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Abstract

We study interactive proofs when the prover and the verifier access the same underlying
data through independent noisy views. The noise is persistent for each party: each location is
corrupted once, and repeated queries to the same location return the same corrupted value. We
introduce two models in this setting: noisy interactive proofs of proximity (noisy IPPs), and
noisy PAC verification, a noisy analogue of the PAC verification framework of Goldwasser et
al. [ITCS 2021]. These are the first interactive-proof models in which the prover and verifier
access the same data through separate noisy views, possibly with different noise rates, rather
than sharing a common view of the input.

For noisy IPPs, we give a complete characterization of the four natural regimes determined
by whether the honest prover is clean or noisy and whether the exact noise rates are known or
only upper bounds are known. We show that the clean-prover, known-rate setting admits noisy
IPPs for every language in NC, whereas, under a standard cryptographic assumption, in each
of the other three regimes there is a language in NC1 for which noisy IPPs are impossible. The
positive result is obtained through a connection to robust IPPs: even subconstant robustness
suffices to tolerate constant random noise. We also show that constant robustness is impossible
in general, establishing a separation between random noise and worst-case local corruptions.

Beyond these general results, we construct noisy IPPs for natural languages, and we give a
noisy PAC-verification protocol for the heavy Fourier coefficients of a Boolean function. These
positive results are efficient for both the verifier and the prover, and hold in the general setting
where the parties know only an upper bound on the noise rate and may experience different
noise rates.
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1 Introduction

An interactive proof system is an interactive protocol between a verifier and an untrusted prover,
in which the prover tries to convince the verifier of the validity of a computational statement
about some underlying data. Verification is required to be substantially more efficient than solving
the task from scratch. In the classical setting, the data is a string and the statement is that
it belongs to a language; in the learning setting, the data is a function and the statement is
that a given hypothesis approximates it well. In these standard models, both parties refer to the
same underlying data. In many applications, however, the data may be available only through
noisy measurements or imperfect storage, or, in the learning setting, may be corrupted by human
annotation or by discretization of continuous signals. This raises a natural question: what is the
right notion of interactive proof when the prover and verifier do not observe the same underlying
data exactly, but instead access different noisy views of it?

We study a setting in which the communication channel between the parties is clean, while the
data is corrupted by random faults. These corruptions are independent across the two parties and
across different pieces of the data. A central feature of our model is that the noise is persistent : each
location is corrupted once and for all for each party, and repeated queries to that location return
the same corrupted value. Without persistence, repeated queries would recover the true value by
majority vote, essentially collapsing the model to the standard noiseless setting. This persistent
model is natural when each party accesses its own copy of the data, and each copy is produced only
once by measurement, storage, or preprocessing. For example, the prover and verifier may obtain
separate measurements of the same experiment, taken at different times or subject to independent
measurement noise, or they may access separate annotated copies of a dataset.

We assume that the actual noise rate is unknown, and that the verifier and the honest prover are
given only an upper bound on it, supplied for example by the data provider or by prior guarantees
on the measurement process. Both the upper bound and the actual noise rate are independent of
the input size. It is also natural to allow the two parties to have different noise rates, reflecting
measurements or storage of different quality and cost, since higher precision is more expensive. The
most natural regime is that the verifier, being the weaker party, has the noisier view: the prover
may be able to use a higher-quality but more expensive measurement process, while the verifier is
restricted to a cheaper and noisier one.

This leads to a new type of interactive-proof model. To the best of our knowledge, this is the
first work on interactive proofs in which the two parties may access different versions of the same
underlying data. This poses a substantial challenge, since many protocols rely on the prover and
verifier sharing a common view of the input. Standard interactive proofs are too strong for dealing
with such noise: a single corrupted bit may turn a no-instance into a yes-instance, but the verifier is
required to reject every no-instance. Thus, the most basic model for interactive proofs with noise is
that of interactive proofs of proximity (IPPs), in which the verifier is only required to reject inputs
that are far from the language.

In this paper, we first define noisy IPPs. We then ask: what can one achieve in this model? It
turns out that the model is hard in general: we prove lower bounds, showing hardness even for a
relatively small complexity class. On the positive side, we give a general positive result for noisy
IPPs in a restricted setting, and construct noisy IPPs for two natural problems. Finally, we turn
to the learning analogue. We define noisy PAC verification and give a positive result for verifying
the heavy Fourier coefficients of a Boolean function.
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1.1 The Proposed Models

We introduce two new models of interactive proofs in the presence of noise.

1.1.1 Noisy Interactive Proofs of Proximity

Interactive proofs of proximity (IPPs) [EKR04, RVW13] are the sublinear analogue of standard
interactive proofs. Instead of reading the entire input, the verifier is given oracle access to it and
is restricted to making only a sublinear number of queries. One also requires the communication
complexity to be small, so that the prover cannot simply transmit the entire input to the verifier.
Thus, IPPs are strictly more restrictive than standard interactive proofs. They are well motivated
in modern large-scale settings, where the input may be too large for the verifier to read in full. In
this framework, soundness is relaxed: rather than rejecting every input outside the language, the
verifier is only required to reject with high probability every input that is far from the language.

A long line of works studies IPPs and their variants, e.g., [GR17, GGR18, RR20, GLR21,
GRS23]. The closest in spirit to our setting is the recent work of Amir et al. [AGR25], where the
honest prover is also restricted to be sublinear. For related work on noisy property testing, the
non-interactive analogue of IPPs, see Section 1.4.

Definition. We consider a noisy version of the IPP model in which each party accesses the input
through its own persistent noisy oracle: each input bit is flipped independently with probability η,
and the resulting corruption is then fixed for the entire protocol. Hence, repeated queries to the
same location by the same party always return the same answer. Equivalently, for each party there
is a fixed hidden set of input coordinates whose values are flipped. In this model, the actual noise
rate η is unknown to the verifier V and the honest prover P, which are given only an upper bound
ηb < 1/2. Note that the communication channel between the parties is assumed to be clean.

Definition 1.1 (Noisy IPP, informal version of Definition 2.6). A noisy IPP for a language L is an
interactive protocol ⟨P,V⟩ that satisfies the following conditions for every ε > 0, every upper bound
ηb < 1/2 and every actual noise rate η ≤ ηb:

• Input Access. Let ξV , ξP ∈ {0, 1}n be two independent noise masks such that ξVi , ξ
P
i ←

Bernoulli(η) independently across indices i ∈ [n].

V only knows ηb and has query access to x⊕ ξV .

In completeness, the honest prover P only knows ηb and has access to x⊕ ξP . In soundness,
the unbounded cheating prover P̃ also knows η and has clean access to x.

• Completeness. If x ∈ L, then after interacting with P, V accepts with probability ≥ 2/3.

• Soundness. If x is ε-far from L, then after interacting with any unbounded P̃, V accepts
with probability ≤ 1/3.

All probabilities are over V’s randomness and both noise masks, and distances are Hamming.

Complexity measures are query complexity, communication complexity, and running times, all
depending on n, ε and ηb. As in the standard IPPmodel, we do not account for P’s query complexity
and allow it full access to x ⊕ ξP . One may also consider the stronger doubly-sublinear regime of
[AGR25]; we return to this variant below. We also consider the simpler special case in which the
exact noise rate η is known to the parties (this distinction will play an important role in our results).
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Discussion on the model. Our definition and results extend directly to the more general setting
in which the verifier and the prover may have different noise rates.1 In particular, the variant in
which only the verifier sees a noisy input can be recovered by setting the prover’s noise rate to 0,
and is already non-trivial. In either case, the parties do not necessarily share the same view of the
input, and this is one of the main difficulties of the model.

The noise is assumed to be persistent, namely, fixed once and for all throughout the protocol.
As discussed earlier, if instead fresh noise were drawn independently for each query, then repeated
queries to the same index would recover the underlying bit by majority vote, essentially collapsing
the model to the standard noiseless setting. In contrast, persistence prevents one from applying
standard protocol-repetition in a fully black-box manner: since the noise mask is fixed throughout
the execution, repeating the protocol may reveal information about the verifier’s noisy view to a
dishonest prover, thereby enabling cheating strategies that do not arise in the standard model.
Consequently, the standard amplification argument does not automatically go through.

In soundness, a lower noise rate of the prover only strengthens it. Thus, we fully strengthen the
cheating prover by giving it a clean view of the input together with the actual noise rate η, and we
formalize soundness accordingly. By contrast, noisy access only weakens an honest prover, even if
it is computationally unbounded. Therefore, the prover’s noise plays a role only in completeness.

The verifier’s noise, on the other hand, affects both completeness and soundness: on yes-
instances, it may cause the verifier’s view to disagree with that of the honest prover, lowering
the acceptance probability; on no-instances, it may mask violations, lowering the rejection prob-
ability. In particular, perfect completeness is impossible in the noisy setting: under persistent
noise, any execution that can occur on a no-instance can also occur with positive probability on a
yes-instance, and so perfect completeness would force the verifier to accept no-instances as well.

Finally, we emphasize that the verifier does not know the exact noise rate η, but only an upper
bound ηb on the noise rate. We view this as a minimal assumption in our setting: since the prover
is untrusted, the verifier cannot hope to obtain a reliable bound on the true noise rate through
interaction. Note that, while our models and results are formulated for arbitrary ε and noise rates
η (or upper bounds ηb), we find the constant-noise regime the most natural, since in many settings
η is an external parameter of the measurement process or storage device and therefore should not
depend on the input length.

1.1.2 Noisy PAC Verification

PAC learning studies the task of learning a hypothesis from labeled samples drawn from an un-
known distribution. In the original model, the learner is given correctly labeled samples. In many
applications, however, labels are obtained through imperfect processes, for example via sensors,
human annotation, or discretization of continuous signals. The resulting corruptions are often per-
sistent: once a sample is mislabeled by the data-collection process, repeated access to that same
sample reproduces the same corrupted label. See, for example, [FV13] for a survey of common
sources of label noise, and [GSS+25] for a broader discussion of labeling and measurement un-
certainty in supervised learning. This motivates the persistent-noise formulation. The classical
work of Angluin and Laird [AL88] introduced PAC learning with noise and already emphasized
the upper-bound model, in which the learner is given only an upper bound on the unknown noise

1More broadly, asymmetric information and uncertainty between the two sides is natural in communication settings
as well; see, for example, Guruswami and Smith [GS16].
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rate. Learning under noisy labels has since been studied extensively in many variants; we refer the
reader to Section 1.4 for a more complete discussion.

In our verification setting, Goldwasser et al. [GRSY21] introduced PAC verification, focusing
on the task of verifying that a hypothesis provided by the prover is competitive with the best one
in the class. Following [GRSY21], subsequent works [GJK+24, MS23, BDFPJ26] further developed
PAC verification, giving protocols and lower bounds for natural concept classes, including Fourier-
sparse functions and juntas. Beyond the classical setting, variants of PAC verification have also
been studied in quantum models and related frameworks [CHI+24, MSD24, CEH+24].

Our noisy PAC verification model also addresses a direction suggested in [GRSY21], namely
asymmetric-access models in which the prover’s labels are “better” than the verifier’s, capturing
settings where V is an external auditor with limited or noisy measurements while P is the service
provider with richer access to the underlying data. For exposition, we first focus on the symmetric
regime in which both parties are corrupted at the same (unknown) noise rate, and then extend to
the more general settings.

Definition. We begin by defining the two types of noisy access used in our model. Let f :
{0, 1}n → {−1, 1} be a target function2 and let D be a distribution over {0, 1}n. Fix a noise rate
η ∈ [0, 1/2). We consider two independent persistent noise functions bP , bV : {0, 1}n → {−1, 1},
one for the prover P and one for the verifier V, where for every x ∈ {0, 1}n the bits bP(x), bV(x)
are independent and distributed so that Pr[bP(x) = −1] = Pr[bV(x) = −1] = η, and the collections
{bP(x)}x and {bV(x)}x are mutually independent.

• Noisy membership query access: access to the membership query oracle fη : {0, 1}n → {−1, 1}
defined by

fη(x) := f(x) · bP(x).

• Noisy sample access: access to noisy examples (x, yV) where x← D and

yV := f(x) · bV(x).

In both cases the noise is persistent: for each fixed input x, the same noise bit bP(x) (resp., bV(x))
is used every time x is queried (resp., sampled).

In noisy PAC verification we consider an honest prover P that has noisy membership query
access (we do not charge it for query complexity, but we do measure its running time), and a
verifier V that only receives noisy samples (we measure both its sample complexity and running
time). Both P and V are given the upper bound ηb on the noise rate, but the actual noise rate
η ≤ ηb is unknown to them. Importantly, in soundness, we allow an arbitrary (possibly unbounded)
cheating prover P̃ who knows η and has clean access to f .

Recall that in a PAC verification protocol, V outputs a hypothesis h whose error is competitive
with the best hypothesis in a prescribed class H (or else outputs reject). In the following definition,
we use the 0–1 loss under D and write

∆D(f, h) := Pr
x←D

[f(x) ̸= h(x)].

We also write ∆D(f,H) := infh∈H∆D(f, h) for the optimal loss of H with respect to f under D.
2We could alternatively work with range {0, 1}; the distinction between the two conventions is immaterial for the

analysis and complexities.
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Definition 1.2 (Noisy PAC verification, informal version of Definition 5.21). A hypothesis class
H is Noisy PAC Verifiable over a distribution D if there exists an interactive protocol ⟨P,V⟩ that
satisfies the following conditions for every target function f , every ε, δ > 0, every upper bound
ηb < 1/2 and every actual noise rate η ≤ ηb:

• Input Access. The verifier V only knows ηb and has noisy sample access as defined above.
In completeness, the honest prover P only knows ηb and has noisy membership query access
as defined above. In soundness, the unbounded cheating prover P̃ also knows η and has clean
access to f .

• Completeness. After interacting with P, V outputs h such that with probability at least
1− δ, h ̸= reject and ∆D(f, h) ≤ ∆D(f,H) + ε.

• Soundness. After interacting with any unbounded prover P̃, V outputs h such that with
probability at least 1− δ, h = reject or ∆D(f, h) ≤ ∆D(f,H) + ε.

The probability is over the randomness of the samples, the internal randomness of both parties, and
the randomness of the noise.

Discussion on the model. First, note that both the noiseless and noisy models are only inter-
esting in the agnostic regime. In the realizable case, where H contains a perfect predictor for f ,
there is a trivial verification procedure whenever the noise upper bound is sufficiently smaller than
the target error (say ηb ≤ ε/2): the verifier estimates from noisy samples the disagreement rate of
a proposed hypothesis h and accepts if it is below a threshold between ηb and ε. This uses only
O(1/ε2) samples.

The following aspects of the model are analogous to those in noisy IPPs. A central modeling
choice is that the noise is persistent for each party: each label f(x) is corrupted by a fixed bit
bP(x) (respectively, bV(x)) that persists across repeated queries (respectively, repeated samples of
the same point).3 We also assume that the verifier and the honest prover are given only an upper
bound ηb on the noise rate. In soundness, we consider a maximally powerful cheating prover that
knows the true noise rate η and has clean access to f , but does not know the verifier’s realized
noise bits bV(·). Finally, the definition and our results extend directly to the more general setting
in which the prover and verifier may have different noise rates.

1.2 Results

1.2.1 Impossibility Results for Noisy IPPs

As discussed above, IPPs are most interesting when both query and communication complexities are
sublinear, and noisy IPPs are most interesting when the noise rate is constant. A useful benchmark
for the limitations of (ordinary) IPPs is the lower bound of Kalai and Rothblum [KR15], who
showed, assuming the existence of exponentially hard pseudorandom generators computable in

3Note that, however, for the verifier’s sample access, persistence is largely immaterial in our main application,
where D = Unif({0, 1}n): since the verifier uses only polynomially many samples, repeated sample points occur with
negligible probability, and conditioned on no repetitions persistent noise is identical to fresh classification noise. We
nevertheless use the persistent formulation for both parties; persistence is substantive on the prover side even when
D = Unif({0, 1}n), since membership queries may revisit the same point.
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NC1, that there exists a language in NC1 for which every IPP satisfies a query–communication
tradeoff q · cc = Ω(n).

In our noisy setting of Definition 1.1, there are two natural axes along which the model may
become easier: whether the honest prover has a clean or noisy view of the input, and whether the
verifier knows its exact noise rate or only an upper bound. The easiest nontrivial setting is that of
a clean prover and a known verifier noise rate; indeed, as we show in the next section, this setting
admits general positive results for NC. Our negative results show that relaxing either of these two
advantages already makes sublinear communication impossible, even for a language in NC1, and
even if the verifier is allowed to read its entire noisy input.

Theorem 1.3 (Impossibility of noisy IPPs, informal version of Theorems 3.3 and 3.4). Under the
cryptographic assumption of [KR15], for every pair of constants 0 < η ≤ ηb < 1/2, there exists a
language L ∈ NC1 for which both of the following hold.

1. Noisy prover. If both the honest prover and the verifier have noisy access to the input, then
every noisy IPP for L has communication complexity Ω(n), even when the exact noise rate η
is known.

2. Unknown verifier noise rate. If the verifier knows only that its noise rate is at most ηb, then
every noisy IPP for L has communication complexity Ω(n), even if the honest prover has clean
access to the input.

Both statements already hold for a constant proximity parameter, regardless of the verifier’s query
complexity, the number of rounds, or the running time of the honest prover.

In the second setting, the lower bound is in fact stronger: it continues to hold even if the honest
prover is told the verifier’s exact noise rate. Moreover, both impossibility results extend to the
general upper-bound model of Definition 1.1 and to the setting in which the prover and verifier
experience different noise rates.

The two lower bounds isolate two distinct and complementary sources of hardness: uncertainty
about the underlying data, and uncertainty about the noise channel. In the noisy-prover setting,
even though the noise rate is known exactly, neither honest party has a clean reference point to
the input, and even their joint noisy views may leave substantial uncertainty about the input and
therefore about its membership in the language. In the unknown-verifier-noise setting, this source
of difficulty disappears (since the honest prover knows the clean input), but the verifier faces a
different challenge: it cannot tell whether discrepancies in its view originate in the input itself or
were introduced by its noisy channel. Since the prover is untrusted, it cannot simply resolve this
ambiguity by sending the true noise rate to the verifier. In both cases, the difficulty persists even
if the verifier reads its entire noisy input, showing that the obstruction is not caused by sublinear
access to the data.

The two impossibility results above concern random corruption of the parties’ views of the
input. It is natural to compare them with the related worst-case notion of robust IPPs, which was
formalized in [HR24] and appears implicitly in earlier works such as [RR20]. Roughly speaking,
a ρ-robust IPP is an IPP that satisfies a stronger soundness guarantee: once the interaction is
fixed, the verifier’s sublinear view of the input must remain ρ-far from any view that would make
it accept. This notion of robustness is analogous to notions studied in the PCP and PCPP litera-
ture [BSGH+04], and has also been considered in the context of IOPs [RRR16, RZR25]. We prove
a related, but separate, limitation for robust IPPs as well.
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Theorem 1.4 (Impossibility of robust IPPs, informal version of Corollary 3.7). Under the cryp-
tographic assumption of [KR15], for every sufficiently small constant robustness parameter, there
is no uniform construction of robust IPPs for NC1 that simultaneously achieves query complex-
ity O(n0.99) and sublinear communication complexity, even at a constant proximity parameter and
regardless of the number of rounds or the running time of the prover.

The formal statement additionally assumes robust-soundness error O(1/ logn) and that the
verifier’s final decision predicate admits a succinct NC1 description; these are mild requirements
satisfied by the constructions motivating our comparison. The robustness parameter measures
the fraction of the verifier’s local view that may be corrupted adversarially, and hence we view
constant robustness as the natural worst-case analogue of the constant-noise regime that we study.
Importantly, however, our lower bound only rules out constant robustness.4 As we show in the
next section, subconstant robustness is already sufficient to obtain noisy IPPs tolerating a constant
random noise rate, provided the honest prover has a clean view of the input and the verifier knows
the exact noise rate. Thus, although constant robustness is impossible in general, substantially
weaker robustness can still suffice for handling constant random noise, suggesting a separation
between worst-case and random corruptions, in line with the familiar distinction between adversarial
and random errors in coding theory.

1.2.2 Positive Results for Noisy IPPs

Having established that relaxing either the clean-prover assumption or exact knowledge of the
verifier’s noise rate leads to impossibility, we turn to the remaining, simplest nontrivial setting:
the honest prover has a clean view of the input and the verifier knows its exact noise rate. In this
setting, a trivial solution with linear communication is available: the prover can send the clean
input, and the verifier can check both that it is a valid instance and that it is sufficiently consistent
with its own noisy view. The question is whether this can be done with sublinear communication.

We show that robust IPPs provide exactly the structure needed to achieve this. Importantly,
even subconstant robustness can suffice for tolerating a constant random noise rate; this is essential
in light of Theorem 1.4, which rules out constant robustness. The reduction is straightforward: the
parties execute the robust IPP without the verifier querying its input, the prover supplies the clean
local view on the verifier’s query set, and the verifier checks both that this view is accepting and that
its disagreement with the verifier’s noisy view is consistent with the known noise rate. Instantiating
this transformation with the robust IPP of [RR20] yields the following.

Theorem 1.5 (Noisy IPPs for NC with a clean prover and known noise rate, informal version of
Corollary 4.2). For every constant proximity parameter ε > 0 and constant known verifier noise
rate η < 1/2, every language in NC has a noisy IPP with query and communication complexities
Õ(n2/3) and an efficient prover.

Together with the impossibility results of the previous subsection, this completes the picture
for constant noise rates:

Exact noise rate known Only an upper bound known

Clean prover Positive for NC (Theorem 1.5) Impossible for NC1 (Theorem 1.3)
Noisy prover Impossible for NC1 (Theorem 1.3) Impossible for NC1 (Theorem 1.3)

4Note that our impossibility result is consistent with the robust IPP of [RR20]: in their construction, the parameter
regime yielding sublinear communication requires a subconstant proximity parameter, and since robustness cannot
in general exceed proximity, its robustness is then necessarily subconstant as well.
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Thus, with a clean prover, knowing the verifier’s exact noise rate changes the picture completely:
every language in NC admits a sublinear noisy IPP, whereas with only an upper bound this is
impossible already for a language in NC1. If the honest prover is noisy, impossibility holds already
when the exact noise rates are known.

The general impossibility results above do not rule out efficient noisy IPPs for specific natural
problems, even in the full noisy model. We therefore next turn to two such examples: Hamming
Weight and Permutation. Both are obtained by adapting IPPs with perfect completeness, yet the
resulting noisy protocols necessarily lose this property.5 Both results hold in the fully noisy model,
where the prover and verifier only know upper-bounds on their noise rates. For simplicity, we state
them under a common upper bound ηb.

Hamming Weight. We study the Hamming Weight search problem (HW), where the goal is
to output an additive εn-approximation to the Hamming weight of a string of length n. While
testing HW requires Θ(1/ε2) queries, in the noiseless setting it admits IPPs with the optimal linear
dependence O(1/ε) [RVW13, GGR18, AGR25]. We show that this optimal query complexity can
be retained in the noisy setting.

Theorem 1.6 (Noisy IPP for HW, informal version of Theorem 4.4). Let ε > 0 be an accuracy
parameter, and let ηb < 1/2 be a sufficiently small upper bound on the noise rate. Then, for every
function r : N → N and every actual noise rate η ≤ ηb, there exists an r(n)-round noisy IPP for
HW such that the verifier makes O(1/ε) queries, the honest prover runs in time O(n), and the
communication and verification time are O((rn1/r log n)/ε).

More generally, [GGR18] gives such a protocol for read-once branching programs (ROBPs), and
our arguments for the noisy setting extend naturally to ROBPs. The HW protocol also naturally
extends to the stronger doubly-sublinear setting of [AGR25]; see Remark 4.5.

Permutation. We next consider the Permutation problem (PERM), where the input is a function
f : [n]→ [n] and the goal is to verify that f is a permutation. In testing, PERM is governed by the
birthday paradox and requires Ω(

√
n) queries, whereas verification can be done with only O(1/ε)

queries. Indeed, one-round IPPs for PERM were constructed in [GGR18, GLR21, AGR25].6 We
show that a similar separation between testing and verification persists in the noisy setting.

Theorem 1.7 (Noisy IPP for PERM, informal version of Theorem 4.6). Let ε > 0 be a proximity
parameter, and let ηb < 1/2 be a sufficiently small upper bound on the noise rate. Then, for every
actual noise rate η ≤ ηb, there exists a one-round noisy IPP for PERM, such that the verifier
makes O (1/(ε− ηb)) queries, the total communication is O (logn/(ε− ηb)), the verifier runs in
time O (1/(ε− ηb)), and the honest prover runs in time O (n+ 1/(ε− ηb)).

