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Abstract

Let f be a product of D generic linear forms in m variables over a field of characteristic 0,
and for integers k, £ > 0 let Ty o(f) = dim S, - 9* f be its shifted partial derivative measure,
the complexity measure behind the known lower bounds for homogeneous depth-four algebraic
circuits. Two universal upper bounds hold for every homogeneous f of degree D: Ty o(f) <
min(Ng Ny, Np_g+¢), where N, = (e;’ﬁzl) Our main theorem determines the measure of a
generic product at every fixed (k, ¢) once the degree is polynomially large, and in particular
proves that it meets this cap.

For m = 2 we prove the exact law I'; \(f) = min((k + 1)(A+ 1), D — K + A + 1) for
all 0 < k < D and all A > 0. For every fixed m > 3 we prove that for all (k,¢) and
all D > Dy(m, k,¢) = poly(k,¢), a generic product of D linear forms satisfies I'y ((f) =
min(Ng Ny, Np_gye) — full saturation of the universal cap. For derivative spaces (¢ = 0)
we prove exact equality dim 9% f = min(Ny, Np_j) for all k < D/m and k > D — D/m, and
(once D > 2m?) within a factor (2/e)™~1/(2e*m) of the cap at every k, via a standalone
combinatorial comparison lemma for capped compositions (a Pélya-urn coupling plus log-
concavity). We also compute ezactly, by a filtration calculus, the measure of products with
disjoint-pair block structure, and show these are genuinely deficient in the row-dominated
regime — for even m > 6 and k = £ > m?, by a factor at least (k/32m)™~4/2 — witness
choice, not analysis slack, is what previously kept this regime open.

The complexity-theoretic reading: against a single product gate of generic linear forms in
any fixed number of variables, shifted partial derivatives certify nothing beyond a polynomial
degree threshold. This is an exact, per-gate form of the saturation phenomenon underlying
the rank-measure barriers of Efremenko-Landsberg—Schenck—Weyman, Efremenko-Garg—
Oliveira—Wigderson, and Bhargav—Dutta—Saxena, here established with exact constants in the
few-variable, high-degree regime relevant to algebraic hardness—randomness bootstrapping.
Characteristic 0 is essential: over small finite fields the evaluation variant of the measure
(Armand-Behera—Tavenas, 2026) reverses the polarity.

The commutative-algebra reading: we determine the Hilbert function of the ideal generated
by 0 f in each degree k+¢ — for f a generic hyperplane multi-arrangement form — extending
the study of apolar algebras of products of linear forms initiated by DiPasquale—Flores—
Peterson. The proofs are elementary throughout (no recourse to Froberg-type conjectures or
Alexander—Hirschowitz): the main theorem reduces, by an exact “master reduction,” to the
rank of an explicit Laurent-polynomial family, which is resolved by a zero-multiplicity bound
for exponential polynomials, layered confluent and twist Vandermonde arguments, and a
residual core lemma valid over any field. Every machine-checkable step of the derivation has
been verified exactly (integer or modular arithmetic, multiple primes and seeds), including
the full generic-m code path at m =4,...,9.

*Email: brandon@atsoft.at. This work was produced with heavy reliance on Anthropic’s Claude (Fable 5);
see the disclosure in Section 1.5.
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1 Introduction

1.1 The measure and the question

Fix a field IF of characteristic 0 and the polynomial ring S = Flx1, ..., z,,], with graded pieces S,
of dimension N, = (e;”zzl) For a homogeneous polynomial f of degree D and integers k, ¢ > 0,

the shifted partial derivative space is
Se-0"f = span{a®°f : |o| =4, [Bl=k} C Sp ke,
and the shifted partial derivative measure is its dimension,
Tre(f) = dim Sp- 0% f.

Introduced by Kayal [19] and developed by Gupta—Kamath—Kayal-Saptharishi [16], this measure
and its variants drive essentially all known lower bounds for homogeneous depth-four algebraic
circuits [16, 21, 22, 12]. Every application has the same shape: one proves an upper bound on
Iy ¢ of a single product gate — a polynomial of the form Q1Q2--- Q¢ — so that a circuit with
few gates has small measure, and a lower bound on I'; ; of the explicit hard polynomial.

The stakes of this template are the highest in algebraic complexity. By the depth-reduction
theorems of Agrawal-Vinay, Koiran, and Tavenas [2, 20, 25], every homogeneous n-variate
polynomial of degree d = n©M) computable by an algebraic circuit of polynomial size is computable
by a homogeneous depth-four circuit of size n°V4) with bottom fan-in O(\/&); consequently an
explicit polynomial family (in VNP) requiring homogeneous depth-four circuits of size ne(Vd)
— any super-constant improvement in the exponent over the known n?Vd) hounds — would
separate Valiant’s classes VP and VNP [26], the algebraic analogue of P vs. NP. Shifted partial
derivatives is the measure family that produced those nVd) bounds, and whether it can be
pushed past the threshold is exactly the question of how tightly the measure of product gates can
be upper-bounded. This is the sense in which exact saturation results matter: each one closes,
definitively, one route across the depth-four chasm. (To keep the claim sharp: our theorems
concern single product-of-linear-forms gates in few variables — an exact instance of the saturation
phenomenon, not a formal barrier for general depth-four lower bounds; Section 1.3 states the
precise relationship to the barrier results.)

Two upper bounds hold for every homogeneous f of degree D, for counting reasons alone:

Tee(f) < min( NgNey,  Npogye ), (1)

row count ambient dimension



since the space is spanned by NNy vectors inside Sp_g1¢. We call the two terms the row cap
and the ambient cap, and say f saturates the measure at (k,¢) when equality holds in (1). A
saturating polynomial is a certificate of blindness: no lower-bound argument based on I' , can
distinguish any polynomial from a circuit whose gates saturate, because the gates already carry
the maximal possible measure.

This paper answers the question:

What is the exact shifted partial derivative measure of a single product of D generic
linear forms in m variables?

The regime of interest is few variables and high degree: m fixed (or growing slowly), D — oo.
This is precisely the regime of constant-variate algebraic circuits that controls the hardness—
randomness bootstrapping phenomenon [1, 23, 15], where any measure-based approach would
have to certify lower bounds against products of many linear forms in few variables; it is also
the natural first family in the apolarity program of DiPasquale—Flores—Peterson [8], our point of
departure on the commutative-algebra side.

The answer is: at every fized (k,l) the generic product saturates once the degree clears a
(provably necessary) polynomial threshold — and we further compute the measure ezactly for the
structured sub-family of witnesses (products with disjoint-pair block structure) that provably
does not saturate, with a two-sided sandwich locating those witnesses’ measure in the ambient-
dominated range. (One question remains open: the exact generic value in the ambient-dominated
range — shift budget below the overshoot threshold — beyond what the sandwich certifies;
Remark 6.5.)

1.2 Main results

Throughout, “generic” means: for all choices of coefficients outside a proper Zariski-closed
subset of the parameter space (here, of the D-fold product of the space of linear forms). Since
g — T'i¢(g) is a matrix rank in the coefficients of g, it is lower semicontinuous, and a single
witness certifies the generic value from below; all our theorems are proved by constructing explicit
witnesses inside the variety of products of linear forms.

The headline is the following description. (The names R / A of the regimes refer to which cap
in (1) binds: row-dominated when NyN; < Np_ge, ambient-dominated otherwise.)

Theorem 1.1 (Saturation; informal roll-up). Let charF = 0 and let f be a product of D generic
linear forms in m variables.

(a) Two variables, exact, no thresholds. For m =2, all D, and all0 <k < D, A > 0:

Lon(f) =min((k+1)(A+1), D—r+A+1).

(b) Saturation at every fixed m. For every m > 3 and every (k) there is Do(m,k,{) =
poly(k,?) (for fired m) such that for all D > Dy:

Lie(f) = min(NpNe, Np_js).

(c) Derivative spaces, all k. For { = 0: dimd*f = Ny, exactly for k < D/m, and
dim 0F f = Np_y, exactly for k> D — D/m; and for every 0 < k < D, if D > 2m?,

2 m—1
dimoFf > (ézgm -min(Ny, Np_g).
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(d) Ambient regime, quantified. For the explicit block witnesses of Theorem 1.2, the measure
is sandwiched between the ambient mass of an explicit overshoot-budget event and the mass
of the same event shrunk by a boundary shell of width O(y/m(D — k + {)); in particular the
witness meets the ambient cap exactly once the shift budget £ clears an explicit threshold,
and — a matching impossibility — no such block witness ever exceeds the budget-event
mass.

The formal statements are Theorem 3.1 (part (a)), Theorem 7.1 (part (b)), Theorem 5.1 with
Lemma 5.2 (part (c)), and Theorem 6.1 (part (d)).

Two further results describe the fine structure behind Theorem 1.1 and are, we believe, of
independent interest.

Theorem 1.2 (Exact block calculus; informal). Let m = 2u and let W = H§:1 fi(ug,vy)
be a product of generic binary forms in disjoint pairs of variables, each of degree ¢ = D/u.
Then Iy o(W) is computed exactly by an explicit filtration/increment formula (Theorem 4.3).
Consequently:

(i) in the ambient-dominated regime, W '’s measure is located by an overshoot budget: profiles
beyond the budget contribute nothing (a ceiling), profiles clearing the budget by a boundary
shell contribute fully, and W meets the ambient cap exactly once £ clears an explicit threshold
(Theorem 6.1);

(ii) in the row-dominated regime, W is genuinely deficient: for even m > 6 and k = £ > m? its
measure falls below the row cap by a factor at least (k/32m)™=4/2 while (for k < D/2,
D > 2m?) the window never exceeds (min(k,£) + 1)°™) (Theorem 6.6).

Part (ii) is a structural finding, not a failure of analysis: products with disjoint-pair block
structure can never certify row-cap saturation at m > 3, while (by Theorem 1.1(b)) generic
products do saturate. The witnesses that close the row-dominated regime are chains,

g1(x1,22) g2(22,23) -+ - Gn—1(Tm—1, Trm ),

products of generic binary forms in overlapping pairs of variables: the shared variables destroy
the multidegree grading that provably caps disjoint-pair products.

Theorem 1.3 (Chain saturation, uniform in m). Let charF =0, m > 3, and fix (k,£). There are
thresholds Hy, ..., Hy—1 with Hy = (k+£4+1)(2k+£+1) =1 and H; < 3(k+ £+ 1)Im=2/21(f 4-
1)+ O(k+Y¢) for 2 < j<m—1 — exponential in m but polynomial in (k,£) for every fixred m —
such that for all hj > Hj, all hy > Hy outside a finite set (possibly depending on the other data),

and generic binary forms g1(x1,22), .., gm—1(Tm—1,Tm) of degrees hy,... hy—1:
k+m—-—1\/{+m—1
Dhe(g192 - gm—1) = N N = ;
m—1 m—1

the full row cap. Consequently there is a finite Do(m, k,£) < Zj H; + FE — where E is the size
of the finite exceptional set for hi, so Dy = Zj H; whenever that set is empty, as it was in
every machine-checked configuration — such that a generic product of D > Dy linear forms in m
variables satisfies I'y, y = min(NpNg, Np_j1e)-

This is Theorem 7.1; it is proved by one derivation uniform in m, organized around three
reusable lemmas (Section 1.5).



1.3 The complexity-theoretic reading

Exact per-gate saturation. The known barriers for rank-type measures — Efremenko—
Landsberg—Schenck—Weyman [11] (shifted partials cannot separate permanent from determinant),
Efremenko-Garg—Oliveira-Wigderson [10] (rank methods in general), and Bhargav-Dutta—Saxena
[6] (shifted-partials variants against constant-depth circuits) — show, each in its own setting,
that these measures stall because random or generic gates nearly saturate them; for homogeneous
depth four specifically, [6] places the obstruction at roughly nOWd) precisely the depth-
reduction threshold of Section 1.1 at which VP and VNP would separate. Those results operate
in the many-variable regime and prove near-saturation up to unspecified or coarse factors. The
present paper establishes the exact statement, with the cap met on the nose, for the single most
structured gate family there is — one product of linear forms — in the few-variable high-degree
regime. In particular:

Against a single product gate of D generic linear forms in m variables, in characteristic
0, the shifted partial derivative measure certifies nothing: for every fized m, beyond
a poly(k,?) degree threshold its value equals the universal cap (1) exactly, at every
(k,0), in every regime.

Any lower-bound strategy hoping to exploit shifted partials against depth-two (XII) or
product-of-low-variate structure in this regime must therefore be abandoned or must change the
measure. The result quantifies exactly how blind the measure is: our block calculus (Theorem 1.2)
even identifies a structured sub-family of products — disjoint-variable blocks — against which
the measure retains a residual advantage of shape (min(k, £)/m)®(™) (in the ranges quantified by
Theorem 6.6), and shows that advantage is destroyed by any overlap in the variable structure.

