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Abstract
We prove that every finite two-player game G with entangled value w*(G) = 1 — € satisfies

€3

W (G) < exp(— Q=

)

for every n > 1, where ¢ := log(|A||B|), and A and B are the answer alphabets. Compared with
Chapter 6 of the OpenAl report [Ope26], this improves the gap exponent from thirteen to three
and matches the cubic gap dependence in Holenstein’s general classical bound [Hol09]:

(1-w(G)’®

®n < _
(@) < exp(- (L2

The proof replaces the randomly shifted logarithmic grid used in quantum correlated sampling
by smooth soft labels. This makes the relevant label infidelity quadratic in the distance between
state descriptions and avoids a Jensen loss when averaging over questions. Together with the
postselection argument, these improvements yield the cubic gap dependence stated above.

1 Introduction

Parallel repetition is a basic method for amplifying the soundness of two-player games: the verifier
samples independent coordinates, and the players must win every coordinate. For classical strate-
gies, exponential decay was established by Raz [Raz98], and Holenstein [Hol09] subsequently gave
a substantially simpler information-theoretic proof based on dependency breaking and correlated
sampling. Here w(G) denotes the classical value of G, the supremum of the winning probability
over strategies in which the two players share randomness but no entanglement. His bound is

w(GE") < exp(—Q((1 ~ w(G))’n/(1 + 1)),

for every n > 1, where ¢ := log(|A||B|) and A, B are the answer alphabets; this remains the best
known gap dependence for general classical games. Rao [Raoll] sharpened the gap dependence for
projection games, whereas Raz [Raz11] showed that the strongest linear-gap bound cannot hold in
full generality. The entangled setting is more delicate because conditioning on success changes a
shared quantum state, while the players must reconstruct the resulting local descriptions without
communication.

The general quantum analogue of Raz’s theorem was explicitly identified as open by Cleve,
Hgyer, Toner, and Watrous [CHTWO04]. Exact or exponential repetition was subsequently es-
tablished under additional structure: quantum XOR games [CSUUO0S|, entangled unique games
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[KRT10], projection games [DSV15], games with strictly positive Cartesian question support [CS14],
and free or product-distribution games [JPY14, CS15]. Dinur, Steurer, and Vidick [DSV15] also
introduced the quantum correlated-sampling primitive that later became central to general parallel-
repetition arguments.

For general entangled games, Kempe and Vidick [KV11] obtained amplification by adding con-
sistency or dummy questions, and Bavarian, Vidick, and Yuen [BVY17] proved exponential ampli-
fication after anchoring the game. Because these transformations modify the game, they do not
establish a repetition theorem for the original game. Yuen [Yuel6] proved polynomial decay for
arbitrary unmodified games. The recent OpenAl report [Ope26] established exponential decay with
explicit alphabet dependence for every finite two-player entangled game. Writing € := 1 — w*(G),

its theorem gives
WH(GE) < exp(— Qe (e +1))).

The report does not claim that the exponent 13 is optimal. It states that this exponent arises from
the quantitative loss in the standard quantum correlated-sampling lemma of Dinur, Steurer, and
Vidick [DSV15, Lemma 17]. Kempe and Regev [KR10] show that no universal exponent below 2 is
possible, even for constant-answer entangled unique games. Before the present work, the optimal
exponent for general entangled games was therefore known only to lie between 2 and 13:

What is the optimal exponent of € in general quantum parallel repetition?

1.1 Our Results

We improve Theorem 1.1 of [Ope26, Chapter 6] from €' to €3, which matches the classical bound
of Holenstein [Hol09] quoted above.

Theorem 1.1 (Improved parallel-repetition exponent, informal version of Theorem 4.6). There is
a universal constant c3 > 0 such that every finite two-player entangled game G with w*(G) =1 —¢€
satisfies

W (G™) < exp(—cze®n/(e +£))

for every integer n > 1. Here ¢ :=log(|A||B]).

For fixed answer alphabets, the theorem gives a constant-factor reduction in value after O(e=3)
repetitions and exponential decay thereafter. Its cubic dependence on the gap matches Holenstein’s
[Hol09] general classical bound, while applying to arbitrary finite entangled games without mod-
ifying the game. The exponent 3 remains one power above the exponent-2 obstruction of Kempe
and Regev [KR10], leaving open whether the bound is optimal.

Table 1: Parallel-repetition decay rates for general finite two-player games. Write € := 1 —w*(G) in
the quantum rows and € := 1 — w(G) in the classical rows, and ¢ := log(|A||B|). Raz [Raz98] states
his bound with an unspecified constant depending only on the value; the exponent 32 is implicit in
his proof and was extracted by Holenstein [Hol09].

