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Abstract

We prove that the XOR of k£ majorities on disjoint blocks of £ bits has correlation
at most (2d/v/¢)* with every degree-d polynomial over Fy. By known techniques,
this implies pseudorandom generators with polylogarithmic seed length for low-degree
polynomials over Fy and for alternating circuits with parity gates.

1 Introduction

Proving correlation bounds for low-degree polynomials is a fundamental challenge in theoretical
computer science. Such bounds have received a lot of attention, because they are a prerequisite
for progress on a number of other long-standing challenges in computational complexity,
related to matrix rigidity, multiparty communication complexity, circuit lower bounds,
pseudorandomness, and more. For background on correlation bounds, see the survey [Vio22]
or the book [Vio]. For two functions f, g: F} — Fy, we define their correlation by

corr(f,g) == |Em[(—1)f(x)+g(z)]|7

where x is uniform over F7.

For degree-d polynomials over Fy, the fundamental works of Razborov [Raz87] and
Smolensky [Smo87] proved correlation < ¢d//n with the Majority function on n bits; this is
tight [Vio21]. Remarkably, for polynomials with degree d > logn, no explicit function (e.g.
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in NP) was known to have asymptotically smaller correlation. Improving this bound was a
prerequisite for each of the other long-standing challenges mentioned above.

Here, we finally solve this challenge and in fact obtain exponential correlation bounds,
even for polynomials of degree a power in the input length. Our results apply to any versatile
function, as discussed below. To keep this exposition focused, we consider polynomials
over [y and their correlation with the XOR of Majority on %k disjoint inputs of ¢ bits, for
odd ¢, denoted Maj?k. This is a natural candidate that was considered in previous works
[Vio06, VW08, CHH™20, Vio21].

Theorem 1.1. For every polynomial p: F5* — Fy of total degree at most d we have

24\ "
corr(Maj*, p) < (—) .
( l ) \/z
The analysis actually gives a constant better than 2, namely /2/7 - 2 ~ 1.596. This
bound is tight up to the constant. This follows by the construction in [Vio21] applied to each

block.

Applications. This result has several applications. Applying the construction by Nisan
and Wigderson [Nis91, NW94] based on our hard function Majzek gives seed length O(d4 .
polylog(n/e)) for degree-d polynomials over Fy on n variables. Furthermore, the PRG
construction of [CGLT21] gives the improved seed length O(d? - polylog(n/c)). The seed
length of previous generators [Bog05, Lov09, Vio09] had an exponential dependence on the
degree, and so gave nothing for d > logn. We provide details in Appendices A and B.

Combining Razborov’s polynomial approximation [Raz87] with Nisan and Wigderson’s
construction [Nis91, NW94] (see also [Vio]) gives pseudorandom generators (PRGs) with
polylogarithmic seed length for polynomial-size, alternating circuits with parity gates (i.e.,
AC°[@]). The previous best was seed length n(1 — o(1)) [FSUV13]. We provide details in
Appendix C.

2 Proof of Main Result

The proof of Theorem 1.1 is an extension of Smolensky’s celebrated encoding argument to
tuples. We introduce necessary notation and preliminaries in Section 2.1. A new notion of
weights for functions is introduced in Section 2.2. We prove the multiplication lemma in
Section 2.2 and the main theorem by dimension counting in Section 2.3.

2.1 Preliminaries and Notation

For convenience, set ¢ := 2m + 1 and write h for the Boolean Majority function on ¢ bits, so
h(z) = 1 exactly when |z| > m + 1, where |z| is the Hamming weight of z. Let n = kf. An
n-bit input z is partitioned into k blocks (), ... z®) of length ¢. For the remainder of the
paper, for ease of notation, we use the shorthand XMaj for Maj*. We also let h;(z) == h(z®)

so that
k

XMaj(z) = EP hi(x).

i=1



Interpolation. We first review the basic interpolation in (some expositions of ) Smolensky’s
correlation bound with (one) majority. Let us consider one block (k = 1) of £ bits. Let V' be
the space of multilinear polynomials of degree at most m. Its dimension is > " (f) =2t~
We use the fact that every function on either of the two sets

Hy ={z€{0,1}": |z2[ <m}, Hi={z€{0,1}" :|z| >m+1}

agrees with a unique polynomial in V. We call this its interpolating polynomial. Consequently,
every function f: F§ — [y can be written uniquely as

f=q+hr, q,r V. (1)

(This property is also referred to as h being a versatile function, see [Kopll]. In fact, this
is the only property of Majority that we are using in the proof.) Indeed, let ¢ agree with f
on Hy, let s agree with f on H;, and set r = ¢+ s. Then ¢ + hr equals ¢ = f on Hj and
q+r =s= f on Hy. For uniqueness, the values of f on Hy determine ¢, and its values on
H, then determine g + 7.