Where the regime matters. The few-variable, high-degree regime is not a curiosity: by
the bootstrapping theorems of Agrawal-Ghosh—Saxena [1] and Kumar—Saptharishi-Tengse
[23], explicit hitting sets for constant-variate circuits of barely non-trivial size would cascade
to essentially complete derandomization of polynomial identity testing, and by Guo—Kumar—
Saptharishi-Solomon [15] constant-variate hardness yields hitting sets. Measure-based approaches
to such lower bounds would confront exactly the gates studied here. The saturation theorem
closes that door definitively for plain shifted partials, at every fixed m.

Characteristic 0 is essential, not bookkeeping. Our proofs consume characteristic 0 in
several load-bearing places: Euler-identity chain nesting, fat-point apolarity, zero-multiplicity
bounds for exponential polynomials, and integer-node confluent Vandermondes. This is not an
artifact. Over small finite fields, Armand-Behera-Tavenas [5] prove depth-five lower bounds
using an evaluation variant of shifted partials, and the polarity there is reversed: over F, with
g = O(1), a single product of affine forms of high rank vanishes to high order at almost all points,
so its evaluated shifted partials have measure near zero — the opposite of saturation. The two
results are complementary and disjoint in regime (their variable count grows polynomially in the
degree; in the few-variable regime over I, the entire evaluation space has constant dimension
< ¢), and together they locate precisely the boundary at which product gates stop saturating:
small characteristic plus the evaluation twist. See Section 11.



1.4 The commutative-algebra reading

For f € Sp with apolar ideal f*, the measure Ik (f) determines the Hilbert function of the
ideal generated by the k-th derivative space: our theorems compute dim((ak f)- Sg) for generic
products of linear forms, i.e. for generic hyperplane multi-arrangement forms. In the language of
apolarity: writing Ry = S/ f* for the apolar algebra, our Theorem 5.1 determines the Hilbert
function of Ry itself (the case £ = 0: dim(Ry)), = dim 0¥ f), exactly on the ranges k < D/m and
k> D — D/m and up to an explicit 2-0(m) factor in between; the general-¢ theorems determine
the Hilbert function of the ideal generated by the k-th derivative space.

DiPasquale-Flores—Peterson [8] initiated the systematic study of apolar algebras of products
of linear forms, with Waring-rank bounds and detailed computations for special sextics; the
generic Hilbert function questions answered here were, to our knowledge, open in every case
m > 3 (for m = 2, the ¢ = 0 Hilbert function of a binary form is classical; our contribution at
m = 2 is the exact min-law for all shifts A\, Theorem 3.1). Two points deserve emphasis for
readers arriving from this direction.

First, the proofs are elementary and self-contained. The natural first guesses — that row-cap
saturation at m > 3 should follow from maximal-rank statements for generic subspaces (Froberg’s
conjecture territory [13, 4, 18, 7, 14]) or from fat-point interpolation (Alexander—Hirschowitz
territory [3]) — both fail structurally: 9*f is far from a generic subspace, and the fat-point
mechanism that closes m = 2 provably cannot produce witnesses inside the variety of products
(power sums leave the Chow variety at m > 3; Remark 3.2). Our route uses neither. The
genericity actually consumed is bivariate-or-lower throughout: one coefficient-sequence lemma in
a single variable, plus generic scalars.

Second, the block calculus (Theorem 4.3) gives, for products with disjoint-pair block structure,
the eract Hilbert function of Sy - 8%, in closed combinatorial form, for every (k,£) — a complete
answer for a natural family of non-generic arrangements, and the tool behind both the ambient
saturation and the deficiency theorems.

1.5 Proof overview and organization

Two variables (Section 3). The exact min-law at m = 2 is proved in three steps: a power-
sum witness g* = Zfill L} whose derivative space is spanned by powers L{ " (a Vandermonde
argument); apolarity identifying the orthogonal complement of the shifted span with a degree
slice of a fat-point ideal in P'; and the observation that fat-point ideals in P! are principal, so
the slice has exactly computable dimension. Semicontinuity plus the density of products among
binary forms transfers the count to generic products.

Block calculus and the ¢ = 0 theory (Sections 4-5). For disjoint-pair products the
shifted-derivative space decomposes over pair-multidegree profiles; along each profile the per-pair
contributions form nested chains (an Euler-identity argument), and a filtration identity computes
the dimension of a sum of tensor products of chain members exactly. At ¢ = 0 the formula
collapses to a coefficient extraction dim 0F = [2¥] G(z)* for an explicit palindromic polynomial G.
Comparing this to min(Ng, Np_j) at all k is a self-contained combinatorial problem — comparing
capped to uncapped composition counts — solved by Lemma 5.2: the ratio f(k)/Nj is monotone
(a Pélya-urn coupling pushes the uniform composition measure up a level ezactly, and the cap
event is a down-set), and the capped count is palindromic and log-concave (by Hoggar’s theorem
[17]), which pins its midpoint value. We state and prove Lemma 5.2 for arbitrary caps, as a



standalone tool.

The two regimes for block gates (Section 6). The exact calculus splits cleanly. On the
ambient side, a profile contributes at all only if its overshoot above the per-pair degree stays
within the shift budget ¢ (a necessary condition), and contributes fully once the budget clears
an additional O(y/m(D — k + ¢)) boundary shell (sufficient): the gate’s ambient measure is
thereby sandwiched by two explicit masses, and meets the ambient cap exactly beyond an explicit
threshold. On the row side the same calculus is an exact upper bound that sits below the row
cap by a factor of shape (min(k,¢)/m)®™ (precise ranges in Section 6): disjoint-pair witnesses
cannot close the row-dominated regime, which forces the chain witnesses of the main theorem.

The chain theorem (Sections 7-10). The proof of Theorem 1.3 is one derivation, uniform
in m, structured as three reusable lemmas plus explicit bookkeeping:

e Lemma M (master reduction, Section 7). For f = g(z,y) - G with G an arbitrary
z-free co-factor, an explicit monomial bijection identifies the row space {2*9°f} with an
explicit family of Laurent polynomials in a tag variable ¢ that records the z-filtration depth.
The identification is exact — no genericity, no thresholds. Applied at both ends of the
chain it converts I'y ¢(g1 - - - gm—1) into the rank of a completely explicit two-tag family.

e Lemma P (end peel, Section 8). With the first factor specialized to a truncated
multi-exponential ). Ace“", a zero-multiplicity bound for exponential polynomials splits
any kernel vector into single-frequency conditions; a Vandermonde in w refines the kernel
into graded classes; one scaling limit h; — co and a triangularization in the tag degree
then reduce everything to the independence of a smaller “residue family.” The lemma is
stated and proved with the entire rest of the chain as an abstract spectator: it therefore
applies at every m with no induction.

e Middle peel (Section 9). All remaining factors are specialized to multi-geometric
sequences. A telescoping identity shows the residue family’s columns are faithfully coor-
dinatized by m — 2 integer coordinates, with index recovery in closed prefix and suffix
forms; the exponential parts factor as pure tensors over the coordinates (prefix-product
and suffix-ratio bases); a confluent Vandermonde on a product window plus an (m — 2)-fold
twist Vandermonde reduce independence to a per-group core identity.

e Lemma S, (residual core, Section 10). The core identity — a falling-factorial
polynomial identity in m — 2 formal variables — forces all coefficients to vanish, by one
graded elimination in the unique load carrying the coordinate w followed by a separated
graded-monic tensor argument. The lemma is valid over any field, for arbitrary index sets
and constants; characteristic 0 is consumed only upstream.

The case m = 3, where the middle peel degenerates (there is no middle factor to specialize), is
closed by the same Lemma-M/Lemma-P pattern with a one-variable coefficient-sequence lemma
(Lemma 10.2) in place of the middle peel; it serves as the anchor of the general statement, and
its proof is where the method was found.

Discovery path and worked instances. The uniform-m derivation was not found in one
step: the cases m = 3,4, 5,6 were closed successively, each revealing one additional structural



ingredient — m = 4 forced the sequential (rather than symmetric) treatment of the two chain
ends, m = 5 forced the multi-geometric specialization of all middle factors and revealed the
merged frequency phenomenon, m = 6 revealed the telescoped global relation and the all-formal
residual core that make the uniform derivation possible. Appendix A presents these instances
with their exact (smaller) thresholds and records the two negative findings — the symmetric
double limit provably loses rank, and evaluating the formal core parameters provably loses rank
— that forced the architecture. Readers wanting a worked example before the general machinery
may read Appendix A alongside Sections 7-10.

Machine verification. Every theorem in this paper is accompanied by exact numerical verifi-
cation — integer or multi-prime modular arithmetic, not floating point — of every intermediate
identity, at parameter ranges that exercise each joint of each proof, including the fully general
code path of the uniform-m derivation at m = 4,...,9 (over 5 x 10° monomial identities checked
per configuration at the largest sizes). The derivations were additionally re-derived independently
and re-verified from scratch at a second prime and seed. Appendix B records the protocol and the
complete configuration tables. Verification scripts will be made available in a public repository.

Disclosure: how this work was produced. This research was not carried out by the author
alone: it was conducted in heavy reliance on Claude (Fable 5), a large language model built by
Anthropic, over an extended sequence of recorded research sessions. The model produced the
candidate derivations, the proofs, the verification code, and the text of this manuscript; the author
directed the program — the questions asked, the standards of rigor, and the decisions about
what to pursue, what to verify, what to retract, and what to claim — and takes full responsibility
for the correctness of everything stated here. Because both the derivations and their adversarial
re-derivation passes were model-executed (in separate sessions, from the statements alone, with
independent implementations at different primes and seeds), the trust chain deliberately does
not rest on the model’s prose: it rests on the exact machine verification of every intermediate
identity, as described above and catalogued in Appendix B, together with proofs we have aimed
to keep short and elementary enough to be checked line by line by a human reader.

Organization. Section 2 fixes notation and records the caps and the semicontinuity principle.
Sections 3—6 develop the exact theory: the m = 2 min-law, the block calculus, the £ = 0 theory
with the capped-composition lemma, and the two-regime analysis. Sections 7-10 prove the chain
saturation theorem, uniformly in m. Section 11 discusses related work. Appendix A presents the
worked instances m < 6; Appendix B the verification record.

2 Preliminaries

2.1 Notation

[ is a field with char[F = 0; all results hold verbatim over any such field (ranks of matrices with
entries in the prime field Q are field-stable), and we freely pass to an algebraic closure when
convenient. S = F[xy,...,z,,] with graded pieces Se;

N, := dim S, = <e+m—1)‘

m—1



For a multi-index 3 € N™ we write 0° = 8511 = ~8£Zf and z® = z{*---z0m. For homogeneous
f € Sp:
O f :=span{d’f : |B| =k} C Sp_k,  The(f):=dimS,-9"f.

Falling factorials are written aZ =xz(z—1) - (¥ —j+1); note 2L is a degree-j polynomial in
with leading coefficient 1, and nZ = 0 for integers 0 < n < j.
Binomial-sum polynomials appear repeatedly: B,(z) :=14 2z + -+ + 2%

2.2 The universal caps

For every homogeneous f of degree D and all (k, ¢):
ijg<f) < min(NkNg, ND,kJrg), dlmakf < min(Nk,ND,k). (2)

The first inequality is the span/ambient count. In the second, the bound dim 8% f < Np_ is
the ambient count, and dim 9*f < N}, is the span count; the symmetric refinement dim 9% f =
rank(Caty f) = rank(Catp_pf) = dim 9P ~* f (catalecticant symmetry) holds in characteristic 0.

For a product of linear forms f = Hi’;l ¢; there is one further cap, dim 0 f < (g) (each 08 f
with [3| = k is a combination of the subset products [[,¢1 4, |T'| = k). In the few-variable regime
this cap never binds: for m — 1 < klog % /log(k + 1) — in particular throughout the regime
m = o(log D), 1 <k < D/2— one has N < (k+1)™"! < (f), and the range k& > D/2 mirrors
by catalecticant symmetry. We therefore compare against (2) throughout.

Definition 2.1 (Saturation; regimes). f € Sp saturates the shifted partial derivative measure
at (k,?) if equality holds in the first inequality of (2). The pair (k,¢) (for given m, D) is
row-dominated if NNy < Np_pie and ambient-dominated otherwise.

For fixed (k,¢) and D — oo the row cap is constant while Np_j1¢ = ©,,(D™ 1), so every
fixed (k, ) is eventually row-dominated; the ambient-dominated regime requires k growing with
D.

2.3 Semicontinuity and the variety of products

I';¢(g) is the rank of a matrix whose entries are linear in the coefficients of g; hence g — I'y ¢(g)
is lower semicontinuous in the Zariski topology, and for any irreducible parameter variety X of
polynomials, a single witness ¢* € X with I'y ¢(¢*) > ¢ certifies I'; ¢(g) > ¢ for generic g € X.
We use two parameter varieties: the full space Sp (irreducible), and the Chow variety of
degree-D products of linear forms, i.e. the image of the multiplication map (S;)*? — Sp —
irreducible, as the image of an irreducible variety. Two facts about it are used repeatedly:

1. every binary form is a product of linear forms (over F), so for m = 2 the Chow variety is
all of Sp and witnesses may be chosen freely;

2. for any m, a product of polynomials each of which is a product of linear forms is a point
of the Chow variety; in particular products of binary forms in subsets of the variables
(our block and chain witnesses) are Chow points, since their binary factors split over F.
(When a factor is later specified as a univariate polynomial — as in the specializations of
Sections 8-10 — we mean its binary homogenization, which is again a binary form.)