‘ Year ‘ Authors ‘ Reference ‘ Statement ID ‘ Bound ‘ Q/C ‘
1998 | Raz [Raz98] Main theorem | exp(—£(e32n//)) Classical
2009 | Holenstein | [Hol09] Theorem 2.5 | exp(—Q(e3n/(1+¢))) | Classical
2026 | OpenAl [Ope26] Theorem 1.1 | exp(—Q(e**n/(e +¢))) | Quantum
2026 | This paper | This paper | Theorem 1.1 | exp(—Q(e3n/(e +£))) | Quantum




2 Technique Overview

2.1 Summary of the OpenAl Chapter 6 approach

OpenAT’s proof follows the conditioning-and-sampleability framework of Yuen [Yuel6], together
with Holenstein’s classical correlated-sampling method [Hol09] and quantum correlated sampling
[Ope26, Chapter 6]. Begin with a strategy for G®" whose probability of winning every coordinate
is larger than the proposed exponential bound. A greedy conditioning argument selects a small
set D C [n] of coordinates. If p := Pr[Wp] is the probability of winning the coordinates in D,
m = n — |D|, and ¢ is the average probability of winning a uniformly chosen coordinate outside
D conditioned on Wp, then ¢ is close to one. The information cost per remaining coordinate is
7= W, ¢ :=1log(|A||B]). The greedy choice of D guarantees that 7 is small whenever the
all-coordinate winning probability is too large.

Conditioning on Wp produces an ideal one-coordinate experiment, but this experiment is not
immediately a legal strategy for G. Its question distribution is a posterior distribution rather than
1, its revealed history is not supplied by the referee, and its shared state depends jointly on Alice’s
and Bob’s questions. The postselected state-alignment and history-sampleability lemma resolves
these three defects. It constructs locally generated histories that are close to the ideal posterior
distribution in total variation and two locally available state descriptions |¥4) and |¥?) satisfying
E[|||®4) — |[¥B)||2] = O(n). The report’s new sampleability estimate is proved through a purified
positive-operator martingale. Its one-step entropy gap is an operator Bregman divergence in the
sense of Petz, with related resolvent estimates due to Kim [Pet07, Kim14]. Classical correlated
sampling synchronizes the histories. The quantum correlated-sampling lemma of Dinur, Steurer,
and Vidick [DSV15] then turns the two nearby state descriptions into an actual shared state.
For description distance ¢ := |||¥4) — |[UB)||, that lemma incurs vector error O(t!/%), apart from
an arbitrarily small finite-catalyst error. Averaging and applying Jensen’s inequality to the mean
squared bound on ¢ therefore gives the postselection-stable rounding estimate w*(G) > g—O(n'/12).

The exponent 13 comes from the final parameter choice. If the proposed decay rate is exp(—yn),
greedy conditioning gives n = O(y(1 4 £/€)). To make the rounding loss O(n'/12) smaller than the
original gap € := 1 — w*(G), one needs 7 = O(¢'?). Thus one sets v = O(e'3/(e + £)). The rounded
single-game strategy then wins with probability strictly larger than w*(G), which is the desired
contradiction. This proves exponential decay for the unchanged game, but the hard-bin quantum
sampler and the subsequent Jensen step are quantitatively expensive.

2.2 Summary of our approach

We retain the conditioning, history-sampling, and state-alignment parts of Chapter 6. The im-
provement is concentrated in two places: a smoother quantum correlated-sampling primitive and
a near-perfect measurement estimate. For a finite distribution of state-description pairs, write
D :=E[||[1.) — |¢2)||?]. Instead of assigning each Schmidt coefficient [NC10] to a randomly shifted
hard logarithmic bin, Lemma 4.1 assigns it a two-bin raised-cosine label. Nearby logarithmic co-
efficients then have quadratically close labels. A diagonal filter whose weights vary exponentially
across the labels approximately restores the Schmidt coefficients, while the exact synchronization
identity controls the probability that Alice and Bob keep different trials.

The construction separates into weight approximation and synchronization. If s := —log(A)/h
and |gy) is the corresponding raised-cosine label, then the diagonal label operator T' satisfies

1T = AD)ga)ll < ChA, Al —[{galgu)P) < C(A — w)2/h2.



The first estimate says that filtering approximately reconstructs the target Schmidt weight. The
second makes the overlap loss quadratic in the coefficient difference. Together with the Schmidt-
transport inequality, it bounds both the synchronization defect and the squared error of the syn-
chronized output by C(h? + A/h?) for a pair at squared distance A := |||[1)) — |)||2. The parties
implement the filters on independent finite-dimensional shared trials and retain their first local
successes. A disagreement between the two first-success times is charged as an error, whereas a
common first-success time produces the synchronized output. The shared resource is fixed for the
entire finite family before z is known; only each party’s local channel depends on its own description.
For smoothing width h, the construction gives the average infidelity bound

E[1 — (.]pz]12)] < Csm(h2 + D/h2 + D) +¢.

The important feature is that the bound is linear in the squared description distance before av-
eraging. Choosing h := DY* yields average infidelity O(Dl/ 2) and average trace-distance error
O(DY*). Since the postselected state-alignment lemma gives D = O(n), Lemma 4.4 yields the
generic postselection-stable rounding estimate w*(G) > g — Byn'/*. Thus the generic rounding loss
becomes 0(771/ 4) rather than 0(771/ 12). This estimate alone would lead to gap exponent 5. To reach
exponent 3, Lemma 4.5 uses that the ideal conditioned coordinate already wins with probability ¢
close to one. If the ideal pure state has rejection probability a and the prepared state has infidelity
f, then the rejection probability after preparation is at most a + O(v/af + f). Here o := 1 — ¢ and
f = 0(n'/?), so the loss is O((1 — ¢q)/?n'/* + »/2). This improvement comes from retaining the
losing effect rather than first converting the prepared state to trace distance. If L is the losing effect,
the ideal state is rejected with probability «, and the prepared state has infidelity f, Uhlmann’s
theorem [Uh176, NC10] and the contraction v/L give

VTr[Lp] < Va+ /2f, Tr[Lp] < a+ C\/af +Cf.

