(X)), det(X)),

where the inner product is given by (P,Q) = P(9x)Q(X). Note that this
normalization implies (det(X), det(X)) = n! as expected. Now note that

(tx(X))", P(X)) = V}P(X) = nlP(])
for all n-homogeneous P. Thus
((tr(X))", det(S(X))) =n! and ((tr(X))", (tr(X))") = nln".
Since S = S*, unitary invariance of the inner product implies
QP(T) = (det(S*(X)), det(X)) = (det(S(X)), det(S(X))),
and by Cauchy-Schwarz we have
nl = (t(X))", det(S(X))) < [|(tx(X))"]| - | det(S(X))]| = v/nlnmQP(T).

Rearranging then implies the desired bound QP(T) > 2L

nn
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