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Abstract

An outstanding open problem asks if there exists a boolean matrix with unbounded sign-rank, but
bounded randomised communication complexity. We make progress towards this question by proving
lower bounds against real linear sketches (a model weaker than sign-rank): Alice and Bob send few linear
measurements to a referee, who makes a decision based on the evaluation of a low-degree polynomial.
Our proof uses the Combinatorial Nullstellensatz and the rank method from algebraic circuit complexity.
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1 Introduction

The sign-rank rk4 (M) of a boolean matrix M € {0, 1}V*¥ is the least rank of a real matrix S € RV*¥ such
that sgn(S;;) = (—1)Mi for all 4, 5. This notion was introduced by Paturi and Simon [PS86] and it has since
been extensively studied in communication complexity and learning theory (see Section 1.4 for references).
It corresponds to one of the most powerful models of communication, unbounded-error protocols. In fact, it
is so powerful that several non-trivial matrices can have constant sign-rank, independent of matrix size N:

— The EQUALITY (or identity) matrix (ij-th entry is 1 iff ¢ = j) has sign-rank 3.
— The GREATER-THAN matrix (ij-th entry is 1 iff j > 4) has sign-rank 2.

— The k-HAMMING DISTANCE (k-HD) matrices (rows/columns indexed by binary strings; entry is 1 iff
Hamming distance between the strings equals k) have sign-rank 2°0®*) [GHIS25].

The final example, in particular, is surprising: before the constant upper bound was discovered, several
papers [HHP ™22, HHM?23] had put forth the conjecture that k-HD should require super-constant sign-rank.

Our problem. Despite decades of study, several fundamental problems about sign-rank remain poorly
understood. In this paper, we address the following outstanding problem, which compares sign-rank with
(public-coin) randomised communication complexity (R). The problem was first asked by Linial, Mendelson,
Schechtman, and Shraibman [LMSS07] (although our formulation is from [HHP'22]). Tt asks “merely” to
prove a super-constant sign-rank lower bound for a specific structured matrix. Nevertheless, the example
of k-HD demonstrates how tricky matrices of constant sign-rank can be.

Problem 1. Exhibit a matrix M with R(M) < O(1) but rka (M) > w(1).

This problem has several equivalent interpretations in communication complexity and learning theory,
arising out of the many ways in which the class of matrices with R(M) < O(1) can be characterised (constant
discrepancy, point—halfspace arrangements with constant margin, PAC learnable under pure differential
privacy); see Section 1.4 for these connections.

What makes Problem 1 particularly interesting is that most existing techniques yield lower bounds not
only on rky (M) but also on R(M). Indeed, Hatami, Hatami, Pires, Tao, and Zhao [HHP22] discuss how
existing methods (e.g., [PS86, For02, APPT05, AMY16]) all fail to resolve this problem. So far, the problem
has been solved for partial matrices by Hatami, Hosseini, and Meng [HHM23] who developed a novel lower-
bound technique based on the Borsuk—Ulam theorem. For total matrices, Problem 1 has emerged as one of
the foremost open problems in the study of constant-cost communication (introduced in [HHH23, HWZ22]
and surveyed in [HH24]) that treats two complexity measures as “equivalent,” if they can be bound as
functions of one another, independent of N; see Figure 1.

The k-HD matrices stood as promising candidates (proposed in [HHPT22, HHM23]) to witness the
separation in Problem 1, until the constant upper bound was discovered [GHIS25]. Currently, there exists
only one known candidate matrix in the literature that is due to Sherstov and Storozhenko [SS24].

Our contributions. The goal of this paper is to make progress on Problem 1:

e We introduce a new communication model called real linear sketching (see Section 1.1). This model is
weaker than sign-rank, but it captures the sign-rank upper bound for k-HD from [GHIS25].

e We resolve an analogue of Problem 1 by ruling out a class of constant-cost sketching protocols for
the Sherstov—Storozhenko matrix (see Section 1.2). In particular, this means that the sign-rank upper
bound technique from [GHIS25] does not extend to the Sherstov—Storozhenko matriz. Our lower bound
will crucially use the Combinatorial Nullstellensatz and the central rank method from algebraic circuit
complexity.
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Figure 1: Relationships between complexity measures. An arrow C; — C; means that there is some
function a: N — N such that Co(M) < «(Cq(M)) for all matrices M. For example, the standard matrix
rank (rk) is equivalent to deterministic communication complexity (D) since logrk(M) < D(M) < 2:k(M),
In this paper, we introduce the sign-sketch (ski) and support-sketch (skg) complexities, which are naturally
related to sign-rank (rky) and support-rank (rkg). Problem 1 asks to show there is no arrow R — rk.

1.1 Owur model: Real linear sketches

From now on, we restrict our attention to 2™-by-2" boolean matrices corresponding to two-party functions
of the form f: {0,1}" x {0,1}"* — {0,1}. In the following definition, the way a two-party function f has
chosen to represent its inputs (i.e., rows/columns) as n-bit strings is important: relabelling the inputs might
change the sketching complexity of the function (which is not true for usual communication protocols).

Definition 1 (Sketch protocols). In a sketch protocol, Alice receives input = € {0,1}" and Bob
receives input y € {0,1}". The players each send k linear measurements Az € R* and By € R*
(where A, B: R — R* are linear maps) to a third-party referee, who then makes a decision based
on evaluating a fixed, degree-d, real polynomial P: R?* — R on the 2k measurements (Az, By). We
consider two possible acceptance criteria:

— Sign-sketch: Referee accepts iff P(Axz, By) > 0.
— Support-sketch: Referee accepts iff P(Axz, By) # 0.

The cost of such a protocol is k + d. For a function f: {0,1}"™ x {0,1}™ — {0,1}, we define its
sign-sketch complexity ski(f) as the least cost of a sign-sketch protocol that computes f correctly.
The support-sketch complexity sko(f) is defined similarly.

Figure 1 shows how these new sketch complexities are related to previously studied measures. It is easy to
see that ski (f) < 2sko(f), since we can simply square the polynomial P. Moreover, it is not hard to see that
sign-sketches imply upper bounds on sign-rank (see Section 5 for the proof). Analogously, support-sketches
imply upper bounds on support-rank tko(M), defined as the least rank of an S € RV XN such that M;; =0
iff S;; = 0, that is, M and S have the same support. Studying support-rank has proven particularly useful
in past work, as it enjoys closure properties (A and V) incomparable to those for sign-rank (- and @®).

To better grasp our new model, consider the following examples.

(E1) The negation of EQUALITY (EQ) admits a constant-cost support- sketch, that is, sko(-EQ) < 2.
Each player just sends a single measurement, Az = .., 2'x;, and B := A. The referee then tests
whether Az # By via the 2-variate degree-1 polynomial P(a,b) := a—b. By contrast, we claim that EQ
itself has unbounded support-sketch complexity, sko(EQ) > w(1). This follows from the stronger fact
that its support-rank is unbounded; in fact, rko(EQ) = 2™.

(E2) Our most important example is k-HAMMING DISTANCE. It is our chief motivation for the sketching
model: the constant sign-rank upper bound from [GHIS25] can, in fact, be witnessed by a support-



sketch. In particular, the technique of the paper yields sko(HDxx) < O(k?) where HD sy (z,y) = 1 iff
the Hamming distance between x,y € {0,1}" is at least k.