The estimate is then averaged under the locally generated history distribution. The total-variation
change and the probability of mismatching histories cost O(k), where k := /3n/2. If A and
R’ are the resulting mean ideal rejection and mean prepared-state infidelity, respectively, then
A<1-q+0(®n/?) and R’ < O(n'/?) + 2¢. Cauchy Schwarz bounds the averaged cross term by
Vv AR’ producing exactly the loss in Lemma 4.5 after { — 0.

In the contradiction argument 1 — ¢ = O(e) and it is enough to take n = O(€?). Finally,
n = O(y(1+£/e)) allows v = O(e3/(e + ¢)). The smooth sampler changes the required information-
cost scale from n = O(e'?) to n = O(e*), and the near-perfect estimate relaxes it further to
n = O(€?). Substituting this value of v into the contradiction argument gives Theorem 4.6.

3 Preliminaries and Notation

All logarithms are natural. For an integer n > 1, write [n] := {1,...,n}. For a finite set S,
|S| denotes its cardinality, and Dy C [n] means that Dy is a proper subset. Probabilities and
expectations are denoted by Pr[-] and E[]; subscripts specify the underlying random variable or
distribution. The symbols O(-), Q(-), and O(-) hide universal positive constants unless a dependence

is stated explicitly. Symbols such as C, ¢, Csm, Ba, Bnp, and c3 denote positive universal constants.

3.1 Games and parallel repetition

A finite two-player one-round game is a tuple G := (X, Y, A, B, u, V'), where X,Y are the question
sets, A, B are the nonempty answer alphabets, u is a probability distribution on X x Y, and



V:X XY xAx B —{0,1} is the acceptance predicate. The referee samples (x,y) ~ u, sends z
to Alice and y to Bob, and receives answers a € A and b € B.

A POVM is a finite family of positive semidefinite operators summing to the identity. A
finite-dimensional entangled strategy consists of a unit vector |¢)) € H4 ® Hp and local POVMs
{E%:a € A} and {Fé’ :b e B}. Thus E‘;,F; =0and >, ES =Ip,, Yy Fé’ = Iy,. Its winning
probability is

> u(z,y) > Viw,y,a,b) (| ES @ Fll).

T,y a,b

The entangled value w*(G) is the supremum of this probability over all finite-dimensional tensor-
product strategies. We use

e:=1-w"(G), ¢ :=log(|A||B])

for the soundness gap and the logarithmic answer-alphabet size.

The game G®™ consists of n independently sampled question pairs, and the verifier accepts
only if every coordinate is won. A repeated strategy may nevertheless correlate its answers across
coordinates. For i € [n], let W; be the event that coordinate i is won, and for S C [n] put
Ws := ieg Wi. Thus Wy, is the all-coordinate winning event and w*(G®™) is the supremum of
its probability.

3.2 States and operator norms

The space C? is equipped with its Euclidean norm, denoted || - ||. Kets |u) are vectors, bras (u| are
their adjoints, and |u)(u| is the rank-one projector associated with a unit vector. A mixed state
p is a positive semidefinite operator with Tr[p] = 1. The identity on C¢ is I, tensor products are
denoted by ®, and M* is the adjoint of an operator M.

For an operator M,

IM|y = TVMM], | Mg = /Te[MM]

are the trace and Frobenius norms. We call ||p — ol|; the trace-norm distance; the corresponding
operational trace distance is one half of this quantity. For a unit vector |¢)) and a state p, 1—(¢|p|))
is their infidelity. The bar in P denotes entrywise conjugation in the fixed maximally entangled
basis. A channel is a completely positive trace-preserving map, and an isometry preserves inner
products.

3.3 Tools from previous work

We use three results from Chapter 6 of the OpenAl report as black boxes [Ope26]. The first input
is the quantitative greedy-conditioning lemma [Ope26, Chapter 6, Lemma 3.1].

Lemma 3.1 (Greedy conditioning). Suppose a finite-dimensional strategy for G™ wins all coordi-
nates with probability ¥ > 0. If 0 < 0 < 1 and log(1/9)/d < n, then there is a proper set Dy C [n]
such that, with m :=n — | Dy,
log(1/4) 1
—5 p=PiWp] 29, = — E%\:D Pr[W; | Wp,] > 1 — 6.

i€n 0

|Do| <



For the remaining two statements, fix a finite-dimensional strategy for G®™ and a proper subset
Dy C [n] with Pr[Wp,] > 0, and use the associated parameters p, m, g, n from Definition 4.3 below.
Following Chapter 6, Section 3.2, let Q denote the ideal posterior distribution. A sample from Q
is written (i, R, X;,Y;), where 7 is uniform in [n] \ Dy, R is the conditioned history, and (X;,Y;)
are the live questions. We write (4,7, z,y) for a realization and |V, ,,) for the corresponding ideal
state.