Next we apply this interpolation separately in each block. For a = (ay, ..., ay) € {0,1}*,
set

Hy=H, x---xH,,

and i
ha(z) =[] hilzx) T (1= hi(2)) = [] 1lhi(z) = ail.
i =1 i =0 i=1
Thus H, consists of the inputs whose block majorities are aq,...,ax, and h, is its

indicator. Write par(a) = @ a; for the parity of a.
An important space in this work consists of polynomials where the degree in each block is
bounded.

Definition 1. Let W denote the space of multilinear polynomials in k¢ variables of degree
at most m in each block.

We can now state and prove the new interpolation result.
Lemma 2.1. Every function f: F5¢ — Fy can be written uniquely as
F=Y fahay  fu€W (2)
ac{0,1}k
Here f, is the unique polynomaial in W that agrees with f on H,.
In the following, it is useful to think of the individual h; as new formal variables.

Proof. Fix . We interpolate successively in the k blocks to obtain a unique polynomial
fo € W agreeing with f on H,. Specifically, this step is done by induction. Fix all the blocks
except the first. We can interpolate the resulting function on that block. The coefficients of
this interpolation are functions of the other blocks, which can be interpolated by induction.

At every input, exactly one indicator h, equals 1, so the sum in Equation (2) equals f.
Conversely, restricting this identity to H, determines f, by uniqueness of interpolation. [J



The h-basis. We next specify a convenient basis for functions. A monomial of degree at
most m in each of the k blocks is specified by a tuple of subsets A = (Ay,..., Ay), where
A; C [¢] and |A;| < m. Let M be the set of all such tuples, and write

k
zh = H H xgz)

i=1 jEA;

The degree of this monomial in the i-th block is simply |A4;|. Expanding each function f, as
a linear combination of the monomials z®, and each function h, as a linear combination of
hS = [Licg hi, we get that any Boolean function f can be uniquely expressed as

f = Z CA7S(f)£EAhS.

AEM,SCIK]

We call {z2h%}a s the h-basis.

2.2  Weight

We define a notion of weight w for functions, based on the expansion in the h-basis with the
useful property that it increases by at most ¢ under multiplication by a degree-t polynomial.
For a basis function 24h°, we define its weight by letting every block i € S contribute m + 1,
and every block i ¢ S contribute |A4;|:

w(@h®) = (m+1)[8]+ > |Ail.
i¢S

For nonzero f, let w(f) be the largest weight of a basis function with nonzero coefficient in its
unique expansion, and set w(0) = —oo. Note that this is not the usual polynomial degree.!

Lemma 2.2 (Multiplication Lemma). Let f: FE* — Fy be a function, and q be a polynomial
in k€ variables of total degree at most t. Then

w(gqf) < w(f)+t.

Proof. Pick a basis function (with nonzero coefficient) for f. Let it be b := x*h>. We prove
that after multiplication by ¢ the weight increases by at most ¢. First we prove it when ¢ is a
single variable z. Suppose z = 2" is a variable in block i. There are three cases to consider:

AhS

1. If i ¢ S and |A;| < m, the weight increases by at most one.

2. Assume ¢ ¢ S and |A;| = m. This is the boundary case where the block has already
reached its maximum degree and does not have the factor h;. For this case we use
Equation (1) to rewrite the monomial z HjeAi xy) as q; + hyr;, with ¢;,r; € V. Every
resulting term contributes at most m + 1 in block ¢, again increasing the weight by at
most one.

Instead, weight is a capped version of polynomial degree in the following sense: for each monomial in
the ordinary multilinear representation of f, we sum its block degrees capped at m + 1, and then take the
maximum over monomials with nonzero coefficients.



3. Finally, suppose i € S. Again using Equation (1) write z [ ], xg-i) = q; + hyr;, with
¢i,mi € V. Since h? = h;, the new factor in block i is h;(g; + hir;) = hi(q; + ;). Every
nonzero resulting term still contains h; and therefore contributes m + 1 in this block.
The weight does not increase in this case.

