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Algebraic-Geometric Parvaresh—Vardy Subspace
Designs and Rank Condensers
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Abstract

A subspace design is a collection of subspaces Hy,...,H, of F’; with the property that
no low-dimensional subspace W intersects the collection “too much”. Subspace designs
and related objects in linear-algebraic pseudorandomness have found a broad range of ap-
plications, ranging from list decoding and recovery, to derandomizing algorithms.

We construct explicit strong subspace designs over every finite field. In the extremal
case where the co-dimension ¢ of each H; is equal to the dimension of W, for every constant
field size our construction attains n = Q(k) and matches the probabilistic intersection bound
up to a constant factor. All previous constructions required the field size to grow with ¢ (or
k). Our subspace designs also imply new construction of rank condensers over arbitrary
finite fields. This result is the first to achieve an optimal dependence on k while maintaining
both a constant output entropy rate and a constant field size. As an application, we construct
lossless rank extractors for linear sources of rank r, for all r < g, with parameters matching
those of Guo, Raj, Shangguan and Zhang (FOCS ’26), thereby generalizing their result to
prime fields and smaller field sizes.

Our construction is based on an algebraic-geometric version of the Parvaresh—Vardy
codes (Parvaresh—Vardy FOCS ’05, Guruswami ECCC °05), extending the framework un-
derlying the condensers of Guruswami, Umans and Vadhan (JACM ’09). We view our
construction as a linear-algebraic analysis — tailored to affine sources — of the GUV con-
struction, generalized to functions over algebraic curves. More specifically, inspired by
Ta-Shma and Umans (CCC 12°) we develop a two-level evaluation scheme, where we first
evaluate a function on a curve at extension-field points, and then evaluate a corresponding

affine-linear polynomial to obtain outputs over the base field.
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1 Introduction

Algebraic pseudorandomness studies algebraic analogues of traditional, combinatorial, pseu-
dorandom objects, wherein the families of tests we wish to fool are characterized by linear
subspaces rather than arbitrary sets. Often, we seek to efficiently construct a collection of linear
subspaces that enjoy random-like properties with respect to an arbitrary linear subspace. Such
examples include subspace designs, rank extractors and condensers, and dimension expanders
(see [GRO8, FS12, GK16, FG15, CI17, GXY 18] for a sample of earlier works). Beyond be-
ing natural and interesting in their own right, the linear-algebraic pseudorandom objects have
found many applications, the earlier of which include, e.g., list decoding [GX12], randomness
extractors [GRO8], and polynomial identity testing [KS11, FS12].

Very recently, research in linear-algebraic pseudorandomness has regained renewed mo-
mentum, with new constructions [GRSZ26, GGH26] and exciting applications. These appli-
cations include, most prominently, subspace design codes and new results in list decoding and
list recovery [CZ25, BCDZ26, GGH26, GG26]. Other applications include strong blocking
sets [GRSZ26], tensors rank [Dvi25], and the breakthrough result of bipartite matching in NC
[CGGT26] (see also [KS26]).

Subspace Designs. The object this work focuses on is subspace designs, first defined by
Guruswami and Xing [GX12].

Definition 1.1 (Subspace design). Let g be a prime power, let | <r <t <k, let n > 1 be an
integer and A > 0, and let 7€ = (H;) ic[n) be a collection of subspaces of FX, each of codimension
at most t. We say that 7€ is an (r,A)-weak subspace design if every r-dimensional subspace
k .
W< IFq satisfies
[{ien]: HinW # {0}}| <A.

We say that 7 is an (r,A)-strong subspace design if for every such W we have

n
Y dim(H;nW) <A.
i=1

In either case, we say that the design has codimension t.

Naturally, our goal is to minimize A and maximize n, while keeping ¢ as close to r as
possible. In this paper, our primary focus is on strong subspace designs, which we simply refer

to as subspace designs.

Q(r)

The probabilistic method guarantees the existence of a subspace design with n = ¢**\" and



A = O(rk/t) whent > 2r' (see [GK16, Lemma 4]). In the regime r = ¢, the behavior is quite
different. There, it yields n = Q(rk log'/?(¢)) and A = (1 + 04(1))r(k —r) (see [GRSZ26,
Theorem A.1]).

Our goal is to provide explicit constructions, meaning we seek an algorithm that outputs
such an object in time poly(k, g,n,A). Similarly, throughout this paper, by explicit we mean that
the object can be constructed by a deterministic algorithm running in time polynomial in the
relevant parameters. We allow the running time to be poly(q) rather than poly(logg) because
whenever ¢ > poly(k), there are already strictly better constructions [GK16] that achieve poly-
logarithmic time. We therefore disregard this technicality and simply bound the running time
by poly(g).

When ¢ > 2r, the first explicit constructions with essentially optimal intersection bounds,
due to Guruswami and Kopparty [GK16], require ¢ > k. Later, Guruswami, Xing, and Yuan
[GXY 18] generalized the [GK16] construction to function fields, which provided a construction

over every finite field, but with the weaker bound

rk log, k
A:0<—gq )
t—r+1

When ¢t = O(r), the size of this collection is n = ’;‘qo(l)

, which again requires ¢ to grow with k
in order to provide a non-trivial result. Recently, Goyal, Guruswami and Hsieh [GGH26] used
the expander-based Alon-Edmonds-Luby (AEL) framework to construct subspace designs over
any finite field with A = O(rk/t), but with t = poly(r) - ¢" g

In this paper, our focus is on the regime r = . Guo, Raj, Shangguan, and Zhang [GRSZ26]
recently constructed explicit subspace designs with A = O(rk) and n > ql/ 44, for all non-prime
field sizes g such that g > poly(r). For prime fields in this regime, and for smaller field sizes,
they obtain subspace designs with larger bounds on A; That is, either multiplied by a super-
polynomial factor in r, or by an exponential factor in r, respectively. Hence, their construction
achieves the optimal value of A up to a constant, whenever ¢ > poly(r). This is the first con-
struction that achieves near-optimal parameters and field size independent of the ambient-space
dimension k, but rather depends only on the dimension of the test subspace r.

The main contribution of this work is a new, explicit construction of strong subspace de-

signs.

Theorem 1.2 (Corollary 4.7, simplified). Let g be a prime power, let 0 < y < 1, and let k > 2.
For every 1 < r < k, there exists an explicit (r,A) subspace design S of n subspaces of F¥,

"More precisely, this holds for any ¢ > ar where « > 1.

“This is the extremal case, as the sum of the dimensions of a subspace in the collection and the test subspace
exactly equals the dimension of the ambient space. Any increase in either dimension trivially forces a non-zero
intersection; thus, this is the regime where one expects the largest bound A.
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each of codimension at most r, satisfying
3 1
nzO(qk/f), A=|—-+7v]|m.
q
Moreover, every nonzero subspace W < IF’; of dimension at most r satisfies
. 1 .
Egerdim(WNH) < | —+7v | dimW.
q

Crucially, our construction applies to arbitrary field sizes while simultaneously achieving
t = r. Moreover, it achieves the optimal value of A up to a poly(q) factor, which is simply a
constant when ¢ itself is constant. For fields of square size, we further improve this bound to
A = 6rk (see Theorem 3.8).

We also consider related linear-algebraic pseudorandom objects, whose constructions follow

primarily from our results on subspace designs.

Lossy rank condensers. We first consider lossy rank condensers, originally introduced by
Forbes, Saptharishi and Shpilka in [FSS14] for applications to read-once algebraic branching
programs (though they specifically considered the /ossless variant; see Definition 1.5). Later,
Forbes and Guruswami [FG15] constructed lossy rank condensers via a reduction from the
subspace designs of [GK16], and applied them to construct dimension expanders. We begin
with the definition.

Definition 1.3 (Lossy rank condenser). Let g be a prime power, let 1 <r <t <k, letn > 1 be
an integer, let €,6 € [0,1], and let & = (E;);c|) be a collection of matrices in F;Xk. We say that

& is an (r,€,06)-lossy rank condenser if every rank-r matrix M € ]ngr satisfies
{i € [n] : rank(E;M) < (1 —€)r}| < &n.

In [FG15], lossy rank condensers were defined as the special case 0 = 1 — 1/n of the above
definition. In this case, for every rank-r matrix M, at least one matrix E; satisfies rank(E;M) >
(1 —€)r. We find it more natural to refer this object as a lossy rank disperser.

Our subspace designs yield lossy rank condensers with output dimension ¢ = r.

Theorem 1.4 (Corollary 4.8). Let g be a prime power, and let €, € (0, 1] satisfy g > 1/(€9).

For every integers 1 <r <k, there exists an explicit (r,€, 8 )-lossy rank condenser & = (E;);c[n) C

F;Xk of size .
_ qk
”‘0<<86—1/q>5>‘



The primary feature of this construction is that it works over any constant field size ¢ while
maintaining a constant output entropy rate — by choosing a constant € < 1. Previously, all
constructions required either a growing field size (e.g., [FG15, GRSZ26]) or a vanishing output
entropy rate (e.g., [GXY 18, GGH26]) — that is, the rank of their promised output subspace was
sublinear in the dimension of the output space®. We refer the reader to Section 4.5, where we
also spell out the implications of our result (and previous results) to linear seeded condensers
for affine sources, which might be useful from a pseudorandomenss perspective.

Lossless rank extractors. A lossless rank extractor is simply an (r,0, §) lossy rank condenser

in which r = t, and therefore retains all the entropy.

Definition 1.5 (Lossless rank extractor). Let g be a prime power, let 1 <r <k, letn > 1, and let
& = (Ei)je|n) be a collection of matrices in Fng. For 8 > 0, we say that & is an (r,§)-lossless

rank extractor if every rank-r matrix M € IE'I;X’ satisfies
|{i € [n] : rank(E;M) < r}| < 6n.

The collection & is called an r-lossless rank disperser if for every rank-r matrix M € ]F’q‘xr there
exists i € [n] such that rank(E;M) = r.

Observe that to obtain r-lossless rank dispersers over I, it suffices to construct a subspace
design with # = r such that A < n. Any subset of size A+ 1 from this design then yields an r-
lossless rank disperser. This observation was used in both [FG15] and [GRSZ26]. The former,
which relied on the subspace designs of [GK16], required ¢ > r(n — r). The latter provided the
first construction over a field size independent of k, requiring only ¢ > poly(r). Furthermore,
for non-prime fields they achieved A = O(rk) for infinitely many k > r (or A = O(grk) for all
k > r), whereas over large prime fields they incurred the weaker bound A = O(rO(l"g r) rk). By
contrast, our construction improves the field size requirement to ¢ > r/d and applies to both
prime and non-prime fields, at the cost of increasing A by a poly(r,¢) multiplicative factor.