(E3) Every function admits a support-sketch with & = 1. Indeed, the players choose A and B to be injective
on their input domain {0,1}" (e.g., as in (E1)). The referee can then use interpolation to design a
polynomial of huge degree (exponential in n) that vanishes precisely on {(Az, By) : f(z,y) = 0}.

(E4) The parity function has sky(XORg,) = 2n. This is because a degree-d sign-sketch (regardless of k)
implies a degree-d sign representation (aka polynomial threshold representation) for f(z,y), that is,
a polynomial @ such that sgn(Q(z,y)) = (=1)7@¥. Tt is a classic fact going back to Minsky and
Papert [MP69] that the parity function requires full sign-degree (degy ), namely deg, (XORz,) = 2n.

The examples (E1) and (E4) demonstrate that our sketching models are incomparable to deterministic
communication complexity, that is, there are no arrows sky — D and D — sk4 in Figure 1. While
example (E4) identifies sign-degree as a lower bound on sketching complexity, sky (f) > deg, (f), our goal is
to obtain sketching lower bounds even for functions of constant sign-degree, deg (f) < O(1). This includes,
in particular, the Sherstov—Storozhenko function to be introduced next.

1.2 Main results

The Sherstov—Storozhenko [SS24] function is defined as follows. For input length n = m? we interpret the

inputs z,y € {0,1}" as m-by-m boolean matrices, denote by x @ y their modulo-2 sum, and set

0 else.

In other words, SS(x,y) = 0 iff the l-entries of x ® y form a combinatorial rectangle (set of rows X set of
columns). Note that if the inputs to SS are restricted to be diagonal matrices, we recover the function HDss.
We conjecture that SS is strictly harder than HDx, for sign-rank, that is, rky (SS) > w(1), and thus SS
would witness the separation in Problem 1 (it is known [SS24, GHR25] that SS admits a constant-cost
randomised protocol). However, at present, we are not able to show rko(SS) > w(1) nor sk (SS) > w(1).
Instead, our main result shows a support-sketch lower bound. This implies, in particular, that the sign-rank
upper bound technique for HD>j, (example (E2)) does not extend to SS.

Theorem 1. sko(SS) > Q(n!/%).

To prove Theorem 1, we rely on several tools (Combinatorial Nullstellensatz and the rank method) that
have not been previously used in the study of sign-rank; see Section 1.6 for a detailed proof overview.

Extension: Boolean closure. Support-rank lower bounds can some-
times feel brittle as the measure is not closed under complement. For —

instance, recall from (E1) that rko(—-EQ) < O(1) while rko(EQ) > w(1). / \

In fact, one can show that rko(—=SS) > w(1) simply because =SS con- sk K,

tains an unbounded-size EQ sub-matrix. To make sure that a support-

rank/sketch result such as Theorem 1 is truly non-trivial—and hence pro- \ — / \
vides some evidence that the sign-rank, too, is unbounded—it is desirable sko rko
to extend the result to hold even against boolean closures. Formally, an n- \ /
bit two-party function f is a boolean combination of some n-bit functions sk

fi, ..., [z if there exists some combining function I': {0,1}* — {0, 1} such 0
that f(z,y) = T(fi(z,y),..., fi(z,y)) for all z,y. We define the boolean
closure tko(f) of support-rank as the minimum Y, rko(f;) over all ways
of expressing f as a boolean combination of {f;}. The analogous closure

Figure 2: Boolean closures of
support-rank /sketch.



for support-sketches, skq(f), is defined similarly. Figure 2 illustrates how these measures relate to existing
ones (see Section 5 for proofs). In particular, the boolean closures are still efficiently simulated by the
corresponding sign measures.

We indeed show our Theorem 1 can be strengthened to hold against boolean closures. The paper [GHIS25]
asked to prove lower bound against rky as a milestone towards Problem 1; the following theorem carries this
out for the support-sketch model.

Theorem 2. sko(SS) > w(1).

1.3 Connection to algebraic circuit complexity

A support-sketch can also be viewed as a constrained form of a nondeterministic polynomial representation.
A nondeterministic polynomial for a boolean function f is a polynomial @ € R[x] such that

Qlr) #0 < f(z)=1.

This notion was introduced by de Wolf in the context of quantum query complexity [DWO03]. In our setting,
the polynomial is required to have the more structured form Q(z,y) = P(Ax, By), where A and B are rank-k
linear maps and P has degree d. This can also be viewed as a form of depth-3 algebraic circuit complexity.
If Ax = (41(x),...,¢x(z)) and By = (bg+1(y), ..., lax(y)), then

2k
P(ﬁl,...,fzk) = Z CaHE?ia

lol<d  i=1

which gives a XII¥ circuit with product fan-in (middle layer) at most d and top fan-in at most (Qk;d).
Moreover, all of its bottom linear forms lie in a space of dimension at most 2k. The dimension of span of
bottom linear forms is known as rank of the depth-3 circuit [SS11, SY10], which is the minimum number of

independent variables needed to express the circuit. In general, consider a real XIIY circuit

and let r be its rank. In particular, r < td. It is easy to see that
d+r/2 <sko(C) < d+r.

This gives a rephrasing of our main result (Theorem 1) as a real algebraic circuit lower bound.

Theorem 3 (XIIX lower bound). Let C(z,y) be a real EIIX circuit with rank r and mazimum product
fan-in d such that, on boolean inputs x,y € {0,1}",

C(z,y) #0 < SS(z,y) = 1.
Then, r+d > Q(n'/%).
This lower bound is particularly curious in the context of Polynomial Identity Testing (PIT); see surveys

[Sax14, SY10]. Indeed, testing whether SS(z,y) = 1 is a simple PIT problem over Fy. Let M = z @ y be
viewed as an m-by-m matrix over Fo. Define a polynomial pys: (F3*)* — Fo of degree four as

T T
ay Mbya, Mb2> = (af Mby)(a] Mby) + (af Mbs)(a] Mby).

pa(ar, az, b1, by) = det (aQTMbl v



It is easy to see that
vy =0 < I'k]FQ(M) < 1.

Thus, evaluating pys at random points ai,az2,b1,be € F5* gives a constant-query, one-sided-error test for
whether rkg, (M) > 1. This is indeed the idea behind the constant-cost protocol for SS [SS24, GHR25].
Moreover, for every fixed choice of a1, as, by, ba € F5', the polynomial

C(x,y) = pu(ar, az, b1, by) = (af (z B y)b1)(ag (x & y)ba) + (af (z B y)ba)(ag (x & y)by)

is a Fo-XIIX circuit with top fan-in and product fan-in 2, and rank at most 4. Moreover, it is easy to see
that for a random choice of such C, if SS(x,y) = 1, then C(z,y) = 1 with probability at least 27%; and also
if SS(z,y) = 0, then always C(x,y) = 0. Taking constantly many samples results in the following statement.

Theorem 4. There is a distribution over Fo-XIIY circuits C' of constant rank and constant product
fan-in such that
PrC(z,y) = SS(x,y)] > 2/3.

Moreover, the error is one-sided; if SS(x,y) = 0 then C(z,y) = 0.