This verifies the case of one variable. To show the bound for an arbitrary monomial,
repeat for each variable. For an arbitrary polynomial ¢, apply to each monomial, and then
add the results. Combining equal terms can cancel coefficients but cannot introduce a term
of greater weight. O

2.3 Proof of the Main Theorem by Dimension Counting

We will use the weight defined above and the multiplication lemma (Lemma 2.2). The role of
the weight will be to show that a finite rewriting procedure terminates.
Let p be a multilinear polynomial in the k¢ variables of total degree at most d. Define

E = {2z € {0,1}*" : p(x) = XMaj(x)}.

We need to show that the relative size of E is close to 1/2. To do so we will precisely
follow Smolensky’s idea and show that every function on E can be written as (the restriction
of) a function from a space of dimension only slightly larger than half the dimension of the
full function space. The new space is defined in the h-basis as follows. For each monomial
A with a low-degree block, we shall pick the first such block j and keep only the 2*~! basis
terms {z4h° }scp\jy not involving h;. For monomials 2™ whose degree is high in every
block, we keep all 2% terms {zAh°} scik]- A simple calculation bounds the dimension of the
space spanned by these basis terms, which then bounds |E].

We define the set of exceptional monomial indices

B:={A € M:|A;] >m—d for every i € [k]}.
For every non-exceptional A ¢ B choose a low-degree block:
J(A) = min{i € [k] : |A;] <m —d}.
Define R to be the Fs-linear span of the following basis functions:
{eAhS: A€ B, SC K} U {e*hS: A ¢ B, SC k], j(A) ¢S} (3)

In words, for a non-exceptional monomial 2 we choose one low-degree block j(A) and
forbid all products containing the factor hjs). For an exceptional monomial we impose no
restriction.

Lemma 2.3. For every function a: E — s, there exists a function r € R such that
r(z) = a(x) for every x € E.

Proof. As any function a: E — Fy can be expressed as a linear combination of basis functions
{22h®} Aea,scpy, it suffices to prove the claim for each basis function separately. Let

T = 2215,



The proof is by induction on the weight of 7". If w(7T) = 0 then T is a constant function
which belongs to R. Assume from now that w(7) > 1. If T" is one of the allowed terms in (3)
there is nothing to prove. Otherwise we have A ¢ B and j = j(A) belongs to S. Set

Q = 2ARS\UY

On E we have
p=XMaj=hy+ -+ hy,

1#]
Multiplying this last equation by @) gives, on F,

and therefore

T=Qp+)Y Qh. (4)
i#]

Every term Qh; on the right is allowed because it does not contain the factor h;. Repeated
factors are simplified using h? = h;.

It remains to handle @)p. Since h; contributes m + 1 to w(T"), whereas after removing h;
the j-th block contributes only |4;| to w(Q), we have

w(@) = w(T) — ((m+1) — |4;]).

Because |A4;| <m —d,
w(Q) <w(T) —(d+1).

The multiplication lemma (Lemma 2.2) then gives
w(@p) < w(Q) +d <w(T) -1

Expand @Qp in the full basis {#4h%}a 5. Every basis term (with non-zero coefficient) in
this expansion has weight strictly smaller than w(T"). We may therefore apply induction to
each of these terms. Equation (4) then expresses T, on E, as a linear combination of allowed
generators. O

We now count the dimension of R. Let
Mg = zm: (6) = 2€_1 Néd = in: (6)
r ’ ’ r)’
r=0 r=max{0,m—d+1}

There are M ordinary monomials in M, and exactly Néfd exceptional monomials in B.
For each nonexceptional monomial 22, exactly 2¥~! subsets S C [k] avoid j(A). For each
exceptional monomial, all 2¥ subsets are allowed. Hence

dim(R) = 2*~" (M} — Ngfd) + 2’“Néfd = 2"+ Qk‘llefd. (5)



By Lemma 2.3, the restriction map R — FF is surjective. Since the vector space of
functions on F has dimension |E|, Equation (5) gives

|E| < 287'Mp 4 28 INE, =2 4 2N

21E] 2% _ (Nea\"
9kt — \ 2¢-1 ’

Applying the same argument to p + 1 replaces E by the disagreement set. Therefore

Consequently,

. Nea\"
corr(XMaj, p) < <2£—f?) :
¢

_ 224\" 24\
corr(Xl\/IaJ,p)§< ;%> g(%> . O
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Finally, there are at most d summands in Ny 4, each at most ( ) < \/g \2/—%. Thus

AT methodology. This work began with several authors prompting Al tools about cor-
relation bounds for the XOR of Majority. One of these interactions eventually produced a
new correlation bound, albeit much weaker than the one presented in this paper, and with a
much more complicated proof. The authors then undertook a research project to improve the
bounds and simplify the argument through repeated interactions with Al tools, interspersed
with their own insights and simplifications. Some intermediate proofs were extremely complex;
the final proof emerged through many rounds of refinement.
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A PRG from Nisan-Wigderson Construction

We present the details of the PRG consequence stated in the introduction. We use the
construction of Nisan and Wigderson [NW94], originating in [Nis91], with a separate seed
for each majority block. Replacing the output bits one at a time in the hybrid argument,
keeping the XOR across the majority blocks, lets us bound the degree of each restricted
output without paying a factor for the number of blocks. Directly applying the construction
to the entire hard function would give a slightly worse seed length, as we explain below.