Theorem 1.6 (Corollary 4.9). Let 1 < r < k be integers, and let 0 < 6 < 1. For every prime
power q > 1/, there exists an explicit (r,8)-lossless rank extractor & = (E;)ic[y) C IF;X" of size

3.5
r’k
o).
(6—r/q)
In particular, for every prime power q > r, there exists an explicit r-lossless rank disperser over
F, of size O(rkg®).

3 An exception is [GUV09], which allows any field and achieves constant entropy, but with significantly larger




Strong blocking sets. Introduced by [Ric56], blocking sets are classical objects in finite ge-
ometry, that characterize the minimal structure necessary to guarantee large intersection with
all subspaces of a given codimension. More formally, for 1 < s < k— 1, a strong s-blocking
set in PG(k — 1, ¢q) satisfies that its intersection with an arbitrary codimension-s projective sub-
space, spans this subspace. The challenge is to explicitly construct strong blocking sets of
minimal size. As shown in [FS14, FS16], lossless rank dispersers imply strong blocking sets.
Applying this reduction to our (s + 1)-lossless rank dispersers gives, for every prime power
q > s+ 1 and every k > s+ 1, an explicit strong s-blocking set of size O(SSkq”g); see Corol-
lary 4.12. Let co be the absolute constant in [GRSZ26, Corollary 6.2]. When g = sO(l), our
bound O (kqsso(l)) improves all applicable previous bounds, by an exponential factor. For a
prime (2s5)° < g < poly(s), it improves upon previous results by a quasipolynomial factor in
s. We give a detailed discussion, together with the formal definitions and statements, in Sec-
tion 4.4.

1.1 Proof technique

As in the work of Guruswami, Umans, and Vadhan [GUV09], our subspace designs are based
on Parvaresh—Vardy codes. Conceptually, our basic construction can be viewed as (a function
field generalization of) the GUV construction, equipped with a linear-algebraic analysis that
exploits the affine structure of the sources. In this subsection, we adopt the dual perspective of
rank condensers to draw a more direct comparison with their construction.

The GUV construction evaluates low degree polynomials over a finite field, and the seed of
the condenser is parametrized by field elements. In the context of rank condensers, this means
that each map corresponds to a unique element of the underlying field — and therefore the field
size must grow together with other parameters.

To circumvent this, we instead use functions over algebraic curves, with a growing number
of points. Combined with our linear-algebraic analysis, this approach yields lossy rank con-
densers over fields of square size, larger than 49. To extend this result to arbitrary finite fields,
we apply a second evaluation step, following a technique from [TSU12]. We now describe these

ideas in more detail.

The GUYV construction. GUYV construct their condenser by evaluating the correlated poly-
nomials of Parvaresh—Vardy codes [PVO5]. Let kK > 2 and 1 < r <k, and identify F’; with the
space V of polynomials in F,[X] of degree less than k. Fix an irreducible polynomial Q € [F, [X]
of degree k and an integer 7 > 2. For f € V and 0 <i <r—1, define

%(f) = f* mod Q,



considered as a polynomial of degree less than k. In particular, 7o(f) = f. For an element
a € Fy, the GUV construction is

Ea(f) = (TO(f)(a>7~ . -uTrfl(fxa))v Cond(f,a) = (a7Ea<f))'

The GUV analysis follows the list-decoding argument for PV codes. Given an output set
T C Ff]“, we seek to bound, in terms of |T'|, the size of the list

LIST(T) = {f € V : Cond(f,a) € T for every a € F,}.

We first interpolate a nonzero polynomial R € F,[X,Yy,...,Y,—] vanishing on 7. For every
f € LIST(T), we have

R(a,n(f)(a),...,t—1(f)(a)) =0 for every a € IF,.

Provided that T is sufficiently small, we can choose the degree bounds on R so that the univariate
polynomial R(X,7o(f),...,T,—1(f)) has degree less than ¢g. Since it vanishes on all ¢ field
elements, it is identically zero.

We now view each f € V as an element of the extension field F,[X]|/(Q). The relations
T(f) = fhi mod Q imply that every f € LIST(T) is a root of

R (Z)=R(X,Z,Z",....Z" ") mod Q € (F,[X]/(Q))[Z].

The monomials in Yy, ...,Y,_1 are chosen to become distinct powers of Z, and R can be chosen

to remain nonzero modulo Q. Thus, R* is nonzero, which yields |LIST(T)| < degR*.

A linear-algebraic analysis. Linear condensers for affine sources can equivalently be viewed
as lossy rank condensers (as we explain in Section 4.5). Henceforth, we proceed using the latter
formulation. Similarly to [Chel0, Corollary 2.23], we instantiate the same construction with
h = g. With this choice, the maps 7; and E,; become [F-linear, and our lossy rank condenser is
simply the collection {Ea}aEFq- We next present our analysis.

Fix an s-dimensional subspace W <V, where 1 < s < r. The rank loss of E, at W is
s —dimE,(W). Our goal is to bound the total rank loss over all evaluation points a. We obtain
this bound from the determinant of a matrix associated with a basis of W.

Let # = (fi,...,fs) be an Fy-basis of W. We define the PV-Moore matrix by

Mg = (Ti(fj))ogigs—l,lgjgs' (1.1)

Reducing Mz modulo Q gives the Moore matrix of the residue classes of fi,..., fs, in[F,[X]/(Q)
IF «. Since reduction modulo Q is injective on V, these classes are linearly independent over Fy.

The Moore-matrix criterion therefore implies that Ay := detM 4 is nonzero.

6
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We next relate the rank loss of E, to the vanishing of A there. The matrix M z(a) represents
the first s coordinates of E,|w, so its kernel has dimension at least s —dimE,(W). On the
other hand, the dimension of the kernel is at most the multiplicity of a as a root of Agz: by
multiplying by an invertible matrix with F-coefficients, we can obtain dimker(E,|w) columns
of M4 divisible by X —a. Since each entry has degree less than k, the determinant has degree

at most s(k — 1). Summing over all evaluation points gives

Y (s—dimE,(W)) <s(k—1).

ackFy

This bound is non-trivial only whenever g > k; consequently, the field size must grow.

Passing to function fields. To keep ¢ fixed while increasing the number of evaluation points,
we pass to function fields. This extension of the Parvaresh—Vardy framework was previously
studied by Guruswami [Gur(5] in the context of list decoding. Consequently, his analysis relies
on polynomial interpolation, and is similar to the later GUV analysis presented above. The idea
is to replace low-degree polynomials, which are evaluated over elements in [, with a space of
"low-degree" functions over an algebraic curve, which can be evaluated over the curve points.
In our rank condensers setting, by taking curves with many evaluation points relative to their
"complexity" — measured by their genus — we are able to increase the number of evaluation
points, and hence the number of linear transformations, without increasing the field size. We
provide the formal definitions in Section 2.1.

Let 1 <r <k, and let F /F, be a function field of genus g < k with N rational places (i.e.,
curve points), plus an additional rational place P... We identify IF’; with V = Z(dP-), where
d = k+ g — 1 — that is, the space of functions of "degree" at most d. By the Riemann—Roch
theorem, it has dimension k. Analogous to the choice of an irreducible polynomial of degree
k, choose a place Q of degree m = d + 1.* Since m > d, the residue map 7o (i.e., reducing
a function "mod Q") is injective on V, so each function f € V is uniquely represented by an
element of Fm.

To define the correlated functions 7;(f), we lift powers of my(f) back to functions in F.
These powers need not correspond to functions in V, so we allow the lifts to have slightly larger
“degree”. Following [Gur05], we use the Riemann—Roch theorem to choose these lifts linearly
over [F,, with “degree” at most d=m+ 2¢ — 1 < 6k. Taking 1o(f) = f, the resulting maps
satisfy

G(f)=f7 modQ  (0<i<r—1).

Thus, the functions 7;( f) satisfy the same relations modulo Q as in the polynomial construction.

“More precisely, m is chosen to be a prime number between d and 2d, which allows us to find such a place
explicitly (see Proposition 3.7). For the sake of simplicity, we omit this technicality here.
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Let & denote the N rational evaluation places. Evaluating the functions 7;( f) ateach P € &
gives maps Ep: V — I/ as before. The same determinant argument now applies. For an s-
dimensional subspace W <V, where 1 < s < r, the PV-Moore matrix of a basis % of W,
defined similarly to Equation (1.1), reduces to a nonsingular Moore matrix modulo Q, so its
determinant Ay is nonzero. This determinant has “degree” at most d + (s — l)cz and hence
at most that many rational zeros, counted with multiplicity. As before, the rank loss of Ep is
bounded by the multiplicity of P as a zero of Ag. Thus,

Y (s—dimEp(W)) <d+ (s—1)d < 6sk,
Pe
see Proposition 3.6.
To make the construction explicit, we must find Q efficiently; we accomplish this for the
Garcia—Stichtenoth tower in Proposition 3.7.
This tower has many rational places relative to its genus. Evaluating it in the above con-
struction gives, for every square ¢g and infinitely many k, an explicit collection of n = N linear

maps satisfying

1 6s
n>(y/q—1)k, - s—dimEp(W)) < ;
va n P;@( ) Va—1
see Theorem 3.8. These maps construct an (r,6rk) subspace design of size n, or dually, an
(r,€,0)-lossy rank condenser provided that 6/(,/g — 1) < €6.
Two restrictions remain. The tower used in this instantiation requires ¢ to be a square, and
the estimate above is non-trivial only whenever g > 49. We next modify the construction to

overcome both restrictions.

Two evaluations over arbitrary finite fields. To relax the requirement 6/(,/g — 1) < €8, we
seek a better ratio A/n between the number of evaluation maps and the bound on their total
rank loss. For this, we want more evaluation places. Places of higher degree can be much
more abundant than rational places, so we consider evaluating the functions 7;(f) at places P of
degree ¢ > 2. The resulting maps are Ep: V — IF; .. However, representing these outputs over
IF, gives output dimension ¢ = {r, whereas we want ¢ = r. To retain this output dimension, we
adapt an idea of Ta-Shma and Umans [TSU12] and apply a second polynomial evaluation: we
view each output coordinate as a low-degree polynomial over I, and evaluate it at a point over
IF,. We now describe the choice of places and polynomials for these two steps.