Consequently, to prove a statement about products of D generic linear forms, it suffices to exhibit
one witness that is a product of binary forms (of any shape) with the desired measure.
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2.4 Euler nesting

We record the one identity used to organize shifted-derivative spaces into chains. For homogeneous
h of degree e > 1, Euler’s identity eh = >, x;0;h gives h € S - O'h; applying this to each
0"~ 1_derivative of f (homogeneous of degree deg f — k +1 > 1),

Sao1-05Nf C Sy-0°f  (1<k<degf, A>1), (3)

valid in characteristic 0. (The restriction £ < deg f matters: at k = deg f + 1 the left side is
Sy_1 # 0 while the right side vanishes.) Thus for fixed k — £ the spaces Sy - 9" f increase along
(k,A) = (k— €+ X\, A\): they form a chain. This elementary observation is the backbone of the
block calculus of Section 4.

3 Two variables: the exact min-law

In two variables the answer is exact, for every pair of parameters and every degree, with no
thresholds.

Theorem 3.1 (Exact min-law at m = 2). Let charF =0 and m = 2. For generic g € S, — in
particular for a generic product of q distinct linear forms — and every 0 < x < q and A > 0:

Lea(g) = min((k+1)(A+1), g—k+A+1).

Here (k + 1)(A+ 1) = NNy is the row cap and ¢ — k + A + 1 = Ny_,1» the ambient cap, so
the theorem says: generic binary forms saturate at every parameter pair. Since every binary
form is a product of linear forms (Section 2.3), “generic product” and “generic form” certify each
other.

Proof. The inequality < is the universal cap (2). For > it suffices, by semicontinuity, to exhibit
a single witness in Sg; forms with nonzero discriminant are dense in S; and factor into distinct
linear forms, so the generic-product statement follows as well.

Witness. Take
rk+1

g =Y LI, Ly=xz+06y,
r=1

with 61,...,0.+1 distinct and generic.
Step 1: the derivative space. For a + b = k,

ouol L1 = = 0} LI,

so 0%g* C span{L} " : 1 <r < k+ 1} (the scalar ¢® = q(¢ —1)---(¢ — £ + 1) is nonzero in
characteristic 0 since x < ¢), and the (k + 1) x (k + 1) coefficient matrix [0, is an invertible
Vandermonde matrix (the 6, are distinct), so equality holds:

0%g* =span{L{ " :1<r<k+1}.

Step 2: the unbalanced range. Suppose k > q/2,s0 k+1 > q¢—rx+1 = dimS,_,. Any
q — Kk + 1 of the powers L{ " are linearly independent (a Vandermonde in the 6, again), hence
0%g* = Sy, 50 S\ - 0"g" = Sq_r4x and I'y A(9*) = ¢ — K + A + 1, which is the min in this range

11



(the row cap (k + 1)(A + 1) exceeds the ambient cap). So assume k < ¢/2 from now on; then
dim 0"g* = k + 1 by the same independence.

Step 3: fat points in P'. Equip S with the apolarity pairing (z'y?, xzFy') = Oig), (k) 1 I —
perfect on each graded piece, being diagonal with entries 3! j! # 0 in characteristic 0, so orthogonal
complements have complementary dimension — under which (u - v, h) = (v, u(d)h) and, for
degu=-e, (L, u) =elu(l,0,). For h € S;_,yx:

hLlSy-0%" <= (2" °LY" h)=0 VO<c<A\ Vr
— (LI, 8§8§70h> =0 Ver
<= every order-\ partial of h vanishes at (1,6,), Vr

<= h vanishes to order > A+ 1 at each point [1 : §,] € P!
Kk+1
= he(Fypsn, Fi= ( [T~ er))‘ﬂ),
r=1
where the fourth equivalence uses characteristic 0 (vanishing of all order-\ partials at a point is
vanishing to order A + 1 there).
Step 4: principality. F is a principal ideal generated in degree (k + 1)(A + 1), so its
degree-(q — £ + M) slice has dimension exactly max(0, ¢ —k+ A+ 1— (k+1)(A+1)). Hence

Lua(9") = (g—r+A+1)—max(0, g—r+A+1—(k+1)(A+1)) = min((k+1)(A+1), g—r+A+1).
O

Remark 3.2 (What makes m = 2 special). The proof yields both regimes at once because
a fat-point ideal in P! is principal: (A + 1)-fold points at x + 1 generic points of P! impose
independent conditions in every degree > (k + 1)(A 4+ 1) — 1, trivially. Both special features
of m = 2 fail at m > 3, in an instructive way. First, the witness ) L{ is a product of linear
forms only when m = 2: at m > 3 the Chow variety is a proper subvariety of S; and power
sums of kK + 1 > 3 summands generically lie outside it (two summands are a binary form in
disguise and always split), while semicontinuity certifies only the family containing the witness.
Second, the natural substitute — products whose derivative spaces impose independent fat-point
conditions — turns row-cap saturation at m > 3 into a Hilbert-function-of-fat-points problem
(Alexander—Hirschowitz territory [3]: solved for double points, open in general) with the added
constraint that the witness lie on the Chow variety. The chain witnesses of Sections 7-10 bypass
this entirely: no fat-point statement, and no maximal-rank conjecture, is used anywhere at
m > 3.

4 Disjoint-pair products: an exact calculus

We now compute the measure exactly for products with disjoint-pair block structure. Throughout
this section let m = 2u be even (odd m works identically with [m/2] pairs plus one singleton
variable, whose per-degree graded pieces are one-dimensional; we suppress this case to lighten
notation). Pair the variables as (uj,v;), 1 < j < p, write SU) for Fluj, v;], and let

w
W= T fi(ujsvp),

j=1
where each f; is a generic product of ¢ := D/u distinct binary linear forms. W is a product of
D linear forms, i.e. a point of the Chow variety.

12



4.1 Profile decomposition and chains

Since °W =[] j o] fj and monomial shifts factor across the pairs, the space Sy -OFW decomposes
over profiles: tuples § = (01,...,0,) with Zj d; = D — k + £ recording the total degree landing
in each pair. Writing §; = ¢ — 0; (so Zj 0j = k — (), the degree-§ component is

M . . . .
Vs = > Qv vR=s0-op < sy, (4)
#,A >0 j=1
Zj K=k, Kj—Aj=0;

and distinct profiles contribute a direct sum: I'y o(W) = 35 dim V.
Two structural facts make (4) computable.

Lemma 4.1 (Chain nesting). In characteristic 0, V(j)ljx\_1 - VR(JA) foralll <k <qand A >1.

s
Hence along a fized profile, the summands of (4) for pair j form a chain indexed by v; := k;

alone (with \j = v; — 0;5), starting at v; > oj := max(0;,0), with dimensions
vj(v) = min((v+1)(v —o0; +1), §; +1)
and increments
inc;(v) = vj(v) —vj(v—1) = min(2v —o0; +1, §; + 1 —v;(v — 1))
(with vj(oj —1):=0, and inc;(v) = 0 once the cap 6; + 1 is reached or v > q).

Proof. The nesting is (3) applied in the pair (u;,v;). The dimension formula is Theorem 3.1
applied to the generic binary form f; with (k,\) = (v,v — 0j): row cap (v + 1)(v —0; + 1),
ambient cap ¢ — v + (v — 0j) + 1 = 6; + 1. The increment formula is immediate. O

Lemma 4.2 (Filtration identity). Let {V,,(j)}VZSj, 1 <j <, be ascending chains of subspaces
of vector spaces U (Vu@1 C VY set Vs(jll =0), and let S C [[,{v > s;} be down-closed (if
veS and s; <v; <wj for all j then v' € S). Then

Iz Iz
dm Y. VY = H(dim VY — dim ijll).
veS j=1 veS j=1
Proof. Induction on u. For p =1, S is an interval [s1, N] and the sum of the chain is V]E,I), whose
dimension telescopes.
For p > 2, we first record the two-chain principle: if A9 C A; C --- ascends and By O By D
-+ descends, then

dimZAi ® B; = Z(dlmAz - dimAi_l) dim B;.

Indeed, choose complements A; = A;_1 @ Cy; then ), A; ® B; = Zz(engz C'j) ® B; = Zj C; ®
Ziz ;Bi= > ; Cj ® Bj, using that B descends; and this last sum is direct because the C;j are
independent in the first factor, giving dim =) ;dim Cj dim B;.
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Now slice S on the first coordinate: S =| |, {11} x Sy, where each slice S, C [[;50{v > s;}
is down-closed and the slices descend in v; (S,, 2 Sy,+1), both because S is down-closed. Set

By = es,, Qjz2 Vy(j,] ); these descend in vy. The two-chain principle with A,, = Vi{" gives

dim > Q@ VY =3 (dim VY — dim V") dim B,,,

veS j 141

and the inductive hypothesis evaluates each dim B,, as ) Sy [[;5o(dim Vy(,j ) — dim Vy(,jil)
- J J

Combining the two sums gives the claim.

4.2 The exact formula

Theorem 4.3 (Block calculus). Let charF = 0 and let W = H;L:l fi(uj,vj) with f; generic
binary forms of degree q (equivalently, generic products of q distinct binary linear forms). Then,
with notation as above,

m
Tee(W) = ) > Ilincy), (5)

ZOEZ‘; y vi>of vj J=1
.0, =k— -
3 Zjujgk

where inc; is as in Lemma 4.1 (depending on oj and 6; = q — 0j; by convention incj(v) = 0 past
the ambient cap or past v > q).

Proof. Fix a profile ¢ (equivalently o). We must show dim Vj equals the inner sum; summing
over profiles then gives (5) (the outer sum is over profiles, written as their o-tuples; profiles with
empty inner index set contribute 0).

By Lemma 4.1, the summands of (4) are §); V,,(]j ) (writing V9 for V19

Vi—o;) over the down-
closed index set S = {v : v; > O;_, >_;vj < k}: down-closedness is immediate, and the constraint
> vj < k comes from ) k; = k together with the nesting (a summand with ) x; < k arises
from one with ) k; = k by nesting, and conversely including all )" v; < k does not change the
sum, again by nesting). Lemma 4.2 computes the dimension of the sum as > s ][, inc;(v;),

which is the inner sum.

Remark 4.4 (Two-sided exactness; certified values). Formula (5) is an equality, not a pair of
bounds: the > direction is Lemma 4.1 plus Theorem 3.1 per pair (each chain member has
exactly the claimed dimension), and the < direction is Lemma 4.2 read as an upper bound (each
component Vj lies inside the corresponding sum of chain tensor products). By semicontinuity,
every value of (5) is also a lower bound on I'y ¢ of a generic (non-block) product of D linear
forms. The formula reproduced the measured rank in every machine-checked configuration; see
Appendix B.

Example 4.5. At m =4 (up=2), D =12 (¢ = 6): formula (5) evaluates to 36, 80, 128, 212, 443
at (k,0) =(2,1),(2,2),(3,2),(3,3), (6,6) respectively, matching the measured ranks exactly. For
comparison, the caps min(Ni Ny, Np_i1¢) at these parameters are 40, 100, 200, 400, 455: the
block witness is exactly computable and genuinely below the row cap at (3,3) — see Theorem 6.6
— while nearly saturating the ambient cap at (6,6) (443 of 455; see Theorem 6.1).
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5 Derivative spaces: the case { =0

At ¢ = 0 the block calculus collapses to a coefficient extraction, and the comparison with the
cap min(Ng, Np_i) becomes a self-contained combinatorial problem about capped compositions,
which we solve — for arbitrary caps — in Lemma 5.2. The lemma may be of independent use.

5.1 The generating-function formula

At £ = 0 each profile in (4) carries a single split (A\; =0, v; = k; = 0;), and Theorem 4.3 reads

q
dim oW = [2*] G(2)H, G(z) = Zmin(li—l—l, q—rK+1)2" = Bg2(2) - Blg)(2), (6)
x=0

where By (2) = 1+ 2+ -+ 2% the product form is a direct check ([2"] Bf4/21B|4/2) counts lattice
points and produces the tent function min(x + 1, — x + 1)). Thus dim O*W is the number of
weak compositions of k into m = 2u parts with caps [¢/2] (u parts) and |g/2] (u parts).

Theorem 5.1 (Derivative spaces of generic products). Let charF = 0 and let f be a generic
product of D linear forms in m variables, m | D (the general case follows by adjusting one block;
we omit the routine bookkeeping). Then:

(a) dimo*f = Ny, for all k < D/m, and dimd*f = Np_y, for all k > D — D/m;

(b) for all0 <k < D: dimd*f > [*]G(2)* (ewplicit and computable), with G as in (6),
q=2D/m, and p = |m/2] (odd m: dimo*f > [zk]G(z)“BD/m(z) — p pairs of degree q
D/m

plus the singleton factor xy,' ", so that all m caps equal D/m);

(¢) for all0 <k < D:

Hj(cj +1)

dimd*f > C-min(Ng, Np_i), Ci=——"-——
( D¥) (D+1)N|ps,

with ¢1, ..., ¢y the caps of the witness in (b); and C > (2 é 3 once D > 2m?.