5This is not accidental: noisy IPPs cannot achieve perfect completeness. See Claim 2.7 for the formal proof.
6In [GGR18], this is implicit, by applying their protocol to the ROBP that computes PERM, similarly to the way

one derives an IPP for HW from their general framework.
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1.2.3 Positive Results for Noisy PAC Verification

Fourier expansion and heavy coefficients. One convenient way to study the structure of a
Boolean function f : {0, 1}n → {−1, 1} is via its Fourier expansion

f(x) =
∑

γ∈{0,1}n
f̂(γ)χγ(x), where χγ(x) := (−1)⟨γ,x⟩.

Here γ ∈ {0, 1}n is called a Fourier coefficient, and the corresponding Fourier coefficient value
f̂(γ) ∈ [−1, 1]7 is the correlation

f̂(γ) := E
x←Unif({0,1}n)

[f(x)χγ(x)] .

The parity function χγ : {0, 1}n → {−1, 1} is called the Fourier character of γ. In many settings, f
has a sparse Fourier spectrum: most of its Fourier mass is concentrated on a small set of characters.

In such cases, identifying the heavy coefficients (those γ for which
∣∣∣f̂(γ)∣∣∣ is relatively large) captures

the main structure of f , since the remaining coefficients contribute only a small error. This is exactly
the Fourier-sparse structure that our interactive protocol verifies, i.e., that f is well-approximated
(over Unif({0, 1}n)) by a function whose Fourier expansion is supported on at most t characters.

Noisy interactive proof for Fourier-sparse functions. For any n-variate Boolean function f ,
an integer t ∈ N and ε > 0, we say that a set Λ ⊆ {0, 1}n is ε-close to the set of the t heaviest Fourier
coefficients of f if no vector in Λ whose coefficient has minimum absolute value can be replaced
by a vector outside Λ whose coefficient has larger absolute value by more than ε. Equivalently, no
element of Λ can be swapped with an element outside Λ to increase the minimum magnitude in Λ
by more than ε. We show an interactive proof for verifying the t heaviest Fourier coefficients of a
Boolean function up to accuracy ε, where the verifier only uses poly(t/ε) random noisy samples.
We focus on D = Unif({0, 1}n), since Fourier coefficients are defined with respect to the uniform
distribution.

Theorem 1.8 (Verifying heavy Fourier coefficients, informal version of Theorem 5.15). There
exists an interactive proof such that for every f , every t, every accuracy parameter ε > 0, and
every sufficiently small noise rate η, the verifier uses at most poly(t, 1/ε, 1/(1− 2η)) random noisy
samples and outputs a set Λ that is ε-close to the set of the t heaviest Fourier coefficients of f
with probability at least 0.9. Moreover, the prover is efficient in the sense that it is essentially as
efficient as the learning algorithm it invokes, even though it only has access to noisy membership
queries.

As in the noiseless setting, verifying the heavy Fourier coefficients in this sense yields a PAC-
verification protocol for Fourier-sparse functions. This theorem extends to the setting where both
parties know only an upper bound on the noise rate (Definition 1.2), and also to the model in which
the prover and verifier may experience different noise rates. In addition, we prove a lower bound
on the required dependence between η and ε, giving partial evidence that a nontrivial η–ε tradeoff
may be inherent in verification of heavy Fourier coefficients.

7In the Fourier-analysis literature, γ is often called a coefficient, a character or an index, and f̂(γ) is also called
a coefficient or a coefficient value. To avoid overloading the word “coefficient” in our setting, where it is crucial
to distinguish between identifying heavy coefficients (the vectors γ) and merely estimating their values f̂(γ), we

deliberately refer to f̂(γ) as the coefficient value, reserving the term coefficient for γ itself.
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1.3 Technical Overview

1.3.1 Impossibility of Noisy IPPs with Constant Noise Rate

We sketch the two impossibility results of Theorem 1.3. Both follow a paradigm used in previous
IPP lower bounds [RVW13, GR17, KR15]: construct two distributions on inputs that the protocol
must treat differently, but that are hard to distinguish with limited resources. The first is tied
to yes-instances, so that completeness forces high acceptance, while the second consists mostly of
inputs far from the language, so soundness forces low acceptance. Thus, the protocol induces a dis-
tinguisher between the two distributions, contradicting the underlying hardness. In [RVW13, GR17]
this hardness comes from unconditional circuit lower bounds, whereas [KR15] uses cryptographic
pseudorandomness. We follow the latter approach, assuming an exponentially hard PRG G. In
our setting, the standard bounded-communication simulation, which extends to noisy IPPs, ap-
proximates the maximum acceptance probability on a fixed input in time 2O(c)poly(n); hence an
acceptance gap between the two distributions contradicts pseudorandomness when c = o(n).

Our new ingredient is constructing a suitable yes-distribution. A natural starting point is to
build the language around a pseudorandom string G(s). We want the language L to be decidable
in a relatively small complexity class, however simply taking L = {(G(s), s) : s ∈ {0, 1}k} does
not work, since the noisy views reveal information about s (while ordinary PRG security assumes
that the seed is hidden). We therefore derive the seed from a longer random string w: the input
contains w and the description a of a random pairwise-independent hash ha, and the PRG seed
is ha(w). Even after fixing one or two independent constant-noise views of w, the conditional
distribution of w has linear min-entropy, meaning that a pairwise-independent hash (serving as a
strong randomness extractor) can extract linearly many nearly uniform bits from it. Hence,

(a, ha(w), noisy view(s) of w)

is statistically close to the same distribution with ha(w) replaced by an independent uniform seed
s. We therefore define

L := {(a,G(ha(w)), w)}.

So the hash hides the PRG seed from the noisy views while keeping it determined by the clean
input, and the PRG expands it into a long pseudorandom block; with sufficiently large constant
stretch, uniform strings are far from L. Consequently, either one or two noisy views of a random
member of L are statistically close to the corresponding noisy view(s) of (a,G(s), w), which is
computationally indistinguishable from uniform by pseudorandomness of G.

For the noisy-prover lower bound (the first part of Theorem 1.3), consider the “fake yes-instance”
distribution z = (a,G(s), w), where a,w, s are independent and uniform. Although z need not
belong to L, a cheating prover can sample a noise mask, apply it to z and run the honest prover
on it. Since the joint noisy views of this prover and the verifier are statistically close to their views
in an honest execution on (a,G(ha(w)), w) ∈ L, the verifier accepts z with high probability by
completeness. In contrast, soundness forces low acceptance on a uniform input, so the simulation
above distinguishes (a,G(s), w) from uniform, contradicting pseudorandomness of G when c = o(n).

For the unknown-noise lower bound (the second part of Theorem 1.3), choose two possible
verifier noise rates η0 < η1, and let θ satisfy η0+θ−2η0θ = η1. Thus, θ-noise followed by independent
η0-noise is distributed exactly as η1-noise. Starting from a random x = (a,G(ha(w)), w) ∈ L, define
z := x⊕ ξ for ξ ← Bernoulli(θ)n. The verifier’s noisy view of z at noise rate η0 is therefore identical
to its view of x at noise rate η1. Since the verifier knows only an upper bound on the rate, a
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cheating prover that emulates the honest prover on x makes it accept z with high probability by
completeness. As we showed, z = (a,G(ha(w)), w)⊕ ξ is also statistically close to (a,G(s), w)⊕ ξ
for a uniform independent s, so the verifier accepts the latter with high probability as well. Once
again, soundness forces low acceptance on a uniform input, so we obtain a distinguisher between
(a,G(s), w)⊕ ξ and uniform, contradicting pseudorandomness of G when c = o(n).

1.3.2 Impossibility of Robust IPPs with Constant Robustness

We sketch the proof of Theorem 1.4. Recall that in a ρ-robust IPP, if the input is far from the
language, then after the interaction the verifier’s local view must remain ρ-far from every accepting
view. Namely, if the verifier’s query set isQ of size q and its decision predicate is ϕ : {0, 1}q → {0, 1},
then

Pr [∆ (x|Q, {z ∈ {0, 1}q : ϕ(z) = 1}) ≤ ρ] ≤ 1

3
. (1)

The formal definition is given in Definition 2.2.
The idea is to recursively compose the robust IPP with itself. After one communication phase,

the verifier’s decision predicate defines an accepting set over the queried coordinates. By succinct-
ness, this accepting set is itself a language in NC1, so we may recurse on the restricted input.
Robustness guarantees that an input initially far from L induces, except with small probability,
a restricted input that remains ρ-far from the new accepting set, and hence the same argument
can be repeated. To control the error accumulation, at each stage we run several independent
copies of the communication phase and let the prover select one copy on which to continue; this
boosts completeness while increasing the robust-soundness error only by an amount that remains
small over all stages. After O(log logn) stages, the query complexity becomes constant while the
total communication remains sublinear. The resulting IPP therefore satisfies q · cc = o(n), contra-
dicting the lower bound of [KR15]. Unlike our noisy-IPP lower bounds, which use the underlying
cryptographic assumption directly, here we invoke the IPP lower bound of [KR15] itself.

1.3.3 Noisy IPPs for HW and PERM

We next explain how classical IPPs for Hamming Weight and Permutation can be adapted to our
noisy setting (Theorems 1.6 and 1.7). Although the underlying protocols remain simple, the noisy
model introduces new completeness and soundness effects that must be controlled without losing
the sublinear verification guarantees. We highlight these issues below; the full formal statements
and proofs appear in Sections 4.2 and 4.3.

Hamming Weight. Recall that in HW the goal is to output an additive εn-approximation to
the Hamming weight of the input. The classical IPPs of [RVW13, GGR18, AGR25] recursively
decompose a claimed total weight into claims on smaller blocks, while the verifier follows a random
root-to-leaf path and checks consistency until reaching a single queried coordinate. If the initial
claim is wrong by more than εn, a discrepancy survives along the random path with probability at
least ε, yielding optimal query complexity O(1/ε) after repetition. The same framework of [GGR18]
applies more generally to ROBPs, and our noisy analysis extends to that setting as well.

The main issue in the noisy setting is completeness: the honest prover’s top-level claim is
computed from its own noisy view, and may therefore differ from the true Hamming weight, and
moreover, at the end of the recursion, the prover’s and verifier’s noisy views may disagree on
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the final queried bit. Soundness follows the same argument as in the noiseless protocol with one
additional issue: verifier noise may hide a genuine inconsistency at the final queried coordinate.
Thus the analysis controls the global error in the claimed weight, and the two local errors in the
final consistency check arising in completeness and soundness.

Permutation. Recall that in PERM the input is a function f : [n]→ [n], and the goal is to verify
that f is a permutation. We adapt the IPP of [GLR21]: the verifier samples a uniformly random
value y ∈ [n], asks the prover for a preimage x, and checks that f(x) = y. If f is ε-far from PERM,
then at least an ε-fraction of values have no preimage, giving a completeness–soundness gap of ε
which is then amplified using O(1/ε) repetitions.

In our noisy function-oracle model, each oracle value is independently corrupted with probability
η to an arbitrary value in [n], persistently across repeated queries. Noise affects both sides of this
ε gap. In soundness, a corrupted verifier answer may create an apparent preimage for a value that
has none. In completeness, the honest prover may fail to see the true preimage or may instead
see a spurious one created by its noisy oracle, while the verifier’s own noisy view may reject an
otherwise correct answer. Controlling these events shows that the completeness–soundness gap
decreases from ε to roughly ε−O(η), and hence O(1/(ε− ηb)) repetitions suffice whenever ηb is a
sufficiently small constant fraction of ε.

1.3.4 Noisy PAC Verification of Fourier-Sparse Functions

The proof of Theorem 1.8 follows the high-level template of the noiseless setting ([GRSY21,
GJK+24]): constructing a PAC-verification protocol in which the verifier has access to membership
queries, and then converting it into a samples-only verifier via a query-to-samples transformation.

Noisy query-to-samples transformation. In the noiseless query-to-samples transformations
of [GRSY21, GJK+24], the verifier uses a random labeled sample to construct a membership-query
set having the correct distribution, sends the unlabeled query set to the prover, and uses the sampled
point to check one of the prover’s returned labels. Since the prover does not know which query
came from the verifier’s sample, consistently mislabeling the query set risks being detected. With
noise, this check becomes a biased-coin test rather than a one-sided certificate, and consequently
our noisy transformation incurs a quadratic overhead in the number of repetitions; see Theorem 5.4
and Remark 5.6.

When the prover is noisy as well, the transformation can only simulate access to the prover’s
noisy oracle fη, so the underlying query-based verifier must remain complete under random noise.
Moreover, since the verifier must tolerate the mismatches caused by honest noise, a cheating prover
can use this tolerance to hide adversarial corruptions. Thus, for soundness, the underlying verifier
must also tolerate an adversarially corrupted query oracle; this yields the fully noisy transformation
of Theorem 5.8.

Noisy Fourier verification with queries. We adapt the query-based Fourier-verification pro-
tocol of [GJK+24]. In the noiseless protocol, the prover sends a candidate set Λ = {γ1, . . . , γt} of
heavy coefficients; the verifier estimates the corresponding values |f̂(γi)| from random samples, and
independently estimates the values of the true top t Fourier coefficients without identifying their
locations. It accepts only if these two collections of values are sufficiently close.
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There are three ingredients in extending this protocol to the noisy setting. First, the honest
prover can still find the heavy coefficients from noisy membership queries using a noise-tolerant
Goldreich–Levin (or Kushilevitz–Mansour [KM93]) procedure; see Theorem C.1. Second, the veri-
fier can estimate the values of the claimed coefficients directly from its own noisy random samples,
correcting for the known noise bias. The main difficulty is the third ingredient: estimating the
values of the true top Fourier coefficients in a way that remains sound when an η-fraction of the
query answers may be corrupted adversarially (so that the query-to-samples transformation can be
applied). This is done in Theorem 5.12 and is the most technical part of this section.

As in [GJK+24], the verifier randomly partitions the Fourier domain into affine subspaces and
estimates an L4-based quantity for each subspace using four-query tuples. The key new idea is
to estimate all of these quantities simultaneously from the same collection of randomly generated
four-query tuples. Because every subspace estimate uses the same queried points, an adversary
cannot concentrate its corruption budget on a particular subspace containing a heavy coefficient:
corrupting an η-fraction of the queries changes every estimate by at most O(η). Taking fourth
roots then recovers the desired coefficient values. This is also where the condition η = O(ε4)
arises, since a coefficient of magnitude Ω(ε) contributes Ω(ε4) to the relevant L4-based estimate,
and in Theorem 5.18 we give partial evidence that some nontrivial dependence between η and ε is
necessary, by showing that tolerating η = Ω(ε) for a natural class of such protocols would contradict
the Learning Parity with Noise (LPN) assumption. Together, these ingredients yield Theorem 1.8.

Finally, the protocol extends to the setting where the parties know only an upper bound on the
noise rate, by calibrating the tests to the worst-case rate and absorbing the resulting slack into the
adversarial-corruption budget.

1.4 Related Work on Noisy Testing and Learning

In this section, we survey prior work on noisy models of property testing and learning, which can
be viewed as the two simpler analogues of our noisy IPPs and noisy PAC-verification settings.

Property Testing with noise. Property testing can be viewed as a special case of IPPs where
there is no prover and the verifier alone tests the input to check if it satisfies a property. The
motivation remains the same: the input is often too large for a computationally constrained verifier
to read entirely.

Several models extend property testing to settings where the input is not only large but also
noisy. The two primary models involve adversarial erasures (introduced in [DRTV16]) and adver-
sarial corruptions (mostly referred to as tolerant testing, introduced in [PRR06]). In both models,
an adversary manipulates the input before the verification starts, either by replacing values with
⊥ (erasures) or by flipping bits (corruptions). More recently, [KRV22] initiated the study of online
adversarial manipulations, where the input may deteriorate during the execution itself; later works
considered more general online models with both erasures and corruptions.

In our model, the corruptions are random rather than adversarial: each location is corrupted
independently at rate η, instead of being chosen by an adversary subject to a budget. In this sense,
the upper bound on the noise rate in our model plays a role analogous to the adversarial budget
in noisy-testing models: both quantify the amount of noise the verifier must tolerate.

Our lower bounds are qualitatively different from previous impossibility results in the adversarial
erasure model (e.g., [DRTV16, BEFLR20]), in two ways. First, we rule out a more powerful
verification model (IPP, where the verifier has help from a prover) rather than a tester. Second, we
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show impossibility under random corruptions instead of adversarial erasures. On the other hand,
our result is weaker in that it relies on a cryptographic assumption.

Learning with noise. Learning with random (fresh) classification noise in labeled samples was
first formalized by Angluin and Laird [AL88], who also emphasize the role of an upper bound on
the noise rate.8 Later, Kearns [Kea98] introduced the statistical query (SQ) framework and showed
that SQ-learnability implies tolerance to random (fresh) classification noise up to rates approaching
1/2; this gives a general route to noise-robust learning in the non-persistent setting.

To rule out the trivial denoising-by-repetition phenomenon when membership queries are avail-
able, Goldman, Kearns, and Schapire [GKS93] introduced persistent noise in queries (in an exact-
identification setting, not PAC learning), including a slightly more general asymmetric flip model.
There, they assume the learner gets an upper bound on the noise rate. Later, Jackson, Shamir, and
Shwartzman [JSS99] develop general tools for learning with membership queries corrupted by per-
sistent classification noise by extending SQ-style noise-compensation techniques, with applications
including a noise-tolerant “Weak Parity” (Goldreich–Levin / Kushilevitz–Mansour).

Note that in learning settings where the noise rate is unknown, we may often, without loss of
generality, assume it is known by employing a standard search trick over the allowed range, even in
agnostic regimes: one runs the learner for a sequence of candidate noise parameters and selects an
output using an appropriate validation criterion. While an honest prover could in principle perform
such an optimization, it is irrelevant to our setting: the verifier cannot afford to run the learner
(otherwise verification gives no efficiency gain), and the prover cannot simply transmit a claimed
noise rate to the verifier in a sound way, as discussed above.

For broader context, Massart noise allows an input-dependent flip probability bounded by η and
has been studied extensively, but it differs from our model in that the corruption is not persistent
and may vary adversarially with the input. Another standard alternative is malicious/adversarial
noise (and related contamination models), where an η-fraction of labels/examples is corrupted
arbitrarily, typically also in a non-persistent, per-sample manner.

Organization. Section 2 introduces the formal definitions of noisy and robust IPPs. Section 3
proves impossibility results for noisy IPPs in the noisy-prover and unknown-noise settings, and
establishes a related impossibility result for robust IPPs. Section 4 gives our positive results for
noisy IPPs, including a transformation from robust IPPs, and protocols for HW and PERM. Finally,
Section 5 develops noisy PAC verification.

2 Interactive Proofs of Proximity (IPPs)

We begin with the standard definition of an IPP.

Definition 2.1 (Interactive Proof of Proximity (IPP)). Fix a language L ⊆ {0, 1}n and a proximity
parameter ε ∈ (0, 1]. An ε-Interactive Proof of Proximity (ε-IPP) for L is an interactive protocol
between a verifier V and a prover P, both taking explicit inputs 1n, ε and oracle access to the input
x ∈ {0, 1}n, such that the following hold:

8They also describe how one may estimate a valid upper bound in the realizable setting by iteratively searching
for a hypothesis with sufficiently low disagreement; in general this amounts to solving an ERM problem, which may
be computationally infeasible. Moreover, since PAC verification is inherently agnostic, this estimation regime is not
relevant here, and we instead take ηb as an externally given parameter.
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• Completeness. If x ∈ L, then after interacting with P, Pr[V accepts] ≥ 2
3 .

• Soundness. If x is ε-far from L, then for every unbounded cheating prover P̃, after inter-
acting with V, Pr[V accepts] ≤ 1

3 .

All probabilities are over V’s randomness, and distances are relative Hamming.
We say the protocol has query complexity q = q(n, ε) if, for every input x ∈ {0, 1}n and any

prover, V makes at most q(n, ε) oracle queries to x; the prover may read arbitrarily many locations
of the input (up to n queries). The protocol has communication complexity cc = cc(n, ε) if the total
number of bits exchanged between V and P is at most cc. Its running times are Vtime = Vtime(n, ε)
for the verifier and Ptime = Ptime(n, ε) for the honest prover.

2.1 Robust IPPs

For u, v ∈ {0, 1}m, ∆(u, v) denotes relative Hamming distance and wt(u⊕v) denotes the Hamming
weight (absolute Hamming distance).

Next, we state the definition of robust IPPs, following [HR24].

Definition 2.2 (Robust IPP). Fix a language L ⊆ {0, 1}n, a proximity parameter ε ∈ (0, 1], and
a robustness parameter ρ ∈ (0, 1]. An (ε, ρ)-robust IPP for L is an interactive protocol between a
verifier V and a prover P, both taking explicit inputs 1n, ε and oracle access to the input x ∈ {0, 1}n,
such that the following hold.

The interaction between the two parties produces a communication transcript. After the inter-
action (and before any oracle queries), the transcript and the verifier’s randomness fix a query set
Q ⊆ [n] and a predicate ϕ : {0, 1}q → {0, 1}, where q := |Q|. The verifier then reads x|Q and
accepts iff ϕ(x|Q) = 1. Let A := {z ∈ {0, 1}q : ϕ(z) = 1}.

• Completeness. If x ∈ L, then after interacting with P, Pr[ϕ(x|Q) = 1] ≥ 2
3 .

• Robust soundness. If x is ε-far from L, then for every unbounded cheating prover P̃, after
interacting with V,

Pr[∆(x|Q, A) ≤ ρ] ≤ 1
3 .

All probabilities are over V’s internal randomness, and distances are relative Hamming.

Complexity measures are as in Definition 2.1 (query complexity q, communication complexity
cc, and running times Vtime,Ptime), with parameter dependence q = q(n, ε, ρ), cc = cc(n, ε, ρ),
Vtime = Vtime(n, ε, ρ), and Ptime = Ptime(n, ε, ρ).

We note that robustness cannot be amplified by simply repeating the query phase, since the
guarantee is stated in terms of relative Hamming distance: repeating the same local test may
increase the absolute distance from the accepting set, but it increases the number of queried coor-
dinates by the same factor, and hence need not improve the relative distance.

Remark 2.3 (Optimal robustness). As pointed out in [HR24, Remark 4.4], robustness cannot in
general exceed ε. Indeed, if x is ε-close to L, a cheating prover can act as if the input were some
x′ ∈ L with ∆(x, x′) = ε. It might be the case that x differs from x′ in a random ε-fraction of the
queried locations. Thus, on accepting transcripts for x′, the local view x|Q is only about ε-far from
the accepting set A. Hence one cannot in general guarantee robustness ρ > ε.
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Succinct decision predicates. We use NC1 for the class of logspace-uniform Boolean circuit
families of logarithmic depth and polynomial size. Namely, L ∈ NC1 if there exists a logspace
Turing machine M that, on input 1n, outputs a description of a circuit C : {0, 1}n → {0, 1} of
depth O(log n) and size poly(n) such that C(x) = 1 if and only if x ∈ L.

For robust IPPs, we define succinctness of decision predicates. Various notions of succinct
representation have appeared in prior works (e.g., [RRR18, RR20, AR23, HR24]); the notion we
use here is the weakest among them, and should therefore be viewed as a very mild requirement. It
is also satisfied by the IPP theorem of [RR20], and implicitly in other constructions (e.g., [RVW13,
GGR18, GLR21]).

The Õ notation hides polylogarithmic factors.

Definition 2.4 (Succinct decision predicates). A robust IPP has a succinct decision predicate if
the decision predicate ϕ : {0, 1}q → {0, 1} that the verifier generates at the end of the interaction
phase has a description ⟨ϕ⟩ of length Õ(q), such that ⟨ϕ⟩ can be expanded to a full description of an
NC1 circuit computing ϕ. That is, there exists a logspace Turing machine that on input 1q, outputs
a description of an NC1 circuit C such that for every z ∈ {0, 1}q, it holds that C (⟨ϕ⟩, z) = ϕ(z).

2.2 Noisy IPPs

Next, we state the definition of a noisy IPP. We begin with Definition 2.5, which gives the simpler
definition in the setting where both parties know the exact noise rate η. We then present in
Definition 2.6 the more general definition, in which the parties know only an upper bound ηb ≥ η.
Both definitions will be useful in the positive and negative results.

Recall our notations for the relative Hamming distance ∆(u, v) and the absolute Hamming
distance (Hamming weight) wt(u⊕ v).

Definition 2.5 (Noisy IPP with known noise rate). Fix a language L ⊆ {0, 1}n, a proximity
parameter ε ∈ (0, 1], and a noise rate η ∈ [0, 12). An (ε, η)-noisy IPP with known noise rate for L is
an interactive protocol between a verifier V and a prover P, both taking explicit inputs 1n, ε, η and
each getting oracle access to a (possibly different) noisy copy of the input x ∈ {0, 1}n, such that the
following hold:

• Input access. Each party A ∈ {P,V} has a private persistent-noise oracle defined by a noise
mask ξA ∈ {0, 1}n with i.i.d. bits ξAi ← Bernoulli(η), independent across indices and across
parties. On the first query to index i ∈ [n], A receives

x̃Ai := xi ⊕ ξAi ,

and every subsequent query to the same i returns the same value x̃Ai .