1.4 Motivation and related work

Unbounded-error communication. Paturi and Simon [PS86] showed that sign-rank characterises the
communication complexity in the unbounded-error communication model (U), where randomness is private
and the success probability is required to be strictly larger than % Specifically, they showed that

U(M) =logrks (M) £ O(1).

In particular, this means U <— rky in the language of Figure 1. Newman’s theorem [New91] states that
public-coin randomness can be converted into private-coin randomness with just O(logn) communication
overhead. Thus, in particular, U(M) < R(M) + O(logn). From this perspective, Problem 1 asks whether
one can get rid of the O(logn) dependence in this application of Newman’s theorem.

Margin and learning theory. There is also a geometric formulation via the margin complexity mar(M)
of a sign matrix M € {£1}V*¥. This is defined by

mar(M) = supmin |{u;, v;)],
i,]

where the supremum ranges over all dimensions and all unit vectors u,;,v; satisfying M;; = sgn(u;,v;).
Sign-rank asks for a realisation in low dimension, whereas margin asks for a realisation with a large sep-
aration from the defining hyperplanes, with no restriction on the dimension. Constant-cost randomised
protocols give constant-margin representations and vice versa [LMSS07]; that is, we have “R +— mar”
in the language of Figure 1. Thus Problem 1 can be viewed as asking whether constant margin implies
constant-dimensional sign representations. Margin is a fundamental parameter in learning theory that con-
trols the sample complexity of the support vector machine algorithm. The paper [LMSS07] observed that
one can use the Johnson-Lindenstrauss lemma (in place of Newman’s theorem) to upper bound sign-rank
using margin with logarithmic dependence on the size of the matrix. From this perspective, Problem 1 asks
whether one can get rid of the size dependence in this application of Johnson—Lindenstrauss. Finally, yet
another characterisation of matrices with R(M) < O(1) is that they correspond to PAC-learnability under
pure differential privacy [FX14, BNS19].

We also mention that, very recently, several new frameworks and invariants for lower bounding sign-
rank have been developed from a topological and learning theoretic perspective. Among them are lower
bounding sign-rank by list replicability [CMW25, BHH26a, BHH™26D], or by Zs-index of certain simplicial
complexes [FHV26, BHHT26Db], and approximate sign-rank lower bounds via a strengthening of Forster’s
method [BHKR26].



Converse problem. The problem opposite of Problem 1 asks to construct matrices with small sign-rank
but large randomised complexity. This direction was initiated by [BFS86] and since then it has been studied
exhaustively [BVAWO07, She08, Shell, Shel3, Thal6, She21, HHL20, ACHS24]. One culmination of this line
of work [HHL20, ACHS24] exhibits a matrix of sign-rank 3 but randomised complexity £2(n).

1.5 Open problems

Our current method relies heavily on applying Combinatorial Nullstellensatz to the explicit polynomial P in
a support-sketch. Finding a support-rank analogue of this step is open, as is finding any technique to replace
Nullstellensatz that can reason about the signs of a polynomial. This yields the following two incomparable
challenge problems that serve as milestones towards Problem 1.

Problem 2. Show rko(SS) > w(1).

Problem 3. Show sky (SS) > w(1).

Another direction is to search for other candidate functions besides the function SS. It is widely con-
jectured [GKPW18, CLV19, HHH23, HH24, GHR ™26, BHT25] that R(f) < O(1) implies that f contains a
monochromatic rectangle of density €2(1). (This is indeed satisfied by SS.) Such constant-density monochro-
matic rectangles are known to exist for functions with rky (f) < O(1) [APPT05]. Thus, if this conjecture
turns out to be false, the counterexample function would then witness the separation in Problem 1, too.

1.6 Proof overview of Theorem 1

We develop a general lower bound technique for any XOR-function. We say that a function f: {0,1}™ x
{0,1}™ — {0, 1} is an XOR-function if for some g: {0,1}" — {0,1} we have f = g o XOR, namely,

Va,y€{0,1}" : f(z,y) = g(z ©y).

Note that SS = RANK~1 o XOR where for z € Fy"*™, n = m?,

RANKos (@) = {1 if rkg, (z) > 1,
0 else.

At a high level, our proof of Theorem 1 is an iterative degree-reduction argument. We start with the
polynomial P from a given support-sketch computing a function f. We then find a small subset of variables
of P that intersects all its top-degree monomials. By restricting these variables we obtain a polynomial
P’ of smaller degree, while at the same time we make sure, using a “self-reducibility” property of f, that
the restricted function f’ still computes a copy of f, but on slightly fewer variables. Iterating this process
eventually reduces the polynomial (and hence the function) to a constant. Since it takes several steps to
reduce f to a constant, it follows that P must have had high degree to start with. This iterative procedure
has two main ingredients, using Combinatorial Nullstellensatz [Alo99] and the rank method [Nis91].

Nullstellensatz and no spread monomials. Let g: {0,1}" — {0,1} and suppose g(z @ y) = 0 if and
only if P(Ax, By) = 0 where P has degree d and A, B are linear maps to R¥. Consider the change of variables
2z =z +y; and z; = x; —y;. Hence Q(z) == P(Cz) = P(Axz, By) where z = (2F,27) € R*" and

1 (A A
C:2<B —B)'
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Figure 3: Fixing z; ® y; causes either z;5 or 2; to become fixed while the other ranges over two values.

If we fix the parity x; @ y; (to either 0 or 1), exactly one of zj' ,2; becomes fixed and the other ranges over
two values; see Figure 3. We use this property to find for a given 0-input a € g~*(0) a large product grid of
corresponding inputs z where Q(z) vanishes. Our goal is to show that this is impossible if k + d is small.

More specifically, for ¢ = RANK~1, recall that the 0-inputs are precisely matrices whose 1-entries form
a combinatorial rectangle. In this case the coordinates of z* and 2z~ are indexed by [m] x [m]. Suppose a
top-degree monomial M of @ is “spread out” meaning that the matrix entries corresponding to its (plus or
minus type) variables are lying in distinct rows and columns. Based on the (plus or minus) type of each
variable of M we can prescribe entries of x & y in a way that = @ y has rank at most 1 and all variables of
M independently vary over two values. The Combinatorial Nullstellensatz (Theorem 5) guarantees that @
is non-zero somewhere on this grid, contradicting that the entire grid consists of O-inputs of Q). In summary,
this part implies that () does not have such “spread-out” top-degree monomials.

In the more general case, we capture the notion of “spread-out” based on some dependency graph defined
for the function g of interest. The corresponding statement is given in Lemma 2.

Rank method and no spread implies hitting sets. The second ingredient is to show that an absence
of top-degree spread-out monomials of ) forces global structure: all top-degree monomials of @ can be hit
by a few variables. In the case of ¢ = RANK~ 1 the bound is O(mkd). To prove this, the key object of study
here is a type of coefficient matrix Dg obtained from first derivatives of the top homogeneous part of Q.
On the one hand, we show that the rank of Dg is upper-bounded by k, and, on the other hand, we show
that if the top-degree monomials have no small hitting set, we can build a large triangular sub-matrix of D¢
hence lower-bounding its rank. The final result is a second technical ingredient Lemma 3 which may be of
independent interest.