For the first evaluation, we seek for a tower of function fields over I, with many degree-¢
places. We obtain it from the Garcia—Stichtenoth tower over I ; its defining equations have

coefficients in IF,, and hence can be considered directly over IF,. We refer to this tower as the



(-descended GS tower. In Proposition 4.5, we show that this tower has many degree-¢ places

(relative to its genus). More precisely, it contains N degree-/ places satisfying

f/Z_l

q

N>
-2

Moreover, we show that the required function spaces, evaluation places and the large-degree

g.

place Q can also be computed efficiently. By restricting ¢ to be an even integer, we guarantee
that ¢* is a perfect square regardless of ¢. This bypasses the previous requirement that the base
field itself be of square order.
For the second evaluation, we identify F ¢ with Iﬁ‘g, and view each vector b = (by,...,by_1)
as the affine-linear polynomial .
gr(X) =bo+ Y b;X;.
j=1
Here X = (Xy,...,Xy_1). For each a € Ffl‘l, we evaluate the polynomials representing all
coordinates of Ep(f) at the same point a. This gives an F,-linear map Ep,: V — [, and hence

{—1

a collection of n = Ng"~" maps. Using linear multivariate polynomials rather than univariate

polynomials of degree < ¢, minimizes the degree of each polynomial, although at the cost of
additional evaluation points. In our parameter regime of small g and ¢, an overhead of ¢/~!
evaluation points is sufficiently small, making this trade-off attractive.

In Theorem 4.6, we show that, for every prime power ¢, every even £ > 2 and every 1 < r <k,

this construction gives an explicit (r,A)-subspace design, where

A= (l + 0(q£/2)> n,
q
n< qO(@ k.

Dually, we obtain an (r, €, 8)-lossy rank condenser of size n, provided that El] +0(q7?) < &s.
The bound on the average relative rank loss approaches 1/q as ¢ grows.

For any 0 < ¥ < 1, we can therefore choose an even integer ¢ such that the average rank loss
is less than (1/q + 7y)r, yielding a collection of n = O(g°k/y’) maps. These maps constitute
an (r,€,0)-lossy rank condenser provided that 1/q+ y < €6. Consequently, the construction
applies to every finite field, including [F»; see Corollary 4.8.

2 Preliminaries

Throughout, I denotes an arbitrary field, and FF, denotes the finite field with g elements. We
write log = log, unless a different base is specified. We view a matrix E € F’ *k as the linear

map x — Ex from F¥ to ’, and use rank(E) and ker(E) for its rank and kernel, respectively.
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We will use the following form of the reduction of Forbes and Guruswami [FG15, Proposi-
tion 6.7] from strong subspace designs to lossy rank condensers. A similar strengthening was
also used recently in [DG26]. We include the proof here for completeness.

Proposition 2.1 (Strong subspace designs as lossy rank condensers). Let [ be a field, let 1 <
r<t<kletn>1andA > 0 be integers, and let €,8 € [0,1]. Let 7 = (Hi),-e[n] be an (r,A)-
strong subspace design in F* of size n and codimension t. For every i € [n], let E; € F'** satisfy
ker(E;) = H;, and set & = (E;)ic[y- If

A< ([8n]+1)(ler] +1),
then & is an (r,€,8)-lossy rank condenser.

Proof. Fix a rank-r matrix M € F&>r and let W < F¥ be its column space. The columns of M
form a basis of W. Thus, for every i € [n], the matrix E;M represents the restriction of E; to W.
We have

rank(E;M) = r —dimp(W N H;).

Let
B ={i€ [n] :rank(EM) < (1—¢€)r}

be the set of bad indices. For every i € %, we have
dimp(WNH;) > |er]| + 1.

The strong subspace design property therefore implies
n
A>) dimp(WNH;) > |B|(|ler] +1).
i=1
The assumed bound on A now gives
| 8| < |6n].

Thus, at most 8» indices are bad, as needed. L]

Remark 2.2. For 6 = 1 — 1/n, the hypothesis in the proposition becomes

A

>
" ler] +1

which recovers [FG 15, Proposition 6.7].

For 0 # f € F[X] and a € ', let mult,(f) be the least total degree of a nonzero monomial in
f(a+Y). We make use of a variant of the Schwartz—Zippel lemma due to Dvir et al. [DKSS13,
Lemma 8], which bounds the number of zeroes with multiplicity.
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Lemma 2.3 (Multiplicity Schwartz—Zippel bound). Lett > 1, let S be a finite subset of a field
F, and let 0 # f € F[Xy,...,X;]| have total degree at most D. Then

Y mult,(f) <D|SI""".

acst

We will use the existence of prime numbers in large enough intervals, as guaranteed by

Bertrand’s postulate.

Fact 2.4 (Bertrand’s postulate). For every integer n > 1, there exists a prime p such that n <
p <2n.

2.1 Function fields

We assume familiarity with the basic theory of algebraic function fields, such as places, val-
uations, extensions, etc. A detailed exposition can be found in [Sti09]. We briefly recall the

relevant definitions and results.

Algebraic function fields, valuations, and places. Let x be an indeterminate over [F,. The
rational function field F,(x) consists of the rational functions in x with coefficients in F,. An
algebraic function field F /IF, is a finite algebraic extension of F,(x), and its elements are called
functions. Throughout, we assume that I, is the full constant field of F'; that is, every element
of F that is algebraic over [F, belongs to IF,,.

A discrete valuation on F is a map v: F* — Z satisfying

v(fg) =v(f)+v(e) and  v(f+g)=min{v(f),v(g)},

and we extend it to F by setting v(0) = . We consider valuations that are trivial on F7 and
normalized, meaning that v(F*) = Z. Associated with such a valuation are its valuation ring,
maximal ideal, and residue field,

Oy={feF:v(f)>0}, my={fcFiv(f)>0}, «x(v)=0,/m,

respectively. A place P of F is the maximal ideal associated with a normalized discrete valu-
ation. We write vp, Op, and mp for the corresponding valuation, valuation ring, and maximal
ideal, and we write k(P) = Op/mp for the residue field.
The degree of a place P is
degP = [k(P) : Fy].

A place of degree one is called rational. For a rational place P, we have k(P) = [, and for
f € Op, we denote the residue class of f by f(P) € F,. We write N(F) for the number of
rational places of F.

11



Divisors, principal divisors, and pole divisors. A divisor of F'is a finite formal sum

D:anp, np € 7.
P

Its support and degree are
supp(D) = {P : np # 0}, degD =Y npdegP.
P

For divisors D and D,, we write D1 > D; if the coefficient of every place in D is at least the
corresponding coefficient in D,. A divisor D is effective if D > 0.

Every nonzero function f € F* determines a divisor
(f) =Y ve(f)P.
P

The divisor (f) is called the principal divisor of f. Its zero divisor and pole divisor are, respec-
tively,

(flo= Y vHP  (fle= Y —ve(/P.

P:vp(f)>0 P:vp(f)<0
Thus, (f) = (f)o— (f)w. We will repeatedly use the following standard fact about principal
divisors.

Lemma 2.5 (Degree of a principal divisor). For every f € F*,

deg((f)) =0  andhence  deg((f)o) = deg((f)=)-

Riemann—Roch spaces and the genus. For a divisor D, its Riemann—Roch space is
ZLD)={feF*:(f)+D>0}U{0}.

This is a finite-dimensional FF,-vector space, and we write ¢(D) = dimp, £ (D). Thus, ¢(D)
measures the number of linearly independent functions whose poles are bounded by D. A

direct corollary of Lemma 2.5 is the following lemma.
Lemma 2.6 (Negative-degree divisors). If D is a divisor of F with degD < 0, then
Z (D) ={0}.

Theorem 2.7 (Riemann—Roch). For every function field F /F,, there exists a unique nonnega-
tive integer g = g(F) such that
(D) >degD—g+1

for every divisor D of F, with equality whenever degD > 2g — 1. The integer g is called the
genus of F.
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Bounds on the number of rational places. The Hasse—Weil theorem bounds the number of
rational places in terms of the genus and the size of the constant field.

Theorem 2.8 (Hasse-Weil). Let F /IF, be a function field of genus g. Then
IN(F) = (q+1)] <28/
We will also use a consequence of the Hasse—Weil theorem for places of higher degree.

Corollary 2.9 (Number of degree-r places). Let F /IF, be a function field of genus g, let r > 1,
and let B, = B,(F) denote the number of places of F of degree r. Then,

/2
|Br—q—r‘<(2+7g)-qr :
r r

Thus, for a fixed field F,, the number of rational places grows at most linearly with the

genus. To describe the best possible asymptotic ratio, we use Thara’s constant.

Definition 2.10 (Thara’s constant). For every prime power g, let
Ny(g) =max{N(F) : F/F, is a function field of genus g}

and define

A(q) = limsup Nq—@.

g 8
The quantity A(q) is called Thara’s constant.

Theorem 2.11 (Drinfeld—Vladut bound). For every prime power g,
Alg) <vaq—1.

2.1.1 The Garcia-Stichtenoth tower

When g is a square, the Drinfeld—Vladut bound is attained by the Garcia-Stichtenoth tower of
function fields. A detailed exposition of this tower can be found in [GS95]. We briefly recall
the relevant definitions and results.

Definition 2.12 (Garcia—Stichtenoth tower). Let F, be a finite field of size g = 0%, where { is a
prime power. The Garcia—Stichtenoth tower is the sequence of function fields

FChRC--

defined recursively by
F 1= Fq (X 1 )a
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and for everyi > 1,
Fip1 = Fi(xiy1),
where the new variable x; | satisfies the equation
¢ i
Xipl TXip1 = = -
1+ l )Cf 1 + 1
The following theorem records the parameters of this tower that we use in the construction.

Theorem 2.13 (The Garcia—Stichtenoth tower). Let (F;);>1 be the Garcia—Stichtenoth tower
over Fy, where g = (*. Fori> 1, let N; = N(F;) and g; = g(F;). Then

F:R)=0""  N>0l—1)+1,

and

B <£i/2_1)2’ if i is even,
i = <€(i+1)/z_1> (g(i—l)/2_1>, if i is odd.