• Completeness. If x ∈ L, then after interacting with P, Pr[V accepts] ≥ 2
3 .

• Soundness. If x is ε-far from L, then for every unbounded cheating prover P̃ (that knows
the clean x), after interacting with V, Pr[V accepts] ≤ 1

3 .

All probabilities are over V’s internal randomness and both noise masks, and distances are Ham-
ming.
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Complexity measures are as in Definition 2.1 (query complexity q, communication complexity
cc, and running times Vtime,Ptime), with parameter dependence q = q(n, ε, η), cc = cc(n, ε, η),
Vtime = Vtime(n, ε, η), and Ptime = Ptime(n, ε, η).

We now turn to the more general definition, in which the parties know only an upper bound on
the noise rate.

Definition 2.6 (Noisy IPP with unknown noise rate). Fix a language L ⊆ {0, 1}n, a proximity
parameter ε ∈ (0, 1], and an upper bound ηb ∈ [0, 12). An (ε, ηb)-noisy IPP with unknown noise
rate for L is an interactive protocol between a verifier V and a prover P, both taking explicit inputs
1n, ε, ηb and each getting oracle access to a (possibly different) noisy copy of the input x ∈ {0, 1}n,
such that the following hold for every actual noise rate η ∈ [0, ηb] which is not given to V or P:

• Input access. Each party A ∈ {P,V} has a private persistent-noise oracle defined by a noise
mask ξA ∈ {0, 1}n with i.i.d. bits ξAi ← Bernoulli(η), independent across indices and across
parties. On the first query to index i ∈ [n], A receives

x̃Ai := xi ⊕ ξAi ,

and every subsequent query to the same i returns the same value x̃Ai .

• Completeness. If x ∈ L, then after interacting with P, Pr[V accepts] ≥ 2
3 .

• Soundness. If x is ε-far from L, then for every unbounded cheating prover P̃ (that knows
the clean x and η), after interacting with V, Pr[V accepts] ≤ 1

3 .

All probabilities are over V’s internal randomness and both noise masks, and distances are Ham-
ming.

Complexity measures are as in Definition 2.5 (query complexity q, communication complexity
cc, and running times Vtime,Ptime), with parameter dependence q = q(n, ε, ηb), cc = cc(n, ε, ηb),
Vtime = Vtime(n, ε, ηb), and Ptime = Ptime(n, ε, ηb).

Note that when ηb = η is exact, Definition 2.6 coincides with Definition 2.5.
Next, we formalize the intuition that a noisy IPP cannot have perfect completeness. Since we

are proving an impossibility result, it suffices here to work with the simpler definition in which
the exact noise rate η is known to both parties (Definition 2.5). Informally, because the noise is
persistent, every consistent pattern of oracle answers on the verifier’s queried locations can arise
from a fixed yes-instance under a suitable noise mask. Perfect completeness would therefore force
the verifier to accept every such local view, and a cheating prover can ignore the actual input
and simply emulate the honest prover on a fixed yes-instance, causing the verifier to accept even
no-instances and thereby violating soundness. This argument is similar in spirit to [Tel20], where it
is shown that tolerant testers cannot have one-sided error (that is, perfect completeness or perfect
soundness) unless they are trivial.

Claim 2.7 (Perfect completeness is impossible). Fix η ∈ (0, 1/2) and let ⟨P,V⟩ be an (ε, η)-noisy
IPP for a nonempty language L. If the protocol has perfect completeness, i.e. for every x ∈ L the
verifier accepts with probability 1 (over all randomness of the protocol and the noise masks), then
the protocol cannot satisfy soundness for any ε ∈ (0, 1] for which there exists an input that is ε-far
from L. This remains true even in the verifier-only-noise model.
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Proof. Fix any x⋆ ∈ L, and fix any realization of the honest prover’s persistent-noise mask that
occurs with positive probability. This induces a deterministic honest-prover strategy P⋆ on x⋆. By
perfect completeness, every positive-probability execution of ⟨P⋆,V⟩ on x⋆ is accepting.

Now consider the cheating prover P̃ that, on every input x, ignores x and emulates P⋆. Fix any
execution of ⟨P̃,V⟩ on an arbitrary x ∈ {0, 1}n, including the verifier’s randomness and persistent-
noise mask. Because the noise is persistent, this execution determines a consistent answer ai for
every coordinate i queried by the verifier. However, the same execution can occur on x⋆: consider
a verifier’s noise mask that satisfies ξVi = x⋆i ⊕ ai on every queried coordinate. Since η ∈ (0, 1/2),
such a mask has positive probability. With the same verifier randomness and the same prover
strategy P⋆, the verifier therefore sees exactly the same messages and oracle answers, makes the
same subsequent choices, and reaches the same decision.

Thus every execution of ⟨P̃,V⟩ on every input x corresponds to a positive-probability execution
on the yes-instance x⋆, and is therefore accepting by perfect completeness. Hence P̃ makes the
verifier accept every input with probability 1, contradicting soundness whenever an ε-far input
exists.

Repetitions. In the noisy setting, the standard repetition argument requires some care, since
all repetitions are carried out with respect to the same fixed noisy copy of the input. A clean
sufficient condition is that the verifier does not query its input during the interaction and that
the verifier’s query sets in the different repetitions be disjoint. The first condition ensures that the
entire interaction is fixed before any oracle answers are seen, so the prover cannot learn information
about the verifier’s noisy local view during the interaction itself. Disjointness then guarantees that
each repetition depends on fresh verifier randomness and on fresh coordinates of the fixed noise
mask ξV . In our positive results of Section 4, however, we prove the required bounds directly from
the structure of the protocols.

3 Impossibility Results for Noisy IPPs

Throughout this section, we assume the existence of exponentially hard pseudorandom generators
computable in NC1, as in the lower bound of Kalai and Rothblum [KR15]. We prove two impossi-
bility results for noisy IPPs, showing that even one of the two natural relaxations of the clean-prover
or known-noise setting already make noisy IPPs impossible. First, in Section 3.2, we show that if
the honest prover is noisy, then there exists a language in NC1 for which no such protocol exists
even when the exact noise rate is known. Second, in Section 3.3, we show that even with a clean
honest prover, the same conclusion holds if the verifier knows only an upper bound on its noise
rate. In fact, both lower bounds hold for the same language, defined in Section 3.1. The latter
result shows that uncertainty of the verifier about its own noise channel is itself a genuine source
of hardness: the lower bound continues to hold even if the clean prover is told the verifier’s exact
noise rate and only the verifier is not.9

Finally, in Section 3.4, we present a related but separate impossibility result for robust IPPs,
showing that constant robustness cannot in general be achieved uniformly over NC1 with both

9One might hope that an honest prover who knows the verifier’s exact noise rate could communicate, or even
interactively certify, this rate to the verifier. The lower bound rules this out in general. The protocol is required to
work for every actual noise rate below the given upper bound; a cheating prover can use the honest prover strategy
corresponding to a larger rate, so the verifier cannot soundly rely on the prover to identify its true noise rate.
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sublinear query and communication complexity. Looking ahead, this will provide a useful point of
comparison between noisy and robust IPPs, as the positive result of Section 4.1 uses a robust IPP
for implementing noisy IPPs in a restricted setting.

3.1 A Common Hard Language

We first define the language used in both lower bounds. The construction is based on the following
idea: if w is uniform and one observes one or two independent noisy copies of it at a positive
constant noise rate, this view still leaves a constant amount of uncertainty about each bit of w,
and hence linear uncertainty about w as a whole. Thus, a pairwise-independent hash (used as a
randomness extractor) can extract a linear number of bits from w, such that these bits would be
statistically close to uniform even given the noisy view(s) of w. Then, we use these extracted bits
which are close-to-uniform as the seed of a pseudorandom generator. This gives a string which
is computationally indistinguishable from a uniform one, and we define the language L such that
whenever the verifier decides membership in L, then it distinguished between this string and a truly
uniformly random one. Since uniform strings will be far from the language, a low-communication
noisy IPP would yield a distinguisher for the pseudorandom generator.

We refer the reader to Section A to the formal definition of pairwise-independent hash functions
and a construction.

Fix constants ε, γ ∈ (0, 1/2), where ε is a proximity parameter and γ is a noise rate. For
every k ∈ N, let m = rk, where r = r(γ) is a sufficiently large constant integer to be fixed
below. Let H be the pairwise independent hash family from Claim A.3, instantiated as functions
h : {0, 1}m → {0, 1}k, and write ha for the function described by a ∈ {0, 1}m+2k−1.

Let Gk : {0, 1}k → {0, 1}λk be an exponentially hard pseudorandom generator, where λ > 1 is
a sufficiently large constant integer depending only on ε and γ. By a constant number of standard
iterations, we may assume that the generator has any fixed constant stretch while preserving
exponential hardness and NC1 computability. Define

L :=
{
(a,Gk(ha(w)), w) : a ∈ {0, 1}m+2k−1, w ∈ {0, 1}m

}
.

The input length is n := (2r + λ+ 2)k − 1 = Θ(k).
The following lemma is information-theoretic; it works for any function Gk : {0, 1}k → {0, 1}λk

computable in NC1, and does not use pseudorandomness of the PRG.

Lemma 3.1 (Properties of the hard language). For every fixed ε, γ ∈ (0, 1/2), the constants r and
λ above can be chosen such that L ∈ NC1 and the following hold.

1. A uniformly random n-bit string is ε-far from L except with probability 2−Ω(n).

2. Let a,w, s be independent and uniform in {0, 1}m+2k−1, {0, 1}m, {0, 1}k, respectively. Let
ξ(1), ξ(2) ← Bernoulli(γ)n be independent. For t ∈ {1, 2}, the joint distribution(

(a,Gk(ha(w)), w)⊕ ξ(j)
)
j∈[t]

is within statistical distance 2−Ω(k) of(
(a,Gk(s), w)⊕ ξ(j)

)
j∈[t]

.
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Proof. Membership in L is in NC1: given (a, y, w), the circuit computes ha(w) (the hash functions
from Definition A.2 are in logspace-uniform NC1), then computes Gk(ha(w)), and checks equality
with y.

For Item 1, note that |L| ≤ 22m+2k−1. A Hamming ball of relative radius ε in {0, 1}n has size
at most 2H2(ε)n, where H2 is the binary entropy function. Hence

Pr
z←Unif({0,1}n)

[∆(z,L) ≤ ε] ≤ 22m+2k+H2(ε)n−n.

Since ε < 1/2, we have H2(ε) < 1, and choosing the constant stretch λ sufficiently large makes the
right-hand side 2−Ω(n).

For Item 2, let w ← Unif({0, 1}m). Given one γ-noisy observation of a coordinate wi, its more
likely value has conditional probability 1 − γ < 1. Given two independent γ-noisy observations,
if the two observed bits disagree then either value of wi is equally likely. If they agree, say both
observations equal b, then Bayes’ rule gives

Pr[wi = b | both observations equal b] =
both observations are clean

both observations are equal
=

(1− γ)2

(1− γ)2 + γ2
< 1.

Consequently, for every fixed realization z of either one or two noisy views of W , the conditional
distribution W | Z = z assigns probability at most pmγ to every w ∈ {0, 1}m, for some constant
pγ < 1 depending only on γ. Recall that the min-entropy of a random variable X is

H∞(X) := − log2

(
max
x

Pr[X = x]
)
.

Thus, for every such z,
H∞(W | Z = z) ≥ m log2(1/pγ) = Ω(m).

We choose r sufficiently large so that this quantity is at least 4k. By the Leftover Hash Lemma for
pairwise-independent hashing [Gol08, Sections D.2.3 and D.4.1.1],10 for every fixed z,

(A, hA(W ) | Z = z)

is within statistical distance 2−Ω(k) of
(A,Uk),

where A is a uniform and independent hash seed and Uk is uniform over {0, 1}k and independent of
A. Averaging over z, it follows that (A, hA(W ), Z) is within statistical distance 2−Ω(k) of (A,Uk, Z).
This means that whenever a and s are uniform and independent, both

(a, ha(w), w ⊕ ξ) and
(
a, ha(w), w ⊕ ξP , w ⊕ ξV

)
are within statistical distance 2−Ω(k) of the corresponding distributions obtained by replacing ha(w)
by s, where ξ, ξP , ξV ← Bernoulli(γ)m are independent.

To complete the proof, we need to show that this property is preserved after applying the Gk

and applying noise. Indeed, this step is simply applying the same randomized postprocessing to the

10In the terminology of [Gol08, Section D.4.1], a pairwise-independent hash family is viewed as a strong extractor:
every random variable X with min-entropy at least t yields (A, hA(X)) statistically close to (A,Uk), provided the
output length k is sufficiently smaller than t. Indeed, we use the hash as a randomness extractor.
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two statistically close distributions: apply Gk to the hash output and independently add γ-noise to
the first and second blocks for each party. Statistical distance cannot increase under randomized
postprocessing: any distinguisher for the postprocessed distributions immediately induces a distin-
guisher for the original distributions with the same advantage. This gives the claimed closeness of
the complete noisy view(s), for both t = 1 and t = 2.

We will use the same language for both lower bounds. More generally, for any fixed finite set of
constant noise rates, the parameters r and λ can be chosen so that the lemma holds simultaneously
for all of them: choose r large enough for all rates, and then choose λ sufficiently large.

We will also use an extension of a standard observation about the simulation of interactive
proofs. We provide only a proof sketch, since this part is not the novelty of our lower bound. The
underlying simulation goes back to Goldreich and H̊astad [GH98], and variants of the same idea
are used in lower bounds for IPPs, including [KR15, GR17]. We stress that this claim is the only
place in our lower bounds where we restrict the verifier’s running time to be polynomial. Since
we think of the verifier in an interactive proof as an efficient procedure, this is a mild restriction.
Nevertheless, to separate the different conceptual components of the lower bound, we note that
this restriction can be removed at the price of a slightly weaker lower bound and a non-uniform
hardness assumption.11

Claim 3.2 (Noisy IPPs simulation). Fix a noisy IPP with a polynomial-time verifier and total
communication complexity c. For a fixed clean input x and a fixed actual verifier noise rate, let
p(x) be the maximum acceptance probability over all cheating prover strategies. Then, for any
constant ν > 0, there is a randomized algorithm that, given x, approximates p(x) to additive error
ν with probability at least 2/3 in time 2O(c)poly(n), independently of the query complexity.

Proof Sketch. Sample O(2O(c) + n) verifier random tapes, where the random tape also includes
the verifier’s persistent noise mask, and consider the following residual game tree. Its optimal
acceptance probability can be computed by evaluating the game tree, averaging at verifier nodes
and maximizing at prover nodes. Since a c-bit interaction has at most 22

O(c)
deterministic prover

strategies, a Chernoff bound and a union bound imply that, with high probability, all of their
empirical acceptance probabilities approximate their true acceptance probabilities to additive error
ν. The game tree can be evaluated in time 2O(c)poly(n) because the verifier runs in polynomial time.
By a constant number of independent repetitions, the success probability of the approximation can
be amplified to 1− τ for any constant τ > 0.

Notice that prover noise causes no difficulty here. In soundness the cheating prover has clean
access to x, and hence is at least as powerful as an honest noisy prover: it may sample an inde-
pendent persistent noise mask and emulate the honest prover on the resulting noisy view. Thus,
whenever completeness gives acceptance probability at least 2/3 to an honest noisy prover, the
corresponding value p(x) is at least 2/3 as well.

11In particular, under the corresponding assumption that the PRG is secure against non-uniform circuits, one can
obtain q(n)+ cc(n) = Ω(n/ logn). Here the dependence on q appears because, for an unrestricted verifier, describing
its strategy must account not only for the communication transcript but also for the sequence of its oracle queries
and answers; a verifier with query complexity q and communication complexity cc can be approximated by circuits
of size exp(O((q + cc) logn)). The same pseudorandomness argument then gives the claimed bound.
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3.2 A Noisy Prover

We first consider the model in which both parties are noisy but the exact noise rate is known (see
Definition 2.5). For our hard language, increasing the verifier’s query complexity does not resolve
the difficulty: even if V reads its entire noisy input, Lemma 3.1 shows that replacing the PRG seed
ha(w) by an independent uniform seed changes the joint distribution of the two complete noisy
views only negligibly. Thus the lower bound continues to hold even for q = n. Communication,
on the other hand, is fundamentally different: when the noise rate is sufficiently smaller than the
proximity parameter, linear communication allows an unbounded prover to exhaustively search for
a yes-instance consistent with its noisy view and send it in full, after which the verifier checks its
consistency with its own noisy view.

Theorem 3.3 (Impossibility with a noisy prover). Assume the existence of exponentially hard
pseudorandom generators computable in NC1. Fix constants ε, η ∈ (0, 1/2). Then there exists a
language L ∈ NC1 for which there is no (ε, η)-noisy IPP with known noise rate, a polynomial-time
verifier, and communication complexity o(n). This holds regardless of the query complexity, number
of rounds, or the running time of the honest prover.

The same proof applies when the prover and verifier have different noise rates ηP , ηV ∈ (0, 1/2)
choosing the parameter r in Lemma 3.1 accordingly. Moreover, note that the theorem also rules
out the general upper-bound model of Definition 2.6.

Proof. Let L be the language of Lemma 3.1 with γ = η, and suppose toward contradiction that it
has such a protocol with communication c = o(n). For a fixed clean input z, let p(z) denote the
maximum acceptance probability at actual noise rate η.

Sample a,w, s independently and uniformly, and set z = (a,Gk(s), w). Consider the cheating
prover that, given the clean z, samples an independent persistent η-noise mask and runs the honest
prover on the resulting noisy view. By Item 2 of Lemma 3.1 (where ξ(1), ξ(2) correspond to the
verifier’s noise mask and the cheating prover’s sampled noise mask), the joint noisy views of this
prover and the verifier on the input z are statistically indistinguishable, up to 2−Ω(k), from their joint
views in an honest execution on the random language member x = (a,Gk(ha(w)), w). Completeness
with respect to x therefore gives

E
a,w,s←Unif({0,1}2m+3k−1)

[p(a,Gk(s), w)] = E[p(z)] ≥ 2

3
− 2−Ω(k).

On the other hand, by Item 1 of Lemma 3.1, a uniformly random z′ ∈ {0, 1}n is ε-far from L except
with probability 2−Ω(n). Soundness therefore gives

E
z′←Unif({0,1}n)

[p(z′)] ≤ 1/3 + 2−Ω(n).

Thus, approximating p distinguishes the distribution (a,Gk(s), w) from uniform with constant
advantage. By Claim 3.2, this can be done in time 2O(c)poly(n) = 2o(n) = 2o(k), contradicting
pseudorandomness of Gk, since a and w are independent uniform strings.

3.3 A Clean Prover and an Unknown Noise Rate

We now turn to the complementary setting where the honest prover is clean but the verifier knows
only an upper bound on its noise rate. The previous lower bound exploited the residual uncertainty
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present in the two noisy views; with a clean prover, that source of hardness disappears. Here,
instead, the obstruction is the verifier’s inability to distinguish corruption already present in the
underlying input from corruption introduced by its own channel. This phenomenon persists even
if the verifier reads its entire noisy input: the ambiguity concerns the source of the corruption, not
the number of observed coordinates. Thus allowing q = n does not help.

Theorem 3.4 (Impossibility with an unknown verifier noise rate). Assume the existence of expo-
nentially hard pseudorandom generators computable in NC1. Fix constants ε, ηb ∈ (0, 1/2). Then
there exists a language L ∈ NC1 for which there is no (ε, ηb)-noisy IPP with unknown noise rate in
the verifier-only-noise model, with a polynomial-time verifier and communication complexity o(n).
This holds regardless of the query complexity, number of rounds, or the running time of the honest
prover.

The lower bound also holds in the more general fully noisy upper-bound model. The proof
below only uses the honest prover through completeness at the larger rate η1; if the honest prover
is noisy, the cheating prover in the soundness experiment can generate an independent η1-noisy
view of the hardwired language member and emulate that honest prover. In fact, only the verifier’s
ignorance of its exact rate is essential: the lower bound continues to hold even if the honest prover
is additionally told the actual verifier noise rate. Together with Theorem 3.3, their extensions give
two alternatives for proving a lower bound for noisy IPPs as per Definition 2.6.

Proof. Set η0 = ηb/4, η1 = ηb/2, and θ = ηb/(4− 2ηb). Then, η0, η1 ∈ (0, ηb) and

η0 + θ − 2η0θ = η1,

or, equivalently, note that the XOR of independent bits distributed as Bernoulli(η0) and Bernoulli(θ)
is distributed as Bernoulli(η1). Let L be the language of Lemma 3.1 with γ = θ, and suppose toward
contradiction that the claimed protocol exists with communication c = o(n). For a clean input z,
let pη0(z) denote the maximum acceptance probability when the actual verifier noise rate is η0.

Sample a random member x = (a,Gk(ha(w)), w) ∈ L, independently sample ξ ← Bernoulli(θ)n,
and let z = x ⊕ ξ. The parameter θ is used only to define this distribution over clean inputs z; it
is not an actual noise rate of the protocol.

Consider the cheating prover strategy that ignores its clean input z and emulates the honest
clean prover on x. This is a valid strategy under the standard soundness quantifier: for each fixed
input z, soundness must hold against every computationally unbounded prover strategy, and one
such strategy may have the fixed string x hardwired into its description. In particular, we do not
claim that x can be recovered from z.

When this cheating prover interacts with the verifier on clean input z and actual noise rate η0,
the verifier sees

z ⊕ ξV = x⊕ ξ ⊕ ξV ,

where ξV ← Bernoulli(η0)
n. By the choice of θ, the mask ξ⊕ξV consists of independent Bernoulli(η1)

bits. Moreover, the verifier is given only ηb, and therefore runs exactly the same algorithm as it
does on the clean input x when the actual noise rate is η1. The interaction on input z at rate η0 is
thus distributed exactly as a completeness execution on x at rate η1, and hence

E
x,ξ

[pη0(x⊕ ξ)] = E[pη0(z)] ≥
2

3
.
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By Item 2 of Lemma 3.1, applied with t = 1 and γ = θ, the distribution of x ⊕ ξ =
(a,Gk(ha(w)), w)⊕ξ is within statistical distance 2−Ω(k) of (a,Gk(s), w)⊕ξ, where s← Unif({0, 1}k)
is independent. By the pseudorandomness of Gk, (a,Gk(s), w) is computationally indistinguishable
from uniform against 2o(n)-time algorithms, and this remains true after independently applying
Bernoulli(θ)-noise. Since a noisy uniform string is still uniform, it follows that x ⊕ ξ is computa-
tionally indistinguishable from Unif({0, 1}n) against 2o(n)-time algorithms.

However, Item 1 of Lemma 3.1 and soundness at actual rate η0 imply that

E
z′←Unif({0,1}n)

[pη0(z
′)] ≤ 1/3 + 2−Ω(n).

Approximating pη0 therefore distinguishes x ⊕ ξ with constant advantage. Since this can be done
in time 2O(c)poly(n) = 2o(n) by Claim 3.2, this contradicts the PRG’s security.

3.4 A Related Impossibility Result for Robust IPPs

In this section we show that robust IPPs for NC1 cannot achieve constant robustness, under the same
cryptographic assumption used throughout this section. We note that the IPP of [RR20] for NC,
which attains an essentially optimal query–communication tradeoff (under the same cryptographic
assumption and up to polylogarithmic factors), and also achieves optimal robustness as observed
by [HR24], has sublinear communication only when the proximity parameter is subconstant. By
Remark 2.3, this already implies that its robustness cannot be constant if one wants sublinear
communication, which aligns with our lower bound. However, looking ahead, this subconstant
robustness will still suffice to construct noisy IPPs (in a restricted setting) with constant noise in
the next section.

The proof has two steps. First, Lemma 3.5 shows that a sufficiently efficient robust IPP with
constant robustness can be recursively composed with itself, reducing the verifier’s query complexity
to a constant while keeping the total communication sublinear. The resulting protocol is therefore
an ordinary IPP whose query–communication product is o(n). Combining this with the lower bound
of Kalai and Rothblum (Theorem 3.6), we derive Corollary 3.7, the impossibility of robust IPPs
with constant robustness.

Lemma 3.5 (Robust IPP composition). Fix a language L ⊆ {0, 1}n in NC1, a proximity parameter
ε ∈ (0, 1], and constants δ ∈ (0, 1) and ρ ∈ (0, ε].