Iteration and putting the lemmas together. The first ingredient rules out spread-out top-degree
monomials, and combined with the second, we get a small hitting set for all top degree monomials. We restrict
all the variables in the hitting set which reduces the degree by one. Repeating for d,d—1,--- ,1 gives a bound
on the total number of variables. In the case of g = RANK~; this is O(mkd x d) = O(mkd?) = O(y/nkd?)
which implies the bound of Q(m'/?) on k + d, namely, the support-sketch complexity of the SS function.

2 Setup: Resilience and self-reducibility

Our lower bound proof for SS = RANK~ 1 0 XOR works more generally for any function f o XORr as long as f
satisfies the following two properties, which we start formalising below.

— Resilience, stating that certain partial inputs to f can be completed to inputs that evaluate to 0. This
is used to construct the grid of inputs on which we apply the Combinatorial Nullstellensatz.

— Self-Reducibility, stating that certain inputs of f can be restricted in such a way that we recover f on
smaller inputs. We will use this to concentrate the complexity of f in the top-degree of the polynomial.
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2.1 Dependency graphs

Both of the properties are defined relative to a dependency graph G on the input variables of f, which we
identify with [n]. Intuitively, an edge i ~¢ j in this graph signifies that the two variables z; and z; are
“locally dependent” on each other, in the context of evaluating f. We follow the convention that i ~¢g i for
all ¢ € [n], i.e. that each variable is dependent on itself. For H C [n], define

Ng(H)={i€[n]:i~¢g j for some j € H}.

We sometimes drop the subscript G. Further, define A(G) as the maximal value of |Ng({i})| over all i € [n].
We denote by @ the empty graph given by ¢ ~g j <= i = j. Note that Ng(H) = H for all H C [n] and
A(@) =1. A set S C [n] is independent in G if for any distinct z,y € S we have x £ y.

When dealing with RANK~ 1 o XOR, we will work relative to the dependency graph Ggrank, given by

. ./ . ./
Tij ~Granx Li'j’ — 1=1 0rj)=7.

In other words, two variables are connected if and only if their corresponding entries in the matrix lie in the
same row or column, see Figure 4. Intuitively, this is a good notion of “local dependence” when deciding
if the 1-entries form a combinatorial rectangle: The local obstruction of this fact consists of 3 variables
spanning just two rows and two columns, as illustrated in Figure 5.

2.2 Resilience

Recall that for a boolean function f: {0,1}" — {0,1} and some I C [n], a restriction of f on I is a
function f’: {0,1}" !l = {0,1} obtained by fixing the variables indexed by I to some boolean values.

Definition 2 (Resilience). Let f: {0,1}" — {0,1} and let G be a graph on [n]. The resilience
of f with respect to G, written resg(f), is the largest integer ¢ with the following property: For
every independent set S in G with |S| < ¢ and every restriction of f on S, the resulting function is
non-constant. If there is no largest such integer, we set resg(f) = 0.

Example 1. We have resg(HWsy) = k£ — 1 (assuming n > k), where HW 3, is the function that accepts
all n-bit strings of Hamming weight > k. Also, resg(PARITY) = n — 1, where PARITY is the function that
accepts all n-bit strings with odd Hamming weight. Finally, resq,, . (RANKs1) = 0o, since no restriction on
any independent set is constant, see Figure 6.



1) 00| 0 |(1)(1 * )0 [ 0[O0 [(*)(*

L) 0100 |C1)(1L * )0 | 0] 0 |(*)*

01010 ]007]0 OO0 [O0O]|]O0O|O0]O0

1) o100 (1)1 * ) 0| 0] 0 |(*)(*
Figure 6: After fixing some entries on a Grank- Figure 7: For any set of variables I (in blue) of
independent set (in blue), we can still choose to RANKs 1, there is a restriction (to zero) on a su-
either create a 1-rectangle (in red), or to avoid perset of N(I) (in green) which recovers RANK~1
it. Thus, resg(RANKs1) = oo. (in red). Thus, RANK~1 is Graxk-self-reducible.

2.3 Self-reducibility

Definition 3 (Self-reducibility). Let f = (f,,) be a family of functions and let G = (G,,) be a
corresponding family of dependency graphs on [n], where A(G,,) is non-decreasing in n. We say f
is G-self-reducible if for every set of variables indexed by I C [n] with |I| < n/A(G,), there is a
restriction of f,, on a superset of N(I) which recovers some f,,, with input size n’ > n — A(G,,)|I].

Example 2. Both HW3; and PARITY are @-self-reducible, since after restricting some variables to zero,
we recover the same function, just on a smaller domain.

Moreover, RANK~ 1 is Grank-self-reducible: Note that A(Grank) = 24/n—1 and let I be a set of variables
of RANK~ with |I| € /n. When RANK is restricted on Ng,,,, (I), the unrestricted inputs still contain a
combinatorial square R of side length at least /n — |I|. Restricting all entries outside of R to 0, we recover
the function RANK~1 on input length (y/n — |I)2 > n — A(Graxk) - |I|- This is illustrated in Figure 7.

3 Proof of main result (Theorem 1)

The proof of Theorem 1 immediately follows from the following more general lemma. Indeed, we have
seen that RANKs1 is Grank-self-reducible in Example 2. We also know that resg,, . (RANK>1) = oo from
Example 1 and A(GRrank) = 2/ — 1. Plugging these facts in the lemma below proves Theorem 1.

Lemma 1. Let f = (f,) be a Gy,-self-reducible family. If vesg,(fn) = Q(n/A(G,))Y3, then

sko(fn 0 XOR) = Q(n/A(G,))Y/3.

The proof of Lemma 1 follows from the next two Lemmas 2 and 3. We postpone their proofs to Sections 3.1
and 3.2 respectively, since it requires the introduction of new concepts. To state the lemmas, we first need
to define notions of independence and hitting sets.

Independent and hitting sets. For a monomial M appearing in P € R[xy, za,...,z,], write supp(M)
for the multiset of indices of the variables appearing in M. Given a graph G on [n], we call M independent
in G if M is multilinear and supp(M) is an independent set in G. Further, we denote by G® the graph on
[2n] given by

i~ae j < (i mod n) ~g (j mod n).



Furthermore, let M be the family of all top-degree monomials of P. A set H C [n] is a G-hitting set of P if
VM e M: supp(M)NN(H) # @.

We denote by hg(P) the size of the smallest G-hitting set in P.
The main technical lemmas. The next lemma is where we apply Combinatorial Nullstellensatz.

Lemma 2. Let f: {0,1}" — {0,1} and let G be a graph on [n]. Let P be a real, degree-d polynomial
over 2n variables such that

Vo,y € {0,1}": f(z®y) =0 < P(z+y, z—y)=0.

If resq(f) = d, then P has no degree-d monomial which is independent in e

The dual notions of independent set and hitting set are usually related as follows: Independent set size is
a lower bound on hitting set size. The following lemma provides a converse to this paradigm in our setting.

Lemma 3. Let P € R[zy,...,7;] and, A : R* — R* linear, and G a graph on [n]. Let Q(z) =
P(Ax) and suppose that @Q is non-zero and d = deg(Q). If Q has no top-degree monomial which is
independent in G, then hg(Q) < dk.