Part (c) is a two-sided 2-9(m) comparison: together with the universal cap it pins dim 0% f at
every single k, up to a factor depending only on m — in the few-variable regime m = o(log D), a
factor Do),

Proof of (a) and (b). (b) is (6) plus semicontinuity (Section 2.3: the block witness is a Chow
point). For (a): if & < D/m = ¢q/2 then every composition x b k into m parts automatically
satisfies k; < ¢/2, so the caps never bind and [¢¥]G* = [2F](1 — 2)™™ = N, matching the
span cap (2); the mirror range follows from catalecticant symmetry dimd*f = dimoP—*f.
(The subset-product cap ( ) does not bind here: k < D/m gives D > mk > k+m — 1, so

(D)= (7571 = Ng.) 0

The proof of (c) rests on the following standalone lemma.
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5.2 A comparison lemma for capped compositions
For caps ci,...,cm € Nwith D = Zj ¢, let

m

fk) o= [ ][ Be;(2) = #{r eN™: Y,k =k, 5 <c; Vi}

J=1

k+m—1
m

be the capped composition count, and N = ( 1 ) the uncapped count.

Lemma 5.2 (Capped-composition comparison). For any caps ci,...,cpm:
(i) h(k) := f(k)/Ng is nonincreasing on [0, D];

(ii) f is palindromic about D/2 and log-concave; hence maxy, f(k) = f(|D/2]) > [l;(¢; +
D/(D+1);

(iii) for every 0 <k < D:

Hj(cj +1)

k» -y
fk) = (D + 1) Nypa,

. min(Nk, ND_k,).

Proof. (i) h(k) is the probability that a uniformly random weak composition of k into m parts
lies under the caps (f counts the down-set, Ny the level). Consider the Pélya-urn kernel: from
x € N™ at level k, move to x + e; with probability (z; +1)/(k +m). This is a valid kernel since
> :(xj+1) =k +m, and it pushes the uniform measure on level k to the uniform measure on

j
level k + 1 ezxactly: the mass arriving at y on level k + 1 is

1 yj k+1 1

j-;lN’f'ker ~ (k+m)Ny Ny
s

using Nit1/Ni = (k+ m)/(k + 1). The kernel never decreases a coordinate, and the cap event
{z; < ¢; ¥j} is a down-set, so its probability is nonincreasing along the coupling: h(k+1) < h(k).
No structure of the caps is used.

(ii) Each B, is palindromic, and the centers ¢;/2 sum to D/2, so [[; Be; is palindromic about
D/2. Each B, has positive log-concave coefficients (all ones), and products of polynomials with
positive log-concave coefficient sequences (no internal zeros) have log-concave coefficients by
Hoggar’s theorem [17]; induction over the m factors gives f log-concave with no internal zeros
on [0, D]. For a symmetric log-concave positive sequence, the ratios r, = f(k)/f(k — 1) are
nonincreasing and satisfy rpiq1_x = 1/rg, so rp > 1 for k < (D +1)/2: f is nondecreasing up to
the middle, and its maximum sits at | D /2] (= [D/2] value by symmetry). Hence

D (ci+1
F(1D/2)) > Dilkzoﬂk):%.

(it) For k< [D/2]: f(k) = h(k)Ni > h(|D/2])Ny by (i), and h(1D/2)) > TI,(e; + 1)/ ((D +
1)NLD/2J) by (ii); here min(Ny, Np_x) = Ni. For k > [D/2] apply the same at D — k and use
f(k) = f(D —k). O



Remark 5.3. The routes one might try first — Bonferroni-type inclusion—exclusion over cap
violations, negative-association inequalities, or pointwise generating-function bounds — all fail
here (each was tried and each loses more than a constant per coordinate in the balanced range).
The coupling in (i) is what makes the lemma cap-structure-free, and appears to be new in this
use.

Proof of Theorem 5.1(c). Apply Lemma 5.2 to the block witness’s caps: p copies each of [gq/2]

and |gq/2] (total D, m = 2u parts); for odd m the witness of (b) has m caps all equal to

D/m, so [[;(¢; +1) = (D/m +1)™ > (D/m)™ and the chain below applies verbatim. Then
m m m—1

[T;(c;+1) > ((g+1)/2)™ > (D/m)™ and N|py) < (e(D/2+m)/(m 1))

C = Hj(cj + 1)/((D + 1)NLD/2J) satisfies

2\m—1 I1ym-1 1 D 2m\ —(m—1) (2/e)mt
C>(f) (1——) -—-7-<1 —) > 2 for D>2m?,
— \e m m D+1 + D - 2e2m o = am

, so the constant

using (1 — 1/m)™ ! > e ', D/(D+1) > 1/2, and (1 + 2m/D)™ ! < e. Combining with
Theorem 5.1(b) and Lemma 5.2(iii) gives (c¢). The bound holds for all k, subsumes the middle
range, and degrades gracefully to the exact ends: for k < [¢/2] one has h = 1, re-proving (a)
from the block formula. O

Remark 5.4 (The block value is not the truth). The witness bound (b) is what the block witness
certifies; for the generic product itself, machine experiments consistently measure the full cap
min(Ng, Np_j) even at k = D/2 (e.g. 84/84 at m = 4, D = 12, where the block witness gives
44). We do not need, and do not prove, more than (c) at general k; at every fixed (k,¢) with
¢ > 0 the row-dominated saturation theorem (Theorem 7.1) gives the exact value Ny N, for large
D, which covers the ¢ = 0 ranges a fortiori.

6 The two regimes for disjoint-pair products

The exact calculus of Theorem 4.3 splits cleanly along the two caps. On the ambient side, the
block witness saturates up to an explicitly located boundary mass — and ezxactly, once the
shift budget clears an explicit threshold. On the row side it is genuinely, quantifiably deficient.
Throughout this section W, u, ¢, profiles 4, and inc; are as in Section 4, and we write

R:=D—-k+¢, T(0) := i:@j —q)",

Jj=1

and let P denote the profile measure: the probability measure on {§ € N : Zj 0; = R} with
P(6) = [];(6;+1) /N (this is a probability measure because > 5 [[,(4;+1) = [2f)(1—2)72# = Np).
The statistic T is the total overshoot of the profile above the per-pair degree q.

6.1 Ambient regime: saturation up to boundary mass

Theorem 6.1 (Ambient-side sandwich). Let charF = 0 and let W be the block witness. Then:

(i) (Upper bound; overshoot is necessary.)

Iwe(W) < Np-P[T(0) <¢].
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(ii) (Lower bound; overshoot plus a boundary shell is sufficient.) With 5(d ( Vo + 11+
) and the deterministic bound (0 =+/m(R+m)+2m:

Lpe(W) > NR-IP’[T((S)SE—ﬁ((S)] > Np-P[T(6) < - 3].

(iii) (Exact full saturation.) If ¢ > (R —q)" + 3, then Ty (W) = Ng ezactly.

Thus the gate’s ambient deficit is located exactly: it is the profile mass within a boundary
shell of width 8(d) = O(vmR) of the overshoot budget ¢, plus the mass beyond the budget —
which no product with this block structure can ever reach, by (i).

Proof. (i) Fix a profile § and suppose the component Vs of (4) is nonzero, i.e. some summand
®j V,{(j?Aj with ) k; =k, > A; = £ is nonzero. Landing in pair-degree d; forces 0; = ¢ — K + A},
so \j =4 —q+ k; >0 forces k; > (¢ — 6,)", whence

F=Y"k = Sa-0)" = (k—0) +T()

(using > ;(¢ —0;) = pg — R =k — (), i.e. T(§) < . Profiles violating the budget contribute zero;
those satisfying it contribute at most their ambient dimension [];(d; +1). Summing gives (i).

(ii) We exhibit, for each profile with T'(6) < £— 3(4), a feasible choice of chain indices reaching
the profile’s full ambient dimension. Write 0; = ¢ — J; and recall (Lemma 4.1) that along the
profile the pair-j chain has value v;(v) = min((v + 1)(v — 0; + 1), §; + 1). Take

vj = min(o}r + V6 +17, q).
Then vj(v;) = 6; + 1: if the min is the first argument, then (v; +1)(v; —o; +1) > ([1/0; + 1

D[/0;+1] > (5 + 1 (both factors are at least [1/d; + 1], using oj > oj); if the min is g, then
(q+1)(g—0j+1) >d; +1since ¢ — 0j = §;. Feasibility: using > _; oj+ =(k—=0)+T(),

Yy < Zo +ZW5 +1]1 < (k=0 +T@)+B06) < (k-0 +L =k,
j

so the tuple v lies in the index set of Theorem 4.3’s inner sum, and the inner sum for this profile
is at least v(v) = [];(6;+1) (the filtration sum contains the single tensor product §); V(j ), which
already has full profile dimension). Finally §(6) < Z (VO +1+2) < /u(R+p) +21 < B by
Cauchy—Schwarz.

(iii) T(6) < (R — q)* deterministically: if no coordinate exceeds ¢ then T = 0; otherwise
T(6) <>_;0; —q= R —q. So the condition in (ii) holds for every profile, every profile is fully
reached, and I'y (W) = 35 [[;(d; + 1) = Nk. O

Proposition 6.2 (Explicit tail bound). For any a >0 and R > 1, with so = ¢+ a/u:

(R_s()};_TrL)Jr)m2 < m2<(R_ q_;l%//l—l—m)*)m%

Proof. If T > a then some coordinate has (d; — ¢)* > a/u; union-bound over the y exchangeable

P[T(6) > a] < ,u-2m<

coordinates. The coordinate law is P[6; = s] = (s + 1)(R*7j:7§*3)/(1%;7f1*1)’ SO
(R + 1) (Rif%tgliz) R+1/R— So + my\m—2 R — so +my\m—2
P[6; > so] < G < (m 1)~ ( > ) < gm(T) ,
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using the hockey-stick identity for the numerator, (R+m_1) > R™1/(m —1)!, and (m‘%)

m—1

<
A2/ (m — 2)L. 0

Corollary 6.3 (Deep-ambient saturation). I'y o(W) > NR<1 — mQ((R_q_(Z_If)/“J”m)JF)mQ)

whenever £ > 3. In particular I'ye(W)/Nr — 1 along any parameter family with m fized in
which (€ — B)/p — (R — q) — oo or, more generally, in which the right-hand side tends to 1; and
by Theorem 6.1(iii) equality T'y (W) = Npg holds outright once £ > R — q+ 3.

Example 6.4. Atm=4,D=12,k=(=6 (u=2, g =6, R =12): formula (5) gives 443 of
the ambient 455 (97.4%), and the deficit of 12 sits exactly on the boundary-shell profiles, as
located by Theorem 6.1.

Remark 6.5 (The sandwich is about block witnesses, not about generic products). Theorem 6.1(i)
is a genuine ceiling for disjoint-pair witnesses: a block product can never reach ambient profiles
whose overshoot exceeds the shift budget /. It does not bound generic products, whose measure
(by semicontinuity) is at least every block value and — in machine experiments — consistently
higher in exactly the deficient ranges (cf. Remark 5.4). Determining the exact ambient-regime
measure of the fully generic product beyond the sandwich, i.e. inside the boundary shell and
beyond the overshoot ceiling, remains open; the shell is O(\/??TR) wide in the budget variable,
so the gap is a vanishing fraction of the ambient dimension whenever the budget event has any
margin (Proposition 6.2).

6.2 Row regime: block witnesses are genuinely deficient

In the row-dominated regime the exact calculus turns into a megative structural statement: no
product with disjoint-pair block structure comes close to the row cap once m > 3 (more precisely,
once u > 3; already at m = 4 the deficiency is visible numerically — 212 against a row cap of
400 at D =12, k = ¢ = 3 — though the crude bound below is vacuous there).

Theorem 6.6 (Row-side deficiency of block products). Let W be the block witness, m = 2pu.
Fork=4/0>1:

2u—1 . 3
e > (L5 @5 = (5 @)

In particular, for m > 6 and k = £ > m?,

NkNg > ( k )(m—4)/2
Pk,g(W) 32m

Y

a deficiency factor of shape (min(k,€)/m)®™) . Conversely, in the row-dominated regime with
k < D/2 and D > 2m? the deficiency never exceeds 2e*m (e/2)™ ' (min(k,£) + 1)1 the
window between, the block value and the row cap is bounded by (min(k, £))°0™).