Assume that there is a uniform construction that, given an input length m, a succinct NC1

description of a language L′ ⊆ {0, 1}m, and a proximity parameter ε′ ∈ [ρ, 1], outputs an (ε′, ρ)-
robust IPP for L′ with a succinct decision predicate, query complexity at most m1−δ, communication
complexity cc(m) = o(m), constant completeness and robust-soundness error at most c/ logm for
some absolute constant c > 0.

Then there exists an ε-IPP for L with query complexity q′ and communication complexity cc′

such that q′ · cc′ = o(n).

In fact, the composed protocol constructed in the proof is itself an (ε, ρ)-robust IPP; we state
only the weaker conclusion of a standard IPP, which is all that is needed for the application to
Theorem 3.6. Moreover, note that the restriction ε′ ≥ ρ is necessary: by Remark 2.3, the robustness
parameter cannot exceed the proximity parameter.

Since the proof is somewhat technical, and is not the emphasis of this section, we defer it to
Section B.
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Kalai and Rothblum [KR15] showed that (under a reasonable cryptographic assumption) there
exists a language in NC1 for which the product of the query and communication complexities cannot
be sublinear.

Theorem 3.6 ([KR15]). Assume the existence of exponentially hard pseudorandom generators
computable in NC1 and an error-correcting code with NC1 encoding. Then there exists a constant
ε > 0 such that for every q, there exists a language L ∈ NC1 such that every ε-IPP for L (with
any number of rounds) with a polynomial-time verifier, query complexity q, and communication
complexity cc, satisfies q · cc = Ω(n).

Kalai and Rothblum instantiate their impossibility result using Spielman’s error-correcting
codes [Spi95], and the constant ε is determined by the code’s guaranteed adversarial error-correction
radius. More generally, one may replace Spielman’s code by any code family satisfying the proper-
ties required for the [KR15] lower bound, namely constant rate, an NC1-computable encoding, and
resilience to a constant fraction of adversarial errors.

Combining Lemma 3.5 and Theorem 3.6 yields the following corollary: there is no general
theorem guaranteeing, for every language in NC1, a robust IPP with polynomially shrinking query
complexity, sublinear communication, and constant robustness. When we use the term “uniform
construction” we mean exactly this, namely, an algorithm that given a succinct NC1 description of
L outputs a robust IPP with the stated complexity and error bounds. This negative result does not
contradict [RVW13]’s positive result, who provide a uniform construction for NC, since the IPP in
their construction does not provide constant robustness.

We stress that our negative result is specific to NC1; we do not know whether sublinear IPPs
with constant robustness may still exist for smaller complexity classes.

Corollary 3.7 (Formal version of Theorem 1.4). Assume the hypotheses of Theorem 3.6. Then
there exists a constant τ > 0 such that, for every fixed δ > 0 and every constant robustness
parameter ρ ∈ (0, τ ], there is no uniform construction that, for every language L ∈ NC1 and every
proximity parameter ε ∈ [ρ, 1], provides an (ε, ρ)-robust IPP with a succinct decision predicate that
simultaneously satisfies query complexity q(n, ε) ≤ n1−δ, communication complexity cc(n) = o(n),
polynomial-time verifier, constant completeness and robust-soundness error O(1/ log n), regardless
of the number of rounds or the running time of the prover.

4 Positive Results for Noisy IPPs

4.1 Robust IPPs Imply Noisy IPPs with a Clean Prover and Known Noise Rate

In the previous section we saw that, under the cryptographic assumption of [KR15], one cannot
obtain sublinear-query, sublinear-communication robust IPPs with constant robustness for all of
NC1 uniformly. In this section we ask to what extent robust IPPs can nevertheless be used to
construct noisy IPPs with constant noise. We consider the verifier-only-noise model, where the
honest prover has clean access to the input and the verifier knows its exact noise rate, which is the
easiest variant of a noisy IPP. We refer the reader to Definitions 2.2 and 2.5 for the definitions of
robust and noisy IPPs.

The main observation is that knowing the exact noise rate allows the verifier to calibrate its
consistency test to the expected amount of random noise. Consequently, the robustness parameter
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need not be comparable to the noise rate: even subconstant robustness is enough, provided the
verifier makes sufficiently many queries to detect a small shift in the disagreement rate.

Lemma 4.1 (Robust IPPs imply noisy IPPs with a known verifier noise rate). Fix a language
L ⊆ {0, 1}n, a proximity parameter ε ∈ (0, 1], a robustness parameter ρ ∈ (0, 1], and a fixed
constant verifier noise rate ηV ∈ [0, 1/2). Suppose there exists an (ε, ρ)-robust IPP for L with q
queries, completeness error α, and robust-soundness error β.

Then there exists an (ε, ηV)-noisy IPP with known noise rate for L in the verifier-only-noise
model. Its completeness and soundness errors are α + exp(−Ω(ρ2q)) and β + exp(−Ω(ρ2q)), the
query complexity remains q, the round complexity is increased by one, and the communication
complexity and the running times of the verifier and the prover are increased by O(q log n).

In particular, the robustness parameter ρ may be subconstant even when the verifier’s noise
rate is a fixed constant, so long as ρ2q = Ω(1). For example, ρ = n−1/3 together with q = n2/3, or
ρ = 1/ log n together with q = log2 n, both lie in this regime.

Proof. Let ⟨PR,VR⟩ be the given robust IPP. We define the noisy IPP ⟨P,V⟩ as follows:

1. P and V execute the interaction phase of ⟨PR,VR⟩. Let τ denote the resulting transcript,
Q ⊆ [n] denote VR’s query set (of size q), and ϕ : {0, 1}q → {0, 1} denote its decision predicate.

2. V sends Q to P.

3. P replies with the clean restriction z := x|Q.

4. V queries its noisy oracle on all coordinates in Q, obtaining y := x|Q⊕ ξV |Q. It accepts if and
only if ϕ(z) = 1 and

∆(y, z) ≤ ηV +
1− 2ηV

2
ρ.

The verifier’s test is calibrated to the following calculation. Fix the transcript and the string
z sent by the prover, and write d = ∆(x|Q, z). On coordinates where z agrees with x|Q, the noisy
view disagrees with z with probability ηV ; on coordinates where they disagree, it disagrees with z
with probability 1 − ηV . Since Q and z are fixed before the verifier reads its noisy oracle, these
events are independent across queried coordinates. Therefore for any z at distance d it holds that

E[∆(y, z) | Q, z] = ηV + (1− 2ηV)d. (2)

Completeness. If x ∈ L, the honest prover sends z = x|Q, and hence the expectation in (2) is
exactly ηV . Thus the threshold in the verifier’s test (in Step 4) exceeds the expectation by (1 −
2ηV)ρ/2. A Chernoff bound implies that the consistency test fails with probability exp(−Ω(ρ2q)).
Together with the completeness error α of the robust protocol, this gives the claimed bound.

Soundness. Assume that x is ε-far from L. Except with probability β, robust soundness guar-
antees that ∆(x|Q, A) > ρ, where A := {u ∈ {0, 1}q : ϕ(u) = 1}. Condition on such a transcript.
If a cheating prover sends any z ∈ A, then d = ∆(x|Q, z) > ρ, and hence by (2) the expected
disagreement is larger than ηV + (1 − 2ηV)ρ. The acceptance threshold is therefore below the ex-
pectation by at least (1− 2ηV)ρ/2. Another Chernoff bound shows that the consistency test passes
with probability at most exp(−Ω(ρ2q)), and adding the robust-soundness error β concludes the
lemma.
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We now instantiate the transformation using the IPP of Rothblum and Rothblum [RR20],
whose robustness was made explicit by Herman and Rothblum [HR24, Theorem 4.7]. This gives
the following corollary. We state it for every fixed ηV < 1/2.

Corollary 4.2 (Noisy IPPs for NC with a known verifier noise rate). Fix a constant proximity
parameter ε > 0 and a constant verifier noise rate ηV < 1/2. Then every language L ∈ NC has an
(ε, ηV)-noisy IPP with known noise rate in the verifier-only-noise model, with query complexity and
communication complexity Õ(n2/3). The protocol has polylog(n) rounds, the verifier runs in time
Õ(n2/3), and the honest prover runs in time poly(n).

Proof. We run the protocol of [RR20] with proximity parameter δ = n−1/3. For sufficiently large n,
we have δ < ε, and therefore every input that is ε-far from L is also δ-far from L. Thus, although
the resulting robust IPP is defined for the smaller proximity parameter δ, its soundness guarantee
applies in particular to all inputs on which soundness of the desired ε-noisy IPP is required.

By [HR24, Theorem 4.7], the resulting protocol has perfect completeness, robustness ρ = Θ(δ),
and communication complexity Õ(δn). Moreover, repeating only its query phase r times gives query
complexity Õ(r/δ) and robust-soundness error exp(−Ω(r)), without increasing the communication
of the interaction phase.

To apply Lemma 4.1 with constant error, we need ρ2q = Ω(1). Since ρ = Θ(δ) and q = Θ̃(r/δ),
it suffices to take r = Θ(1/δ), up to the polylogarithmic factors hidden in the notation. This gives

q = Õ

(
1

δ2

)
= Õ(n2/3),

while the robust-soundness error is already o(1). The constant in the choice of r can be taken
sufficiently large, depending only on the fixed ηV , so that the additional exp(−Ω(ρ2q)) error from
Lemma 4.1 is also smaller than any desired constant.

It remains to account for communication. The communication of the robust IPP is Õ(δn) =
Õ(n2/3). The transformation of Lemma 4.1 additionally has the clean prover send the verifier
its restriction to the q queried coordinates (and the verifier specify these queries), which costs
Õ(q) = Õ(n2/3) bits. Hence the total communication remains Õ(n2/3).12 The round complexity
and running-time bounds follow directly from [RR20] and Lemma 4.1.

The corollary highlights a qualitative difference between robustness and random noise. For
a known constant noise rate, the verifier can tolerate noise using only subconstant robustness:
it suffices to increase the number of queries until the small shift in the expected disagreement
rate becomes detectable. In contrast, Corollary 3.7 shows, under the cryptographic assumption
of [KR15], that constant robustness cannot in general be achieved with both sublinear query and
communication complexity even for all languages in NC1. Thus, in the clean-prover setting with a
known noise rate, noisy IPPs with constant noise rate are strictly easier to obtain than IPPs with
constant robustness.

4.2 Noisy IPP for Hamming Weight

In this section we construct noisy IPPs for the Hamming Weight problem. We refer the reader to
Section 1.2.2 for an overview. As stated there, the result extends verbatim to the more general

12The choice δ = n−1/3 balances the Õ(1/δ2) query complexity with the Õ(δn) communication complexity. More

generally, taking δ = n−α gives q = Õ(n2α) and cc = Õ(n1−α); e.g., α = 1/4 gives q = Õ(
√
n) and cc = Õ(n3/4).
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setting in which the prover and verifier have different noise rates, with corresponding upper bounds.
For simplicity, throughout this section we state the result under a common upper bound ηb.

We begin by formally defining the search variant of the Hamming Weight problem. Although
one could also consider its decision analogue, we find the search version to be the more natural and
more general task.

Definition 4.3 (The Hamming Weight Problem (HW)). For an input x ∈ {0, 1}n and an accuracy
parameter ε ∈ (0, 1], the search version of the Hamming Weight problem (denoted HW) asks to
output a value σ ∈ {0, . . . , n} satisfying

|wt(x)− σ| ≤ εn.

Theorem 4.4 (Noisy IPP for HW). For every function r : N → N, every proximity parameter
ε ∈ (0, 1], every error parameter δ ∈ (0, 1/2], and every upper bound ηb ≤ cε for some c = c(δ) < 1,
there exists an r(n)-round (ε, ηb)-noisy IPP with unknown noise rate for HW such that, for every
input x ∈ {0, 1}n and every actual noise rate η ∈ [0, ηb], the verifier either rejects or outputs a value
σ ∈ {0, . . . , n} such that the following hold:

• Completeness: After interacting with the honest prover P, the verifier V outputs a value σ
satisfying |wt(x)− σ| ≤ εn with probability at least 1− δ.

• Soundness: For every unbounded cheating prover P̃ (that knows the clean input x and the
actual noise rate η), after interacting with V, the probability that V outputs a value σ satisfying
|wt(x)− σ| > εn is at most δ.

The verifier makes O
(
log(1/δ)

ε

)
queries, the honest prover runs in time O(n), and the communica-

tion and verification time are O
(
rn1/r logn·log(1/δ)

ε

)
.

In particular, setting r(n) = log n and δ = 1/3 yields a protocol with communication and
verification time O

(
log2 n/ε

)
whenever ηb ≤ ε/(3 + 18 ln 6).

Proof. Let r := r(n) and k := n1/r, while assuming for simplicity that k is an integer; the general

case only changes floors and ceilings. Let T :=
⌈
2 ln(2/δ)

ε

⌉
. The noisy IPP ⟨P,V⟩ for HW works as

follows:

1. P sends a claimed weight σ ∈ {0, . . . , n}.

2. P and V run T copies of the following r-round subprotocol in parallel. In each copy, the first
block is [n] and the first claim is σ. For each of the r rounds of a single copy:

(a) Both parties partition the current block into k equal parts.

(b) P sends the claimed weights of the k parts.

(c) V checks that each claimed weight is an integer between 0 and the size of the corre-
sponding part, and that the k claimed weights sum to the current claim. If not, it
rejects.

(d) V chooses one of the k parts uniformly at random (and independently of its choices in
the other copies), sends its index to P, and both parties continue to the next round with
that block and its claimed weight.
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3. At the end of each copy, V has a singleton block {i} and a claimed weight σ̃i ∈ {0, 1}. It
queries the bit xVi and rejects if σ̃i ̸= xVi .

4. V outputs σ.

In completeness, we will roughly need T ≤ δ
2ηb(1−ηb) while in soundness we will roughly need

T ≥ ln(2/δ)
ε . For this range to be non-empty, we let c = c(δ) := δ

1+6 ln(2/δ) and recall the assumption
that ηb ≤ cε. The T defined above satisfies this inequality.

Completeness. The honest prover P uses its noisy copy xP = x⊕ eP , sends σ = wt(xP), and in
every round sends the exact weights of the k sub-blocks in xP .

First, since
|σ − wt(x)| ≤ wt(eP),

Markov’s inequality implies that

Pr [|σ − wt(x)| > εn] ≤ Pr
[
wt(eP) > εn

]
≤ η

ε
≤ ηb

ε
.

Hence, it remains to show that V outputs σ with probability at least 1− δ.
In a single repetition, under the honest strategy V rejects if the final sampled coordinate i

satisfies xPi ̸= xVi . For every coordinate, this happens with probability 2η(1− η) ≤ 2ηb. By a union
bound over the T repetitions, the completeness error is at most ηb/ε + 2ηbT . Since δ ≤ 1/2 and

ε ≤ 1, we have ln(2/δ) ≥ 1 and therefore T ≤ 3 ln(2/δ)
ε . Thus

ηb
ε

+ 2ηbT ≤
(1 + 6 ln(2/δ))ηb

ε
≤ δ

by the assumed bound on ηb. Therefore, with probability at least 1− δ, the verifier outputs a value
σ satisfying |wt(x)− σ| ≤ εn.

Soundness. Fix any prover strategy, and suppose that the cheating prover P̃’s top-level claim
satisfies

|σ − wt(x)| > εn.

We show that in this case, V rejects with probability at least 1− δ.
Fix one repetition, and let a0 = σ and b0 = wt(x). For every round ℓ ∈ {0, . . . , r − 1}, let

aℓ denote the prover’s current claimed weight and let bℓ denote the true Hamming weight of the
current block in the clean input x. Suppose that at round ℓ the current block is partitioned into k

children, with prover claims a
(1)
ℓ+1, . . . , a

(k)
ℓ+1 and true clean weights b

(1)
ℓ+1, . . . , b

(k)
ℓ+1. If the consistency

check fails then V rejects immediately, so we may assume it passes. Therefore

k∑
j=1

a
(j)
ℓ+1 = aℓ,

and trivially
∑k

j=1 b
(j)
ℓ+1 = bℓ. Hence,

1

k

k∑
j=1

∣∣∣a(j)ℓ+1 − b
(j)
ℓ+1

∣∣∣ ≥ 1

k

∣∣∣∣∣∣
k∑

j=1

(
a
(j)
ℓ+1 − b

(j)
ℓ+1

)∣∣∣∣∣∣ = |aℓ − bℓ|
k

.
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Since V chooses the next child uniformly at random, the expected discrepancy after one more round
is at least the current discrepancy divided by k. Iterating this over the r rounds, and recalling that
kr = n, shows that if Y ∈ {0, 1} denotes the indicator of the event that the prover’s final claimed
bit differs from the clean bit at the sampled coordinate, then

E[Y ] ≥ |σ − wt(x)|
kr

> ε.

In particular,
Pr[Y = 1] > ε.

Conditioned on the event Y = 1, the verifier rejects unless its queried bit was corrupted, and hence
rejects with probability 1− η. Conditioned on the complementary event Y = 0, the verifier rejects
only if its queried bit was corrupted, which happens with probability η. Therefore, the rejection
probability in a single repetition is at least

ε(1− η) + (1− ε)η = η + ε(1− 2η).

Equivalently, the acceptance probability in a single repetition is at most 1− η− ε(1− 2η). Because
the noise is persistent, the acceptance events in the T repetitions are not necessarily independent, so
we cannot directly amplify the preceding one-repetition bound. Instead, first consider the execution
with respect to the clean input. For repetition j ∈ [T ] and round ℓ, let

Dℓ,j :=
|aℓ,j − bℓ,j |

n/kℓ

denote the normalized discrepancy in that repetition. Conditioned on the history before the veri-
fier’s choices at round ℓ, the choices in the different repetitions are independent, and the argument
above gives E[Dℓ+1,j | history] ≥ Dℓ,j for every j. Hence

E

 T∏
j=1

(1−Dℓ+1,j)

∣∣∣∣∣∣ history
 =

T∏
j=1

E[1−Dℓ+1,j | history] ≤
T∏

j=1

(1−Dℓ,j).

Iterating over the r rounds, and using that at the final singleton Dr,j = Yj ∈ {0, 1}, we obtain

Pr[Y1 = · · · = YT = 0] ≤
(
1− |σ − wt(x)|

n

)T

< (1− ε)T ≤ exp(−εT ) ≤
(
δ

2

)2

≤ δ

2
.

It remains to account for the verifier’s noise. If some Yj = 1 but the verifier nevertheless accepts
that repetition, then the verifier’s noise must flip the final queried coordinate in repetition j. Since
the verifier makes no oracle queries before these coordinates are fixed, each such coordinate is
independent of the verifier’s noise mask and is corrupted with probability η. Therefore, by a union
bound over the T repetitions, the probability that any clean inconsistency is hidden by noise is at
most

Tη ≤ Tηb ≤
3 ln(2/δ)

ε
ηb ≤

3δ ln(2/δ)

1 + 6 ln(2/δ)
≤ δ

2
.

Consequently, the probability that V accepts an incorrect top-level claim is at most δ.
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Complexities. At the end of each repetition, V queries exactly one bit of its noisy oracle, and

therefore the total query complexity is T = O
(
log(1/δ)

ε

)
.

In each round of each repetition, P sends k = n1/r integers in {0, . . . , n}, each using O(log n)
bits. In addition, at the beginning of the protocol P sends the top-level claim σ, which also uses
O(logn) bits. Therefore, the total communication is

O(logn) +O
(
Trn1/r log n

)
= O

(
rn1/r log n · log(1/δ)

ε

)
.

The verifier’s running time is dominated by checking the consistency constraints and sampling

the random path in each repetition, and is therefore O
(
rn1/r logn·log(1/δ)

ε

)
. The honest prover can

compute the Hamming weights of all blocks in time O(n).

Remark 4.5 (Extending to the doubly-sublinear regime.). The protocol of Theorem 4.4 can also be
made doubly-sublinear, in the sense of [AGR25]. The only place where the honest prover currently
uses linear access to its noisy input is in computing the exact Hamming weights of the blocks
encountered in the recursion. Following [AGR25], these exact weights can instead be replaced by
estimates obtained from random samples of the corresponding blocks. This preserves the verifier’s

query complexity, while the honest prover makes O
(
r3n1/r logn·log(1/δ)

ε3

)
queries to its noisy input.

As in the standard noisy setting of Theorem 4.4, for constant δ and r = logn, both the verifier and
the honest prover have polylogarithmic query complexity.

4.3 Noisy IPP for Permutations

In this section we construct noisy IPPs for the Permutation problem. We refer the reader to
Section 1.2.2 for an overview. As stated there and in the previous section, this result extends to
the more general setting in which the prover and verifier may have different noise rates, but for
simplicity we state it under a common upper bound ηb.

For n ∈ N, let PERM denote the set of all permutations f : [n]→ [n].

Theorem 4.6 (Noisy IPP for PERM). For every proximity parameter ε ∈ (0, 1] and every up-
per bound ηb ≤ ε/25, there exists a one-round (ε, ηb)-noisy IPP for PERM in the following noisy
function-oracle model.

Let f : [n]→ [n] be the input function, and let η ∈ [0, ηb] be the actual noise rate. For each party
A ∈ {V,P}, there is a random set BA ⊆ [n] obtained by including each point independently with
probability η, where BV and BP are independent. The party A receives oracle access to a function
f̃A : [n]→ [n] such that

f̃A(i) = f(i) for every i /∈ BA,

while on the corrupted set BA the values f̃ A(i) may be arbitrary, but are fixed for the entire protocol.
Both parties are given only the upper bound ηb. The protocol satisfies the following:

• Completeness: If f ∈ PERM, then after interacting with the honest prover P, the verifier V
accepts with probability at least 2/3.

• Soundness: If f is ε-far from PERM, then for every unbounded cheating prover P̃ (who knows
the clean function f and the actual noise rate η), after interacting with V, the verifier accepts
with probability at most 1/3.
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The verifier makes O (1/(ε− ηb)) queries, the total communication is O (log n/(ε− ηb)), the verifier
runs in time O (1/(ε− ηb)) and the honest prover runs in time O (n+ 1/(ε− ηb)).

Proof. We use the natural noisy analogue of the one-round protocol of [GLR21], repeated in parallel.
Fix a repetition parameter T to be determined below.

1. V samples r1, . . . , rT ∼ [n] independently and uniformly at random and sends them to P.

2. P sends back claimed preimages (x1, . . . , xT ) ∈ [n]T .

3. V accepts if and only if for every j ∈ [T ], f̃V(xj) = rj .

For the analysis, let

βV :=
|BV |
n

, βP :=
|BP |
n

.

Let β′ := ηb + ε/1000. Since |BV |, |BP | ∼ Bin(n, η) independently and η ≤ ηb, a Chernoff bound
implies that, with probability at least 1− exp(−Ω(εn)), both βV ≤ β′ and βP ≤ β′. We condition
on this event and at the end absorb the failure probability into the constant error.

Completeness. The honest prover preprocesses its noisy oracle f̃P by scanning all points in [n]
and, for every y ∈ [n], storing one arbitrary preimage of y under f̃P if such a preimage exists. Upon
receiving (r1, . . . , rT ), it returns for each j the stored preimage of rj if one exists, and an arbitrary
point otherwise.

Assume that f ∈ PERM, and fix one trial j ∈ [T ]. Let x∗j := f−1(rj), which is well defined

because f is a permutation. We claim that the verifier accepts the jth trial whenever all of the
following hold:

1. x∗j /∈ BV ;

2. x∗j /∈ BP ;

3. rj /∈ f̃P(BP).

Indeed, under the second event, we have

f̃P(x∗j ) = f(x∗j ) = rj .

Also, since f is injective, every uncorrupted point z ̸= x∗j satisfies

f̃P(z) = f(z) ̸= rj .

The third condition rules out corrupted points whose value under f̃P equals rj . Hence x∗j is the

unique preimage of rj under f̃P , so the honest prover returns x∗j . By the first condition,

f̃V(x∗j ) = f(x∗j ) = rj ,

and so the verifier accepts this trial. These three conditions hold with probability at least 1−βV −
βP − |f̃

P (BP )|
n , and since |f̃P(BP)| ≤ |BP | = βPn, we get that V accepts in the jth repetition with

probability at least 1−βV−2βP ≥ 1−3β′ by our initial conditioning. Hence, the overall acceptance
probability is at least (1− 3β′)T .
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Soundness. Assume that f is ε-far from PERM. As in the standard (noise-free) analysis, this
implies |Im(f)| ≤ (1− ε)n.

Fix one trial j ∈ [T ], the verifier’s noisy oracle f̃V , and consider an arbitrary cheating prover
P̃. To make the verifier accept, P̃ must return some xj such that f̃V(xj) = rj . If rj /∈ Im(f), this
can happen only if xj ∈ BV and the corrupted value at xj equals rj . Hence every target rj /∈ Im(f)

that can possibly be accepted must lie in the set f̃V(BV), whose size is at most |BV | = βVn. It
follows that the set of all targets that can possibly be accepted has size at most

|Im(f)|+ |f̃V(BV)| ≤ (1− ε)n+ βVn = (1− ε+ βV)n.