In particular, g; < " and
N.
limsup—f >l—1=,/q—1.

i—oo  &i

We record two further features of the tower that will be useful later.

Rational places. At every level, let P., denote the unique place above the pole of x| in Fj.
This place is rational and totally ramified throughout the tower. For each o € [, satisfying
ch + ay # 0, the zero of x; — o in F| splits completely in F;. Indeed, these places may be
represented by the tuples (o, ..., ) € IE‘; such that o + a; # 0 and

ot

j .
B L— 1 <j<i).
al ' +1 (1<j<i

¢ —
Ojy+ i1 =

There are g — ¢ possible values of ¢ and ¢ choices for each subsequent coordinate. We denote
the set of these places by #;. Together with P., these places give the lower bound on N; in
Theorem 2.13.

Riemann-Roch spaces. Fori > 2, define

_ -1
hj—X~

§ +1, ﬂj:hﬂ’lz“'hj (1§j<i>.

Every function in F; whose poles are supported at P, admits an expression of the form
(i—2)0+1 ¢—1 /-1 Vi V2 Vi
X{ Xy XS
142
xtll Z Z thl .l 9
vi=0 wn=0 v;=0 73 -1
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where a >0, v = (vy,...,V;), and ¢y € F,. Moreover, the algorithm of Shum et al. [SAK01]
computes an explicit I -basis of .Z’(iP.) in this form in time poly(logg, ).

For every P € %;, all the values h;(P) and 7;(P) are nonzero. Hence the basis functions,
and therefore every element of .2’ (11 P.) given in this basis, can be evaluated at the places in %;

by substituting their coordinate tuples. In particular, these evaluations can be computed in time
poly(logg, i, N).

Constant-field extensions and places of higher degree. Let F/IF, be a function field with
full constant field IF,. For an integer a > 1, we write

Fla) — F-Fg

for its constant-field extension to Fg«. The following lemma relates the rational places of F (a)
to the places of F.

Lemma 2.14 (Places under a constant-field extension). The function field F (a) /F4a has the same
genus as F [F,. Moreover, a place of F of degree d splits in F @) jnto ged(d, a) places, each of
degree d/ gcd(d,a). Consequently,

N(F@W) =Y dBy(F). (2.1)
dla

In Section 4 we apply the lemma to a Garcia—Stichtenoth tower over constant field exten-
sions to obtain a family of function fields with many places of a given degree.

We finally record a local linear-algebra estimate used in the constructions.

Lemma 2.15 (Kernel dimension and determinant valuation). Let P be a place of a function
field F /Ry, and let A € O}*° have nonzero determinant. Denote the reduction of A modulo P
coordinate-wise by A(P) € x(P)**. Then

dimp) kerA(P) < vp(detA).

Proof. Set u = dimyp)kerA(P). Choose C € GL4(k(P)) whose first u columns form a basis of
kerA(P), and lift C to a matrix C € 03*. The reduction of detC modulo P is detC # 0, so detC
is a unit in Op. Hence

vp(det(AC)) = vp(detA).

The first u columns of AC vanish modulo P. Every term in the Leibniz formula for det(AC)

therefore has valuation at least u, and hence vp(detA) > u. O
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3 Algebraic-Geometric Parvaresh—Vardy Subspace Designs

3.1 Construction framework

Let F/ IF, be a function field with full constant field IF,, genus g, and N rational places. Fix
integers 1 < r < k, and assume that g < k. Set

d=k+g—1.

Suppose that F contains a rational place P. and a place Q # P.. of degree m, where d < m < 2d.
LetV = Z(dP.). Since d > 2g — 1, the Riemann—Roch theorem gives

dimp,V=d+1-g=k.

Write k(Q) = Op/mg = F,n for the residue field of Q, and let my: Oy — k(Q) be the residue
map. Its restriction to V is injective, since

ker(mp|v) = £ (dP. — Q) = {0},

by deg(dP.. — Q) =d —m < 0. This map is not necessarily surjective, so we now lift it to a
larger space.

Letd =m +2g — 1, and consider the space
V =_2(dP.).

The restriction of 7y to Vis surjective. Indeed, its kernel is . (CTPDO —Q). Since deg(JPw -Q)=
2g — 1, the Riemann—Roch theorem gives

dimp, V =m+g,
dimg,_ ker(mpl;) = g
Thus, the image has dimension m = deg Q = dimy, k(Q). Fix an Fy-linear right inverse
I: k(Q) —V such that mgol =idy (g
For every 0 <i < r—1, define an [Fj-linear map 7;: V — 1% by
o(f) =1, Ti(f) :I(ﬂQ(f)qi) fori > 1.

These maps satisfy

mo(Ti(f)) = mo(f)7, (3.1)
forevery feVand0<i<r—1.
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Definition 3.1 (AGPV subspace design). Let F /I, be a function field as above. Let & be a set
of rational places of F different from P.. The functions in V are regular at every place in 2.

Thus, for each P € &, we may define the F,-linear map

Ep:V—F,  Ep(f)=(0(H)P),.... 1 (F)(P)),

and let
Hp = keI'Ep S V.

Each Hp has codimension at most r in V. We define the indexed collection

%:%(FaﬁapmaQakJﬁ):(HP)PG@’

which has size n = |2|.

3.2 The subspace-design property

In the following part, we show that the collection 7 is a strong subspace design.

In our analysis, we will make use of a generalization of the Moore Matrix, presented by
E.H. Moore [Mo0096].

Definition 3.2 (Moore Matrix). Let F /IF, be a field extension. Let ay,...,as be elements of F.

Their associated Moore matrix is defined as

al a2 . e as
q q q
a a .. a
1 2 s
M(ay,...,a5) = ) ) _ ) c F*s,
s—1 s—1 s—1
al ag e a?
A standard fact is that the elements ay, ..., ay are linearly independent over I, if and only if
M(ay,...,as) is invertible over F. The following definition generalizes the Moore matrix to the

lifted Frobenius maps 7;.

Definition 3.3 (PV-Moore matrix). Let 1 <s <r, and let Z = (f1,...,[s) be an ordered tuple
of elements of V as defined above. We define its Parvaresh—Vardy Moore (PV-Moore) matrix by

o(f1) - T(fy)

M — Tl(.fl) Tl(fs) —

T1(f1) - T—1(fs)
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The usual Moore-matrix criterion remains valid for the lifted Frobenius maps. We include

the proof here for completeness.

Proposition 3.4. Let | < s <r, and let = (f1,...,[s) be an ordered tuple of elements of V.
Then % is linearly independent over ¥ if and only if Mg is invertible over F.

Proof. 1f % is linearly dependent over IF, then the IF;-linearity of the maps 7; gives a nontrivial
linear dependence among the columns of M.
Conversely, suppose that 4 is linearly independent over [F,,. Since 7y is injective on V, the

elements
a;j=mo(fj), 1<j<s,
are linearly independent over ;. By Equation (3.1), reducing M modulo Q gives the Moore

matrix '
. q SXS§
Myz(Q) = (o )ogigs—l,lgjgs € K(Q)™.
If this matrix were singular, there would exist a, ...,a;_1 € K(Q), not all zero, such that the

nonzero [F,-linear polynomial
s—1 .
L(X)=Y ax?
i=0

vanishes at every o;. It would then vanish on their IF,-span, which has ¢° distinct elements.
This is impossible because deg L < ¢*~!. Hence M(Q) is invertible, which implies that M is
invertible. []

Next, we show that the dimension of the intersection of a subspace W <V with Hp is closely

related to the determinant of the PV-Moore matrix of a basis of W.

Lemma 3.5. Let W <V be a subspace of dimension s, where 1 <s <r, and let B=(f1,...,[s)
be an ¥ ;-basis of W. Then, for every P €¢ &,

dim]Fq (W N Hp) < Vp(detMgg) .
Proof. Evaluating the entries of M 4 at P gives

Mxz(P) = (Ti<fi)(P>)O§i§s—1,1§j§s e ™.

Every f € W can be written uniquely as

f=

s
ijj, cj € Fq.
=

J

Since the maps 7; are F,-linear, f € W N Hp implies
M%(P)(Cl,. .. ,CS)T =0.
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Consequently,
diqu (W N Hp) < diqu kerM 4 (P)

The matrix M4 has entries in Op, and its determinant is nonzero by Proposition 3.4. The result

now follows from Lemma 2.15. 0
We are ready to prove that .77 is a strong subspace design.

Proposition 3.6. For every subspace W <V of dimension 1 <s <r,

Y dimp, (WNHp) <d+(s—1)d < sd.
Pey

Consequently, 5 is an (r,d + (r — 1)d)-strong subspace design of size | 2| whose members

have codimension at most r. In particular, 7€ is an (r,6rk)-strong subspace design.

Proof. Fix asubspace W <V of dimension 1 <s <r, and let # be an F;-basis of W. By Propo-
sition 3.4, the determinant of M is nonzero. The entries in its first row belong to .Z(dP.),

whereas the entries in each of the remaining s — 1 rows belong to .Z’ (dNPoo). Therefore
0#detMy € Z((d+ (s—1)d)P.).
Together with Lemma 3.5, we obtain

Y dimg, (WNHp) < Z p(detMy)

Pe»p S
< deg((detMz)o)

= deg((detM z))
<d+(s—1)d.

Since d < d, the latter quantity is at most sd. Together,
d=m+2g—1<2d+2g—1=2k+4g—3 < 6k,

which gives the final assertion. O]

3.3 Instantiating with the Garcia—Stichtenoth function field

Recall that our construction requires explicitly finding a place Q of degree m satisfying d <
m < 2d. The following proposition guarantees the existence and efficient construction of such

a place for our instantiation.
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Proposition 3.7 (Explicit place of prime degree). Let g be a prime power, let £ > 1, and sup-
pose that ¢* = r* for a prime power r. Let F; /By be the i’th field in the (-descended Garcia—
Stichtenoth tower, defined by

.
Xj

Fy =TFg(x1), Fji1 = Fj(xj11), X FXjp1 = (j=>1),
X; +1

and suppose that F; has genus g > 2. Given a prime number m with 2g —1 <m < 2(2g—1),
there is a deterministic poly(q,¥, g)-time algorithm that outputs an explicit representation K =
Fym and elements ay, ... ,a; € K such that the evaluation x; — aj represents a degree-m place
Q of F;/F,. In particular, the residue map at Q is explicit.