Proof. Upper bound on T'y ,(W). In (5), reindex each pair (o,v) by (k,\) := (v,v — 0): the
constraints become kj, A; > 0, > k; <k, > Aj = k;j—(k—{) <, and each increment satisfies
iHCj(Uj) < 2I/j — 0j +1= Kj =+ )‘j + 1. HGHCG, for k = g,

RO SR | (RS TRR (kw)Q(%*“)“,

KA >0 =1 K K
>ori<k, A<k
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bounding the number of index tuples by (k+“) and each summand by AM-GM ([[(x; +X;+1) <

((2k + p)/p)*).

Comparison. Nj, = (kgiﬁf), and

() I = k4 i1
(M T 11 i = ( 2 ) ’
Iz i=p+1

[43

giving the displayed bound. (The weakened form ((k + pu)/2p)%~2 is too lossy at u = 3; the “in
particular” bound is derived from the product form.) For p > 4, write

2%
P = H*—2 /H(1+ Do ()
i=p+1
using 1+ <e”and } ., j/pu= (u—1)/2; thus Hfﬁ;il % > (%)“_1;)#. For k > m? = 4u?
we also have (14 p/2k)" < er’/2F < el/8 5o (ﬁ)” > (&)"e~1/8. Combining,

e () e = () e = ()

the last step because 64#~2 > (2¢)te~7/8 for p > 4 (4096 > 365 at p = 4; each increment of
multiplies the left side by 64 and the right by 2e), and 64u = 32m. For u = 3 the product form
. . k+4)(k+5)\2, 3 \3 k _ (_k \K
gives directly ("5 (55)" > 1y = ()
this is 5184 ((k:+4)(k‘—|—5))2 > 400 k (2k+3)3, which holds coefficient by coefficient after expansion
(5184((k + 4)(k +5))% — 400k(2k + 3)3 = 1984k* + 78912k3 + 605664k + 1855440k + 2073600).
The converse window bound. T'y (W) > N, (multiplication by any single nonzero derivative
embeds S¢), and Ty (W) > dim OFW > (2/2) Nk for kK < D/2 (by (6) and Lemma 5.2(iii)
with the block caps — the content of the proof of Theorem 5.1(c)). Hence NiNy/T'y (W) <
min (N, 2e?m(e/2)" ' Ny) < 2e*m(e/2)™ (min(k,¢) + 1)™~!, using N, < (e + 1)™ 1. O

) . .
for every k > 1: clearing denominators,

Remark 6.7 (Why this matters). Theorem 6.6 shows the row-dominated regime cannot be closed
by disjoint-pair witnesses: the deficiency is a structural property of the block decomposition (the
multidegree grading of (4) is the obstruction), not slack in the analysis — the calculus is exact.
Together with Remark 3.2 (the m = 2 fat-point mechanism cannot produce Chow witnesses
at m > 3), this eliminates the two natural witness families and forces the overlapping-chain
witnesses of the next sections, whose shared variables destroy the multidegree grading. This is
the honest reason the row-dominated regime was the hard one: for generic subspaces in place of
OF f, the analogous maximal-growth statement at general (k, £) is Froberg-conjecture territory,
open for m > 4 [13, 4, 18]; the chain-witness proof below sidesteps this entirely, and in particular
does not imply (nor use) any new case of Froberg’s conjecture — products of linear forms are
very far from generic forms.

7 Chain witnesses and the master reduction

We now prove the main saturation theorem. The witnesses are chains of binary forms in
overlapping pairs of variables:

[ = gi(x1,22) g2(z2,23) - - Gm—1(Tm—1,Tm), deg g; = h;.
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Each g; splits into linear forms over F, so f is a product of D = >; hi linear forms — a Chow
point (Section 2.3).

Theorem 7.1 (Chain saturation, uniform in m). Let charF =0, m > 3, and fix (k,{¢). There
are thresholds Hy, ..., H,_1 with

Hy = (k404+1)(2k+0+1)—1,  H; < 3(k++D)D2(k41)4+0(k+0) (2<j<m—1),

such that for all h; > H; (2 <j <m—1), all hy > Hy outside a finite exceptional set (which
may depend on k,¢ and ha, ..., hpm—1), and generic binary forms gi,...,gm-1 of those degrees:

Lre(g192 - gm—1) = Ni N,

the full row cap. Consequently there is a finite Do(m, k,£) < Zj H; + E, with E the size of the
exceptional set for hy at hj = H; (j > 2), such that a generic product of D > Dy linear forms in
m variables satisfies

Lie(f) = min(NpNg, Np_pir).

The thresholds are exponential in m but polynomial in (k,¢) for every fixed m; the finite
exceptional set for h; (a minor nonvanishing in a scaling limit, Lemma 8.1 step (3)) is the one
non-effective ingredient, and is empty in every machine-checked configuration — so Dy = | ; H;
in every checked case. The final “consequently” is proved by decomposing D = Zj hj with
hj = H; for j > 2 and the excess in hy: for D > Zj Hj; + E the admissible interval for h; has
more than E points, so some choice avoids the exceptional set. Then semicontinuity on the Chow
variety applies, plus the observation that Np_pi, = ©,,(D™ 1) dominates the constant row cap
for D > Oy, ((k +m)(¢ +m)), which is in turn dominated by Dy.

The proof occupies this section through Section 10, and is one derivation for all m, organized
as: an exact master reduction (this section); an end peel whose statement quantifies over an
abstract spectator family (Section 8); a middle peel with explicit coordinatization (Section 9, for
m > 4); and a residual core lemma valid over any field (Section 10), where the case m =3 — for
which the middle peel is empty — is completed by a one-variable core lemma and the general
assembly is carried out.

7.1 Conventions for the chain

Rows of the measure matrix are indexed by pairs (a,b) € N™ x N™ with |a| = ¢, |b| = k:

E(a7b) = l‘aabf = x(lllajgnmagiabm f7

Tm

so I'y ¢(f) = rankp{E(a,b)}, and the target NNy is exactly the number of rows: saturation
means the rows are linearly independent.

We write ¢1(w) := g1(1,w) and ¢p—1(w) := gm—1(w, 1) for the dehomogenizations at the two
ends, and o1 := a1 — by € [—k, ¥ for the (first) class parameter. Middle factors are expanded as

0) ho—d_d i) _hjia—e .
go = Zc& ) x5 "y, Jj+2 = chj) m]j_g x§+3 (1<j<m-—4), Om-1 = Zeuw“.
d e n
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7.2 The master reduction

The first move is an ezact linear identification that eliminates the end variable x; in favor of a
Laurent “tag” variable ¢ recording the filtration depth in g;’s coefficients. Its key feature: the
rest of the polynomial is never inspected.

Lemma 7.2 (Master reduction at one end; arbitrary co-factor). Let g(x,y) = >, \a"y" be
a binary form of degree h and let G be any polynomial in y and any further variables ¢, with
x-free coefficients. Put f = g-G and ¢(w) := g(1,w). For every row x%y2¢4 82x8§2843f, the
monomial substitution T : xP — t"T4=P (a bijective relabeling on the x-degree range [0, h + £],
which contains every row) satisfies

T(a:a“”y”CA ol of f) = b thrmae g2 ¢ (b —10,)% 0208 [ o(ty) - G . (7)

Hence the two families (rows on the left, right-hand sides on the right) have equal rank — ezactly,
for every g, with no genericity assumption and no threshold on h.

Here (h — t8;)% denotes the operator (h — t0;)(h — td; — 1) - - - (h — td; — b, + 1), which acts
on a monomial of t-degree v as the scalar (h — v)>*

Proof. Differentiating the expansion of g,

o= YA st e
v
and the Leibniz expansion of 852 across g - G collapses against the substituted variable:

Z (bj> t1 V) (ty) 08271 G = 9% [¢(ty) G].
J

In the ¢-form, the t-degree of the v-slice is exactly v: it tags which coefficient of g contributed,
i.e. the z-filtration depth. (This is why the tag works where a y-grading would not: 9, lowers
the y- degree but not the ¢-degree.) The weight (h — V)b—“” is therefore realized by the operator
(h — t9;)%. The z-exponent of the v-slice is p = ay + h — v — by, and (h — 1) = 0 whenever
v > h—1bg, so p >0 on the support: T is a bijective relabeling of an ambient monomial space
containing every row, i.e. the restriction of a linear isomorphism — exactly rank-preserving. The
co-factor G was used only through z-freeness. O

Proposition 7.3 (Double master reduction). For the chain f = g1+ gm-1, write y := w2,
zji=xjy2 (1 <j<m—3), let t tag the x1-depth and u the xp,-depth. Then

Ipe(f) = rankp {Rqp : |a| =4, |b| =k},

where
m—3
Rop = 1701 g bm—am g a2 H z]a]+2 tat)b—l (hm—1 — udy) 8b2 H (‘)Zb]?“
7=1
[¢1(ty) 2 (Y, 21) - gm—2(Zm—1, 2m—3) Gm—1(U 2m—3) } (8)
(Laurent monomials in t,u are permitted; at m = 3 the list z1,. .., zm—3 is empty and ¢m—1 = P2

is applied to uy — recorded for completeness, though the m = 3 assembly of Section 10.2 uses
only the single-end reduction).
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Proof. Apply Lemma 7.2 at x = x1 with co-factor G = g3 - - - g—1, then again at x = x,,, — with
the orientation reversed, i.e. with g(x,y) := g;m—1(y, x), whence ¢p(w) = gpm—1(w, 1) = ¢p,—1 and
the tag obeys af, — u/m—1H=" — with co-factor ¢1(ty) g2 - - gm—_2. The two relabelings act on
disjoint exponent axes; ¢ enters only through ¢;(ty) and u only through ¢,,—1(uzy,—3); all middle
derivatives preserve both slice depths, and the middle variables are inert under both reductions.
Dropping the global offsets ¢, u’ (injective on Laurent polynomials) gives (8). O

The problem is now completely explicit: prove that the NyN, Laurent polynomials (8) are
linearly independent for a suitable (then generic) choice of the g;.

8 The end peel

The second move eliminates the tag ¢t and the variable y, at the price of specializing ¢; to a
truncated multi-exponential. The lemma is stated with everything beyond (t,y) as an abstract
spectator: an operator family and a co-factor about which nothing is assumed beyond freeness
and commutation. This is what makes the statement usable at every m with no induction.

Fix (k,¢) and set C := k + ¢ + 1 throughout.

Lemma 8.1 (End peel). Let charF = 0. Let ¢ be any tuple of variables, G(y,() any polynomial,
and for each row index (a,b) let S,y be an F-linear operator that is a product of: multiplications
by Laurent monomials in ¢, powers of 9¢, and Euler-type weights (W' — (;0c,)¢ — in particular
t-free, y-free, w-free and hi-free, and commuting with 0y and with multiplication by y and t. Let
¢1 be the degree-hi truncation of ZCCZI Ac €9 with distinct generic w. and A # 0, and consider
the family

Rap = tP7 g2 (hy — t9,)" 022 Sap [0 (ty) - G].

For a class 01 = a1 — by, call the tuple of S-indices the block blk of a row (in the application:
(bgy...,bm,as,...,am)), set dy := by —ay = (k — £+ 01) — dpix where Opyk is block-constant (in
the application: 2]23(()]- —aj)), and define the residue family, one element per block:

i = y % S [G,

where Sy denotes Sayp, for any row of the block (block-constant by hypothesis). If for every
o1 € [—k, ] the family {Y{), Yoix is linearly independent, then for all hy > Hy = C(2k+(+1)—1
outside a finite exceptional set of hi-values (which may depend on the remaining data), the full
family {Rqp} is linearly independent.

Proof. Suppose ), ; capRap = 0; we show every ¢, = 0 via four steps.
(1) Truncation congruence and the zero bound. R, is linear in ¢, and for the truncated
exponential one has the exact congruence

Ra7b[trunc ew'] = emy-w(wb) (mod tth_Z), w((:;) = ey a (wt+8y)b2 Sa’b[beil (wty)'G],

a,

where Pb}il () =2 (bjl)(hl — )74 (—2)7 is the Euler weight conjugated by the unit e, applied
before the Jy-conjugation — the operator order that makes the bracket exact. (Derivation:
the generating identity ), (h1 — V)l [yl = e‘th}i1 () plus an index shift resums the per-slice

weights; the truncation tails v > hy carry t*+%1791 of order > hy 4+ 1 — £.) The t-window of wflwb)

is contained in [/, 2k]: t appears only in "1~ in Pb}il (wty) (degree < by), and in (wt + 9,)"2
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(degree < by); S contributes no t; the top degree is 2b; + ba — a; < 2k and the bottom is
by —ay; > —¢. (The window [—/, 2k], rather than the naive [—/, k], is attained: already k = 1,
(=0,b=(1,0,...) gives w = t(h; — wty)G with a t? term. This is what sets H;.)

Now over the function field K = F(y, () the C frequencies w.y are distinct (only y # 0 is
used — the spectators are inert), the polynomial parts have t-degree < 2k + ¢ after clearing tf,
and the putative relation ), e“" Q. = 0 (mod th+1=0) with Q. := X\, D ab cavbwéﬂc), vanishes
to order > hy + 1 at t = 0 after clearing. The classical zero-multiplicity bound for exponential
polynomials — a nonzero 25:1 elq.(t) with distinct 7. and degq. < ¢ has a zero of order
at most C'(qg+ 1) — 1 at t = 0; formally valid over any characteristic-0 field via the constant-
coefficient ODE [,(8; — 7.)™! with nonzero extreme coefficient — forces each Q. = 0 exactly,
once hi +1>C(2k+/¢+1)—1,1i.e hy > Hy.