Therefore V accepts in the jth repetition with probability at most 1− ε+ βV ≤ 1− ε+ β′, and the
overall acceptance probability is at most (1− ε+ β′)T .

Complexities. This is a one-round protocol. The verifier makes T oracle queries and runs in
time O(T ), the communication is O(T logn), and the honest prover runs in time O(n+T ). Choose
T :=

⌈
3
2ε

⌉
. Since β′ ≤ (1/25 + 1/1000)ε = 41ε/1000, conditioned on the good-noise-size event,

(1− 3β′)T ≥ 1− 3β′T ≥ 1− 123

1000

(
3

2
+ ε

)
>

2

3
,

whereas

(1− ε+ β′)T ≤ exp
(
−(ε− β′)T

)
≤ exp

(
− 959

1000
· 3
2

)
<

1

3
.

The exponentially small probability of the conditioning failure is absorbed by the constant slack.
Since ηb ≤ ε/25, we have T = Θ(1/ε) = Θ(1/(ε− ηb)), giving the claimed complexity bounds.

5 Noisy PAC Verification

In this section we prove our main positive result for interactive proofs in the presence of noise. In
Section 5.1, we define the Noisy PAC Verification model. In Section 5.2, we present two noisy vari-
ants of the query-to-samples transformation: one in which only the verifier receives noisy samples,
and one in which both parties have noise. Next, in Section 5.3, we construct a PAC verification
protocol for sparse Fourier functions, assuming the noise rate is sufficiently small relative to the
target error parameter. Finally, in Section 5.4, we justify this assumption on the noise rate.

Parameter regime. Throughout this section, asymptotic o(1) and negligible-error terms are
with respect to n → ∞ in the standard efficient regime, where t, 1/ε, 1/δ, and 1/(1 − 2η) are
polynomially bounded in n (and analogously with ηb in the upper-bound model). We only invoke
the generic query-to-samples reductions when their resulting sample complexity is polynomial in
n. In particular, repeated sampled points occur with negligible probability, and the size conditions
required by the Fourier subroutines below hold for all sufficiently large n.

5.1 Definition

We start by recalling the notion of PAC verification from [GRSY21, GJK+24]. In [GRSY21] it
is formulated in a general setting where there is an unknown distribution G over labeled samples

33



(x, y) that we wish to approximate, and a special case is when there exists a target function f such
that Pr(x,y)←G[y = f(x)] = 1. Some of the positive results in [GRSY21, GJK+24] apply in this
fully general setting (the Thresholds result of [GRSY21]), while the others are for the more specific
setting where the goal is to learn an underlying function f (such as the Junta and Fourier-sparse
results). It is in this functional setting that we will introduce and analyze the effect of noise.

We now formally define a noisy variant of PAC verification. The only change is in the access
model: the prover and verifier each see (possibly different) noisy views of the target function f ,
either through sample access or membership queries. We place no computational restrictions on the
cheating prover; in particular, we allow it full access to the underlying (clean/noiseless) function f .

Definition 5.1 ((ε, δ, η)-Noisy PAC verification). For parameters δ, ε > 0 and η ∈ [0, 1/2), a
concept class C is (ε, δ, η)-Noisy PAC Verifiable with hypothesis class H over a distribution D on
{0, 1}n, if there exists an interactive protocol between a verifier V and a prover P, taking explicit
inputs 1n, ε, δ, η and noisy oracle access to a target function f : {0, 1}n → {0, 1}, such that

• the honest prover gets full access13 to a noisy membership queries oracle fη, where for every
input x, fη(x) = f(x)⊕ bP(x) and bP(x)← Bernoulli(η) is independent of x and independent
across inputs x;

• the verifier gets noisy random samples (x, yV) with x ← D and yV = f(x) ⊕ bV(x), where
bV(x) ← Bernoulli(η) and is independent of x and across inputs x, and also independent of
all {bP(x)}x.

In both cases, the noise is persistent: each input x is always paired with the same (possibly flipped)
label. At the end of the protocol the verifier outputs either a hypothesis h ∈ H or ⊥ (i.e., reject),
and the following hold for every f :

1. Completeness. There exists an honest prover P such that the output of the interaction
satisfies

Pr [(h ̸= ⊥) ∧ (∆(f, h) ≤ ∆(f, C) + ε)] ≥ 1− δ.

2. Soundness. For every unbounded cheating prover P̃ (that has access to the clean f), the
output of the interaction satisfies

Pr [(h ̸= ⊥) ∧ (∆(f, h) > ∆(f, C) + ε)] ≤ δ.

The probability is over the randomness of the samples, the internal randomness of P and V and
the randomness of the noise masks {bP} and {bV}.

We say the protocol has sample complexity q = q(n, 1/ε, 1/δ, η) if V uses at most q noisy
samples. The protocol has communication complexity cc = cc(n, 1/ε, 1/δ, η) if the total number of
bits exchanged between V and P is at most cc. Its running times are Vtime = Vtime(n, 1/ε, 1/δ, η)
for the verifier and Ptime = Ptime(n, 1/ε, 1/δ, η) for the honest prover.

All distances in this section are under D, so we omit it in our notation of ∆(·).
13By “full access” we mean that we do not account for its query complexity.
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Remark 5.2. Definition 5.1 is stated in the most general (improper) setting, with a concept class
C and a hypothesis class H. The output of the protocol, h, is required only to lie in H, while its
quality is measured with respect to C, namely via the excess loss ∆(f, h)−∆(f, C).

In our PAC verification protocol, we work with a single class of functions (Fourier-sparse func-
tions) and say that this class is noisy PAC verifiable. We implicitly use it as the concept class, and
we do not restrict the prover’s hypothesis beyond having small loss (compared to the best function
in this class). Equivalently, one may take the hypothesis class to be the set of all Boolean functions,
or all efficiently computable Boolean functions.

To stay consistent with the notation in [GJK+24], we denote this concept class by H, even
though, conceptually, it plays the role of the concept class C in Definition 5.1. We stress that
omitting an explicit hypothesis class does not mean we are in the proper setting H = C; rather, it
reflects that we allow improper hypotheses and do not restrict H, while the performance benchmark
is always the fixed concept class.

A few additional remarks are in order. First, the original definitions in [GRSY21, GJK+24]
consider a more general setting in which we allow a multiplicative slack parameter α ≥ 1 on top of
the additive error ε, namely the distance of h from f is compared against α ·∆(f, C) + ε. Since in
all our applications we take α = 1, we omit this parameter from the definition and simply compare
to ∆(f, C) + ε.

Second, as noted in [GRSY21, GJK+24], this model trivializes in the realizable case: the verifier
can estimate the error of the hypothesis sent by the prover with respect to f using a small number
of random samples, and accept if this estimate is at most ε. This holds even in the noisy setting,
and will require the verifier to use O(1/(1−2η)2ε2) samples instead of O(1/ε2). Hence, throughout
this work, we restrict attention to the agnostic setting.

Finally, we only spell out the definition in the setting where the prover has query access and
the verifier has sample access (in this regime the improvement is qualitative, and may also be
quantitative), as this is the setting that will be useful for us. Variants in which both parties have
samples or both have queries are also natural, and in such symmetric cases an interactive protocol
is only interesting if it achieves a quantitative improvement in the verifier’s query (or sample)
complexity.

5.2 Query-to-Samples Reductions

The previous works on PAC verification ([GRSY21, GJK+24]) show how, under some conditions on
the query distribution, a PAC-verification protocol that uses membership queries for the verifier can
be converted into one where the verifier only receives random samples. Intuitively, the samples-only
verifier embeds one random labeled sample inside the membership queries that the queries-verifier
needs, and asks the prover to label all queries. It then checks that the embedded query is labeled
correctly and rejects otherwise. Repeating this enough times allows the verifier to detect cheating
with high probability, since the prover doesn’t know the index of the embedded query. This was
first fully formalized in [GJK+24, Section 3.2]. We recall their theorem.

Throughout this subsection, we consider proof-only protocols in the standard form in which the
prover’s proof π specifies a candidate output hπ, and the verifier either outputs hπ or rejects. In
particular, all non-rejecting executions with the same proof π have the same output. This is the
form used in our application to Fourier verification below.
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Theorem 5.3 (Query-to-samples reduction [GJK+24, Theorem 3.2]). Let H = Hn be a hypothesis
class and let D be a distribution over {0, 1}n. Suppose that H is (ε, δ)-PAC-verifiable14 with respect
to D by a proof-only (1-message) protocol (PQ,VQ), in which the verifier uses q = q(ε, δ) member-
ship queries, the prover has full access to the input, the communication complexity is cc = cc(ε, δ),
and the running time of the verifier and the prover are Vtime and Ptime, respectively.

Assume further that (1) Each membership query made by VQ has marginal distribution D. (2)
For every x ∈ {0, 1}n, it is possible to efficiently construct a membership-query set Q for VQ
conditioned on the event that a uniformly random query index equals x.15

Then, H is (ε, δ)-PAC-verifiable with respect to D by a 3-message protocol (PS ,VS) in which the
verifier uses Θ(q · log(1/δ)) random samples, the prover has full access to the input, the communi-
cation complexity is Θ

(
cc+ n · q2 · log(1/δ)

)
, and the running time of the verifier and the prover

are (Vtime + Tquery) · Θ(q · log(1/δ)) and Ptime + Θ
(
n · q2 · log(1/δ)

)
, respectively, where Tquery is

the time needed to construct a membership-query set.

Proof sketch. The transformed protocol
(
PS ,VS

)
works as follows. The prover first sends a proof

π (the same proof as in (PQ,VQ)). The verifier then draws

t = Θ(q · log(1/δ))

independent random samples (xi, f(xi)). For each xi it uses the membership-set constructor to build
a query set Qi distributed exactly as the membership queries of VQ, conditioned on embedding xi
at a uniformly random position. It sends all unlabeled sets {Qi}i∈[t] to the prover, who returns

labelings f̃(Qi). For each i, the verifier checks that f̃(xi) = f(xi); if the check fails it rejects
immediately. Otherwise, it runs VQ on the proof π with the f̃(Qi) as the query answers (i.e., uses
f̃ as the membership query oracle), obtaining an output hi. Finally, it rejects if more than half of
the t executions reject; otherwise it outputs hi from an arbitrary accepting execution. The analysis
shows completeness error 2δ which can be reduced to δ (by taking slightly larger constants), and
soundness error δ as stated.

Next, we consider a more general setting in which the verifier’s random samples are corrupted
by noise. The verifier no longer has access to clean labeled samples; instead it only sees labels
flipped independently with some known rate η < 1/2. As in Theorem 5.3, we allow the prover
(both the honest and the cheating one) to have full noiseless membership query access to the input
f . Our goal is to adapt the query-to-samples reduction so that it remains complete and sound even
when the verifier’s sample oracle is noisy.

In the noisy setting, the verifier can only compare the prover’s label f̃(xi) to a possibly flipped
label, and therefore a single mismatch is no longer a definitive certificate of cheating. Instead, we
interpret the plant-and-check step as a sequence of biased coin flips, where the bias depends on the
frequency with which the prover mislabels the planted queries. To compensate for this loss of a
“single-mismatch” certificate, our reduction repeats the check Θ(q2) times, incurring a quadratic
overhead in the query complexity compared to the noiseless protocol. See Remark 5.6 for discussion
of why we believe this quadratic blow-up is inherent.

From this point on, we restrict attention to the uniform distribution D = Unif({0, 1}n). The
reason is that the concentration argument for the above biased-coin process requires the mismatch

14Formally, this means that H is (ε, δ, η)-noisy PAC verifiable in the sense of Definition 5.1 with η = 0, which
coincides with the standard noiseless PAC verification setting of [GRSY21, GJK+24].

15See [GJK+24, Appendix A] for a formalization of this notion.
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indicators to be (essentially) independent. Under persistent noise, however, this independence can
fail if the verifier samples the same point x more than once, since repeated occurrences of x are
paired with the same (possibly flipped) label. When D = Unif({0, 1}n), a standard collision bound
implies that, for our parameter settings, all sampled points are distinct with overwhelming prob-
ability, and hence the mismatch indicators behave as independent coin flips. Since we only apply
the resulting theorems in the uniform case, we adopt this assumption to simplify the presentation.

Theorem 5.4 (Query-to-samples reduction with verifier noise). Let H, D, (PQ,VQ) and Tquery

be the same as in Theorem 5.3, and assume they satisfy the same assumptions. Fix a noise rate
η ∈ [0, 1/2).

Then, H is (ε, δ, η)-noisy PAC verifiable with verifier noise only16 with respect to D by a 3-
message protocol (PS ,VS,η), in which the verifier uses Θ

(
q2 · (1− 2η)−2 · log(1/δ)

)
random noisy

samples, the communication complexity is Θ
(
cc+ n · q3 · (1− 2η)−2 · log(1/δ)

)
, and the running

time of the verifier and the prover are (Vtime + Tquery) · Θ
(
q2 · (1− 2η)−2 · log(1/δ)

)
and Ptime +

Θ
(
n · q3 · (1− 2η)−2 · log(1/δ)

)
, respectively.

Remark 5.5. All of the query-to-samples reductions (both the noisy and the noiseless cases) are
stated for boolean functions f : {0, 1}n → {0, 1}, but the distinction between range {0, 1} and {−1, 1}
is immaterial for the analysis and complexities. Indeed, the reduction only ever uses equality tests
between labels and the induced bias in these events. All expectations that drive the Chernoff bounds
are the same, and the dependence on the parameters q, δ, η (and in particular the (1− 2η) factors)
is unchanged. Thus we may state it in either convention and apply it to the Fourier-sparse protocol
(where f : {0, 1}n → {−1, 1}) without affecting the complexities.

Proof. The protocol (PS ,VS,η) is defined as follows.

Input. A function f : {0, 1}n → {0, 1}, parameters ε, δ > 0, noise rate η ∈ [0, 1/2) and a
proof-only (1-message) protocol (PQ,VQ) with membership queries.

1. PS sends a proof string π (the same proof used in (PQ,VQ)).

2. VS,η takes t = Θ
(
q2 · (1− 2η)−2 · log(1/δ)

)
random noisy samples (xi, yi)i∈[t]. For each xi, it

constructs a membership query set Qi for VQ (distributed as in Theorem 5.3, conditioned on
embedding xi at a uniformly random position).

3. VS,η sends all unlabeled query sets {Qi}i∈[t] to the prover.

4. PS responds with labelings f̃(Qi) = {(x, f̃(x)) : x ∈ Qi} for all i ∈ [t].

5. For each i ∈ [t]:

(a) VS,η defines a mismatch indicator Zi ∈ {0, 1} by Zi := 1
[
f̃(xi) ̸= yi

]
,

(b) VS,η simulates VQ with proof π and queries given by f̃(Qi), obtaining an output hi ∈
H ∪ {⊥}. Note that π remains fixed across all iterations.

6. Let Z :=
∑t

i=1 Zi denote the total number of mismatches.

16Formally, Definition 5.1 is stated for the setting in which both parties observe noisy labels. In this theorem we
consider the intermediate model where only the verifier sees noisy labels while the prover has access to the clean
input; equivalently, in the notation of Definition 5.1 we replace fη by f on the prover side.
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(a) If Z exceeds a threshold TZ := (η + γ) · t for γ = (1− 2η)/20q, then VS,η rejects.

(b) Otherwise, if VQ rejects in more than t/2 of the iterations, VS,η rejects.

Otherwise, it outputs hi of an arbitrary non-rejecting iteration.

Proof overview. Intuitively, under an honest prover we have f̃ = f , so the mismatch indicators
Zi behave like i.i.d. Bernoulli(η) bits and so the first test (Step 6a) passes, and then, the total
number of rejections in the second test (Step 6b) is dominated by the completeness error δ of
(PQ,VQ). Under a cheating prover, either many of the sets Qi are mislabeled, which forces the
mismatch rate above η by a noticeable amount (and the first test will fail), or most Qi’s are faithful
and then the original soundness analysis for (PQ,VQ) applies, forcing at least half of the iterations
to reject.

We now analyze completeness and soundness. Throughout we fix f and consider all probabilities
over the randomness of VS,η, PS , and the noisy oracle (i.e., the flips that VS,η sees in its noisy
samples).

For each i ∈ [t], let
f(Qi) := {(x, f(x)) : x ∈ Qi}

denote the correct labeling of the ith query set, and define the set of bad indices

B := {i ∈ [t] : f̃(Qi) ̸= f(Qi)}.

Let tbad := |B|.

Completeness. Assume f satisfies the completeness condition of (PQ,VQ), and that PS acts
honestly in the protocol, i.e., it uses the honest proof π and responds with f̃ = f on all queries.

In this case, every query set is faithful, so tbad = 0, and for each i we have

Zi = 1[f(xi) ̸= yi] = 1[bi = 1],

where bi ← Bernoulli(η). Thus {Zi} are i.i.d. Bernoulli(η) random variables, independent of the
internal randomness of VQ, and (conditioned on the event that all planted points are distinct)
mutually independent. Since this distinctness event holds with all but negligible probability under
our parameter settings, we omit its failure probability in the theorem statement. Their sum is
distributed Z ← Bin(t, η), therefore its expected value is E[Z] = ηt and its variance is Var(Z) =
tη(1−η) ≤ t/4. Recall that the first test of VS,η is whether Z exceeds its expectation by more than
γ = 1−2η

20q . By a Chernoff bound,

Pr [Z > TZ ] = Pr [Z > (η + γ)t] ≤ exp
(
−Ω(γ2t)

)
= exp

(
−Ω

(
t · (1− 2η)2

(20q)2

))
≤ δ

2
,

where the last inequality follows by our choice of t = Θ
(
q2 · (1− 2η)−2 · log(1/δ)

)
with appropriate

constants.
The rest of the completeness analysis follows the same lines of the noiseless case (as presented

in [GJK+24]). Conditioned on the event Z ≤ TZ , every iteration uses exactly the same query
distribution as VQ (because the membership-set constructor preserves the distribution of queries),
and the prover supplies correct labels. Thus each individual simulation of (PQ,VQ) rejects with
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probability at most δ. Let A be the number of accepting iterations, then E[A] ≥ (1 − δ)t. For
δ < 1/3 and t large enough (any t > 18 log(2/δ)) we have

Pr [A < t/2] ≤ δ/2,

by another application of Chernoff (we can take t large enough to handle both bounds simultane-
ously; note that this only affects constants).

Putting the two failure events together and using a union bound we obtain that the probability
that VS,η rejects or outputs a hypothesis which is ε-far from optimal is at most δ.

Soundness. Fix a cheating prover strategy. As in the original analysis, we consider two cases
depending on tbad.

Case 1: Many dishonest query sets, tbad ≥ t/10.
For each bad index i ∈ B, the prover mislabels at least one point in Qi. Let ℓi ≥ 1 be the

number of mislabeled points in Qi. Recall that in the membership-set construction the position
of the planted sample xi within Qi is a uniformly random index ji ∈ [q] independent of any other
randomness. Conditioned on Qi and the prover’s labeling f̃(Qi), the probability (over the noise bit
bi and the random choice of ji) that the mismatch indicator Zi equals 1 is

Pr[Zi = 1] = Pr[f̃(xi) ̸= yi]

= Pr[f̃(xi) ̸= f(xi)⊕ bi]

= Pr[f̃(xi) ̸= f(xi)] · (1− η) + Pr[f̃(xi) = f(xi)] · η

=
ℓi
q
· (1− η) +

(
1− ℓi

q

)
· η

= η +
ℓi
q
· (1− 2η)

≥ η +
1− 2η

q
.

Thus for every i ∈ B,

E[Zi] ≥ η +
1− 2η

q
.

On the other hand, for a faithful query set (i /∈ B) we have E[Zi] = η. Hence, the expected total
number of mismatches Z =

∑
i Zi is

E[Z] ≥ tbad ·
(
η +

1− 2η

q

)
+ (t− tbad) · η = ηt+ tbad ·

1− 2η

q
≥ ηt+

1− 2η

q
· t

10
,

using the assumption that tbad ≥ t/10 in the last inequality. Recall the threshold TZ = (η+γ) · t =
(η + 1−2η

20q ) · t. Conditioned on the query sets and the prover’s labelings, the variables Zi are
independent and bounded in [0, 1], and hence a Chernoff bound gives

Pr[Z ≤ TZ ] ≤ exp

(
−
(
1− 2η

20q

)2

t

)
≤ δ/2,

by the choice of t.
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Thus, in Case 1, the verifier rejects in the first test with probability at least 1− δ/2.

Case 2: Few dishonest query sets, tbad < t/10. This is the same argument as in the noiseless
case. Consider the t executions in which every Qi is labeled correctly according to f . These
are independent executions of (PQ,VQ) with the fixed proof π, so by soundness and a Chernoff
bound, with probability at least 1− δ/2, at least 3t/5 of them reject. Since tbad < t/10, the actual
executions differ from these executions on fewer than t/10 indices. Thus, with probability at least
1 − δ/2, more than 3t/5 − t/10 = t/2 actual executions reject. In particular, with probability at
least 1− δ/2, the verifier rejects in the second test.

Finally, combining the two cases, we obtain that the verifier rejects with probability at least
1− δ.

Remark 5.6 (The quadratic blow-up in q). In the noiseless reduction of Theorem 5.3, a single
planted sample behaves as a one-sided test for cheating: whenever the prover mislabels any point in
Qi, the chance that the planted query is the mislabeled one is at least 1/q, and this event certifies
cheating with certainty. Thus, if there are tbad ≥ q log(1/δ) dishonest query sets, the probability
that none of them triggers the test is at most (1− 1/q)tbad ≤ exp(−tbad/q) ≤ δ. This leads to a
sample complexity t = Θ(q log(1/δ)) as stated in Theorem 5.3.

With noisy samples, the same check becomes a biased coin rather than a one-sided test. For a
faithful query set, we have Pr[Zi = 1] = η. For a query set where the prover mislabels exactly one
point, the probability that the mismatch test applies increases only to Pr[Zi = 1] = η + 1−2η

q , an
additive gap of ∆ = (1−2η)/q. Thus, the planted sample only distinguishes faithful from mislabeled
query sets with a bias ∆. Distinguishing a Bernoulli(η) coin from a Bernoulli(η+∆) coin with error

probability at most δ requires Ω(∆−2 log(1/δ)) = Ω
(

q2

(1−2η)2 log(1/δ)
)

independent samples. This

is why we find the quadratic blow-up in q as inherent for this plant-and-check approach.

Next, we move to the most general setting of this reduction, in which both the verifier and the
prover experience noise (see Definition 5.1 for the formal definition). In this setting, the verifier
cannot hope to reconstruct query access to the clean function f from noisy samples on its side
and noisy membership queries on the prover’s side. At best, it can implement query access to the
prover’s noisy oracle fη. Accordingly, the reduction is from noisy queries to noisy samples: given
noisy samples from f and interaction with a prover that has noisy membership query access to fη,
the verifier gains simulated noisy membership query access where the noise is distributed exactly
as in the prover’s oracle.

In particular, this means that the reduction is only useful for protocols (PQ,VQ) which remain
complete even when the verifier’s query access is only to a noisy oracle rather than to the clean
function (where the noise is random), and remain sound even when the verifier’s query access is to
an adversarially-corrupted oracle, since we recall that, in soundness, the cheating prover has access
to the clean function f and may choose to adaptively flip labels wherever it chooses. We formalize
this notion in the next definition.

Definition 5.7 (Adversarially corrupted query oracle). Let f : {0, 1}n → {−1, 1} be a Boolean
function and let η ∈ [0, 1/2). An η-adversarially corrupted query oracle for f is an interactive
oracle, denoted by f̃ , that answers a (finite) sequence of queries x1, x2, . . . ∈ {0, 1}n with labels
f̃(x1), f̃(x2), . . . ∈ {−1, 1}, possibly adaptively as a function of the queried points and their order.
For any randomized query algorithm A that makes q queries, let

Q := (x1, . . . , xq)
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denote the (multi)set of query points asked by A, and define the number of corrupted answers by

err(Q, f̃ , f) :=
∣∣∣{i ∈ [q] : f̃(xi) ̸= f(xi)

}∣∣∣ .
We say that f̃ is η-adversarially corrupted with respect to A if for every execution,

err(Q, f̃ , f) ≤ 4ηq + 1.

The constant 4 is chosen for the application below; for smaller soundness error, this factor can be
reduced, approaching 2 in the limit.

In particular, the adversarial noise rate is measured only relative to the query set produced by
A (and not relative to |{0, 1}n|), and f̃ need not be defined on points that are never queried.