Throughout the appendices, logarithms are base two, U,. denotes the uniform distribution
on {0,1}",and 0 < e <1/2. A map G: {0,1}" — {0,1}" e-fools a class of Boolean functions
if | Pr[f(G(U,)) = 1] — Pr[f(U,) = 1]| < ¢ for every function f in the class.

Theorem A.1. There is an explicit PRG that e-fools degree-d polynomials over Fy on n
variables with seed length O(d*log®(n)log(n/e)).

Construction. Set ¢ = [log(2n)]. For any ¢ > t, we can construct sets Sy, ...,S, C [R] in
time polynomial in n and ¢, where

[Sil =€, [SinS <t (i#7), R=O0(/t).

(See, for example, [HH24, Lemma 4.5].)
Choose an odd ¢ > 16d*t* with ¢ = O(d*t?), and set k = [log(2n/e)]. Using k independent
seeds (M, ... 2 € {0, 1}7, define

k
G(zW,....2®), = PMaj(zy), i€ n).
a=1

(Cj) lists the coordinates in increasing order. The seed length is

Here zg
kR = O(k(*/t) = O(d"log’(n) log(n/e)).

Analysis. Fix a degree-d polynomial p. For 0 < i <n, let Y; be a random vector in {0,1}"
consisting of the first i outputs of G followed by n — ¢ independent uniform bits. Thus Yy
is uniform and Y,, is the output of G. To compare Y; and Y;_;, fix the seed bits outside
S; in each of the k seeds, and fix the last n — ¢ output bits. The remaining seed bits form
k independent uniform blocks ™, ..., 2®*) ¢ {0,1}*. Write F(x) = XMaj(z) for the i-th
output.



For j < i, the j-th output is now of the form ¢;(z) = @’;:1 j.a(2'¥), where g;, depends
on fewer than ¢ variables, since |S; N S;| < t. Note that degg; < t, since the XOR across the
blocks is addition over Fy, so it does not add their degrees. For b € {0, 1}, let Q(z) be the
result of substituting these earlier outputs, the bit b, and the fixed later bits into p. Both @
and ()1 have total degree at most dt.

Treating Boolean outputs as real numbers, the conditional difference between the two
acceptance probabilities is

E, |Qr (o) - 2EETDE) 2, [qprenae - yrena),

By Theorem 1.1, its absolute value is at most

k
1 Q_dt <okl < £
2 \ ¢ 4n

This holds for every fixing. Averaging over the fixed bits and summing over the n hybrids
proves Theorem A.1.

Remark. The degree bound in the hybrid argument is the reason for applying NW separately
in each majority block. Although ¢; may depend on kt variables, it is an XOR of functions
of at most ¢ variables, so its degree is at most t. Thus we pay for k independent seeds of
length O(¢?/t), while the polynomials Q, still have degree at most dt. If instead we apply
NW directly to the entire kf-bit hard function, using sets of size k¢ with intersections of size
at most ¢, the same correlation estimate requires ¢ = O(d*t?) and k = O(log(n/c)). The
design then gives seed length O((k()?/t) = O(d*log*(n)log®(n/)). Using the XOR structure
thus saves a factor of k = O(log(n/e)).

B Fourier Bounds for Polynomials and an alternate

PRG

Our correlation bound resolves a conjectured Fourier bound for polynomials [CGL*21,
Conjecture 31]. As a consequence, using a result from [CGL"21], based on the frameworks of
polarizing random walks [CHHL19], we derive an alternative pseudorandom generator for
polynomials.

For p: Fy — Iy, define its sign function on {—1, 1} by f(z) = (—1)P((A=21)/2 (1:‘””)/2).