The second input identifies local measurements on the ideal state [Ope26, Chapter 6, Lemma 3.2].

Lemma 3.2 (Ideal state simulates the remaining coordinate). For every (i,r,x,y) in the support
of Q, there are local POVMs {M;', : a € A} and {N,{”y : b € B}, determined by (r,x) and (r,y),
respectively, such that

(U gy M, @ Ngy\mpmw =QA;=a,Bi=b|R=7rX;=12,Y; =1).

Consequently, the ideal experiment has average winning probability

E(imw,y)~Q [Z V(z,y,a, b)<\l’r7x,y’Mﬁx ® Nﬁ,yywr,x,y” =q.
a,b

The third input makes the histories and state descriptions locally available [Ope26, Chapter 6,
Lemma 3.3].

Lemma 3.3 (Postselected state alignment and history sampleability). Let J4 and Jp be the tuple
distributions obtained when Alice and Bob generate the history from their own questions. There
are locally describable states ]\I/,‘f‘z> and |WB)) satisfying

E(i,r,w,y)NQHH\I’éﬁ - |\I’n:v7y>H2] < 8n,

(1)
E(i77“7fc7y)~Q[|H\IlEy> - |\IIT,w,y>H2] < 8.

Moreover, for k= /3n/2,
drv(Q,Ja) <k, drv(Q,JB) < k.

There is finite shared randomness such that, on fresh questions (x,y) ~ p, Alice and Bob sample a
common uniform i € [n] \ Do and histories ra,rp with tuple laws J4,Jp and Pr[ra # rp] < 4k.

Consequently,
Eiraa~ll W) — [075,)|1%] < 321. @)

4 Proof of the improved exponent

The proof has three stages. First, smooth correlated sampling converts a mean squared discrepancy
between local state descriptions into a controlled state-preparation error. Second, postselection-
stable rounding converts this error into a single-game strategy. Third, greedy conditioning and
near-perfect rounding give the parallel-repetition contradiction. We use the trace norm ||M||; :=
Tr[v/ M*M]. For unit vectors |u) and |v) we repeatedly use

)l = o) ol < 2[[[u) = o).



Table 2: State-preparation and rounding losses for quantum correlated sampling. Write ¢ :=
) — @), D := E[t?], and n for the information cost in the conditioned single-game experiment.
Arbitrarily small finite-resource accuracy terms are suppressed. The 2019 result is an operational
promised-distance statement and does not by itself give a uniform Chapter 6 rounding bound.

‘ Year ‘ Authors ‘ Reference ‘ Statement 1D ‘ Sampler error ‘ Rounding loss
2015 | Dinur—Steurer—Vidick | [DSV15] Lemma 17 O(t'/6) O(n'/12)
2019 | Lasecki [Las19] Theorem 3.1.1 | O(t'/%) promised distance
2026 | This paper This paper | Lemma 4.1 O(D'Y*) O(n*/*)

4.1 Smooth operational correlated sampling

The rounding argument supplies a distribution of pairs of state descriptions together with an
upper bound on their mean squared distance. The construction below bounds the output infidelity
pointwise by a quantity linear in the squared description distance. Averaging over the distribution
therefore incurs no Jensen loss, removing the square-root losses of the earlier argument.

Lemma 4.1 (Smooth operational correlated sampling). There is a universal constant Csyn > 1
with the following property. Let Z be finite, let v be a probability distribution on Z, and for every
z € Z let |1b.), |p.) € C¢ @ C? be unit vectors. Set

D :=E.u[lll:) — o) |)-

For every h € (0,1/2) and ¢ > 0 there are a finite-dimensional shared state S, which may depend
on the finite family, v, h, and ¢ but not on the realized z, and families of local channels {Ay}
and {B,} indexed separately by Alice’s and Bob’s local state descriptions. Their joint output p, =
(Ay, ® By, )(Q) satisfies

Eomw[l = (2] p2[102)] < Com(h® + D/B? + D) + . (3)
Consequently, optimizing h and rescaling ¢ gives

E-nlllps — [12) (02]]11] < CamDY* +¢. (4)

The channels use only finite shared randomness and finite-dimensional shared entanglement, and
hence can be absorbed into a tensor-product strategy.

Proof. We give a pointwise construction and then average. It suffices to treat 0 < { < 1, since a
smaller accuracy parameter only strengthens the conclusion. Fix an internal finite-resource accuracy
€ € (0,1), to be chosen at the end. If D > 1/16, use a fixed product shared state and fixed local
output channels. Since DY/4 > 1 /2, both assertions hold after increasing Cgp,, since an infidelity
is at most one and a trace distance at most two. For the h-dependent bound, we may therefore
assume D < 1/16 and fix an arbitrary h € (0, 1/2); this choice is admissible, including when D = 0.
Fix one pair of descriptions and write

) ZZMWIU;), ) = Zw\wﬂ%)

in the standard correlated-sampling convention. Complete the Schmidt vectors to orthonormal
bases and allow zero coefficients. We define

A=) —o)lP wi = wilo) .