For the non-adaptive query algorithms considered below, we allow f̃ to choose its answers after
seeing the entire realized query sequence Q. Moreover, note that the same definition holds in case
the range of f is {0, 1}. We now present the reduction in the case where both parties have noise.

Theorem 5.8 (Query-to-samples reduction with verifier and prover noise). Let H, D, (PQ,VQ)
and Tquery be the same as in Theorem 5.3, and assume they satisfy the same assumptions. Fix a
noise rate η ∈ [0, 1/2), and assume further that

• the completeness error of VQ is at most δ/8 + o(1) even when VQ only has access to PQ’s
noisy membership queries oracle fη as per Definition 5.1;

• the soundness error of VQ is at most δ/8 even when VQ only has access to an η-adversarially-
corrupted queries oracle f̃ as per Definition 5.7.

Then, H is (ε, δ, η)-Noisy PAC verifiable with respect to D by a 3-message protocol (PS,η,VS,η)
in which the verifier uses Θ

(
q2 · (1− 2η)−2 · log(1/δ)

)
random noisy samples, the communication

complexity is Θ
(
cc+ n · q3 · (1− 2η)−2 · log(1/δ)

)
, and the running time of the verifier and the

prover are (Vtime + Tquery)·Θ
(
q2 · (1− 2η)−2 · log(1/δ)

)
and Ptime+Θ

(
n · q3 · (1− 2η)−2 · log(1/δ)

)
,

respectively.
VQ may also use noisy samples, and these will be added as is to its overall sample complexity.

Note that the last sentence is not redundant. In the completeness case, the verifier can emulate
noisy sample access by querying the noisy oracle fη on uniformly random inputs. In the soundness
case, however, the verifier only has access to an adversarially corrupted oracle f̃ , which need not
correspond to noisy sample access. Luckily, providing samples is trivial: VS,η draws the required
noisy samples directly and feeds them to VQ.

Proof. The protocol (PS,η,VS,η) is identical to the one in the verifier-only-noise variant of Theo-
rem 5.4, except that now the honest prover labels queries according to its noisy oracle fη. The only
changes are in the soundness analysis and in the choice of the threshold parameter TZ , which we
take to be

TZ := (2η(1− η) + γ) · t,

where γ = (1 − 2η)/20q (the same as in Theorem 5.4). For a fixed iteration i ∈ [t], let Zi be the
mismatch indicator as defined in the protocol, namely

Zi := 1
[
f̃(xi) ̸= yi

]
,
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where (xi, yi) is the ith noisy sample seen by the verifier and f̃(xi) is the label returned by the
prover on the planted point. Recall that yi = f(xi)⊕ bV(xi) where bV(xi) ∼ Bernoulli(η), and that
the prover’s noisy oracle is fη(x) = f(x) ⊕ bP(x) with bP(x) ∼ Bernoulli(η), where the two noise
masks are independent as per Definition 5.1.

Completeness. If PS,η is honest, then f̃ = fη, and for each iteration i we have

Pr[Zi = 1] = Pr[fη(xi) ̸= yi] = Pr[bP(xi) ̸= bV(xi)] = 2η(1− η).

Moreover, with probability 1− o(1) (over the verifier’s samples), the planted points {xi}i∈[t] are all

distinct, in which case the corresponding noise bits {bV(xi), bP(xi)}i∈[t] are independent. Condi-
tioning on this event, {Zi}i∈[t] are i.i.d. Bernoulli(2η(1− η)) random variables in [0, 1], and hence

Z :=

t∑
i=1

Zi ∼ Bin (t, 2η(1− η)) , E[Z] = 2η(1− η) t.

By a Chernoff bound,
Pr [Z > TZ ] ≤ exp

(
−Ω(γ2t)

)
≤ δ/2,

by our choice of t and γ (with appropriate constants). Letting R be the number of iterations in
which VQ rejects, by the completeness assumption, E[R] ≤ (δ/8 + o(1))t, and hence Markov gives
Pr[R > t/2] ≤ δ/4 + o(1). Together with the δ/2 error probability of the first test, the overall
completeness error is at most δ.

Soundness. Fix an arbitrary (computationally unbounded) cheating prover strategy. Recall that
the cheating prover may have access to the clean function f , and may choose its answers adaptively
as a function of the entire collection of query sets {Qi}i∈[t].

As in the noiseless reduction, the verifier performs two tests. The first test (Step 6a) checks
that the total number of mismatches

Z :=
t∑

i=1

Zi where Zi := 1
[
f̃(xi) ̸= yi

]
does not exceed the threshold TZ = (2η(1 − η) + γ)t. The second test (Step 6b) checks that the
simulated verifier VQ rejects in at least t/2 iterations.

For each iteration i, let

ℓi :=
∣∣∣{x ∈ Qi : f̃(x) ̸= f(x)

}∣∣∣
be the number of disagreements between the prover’s labeling and the clean function f on Qi, and
let

L :=

t∑
i=1

ℓi

be the total number of such disagreements across all t query sets. Note that L is defined only for
the analysis (the verifier does not know f), and it may be chosen adversarially and adaptively by
the cheating prover.

We split into two cases depending on the average disagreement rate L/(tq).
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Case 1: Disagreement rate is too large, L
tq ≥ η + 1

10q . Fix an iteration i ∈ [t] and condition on

Qi and on the prover’s labeling f̃(Qi). By embeddability, the planted sample xi is embedded at a
uniformly random position in Qi, independent of all other randomness. Therefore,

Pr[f̃(xi) ̸= f(xi)] =
ℓi
q
.

Recalling that yi = f(xi) ⊕ bV(xi) with bV(xi) ∼ Bernoulli(η) independent of everything else, we
have

Pr[Zi = 1] = Pr[f̃(xi) ̸= f(xi)] · (1− η) + Pr[f̃(xi) = f(xi)] · η

= η + (1− 2η) · ℓi
q
.

Summing over i ∈ [t] and using linearity of expectation, we obtain

E[Z] =
t∑

i=1

E[Zi] = ηt+ (1− 2η) · 1
q

t∑
i=1

ℓi = ηt+ (1− 2η) · L
q
. (3)

Under the assumption of this case, L/q ≥ ηt+ t/(10q), and therefore

E[Z] ≥ ηt+ (1− 2η)

(
ηt+

t

10q

)
= (η + η(1− 2η)) t+

1− 2η

10q
t

= 2η(1− η) t+ 2γt,

where in the last equality we used γ = (1 − 2η)/(20q). Recalling that the first test rejects when
Z > TZ = (2η(1− η) + γ)t, we have E[Z] ≥ TZ + γt. By a Chernoff bound and our choice of t,

Pr[Z ≤ TZ ] ≤ exp
(
−Ω(γ2t)

)
≤ δ/2.

Thus, in Case 1 the verifier rejects in the first test with probability at least 1− δ/2.

Case 2: Disagreement rate is within the allowed budget, L
tq < η + 1

10q . Define the set of heavily
corrupted indices by

B := {i ∈ [t] : ℓi > 4ηq + 1} , tbad := |B|.

Since each i ∈ B contributes more than 4ηq + 1 disagreements, we have

L =

t∑
i=1

ℓi ≥ tbad · (4ηq + 1).

On the other hand, the assumption of this case implies

L <

(
η +

1

10q

)
tq = ηtq +

t

10
.
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Combining the two bounds and dividing by 4ηq + 1, we obtain

tbad < t · ηq + 1/10

4ηq + 1
≤ t · 1

4
,

where the last inequality holds since 4(ηq + 1/10) ≤ 4ηq + 1. Thus, letting G := [t] \B be the set
of good indices, we have |G| ≥ 3t/4, and for every i ∈ G,∣∣∣{x ∈ Qi : f̃(x) ̸= f(x)

}∣∣∣ = ℓi ≤ 4ηq + 1.

For every i ∈ [t], define a modified labeling f̃ ′i as follows: if ℓi ≤ 4ηq + 1, let f̃ ′i = f̃ on Qi;

otherwise, let f̃ ′i = f on Qi. Thus every modified execution uses an η-adversarially corrupted
query oracle. Let A be the number of modified executions in which VQ does not reject. By the
soundness assumption and linearity of expectation, E[A] ≤ (δ/8)t, and hence Markov’s inequality
gives Pr[A ≥ t/4] ≤ δ/2. The actual and modified executions differ only on indices in B, and
tbad < t/4. Therefore, whenever A < t/4, fewer than t/2 actual executions do not reject, so VS,η
rejects in the second test. Thus, with probability at least 1− δ/2, VS,η rejects in the second test.

5.3 Noisy PAC Verification of Sparse Fourier Functions

For Fourier analysis, it is convenient to switch from the {0, 1}-valued convention of Definition 5.1
to functions with range {−1, 1}; as noted in Remark 5.5, this does not affect the model or its
complexities. We first recall a few facts about Boolean functions. Throughout, we write {0, 1}n for
the domain, even when it is more natural to view it as the vector space Fn

2 . The set of all functions
{f : {0, 1}n → R} forms a real inner-product space with inner product

⟨f, g⟩ := E
x←Unif({0,1}n)

[f(x)g(x)].

For each γ ∈ {0, 1}n let χγ(x) := (−1)⟨γ,x⟩ (with the inner product over F2) denote the correspond-
ing Fourier character. The family {χγ : γ ∈ {0, 1}n} forms an orthonormal basis for this space.
Consequently, every function f : {0, 1}n → R can be uniquely written as

f(x) =
∑

γ∈{0,1}n
f̂(γ)χγ(x),

called the Fourier expansion of f , where the coefficients are given by

f̂(γ) = ⟨f, χγ⟩

and are referred to as the Fourier coefficients of f . When f : {0, 1}n → {−1, 1} we have f̂(γ) ∈
[−1, 1] for all γ. When convenient, we sometimes refer to a vector γ with f̂(γ) ̸= 0 as a “Fourier
coefficient”; the intended meaning will always be clear from the context. Any γ ∈ {0, 1}n such that
the absolute value of its Fourier coefficient |f̂(γ)| is “large” is called a heavy vector.

Next, we recall two useful tools from [GJK+24] and refer the reader there for the proofs. We
begin with a lemma that provides a way to estimate the sum of fourth powers of the Fourier
coefficients corresponding to the vectors in an affine subspace.
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Lemma 5.9 ([GJK+24, Lemma 4.4]). Let V + h be an affine subspace of {0, 1}n. For any f :
{0, 1}n → {−1, 1} the following holds:∑

γ∈V+h

f̂(γ)4 = E
x,y,z←Unif({0,1}n)

w←Unif(V ⊥)

[χh(w) · f(x) · f(y) · f(z) · f(x+ y + z + w)] .

The following claim shows that if a set V ⊆ {0, 1}n contains at most one heavy vector, then
the fourth root of the sum of fourth powers of the coefficients over V is close to the maximum
corresponding coefficient in V .

Claim 5.10 ([GJK+24, Claim 4.5]). Let ε′ ∈ (0, 1), and let V ⊆ {0, 1}n be a set with at most one
vector whose corresponding Fourier coefficient has absolute value at least ε′. Then∣∣∣∣∣∣ 4

√∑
γ∈V

f̂(γ)4 −
∣∣∣f̂(γ⋆)∣∣∣

∣∣∣∣∣∣ ≤ √ε′,
where γ⋆ = argmaxγ∈V

∣∣∣f̂(γ)∣∣∣.
Next, we move on to proving a noisy variant of Claim 4.6 in [GJK+24]. The claim will show how

to estimate the maximum coefficient in a subspace given access to adversarially corrupted queries.

Claim 5.11 (Noisy version of [GJK+24, Claim 4.6]). Let s ∈ [n] and let (Va)a∈{0,1}s for Va = V0+ha
be 2s affine subspaces of {0, 1}n that have at most one vector whose corresponding Fourier coefficient
has absolute value at least ε′. Let

γ⋆a ∈ argmax
γ∈Va

|f̂(γ)|.

Then, for every ε′, δ ∈ (0, 1) and η ≤ (ε′)2/100, there is a randomized algorithm that, given ε′, δ, η
and query access to an η-adversarially corrupted query oracle f̃ as per Definition 5.7, makes at

most q = O
(
s+log(1/δ)

(ε′)4

)
queries to f̃ , runs in time O

(
2s(s+log(1/δ))

(ε′)4

)
and outputs values (κa)a such

that ∣∣∣κa − ∣∣∣f̂(γ⋆a)∣∣∣∣∣∣ ≤ 2
√
ε′

with probability at least 1− δ − q22−n simultaneously for all a ∈ {0, 1}s.

Proof. The proof follows the structure of the noiseless setting, with an extra analysis step accounting
for the adversarial corruptions and for the negligible probability of collisions among the queried
points.

Let Va = V0 + ha be as in the statement, and let

ωa :=
∑
γ∈Va

f̂(γ)4.

By Claim 5.10 (applied to Va and f), we know that∣∣∣ω1/4
a −

∣∣∣f̂(γ⋆a)∣∣∣∣∣∣ ≤ √ε′.
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Thus, it suffices to estimate ωa up to additive error at most (ε′)2. Indeed, if an estimation ω̃a ∈ [0, 1]
satisfies

|ω̃a − ωa| ≤ (ε′)2,

then by concavity of the fourth-root function on [0, 1] (which implies that |α1/4−β1/4| ≤ |α−β|1/4
for any α, β ∈ [0, 1]), we get

|ω̃a
1/4 − ω1/4

a | ≤
√
ε′,

and so ∣∣∣ω̃a
1/4 −

∣∣∣f̂(γ⋆a)∣∣∣∣∣∣ ≤ ∣∣∣ω̃a
1/4 − ω1/4

a

∣∣∣+ ∣∣∣ω1/4
a −

∣∣∣f̂(γ⋆a)∣∣∣∣∣∣ ≤ 2
√
ε′.

The algorithm. Recall the identity from Lemma 5.9: if x, y, z ← Unif({0, 1}n) and w ←
Unif(V ⊥0 ), then

ωa = E
x,y,z,w

[χha(w) · f(x) · f(y) · f(z) · f(x+ y + z + w)] , (4)

where χha is the Fourier character associated with ha.
Fix an integer m (to be chosen later) and repeat the following experiment independently for

i = 1, . . . ,m: sample xi, yi, zi ← Unif({0, 1}n) and wi ← Unif(V ⊥0 ), and set

ti := xi + yi + zi + wi.

Query f̃ on the four points xi, yi, zi, ti and define the base product

Bi := f̃(xi) · f̃(yi) · f̃(zi) · f̃(ti) ∈ {−1, 1}.

For each a ∈ {0, 1}s define

Z̃i,a := χha(wi) ·Bi ∈ {−1, 1}, ω̃a :=
1

m

m∑
i=1

Z̃i,a.

Finally, define
κa := (max{0, ω̃a})1/4 .

Note that the same queried values (the products Bi) are reused for all a, and the time to compute
all ω̃a is O(2s ·m).

Collision probability. Let Q denote the multiset of all queried points

Q := (x1, y1, z1, t1, . . . , xm, ym, zm, tm), q := |Q| = 4m,

where ti := xi + yi + zi + wi and wi ← Unif(V ⊥0 ). Let E be the event that all the q queried points
are distinct.

Fix any two distinct query occurrences Qu ̸= Qv in the list Q. We claim that Pr[Qu = Qv] ≤
2−n. If the two occurrences belong to different repetitions, this follows because the repetitions are
independent and every queried point is uniform over {0, 1}n. Within a single repetition, collisions
among xi, yi, zi have probability 2−n. Moreover, for example,

Pr[ti = xi] = Pr[yi + zi + wi = 0] = 2−n,

since, conditioned on wi, the sum yi + zi is uniform over {0, 1}n; the cases ti = yi and ti = zi are
identical. Hence, by a union bound,

Pr[¬E ] ≤
(
q

2

)
2−n ≤ q22−n.
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Sampling error in the noiseless experiment. Define the corresponding noiseless random
variables

Zi,a := χha(wi) · f(xi) · f(yi) · f(zi) · f(ti) ∈ {−1, 1}, ω̄a :=
1

m

m∑
i=1

Zi,a.

By Equation (4), for every fixed a we have E[Zi,a] = ωa, and the variables {Zi,a}mi=1 are independent.
By Chernoff, for every fixed a,

Pr

[
|ω̄a − ωa| >

(ε′)2

2

]
≤ 2 exp

(
−m(ε′)4

2

)
,

and a union bound over all a ∈ {0, 1}s gives

Pr

[
∃a ∈ {0, 1}s : |ω̄a − ωa| >

(ε′)2

2

]
≤ 2s · 2 exp

(
−m(ε′)4

2

)
.

Thus, setting

m = Θ

(
s+ log(1/δ)

(ε′)4

)
ensures that with probability at least 1− δ,

∀a ∈ {0, 1}s, |ω̄a − ωa| ≤
(ε′)2

2
. (5)

Robustness to adversarial corruptions. Assume now that the oracle answers satisfy the
promised corruption bound ∣∣∣{x ∈ Q : f̃(x) ̸= f(x) }

∣∣∣ ≤ 4ηq + 1.

Condition on the event E . Then each queried point appears in Q exactly once, and each corrupted
answer affects exactly one base product Bi (namely, the unique i for which the corrupted point is
one of xi, yi, zi, ti). Let

T :=
{
i ∈ [m] : ∃u ∈ {xi, yi, zi, ti} such that f̃(u) ̸= f(u)

}
be the set of corrupted repetitions. Since each i ∈ T accounts for at least one corrupted query, we
have |T | ≤ 4ηq + 1 = 16ηm + 1. Hence, Z̃i,a = Zi,a for all i /∈ T , and always Z̃i,a, Zi,a ∈ {−1, 1}.
Therefore, for every a,

|ω̃a − ω̄a| =

∣∣∣∣∣ 1m
m∑
i=1

(Z̃i,a − Zi,a)

∣∣∣∣∣ ≤ 1

m

∑
i∈T
|Z̃i,a − Zi,a| ≤

1

m
· |T | · 2 ≤ 32η +

2

m
≤ (ε′)2/2,

where the last inequality crucially uses the assumption on η, and also the choice of m. Combining
with (5), we obtain that on the event E and the sampling-good event (5), |ω̃a − ωa| ≤ (ε′)2 for
every a. By a union bound, with probability at least 1− δ− q22−n both events hold. Since ω̃ is an
average of {−1, 1}-valued variables, max{0, ω̃a} ∈ [0, 1] for all a as well, which concludes the proof.

Finally, since each repetition uses 4 queries to f̃ , the total number of queries is q = 4m =

O
(
s+log(1/δ)

(ε′)4

)
, and the running time is O(2s ·m) = O

(
2s·(s+log(1/δ))

(ε′)4

)
, as claimed.
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Next, we present the noisy variant of [GJK+24, Theorem 4.2] where the noise is adversarial
(and not random). This theorem gives a randomized algorithm that, given query access to an
adversarially corrupted query oracle, efficiently estimates the values of the t heaviest Fourier coeffi-
cients. Note that the algorithm only approximates the values f̂(γ) ∈ [−1, 1], and does not identify
the corresponding vectors γ ∈ {0, 1}n themselves.

Theorem 5.12 (GL⋆ with adversarial noise, noisy version of [GJK+24, Theorem 4.2]). For pa-
rameters ε, δ > 0, an integer t ≤ 2n and η = O(ε4), there exists a randomized algorithm that,
given query access to an η-adversarially corrupted query oracle f̃ as per Definition 5.7, makes
poly(log t, 1/ε, log(1/δ)) queries to f̃ and outputs σ1 ≥ · · · ≥ σt in [0, 1], such that

Pr
[∣∣∣∣∣∣f̂(γi)∣∣∣− σi

∣∣∣ ≤ ε for all i ∈ [t]
]
≥ 1− δ − o(1),

where γ1, . . . , γt are the vectors in {0, 1}n corresponding to the t Fourier coefficients of f with largest
absolute value, listed in non-increasing order. Its running time is poly

(
n, t, 1ε ,

1
δ

)
.

Proof sketch. The argument follows the proof of [GJK+24, Theorem 4.2] almost verbatim, with the
only change being that Claim 4.6 is replaced by its noisy analogue, Claim 5.11. Concretely, we run
the same algorithm GL⋆ (Algorithm 3 in [GJK+24]) with the same choice of parameters t, ε, δ and
the same random partitioning of {0, 1}n into 2s affine subspaces, where

s := 2 log

(
16

ε4
+ t

)
+ log

(
2

δ

)
.

The only place where the presence of noise changes the analysis is in the estimation of the quantities
ωa associated with each affine subspace Va. In the noiseless setting, Claim 4.6 guarantees that one
can estimate ωa to within additive error ε by applying it with error parameter ε′ = (ε/2)2 noiseless
queries. In the noisy setting, Claim 5.11 provides the same additive accuracy guarantee for ωa when
queries are answered by f̃ , at the cost of an additional additive error of q22−n, which is negligible in
n by the choice of s. Note that, as commented before Claim 5.11, the noiseless version works for any
subspace and then invoked separately for each of them, whereas our version works simultaneously
for all subspaces together (to avoid the situation where all the corruption is concentrated on a
single subspace).

Taking the error parameter when invoking Claim 5.11 to be δ/2, the same case analysis as in
the noiseless setting implies that, with probability at least 1− δ/2− o(1) ≥ 1− δ, the output values
σ1 ≥ · · · ≥ σt satisfy for all i ∈ [t] ∣∣∣∣∣∣f̂(γi)∣∣∣− σi

∣∣∣ ≤ ε.

The total number of queries to f̃ is O
(
(log(t+ 1/ε) + log(1/δ)) /ε8

)
, and the running time of the

algorithm is poly (n, t, 1/ε, 1/δ).

Learning a t-sparse function means learning its “heavy vectors”: the vectors of the top t Fourier
coefficients of a given function. The following definition formalizes what we mean by “top” coeffi-
cients.

Definition 5.13 (ε-top set, [GJK+24, Definition 4.1]). A set Γ ⊆ {0, 1}n is called an ε-top set with
respect to a Boolean function f : {0, 1}n → {−1, 1} if for every α ∈ {0, 1}n \ Γ and every β ∈ Γ we
have |f̂(α)| ≤ |f̂(β)|+ ε.
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We move on to the interactive setting. Recall that our original goal was a noisy protocol for
sparse Fourier functions, and that we planned to achieve one by first constructing such a protocol in
which the verifier has query access, and then applying a query-to-samples reduction on it to achieve
a protocol in which the verifier only uses samples. We recall the definition of noisy sample access
and noisy membership query access from the definition of noisy PAC verification (Definition 5.1),
with adaptation to the setting in which f : {0, 1}n → {−1, 1} instead of f : {0, 1}n → {0, 1}:

• Noisy membership queries: Access to a noisy membership queries oracle fη, where for every
input x, fη(x) = f(x) · b(x), where b(x) ∈ {−1, 1} satisfies

Pr[b(x) = −1] = η and Pr[b(x) = 1] = 1− η,

and is independent of x and across inputs x;

• Noisy samples: Access to random samples (x, y) with x ← D and y = f(x) · b′(x), where
b′(x) ∈ {−1, 1} satisfies

Pr[b′(x) = −1] = η and Pr[b′(x) = 1] = 1− η,

and is independent of x and across inputs x.

In any settings in which both oracles appear, they are always independent of each other.
The following theorem gives an interactive proof for learning the top t vectors associated with

the largest t Fourier coefficients of a Boolean function, even when the verifier and prover have access
to the same noisy membership query oracle. The verifier also has access to noisy samples, which is
compatible with the query-to-samples reduction (the samples will not be delegated to the prover
for labeling, only the queries). The protocol outputs an ε-top set Γ of t vectors and it is sound
even against cheating provers that have access to the clean function f .

This task is harder than merely approximating the largest t Fourier coefficients’ values, which
is achieved by Theorem 5.12: that algorithm approximates the values f̂(γ) but does not recover
the vectors γ themselves. In particular, it only estimates, for a randomly chosen affine subset,
the maximum coefficient inside the subset, without revealing which vector in the subset attains
this value. Following [GJK+24], we address this by letting the prover learn the vectors of the top
coefficients using its noisy membership query access, send these vectors to the verifier, and then
have the verifier check them using the algorithm of Theorem 5.12.

Theorem 5.14 (Noisy version of [GJK+24, Theorem 4.3]). There exists a single-message pro-
tocol with verifier V and prover P, such that, given ε, δ > 0, η = O(ε4) and 2−n/3 ≤ (1 −
2η)ε/96, and t ∈ N, the verifier makes poly(log t, 1/ε, log(1/δ)) noisy membership queries and
O
(
t · log(t/δ)/ε2(1− 2η)2

)
noisy samples, the communication complexity is t ·n, the verifier’s run-

ning time is poly(n, t, 1/ε, 1/(1 − 2η), 1/δ), and the prover’s running time is poly(n, t, 1/ε, 1/(1 −
2η), 1/δ). The verifier outputs a set Λ, which is either a set of size t or ⊥, such that:

• Completeness. There exists an honest prover P such that when V and P have query access
to the same noisy membership queries oracle fη and the verifier also has noisy sample access,
the output of the interaction Λ satisfies Pr[Λ is ε/3-top] ≥ 1− δ − o(1).