(2) w-Vandermonde. Since S is w-free, w((:;)) =wuh. w&g wswpe a0d T wt is a monomial
bijection. Grading the coefficient vector by the class o1 = a1 — b1, the condition Q). = 0 for the
C = k+ £+ 1 distinct values w, is, per t-degree, a Vandermonde system in w?! over the k + £+ 1
classes 01 € [—k, £]; its invertibility places every class-graded piece o1l in the kernel of the w = 1
family.

(8) Scaling limit, per class. Fix a class. Clear the class-constant prefactor ¢t~ first, then
substitute ¢ — hyt and divide the row of index (a, b) by hf 1402, overy entry becomes a polynomial
in €1 := 1/hy — here hj-freeness of S is consumed (S-weights are €1-free constants) — and at
€1 = 0 the family degenerates to

Vabp = b2 y* (1 — ty)b1 Sap |G
The prefactor order matters for o; < 0; with it, the polynomiality is a direct check:
(hy — )2/ =LA = (G +i)er),  (hat+8y)2/h{* = (t+€19,)".

If the limit family is independent, a maximal minor — a polynomial in £; nonvanishing at 0
— certifies independence for all but finitely many h;: this is the proof’s only limit and only
exceptional set.

(4) Triangularization in the tag degree. Within a block, rows are indexed by b; alone (given
the block and the class: by = k — by — ijg bj, ap = £ — a1 — ijg aj, ap = by + o01), and
d; = by — ay is block-constant. Expanding (1 — ty)?* and using as = by — d,

by
b
s = S0 (1) () ¥,

p=0 p

after clearing the global y-unit: the ¢-support of the row with index by is [ba, by + b1], whose
lowest point p = by = k — by — ij?) b; is distinct for distinct b; within the block, with unit
coefficient — a unitriangular system for any subset of b1’s. A vanishing combination of the v’s
therefore gives, at each t-degree, a vanishing combination of the residue elements Y}, across
the class’s blocks; their assumed joint independence reduces this to one vanishing coefficient per
block at each ¢-degree, and the unitriangular structure in by then forces cl1] = 0 for every class,
hence ¢ = 0. O

Remark 8.2 (What the lemma consumed). Characteristic 0 (the zero bound and the Vander-
mondes); the listed freeness and commutation properties of the spectator operators S; and
nothing about the co-factor GG. In the application at general m the spectator monomials include
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uPm~%m with possibly negative exponent — Laurent monomials — and no step of the proof uses
nonnegativity of the exponents: the statement holds verbatim on the Laurent ambient space,
where the rows live anyway.

Remark 8.3 (Reduction achieved). Applying Lemma 8.1 to the family (8) with

C= (21,1 2m-3,u), G=92 " gm—2 Om—1(uzm—3),
Sab_ubm amH aJ+2' m 1_u8 bmHazj+25

J
Theorem 7.1 reduces to: for every class o1, the residue family

m—

m—3
_ _ b
Vi =y Mubmmom H T2 (g1 — udy ) H 9.7
i i1 (9)

[92(2/, 21) * Gm—2(2m—1; Zm—3) dm—1(uzm—3) ] :
indexed by blocks (bs,....bm,as, ... ,am) with dy = (k — £+ 01) — 37;55(bj — a;), s linearly
independent, for one (hence a generic) choice of the factors ga, ..., gm—2,dm—1 of large enough
degrees. At m = 3 we instead apply the peel to the single-end reduction (Lemma 7.2 at
only): ¢ = (2) with z := 23, G = g2(y, 2), Sap = 2930, blocks (b3,a3), and residue family
Y = y~ % 203 6;’3 92(y, z); the middle peel of the next section is not needed, and this base case is
completed directly in Section 10.2. For m > 4 the next section eliminates the middle factors.

9 The middle peel: coordinatization, windows, and the twist
Vandermonde

Throughout this section m > 4. Fix a class o1 and recall the residue family (9), indexed by
blocks blk = (b3, ...,bm,as,...,am,). We must prove its linear independence for suitable middle
factors. We specialize all m — 2 remaining coefficient sequences to multi-geometric form with
W =k + ¢+ 1 terms each and generic frequencies:

W W
7) :Zpl(.]) vi, (7=0,...,m—4), eu:Zpgfmwf, (10)
i=1 z=1

with all p’s nonzero and, per family, distinct nonzero frequencies. (Independence of the residue
family is a Zariski-open condition on the coefficient tuples; the multi-geometric witnesses below
certify nonemptiness, and Section 10.3 performs the final intersection of open conditions.) When
indices from a single generic frequency tuple suffice we drop the second subscript and write
v 1= Vj;, w = w; for a typical term; all displayed identities are per-term.
9.1 Slice structure
Fix a block. Expanding the bracket of (9) over coefficient tuples

(607 ceey 6m—3) = (d7 €1,---,6m—4, /'L)

of the m — 2 sequences, the pre-derivative exponent of the middle variable z; is

Ej=ej 1+ hjya—e; (1<j<m—4), Epm—3 = em—a+ 1,
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and after the derivatives and monomial multiplications the tuple contributes to the single column
monomial with exponents

w:=he —dy—d (of y), Zj = FE;—bjta+ajo (of 25), q:=p+bn—any (of u), (11)

with coefficient (exact, per monomial)
m—4 m—3
0 j b bm
(T e)en- TT B2 ey = (12)
i=1 i=1

— m—2 falling-factorial loads, indexed by bs, ..., by,. The map (d, €, u) — (w, Z, q) is injective per
block (index recovery below), so every monomial of Y}/, receives exactly one tuple contribution.

9.2 Coordinatization: the telescoped global relation

Set
0; = Z (bj—aj) (i=1,...,m=2), T = Qm—bm (= —0m—2), A:=hy—(k—Ll+07).
J=i+2

Telescoping >, Ej = d+p+ Z;’:f h; against (11) gives the global relation — block-independent:

m—3 m—2
> Zi =Y hi—(k—l+0)—w+q (13)
Jj=1 Jj=2

Fix any split point r € [1,m — 3| (we take r = [(m — 2)/2]; the window exponents below are
(r, m —2—r)). Columns are then faithfully coordinatized by the m — 2 values (w, q, Z; (i # r))
— Z, is recovered from (13) — and the sequence indices recover in closed prefix and suffix forms:

J+2
prefix: ej:C’j+5j+1—w—ZZi, Cj 3=A+th‘ (0<j<m-—4) (14)
i<j =3
m—2
suffix: e; :ZZi—q—i—éj_H—Dj, Dj = Z h; (0<j<m-—4), (15)
i>j i=j+3

in particular d = ey = A+ — w and pu = ¢ + 7. (The two forms are proved by upward resp.
downward induction on j from (11); their mutual consistency is the global relation, in the form
Cj +Dj == ZZZEQ hz — (k‘ - €+01).)

The load arguments become univariate in the kept coordinates:

E; = Zj+ (6; —0j41) for every j, him—1—p = (hm—1—7) —q,

and expressing Z, via (13) makes the b,9-load affine in all coordinates; it is the only load that
carries w.
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9.3 Tensor factorization, split recovery, windows

Substituting (10) and the prefix forms (14) for the left families j < r — 1, the suffix forms (15)
for the right families j > r:
v = [y.cj Oj+1, _“’Hy Zi (left), v’ = [1/-7 7] ’“ qHy (right), w!=w"-wi,

J J J J
i<j 1>]

so the per-coordinate exponential bases are pure tensors over the coordinates:

—1 — prefix products, at most W" values;

coordinate w: base (vov1 -« Vp—1)
coordinate Z; (i <r —1): base (v;---vp—1)" L, at most W7~ values;
coordinate ¢: base w/(vy - - Um_4) — suffix ratios, at most W ™2~" values;

coordinate Z; (i > r+1): base v ---v;_1, at most W " values.

There is no cross-leakage: each family’s exponential touches exactly the displayed coordinates,
and the polynomial loads have degrees deg,, < by12, deg, < by 42 + by, degy, < biya +bri2 — all
at most k. Frequency recovery peels from the middles outward: the Z,._q-base is v,._1 solo, then
the Z,_o-base divided by v,_1 yields v,_s, and so on until the w-base yields vy; symmetrically
the Z,11-base is v, solo, ..., and the ¢-base finally yields w. Hence per-family distinctness
of the frequencies alone makes the map (base vector) — (frequency tuple) injective: pairwise
distinctness of the prefix products or suffix ratios is not needed (collisions merely shorten the
per-coordinate base lists, weakening the window requirements below). Edge cases: at » = 1 there
are no left Z’s and the w-base 1y is solo; at 7 = m — 3 there are no right Z’s and the ¢-base
still yields w last; at m = 4 there are no middle coordinates at all and only the w- and ¢-bases
remain.

Windows. All constraints below quantify over the full twist ranges 0; € [—¢, k|, 7 € [k, (],
and the class list o1 € [—k, ] (the latter absorbed into the O(k+¢) slack via A); window positions
for the interior coordinates are per-class (the constants C; contain A), while the thresholds H;
are class-uniform — the entire argument runs within one class, so per-class positioning is all that
is needed. Requiring each sequence index to range over a full product window of consecutive
integers:

o w: d= A+ —w € [0, hs] leaves an interval of length ho —k —¢+1 > W' (k+ 1) iff
hy > Hy:=W"(k+1)+k+{—1;

e ¢ t=q+7€|0,hp_1] leaves length hy, 1 —k—£+1 > W27 (k 4+ 1) iff by >
Hyp i =Wm 27" (k+ 1)+ k+£0—1;

e left interior 1 < ¢ < r —1: e; € [0, hjy2] over the whole w-window and all upstream
Z-windows leaves an available Z;-interval of length h;yo + 1 — (len,, — 1) — > j <i(len z; —
1) — (k+£) > Wik +1); since ngiWr_j < 2W", it suffices that hjyo > W™ (k +
D 42W(k+1)+k+ ¢

e right interior r < j < m — 4: symmetrically against the g-window and downstream Z-
windows, hjro > WITI"(k + 1) 4+ 2W™ 27" (k + 1) + k + £ (the case j = r is the
eliminated coordinate’s sequence: it contributes a threshold for h,;s but no new window;
the windows are positioned nested from the ends inward, and are nonempty exactly when
the thresholds hold).
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Hence H; < 3WIm=2/21(k +-1) + O(k + ¢) for all 2 < j < m — 1 at the split 7 = [(m —2)/2] —
exponential in m, polynomial in (k, ) for fixed m, which is all Theorem 7.1 claims. (Other splits
give other exact constants; » = 1 reproduces the thresholds of the m = 5 instance in Appendix A,
r = 2 those of m = 6.)

On the product window, every family element is a pure tensor from the Kronecker product
of per-coordinate univariate families {S*x2-type loads : [ a base value, deg < k}; each per-
coordinate family is independent on a window of > (#bases)(k + 1) consecutive integers (a
confluent Vandermonde at consecutive integer nodes: the order-(#bases)(k + 1) linear recurrence
II B(E — B)F*1 with invertible extreme coefficients annihilates exactly this family), and distinct
(frequency tuple, degree vector) pairs give distinct tensor elements. Hence, per frequency tuple,
the vanishing of a combination of the residue family holds as a polynomial identity in the m — 2
formal coordinates (w,q, Z; (i #r)).

9.4 The twist Vandermonde

The per-tuple identity still carries the twist factor HT:_O4 V]-(Sj 1

p0 . pl®) ~VjCj (left) ~y;Dj (right). The twist exponents range over §; € [—£, k] (i =1,...,m—3)
and T € [—k, ], each of size at most k + ¢+ 1 = W; vanishing on the (m — 2)-dimensional grid
of W distinct nonzero values per axis (tensor Vandermonde; Laurent shifts are absorbed by
the nonzero nodes) forces every fine (d1,...,dn—3, 7)-group of coefficients to vanish separately.
Within a fine group, blocks are faithfully indexed by (bs,...,by) alone: a,, = by, + 7 and
a; = b; —(5]'_2-1—(5]'_1 (j=3,....,m—1).

The residual obligation, per fine group, is exactly the hypothesis of Lemma 10.1 below, with
all m — 2 coordinates formal, at every m — no integer window parameters and no collapsing of
formal coordinates is needed. The next section proves it and assembles the theorem.

-w”, together with nonzero units

10 The residual core and the assembly

10.1 The core lemma, uniform in m

Lemma 10.1 (Residual core). Let F be any field, p > 0, and let w,q, X1, ..., X, be variables.
Let ci,...,¢p, K,H € F be arbitrary constants and B C NP2 any finite set of tuples B =

(ﬁlv s 7ﬁp7ﬁwaﬁq)' If

p

: Bw .
Z’yﬁ H(Xi+ci)&'(K—w+q—ZXi> (H—q) =0 in Flw,q, X1,...,X,],
BeB  i=1 ;

then all g = 0.