The Schmidt transport inequality used in the proof of the quantum correlated-sampling lemma is

D (i — ) Pwiy < 24, (5)
.3
To justify Eq. (5), let p := Tra[j1)(¥|] and o := Tra[|p)(pl]. The left-hand side is ||\/p —
Vol%. If F(p,o) = |\/pv/ol1 is the root fidelity, the affinityfidelity inequality F(p,0)? <
Tr[,/py/0] [LYMT19, Eq. (4.2)] and monotonicity of fidelity under partial trace give

Ivp = Vollp <2(1 = F(p,0)?) < 2(1 - [(¢])[?) < 24,

The constant two is necessary: if 1) and |p) are product states whose second-register vectors agree
and whose first-register vectors have overlap cos 6, the left side equals 2 sin? 6 while A = 2 —2cos 6.

Smooth logarithmic labels. We replace hard logarithmic bins by overlapping two-bin wave
packets. For s € R, set k:= |s] and t := s — k € [0, 1), and define

lg(s)) := cos(mt/2)|k) + sin(nt/2)|k + 1).

For A > 0 put sy := —log(A)/h and |gx) := |g(sr)). Put |go) := | L), where | L) is orthogonal
to all integer-labelled vectors. Since the family of descriptions is finite, there is a common integer
kmax > 0 such that every positive coefficient has sy € [0, kmax]. On the label space set

kmax+1
T:= Y wlk)kl, m:=e*  T|1):=0,
k=0
and write T : =T ® 1.
We first record the scalar estimates. The two T-eigenvalues on the support of g\ are between
e "X and e"), and hence
(T = AD)|ga)|l < ChA. (6)

The map s +— g(s) is globally Lipschitz after truncating its distance at 2, so

lgx — gull < Cmin{1, |log A —log u|/h}.

Together with the elementary estimates for e¥ — 1, this gives

pll = (galgw)| < CIA — pl/h, (7)
AL = [{galgu)?) < C(X = p)?* /> (8)

For completeness, let z := |log A—log | and M := max{\, u}. If x < h, then |[A—pu| = M(1—e™%) >
Mz /2. Lipschitz continuity of the labels, together with |1 — (u|v)| < |lu — v|| and 1 — |(u|v)]? <
|u — v||? for unit vectors, gives the two displayed bounds. If z > h, then |A — p| = M(1 —e™%) >
M(1—e=") > Mh/2; the trivial bounds |1 — {gx|g,)| < 2 and 1 — |(gx]g,)|? < 1 again give the two
displayed inequalities. The definitions at zero make the same bounds immediate if one coefficient
vanishes.



Filter synchronization. Define orthonormal vectors and their projectors by

pi) =g, lag) = lgu,)lvj),  Pi= Z pi)(pil, Q= E |4 (a1

Thus P and @ are legal local filters. Set S := dZZZ%"H T,f. Consider the normalized shared trial

with vector S—1/2 times

kmax+1 d
Z Tk’k,k>®z‘7",7’>-
k=0 r=1

Alice applies P and Bob applies @, where the bar is the standard conjugation on Bob’s half of a
maximally entangled state. Define the unnormalized weights associated with the events that Alice
succeeds, Bob succeeds, and both succeed by

a:=|PTE,  b:=|TQIF  c:=[QTP|%

Indeed, the actual one-trial probabilities are a/S, b/S, and ¢/S, respectively. The coefficient of
pi ®q; in the both-success branch is (p;|T|g;). Since P, Q are projectors and T is self-adjoint, their
synchronization defect has the exact form

m:=a+b—2=|PT-TQ|%. (9)
We define
Ay =Y Nlpd ol Ag = pilag)al-
( J
The eigenvalue sandwich preceding Eq. (6) gives
IPT = Agll3+ [ TQ — Ag|[3 < 2.

Moreover,
14y = Al =D (N = 15)% + 2N (1 = (gl g, ) [*)wis-

i7j

The squared triangle inequality gives
m < 3(|PT — Aplf + 14y — AplE + [ 4, — TQIE)-
Using Eq. (5) and Eq. (8) in Eq. (9) yields
m < C(h? + A/h?). (10)

Output-state comparison. It remains to compare the synchronized output with the target after
the local label erasures. Because the p; are orthonormal, Alice has a local isometry sending p; to u;

with a fixed label register. Similarly, Bob has a local isometry sending q; to v}. Under the standard
vectorization convention, the resulting unnormalized synchronized vector is

) =D Biylwilop)udlef), B = (on.|Tlgw,),

.3

and ||z|? = c¢. On the other hand,

o) = > i Cuilo)us) |o})
1,]

9



Indeed,
Bij = 1 = (gn (T = w3 D)l gp;) + 115 ({gnilgp;) — 1)-
Therefore Eq. (6) and Eq. (7) imply

1815 — mil* < C(A245 + (\i — 11)* /1),
The vectors |u;)|v};) are orthonormal. Therefore
llz) = l)I* < C(h* + A/R). (11)
Let H := C(h? + A/h?). If H < 1/4, Eq. (11) implies |||z|| — 1| < |||z) — |¢)|| £ VH, so z # 0 and
lz) /el = 1) < 11— llzll| + llle) = )] < 2VH.