Proof of Lemma 1. Let A,, = A(G,,). Suppose that f,, o XOR has a support-sketch protocol with k sketches
and a degree-d polynomial P. For a contradiction, assume that there is a constant 0 < ¢ < 2-/3 with

1/3
n resq,, (fn)
< —_— <
k—l—d\c(An) < 5

We repeatedly apply the following reduction argument, which decreases both the input size m and the degree
dp,. We will ensure that m > n/2, where by monotonicity of A,, we have

m O\ /3 n \1/3
> —_— > —_— > d.
s () 220 (5) ze(5) = W

Given a sketch-protocol for f,, o XOR with polynomial P,, of degree d,,, we perform the change of
variables z+ = x +y and 2~ = x —y. Then, by Lemmas 2 and 3, we get a Gg,zl)—hitting set H of size at most
2d,, k. Let I denote the set of variables of f,, by collapsing z;r with z; in H. Note that |I| < |H| < 2d,,k.
By self-reducibility, we can restrict a superset of N(I) to recover f,,, where

m' =m— Ap|I| > m—2kA,,dy,.

Performing this restriction to both the z* and 2~ variables, we recover f,,, o XOR and a new support-sketch

protocol with polynomial P, of degree d,,». But since H was a G,(ﬁ)—hitting set, we must have d,, < d,.
Repeating this, we reach degree 0 while the overall loss in input size is at most

d
2kA, Y i <kAnd(d+1) < Ay (k+d)° < Pn<n/2,
=1

ensuring that Equation (1) holds at every step. Hence, we have arrived at a non-constant function f,, with
a degree-zero support-sketch protocol, which is a contradiction. O
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3.1 Combinatorial Nullstellensatz and proof of Lemma 2

Our goal in this subsection is to prove Lemma 2. The key observation is that 0-inputs of an XOR-function
naturally give rise to product grids in the variables x4y and = —y. If a top-degree monomial of the sketching
polynomial is sufficiently spread out, then one can choose such a grid on which the polynomial must vanish
identically, while the Combinatorial Nullstellensatz guarantees that it is non-zero at some point of the grid.
This contradiction rules out independent top-degree monomials.

Theorem 5 (Combinatorial Nullstellensatz [Alo99]). Let P € R[zq,...,x,] be a real polynomial.
Let M =[], xf‘ be a monomial of P with maximal degree and non-zero coefficient. Then, for any
Sty Sn CR with |S;| > t; + 1 there is at least one s € Sy X -+ x Sy, such that P(s) # 0.

We will use a special case of the Combinatorial Nullstellensatz where |S;| = ¢; + 1 € {1, 2} for all 4, and
hence the monomial M in question is multilinear. See Figure 8 for an example.

T2

A

I3 @®------=-=-- -

Figure 8: The special case of the Nullstellensatz we use, with n = 3: If P € R[x1, z9, 23] has degree 3 and
vanishes on all 8 vertices of some axis-aligned cuboid (in red), then the coefficient of z1x923 in P must be 0.

Proof of Lemma 2. For contradiction, assume we have such a monomial M. Note that M cannot contain
both z:r =2; +y; and z; = x; —y; for any 7 because of independence in G? | as z:r and z; are substituted
in P as variables with numbers ¢ and n + ¢. For every z;r in M, we restrict to x; = y;. For every z; in M,
we restrict to x; # y;. This restricts the corresponding inputs of f to 0 and 1, respectively. Moreover, since
the monomial is independent in G2, the set of restricted input bits of f forms an independent set in G of
size deg(P). Because resg(f) = deg(P), we can extend this restriction to an input a € f~1(0). We now fix
all z; and y; that are not part of the above relations in such a way that x; & y; agrees with a;, thus also
fixing both z:r and z; . Now, the only z:r that are not fixed are exactly the ones appearing in M, each of
which can independently take a value zj € {0,2}. Similarly, the only z; not yet fixed are the ones in M,
with z;7 € {—1,1}. Therefore, together with the fixed z*-variables, these values form a grid that satisfies
the conditions of Combinatorial Nullstellensatz (Theorem 5) for the monomial M. Thus, there must exist a
point on this grid where the polynomial does not vanish, which contradicts the fact that a € f~1(0). O

3.2 Rank method and proof of Lemma 3

Here we prove Lemma 3 by developing a rank argument. For a polynomial @) of degree d, we will denote
by Q4 the degree-d homogeneous part of Q.

11



Definition 4. Let Q € R[zy,...,x,] have degree d > 1. Define the first-derivative coefficient matriz
Dg with rows indexed by i € [n] and columns indexed by degree-(d — 1) monomials in the variables
of @. The entry for row ¢ and monomial M is

Q@
Dq(i,M) = coefficient of M in Ereat
5
.- . aQ(d) aQ(fl) . . .
Note that by definition, rk(Dg) = dim span { B B } The crucial property is that Dg(i, M) #

0 if and only if 2;M is a degree-d monomial of Q. In fact, we have Dg(i, M) = (r + 1) - ¢ where r is the
exponent of x; in M and c is the coefficient of x; M in Q.

Lemma 4. Let P € Rluy,- -+ ,ui] and A:R™ — R* be a linear map. For Q(x) = P(Az), we have

tk(Dg) < rk(A) < k.

Proof. Let d be the degree of Q and let A(z) = (L1(z),- -+, Lx(z)), where Lj(z) = > Aj;xz;. Then, we have
QYD = PO (Ly(x),---, Ly(z)). By the chain rule,

(d) k (d) . k (d)
oQ :ZaP (Ax) OL; ZAm-aP (Ax).

63@ 8’U,j . 8%‘,‘ - = Ouj

=1

Hence the partial derivatives of Q{4 are linear combinations of k fixed polynomials, with coefficient vectors
given by the columns of A. We claim that rk(Dg) < rk(A). Let agf) (Az) = >, Bj,mM where M ranges

over all degree-(d — 1) monomials in x4, -+ ,2,. Then
Q) k
. S4B | M,
v M \j=1
hence, Dg = AT B and tk(Dg) < tk(AT) =1k(A) < k. O

The next lemma converts a bound on derivative coefficient rank into the existence of either a hitting set
or a monomial whose support is an independent set.

Lemma 5. Let Q € R[xy,...,z,] be a polynomial of degree d > 1, and let G be a graph on [n]. If no
degree-d monomial of @ is independent in G, then

ha(Q) < d-rk(Dgq).

Proof. We show that D¢ has a triangular sub-matrix of size at least hg(Q)/d (with no zeros on the diagonal).
View each monomial M as a multiset of its d variables. Define E(M) as the number of edges of G among
the variables appearing in M:

E(M) = #{{xz,x]} CM:in~g j}

Note that a variable with multiplicity k£ > 2 in M contributes (g) edges to E(M). Thus, M is independent
in G if and only if E(M) = 0. Hence, by our hypothesis, every degree-d monomial of @ has E(M) > 1.

12



The pivoting step. Suppose I C [n] is a set of variables with |I| < hg(Q). Then, some degree-d monomial
avoids Ng(I). Choose one such monomial M which minimises E(M), and pick a variable z; of M with

Such an z; exists because E(M) > 1. Let M’ := M/x;. Then:
(a) We have Dq (i, M') # 0, because M'z; = M is a top-degree monomial of Q.
(b) Moreover, i ¢ Ng(I), since we picked M = M'z; to avoid Ng(I).