Proof. Suppose first that [, has odd characteristic. Fix such a prime m, and write

Xr
“XTeT

¢(X)

Write ¢ = p® and r = p®, so that e/ = 25. After extending the constant field to F =F,, the

tower is the Garcia—Stichtenoth tower of Definition 2.12. Its genus is g, and Theorem 2.13 gives
g>(r—1)7%>s.
Since m 1s an odd prime and m > 2g — 1 > 25 — 1, we have m > 25 > e. Consequently,
ged(m,s) = ged(m,e) = 1.

Using Shoup’s algorithm [Sho90], deterministically construct an irreducible polynomial 4 €

[F,[T] of degree m. Since gcd(m,e) = 1, h remains irreducible over IF,. We may therefore set
L=F,[T)/(h),  K=F,[T]/(h),

and letu =T + (h) € L, viewed also as an element of K. Then L = [F » is a subfield of K = Fm,
and u generates both L/F, and K/F,. The [F,-linear map A: L — L given by A(z) =z"+z is

invertible, with inverse given by

1m—1

AN b) == Y (="
0)=3 X (-1
Seta; = u and, for 1 < j < i, recursively compute in L
1 KSR =
aj1 =47 (9(a) = 3 ¥ (<1 0(ay)".
k=0
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If aj # 0, then the injectivity of A gives

Ala))

a7 41 =
j aj

# 0.
Thus ¢(a;) is defined and nonzero, and hence so is a1 = A~!(¢(a;)). By induction, all
coordinates are nonzero and none of the denominators vanishes.
The evaluation x; — a; satisfies the defining equations of F;, which defines a place Q. Since
a; = u generates K/ [Fy, the residue field of Q is K, and therefore degQ = m. The field K, the
elements ay,...,a;, and the resulting evaluation map can all be computed in time poly(g, ¢, g).
The characteristic 2 case follows the same recursion, but requires a modified argument to
find the first element. We defer this proof to Appendix A. ]

We now instantiate the construction with the Garcia—Stichtenoth tower to obtain explicit
strong subspace designs.

Theorem 3.8. Let g = (2, where { is a prime power. There are infinitely many integers k such
that, for every 1 < r <k, there exists an explicit (r,6rk)-strong subspace design F in IF’; of
codimension r. Moreover, 7€ is an (s,6sk)-strong subspace design for every 1 < s <r. The
integers k may be taken to be the positive genera in the Garcia—Stichtenoth tower. If n = ||
and W < IF’; has dimension s < r, then

n> (\/a— 1)k and EHejfdiqu (WNH) < I diqu w.

Proof. Let F = F,/IF, be the e’th field in the Garcia—Stichtenoth tower, let k = g(F'), and let
N = N(F). Let P, be the place at infinity of F, and let & be the set of rational places in F,
excluding P.. Set

d=k+g—1=2g—1.

By Fact 2.4, there is a prime number m such that d < m < 2d; such a prime can be found
deterministically by enumeration. By Proposition 3.7, we can efficiently compute a place Q of
degree m in F. We may therefore apply Definition 3.1 and Proposition 3.6. For every 1 <s <,
the resulting collection is an (s, 6sk)-strong subspace design.

By Theorem 2.13,

n=N—1>¢l—1)>({—Dk=(/g— Dk

Dividing the intersection bound by N — 1 gives

Epe e dimp, (W N H) <
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Finally, explicitness follows from Proposition 3.7 and Section 2.1.1. The former provides
the place Q, its residue field, and the residue map 7y, while the latter provides the rational
places, bases of the required Riemann—Roch spaces, and their evaluations. The remaining maps

and subspaces in the construction are obtained by linear algebra over [F,. [

4 An Improved, Double-Evaluation Construction

The preceding construction has two shortcomings. First, its explicit instantiation is restricted
to square fields. Second, its normalized intersection bound is 6/(,/g — 1) times the dimension
of the test subspace. Consequently, for an r-dimensional test subspace, this estimate yields a
nontrivial lossless rank extractor only when /g — 1 > 6r, and hence does not apply over fields
of size less than 49.

In this section, we give a variant of the AGPV construction that works over all finite fields,
and produces subspace designs with a better ratio between the intersection bound and the num-
ber of subspaces. A direct consequence is the existence of explicit lossy rank condensers over
every finite field, and lossless rank extractors whenever ¢ > r. Building on the framework
presented in Section 3, we present the construction of subspace designs, and then derive the

consequences for rank condensers and extractors.

4.1 Subspace designs construction

Let £ > 2 be even. Our construction has two steps. The first step is the same as the AGPV
construction, but we evaluate at places of degree ¢ instead of at rational places. In the second
step, we represent each residue-field element as an affine-linear polynomial in ¢ — 1 variables
over [Fy, and evaluate these polynomials at all points of Iﬁ‘fl’l. Evaluating these polynomials at
all points of f[_l yields a normalized intersection bound that approaches 1/q as ¢ grows. The
use of a second polynomial evaluation follows the idea of [TSU12].

We begin by analyzing the second step of the construction, which is independent of the

function field.

Lemma 4.1. Let s,t > 1 and D > 1 be integers, let X = (X1,...,X;), and let B(X) € F [X]***

have entries of total degree at most D. Set
u = dimg,_(y)ker B(X).
Then,
Y dimg kerB(a) <q¢'~'(qu+D(s—u)).

aEIqu
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Proof. The assertion is immediate if # = s. Otherwise, choose an (s —u) x (s — u) minor C(X)
of B(X) whose determinant 4(X) is nonzero. Then, degh < D(s — u).

Fora € Ith, set v, = dimg, kerC(a). Since C is a minor of B, we have
dimg,_kerB(a) —u < vq.

Choose R, € GL_,(F,) whose last v, columns span ker C(a). These columns of C(X)R, vanish
at a, so the determinant has multiplicity at least v, there. Since detR, is a nonzero constant, it
follows that

ve < multy(h).

Applying Lemma 2.3 with § = [, gives

Y (dimg, kerB(a) —u) < Dg'~'(s—u).

acly,
Adding ¢'u to both sides proves the result. [

We now define the construction. Recall the framework presented in Section 3.1.

Definition 4.2 (Affine-evaluation AGPV construction). Let F /F, be a function field, let { >
2 be even, and let & be a set of degree-{ places of F. For each P € &, fix an F,-basis
{l,wp,l,...,wp’gfl} 0fK'(P>. For

{—1

b=bo+ Z bjwp; € K(P),
=1

define
-1

grp(X1,..., Xp—1) =bo+ Y b;X;.
=1

Forae Ff;*l, let Apa: K(P) — [, be the linear map b — gpp(a). Let Ep,: V — Ty be defined
by
Epa(f) = (Apa(T0(f)(P)); -, Apa(Tr—1(f)(P))),

and set Hp, = KerEp,. Finally, let

%:%(F7 f@g,Pw,Q,k,r,E) = (HPa)
éa:éa(F7,@£,Pw,Q,k,l",£) = (Epva)

PEPy,acFy 1
PEPy,acFy !
The collections have size n = q' | 2|

Remark 4.3. This construction introduces only one parameter beyond those of Definition 3.1,

namely /.
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We first analyze the construction over an arbitrary function field.

Proposition 4.4 (Affine-evaluation kernel bound). Let ¢ > 2 be even, let k = diqu V,let1 <
r <k, and let &y be a set of N degree-{ places. For 1 < s <r, set

Ay =q'2 (sN—l—(q—l) {MJ)

Then, 7 (P) is an (s,Ay)-strong subspace design for every 1 < s <r.

Proof. Fix 1 <s <r, an s-dimensional subspace W <V, and an F-basis # = (fi,..., f;) of
W. Set

~ D
Dy=d+(s—1)d, b= {7J .

For each P € &2y, define

Br(X) = (8re,(s)p) (X)) up = dimg,(x) ker Bp(X).

ijels]’

For a € Iﬁ‘gfl and f = Zj.:lc ifj € W, by the definition of Hp, we have f € Hp, implies
Bp(a)(cy,...,cs)T =0, and hence

dimg, (W N Hp,) < dimg, ker Bp(a).
Applying Lemma 4.1 therefore gives

Z dimg, (W NHp,) < qg_z(sjL (q—1)up).

aeFéil

It remains to bound the sum of the kernel dimensions up. By Proposition 3.4, the determi-
nant Ay := detMy is nonzero. Moreover, the first row of My has entries in .Z(dP.), while
each of the remaining s — 1 rows has entries in .2 (dP.). Therefore,

0+# Ay € £ (DsPs).
For every P € &, we have Bp(Wp1,...,®ps—1) = Mz(P), and therefore
up < dimy(p) kerM(P).
Combining this with Lemma 2.15 gives
up <vp(Ag).
Since the places in & have degree ¢, we obtain

Y up<l) vp(Ag) <deg((Az)o) < Dj.
PeZ, Py
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Thus, Y pc 2, up < bs. Summing the preceding kernel bound over P € & now gives

Y Y dimp, (WNHp,) <q'? <sN+(q—1) Y up)

PE@fﬂEF§71 P€¢@g

<q'? (SN+ (q— 1)bs) = A,.

4.2 Evaluation in a function field tower with many degree-d places

To instantiate the preceding construction, we need an explicit family of function fields with
many degree-d places, together with efficient algorithms for computing Riemann—Roch spaces
and evaluating their elements at these places. We obtain these ingredients by descending the
Garcia—Stichtenoth tower over I 4 to IF;. We call the resulting family the d-descended Garcia—
Stichtenoth function fields.

Proposition 4.5 (Function field family with many degree-d places). Let g be a prime power, let
d > 2 be even, and set r = qd/z. Let (F;)i>1 be the tower over IF, defined by

F1 =Fy(x1), Fii1 = Fi(xit1),

where -
x

X X =
Let g; = g(F;). There exists an explicit set @[(li) of degree-d places in F;, represented by evalua-
tion tuples in ]F; 2> such that

dj2

2d

By(F) > |2 > 1

8i-

For every i > 1, there exists a unique pole P of x| in F; and it is rational. For every integer
>0, an explicit Fy-basis of £ (UPw) can be computed in time poly(q,d,g;,|t). Moreover,
given a degree-d place represented by an evaluation tuple in F ; o every element of £ (UPs)

can be evaluated at this place in time poly(q,d, g, lL).
The proof of Proposition 4.5 is given in Appendix A.