Hence normalization changes this squared distance by at most a universal factor; if it is bounded
below by a constant, the trivial infidelity bound suffices. Thus the normalized synchronized state
has infidelity at most C(h? + A/h?) with |p).

Repeated trials and finite resources. To finish the protocol, the parties use independent
trials and each keeps the first trial on which its local filter succeeds. The eigenvalue sandwich
preceding Eq. (6) gives a,b > e~2". In each trial the probability that at least one filter succeeds is
(a+b—c)/S. Conditioning on the first such trial, the probability that the two first-success times
differ is c m

= < 2.
a+b—c a+b—c
On this branch charge infidelity one. Combining this estimate with Eq. (10) and Eq. (11) shows
that the pointwise output has infidelity at most

C(h* + A/h?)

with |¢), apart from a finite-timeout error.
All resources can be made finite directly. Since S is the trial normalization, take

N = [e*"Slog(2/£)].

By the union bound, the probability that either party aborts is at most 2(1 — e~ 2"/S)V <
2exp(—Ne 2" /8) < ¢. Take Q to be the N-fold tensor power of the normalized trial state. On
timeout, each party outputs a fixed local basis state. These prescriptions define local completely
positive trace-preserving channels. The common k., the trial state, and N depend only on the
finite family and the global parameters, not on the realized z. The local filters and label-erasing
isometries depend only on the corresponding local description.

Averaging and trace-distance conversion. Finally, write f, := 1 — (¢|p|p). The triangle
inequality for purified distance gives

1— (lplp) < 2f, +2(1 = [(]0)]?),

and 1 — [(¢|@)|? < A. Hence changing the target from |¢) to |+)) adds at most CA to the infidelity.
Averaging the pointwise estimate gives E,, [1 — (¥, |p.[¥.)] < Csm(h? + D/h?+ D)+ 2¢. Choosing
€ := (/2 proves Eq. (3). To prove Eq. (4), set (o := ¢?/16 and rerun the construction with & := (/2.

10



If 0 < D < 1/16, take h := D'/* which gives average infidelity O(D'/?) + ¢o. If D = 0, choose h
so that Cgpnh? < (o; the average infidelity is then at most 2(y, so the average trace distance is at
most 24/2(y < ¢. The case D > 1/16 was handled at the outset. The pure-target bound

o = ) (@lllh < 2¢/1 = (lple)

and Jensen’s inequality give Eq. (4), since 24/(y < (/2; the zero-D and large-D cases were handled
above. Stinespring dilation turns the local channels into local unitaries with private environments,
so the construction is a valid finite-dimensional tensor-product strategy. O

Remark 4.2. Although Lemma 4.1 is stated for a distribution, its proof gives a pointwise infidelity
bound for each pair once the common finite label range is fixed. The distributional formulation is
the one needed below: the shared state and the global parameters depend on the finite family, but
not on the realized questions or state descriptions.

4.2 Postselection-stable single-game rounding

Definition 4.3 (Postselection parameters). Fiz a finite-dimensional strategy for the repeated game
and a proper subset Do C [n] such that p := Pr[Wp,] > 0. Define

— log(1/p) + [Dol¢

m

1
m:=n— |Dyl, ¢:=_ Z Pr[W; | Wp,l,
iE[n}\DO

Postselected objects. Let Q and |¥) denote the objects from the shared setup in Subsection 3.3,
and let J4,Jp, |¥4), |¥B) denote the objects supplied by Lemma 3.3. Unless stated otherwise, all
expectations below are taken with respect to Q. The candidate-pair consequence in Eq. (2) is

D = E[|| ¥4 — w87, hence D < 32n.

Generic acceptance probabilities. Here we make no assumption that the ideal conditioned
experiment wins with probability close to one. The argument combines the ideal coordinate mea-
surements from Lemma 3.2, the locally sampled histories from Lemma 3.3, and the trace-distance
guarantee from Lemma 4.1. This gives a general 0(771/ 4) rounding loss; the near-perfect argument
below improves the dependence when ¢ is close to one.

Lemma 4.4 (Improved postselection-stable rounding). There is a universal constant By > 1 such
that, in the postselected setup above, 0 < n < 1 implies

w*(G) > q — Byn'/*. (12)

Proof. Lemma 3.2 supplies local coordinate measurements for which the ideal experiment has aver-
age winning probability ¢. Invoke Lemma 3.3 and apply Lemma 4.1 to its finite family of candidate
pairs with D < 32n. The shared resource and smoothing parameter are fixed from this finite family
and the global parameters before the fresh questions arrive.

For a tuple in the support of Q, let p; ., be the prepared state and put

s(i,r, 2, y) = piray = [Yray) (Yrayll-
Eq. (4), the first estimate in Eq. (1), and Jensen’s inequality give

Eqls] < ComD'* + ¢ + 2Eq[[|[¥4) — [0)|] < CouD'* + ¢ +44/20.
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We now describe the resulting legal strategy. On fresh questions (z,y) ~ p, the players use
the finite shared randomness from Lemma 3.3 to choose a common coordinate ¢ and local histo-
ries 74,7p. They apply the channels of Lemma 4.1 to |\Il,‘f‘A7m> and \\Ilf&y), then apply the local
coordinate POVMs from Lemma 3.2. On tuples outside the support of Q, fix arbitrary default
descriptions and POV Ms.