(c) Finally, for every j with Dg(j, M) # 0, we have j € Ng(supp(M')UI). If not, then ; M’ would be a
top-degree monomial in @) avoiding N (I). But since j ¢ Ng(supp(M')), we would have E(z;M') <
E(M), contradicting minimality of E(M).

Building a triangular sub-matrix. We will construct a triangular sub-matrix (with no zero on the

diagonal) in Dg, by repeatedly using the pivoting step to pick rows 41,42, ... and columns corresponding to
degree-(d — 1) monomials My, M}, ... in Q.
For ¢t > 1, suppose we have already found pivot rows 41, ...,4;—1 and monomials M7, ..., M/ ;. Set

I;_1 == supp(Mjx;, ) Usupp(Mjxz;,) U--- Usupp(M;_jz;, ).

As long as |I;_1| < hg(@Q), the pivoting step applied to I;_; produces a degree-d monomial My, a pivot row
iy € supp(M;) and a column M, := M;/x;, which satisfy the three properties listed above. We now show
that the new sub-matrix of D¢ induced by rows {i1,...,4} and columns corresponding to {Mj,..., M/} is
again triangular (after reordering), with non-zero diagonal:

Fix s < t and consider entry Dg(i;, M.). By property (c) of the s-th pivoting step, this entry can be
non-zero only if iz € Ng(supp(M.)UIs_1) C Ng(I:—1). But property (b) of the ¢-th pivoting step guarantees
it ¢ Ng(Ii—1). Hence Dg(it, M) = 0 for all s < ¢, while Dg (i, M) # 0 (property (a) of the ¢-th pivoting
step).

The process terminates only when hg (Q) < |I;|. Since |I;| < S2!_, | supp(M/xz;)| = td, we get a triangular
sub-matrix of size at least hg(Q)/d, as desired. O

Proof of Lemma 8. By Lemma 4, we have rk(Dg) < rk(A) < k. By Lemma 5, ha(Q) < d-1k(Dg). The
result follows from combining the two bounds. O

4 Boolean closures (Theorem 2)

In this section we will extend our lower bounds to the boolean closure of support-sketches. The proof mirrors
the main argument in [FGHH25], and we will only make explicit the parts that deviate from it.

Let A € {0,1}"*" be a matrix. For an index i € [n], we denote by A; the i-th row of A. For a permutation
7 acting on [n], we denote by A, the matrix with rows Ar(1), Ar2), .-, Arn)-

Definition 5 (Minor-Closure). We say that a family F of boolean functions on {0,1}* is minor-
closed, if for any f: {0,1}" — {0,1} in F and any affine function A: {0,1}™ — {0,1}" with m > n,
the composition f o A is also in F.
Since {0,1}" x {0,1}" =2 {0,1}?", this definition naturally extends to two-party functions.

Lemma 6. The family of functions for which skg < k + d is minor-closed.

Proof. Note that affine change of variables turns linear sketches into affine sketches. However, the additive
constant can be absorbed in the polynomial, whose degree is unchanged. O
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Definition 6 (Stackability). We say that a function f on boolean square matrices is stackable if
X 0
nxn ., —
VX e{0,1} : f(X)-f(X 0>'

Example 3. Any property of boolean matrices that only depends on the rank of the matrix is stackable.
The same is true for support-rank and sign-rank.

Definition 7 (Stability). We say that a function f: {0,1}" x {0,1}™ — {0,1} is ¢-stable if there
do not exist inputs z1,y1 ..., 2,y € {0,1}™ such that for all 1 < 4, j <t we have

We call a family of functions F stable if there exists a ¢ > 2 such that every f € F is t-stable.
If a function is t-stable, then clearly it is also (¢ + 1)-stable.

Lemma 7. Any function f: {0,1}" x {0,1}"™ — {0,1} is t-stable for both

t=r1ko(f)+1 and t=rko(=f)+2.

Proof. Assume that f is not t-stable, witnessed by z; and y; with i € [t]. Let M € R?"*?" with rk(M) =
rko(f) and the same support-pattern as f. The sub-matrix of M induced by the z; and y; is a triangular
matrix, and thus has rank t. We conclude that ¢ < rk(M) < rko(f). Similarly, ¢ < rko(—f) + 1, since the
rank of the induced sub-matrix in =M is t — 1. O

Lemma 8. For a number of sketches k and degree d, a function with skg < k + d is O(k + d)?-stable.

Proof. We know that rko(f) < O(k + d)? by Proposition 4. The statement thus follows directly from
Lemma 7. O

Definition 8 (Row-Swap). Given matrices A, B € {0,1}"*", a row-swap consists of picking a
transposition m = (4,7 + 1) € S, of consecutive indices, and replacing A, B with A, B, respectively.
The type of this row-swap is the tuple (A;, A; 41, B;, Biv1) € {0, 1}*".

Definition 9 (Row-Shuffle-Invariance). Let f: {0,1}"*" x {0,1}"*" — {0,1} and A C {0,1}*".
We say f is A-row-shuffle-invariant if it is invariant under applying, to its two inputs, any row-swap
with type in A.

For f: {0,1}™*™ x {0,1}"™*™ — {0,1} and A C {0,1}*",m > n, we say that f is A-row-shuffle-
invariant if it is invariant under all row swaps of types (a0™~ ", b0™ =", c0™ =™, d0™ ") for (a,b,c,d) €
A. We say f is row-shuffle-invariant if it is invariant under row-swaps of all possible types.

Note that a function f is row-shuffle-invariant exactly if it is invariant under shuffling the rows of the
two input matrices with the same, arbitrary permutation. We similarly define column-shuffie-invariance. If
such a function is both row-shuffle-invariant and column-shuffle-invariant, we call it shuffle-invariant.

Definition 10 (Xor-Invariance). Let f: {0,1}"*™ x {0,1}"*" — {0,1}. We say f is XOR-
invariant, if for any z,y, z € {0,1}™*™ it holds that f(z,y) = f(z ® z,y @ 2).
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Definition 11. Let Q be a family of two-party functions. We define its boolean closure Q as the
family of all functions f: {0,1}™ x {0,1}" — {0,1} for which the following holds: There exists a
constant s € N, such that for all n € N we have

Va,y € {0,13": f(z,y) =T(a1(z,9), ¢2(2,9), --- , ¢5(z,9)),
for some T': {0,1}* — {0,1} and some ¢1, 2, ..., qs € Q (which can both depend on n).

Informally, the following theorem states that if an f € Q exhibits certain symmetries, then we can express
f as a uniform boolean combination of some functions in Q that share the same symmetries as f.

Theorem 6. Let Q be a stable, minor-closed family of boolean two-party functions on bit-strings.
Let the function f: {0,1}"*™ — {0,1} be shuffle-invariant and stackable.

If f o XOR € Q, then there exists a fived function T': {0,1}* — {0,1} such that for all n € N, there
are shuffle-invariant XOR-functions qi1,qs, - ..,qs € Q satisfying

Va,y €{0,1}"" : (f o XoR)(z,y) =T (q1(z,y), -, 0s(,9))-
We prove Theorem 6 by establishing the following incremental results:
Part 1 The result holds if the ¢; € Q are allowed to be arbitrary.