Theorem 4.6 (Strong subspace designs over arbitrary finite fields). Let g be a prime power, let
> 2 be even, and let k > 2. For every 1 < r <k, there exists an explicit collection 7€ of n
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subspaces of F, each of codimension at most r, such that, for every 1 < s < r, the collection is

an (s,Ay)-strong subspace design, where

1, 12(g-1)
q q(q?—1)

5/2_1
nng—l {q = c/k—‘ '

As = CK(Q)S’L C((Q)

Moreover,

Proof. Let k be the smallest genus in the /-descended Garcia—Stichtenoth tower that is at least
k, and let F /T, be the corresponding function field. The genus formula in Theorem 2.13 shows

that consecutive positive genera grow by a factor of at most g"/*+1 < ¢'. Hence
k<k<dq'k

Let P.. be the unique pole of x; in F, and setd = 2k—1. By Fact 2.4, there is a prime number m
such that d < m < 2d, and we can find such a prime deterministically by enumeration. Applying
Proposition 3.7 to the ¢-descended tower gives an explicit place Q of degree m. Set

/2 1~
q
N = ki.
By Proposition 4.5, we may choose a set &, of N degree-¢ places of F. Applying Proposi-

tion 4.4 gives an explicit collection % = 7 (F, ,@g,Pw,Q,%, nt) of n = ¢"~'N subspaces in

]F’(; each of codimension at most r, which form an (s,A;)-subspace design for every 1 < s <r.

Fix some k-dimensional subspace U <V, identify it with FX, and set

T = (HﬂU)HE;%J

For every H € %/; and W < U, we have
WNHNU)=WnNH, codimy(HNU) < codimy H < r.

Thus, 7 is a collection of n subspace in F¥, each of codimension at most r, which performs an
(s,As)-subspace design. Moreover, since m < 2d, we have d + (s — 1)d < 6sk. Thus, for every
s-dimensional subspace W < U we obtain,

1 Y dimg, (WNH) < <é+w)s§@(q)&

MHew qtN
This proves the asserted value of A;. The bound on n follows from k< q‘k.
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Finally, the construction is explicit by Propositions 3.7 and 4.5. The former gives the place
0, an explicit representation of its residue field, and the residue map at Q. The latter gives bases
of the required Riemann—Roch spaces on the descended tower, as well as the degree-¢ places
and the evaluations at these places. Using these, we compute the right inverse I, the lifted
Frobenius maps 7;, and the kernels defining the subspaces in A by linear algebra over ;. The

subspace U and the intersections defining .7#” are obtained from A by linear algebra. ]

The following corollary instantiates the preceding theorem so that the normalized intersec-

tion bound is within an arbitrary additive y of 1/q.

Corollary 4.7 (Strong subspace designs over arbitrary finite fields). Let g be a prime power,
let 0 <y<1, and let k > 2. For every 1 < r <k, there exists an explicit collection 7€ of n

subspaces of B, each of codimension at most r, satisfying

n<g (1 + %)2 qu(l +y12/">2ﬂ =0(4k/7).

For every 1 < s <, the collection is an (s,Ay)-strong subspace design, where

As = (l+'}/) sn.
q

In particular, every nonzero subspace W < ]F’; of dimension at most r satisfies

1 1
- Z dimp, (WNH) < (—+y> dimp, W.
q

”Hejf
12
/=21lo 1+—)—‘.
{ g"( Y

Let k be the tower genus chosen in the proof of Theorem 4.6, and set

4]

qf/z_l > 27

Proof. Set

Then /4 is even and

and hence Cy(g) — 1/ < y. Moreover,
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Applying the construction in the proof of Theorem 4.6 with this choice of N gives a collection
of size n = qg_lN. If diqu W =s <r, then

! Y dimgp, (WNH) < (%M)s

MHew qtN

<|l—-+—7)s<|—-+7]s.
q q q
This proves the asserted value of Aj.

g <q(1+2)2 N < {3q2(1—|—12/y)2k—‘
f— ’}/ ) — ’J/ )

where the second inequality follows from k < gk < ¢*(1 + 12/y)%k. This gives the claimed

Finally,

bound on 7. ]

4.3 Rank condensers and extractors

We now record the consequences for lossy rank condensers and lossless rank extractors.

Corollary 4.8 (Lossy rank condensers over arbitrary finite fields). Let €, € (0,1], and let g be
a prime power satisfying
1
> —.
17 ¢s

For every integer k > 2 and every 1 <r <k, there exists an explicit (r,€,0)-lossy rank condenser

& = (Ei)ieln) € F;Xk of size
n=0 —q3k .
(€6 — l/q)5

1 12
=£0——, {=21|lo 1+—)-‘.
4 q [ g"( Y

Let k be the tower genus chosen in the proof of Theorem 4.6, and set

[4

Proof. Set

The choice of ¢ gives
616/2 - 1 Z 27
Y
and hence
/2 _ 1~
q
N < k



We may therefore apply the construction in the proof of Theorem 4.6 with this choice of N. By
Proposition 4.4, the resulting collection is an (r,A,)-strong subspace design of size n = g N,
where

A 1 6(g—1Dk 1 —1
_<_+M<_+TY<85'

m q q!N q
Consequently,
Ay <edm < (ler]+1)([6n] +1),

and the claim follows from Proposition 2.1.
Finally, the definition of ¢ gives ¢"~' = 0(g/y%) and ¢' = O(¢*/¥*), while N = O(k/y) =
O(q%k/y?). This proves the stated bound on n, since y = €8 — 1/4. O

Taking the rank loss in the preceding corollary to be smaller than 1/r gives lossless rank
extractors.

Corollary 4.9 (Explicit lossless rank extractors). Let 1 < r < k be integers, and let 0 < § <

1. For every prime power q > r/d, there exists an explicit (r,8)-lossless rank extractor & =

(Ei)icln) C Fy* of size
3.5
qrk )
n=0|———7=]-
((6 —r/q)’

In particular, for all integers 1 < r < k and every prime power q > r, there exists an explicit

r-lossless rank disperser over F,, of size O(rkq®).

RV
“2\r ¢8)°

Since g > r/d, we have er < 1. Moreover,

1 1/6 1\ 6-r/q

Proof. Let

Applying Corollary 4.8 with loss parameter € and bad-map fraction 6 gives an explicit collec-

Every good map preserves rank at least (1 — €)r > r — 1, and hence preserves rank r. Thus, at

tion of size

most | 6n| < dn maps fail to preserve the rank of each rank-r input.

For the final assertion, assume that r < ¢ and set 8y = (2r+1)/(2¢q). Then r/q < & < 1,
and the preceding bound becomes n = O(r°kq®). Since & < 1, at least one map preserves the
rank of each rank-r input, so the collection is an r-lossless rank disperser. ]
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4.4 Strong blocking sets over arbitrary finite fields

Fancsali and Sziklai [FS14, FS16] gave a reduction from lossless rank dispersers to strong
blocking sets (stated formally in [GRSZ26, Lemma 6.1]). Hence, our results imply new strong
blocking sets. We begin with the definitions.

Definition 4.10 (Projective space and projective subspace). The projective space PG(k —1,q)

is the set of one-dimensional subspaces of IF’;. For every nonzero subspace U < FX, the set
PG(U) ={L <U :dimy (L) =1}

is a projective subspace of PG(k — 1,q). Its dimension is dimg, (U) — 1, and its codimension in
PG(k—1,q) is k—dimp, (U). For a nonempty set S C PG(k —1,q), its projective span is the

smallest projective subspace containing S.

Definition 4.11 (Strong blocking set). Let 1 <s <k—1. A set BC PG(k— 1,q) is a strong
s-blocking set if; for every codimension-s projective subspace £ C PG(k— 1,q), the intersection

BNX spans ¥; that is, ¥ is the smallest projective subspace containing BNX.

We next describe the above reduction. Let & = (E;)icu) € FEISH)Xk be an (s+ 1)-lossless
rank disperser, and set V; = rowspan(E;). Then
B= | PG(V)
i€[M]
is a strong s-blocking set in PG(k — 1,g) and
qs—H -1
Bl <M <2Mg'. 4.1)

Using our lossless rank extractors, we obtain the following corollary.

Corollary 4.12 (Strong blocking sets over arbitrary finite fields). Let g be a prime power, and
let s > 1 satisfy
q>s+1.

For every integer k > s+ 1, there exists an explicit strong s-blocking set B C PG(k — 1,q) satis-
Jying
|B| = O(SSkqs+8).

Proof. Setr = s+ 1. Since g > r, Corollary 4.9 gives an explicit lossless rank disperser of size

M = O(r’kq®). Thus, Equation (4.1) gives an explicit strong s-blocking set satisfying

|B| <2Mq’ = O(rskqs+8) = 0(s5kqs+8).
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Comparison with previous results. Table 1 compares our construction with the results in
[GRSZ26, Table 1]. Let cp > 0 be the sufficiently large absolute constant in [GRSZ26, Corol-
lary 6.2]. We first consider the range s+ 1 < g < (2s). In this range, our bound O(s kg**3) =
kq*s®M) improves all applicable previous bounds in the table as s — oco. In particular, it re-
places the exponential factors appearing in [GRSZ26, Corollary 6.2(3), Proposition 6.8] and
[BT26, Theorem 17] by a polynomial in s. We next consider g > (25)“0. For prime ¢, our con-
struction replaces the quasipolynomial factor (ZS)O(IOg(ZS)) in [GRSZ26, Corollary 6.2(2)] by

O(s°¢®), which is polynomial in s and ¢. Thus, whenever g = s%(!)

, it improves the dependence
on s from quasipolynomial to polynomial. For non-prime ¢ in this upper range, [GRSZ26,
Corollary 6.2(1)] retains the smaller bound O(s(k — s)g**!) for every k > s+ 1, and the bound
O(s(k — s)¢*) for infinitely many such k. Finally, when g < s+ 1, our result does not apply,
whereas [GRSZ26, Corollary 6.2(3), Proposition 6.8] and [BT26, Theorem 17] apply over ev-

ery prime power.

Table 1: Explicit strong s-blocking sets in PG(k — 1,¢), extending [GRSZ26, Table 1]. The
bounds shown hold for every k > s+ 1; the bounds in [GRSZ26, Corollary 6.2] improve by a
factor of g for infinitely many k. Here C > 0 is a sufficiently large absolute constant, 04(1)

tends to zero as gs — oo, and L , = max{Clog(2s)/logq,2}.