Let w(i,r, z,y) € [0,1] be the ideal branch winning probability, extended by zero outside the
support of Q, and extend s by the value 2 there. Since the trace-norm distance between two states
is at most 2, this gives 0 < s < 2 everywhere. Lemma 3.2 gives Eq[w] = ¢. Since d1v(Q,Ja) < &

and Pr[ra # rp] < 4k, where k := /3n/2,
EJA[’U}]Z(]—H, EJA[S]SEQ[S]—FQFL.

On the event r4 = rg =: r, a tuple in the support of Q uses the same history on both sides, and
replacing the ideal state by a state at trace-norm distance s changes its winning probability by at
most s/2. Outside the support of Q, the inequality is trivial because w — s/2 = —1. Therefore

1 1
win > E;,[w—s/2] =Prjra #rpgl >q—k — §(EQ[S] +2k) -4k =q— iEQ[S] — 6k,

where the first step follows from the pointwise s/2 measurement comparison on the event r4 = rp
and charging loss one when r4 # rp, the second step follows from E;,[w] > ¢ — k, Ej,[s] <
Eq[s] + 2k, and Pr[ra # rp] < 4k, the third step follows from collecting the ~ terms.

Using D < 321, k = /3n/2, and /) < n'/4 for 0 < n < 1, we obtain
¢

wian—B47]1/4—§

after increasing the universal constant By. Every positive ¢ produces a finite-dimensional strategy,
so the definition of w*(G) and the limit ¢ — 0 give Eq. (12). O

Near-perfect acceptance. The preceding lemma treats an arbitrary acceptance probability. In
the repetition argument the ideal conditional experiment already wins with probability close to
one. Keeping squared fidelity until the final measurement gives a stronger estimate in that regime.

Lemma 4.5 (Near-perfect rounding). There is a universal constant By, > 1 such that, whenever
0 <n <1 in the postselected single-game experiment,

W' (G) > q — Bup((1 — q) 4 4 9'/2). (13)

Proof. Let By, be a universal constant to be fixed at the end, with By, > v/512. If n > 1/512,
then, since ¢ < 1,

q— Bup((1 = @)?n'/* +0'/2) < g = Bypn'/? <0 < w*(G).

Thus the claim is immediate in this case. Assume for now that 0 < n < 1/512.

Apply the infidelity part of Lemma 4.1 to the candidate pairs supplied by Lemma 3.3, with
z = (i,r,z,y) ~ Q, |¢,) = |Wﬁx>, and |¢,) = ]‘l’fy) Their mean squared distance is at most
D < 32n. Set h:= (32n)"/* € (0,1/2), let p. be the output state, and put

fcand(z) =1- <\I’f§$|pz|\1’fx>

12



Eq. (3) and D < 3279 give
EqQ[feand] < Csm(h% + D/h% + D) + ¢ < Cont’? + ¢ (14)

for a universal constant Cj.
We next transfer the target from the locally described candidate state to the ideal conditioned
state. Write

f(2) =1 = (Wraylpe[Vray)

and write P for purified distance. The triangle inequality for P, followed by the scalar inequality
(u+v)? < 2u? + 202, gives

f(z) = P(p |‘I’r,x,y><‘1’r,x,y|>2
< 2P (pa, [T WD + 2P (|9, (W y))? < 2fcana(2) + 20[1T7,) — [Wre )|

Therefore Eq. (1) and Eq. (14) imply
R:=Eq[f] < Cin'/* +2¢ (15)

for a universal constant C.

Use the same legal strategy and the same default conventions outside the support of Q as in the
proof of Lemma 4.4. For z in the support of Q, let L, be the losing effect of the ideal coordinate
POVMs and put

a(z) = (Vray| Lz Vrgy).
Extend « and f by the value 1 outside the support of Q. Then 0 < a, f < 1, and Lemma 3.2 gives
Eqla] =1 —gq.

We record the measurement estimate used in the hybrid. Suppose a pure state |¥) is rejected
by an effect L with probability «, while a state p has infidelity f := 1 — (¥|p|¥). By Uhlmann’s
theorem [Uh176, NC10], choose purifications |¥) and |p) satisfying |||¥) — |p)|| < v/2f. Put L :=
VL ®1. Since 0 < L < I, we have ||L|| < 1 and ||L|¥)|| = /a. Hence the triangle inequality gives

VI(Lp] = LB < |ILI9) | + | L(I7) = [9))]| < Va + v/2f.

After squaring, the rejection probability on p is at most a + Cv/af + Cf for a universal constant
C.

We now apply this estimate under the actual history coupling. On r4 = rp =: r, the players
use the common tuple z = (i, 7, x,y); on r4 # rp, charge rejection probability one. Consequently,

1 —win <4k + E;,[a+ Cvaf + Cf]. (16)
Set A:=Ej,[a] and R :=E,,[f]. Since «, f € [0,1] and drv(Q, Ja) < &,
A<1l-q+K, R <R+r

Put u:=1—¢q and ¢t := n*/2. Since k = \/3n/2 and R < C1n'/2 4 2¢, there is a universal constant
(5 such that
A§U+02t, R/§02t+2c.