Part 2 Using that f is row-shuffle-invariant, the ¢; can be made A,-row-shuffle-invariant with

A, = {(a,b,c,d) € {0,1}* | a = cor b=d}.
Part 3 Using that Q is stable, the g; can be made fully row-shuffle-invariant.
Part 4 Using that f is column-shuffle-invariant, the g; can also be made column-shuffle invariant.

Part 5 Using that f is stackable, the ¢; can further be made XOR-invariant.

Part 1 holds by the definition of Q. For Part 2, we refer the reader to [FGHH25], Proposition 41. The
only difference, apart from notational convention, is that we assume Q to be minor-closed, which is more
restrictive than their notion of “query family”. However, this does not affect the proofs they give.

Below we refer to a dimension n being (A-)shuffle-invariant meaning that ¢; for this dimension are (A-
)shuffle-invariant. We present the reformulation of the statement from [FGHH25] and explain the differences
in notation below.

Lemma 9 (Proposition 41 in [FGHH25]). Let a € {0,1}", AL = {(a’,*,a’, %)} U {(,a’,x,a")},
B C {0,1}" and A = Usen Al If for every n, A'-row-shuffle invariance holds for dimension n - i,
then A* U Al -row-shuffle invariance also holds for every n - i.

Notational differences. The proof in [FGHH25] deals with rectangular matrices; one can keep the matrices
square by padding them with copies of a, which does not affect the proof. This is because by construction, the
padded rows always coincide outside of the embedded smaller matrices, so swapping shorter rows (dominoes)
equal to a € {0,1}" in [FGHH25] is the same as our swapping rows from {0,1}" with swap type in Al.
The rest of the proof carries over verbatim. O
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Applying Lemma 9 repeatedly for every a proves part 2.

The proof of part 3 in [FGHH25] uses the previously established “inner-permutation-invariance”, which
is particular to the (4,4)-HD problem. However, this assumption is not necessary and we give an alternative
proof below, which also significantly simplifies this part of the argument in [FGHH25].

Proof of Part 3. We can assume that all dimensions n are already A,-shuffle-invariant.

For a given n, we use Algorithm 1 to make it fully shuffle-invariant. During its runtime, the algorithm
extends the sets of shuffle invariance for n as well as for some bounded number of dimensions greater than n.
We specify later what the extension procedure itself looks like; the algorithm describes the order of applying
it to different dimensions. Let ¢ > 2 be such that Q is ¢-stable.

Algorithm 1 Symmetrisation procedure

A=9g

for 0 < i< 2* do
Let p; be the 4n-bit representation of ¢
for j<n+2t-(2" —i—1);5>=n;j —=2tdo

Make j invariant wrt AU A; Up;

end for
A+~ AUp;

end for

Note that when the algorithm tries to ensure the shuffle invariance for some dimension m with respect
to AUA,,, Up, we have already ensured that m + 2t is invariant with respect to AUA,,12;. We now need to
show that we can indeed extend the shuffle invariance for m in such a case, and this will prove the correctness
of the procedure.

Let p = (a, b, ¢, d) and let us pad each row with 0s according to the dimension m. Consider the embedding
$: {0,1}m*™m — {0,1}(mH+2)x(m+20) that adds to the input matrix ¢ many rows equal to a and ¢t many rows
equal to d, padding each row with 2t trailing zeros. Concretely, for all i € [m + 2t], we have

x; 028 if i <'m,
d(r);=4a0? ifm<i<m+t,
d0®  ifm4t<i<m+2t

Consider I" and ¢} satisfying Equation (x) for input matrices of size (m + 2t) x (m + 2t) such that each ¢, is
A U A, 49i-row-shuffle-invariant. Now define ¢; by

v,y € {0,137 gi(x,y) = ¢i(o(x), (y)).

Since g; is an affine restriction of ¢; and Q is minor-closed, we have ¢; € Q. Moreover, ¢; inherits A U A,,-
shuffle-invariance from ¢;. We now prove that each ¢; is p-row-shuffle-invariant as well. If not, then for some
i there exist x,y € {0,1}™*™ and a transposition 7 = (j,5 + 1) € S,,, with ¢;(z,y) # ¢i(@x,y=) and

Ty = a, Yj =,

i1 =0, yjp1 =d.
For all k € [t + 1], we now define the matrix z(k) € {0, 1}("+20)x(m+20) a5 follows: The rows indexed j
and j + 1 are replaced by 2t + 2 alternating copies of a and d. Then, the k-th copy of d we just added is

replaced by b. Finally, all rows are padded with 2t trailing zeros. Similarly define y(k), where instead the
k-th copy of a is replaced by c¢. Now note that, by A-row-shuffle-invariance, for u,v € [t + 1] we have

4 (0(2), 0(y) =aqil(z,y), ifuzv
() o/ () = § B OWD o),
qi(¢(xﬂ)a¢(yw)) _qi(xﬂvyw)» if u <.
But this contradicts t-stability of Q. The matrices in question are illustrated in Figure 9. O
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¢(x) z(u) y(v) P(y)
T,...,5-1 Ly,..., j—1 Yi,..., j—1 Yi,...,5—1
a a a c
b d d d

2v
a c
Lit2,..., n 2u Yj+2,..., n
d d
a a a a
a b d a
a a a a
d d d d
d Ljt2,..., n Yi+2,..., n d
d d

Figure 9: If u > v, the matrices ¢(u), ¢(u) can be obtained from matrices x(u), y(v) with row-swaps of type
(a0%, %, a0%, ) and (d0?, x,d0?, %), which are both in A,, 9. If u < v, the same is true with ¢(z,), ¢(yx)
instead.

Proof of Part 4. Assume that f is also column-shuffle-invariant. For any function g: {0, 1}"*"™x {0, 1}"*" —
{0, 1}, define the function g7 by

Va,y € {0,1}"": gT(x,y) = g(a”,y").

Note that since f is column-shuffle-invariant, f7 is row-shuffle-invariant. Thus, by the previous part, there
exist I' and row-shuffle-invariant ¢; such that

(f e XoRr)(z,y) = (f" o Xor)(z",y") =T(qu (=", y"), ..., ¢z, y")) =T(af (@,9), ..., ¢! (z,9)).

But note that for each i, the function ¢! is column-shuffle-invariant. Since transposition of the input is
just a reordering of the variables, we also have ¢/ € Q by minor-closure. We conclude that part 3 also
holds if “row-shuffle-invariant” is replaced by “column-shuffle-invariant”. To see why we can guarantee both
properties simultaneously, it suffices to notice that the construction in parts 2 and 3 preserves column-shuffle-
invariance. O

Proof of Part 5. Assume that f is stackable. For each i € [2"], let ¥ (i) € {0,1}"*™ be the matrix with all
rows equal to the binary expansion of i — 1. For z € {0,1}™*", denote by ®(x) € {0,1}"2"*"2" the matrix
obtained by stacking the matrices

r® V), 2D Y(2), ..., 2D Y(2")

on top of each other, padding each row with n(2™ — 1) many trailing zeros, as illustrated in Figure 10. We
have

Vo,y € {0,1}"*" . (f o XOR)(®(z),P(y)) = (f o XOR)(z, y).