Reference Field size Upper bound on |B|
[BT26, Theorem 16] g square, g > (2s)C5 20(s>log(2s)) kq*

[BT26, Theorem 17] Every prime power kqPs")

[GRSZ26, Corollary 6.2(1)] g non-prime, g > (2s)¢ O(s(k—s)g*™)
[GRSZ26, Corollary 6.2(2)] g prime, ¢ > (25)¢ (25)000e(29)) (f — 5)g*+!
[GRSZ26, Corollary 6.2(3)] Every prime power 0(u§,j1'1s(k —s5)g*th)
[GRSZ26, Proposition 6.8] Every prime power kg2 toas(1))s

Corollary 4.12 qg>s+1 O(s’kg*+3)

4.5 Condensers for affine sources

An affine (n, k)-source over [, is the uniform distribution on an affine subspace of I of dimen-

sion at least k. A seeded condenser for affine sources maps such a source to a shorter one while
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retaining most of its entropy. For a discrete random variable Z, its min-entropy” is

Z

H..(Z) = —log (maxPr[Z = z]> .

Seeded condensers for general weak sources, introduced in [RR99, RSWO06], are a standard
tool in pseudorandomness. Here we restrict attention to affine sources. Although deterministic
condensers exist for affine sources, the seeded setting permits constructions that are linear in

the source for every fixed seed, a property used in several works.

Definition 4.13 (seeded condenser for affine sources [GROS, DG26]). Let g be a prime power,
let 1 <k <nandm,D > 1 be integers, and let 0 < k' < min{k,m} and € € [0,1]. We say that a
map

Cond: Fy, x [D] — F7/
is a seeded affine (k —¢ k')-condenser if, for every affine (n,k)-source X,

|{y € [D] : Ho(Cond(X, y)) < K'logq}| < eD.

Its seed length is d = logD. The condenser is lossless if k' = k. The condenser is linear if for

every fixed seed y € [D], the map Cond(-,y) : Fy — F' is linear®

For i € [D], let E;: [y — ' be a linear map with m > k, and set Cond(x,i) = Eix. If X is
uniform on xy + W, then
H.(E;X) = rank(E;|w)logg.

Thus, a (k, €, §)-lossy rank condenser is a linear seeded affine (k —g (1 — €)k)-condenser. This
equivalence was recently made explicit, and refined, in [DG26]. Our work thus readily implies
the following.

Corollary 4.14 (Condensers for affine sources). Let g be a prime power and let 8,¢ € (0,1)
satisfy 8€ > 1/q. For every integer n > 1 and every 1 < k < n, there exists an explicit linear
seeded affine (k —¢ (1 — 6)k)-condenser Cond: Fy x [D] — IF]C‘], which is linear in its first

argument. Its seed length satisfies

1
d <logn-+3logqg-+5log <&_—l/q) +0(1).

For fixed q,0, and €, the construction has d =logn+ 0, 5 ¢(1).

SFor an affine source, min-entropy equals Shannon entropy because the distribution is uniform on its support.
®An alternative definition requires that, for every affine (n,k)-source X and an independent uniform seed ¥ €

[D], the joint distribution (¥,Cond(X,Y)) be &-close to a distribution with min-entropy at least d + k’logg. The
definition above implies this condition. Conversely, for linear condensers, the alternative definition with error €
implies the definition above with error at most €/(1 — 1/¢) < 2€ ([Rao09, Proposition 2.9]). Thus, for linear
condensers, the two definitions are equivalent up to a factor of 2 in the error.
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Proof. Sety=030¢€e—1/q. Apply Corollary 4.8 with ambient dimension n, rank k, loss parameter
0, and bad-map fraction &, and set Cond(x,i) = E;x for the resulting maps E; € IF’;X”. The

construction in that corollary uses

D:‘)(weqjﬁ)'

Taking logarithms gives the seed-length bound. [

Note that with, say, € = 0 = 3/4, one can even take ¢ = 2.

Comparison with previous results Table 2 compares the seed length, output dimension and
parameter restrictions of previous constructions. For every fixed ¢, §, and € satisfying & > 1/g¢,
our construction has m = k and seed length logn + O(1). Over constant-sized fields, the earlier
bounds below either get worse seed length or or vanishing output entropy rate. Our construction
is the first to achieve both optimal seed length dependence on n, and constant output entropy
rate, over all fixed fields — and in particular over IF, (when €, 0 are large enough).

The lossless rank extractors of Gabizon and Raz [GROS, Theorem 5] and Forbes and Shpilka
[FS12, Theorem 4.1] give lossless affine extractors. Forbes and Shpilka improve the number
of bad maps from nk> to nk — (kgl), thereby saving a logk term in the seed length. However,
both families are indexed by elements of F,, so achieving error € requires ¢ = Q(nk?/¢) and
q = Q(nk/¢), respectively.

The lossless condensers of Guruswami, Umans, and Vadhan [GUV09, Theorem 1.7], later
made linear by Cheraghchi [Che 10, Corollary 2.23], apply to arbitrary sources over any field, at
the cost of a constant-factor increase in seed length. Their second construction [GUV09, The-
orem 4.4] avoids this constant-factor increase in seed length, but has vanishing output entropy
rate.

The folded Reed-Solomon construction of Guruswami and Kopparty [GK 16, Theorem 14],
together with the lossy analysis of Forbes and Guruswami [FG15, Proposition 6.8], allows every
k <m < n. Its seed length is log(n/(m —k+1)) +1log(1/(8¢€)) + O(1), but requires the field
size be larger than n. Applying the field reduction of [FG15, Proposition 8.5] gives seed length
log(n/k) +1log(1/(d¢€)) + O(1) over every field, at the cost of vanishing output entropy rate.

Guruswami, Xing, and Yuan [GXY 18, Theorem 1.2] gave a function field generalization of
the construction of [GK16], which relaxes the field-size restriction, but their condenser bounds
require either a growing field or a vanishing output entropy rate. Indeed, for output dimension
m > 4k, their construction supplies Q((rn/m)q!"/(2K)]) maps, whereas O(nlog,n/(md€)) maps
suffice to obtain a (k —¢ (1 — 0)k)-condenser. Thus their bounds guarantee sufficiently many

maps when glm/(26)] pe log—gn. For fixed loss and error, keeping m = O(k) therefore requires ¢
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to grow with n, although polylogarithmic field size suffices. Over a fixed field, this condition
instead requires m/k = Q(log, log,n), so the guaranteed output entropy rate (1 — &)k/m tends
to zero.

Goyal, Guruswami, and Hsieh [GGH26] work over every field size and allow arbitrary pos-
itive loss and error, but their output dimension grows exponentially with k2, so their guaranteed
output entropy rate vanishes as k grows.

Finally, Guo, Raj, Shangguan, and Zhang [GRSZ26] obtain m = k and seed length logn +
O(1) for infinitely many input dimensions, but require g to grow polynomially with k; over
prime fields, their seed length also contains an additional polylogarithmic term in k.

In the g = 2 regime, a recent work of Doron and Goodman [DG26] interpreted subspace
designs as linear seeded condensers for affine sources, and combined [GK 16, FG15] with other
objects from extractor theory. They were able to get a (k —¢ (1/2+ B)m) seeded linear affine
condenser from [ to 5" with seed length log(n/k) + O(loglogn) and m > m for some
nontrivial €, and some constant § > 0. For an arbitrary € > 0, they get seed length O(log(n/k) +
log(1/¢€)+1loglogn).

Al Usage. All ideas, constructions, and proofs, were developed by the authors, except for the
case charlF, # 2 of Proposition 3.7, for which we assisted GPT-5.6 Sol. GPT-5.6 Sol was also
used for language editing.
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Table 2: (k —¢ (1 — 6)k) seeded linear affine condensers from Fy to F¢' with seed length d.
Seed lengths are upper bounds, with additive O(1) terms omitted. All implicit constants are
absolute. When & does not appear, the construction is lossless (i.e. 8 = 0). The output entropy

rate is 1=0%
Reference Field size Output dimension m Seed length d
[GROS8, Theorem 5 q > Q(nk?/€) k log(n/€)+2logk
and Remark 6.2]
[FS12, Theorem 4.11 g > Q(nk/¢) k log(nk/€)
[Che10, Corollary Every ¢ O(k)+d O(log(nk/¢€) +1og(q))
2.23]
[GUV09, Every ¢ O(kd) log(nk/€)+1log(q)
Theorem 4.4]
n 1

[GK16, Theorem 14] ¢ > Q (%) m>k logm +10g$
[FG15, Every ¢ 0<k<1+10gq%)> log(n/(6¢€k))
Proposition 8.5]

logn O(k/m)
[GXY18, q> < Se > m > 4k log(n/(6em)) +loglog,n
Theorem 1.2]
[GGH26, Every ¢ poly(k,1/(5€))g" log(n/(mde))
Theorem 1.1]
[GRSZ26, q > poly(k,1/(5¢)); k log(n/(8¢))
Theorem 4.5] non-prime
[GRSZ26, q > poly(k,1/(5¢)); k log(n/(d¢))
Theorem 5.10] prime +0 (logk -log(k/(0¢)))
[DG26] qg=2 see discussion above
Corollary 4.14 qg>1/(0¢) k logn+0<log58qu/q>
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A Missing Proofs

We begin with the proof of the case char[F, = 2 of Proposition 3.7.

Proof of Proposition 3.7. It remains to consider characteristic 2. Using Shoup’s algorithm, con-
struct an irreducible polynomial i € IF»[T'| of degree m, and set

L=W[T]/(h),  K=F,[T]/(h).

The condition ged(m,e) = 1 implies that 4 remains irreducible over F,. Thus L = Fon is a
subfield of K = Fn. Write T = Try /p,; since m is odd, 7(1) = 1. The F,-linear map

A:L—L,  Al)=7+z

has kernel [F,. Indeed, A(z) = 0 if and only if 72 =z, and the fixed field of z — z% in L 2 Fom

18 [Fyged(sm) = 2. Moreover, Frobenius invariance of the trace gives
7(A(2)) = 1(2) +1(2) =0

for every z € L, and hence im(A) C ker(7). Both spaces have dimension m — 1 over F,: the

first because dimp, ker(A) = 1, and the second because im(7) = [F». Therefore im(A) = ker(7).