In the application: p = m — 4, the X; are the kept coordinates Z; (i # ), the §-slots are the
block indices (bi+2)i7gr, Buw = br42, 6(] =bny, ¢; = 5i_5i+17 K = Z;n:_; hj — (kf—€+01)—|—5r—5r+1,
H = h,,_1 — 7 — but none of that structure is needed.

Proof. Only the 5,,-load involves w; as a polynomial in w it has degree exactly (3, with leading
coefficient (—1)5“’ — a nonzero constant, independent of ¢ and X. Extract the top w-power:
with By, := maxgep B, the coefficient of wPB» in the identity reads

> 0P [ (Xi+ ) (H-g)%2 = 0 in Flg, X].
B: Bw=DBuw i
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The p + 1 remaining factors are univariate polynomials in separate variables with degrees
(B1,-- -, Bp, By) and unit leading coefficients (1, ..., 1, (—1)%), so the products over distinct tuples
(B1, ..., Bp, By) form a subset of a graded tensor basis of IE“[)Z ,q] — linearly independent — hence
all v with 3,, = B, vanish. Remove them and induct downward on f3,; the elimination is
contamination-free because the removed blocks are gone entirely. O

Note what the proof did not use: no characteristic hypothesis (every leading coefficient is
+1), no structure of B, no distinctness or nonvanishing of the constants. Characteristic 0 is
consumed only upstream (Lemma 8.1 and the Vandermondes of Section 9).

10.2 The base case m = 3

At m = 3 there are no middle factors, and the residue family (after the single-end reduction;
Remark 8.3) is

YZbg,a;ﬂ - y_dt 243 82{73 gQ(yv Z)v di = (k — {4+ Ul) - (b3 - a3)7

one element per block (b3, a3), within a class o1. Writing g2 = Y, cq y"2 7929,

/ b3 , ho—d—d; . d—b:
Y(bs,as) - Z Cad=y™ s,
d

and since (hga —d —d;) + (d—bs+as) = ha — (k— £+ 01) is class-constant, all elements of the class
live on a single anti-diagonal, coordinatized by the z-exponent e := d — b3 + a3. In coordinate e
the block (bs, a3) contributes the vector ((e + 5)b—3 C€+5)e with § := b3 — a3, and distinct blocks
give distinct pairs (6, b3). Independence is thus an instance of the following one-variable lemma.

Lemma 10.2 (Shifted sequences with falling-factorial loads). Let charF = 0. Let Q be a finite
set of distinct pairs (6,n) with |0 < A and 0 < n < M. Let ce = Zz@l Azl be a multi-
geometric sequence with distinct nonzero pig, all Ay # 0, and Wy > 2A + 1. Then the vectors
((e+ 5)ﬂce+5)eew, (0,n) € Q, over any integer window W of length at least Wo(M + 1), are
linearly independent.

Proof. The falling-factorial Vandermonde identity (e + 6)" = >, ('})62=% ¢ expands each vector
over the basis u,; = (ei,uj)e; the ug; (1 <o < Wy, 0 <i < M) are independent on a window
of length Wy(M + 1) (confluent Vandermonde at consecutive integer nodes, i.e. the recurrence
[1,(2 — pz)M*! with invertible extreme coefficients). Vanishing of each wu, ;-coefficient says that
the polynomial G;(p) = 35 1?2 > s, (7)6"=2 (degree < 2A) vanishes at the Wy > 2A + 1
points u,: so G; = 0 for every i. For each fixed d, the matrix | (?) 6n=1],,; is lower-triangular
with unit diagonal, so all a5, = 0. O

Applying Lemma 10.2 with A = k+ ¢, M = k, Wy = 2A + 1: for a multi-geometric go (which
certifies a generic go; the window fits inside [0, ho] once ha > Wo(M + 1) + 2A — 1 = poly(k, ¢)),
every class’s residue family is independent. Together with Lemmas 7.2 and 8.1 this proves
Theorem 7.1 for m = 3, via the assembly below. (Boundary detail: coordinates e near the ends
of [0, ho] where d® = 0 vanish coherently with the formula, since d = 0 for 0 < d < bs; the
window is placed away from the ends.)
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10.3 Assembly

Proof of Theorem 7.1. Fix m > 4 and (k,¢) (for m = 3 replace the middle peel by Lemma 10.2
as just described). Chain the lemmas:

(1) Ezxact reduction. Applied at both ends of the chain, Lemma 7.2 (Proposition 7.3) identifies
Tie(g1 - gm—1) with the rank of the family (8), exactly, for every choice of factors.

(2) Residue independence for witness middles. Specialize the middle factors and ¢,,—1 multi-
geometrically (10) with degrees meeting the window thresholds of Section 9.3. For such witnesses,
Sections 9.1-9.4 prove: every oj-class residue family (9) is linearly independent. Indeed, a
vanishing combination, expanded over the slice structure, restricts on each product window to a
Kronecker product of independent per-coordinate families (confluent Vandermonde), giving a
polynomial identity per frequency tuple; the twist Vandermonde separates the fine (5: T)-groups;
and within a fine group the identity is precisely the hypothesis of Lemma 10.1, which kills all
coefficients. The finitely many conditions consumed — per-family distinct nonzero frequencies,
nonzero p’s, window fit — are Zariski-open and nonempty.

(8) End peel. With every class’s residue family independent, Lemma 8.1 (with the spectator
data of Remark 8.3) gives independence of the full family {Rq;} for the truncated multi-
exponential ¢ with hy > Hy = (k4 ¢+ 1)(2k + ¢+ 1) — 1 outside a finite exceptional set. Hence
Iy ¢ = Nj N, for the witness chain.

(4) One tuple satisfies everything; genericity. Each condition above is Zariski-open in the
irreducible parameter space of coefficient tuples of (g1,...,9m—1) at the given degrees, and
each is nonempty (the witnesses certify this), so their finite intersection is nonempty and
dense: independence holds for one, hence for generic, chains of those degrees — and I'y; is
lower-semicontinuous, so the generic chain of any degrees h; > H; achieves the row cap.

(5) Transfer to generic products of linear forms. The witness factors have generic leading
coefficients (one more open condition), so each g; homogenizes to a binary form of degree h; that
splits into linear forms over F; the chain is then a product of D = 3" h; linear forms — a point
of the irreducible Chow variety — and semicontinuity on it (Section 2.3) gives I'y o(f) > NiN;
for the generic product of D > Dy = Zj Hj linear forms. Finally Np_j 4, = (D 7kﬂtéflm71) =
O (D™ 1) > NN, for D > Oy, ((k + m)(€ + m)), which Dy dominates; so the row cap is the
min, and the universal cap (2) closes the equality. O

Remark 10.3 (Quantifier order). The order matters and is: fix the class-window positions and
prove residue independence for the fixed multi-geometric middle tuple (per class); then Lemma 8.1
for the multi-exponential end; then intersect the finitely many open conditions. The per-class
window positions depend on o1; only the thresholds are uniform, which is all that is quantified in
the theorem.

Remark 10.4 (Two forced-order facts). Two natural simplifications provably fail, and the archi-
tecture is shaped by their failure. (i) Treating the two chain ends by a symmetric double scaling
limit Ay, Am,m—1 — oo loses rank: in the double limit the middle factor decouples and Pascal
relations 2°(1 — )¢ = 2b+1(1 — 2)¢ 4+ 2°(1 — 2)°*! create kernel vectors; the measured limit rank
is deficient at every interior class already at m = 4. Hence the sequential order — peel one end
by Lemma 8.1, keep the other end at finite degree inside the spectator family — is forced. (ii) In
the middle peel, evaluating the formal coordinates at a generic point before the final elimination
loses rank (measured deficient at every interior (4§, 7)-group at m = 5): the residual core must
be run with all coordinates formal, which is exactly what Lemma 10.1 provides. Appendix A
records the measurements.
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Remark 10.5 (Effectivity). All thresholds are explicit except the finite exceptional set for hy (the
nonvanishing at £; = 0 of one maximal minor, Lemma 8.1 step (3)). In every machine-checked
configuration the exceptional set is empty — at m = 3, saturation was measured down to h; as
small as k — so the large-h; restriction appears to be proof slack, not truth. Making step (3)
effective would make the entire theorem effective.

11 Related work

Shifted partials and depth-four lower bounds. The measure I';, , was introduced by Kayal

[19] and used by Gupta—Kamath—Kayal-Saptharishi [16] to prove n®(V4) lower bounds for homo-
geneous depth-four circuits with bounded bottom fan-in; subsequent refinements pushed variants
of the measure to n(Vd for general homogeneous depth four (Kayal-Limaye-Saha—Srinivasan
[21], Kumar—Saraf [22]) and, with bounded bottom fan-in, for iterated matrix multiplication
(Fournier-Limaye—Malod—Srinivasan [12]); the bounds have remained at n?(Vd) since 2014. The
upper-bound step in all these arguments over-approximates the gate measure by the universal caps;
our results show that for product-of-linear-forms gates in few variables the over-approximation
is, beyond polynomial thresholds, no approximation at all.

Barriers for rank methods. Efremenko-Landsberg—Schenck—Weyman [11] proved that shifted
partials cannot separate the permanent from the determinant beyond small polynomial factors;
Efremenko-Garg-Oliveira-Wigderson [10] formalized barriers for general rank methods; Bhargav—
Dutta—Saxena [6] extended the barrier analysis to more measures and models. These results
concern the many-variable regime and prove that random/generic gates nearly saturate. The
present paper proves exact saturation, with explicit constants and thresholds, for the most
structured gate family, in the complementary few-variable high-degree regime — and localizes
precisely which witness structures fail to saturate (Theorem 6.6) and why.

Evaluation variants over small fields. Armand-Behera—Tavenas [5] prove 22(Vd) Jower
bounds for depth-five circuits with bounded top product fan-in over small finite fields, using
evaluations of shifted partials on a well-chosen point set. The contrast with our results is
instructive, and confirms that our characteristic-0 hypothesis is substantive rather than technical.
Over F, with ¢ = O(1), a product of many affine forms of high rank vanishes to order > k
everywhere off an exponentially small set — each factor vanishes at a random point with
probability about 1/q — so the order-k shifted partials of such a gate, evaluated on the surviving
points, are all zero: the gate’s evaluated measure is near zero, the opposite polarity to saturation.
In characteristic 0 (or large characteristic) this multiplicity mechanism has no purchase, and our
theorems show the classical (coefficient-space) measure is fully saturated. The two regimes are
also disjoint quantitatively: in [5] the variable count grows polynomially in the degree, while in
the few-variable regime over [, every evaluation space has constant dimension < ¢™. Together
the results locate the exact boundary of the saturation phenomenon: small characteristic plus
the evaluation twist restores measure-confinement against product gates; either ingredient alone
does not.

Partial derivatives of products. Shalmon-Shpilka [24] prove an exp(Q(r!/%)) lower bound
on the (unshifted) partial-derivative dimension of a product of r linearly independent quadratics
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in many variables — a largeness result for nonlinear factors, motivated by the classical fact that
a product of n independent linear forms has derivative dimension (Z) at order k. Our £ =0
results (Theorem 5.1) are complementary: few variables, linear factors, exact and near-exact
values including the shifted ranges. Edwards [9] develops a coefficient-matrix formalism (“SPDP
rank and codimension”) for shifted-partial measures; the framework is orthogonal to our concern
(no dimension computations for concrete gate families are made there).

Apolarity of products of linear forms. DiPasquale-Flores—Peterson [8] study the apolar
algebra of a product of linear forms — Waring rank bounds under genericity hypotheses via
star configurations (Geramita—Harbourne-Migliore), and computational classification of certain
sextic multi-arrangements — and connect it to the geometry of hyperplane arrangements. The
generic Hilbert-function questions answered here (for % f and its shifts) do not appear there or,
to our knowledge, elsewhere; [8] is the closest prior work and our point of departure. On the
commutative-algebra side of our proofs, we emphasize again the negative relationship to maximal-
rank conjectures: Froberg’s conjecture [13] (settled for m < 2 by Froberg and for m = 3 by Anick
[4], for £ =1 — i.e. in the first nontrivial degree — by Hochster—Laksov [18], and in various
special ranges, recently including the second nontrivial degree by Boij-Dannetun-Lundqvist [7];
see also Froberg—Lofwall [14]) concerns generic forms; derivative spaces of products of linear
forms are highly non-generic subspaces, and our saturation theorems neither use nor imply any
case of it. Similarly, the fat-point interpolation problems of Alexander—Hirschowitz type [3] are
used only at m = 2, where they are trivial (principal ideals in P!).

Provenance of the questions. The block-gate D™ -window phenomenon quantified in
Theorem 6.6, and the question of whether it reflects the truth about generic products, arose in an
analysis of what shifted-partial-type measures can certify against constant-variate product gates
in the bootstrapping regime [1, 23, 15]; the answer proved here — nothing, beyond polynomial
thresholds — was conjectured from exact machine computations of the ranks at small parameters,
which also guided every stage of the proofs.