We may assume 0 < ¢ < 1. Using /2 +y < \/z + /¥y, we obtain

VAR < \/(u+ Cyt)(Cat +20) < Cs(u'*nt/* 4 9'/2 4 ¢1/2)
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for a universal constant C3. Cauchy—Schwarz in Eq. (16) now gives
1 —win <4k + A+ CVAR + CR <1 —q+ Cs((1 — )M +n!/2 + /7).

Every 0 < ¢ <1 produces a finite-dimensional strategy. Sending ¢ — 0 and using the definition of
w*(G) therefore proves Eq. (13) for 0 < n < 1/512, after choosing By, > Cy.

It remains to handle n = 0. In this case D = 0, k = 0, and Eq. (1) forces both candidate-to-ideal
mean squared errors to be zero. Apply Lemma 4.1 with arbitrary h € (0,1/2) and ¢ > 0. The
preceding argument then gives

1—win <1—q+Cv(1—q)(Camh? +2¢) + C(Camh? + 20).
Sending first ¢ — 0 and then h — 0 yields w*(G) > ¢, which is Eq. (13) when n = 0. O

4.3 Proof of the parallel-repetition theorem
We now combine Lemma 3.1 with the near-perfect rounding estimate in Lemma 4.5.

Theorem 4.6 (Improved parallel-repetition exponent, formal version of Theorem 1.1). There is a
universal constant cs > 0 such that every finite two-player entangled game G with w*(G) =1 — €
satisfies

€3

* G®n < _
WHG) < expl—es o e ™)

(17)
for every integer n > 1.

Proof. 1If € = 0, then the right-hand side of Eq. (17) is 1, so the claim follows from w*(G®") < 1. If
€ = 1, then w*(G®") < w*(G) = 0: winning all coordinates implies winning any fixed coordinate,
and marginalizing a repeated strategy gives a single-game strategy. Assume henceforth that 0 <
€ < 1 and put

€ K e

= log(|Al||B == K := (8B,,) 4 = — = .
14 Og(’ H ‘)7 o 47 (8 p) 9 Cc3 87 v c3e+£

Fix n > 1 and suppose for contradiction that Eq. (17) fails. By the definition of the entangled
value as a supremum, there is a finite-dimensional repeated strategy whose probability ¢ of winning
every coordinate satisfies

¥ > exp(—n).

Since Byp > 1, we have K <1 and ¢3 < 1/8. Together with 0 < € < 1 and € + £ > ¢, this gives
v <eze? <€/8=6/2,

where the first step uses € + ¢ > € and the definition of ~, the second step uses ¢3 < 1/8 and
0 < e < 1, the third step uses 6 = €¢/4.
The preceding strict bound on 1 therefore implies

log(1/9) < yn < dn/2 < én,

where the first step uses ¥ > exp(—yn) and monotonicity of log, the second step uses v < §/2, the
third step uses 6 > 0 and n > 1.
Lemma 3.1 supplies a proper set of conditioned coordinates Dy C [n]. Its size bound gives
log(1/9) _yn

n
Do < 28L/Y Ot 1
(Dol < —5— <5 <%
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where the first step uses the size bound in Lemma 3.1, the second step uses log(1/¥) < yn and
d > 0, the third step uses v < §/2.
And hence m :=n — |Dg| > n/2. The other conclusions of the lemma give

n n €
> —, Do| < -,
m> g | Do 5

p = Pr[Wp,] > 9, qg>1-— 1 (18)

The information cost of the resulting single-coordinate experiment is

~log(1/p) + |Dylt
7= - .

Eq. (18) and ¥ > exp(—yn) give

¢
log(1/p) < log(1/49) < n, |Dolt < %, m >

SIE

Using 0 = ¢/4 and (e + 4¢) /(e + ¢) < 4, we obtain
n < 2v(1440/€) = 2c3e? (e + 40) /(e + {) < 8cze® = Ke? < 1,

where the first step uses log(1/p) < yn, |Do|¢ < ynl/d, m > n/2, and § = €/4, the second step uses
the definition of v, the third step uses (e +4¢)/(e+¢) < 4, the final step uses K <1l and 0 <e < 1.
Since ¢ > 1 — ¢/4 and n < Ké2, the loss in Eq. (13) is strictly less than

Bup((e/4)2(K )V + (Ke)/?) < (1/16 4+ 1/64)e < ¢/8.

where the first step uses K1/4 = (8Bup) L, K2 = (8Byp) 2, and By, > 1, the second step uses
1/16+1/64 =5/64 < 1/8 and € > 0.
Indeed, K'/* = (8B,,)~" makes the first contribution ¢/16, while the second is €/(64Byp) <
€/64. Lemma 4.5 therefore gives
w*(G) >1—3¢/8.

By the definition of w*(G) as a supremum over finite-dimensional strategies, there is an actual
single-game strategy with winning probability greater than 1 — 3e/8. This is strictly larger than
1—e = w*(G), a contradiction. Therefore Eq. (17) holds for the fixed n, and hence for alln > 1. [
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