Consequently, whenever 7(b) = 0, we can solve A(z) = b by Gaussian elimination over [F5.
We first construct ¢ € L™ such that

Fy(c) =L, t(c) =1(c" ) =0.

Set M =2m+ 1. Since m > 5, the group L* contains more than M elements. Enumerate any
M + 1 of them, and choose one, denoted by u, such that uM = 1. Such an element exists because
XM 1 has at most M roots. In particular, u ¢ 5, so u has degree m over IF,, since the prime-
degree extension L/IF; has no proper intermediate fields. Its Frobenius orbit is disjoint from
that of u~!. Indeed, an equality u** = u~' with 0 < a < m would, after applying the 2%-power
Frobenius once more, give

u22“ _ (u—l)za _ (MZ“)—I —u

Since the Frobenius orbit of u has size m, this gives m | 2a, and hence a = 0. But then u = u

which in characteristic two implies # = 1, a contradiction. Thus
S={Du{u* :0<a<m}U{u?:0<a<m}

has M distinct nonzero elements.
We claim that there is some 1 < j < M with 7(u/ +u~/) = 0. Otherwise, for every such j

we would have

Zaj: 1+t +u’)=0.
acs
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Enumerate S = {sy,...,sy} and consider the matrix

V= (s))1<jk<u-

This matrix is invertible. Indeed, multiplying its kth column by s,?l gives the Vandermonde
matrix (si_l)lg jk<m> which is invertible because the elements of S are distinct. On the other
hand, the preceding equalities say that V(1,...,1)" = 0, a contradiction. We find a suitable j
by testing all M choices.

We next verify that u/ # 1. Let n be the multiplicative order of u. For every positive integer
a, we have

a
W =u = n|2°-1.

Since the Frobenius orbit of u has size m, it follows that m is the multiplicative order of 2 modulo
n. Now choose a prime divisor p of n. As n | 2™ — 1, the multiplicative order of 2 modulo p
divides m. It cannot equal 1, since that would imply p | 2 — 1, and therefore equals m because
m is prime. By Fermat’s little theorem this order divides p — 1, som | p — 1. Both m and p are
odd, and hence 2m | p — 1. Consequently,

n>p>2m+1=M.

Equality n = M would imply ¥ = 1, contrary to the choice of u. Thus n > M.

Sett=u/ and c=t++¢"'. Since 1 < Jj <M < n, we have t # 1. It follows that ¢ # 0,
because in characteristic two the equality 7 +¢~' = 0 would imply (t 4+ 1)> =0, and hence = 1.
The choice of j gives 7(c) = 0. We now verify the corresponding assertion for ¢~!. Since the

characteristic is two,

-1 _ t . 1t . 1 n 1
241l (D2 e+ (D

Letw=(t+1)"!. Then ¢~! = w+w?, and Frobenius invariance gives T(w?) = 7(w). Therefore
(¢! = t(w) +1(w?) = 21(w) = 0.

Finally, ¢ ¢ [F5, because ¢ # 0, T(c¢) =0, and 7(1) = 1. Since m is prime, c therefore generates
L/F,.

We now construct the coordinates of Q. Solve A(z) = ¢! and set a; = z~!. Since ¢™! #0
whereas A vanishes on [F;, every solution z lies outside 5. In particular, z # 0, so a; is well-

defined, and
1
a = =
O(@) 7+z

Since m is prime, a; ¢ F, generates L/IF,. Moreover, T(¢(a;)) = 0. Suppose that a; € L\ F,

C.

has been constructed with 7(¢(a;)) = 0. Since the only elements of L fixed by z+— 2" lie in [Fy,
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the value ¢ (a;) is defined and nonzero. Solve A(b) = ¢ (a;). As ker(A) = IF, the two solutions
are b and b+ 1; neither lies in [F,, because their image under A is nonzero. Furthermore,

(b—|— l)r-i-l +br+1 1
o(b+1)+¢(b) = =1+—.
A(b) ¢(a;)
Frobenius invariance gives 7(a;") = ’L'(ajfl ),s01/¢(a;)= ajfl +a; " has trace zero. Therefore
the two values ¢(b) and ¢ (b + 1) have different traces: taking the trace of both sides of the
above equation gives

T(¢(b+1))+1(¢(b) =(1) = 1.
Thus
ajr1=b+1(¢(b))

selects b if T(¢ (b)) = 0 and b+ 1 otherwise. It therefore satisfies

A(ajy1) =9¢(aj),  t(9(aj+1))=0.

In either case, a; ¢ IF». This completes the induction and constructs ajy,...,a; without van-
ishing denominators.

The evaluation x; — a; satisfies the defining equations of F;, which defines a place Q. Since
a; generates L/F, its residue field is

Fq(al,... ,a,‘) = Fq((ll) = ]FqL =K.
Therefore deg Q = m. All steps can be carried out in time poly(q, ¢, g). ]
Next, we prove Proposition 4.5.

Proof of Proposition 4.5. The tuple (0,...,0) defines a rational place of F;, so F; has full con-
stant field IF,. Its constant-field extension Fl.(d) is the i’th level of the Garcia—Stichtenoth tower
over F ¢ = .. It has the same genus g;, and g; < 7 by Theorem 2.13.

Let .7 be the set of evaluation tuples (xp,...,x;) € Iﬁ‘iz satisfying the tower equations and
x| +x1 # 0. The trace map z > 7" +z from F > to [F, is surjective with kernel of size r. There
are therefore r2 — r choices for x;. Moreover, if x; +xj # 0, then

X" Xr~+1

J J X
= eF
r—1 r . ro
xj +1 xj—f—xj

so there are exactly r choices for x;, all with nonzero trace. These tuples represent distinct

()

affine rational places of F;", and hence

|-Z| = (r2 — r)r"_1 = ri(r— 1).
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For each proper divisor b of d, let .#;(b) consist of the tuples in .#; whose coordinates lie in
Ith. If d/b is even, then 7" = z on Fqb. Thus, .#;(b) is empty in characteristic two, whereas in
odd characteristic the recurrence x;1 = x;/4 gives |-7(b)| = ¢” — 1.

If d/b is odd, then b is even. Setting h = qb/z, we have 77 = 7" on ]Fqb = [F;». The tower

equation is therefore

h+1
Xj

h

X 1+xj1 = .
+1 1
/ / x?—i—xj

h+1

Here 7" +z and 7! are the trace and norm from [, to ;. There are h> — h choices for x; of

nonzero trace and /4 choices at every subsequent step. Consequently,
.%(b)| =h'(h—1)  when d/bis odd.

A tuple in .} has a g-Frobenius orbit of size less than d only if it belongs to .#;(b) for some

proper divisor b of d. The even-quotient cases contribute fewer than

/2
Z qb <2r
b=1

tuples. In the odd-quotient cases, b < d/3 and hi(h — 1) < g?*1)/2_ Hence these cases con-

tribute fewer than
/3] )
Z qb(z-l-l)/Z < 2r(z+1)/3

b=1
tuples.
Fora = (ay,...,a;) € ¥, let ﬁa be the affine rational place of Fi(d) represented by a, and let

Orb,(a) = {(a?v,...,aiqv) :0<v<d}

be its g-Frobenius orbit. By Lemma 2.14, if this orbit has size d, then the places ﬁb with
b € Orb,(a) lie above a unique degree-d place P, of F;. Moreover, two full orbits give the same
place of F; if and only if they are equal. Let &7; be the set of places obtained from the full orbits
in .;. We can enumerate this set explicitly by representing each place by a representative from

its orbit. Since every full orbit contains d tuples, for every i > 2 we have
d| P > (r—1)r —2r—2,/D/3,
The genus formula in Theorem 2.13 gives g;/r' — 1. Therefore,

IR dj2 _
liminf 2 -l _4 L
i—e g d d
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We now deduce the bound on B, (F;). It is trivial for i = 1, since g; = 0, so assume that
i>2.1f r >4, then

2r+2r<i+1)/3 < %r".

The preceding construction of &7; therefore gives

r—1 . r—1

l> i-
2y =8

The only cases with r < 4 are (¢,d) = (2,2) and (q,d) = (3,2). In the first case, .#;(1) is empty,
while in the second it has size two. Thus,

dBy(F) > d| | > (r—1)rf —2r —2,+1/3

v

2 r=2, r—1
2By (F;) > . >
2.31-2, r=3, 2

Dividing by d proves the general bound.

It remains to prove the assertion about the Riemann—Roch spaces. Let F= Fi(d) , and let P,
be the unique pole of x; in I?l Its restriction P to F; is the unique pole of x; in F;, and P, is the
unique place above it. Since P., is rational, Lemma 2.14 implies that P is rational as well. The
constant-field-extension theorem for Riemann—Roch spaces now gives

L (UP) =T ja - L (UPw); (A1)
see [Sti09, Theorem 3.6.3(d)]. In particular, the two spaces have the same dimension over their
respective constant fields.

The field f’\, / Iqu is a Garcia—Stichtenoth function field. By [SAK"01], we can compute an
Iqu;basis Sfiy---y f; of fﬁ(uﬁw) in polynomial time. Let o be the g-Frobenius automorphism
of F;/F;; that is, o acts on the constants by ¢ — ¢? and fixes the tower generators xi,...,x;. By
Equation (A.1), the o-invariant subspace of £ (uﬁw) is precisely 27 (UP-).

Choose an Fy-basis fi,..., B4 of F 4. Fora € [d] and j € [t], compute

d—1

ha,j = TI’IEI./E.(Bafj) = Z o’ (Buf))-

v=0
Each h, ; belongs to -ZF,(uP..). Moreover, these elements span this space over [F,,. Indeed, the

elements fB,f; form an IF;-basis of Z5 (uﬁm), so their traces span the image of Trz JE This

image is the entire descended Riemann—Roch space: for any f € 2% (uPs), choose B € Fpa
with Try (B) = 1, which exists because finite fields are separable. Then
q

Trfi/Fi(Bf) =f
We can therefore select an F-basis from the elements h, ; by Gaussian elimination.
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Finally, let P be a degree-d place represented by a tuple a € ng, and let P, be the corre-
sponding rational place of F;. Under the identification K(P) = I« determined by a, evaluation
at P agrees with evaluation at P,. The latter can be computed efficiently by the algorithm of

[SAKT01]. O
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