A  Worked instances: m <6

The uniform derivation of Sections 7-10 was found by closing the cases m = 3,4, 5, 6 in succession;
each case contributed one structural ingredient, and each was proved with smaller (sometimes
different) thresholds than the uniform statement instantiates. We record the instance statements,
their exact thresholds, how each proof route relates to the uniform one, and the negative findings
that forced the architecture. Full derivations of the instances are subsumed by the uniform proof
(with the split parameter r chosen per instance); we indicate only what differs.

Al m=3

Theorem A.1l. charF = 0. For every (k,{) there are Hi = (k+ ¢+ 1)(2k+ ¢+ 1) — 1 and
Hy = (2k+20+1)(k+ 1) 4+ 2(k + £) — 1 such that for all hy > Hy outside a finite exceptional
set, ho > Hy, and generic binary g1(x,y), g2(y,2): T're(g192) = NiN¢. Hence there is a finite
Dy(k,0) < Hy + Ho+ E (E the size of the exceptional set at ho = Ho; Dy = Hy + Ho when it is
empty, as in every machine-checked configuration) such that a generic product of D > Dy linear
forms in 3 variables saturates min(Np Ny, Np_k1¢).
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Route: single-end master reduction; Lemma 8.1; residue family resolved by Lemma 10.2
(Section 10.2). This is the anchor case of the general theorem and the origin of the method: the
master reduction was found here as an exact replacement for an e-degeneration bookkeeping,
and the multi-exponential assembly of Lemma 8.1 was found as the fix for the failure of the
naive global limit. Two measured degeneracy facts from this case carry structural information:
exponential or geometric coeflicient sequences for g, are deficient witnesses for the full family
(measured 82/100 resp. 91/100 at (3, 3) against 100/100 generic) — genericity of g; is load-bearing
for the cross-class assembly only, since within a class the g1 coefficients are removable scalings;
and truncating ¢; in degree shrinks the engaged tag-range, which is exactly what the assembly
consumes.

A2 m=4

Theorem A.2. charF = 0. For every (k,{) there are Hy, Hy, H3 = poly(k,¢) (H1 as above)
such that for all hy > Hy (outside a finite exceptional set), ha > Ha, hg > Hs, and generic binary
g1(x1,22), g2(x2,23), g3(x3,24): Tk e(919293) = NpeNp = (k_g?’) (“?:3) ; hence generic products of

D > poly(k,£) linear forms in 4 variables saturate.

New at this case: the double master reduction (Proposition 7.3) and the sequential assembly.
The originally proved route kept the u-end at finite degree via a bespoke independence lemma
(“Lemma Y”: multi-geometric witnesses for both go and ¢3, a two-variable confluent Vandermonde,
and a twist Vandermonde onto (4, 7)-groups with graded-monic loads); in the uniform framework
this is the case p = 0 of Lemma 10.1 (no kept middle coordinates: only the w- and g¢-bases
remain).

Forced order (measured). The symmetric double scaling limit hi, hs — oo provably loses rank:
in the double limit go factors out and the Pascal relation 23 (1 — 2)% = 2% +1(1 — z)% + 2b3(1 —
x)?F! produces kernel vectors; the limit family is deficient at every interior class (e.g. 30/50 at
(3,3), central class). The m = 3 theorem therefore cannot be cited as a black box at the last
level; the finite-degree treatment of the second end is forced. This is Remark 10.4(i).

A3 m=5

Theorem A.3. charF = 0. For every (k,{) there are Hy = (k+ ¢+ 1)2k+/(+1) — 1,
Ho=(k+0+D(k+1)+k+¢—1, H3=Hy = (k+/¢+1)%(k+ 1)+ O(k + £) such that for
all hy > Hy (outside a finite exceptional set), h; > H;, and generic binary gi,...,gs along the
chain: Ty 0(91929394) = (kf) (%4) ; hence generic products of D > poly(k, ) linear forms in 5

variables saturate.

These thresholds are the uniform ones at split » = 1 (which is why Hp is smaller here than at
the balanced split). Two facts were discovered at this case. First, all middle sequences must
be specialized multi-geometrically: with g3 generic the g-side confluent Vandermonde is blocked
(the gs-index depends on ¢q), and the g3/¢4 frequencies merge in the private-end exponent as
ratios w, /v, — the suffix-ratio bases of Section 9.3 in embryo. Second, the originally proved
route collapsed one formal coordinate to a per-column integer (“S-collapse”) and finished with
a three-elimination core lemma; the m = 6 case later revealed the all-formal route, which
retro-simplifies m = 5 (it is Lemma 10.1 at p = 1) — both routes are valid, and the instance
thresholds agree. The measured counterpart of Remark 10.4(ii) is from this case: evaluating the
two formal parameters of the residue at a point is deficient at every interior group, while the
formal family is full-rank everywhere.
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A4 m=6

Theorem A.4. charF = 0. For every (k,{) there are Hh = (k+(+ 1)2k+ ¢+ 1) — 1,
Hy = Hs = (k+0+1)2(k+1)+k+(—1, H3 = Hy = (k+{+1)*(k+1)+ (k+£+1)(k+1)+O(k+¢)
such that for all hy > Hy (outside a finite exceptional set), hj > Hj, and generic binary g1, ..., gs
along the chain: Ty (g1---g5) = (kf’) (%5) ; hence generic products of D > poly(k,£) linear

forms in 6 variables saturate.

These are the uniform thresholds at split » = 2 (the first balanced split; the “coupled” interior
windows appear here). New at this case, and decisive for the uniform derivation: the telescoped
global relation (13) was recognized (the middle-exponent sum is global, leaving m — 2 formal
coordinates); the per-coordinate bases first exhibit a product merge (u;1, in the w-exponent)
alongside the ratio merge; and the residual core simplified relative to m = 5 — all coordinates
formal, no integer windows — revealing the shape (Lemma 10.1) that generalizes. A verification
by-product worth recording for anyone reproducing the computations: evaluating both tags (¢, u)
numerically before taking ranks is not rank-safe (it collapses pairs of rows related by the two end
gradings; the deficiency equals the number of b-monomials at £ = 1) — evaluating one tag only
is the safe one-sided certificate.

A.5 Slack observed at the instances

Across all four instances and the uniform case, machine checks pass below the proof thresholds:
saturation holds at h; as small as k (the exceptional set of Lemma 8.1(3) is empty in every
tested configuration), with W = 2 frequency counts (the proof uses k + ¢+ 1), and at degrees
well under the window thresholds. None of the thresholds above should be read as sharp; they
are what the uniform proof yields.

B Machine verification record

Every result in this paper was developed alongside exact machine verification, and every derivation
was subsequently re-verified adversarially: each joint re-derived independently — in a separate
session, from the statements alone, without access to the recorded derivation (see the disclosure in
Section 1.5) — and diffed against the record, and an independent numerical battery implemented
from the re-derivation, at a different prime and seed than the original. All ranks and identities
are checked in exact arithmetic (integers, rationals, or I, at primes ranging from 101 to 231 —1);
floating point enters only two peripheral comparisons (a total-positivity spot-check via rounded
determinants, and the numerical evaluation of the transcendental closed form (2/e)™~!/(2¢%m)
when compared against the exact rational constant). The scripts are available at https:
//github.com/bhudgeons/shifted-partials-saturation and as ancillary files accompanying
the arXiv version of this paper.

B.1 Protocol

For each derivation-level result the pass consists of: (i) independent re-derivation of every step,
written before consulting the recorded derivation, then diffed; (ii) an independent implementation
of every checkable identity, from the re-derivation, run at a second prime/seed; (iii) re-run of
the original battery, with every reported figure reproduced exactly. Findings are classified as:
quantitative repairs (a stated constant or window corrected), slack findings (a stated hypothesis
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not actually consumed by the proof), or remark-level (phrasing). Across the five chain-theorem
passes (m = 3,4,5,6 and uniform) there was exactly one quantitative repair — the t-window of
the end peel is [, 2k], not [, k], raising Hy to (k+¢+1)(2k+ £+ 1) — 1, found at m = 3 and
already incorporated in Lemma 8.1 — and no other; all later passes confirmed their derivations
with only slack or remark-level findings (two of which are recorded in Section 9: per-family
frequency distinctness suffices, and window positions are per-class).

B.2

What is checked, per result

Theorem 3.1 (m = 2 min-law). Measured I';  of dense forms, of products, and of the
power-sum witness itself, against the min-law: all ¢ < 16, all k, A < 6; exact agreement.

Theorem 4.3 (block calculus). Formula vs. measured rank of the block gate: m = 4,
D = 12, values 36/80/128/212/443 at (2,1),(2,2),(3,2),(3,3),(6,6) and ¢ = 0 values
10/20/31/44 at k = 2,3,4,6; exact agreement in every configuration, including total-
positivity and min-law sub-checks per pair.

Theorem 6.1 and Proposition 6.2 (ambient sandwich). An exact battery over full
profile sweeps at m = 4, 6: overshoot necessity (every profile with 7' > ¢ has zero inner sum,
and no profile exceeds its ambient dimension — zero violations); sufficiency (every profile
with T' < £— B(6) is fully saturated); the exact-saturation threshold (¢ > (R—q)" + 3 forces
'k (W) = Ng, verified at every swept configuration); the tail bound of Proposition 6.2
dominating the exact tail, in rational arithmetic; and the deficit localization at m = 4,
D =12, k = £ = 6: 443 of 455, with the deficit of 12 sitting exactly on the profiles
(0,12),(12,0). Measured mod-p rank agrees with the formula at every configuration,
including (6, 6).

Theorem 5.1 and Lemma 5.2. The G = B/ B|y/2| identity (¢ < 16); the recorded
midpoint ratios 44/84 (m = 4) and 141/462 (m = 6) reproduced exactly; the full block-
cap sweep m < 10, ¢ < 14: symmetry, log-concavity, monotonicity of h, boundary
equality, midpoint bound, and the final bound (iii) at every k, in exact integer/rational
arithmetic; 2000 random cap multisets for the cap-structure-free monotonicity; the Pdlya-
urn pushforward identity verified exactly in rational arithmetic at five (m, k) configurations;
the exact rational constant verified to dominate the closed form (2/e)™~!/(2¢2m) for all
block caps with D > 2m?, m < 10, ¢ < 59.

Chain theorem, instances m = 3,4,5,6. Per case: master reduction exactness (including
off-cap configurations, e.g. 217 = 217 at m = 5, 434 = 434 < 441 at m = 6); truncation
congruence and t-window attainment (exactly [—¢, 2k]); scaling-limit and triangularization
ranks per class; residue-family ranks per class (generic and multi-geometric witnesses, down
to W = 2); the per-case core lemmas at every group of the full grids (e.g. 55/147/309 fine
groups at m = 5, sizes (2,2)/(3,3)/(4,4); 131/471/1251 at m = 6); end-to-end saturation
at the proof-witness configuration and thresholds (e.g. 36—441 rows at m = 3; 100/100,
200/200, 400/400 at m = 4; 225/225, 525/525 at m = 5; 126/126 at m = 6); and the two
negative controls of Remark 10.4 (double-limit deficiency, e.g. 30/50; evaluated-parameter
deficiency at every interior group).

Uniform derivation (Theorem 7.1). The code path is uniform in m — the same
functions build every object from (m, k, ¢, h) with no per-m branches; m = 4,5,6 run as
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regression against the closed instances, m = 7,8 (and m = 9 in the adversarial battery)
as the first uncovered cases. Checked as exact per-monomial dictionary identities, not
just ranks: the double master reduction on every row (m = 7 at (2,1): all 196 rows;
m = 8 at (1,1): all 64); the full coordinatization — global relation, prefix and suffix closed
forms, injectivity, load arguments — on every monomial (1,850,492 monomials at m =7
(2,1); 1,559,160 at m = 8 (2,1); 506,304 at m = 9 (1,1)); Lemma 10.1 standalone at
m =6..8 for k=2,3 and m = 9,10 for k = 2, every split point r, four constant regimes,
in symbolic (polynomial-identity) form, plus p = 101 for the any-field claim and random
sparse B beyond the application range; planted-collision recovery injectivity (243/729
frequency tuples with cross-family and product/ratio collisions); every fine group of the
application grids full-rank (154/505 at m = 7, 869 at m = 8 (2,2)); residue and end-peel
families full-rank at every class; end-to-end saturation 49/49, 64/64, 196/196. The two
joints genuinely new at m > 7 — multi-factor kept-coordinate bases, and nonempty suffix
constants D; — are exercised explicitly. Primes/seeds: 754974721/20260802 (original),
999999937/88 (independent).

B.3 A control

That the adversarial batteries genuinely bite is itself checked: in the uniform pass, the verifier’s
first run of the symbolic Lemma 10.1 battery failed at m = 6 — traced to an off-by-one in the
verifier’s own enumeration of kept coordinate slots, not to the lemma — and passed after the fix.
We record this as evidence that the batteries are not vacuously green.
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