• Soundness. For any (unbounded) prover P, even when V only has access to an η-adversarially-
corrupted queries oracle f̃ and noisy samples, and P has clean access to f (and to fη), the
output of the interaction Λ satisfies Pr[(Λ ̸= ⊥) ∧ (Λ is not ε-top)] ≤ δ + o(1).
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Proof sketch. The proof follows the same high-level structure as [GJK+24, Theorem 4.3], with the
only change that all oracle accesses are replaced by accesses to fη, and the uses of GL and GL⋆ are
replaced by their noisy analogues from Theorems C.1 and 5.12.

First, in place of the noiseless learning step in [GJK+24], the honest prover runs Theorem C.1
with parameters (t, ε/3, δ/3) using query access to fη, and sends the resulting set Λ′ ⊆ {0, 1}n of
size t.

The verifier then performs exactly the same verification procedure as in the noiseless version,
except that wherever it estimates Fourier coefficients by sampling, here it implements the same step
using its noisy sample access to f : it draws independent points x ← Unif({0, 1}n) together with
noisy labels y(x) := f(x) · bV(x), where Pr[bV (x) = −1] = η and Pr[bV (x) = 1] = 1 − η, averages
the values y(x)χγ(x) to estimate

f̂ · bV(γ) = E
x
[y(x)χγ(x)] ,

and rescales by the factor 1− 2η to obtain an estimate for |f̂(γ)|. This rescaling is valid since

E
[
f̂ · bV(γ)

]
= (1− 2η)f̂(γ),

where the expectation is over the noise mask (see Theorem C.1 for full details). Thus, the same
concentration argument gives the required additive accuracy (with success probability at least

1 − δ/3 over the noise mask), using O
(

t·log(t/δ)
ε2(1−2η)2

)
noisy samples. Note that the query-to-samples

reduction that we apply in the next theorem explicitly allows the verifier to obtain noisy samples
in addition to simulating query access (see the last sentence of Theorem 5.8 and the discussion
following it).

By a Chernoff bound, after increasing the adversarial-noise from η to η + O(log(1/δ)/q) =
O(ε4), where q is the number of queries in the following invocation of Theorem 5.12, the random
noisy oracle satisfies the required adversarial-corruption bound with probability at least 1 − δ/3.
In addition, in place of GL⋆ on noiseless access to f , the verifier runs the noisy algorithm from
Theorem 5.12 with parameters (t, ε/6, δ/3) using its query access (which is fη in completeness
and f̃ in soundness), obtaining the same type of estimates used in the noiseless analysis with
poly(log t, 1/ε, log(1/δ)) queries.

The verifier applies the same acceptance condition as in the noiseless version, and the com-
pleteness argument is identical. Soundness in the model where the verifier can only access an
η-adversarially corrupted oracle follows from the soundness condition of Theorem 5.12.

The stated query complexity and running times follow directly from Theorems C.1 and 5.12
together with the verifier’s coefficient-estimation step. Finally, although P and V query the same
(persistent) noisy oracle fη, this causes no issue since the analysis is carried out conditioned on the
fixed function fη, and never uses any independence between the prover’s message and the verifier’s
tests.

Next, we present the main result of this section: an interactive protocol for verifying sparse
Fourier functions in the presence of noise. Rather than outputting a single hypothesis as in standard
PAC verification, the verifier outputs a set that approximates the t largest Fourier coefficients, for
any prescribed t. We adopt this formulation because the verifier needs access to the coefficients
themselves in order to check the prover. Since this guarantee is slightly different from the usual
PAC-verification formulation, we avoid using the term “PAC verification” in the theorem statement,
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consistent with the presentation in [GJK+24, Theorem 4.1] and [GRSY21, Lemma 2.3] (see also
[GRSY21, Remark 2.4]). As shown in [GRSY21, Appendix G], estimating the heavy coefficients
implies learning Fourier-sparse functions.

Theorem 5.15 (Verifying Fourier coefficients with noise (Theorem 1.8, formal)). Fix parameters
ε, δ ∈ (0, 1), t ∈ N and a noise rate η = O(ε4). There exists a 3-message protocol in which the
prover P is given noisy membership query access and the verifier V is given noisy sample access

as defined in Definition 5.1, such that, given ε, δ, t and η, the verifier uses poly
(
t, 1ε ,

1
1−2η , log

1
δ

)
noisy samples, the communication complexity is n · poly

(
t, 1ε ,

1
1−2η , log

1
δ

)
, the verifier’s running

time is poly
(
n, t, 1ε ,

1
1−2η ,

1
δ

)
, and the prover’s running time is poly

(
n, t, 1ε ,

1
1−2η ,

1
δ

)
. The verifier

outputs Λ, which is either a set of size t or ⊥, such that:

• Completeness. There exists an honest prover P such that when P has noisy membership query
access and V has noisy sample access, the output of the interaction Λ satisfies Pr[Λ is ε/3-top] ≥
1− δ − o(1).

• Soundness. For any (possibly unbounded) prover P, even when V only has noisy sample
access and P has clean access to f (and to fη), the output of the interaction Λ satisfies
Pr[(Λ ̸= ⊥) ∧ (Λ is not ε-top)] ≤ δ + o(1).

Proof sketch. The proof follows the same flow as the noiseless version of [GJK+24]: we apply the
query-to-samples reduction of Theorem 5.8 to the query-based protocol of Theorem 5.14. Three
conditions are needed to invoke this reduction:

1. Constructing membership-query sets. For every x ∈ {0, 1}n, it should be possible to efficiently
construct a membership-query set Q for the verifier conditioned on the event that a uniformly
random query position equals x. In [GJK+24, Theorem 4.1 and Proposition A.2], it is shown
that the verifier’s query pattern in the query-based protocol is linear (see [GJK+24, Defi-
nition 6.1]), and by Lemma 6.2 there, it is possible to construct the embedded query sets
required by the query-to-samples transformation. Our noisy analogue of GL⋆ does not change
the distribution or structure of the verifier’s query locations, so the same construction applies
here.

2. Uniform marginals for each query. Each query made by the verifier should have marginal
distribution Unif, since this is the distribution with respect to which the protocol’s guarantee
is defined. In the noiseless protocol, the marginal distribution of every query is uniform, and
the same remains true in our noisy variant because only the oracle answers are affected by
noise, while the verifier’s query locations are generated exactly as before.

3. Robustness to noisy membership queries. By construction of the protocol described in Theo-
rem 5.14, the completeness guarantee of the verifier holds when its queries are answered by
the prover’s noisy oracle fη, and its soundness guarantee holds when its queries are answered
by an η-adversarially corrupted oracle. This is exactly the access assumed by Theorem 5.8.

Hence we may apply Theorem 5.8 (with error parameter δ/8) to Theorem 5.14, obtaining a
3-message protocol in which the verifier replaces its query access by random noisy samples from f .
Completeness and soundness are inherited in a black-box way from the query-based protocol, and
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the stated sample complexity, communication complexity and running times follow by plugging the
parameters of Theorem 5.14 into Theorem 5.8.

Remark 5.16. Besides the fully noisy model of Theorem 5.15, it is also natural to consider the
intermediate setting in which only the verifier experiences noise, while the prover has clean mem-
bership query access to f . In this case, we can apply the one-sided noisy query-to-sample reduction
(Theorem 5.4) to the same query-based Fourier verifier from Theorem 5.14 (with P answering the
verifier’s membership queries using clean access to f). This yields a protocol in which the verifier
uses only noisy samples and the prover uses clean queries, whereas the analysis is simplified signif-
icantly: the verifier never has to deal with adversarially-corrupted queries, as the cheating prover
has no η-fraction “cheating budget” (this “budget” stems from the difference between the noise rate
of the honest prover and the clean labels). The sample, communication, and time complexities are
of the same order (and slightly better in their dependence on η) as in the fully noisy case, so for
simplicity we state and analyze only the stronger double-noisy version in the main theorem.

5.4 Justifying the Assumption on the Noise Rate

Theorem 5.15 assumes a noise rate η = O(ε4). This dependence arises from the robustness require-
ments of the query-based Fourier verifier (Theorem 5.14) and, ultimately, from the fact that the
verifier must distinguish genuine Fourier structure from noise using only corrupted access. In this
section we give evidence that some non-trivial relationship between η and the target accuracy pa-
rameter ε is unavoidable even for general protocols in our noisy access model. Concretely, we show
that if the noise rate is as large as Ω(ε), then a natural class of “query-to-sample-style” protocols
for identifying heavy Fourier coefficients would contradict the LPN assumption.

We first recall the decisional version of the Learning Parity with Noise problem (LPN). This
formulation is polynomially equivalent (in terms of hardness) to the more common search version,
which has long served as a well-studied and widely used computational hardness assumption in
cryptography and complexity theory.

Definition 5.17. Fix n,M ≥ 1 and a noise rate p′ ∈ (0, 1/2). An LPN sample is a pair (A, y)
where A ∈ {0, 1}M×n and y ∈ {0, 1}M . The LPN problem is to distinguish between the following
two distributions, both efficiently samplable in time poly(n,M) given (n,M, p′):

• YES: sample A ← {0, 1}M×n and s ← {0, 1}n uniformly, sample e ∼ Bernoulli(p′)M , and
output (A, y) := (A,As⊕ e), where As is computed over F2.

• NO: sample A← {0, 1}M×n and u← {0, 1}M uniformly, and output (A, y) := (A, u).

An algorithm D is a distinguisher for LPN with advantage ε if

|Pr[D(A, y) = 1 | (A, y) ∼ YES]− Pr[D(A, y) = 1 | (A, y) ∼ NO]| ≥ ε.

We say that LPN is hard (for parameters n,M, p′) if every efficient D has negligible advantage.

Theorem 5.18 (A barrier when the noise exceeds the accuracy). Assume that LPN is hard for
M = O(n/ε2) samples and noise rate 1/4, as per Definition 5.17. Fix parameters δ ∈ [0, 1/3),
ε ∈ (0, 1/2), and a noise rate η ∈ [ε, 1/2).

Then there is no protocol in the noisy access model of Definition 5.1 for the task of outputting an
explicit nonempty ε-top set which, with M = O(n/ε2) noisy verifier samples and poly(n, 1/ε, 1/η)
verifier running time, satisfies:
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• Completeness: there exists an efficient prover strategy (with access to the same noise model
as in Definition 5.1) such that, for every f , causes the verifier to accept with probability at
least 1− δ and output an ε-top set for f ; and

• Soundness: for every f and every (possibly unbounded) cheating prover (with access to the
clean f), the verifier either rejects or outputs an ε-top set for f with probability at least 1− δ.

Proof. We assume towards contradiction that such a protocol ⟨P,V⟩ exists. We will define a
distribution over inputs f for which soundness fails.

Let γ⋆ ← {0, 1}n be a uniformly random vector. Define the noise rate p := 1−2ε
2 ≥ 0 , and let

α : {0, 1}n → {0, 1} be a random noise mask with i.i.d. coordinates sampled from Bernoulli(p), that
is,

∀x, Pr[α(x) = 1] = p.

Define
f(x) := χγ⋆(x) · (−1)α(x),

where we recall that χγ(x) := (−1)⟨γ,x⟩ in {−1, 1}-encoding. Intuitively, f is a parity χγ⋆ multiplied
by independent noise of bias 2ε.

Claim 5.19. With probability 1 − o(1) over the choice of γ⋆ and α, every nonempty ε-top set for
f must contain γ⋆.

Proof. First,

f̂(γ⋆) = E
x

[
(−1)α(x)

]
is an average of 2n independent {−1, 1} random variables with expectation 2ε. Hence, by a Chernoff
bound,

Pr
[∣∣∣f̂(γ⋆)− 2ε

∣∣∣ > ε/5
]
≤ 2 exp(−Ω(2nε2)).

Thus, with probability 1− o(1), |f̂(γ⋆)| ≥ 9ε/5. Fix any γ ̸= γ⋆. Then

f̂(γ) = E
x

[
χγ⋆⊕γ(x) · (−1)α(x)

]
,

which is an average of 2n independent {−1, 1} random variables. Moreover, its expectation over α
is 0: indeed, for each fixed x we have

E
α(x)

[
(−1)α(x)

]
= 1− 2p = 2ε,

and hence

E
α

[
f̂(γ)

]
= E

x

[
χγ⋆⊕γ(x) · E

α(x)

[
(−1)α(x)

]]
= 2ε · E

x
[χγ⋆⊕γ(x)] = 0,

since γ ̸= γ⋆. A Chernoff bound gives

Pr
[
|f̂(γ)| > ε/5

]
≤ 2 exp

(
− Ω(2nε2)

)
.

By a union bound over all γ ̸= γ⋆, with probability 1 − o(1) we have |f̂(γ)| ≤ ε/5 for all γ ̸= γ⋆.
Now if a set Γ does not contain γ⋆, pick any β ∈ Γ. Then the ε-top condition would require

|f̂(γ⋆)| ≤ |f̂(β)|+ ε ≤ ε/5 + ε,

which is a contradiction. Hence γ⋆ ∈ Γ.
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We next show that when η ≥ ε, there exists an η-rate flipping strategy that (i) is indistinguish-
able from honest noise in the mismatch test, and yet (ii) completely erases the correlation with
χγ⋆ .

Claim 5.20. Assume η ≥ ε. There exists a distribution over functions r : {0, 1}n → {0, 1} such
that:

1. For every x ∈ {0, 1}n, Pr[r(x) = 1] = η.

2. For every x ∈ {0, 1}n, α(x)⊕ r(x) is uniform in {0, 1}.

3. Letting f̃(x) := f(x) · (−1)r(x) = χγ⋆(x) · (−1)α(x)⊕r(x), the function f̃ is distributed as a
uniformly random Boolean function (and in particular is independent of γ⋆).

Proof. We define r by sampling its values independently across points, conditioned on α. Let

a :=
η − ε

1− 2ε
, b :=

η + ε

1 + 2ε
.

Note that a ≥ 0 exactly when η ≥ ε, and trivially a, b ≤ 1 since η < 1/2. For each x:

• if α(x) = 1, sample r(x) ∼ Bernoulli(a);

• if α(x) = 0, sample r(x) ∼ Bernoulli(b).

Then for every fixed x, using Pr[α(x) = 1] = (1− 2ε)/2 and Pr[α(x) = 0] = (1 + 2ε)/2,

Pr[r(x) = 1] =
1 + 2ε

2
· b+ 1− 2ε

2
· a = η,

proving Item 1. Moreover,

Pr[α(x)⊕r(x) = 1] = Pr[α(x) = 1, r(x) = 0]+Pr[α(x) = 0, r(x) = 1] =
1− 2ε

2
(1−a)+1 + 2ε

2
b =

1

2
,

proving Item 2.
Finally, by Item 2 and the fact that the values {α(x) ⊕ r(x)}x are independent across x, the

mask (−1)α(x)⊕r(x) is i.i.d. uniform in {−1, 1} across x. Multiplying a uniformly random truth table
by the fixed parity χγ⋆ is a bijection, so f̃ is itself uniformly random and independent of γ⋆.

We now use the assumed protocol to solve LPN with noise rate 1/4. Let (zi, ℓi)i∈[M ] be the

given LPN samples. Sample a uniformly random function f̃ : {0, 1}n → {−1, 1} (lazily, as needed),
and run the honest prover P using f̃ as its noisy membership-query oracle.

Set
d := 2η(1− η), κ := ε(1− 2η), and θ0 := d− 2κ, θ1 := d+ 2κ.

Since η ≥ ε, we have θ0, θ1 ∈ [0, 1]. For each i, write f̃(zi) = (−1)b̃i , let ti := ℓi ⊕ b̃i, sample
ci ← Bernoulli(θti), and give V the noisy sample (zi, f̃(zi)(−1)ci). We condition on the event that
the M sample points are distinct, whose failure probability is o(1).

If the LPN instance is a NO instance, then each ti is uniform, and hence

Pr[ci = 1] =
θ0 + θ1

2
= d = 2η(1− η).
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Therefore the joint distribution of f̃ and the verifier’s samples is exactly that obtained by choosing
a uniformly random underlying function and giving P and V two independent η-noisy views of it.
By completeness, Pr[V accepts | NO] ≥ 1− δ − o(1).

Now suppose the LPN instance is a YES instance with secret γ⋆, so that ℓi = ⟨γ⋆, zi⟩ ⊕ ei with
ei ← Bernoulli(1/4). Write f̃(zi) = χγ⋆(zi)(−1)ui . Then ti = ui ⊕ ei, and therefore

Pr[ci = 1 | ui = 0] = d− κ, Pr[ci = 1 | ui = 1] = d+ κ.

On the other hand, from Claim 5.20, where u = α⊕ r, Bayes’ rule gives

Pr[r = 1 | u = 0] = η − ε and Pr[r = 1 | u = 1] = η + ε.

After adding an independent verifier-noise bit of rate η, the corresponding disagreement probabili-
ties with f̃ are d− κ and d+ κ, respectively.

Hence the simulated YES execution is exactly distributed as an execution on the hard function
f(x) = χγ⋆(x)(−1)α(x) with the cheating prover that samples r as in Claim 5.20, defines f̃ =
f · (−1)r, and runs the honest prover P using f̃ as its oracle. This is a valid cheating strategy, since
the prover is unbounded and, on the high-probability event established in the proof of Claim 5.19,
can recover γ⋆ from f .

If the verifier’s acceptance probabilities in the YES and NO LPN cases differ by a non-negligible
amount, this already distinguishes LPN. Otherwise, Pr[V accepts | YES] ≥ 1 − δ − o(1). By
soundness and Claim 5.19, Pr[γ⋆ ∈ Γ | YES] ≥ 1 − 2δ − o(1), which is a positive constant since
δ < 1/3.

As V runs in polynomial time, |Γ| = poly(n, 1/ε). Using O(log |Γ|) fresh LPN samples, we
can test all candidates in Γ and identify γ⋆ with constant probability, contradicting the standard
search–decision equivalence for LPN.

5.5 Extensions

So far, in Definition 5.1 and throughout Sections 5.2 and 5.3, the verifier and the honest prover are
given the exact noise rate η as an explicit input. In some settings, however, it is more natural to
assume that the parties only know an upper bound ηb ≥ η on the actual noise rate. In this case, the
cheating prover (that we do not want to restrict) may know the true η and exploit the gap ηb − η
as a “cheating budget”, by introducing additional corruptions while still remaining statistically
consistent with the verifier’s noisy view. In this subsection we show that all of our protocols extend
to this setting with only minor changes: roughly, we tune all thresholds and repetition parameters
using ηb (the worst case), and require robustness against 2ηb-adversarial query corruptions.

Definition 5.21 ((ε, δ, ηb)-Noisy PAC verification with unknown noise rate). For parameters δ, ε >
0 and an upper bound ηb ∈ [0, 1/2), a concept class C is (ε, δ, ηb)-Noisy PAC Verifiable with
unknown noise rate with hypothesis class H over a distribution D on {0, 1}n, if there exists an
interactive protocol between a verifier V and a prover P, taking explicit inputs 1n, ε, δ, ηb and noisy
oracle access to a target function f : {0, 1}n → {0, 1}, such that the following holds.

Fix an actual noise rate η ∈ [0, ηb] (which is not given to V or P) for which the honest prover
and verifier receive oracle access as in Definition 5.1 with rate η, namely:

• the honest prover gets full access to a noisy membership queries oracle fη, where for every
input x, fη(x) = f(x)⊕ bP(x) and bP(x)← Bernoulli(η) is independent of x and independent
across inputs x;
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• the verifier gets noisy random samples (x, yV) with x ← D and yV = f(x) ⊕ bV(x), where
bV(x) ← Bernoulli(η) and is independent of x and across inputs x, and also independent of
all {bP(x)}x.

In both cases, the noise is persistent: each input x is always paired with the same (possibly flipped)
label. At the end of the protocol the verifier outputs either a hypothesis h ∈ H or ⊥, and the
following hold for every f and every actual noise rate η ∈ [0, ηb]:

1. Completeness. There exists an honest prover P (that only knows ηb) such that the output
of the interaction satisfies

Pr [(h ̸= ⊥) ∧ (∆(f, h) ≤ ∆(f, C) + ε)] ≥ 1− δ.

2. Soundness. For every unbounded cheating prover P̃ (that has access to the clean f and η),
the output of the interaction satisfies

Pr [(h ̸= ⊥) ∧ (∆(f, h) > ∆(f, C) + ε)] ≤ δ.

The probability is over the randomness of the samples, the internal randomness of P and V, and
the randomness of the noise masks {bP} and {bV}.

Note that when ηb = η is exact, Definition 5.21 coincides with Definition 5.1.

We briefly describe the required changes to Theorems 5.4 and 5.8. The major change is that the
verifier-only-noise reduction requires a much stronger soundness assumption for it to apply. In both
reductions, the verifier’s first test compares the empirical mismatch rate (i.e., based on the prover’s
labeling) to its expected baseline, and is tuned to detect an additive deviation of order (1− 2η)/q.
When only ηb is known, we tune these parameters to the worst case η = ηb.

• Thresholds and repetition. Replace every occurrence of η in the definition of γ, the
threshold TZ , and the repetition parameter t by ηb. Concretely, in the verifier-only-noise
reduction one sets

γ :=
1− 2ηb
20q

, TZ := (ηb + γ) · t, t := Θ
(
q2 · (1− 2ηb)

−2 · log(1/δ)
)
,

and in the two-noise reduction one sets

TZ := (2ηb(1− ηb) + γ) · t

with the same γ and t.

• Soundness assumptions. In Theorem 5.8, define η⋆b := 2ηb(1−ηb). When only ηb is known,
we require that the soundness error of VQ be at most δ even when VQ only has access to
an η⋆b -adversarially corrupted query oracle. Accordingly, throughout Case 2 of the proof we
replace the “heavily corrupted” threshold 4ηq+1 by 4η⋆b q+1. Indeed, if L/(tq) ≥ η⋆b+1/(10q),
then for every η ≤ ηb, Equation (3) gives

E[Z]

t
≥ η + (1− 2η)η⋆b +

1− 2η

10q
≥ η⋆b + 2γ,
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so the Case 1 concentration argument remains valid. Otherwise, L/(tq) < η⋆b + 1/(10q), and
the Case 2 argument gives that fewer than t/4 iterations have more than 4η⋆b q+1 corruptions.

Importantly, the same issue arises already in the verifier-only-noise reduction of Theorem 5.4.
While Theorem 5.4 in the known-noise setting does not assume any robustness of VQ beyond
standard (clean-query) soundness, in the upper-bound setting a cheating prover can use the
slack ηb−η as a “cheating budget” to introduce additional label corruptions while still passing
the mismatch test calibrated to ηb. As a result, extending Theorem 5.4 to the upper-bound
setting also requires the same soundness assumption of the double-noisy version: namely, that
VQ remains sound even with access to an ηb-adversarially corrupted query oracle.

With these changes, the completeness analyses become only easier when the true η is smaller
than ηb (since the mismatch baseline decreases), while soundness is preserved because we explicitly
treat the slack ηb − η as part of the adversarial corruption budget.

Next, we describe the changes needed for extending the Fourier verification protocols (Theo-
rems 5.14 and 5.15) to the setting where only an upper bound ηb ≥ η is known. In the query-based
protocol of Theorem 5.14, the only places where the exact noise rate is used are (i) in the robust-
ness parameter for adversarial query corruptions, and (ii) in the verifier’s coefficient-estimation
step, where noisy samples are averaged and then rescaled by 1− 2η to estimate |f̂(γ)|. When only
ηb is known, we replace the adversarial corruption parameter η everywhere on the soundness side
by η⋆b . For the verifier’s coefficient-estimation step, define

κ :=
1− 2η

1− 2ηb
≥ 1.

Dividing the noisy sample average by 1 − 2ηb yields an estimate of κf̂(γ) rather than of f̂(γ).
However,

0 ≤ κ− 1 =
2(ηb − η)

1− 2ηb
≤ 2ηb

1− 2ηb
= O(ηb).

Since |f̂(γ)| ≤ 1 and ηb = O(ε4), this introduces only an additional O(ε4) additive error.
To absorb this error, in the upper-bound variant we run both the direct coefficient-estimation

step and the GL⋆ estimation step with accuracy ε/12 instead of ε/6; this changes the complexities
only by constant factors. Taking the implicit constant in ηb = O(ε4) sufficiently small, we may
assume that

2ηb
1− 2ηb

≤ ε/6.