Using the result from the previous part, for matrices of size n2™ x n2", there are I' and ¢ for which

(f o Xor)(z,y) =T(¢) (®(x),®(y)), ..., ¢:(P(x), ®(y))), (%)

where each ¢} is row-shuffle invariant and column-shuffle-invariant. Define ¢; by

gi(z,y) = ¢;(®(x),(y)).

Yo,y € {0, 1}"*" :

Va,y € {0,137 :
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Figure 10: For every subset C of columns of z, the stack in ®(x) contains a copy of = with all bits in C
flipped (highlighted). The rows of ®(x) are padded with zeros to make the matrix square.

Since ¢; is an affine restriction of ¢}, we also have Q; € Q by minor-closure. Note that g; inherits shuffle-
invariance from ¢j. Moreover, for any z € {0,1}"*", the matrix ®(x @ z) can be obtained from ®(z) by
permuting its rows. Thus, each g; is also XOR-invariant, as desired. O

Definition 12 (Promise-Rank). For some integer 2 < ¢ < n, we define the partial function
PRANKY ;: {0,1}"*™ — {0, 1, *} as follows: For any = € {0,1}"*",

e if the 1s in « form a ¢ x ¢ combinatorial rectangle, then PRANK. ; (z) = 0, else
e if the 1s in « form a ¢ x ¢ combinatorial rectangle with a 1 x 1 hole, then PRANKY ; (z) = 1,
e clse PRANKY | (z) = * is unspecified.
This function is essentially the same as RANK~1, but with the promise that the 1s of the input form

a t x t rectangle, possibly with a single entry missing. Note that for this function, all yes-inputs and all
no-inputs are in the same orbit of the symmetry group generated by shuffle-invariance. See Figure 11.

Lemma 10. For any n/2 >t > Q(n'/%), we have
sko(PRANKY; 0 XOR) > Q(n'/%) and sko(PRANKY, o XOR) > Q(n'/%).
Proof. We first note that the definitions of resilience and self-reducibility can naturally be extended to partial
functions. In particular, we have resg,,. (PRANKL ) =t (using n/2 >t > 2) and that PRANK' | is GRranx-

self-reducible. Both properties also hold for the negated function PRANthl. The statement then follows
directly from Lemma 1, whose proof is also valid for for partial functions. O

We can now extend of our main result to the closure of support-sketches.
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x € {0,1}6%6 y € {0,1}6x6

11011011 11,01 |0]|1
1101 1]0(1]1 11,01 |0]|1
1011011 0O(o0j0j0|0]0
0j]0]0|1010|O0 1700} 1]0]1
11011011 11,01 |0]|1
0O0(o0jo0oj0|10]0 0O(o0j0j0|0]0O0

Figure 11: We have PRANKY, (z) = 0 and PRANKY, (y) = 1. By permuting rows and columns, all yes-
instances and all no-instances can be obtained from z and y, respectively.

Proof of Theorem 2. Suppose sko(RANKs o XOR) = k+d, for some constants k and d. Recall that RANK>1
is shuffle-invariant and stackable. We also saw in Lemma 6 that the family of functions f with sko(f) < k+d
is minor-closed and stable. Thus, by Theorem 6, there is a fixed I" such that

VneN 3g,sko(q) <k+d: (RANKs;oXOR)(z,y) = F(ql(x,y), . qs(x,y)), @)

where each g¢; is a shuffle-invariant XoR-function.

Let n/2 >t > Q(n'/%), and consider a matrix A € {0,1}"*™ whose 1-entries form a t x ¢ rectangle R.
Let B be the matrix that differs from A only in the bottom-right corner of R. For t > 2, we clearly have
rk(A) = 1 and rk(B) = 2, hence

0 = (RANK>1 0 XOR)(4,0) # (RANK>1 0 XOR)(B,0) = 1.

It follows that there is some ¢ in Equation (f) for which ¢;(A,0) # ¢;(B,0). But by the symmetries of the
q;, it follows that g; is a completion of either PRANK'E>1 or its negation. Thus, by Lemma 10,

k+d > Qn'/5),

a contradiction for large enough n. O

5 Basic relationships between models

In this section we give simple proofs for the relationships illustrated in Figures 1 and 2.

Proposition 1. Let f and g be n-bit two-party functions. Then,

sko(f A g) <sko(f) +sko(g) and sko(fV g) < sko(f) +sko(g)-

Moreover, sko(—f) = sky(f).

Proof. Let Py and P, denote the polynomials used in the least-cost support-sketch protocols of f and g,
respectively. To bound sko(f A g), note that PyP, is non-zero if and only if both Py and P, are non-zero.
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For sko(f V g), note instead that for a suitable o € R the polynomial P; 4+ a.P; vanished on all inputs if
and only if both P; and P, vanish on all inputs.

For the last property, note that by slightly shifting the polynomial P in the sign-sketch protocol of f, we
can assume that it does not vanish on any input. Then, —P yields a sign-sketch protocol for —f. O

Proposition 2. For every f we have skq(f) < 2sko(f).

Proof. Let P denote the polynomial used in the least-cost support-sketch protocol of f. It suffices to observe
that the polynomial P? is positive if and only if P is non-zero. O]
The following is the sketching analogue of the fact that sign-rank can be bound as a function of support-
rank [GHIS25, Lemma I1.3].
Proposition 3. For every f we have sk (f) < 2sko(f).

Proof. Let f be a boolean combination of the two-party functions f1, fo, ... fi. By induction on m, we show

ske(f) <2 sko(fi),
i=1

where, crucially, every sketch in the sign-sketch protocol for f also appears as a sketch in the support-protocol
for one of the f;. For m = 1, this follows from Proposition 2. For m > 1, we write

f = (gl /\fm) \ (90 /\_‘fm)7

where g; and gy are boolean combinations of fi, fa,..., f;m—1. By the inductive hypothesis, there is a
polynomial P; that achieves a sign-sketch protocol for g; of cost at most

m—1
2% sko(fi),
i=1

and define P, similarly for gg. Let H be a polynomial with least support-sketch cost for f,,. Now note
that for sufficiently large real «, the polynomial Py + aH?P; is positive on some input (z,y) if and only if
f(x,y) = 1. Thus, it gives a sign-sketch protocol for f. By assumption, every sketch in this protocol is a
sketch used in the optimal support-sketch protocols of some f;. Thus, bounding the degree, the cost of the
sign-sketch protocol is at most

m—1 m
2sko(fm) +2 D sko(fi) = sko(fi).
i=1 i=1

Proposition 4. Let f be a two-party function with sko(f) = k+d, where k is the number of sketches,
and d the degree in the support-sketch protocol. Then,

rko(f) < O(k + d)%.

The analogous statement involving sky and rky holds also.
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Proof. Let P denote the 2k-variate, degree-d polynomial used in the support-sketch protocol for f, and let
A, B: R™ — R* be the linear sketches of Alice and Bob. After expanding, P is a sum of O(k+d)? monomials,
which we can each split into a product of two factors, one only depending on Az, the other only depending
on By. Thus, P can be written as an inner product of two real vectors u(z) and v(y), of dimension O(k +d)?
each, yielding the desired support-rank decomposition. The same argument works for the sign-measures. [
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