Write its real Fourier expansion as f(z) = 3 gc(, f(S)zs, where s = [[;cgz; and f(S) =
E.[f(x)xg] for uniform x € {—1,1}". Define

Mi(f) = max

ze{-1,1}"

3 f(S)a:S‘.

|S|=k

Thus the absolute value is taken after summing the level-k coefficients with the signs

specified by z. Let P, 4 be the class of degree-d polynomials on n variables over [Fy, and set
Mp(Pn.a) = maxpep, , Mi((=1)").

10



Theorem B.1. For 1 <k<nandd>1,

k
M (Pra) < %(2@’“ < (2ed)*.

~

Proof. Note that negating input coordinates multiplies f(S) by the corresponding product of
signs. Thus it suffices to bound |}~ 5 _, ]?(S )|, where f is the sign function of an arbitrary
p € P,q. Fix a partition By, ..., By of [n], allowing empty parts. Pad each part with fresh
variables to the same odd length ¢, and let f ignore these additional variables. On {—1,+1},

majority is the function h,(y) = sgn(y; + - - - + y¢). Using the exact constant in the proof of

Theorem 1.1 gives
k
2 d
<|(24/=—] . 6
_< ﬂ@> (6)

where (%) contains the variables of B, and its padding.

We recover the sum of coefficients that use one variable from each part by letting £ grow.
We prove this as follows. Write ¢ = 2m + 1 and a, = he({1}) = 272" (>™). The even-level
Fourier coefficients of h, vanish, and for odd |T| = 25 + 1,

> ()

hg(T) = (—1)](1g (2m) .

Indeed, differentiating in one coordinate of T' gives the indicator that the other 2m signs
sum to zero. On this event, the expected product of any 2j coordinates is (—1) (Zn) / (227;), as
follows by expanding (1 4 z)™(1 — z)™. Thus v¢a; — /2/, and for fixed odd |T| > 1 we
have h(T)/a; — 0.

Expanding in the Fourier basis and dividing by a¥ gives

ﬂ@HmuwlzgymHIMﬂya.

a=1

E

F@) T ] o)

1
—kIE
ay

If S misses a part, the corresponding factor is zero because majority has mean zero. Otherwise,
each factor is 1 when |S N B,| = 1, and tends to zero when |S N B,| > 1. Since the sum has
only 2" terms, taking ¢ — oo leaves exactly those sets containing one variable from each part.
By Equation (6) and v/¢a; — /2/7, we obtain

> 79| < (2d)".

S:|SNBy|=1 for every a

Now assign each coordinate independently and uniformly to one of the k parts. Every
k-element set meets all parts with probability k!/k*. Averaging the last inequality gives

RIS )| < 2ar 0

|S|=k

11



PRG consequence. We recall the PRG result that we need from [CGL"21]. If a class
F of sign functions on n variables is closed under restrictions and satisfies Mj,(F) < b* for
k>3 and 1 < b < n, then it has an explicit PRG of error ¢ with seed length

210g(n/e)\ ¥ *?
0 <b2krlog(n) log(n/2) (M) ) |

3

Using the Fourier bounds proved above, taking b = 2ed and k = O (log (M)>, we
obtain the following result.

Corollary B.2. There is an explicit PRG that e-fools degree-d polynomials over Fy on n
variables with seed length

0 (d2 log(n) log(n /) log <M)) .

C PRG for AC'[@]

Using Razborov’s polynomial approximation of AC’[@], we easily derive the following PRGs
for AC0[69] using our results on fooling polynomials.

Theorem C.1. Fiz a depth A > 1. There are explicit PRGs that e-fool size-s, depth-A
AC°[®] circuits onn inputs with the following seed lengths. The Nisan—Wigderson construction
grves

O (log">~!(s) log"(1/¢) log(s/e)),

and the construction from Fourier bounds gives

0 (1og2“(s) log?(1/2) log(s /&) log <log€(s))) |

Proof. Fix such a circuit C. Razborov’s polynomial approximation method [Raz87] gives a
distribution of polynomials of degree d = O(log”®~!(s)log(1/¢)) such that, for every input x,
a sampled polynomial p satisfies Pr,[p(z) # C(z)] < ¢/3.

Let G be a PRG that (¢/3)-fools degree-d polynomials. The pointwise approximation
guarantee holds under both the uniform distribution and the generator. Consequently,

[Pr{C(G(Ur)) = 1] = Pr[C(U) = 1]]
< E, Prp(G(U;)) # C(G(U))] + B, [Pr[p(G(Uy)) = 1] = Prip(Un) = 1]]
+E, Prip(Us) # C(Un)] < e.
Thus both the PRGs constructed in previous sections also fool AC’[@®] circuits. O
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