The original acceptance threshold 2ε/3 can then be kept unchanged. Indeed, in completeness, if the
claimed set is ε/3-top, the gap between an unclaimed coefficient and the smallest claimed coefficient
is at most ε/3, and the two ε/12 estimation errors leave a gap of at most ε/2 < 2ε/3. In soundness,
if the claimed set is not ε-top, some unclaimed coefficient exceeds some claimed coefficient by more
than ε; after the two ε/12 estimation errors and the additional rescaling error of at most ε/6,
the detected gap remains larger than 2ε/3. Thus the same acceptance test remains complete and
sound.

The condition η = O(ε4) in Theorem 5.14 is strengthened to ηb = O(ε4). The proof of Theo-
rem C.1 is invoked with τb := (1− 2ηb)ε/16− 2−n/3 as the GL threshold, with estimating f̂η(γ) to

accuracy (1−2ηb)ε/16, and ranking the candidates by |f̃η(γ)|. Since 1−2η ≥ 1−2ηb and the factor
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1 − 2η is common to all Fourier coefficients, the same ε-top-set guarantee follows. Finally, Theo-
rem 5.15 follows verbatim by applying the upper-bound version of the query-to-samples reduction
(Theorem 5.8 with parameter ηb) to the modified query-based verifier.

Throughout in Sections 5.2 and 5.3, all sample/query, communication, and running-time bounds
remain the same up to constants, except that every occurrence of η (and of (1− 2η)−1) is replaced
by the upper bound ηb.

We conclude with an upper-bound version of Theorem 5.15.

Theorem 5.22 (Verifying Fourier coefficients with an upper bound on the noise rate). Fix pa-
rameters ε, δ ∈ (0, 1), t ∈ N and an upper bound ηb = O(ε4). There exists a 3-message protocol
in the model of Definition 5.21 such that, for every actual noise rate η ∈ [0, ηb], the verifier uses

poly
(
t, 1ε ,

1
1−2ηb , log

1
δ

)
noisy samples, the communication complexity is n ·poly

(
t, 1ε ,

1
1−2ηb , log

1
δ

)
,

and the running times of the verifier and the prover are poly
(
n, t, 1ε ,

1
1−2ηb ,

1
δ

)
. The verifier outputs

Λ, which is either a set of size t or ⊥, such that:

• Completeness. There exists an honest prover P (that only knows ηb) such that for every
η ≤ ηb, when P has noisy membership query access and V has noisy sample access, the output
of the interaction Λ satisfies Pr[Λ is ε/3-top] ≥ 1− δ − o(1).

• Soundness. For any (possibly unbounded) prover P and every η ≤ ηb, even when V only
has noisy sample access and P has clean access to f and η, the output of the interaction Λ
satisfies Pr[(Λ ̸= ⊥) ∧ (Λ is not ε-top)] ≤ δ + o(1).

Different noise rates for the prover and the verifier. All of the results in this section extend
with only notational changes to the setting where the prover and verifier experience different noise
rates, denoted ηP , ηV ∈ [0, 1/2). We note that it is most natural to consider the regime ηP ≤ ηV ,
in which the prover’s labels are at least as reliable as the verifier’s, as suggested in [GRSY21] and
discussed above.

Indeed, the analysis does not rely on these rates being equal. We briefly sketch the required
changes. First, in the two-rate model, the baseline disagreement probability on a planted point is

η̄ := Pr[bP(x) ̸= bV(x)] = ηP(1− ηV) + ηV(1− ηP) = ηP + ηV − 2ηPηV ,

so every place where we previously used 2η(1 − η) is replaced by η̄. Second, when the verifier
estimates Fourier coefficients from its own noisy samples, the appropriate rescaling factor is (1 −
2ηV). Finally, the soundness loss in the query-to-samples step is governed by the prover-side
noise budget: since V must tolerate mismatch rates consistent with an honest prover that answers
according to noise rate ηP , a cheating prover can hide adversarial mislabelings within this tolerance,
yielding an ηP -adversarial corruption soundness requirement for the underlying query-based verifier
in Theorem 5.14. Consequently, the condition becomes ηP = O(ε4).

The same extension applies when the parties only know upper bounds ηP ≤ ηPb and ηV ≤ ηVb :
the verifier tunes all thresholds to the worst case induced by (ηPb , η

V
b ) (equivalently, to an upper

bound on η̄), uses (1−2ηVb ) as a conservative rescaling factor, and soundness uses the corresponding
worst-case adversarial-corruption budget.
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A Pairwise-Independent Hashing

Definition A.1 (Pairwise independence). A family H of functions h : {0, 1}q → {0, 1}m is pairwise
independent if for every distinct x, y ∈ {0, 1}q and every u, v ∈ {0, 1}m,

Pr
h←H

[h(x) = u ∧ h(y) = v] = 2−2m.

Definition A.2 (Toeplitz hash family [Gol08, Construction D.3]). Fix integers m, q ≥ 1. For a
Toeplitz matrix T ∈ {0, 1}m×q and a vector b ∈ {0, 1}m, define the map hT,b : {0, 1}q → {0, 1}m by

hT,b(z) = Tz ⊕ b.

We call {hT,b} the Toeplitz hash family, and its description length is q + 2m− 1 bits.

Claim A.3 (Toeplitz is pairwise independent, [Gol08, Proposition 8.25]). Let H = {hT,b} be as
in Definition A.2, with T uniform over all m × q Toeplitz matrices and b uniform in {0, 1}m,
independently. Then H is pairwise independent in the sense of Definition A.1.

B Proof of the Robust-IPP Lower Bound

In this section we prove Lemma 3.5, deferred from Section 3.4.
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Proof. The idea is to iterate the robust protocol t times, thereby driving the verifier’s query com-
plexity down to a constant while keeping the communication sublinear. In the first stage, we use
proximity parameter ε and robustness parameter ρ. In every subsequent stage, we use both param-
eters equal to ρ. This is valid because robust soundness implies that with high probability, after
the first stage the restricted input is ρ-far from the current accepting set, and the same argument
then propagates this ρ-distance throughout the remaining iterations. Thus, while the input length
shrinks at each stage, the relevant distance parameter remains fixed.

Fix
n0 := n and ε0 := ε,

and for each i ≥ 0 define

ni+1 := q(ni, εi)
17 and εi+1 := ρ.

Since q(m, ε′) ≤ m1−δ for every input length m and proximity parameter ε′, we have

ni+1 ≤ n1−δ
i for every i ≥ 0.

Since the completeness of the underlying robust protocols is bounded by an absolute positive
constant, there is an absolute constant a > 0 such that, if we run K independent copies of such
a protocol on a yes-instance, the probability that all K copies reject is at most exp(−aK). Fix
a sufficiently large absolute constant K0 such that exp(−aK0) ≤ 1/12, and a sufficiently large
absolute constant C such that exp(−aC log logm) ≤ 1/ log2m for all sufficiently large m.

Fix a sufficiently large constant N0 = N0(c, δ), to be specified below, and let t be the minimal
index such that nt ≤ N0. Since the input length shrinks by a polynomial factor at each round, it
follows that t = O(log logn). The final query complexity is q′ = nt ≤ N0 = O(1).

Selective amplification at each stage. At stage 0, we run K0 independent copies of the
communication phase of the corresponding robust protocol. At every subsequent stage i ≥ 1, we
run Ki := ⌈C log logni⌉ independent copies of its communication phase. For each copy j ∈ [Ki],
the verifier obtains a query set Qi,j and a decision predicate ϕi,j , and sends Qi,j together with the
succinct description ⟨ϕi,j⟩ to the prover. The prover then sends an index ji ∈ [Ki]. We retain only
this selected copy and write

Qi := Qi,ji , ϕi := ϕi,ji , Ai := {z ∈ {0, 1}|Qi| : ϕi(z) = 1}.

The verifier discards the other copies and continues the recursive composition only with the se-
lected query set and predicate. In completeness, the honest prover chooses any copy ji for which
ϕi,ji(xi|Qi,ji

) = 1, if such a copy exists, and chooses an arbitrary index otherwise.
The composed IPP is now defined recursively using these selectively amplified stages. In the

first stage, both parties execute the K0 communication phases of the robust IPP for the original
language L, with proximity parameter ε0 = ε and robustness parameter ρ; by definition, the verifier
does not access the input at this point. After the prover selects j0, let Q0 ⊆ [n] be the selected
query set, of size q0 = n1, and let ϕ0 : {0, 1}q0 → {0, 1} be the selected predicate. Let

A0 := {z ∈ {0, 1}q0 : ϕ0(z) = 1}.
17Formally, at each stage one may take ni+1 := |Qi|, the size of the selected query set. We use q(ni, εi) only as

an upper bound on this realized length. All subsequent inequalities use only ni+1 ≤ n1−δ
i , so the argument applies

verbatim to these execution-dependent lengths.
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The input to the next stage is the restricted string x1 := x|Q0 ∈ {0, 1}q0 , and the next stage uses
proximity parameter ε1 = ρ and robustness parameter ρ.

Note that A0 ∈ NC1 by the assumption that the decision predicate has a succinct description
(see Definition 2.4). Hence we may apply the robust protocol again, now to the language A0 ⊆
{0, 1}q0 and the input x1. Again, both parties execute only the communication phases, now in K1

independent copies. After the prover selects one of them, the verifier retains a query set Q1 ⊆ [q0]
of size q1 = n2, and a predicate ϕ1 : {0, 1}q1 → {0, 1}, with accepting set

A1 := {z ∈ {0, 1}q1 : ϕ1(z) = 1}.

The input to the next stage becomes x2 := x1|Q1 .
The parties continue in this manner for i = 2, . . . , t − 1. At stage i, they run Ki independent

copies of the communication phase of the robust protocol for the language Ai−1 on input xi, with
proximity parameter εi and robustness parameter ρ. After the prover selects one copy, the verifier
retains a query set Qi ⊆ [ni] of size qi = ni+1 and a predicate ϕi : {0, 1}qi → {0, 1}, with accepting
set

Ai := {z ∈ {0, 1}qi : ϕi(z) = 1}.
As above, each Ai is in NC1. For every i < t− 1, the next-stage input is defined by xi+1 := xi|Qi .

At the end, the verifier makes a single batch of oracle queries to the original input x, corre-
sponding to the coordinates of the final restricted string xt = x|Q0,Q1,...,Qt−1 , and accepts if and
only if ϕt−1(xt) = 1, or equivalently, if and only if xt ∈ At−1.

Queries and communication. Let q′ and cc′ denote the query and communication complexities
of the composed protocol. As we already saw, q′ = O(1): although we run several copies of the
communication phase at each stage, only the query set of the selected copy is followed, and the
verifier makes oracle queries only once, at the end of the entire composition.

For the communication complexity, stage i contains Ki copies of the communication of the
underlying robust protocol on inputs of length ni. In addition, the verifier sends the Ki query sets
and succinct decision predicates to the prover, and the prover sends the selected index ji. Thus,

cc′ ≤
t−1∑
i=0

Kicc(ni) +
t−1∑
i=0

Kini+1 log ni +
t−1∑
i=0

KiÕ(ni+1) +
t−1∑
i=0

O(logKi).

At stage 0, K0 = O(1), and therefore K0cc(n) = o(n) and K0n1 log n = O(n1−δ log n) = o(n), and
likewise K0Õ(n1) = o(n). For every i ≥ 1, we have ni ≤ n1 ≤ n1−δ and Ki = O(log log ni) =
O(logn). Since cc(m) = o(m), in particular cc(m) = O(m), and therefore

t−1∑
i=1

Kicc(ni) ≤ O(log logn) ·O(log n) ·O(n1−δ) = o(n).

Similarly,
t−1∑
i=1

Kini+1 log ni ≤ O(log log n) ·O(n1−δ log2 n) = o(n),

and
t−1∑
i=1

KiÕ(ni+1) ≤ n1−δpolylog(n) = o(n).
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The communication used to specify the selected indices is only polylog(n). Hence cc′ = o(n), and
since q′ = O(1), we conclude that q′ · cc′ = o(n).

Completeness. Assume that x ∈ L. Conditioned on all previous stages having succeeded, the
current restricted input belongs to the current language.

At stage 0, the honest prover has K0 independent copies from which to choose. By our choice
of K0, the probability that all of them reject is at most exp(−aK0) ≤ 1

12 .
At every stage i ≥ 1, the probability that all Ki copies reject is at most

exp(−aKi) ≤ exp(−aC log log ni) ≤
1

log2 ni

.

Therefore, by a union bound, the total completeness error is at most

1

12
+

t−1∑
i=1

1

log2 ni

.

We claim that the latter sum can be made arbitrarily small by choosing N0 sufficiently large. Since

log ni+1 ≤ (1− δ) logni,

we have
1

log2 ni

≤ (1− δ)2
1

log2 ni+1

.

Hence
t−1∑
i=1

1

log2 ni

≤ 1

log2 nt−1

∞∑
j=0

(1− δ)2j ≤ 1

(1− (1− δ)2) log2N0

,

where the last inequality uses nt−1 > N0. Choosing N0 sufficiently large so that this quantity is at
most 1/12, the total completeness error is at most 1/6, and in particular at most 1/3.

Soundness. This is where robustness is used at every phase. Let x be ε-far from L. We first
record the effect of selective amplification on robust soundness. At stage i, suppose that the current
input xi is εi-far from the current language. For each of the Ki copies, robust soundness implies
that the probability that its restricted input is less than ρ-far from its accepting set is at most
c/ logni. Therefore, by a union bound, the probability that any of the Ki copies is robustly bad
is at most Kic/ logni. Since the prover can select a robustly bad copy only if at least one such
copy exists, the same quantity upper-bounds the robust-soundness error of the selectively amplified
stage.

For each i = 0, . . . , t− 1, let

Goodi := {∆(xi+1, Ai) > εi+1}.

At stage 0, since x0 = x is ε0 = ε-far from L, we have

Pr[Good0] ≥ 1− K0c

log n0
.
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Moreover, for every i = 1, . . . , t− 1,

Pr [Goodi | Good0 ∧ · · · ∧ Goodi−1] ≥ 1− Kic

logni
.

Indeed, conditioned on Good0, . . . ,Goodi−1, the current input xi is εi-far from Ai−1, and so the
amplified robust-soundness bound applies at stage i.

For i ≥ 1, since Ki = ⌈C log logni⌉, we have

Kic

logni
≤ c

C log logni + 1

logni
.

We claim that these errors are summable along the recursion. Let us denote Li := logni. Since
Li+1 ≤ (1− δ)Li, for every i ≤ t− 1,

Li ≥
Lt−1

(1− δ)t−1−i
.

For sufficiently large N0, the function u 7−→ C log u+1
u is decreasing for all u ≥ logN0, therefore,

writing j = t− 1− i,

C logLi + 1

Li
≤ (1− δ)j

Lt−1

(
C logLt−1 + Cj log

1

1− δ
+ 1

)
.

Summing over i = 1, . . . , t− 1, and extending the corresponding sum over j to infinity, gives

t−1∑
i=1

Kic

logni
≤ c

Lt−1

(
C logLt−1 + 1

δ
+

C(1− δ)

δ2
log

1

1− δ

)
.

Since Lt−1 = lognt−1 > logN0, the right-hand side is O
(
log logN0

logN0

)
, which tends to zero asN0 →∞.

Moreover, since n > N0 whenever the composition is nontrivial, K0c
logn ≤

K0c
logN0

, and thus by choosing
N0 sufficiently large, we can ensure that

K0c

logN0
+

t−1∑
i=1

Kic

log ni
≤ 1

3
.

Consequently, the probability that there exists a good event that does not happen is upper-bound
by 1/3. If all the events Good0, . . . ,Goodt−1 occur, then in particular xt /∈ At−1, and therefore the
verifier rejects. Thus the acceptance probability on every ε-far input is at most 1/3.

To conclude, we note that the assumption in the lemma’s statement is stronger than needed for
the proof: it would suffice to assume that for every input length m and every language L′ ⊆ {0, 1}m
in NC1, there exists a (ρ, ρ)-robust IPP for L′ with the same additional properties.

Remark B.1 (Why robustness is necessary in Lemma 3.5). Composition replaces the top instance
x by a smaller instance x|Q, determined by a query set Q and a predicate ϕ with accepting set A.
For even a single step of the recursion to be sound on no-instances, we need an invariant that x|Q
already has nontrivial distance from A. A plain IPP does not provide such a distance guarantee;
it may only certify that x|Q /∈ A without ruling out that x|Q is within one bit of A. Robustness
supplies the needed gap, making the recursive step sound.
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C Noisy Goldreich-Levin

In this section, we prove a noisy analogue of the Goldreich-Levin learning algorithm. The proof of
Theorem C.1 consists of two conceptually separate parts. First, we show that the heavy Fourier
coefficients of the noisy function fη are essentially the same as those of the original function f : for

every γ ∈ {0, 1}n we have f̂η(γ) = (1−2η)f̂(γ)±2−Ω(n), so the noise merely rescales all coefficients
by the same factor (up to a negligible error) and does not change which γ-s are heavy. Second, we
apply the standard Goldreich-Levin algorithm to fη and wrap its threshold-based guarantee into
an ε-top-set guarantee (see Definition 5.13). This wrapper is not special to the noisy setting; it
is implicit already in the noiseless use of GL in [GJK+24], and we spell it out explicitly here for
completeness.

Theorem C.1 (Noisy Goldreich-Levin Learning Algorithm). Let f : {0, 1}n → {−1, 1} and let
η ∈ [0, 1/2). Let fη be the noisy membership queries oracle defined in Section 5.3. Fix parameters
1 ≤ t ≤ 2n and ε, δ ∈ (0, 1). There is a randomized algorithm that, given query access to fη, and
to explicit parameters n, t, ε, δ, η, runs in time

poly

(
t, n,

1

ε
,

1

1− 2η
, log

1

δ

)
and outputs a set Γ ⊆ {0, 1}n of size t, such that Γ is an ε-top set (with respect to f) with probability
at least 1− δ − o(1), provided that 2−n/3 ≤ ((1− 2η)ε) /32.

Proof. We start with relating f̂η and f̂ . Fix γ ∈ {0, 1}n, and let {b(x)}x∈{0,1}n be the noise mask,
where the bits are i.i.d. and satisfy Pr[b(x) = −1] = η for every x ∈ {0, 1}n. Then,

f̂η(γ) = E
x
[fη(x) · χγ(x)] = 2−n

∑
x∈{0,1}n

f(x) · b(x) · χγ(x).

Taking expectation over the random noise mask, we obtain

E
{b(x)}x

[
f̂η(γ)

]
= 2−n

∑
x∈{0,1}n

f(x)χγ(x) · E[b(x)] = (1− 2η) · f̂(γ).

Define Yx := f(x)b(x)χγ(x) ∈ {−1, 1}. Then {Yx}x∈{0,1}n are independent and

f̂η(γ)− (1− 2η)f̂(γ) = 2−n
∑

x∈{0,1}n
(Yx − E[Yx]) .

By a Chernoff bound, for an average of 2n independent random variables in [−1, 1], for any ρ > 0,

Pr
[∣∣∣f̂η(γ)− (1− 2η)f̂(γ)

∣∣∣ > ρ
]
≤ 2 exp

(
−2n−1ρ2

)
.

Choosing ρ = 2−n/3 gives

Pr
b

[∣∣∣f̂η(γ)− (1− 2η)f̂(γ)
∣∣∣ > 2−n/3

]
≤ 2 exp

(
−2n/3−1

)
.

By a union bound over all γ ∈ {0, 1}n, with probability at least

1− 2n · 2 exp
(
−2n/3−1

)
≥ 1− 2−Ω(n),
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the inequality ∣∣∣f̂η(γ)− (1− 2η)f̂(γ)
∣∣∣ ≤ 2−n/3

holds simultaneously for every γ ∈ {0, 1}n. In the remainder of the proof we condition on this
global event and incur an additional failure probability of at most 2−Ω(n).

We now describe the algorithm. Let τ := ε/16 and define

τη := (1− 2η)τ − 2−n/3.

Note that by the assumption that 2−n/3 ≤ ((1− 2η)ε) /32, it holds that τη > 0.
We invoke the standard Goldreich-Levin algorithm on fη with threshold τη and failure proba-

bility δ/3, and obtain a list L ⊆ {0, 1}n satisfying, with probability at least 1− δ/3, the following
properties:

1. Completeness: For every γ ∈ {0, 1}n, if |f̂η(γ)| ≥ τη then γ ∈ L.

2. Soundness: For every γ ∈ L, we have |f̂η(γ)| ≥ τη/2.

3. Size and running time:18 |L| ≤ 4/τ2η , and the running time is poly
(
n, 1

τη
, log 1

δ

)
.

Next, for each γ ∈ L we estimate f̂η(γ) by sampling. Draw m uniform and independent points
x1, . . . , xm ← Unif({0, 1}n) and compute

f̃η(γ) :=
1

m

m∑
i=1

fη(xi)χγ(xi).

By a Chernoff bound, for each fixed γ,

Pr
[∣∣∣f̃η(γ)− f̂η(γ)

∣∣∣ > (1− 2η)
ε

16

]
≤ 2 exp

(
−2m

(
(1− 2η)

ε

16

)2)
.

Choosing

m = Θ

(
1

(1− 2η)2ε2
log
|L|
δ

)
and taking a union bound over all γ ∈ L implies that, with probability at least 1− δ/3,∣∣∣f̃η(γ)− f̂η(γ)

∣∣∣ ≤ (1− 2η)
ε

16

holds simultaneously for all γ ∈ L.
Define the estimated values of the Fourier coefficients of f by

ω̃(γ) :=
|f̃η(γ)|
1− 2η

.

18This third property is either explicitly included in the usual GL theorem statement, or follows immediately from
Parseval.
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On the global event we conditioned on earlier, and the sampling-accuracy event above, we have for
every γ ∈ L, ∣∣∣|f̃η(γ)| − (1− 2η)|f̂(γ)|

∣∣∣ = ∣∣∣|f̃η(γ)| − |(1− 2η)f̂(γ)|
∣∣∣

≤
∣∣∣f̃η(γ)− (1− 2η)f̂(γ)

∣∣∣
≤
∣∣∣f̃η(γ)− f̂η(γ)

∣∣∣+ ∣∣∣f̂η(γ)− (1− 2η)f̂(γ)
∣∣∣

≤ (1− 2η)
ε

16
+ 2−n/3.

Dividing by 1− 2η gives ∣∣∣ω̃(γ)− |f̂(γ)|∣∣∣ ≤ ε

16
+

2−n/3

1− 2η
≤ ε

8
, (6)

where the last inequality uses τη > 0, which implies 2−n/3 ≤ (1− 2η)ε/16. Overall, we got that the

values ω̃(γ) estimate |f̂(γ)| up to an additive error of at most ε/8 for every γ ∈ L.
Finally, we output Γ as follows. If |L| ≥ t, let Γ be the set of the t elements of L with the

largest values of ω̃(γ). If |L| < t, define Γ := L and add arbitrary distinct elements from {0, 1}n \L
until |Γ| = t.

We prove that Γ is an ε-top set for f . Let β⋆ = argminβ∈Γ

{∣∣∣f̂(β)∣∣∣}. It suffices to show that

for every α /∈ Γ,
|f̂(α)| ≤ |f̂(β⋆)|+ ε,

because then for every β ∈ Γ we also have |f̂(β⋆)| ≤ |f̂(β)|, and hence |f̂(α)| ≤ |f̂(β)| + ε as
required by Definition 5.13. Next, we fix α /∈ Γ and split into two cases:

• Case 1: α /∈ L. By the GL guarantee, |f̂η(α)| < τη. By the global event relating f̂η and f̂ ,

(1− 2η)|f̂(α)| ≤ |f̂η(α)|+ 2−n/3 < τη + 2−n/3 = (1− 2η)τ,

so |f̂(α)| < τ = ε/16. Since |f̂(β⋆)| ≥ 0, this implies |f̂(α)| ≤ |f̂(β⋆)|+ ε.

• Case 2: α ∈ L \ Γ. By construction of Γ (taking the top t elements in L by ω̃), we have
ω̃(α) ≤ ω̃(β⋆). Using Equation (6) on α and on β⋆,

|f̂(α)| ≤ ω̃(α) +
ε

8
≤ ω̃(β⋆) +

ε

8
≤ |f̂(β⋆)|+ ε

4
.

In both cases we have shown |f̂(α)| ≤ |f̂(β⋆)|+ ε, and therefore Γ is an ε-top set with respect
to f .

It remains to bound the failure probability and running time. The failure events are: failure
of the global Fourier-relation event (probability 2−Ω(n)), failure of the GL algorithm (probability
at most δ/3), and failure of the coefficient-estimation step (probability at most δ/3 as well). Thus
the overall success probability is at least 1− δ− 2−Ω(n) = 1− δ− o(1). The running time is the GL

running time plus the coefficient-estimation step, which is poly
(
t, n, 1ε ,

1
1−2η , log

1
δ

)
.
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