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Abstract

Matrix concentration for Markov chains was initiated in the expander-walk setting by Garg,
Lee, Song, and Srivastava’l8 [GLSS18]. However, the constant obtained in [GLSS18] is quite
loose, and it is natural to ask whether a tighter proof can yield the same constant as in the
independent matrix concentration setting. In this paper, we provide a positive answer to this
question. Our Hoeffding exponent is sharp, as shown by a scalar obstruction. Our Chernoff and
Bernstein constants improve upon those in [GLSS18] and Neeman, Shi, and Ward’24 [NSW24],
respectively.

1 Introduction

Concentration inequalities provide quantitative control over the deviations of random sums from
their expectations and play a central role in probability theory and computer science. For sums
of independent bounded random variables, the classical inequalities of Chernoff [Che52], Hoeffding
[Hoe63], and Bernstein [Ber24] give exponentially decaying tail bounds, with Hoeffding’s bound
depending on the ranges of the summands and Bernstein’s bound additionally exploiting their
variances.

A foundational matrix Chernoff inequality for independent matrix-valued summands was es-
tablished by Ahlswede and Winter [AW02]. Tropp later developed a systematic collection of
Chernoff-, Hoeffding-, and Bernstein-type inequalities for independent random matrices [Trol2].
In parallel, scalar concentration for Markov chains developed from Gillman’s expander-walk bound
and Healy’s generalization [Gil98, Hea08|. Lezaud and Leén—Perron obtained spectral Chernoff—
Hoeffding bounds for finite-state chains, while Chung, Lam, Liu, and Mitzenmacher treated gen-
eral nonreversible finite-state chains [Lez98, LP04, CLLM12]|. Paulin established concentration
inequalities using coupling and spectral methods, including Bernstein-type bounds [Paul5]. Sub-
sequent results include general-state-space Bernstein and Hoeffding inequalities [JSF18, FJS21],
time-dependent Hoeffding bounds for reversible finite-state chains [Rao19], and finite-sample Cher-
noff bounds attaining the optimal large-deviation rate [MA19].

Wigderson and Xiao initiated the study of randomness-efficient sampling for matrix-valued
functions along expander walks [WX05, WX08]. Wigderson and Xiao conjectured a matrix Chernoff
bound for expander walks [WX05, WXO08]. Garg, Lee, Song, and Srivastava later proved the
conjectured matrix Chernoff bound for expander walks [GLSS18|. Qiu, Wang, Liao, Peng, and
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Tang then established a matrix Chernoff bound for regular finite Markov chains and applied it to
co-occurrence matrices [QWL™T20].

Neeman, Shi, and Ward extended this line of work to time-dependent matrix-valued observables
of stationary, possibly nonreversible Markov chains on general state spaces, obtaining Hoeffding-
and Bernstein-type inequalities [NSW24]. More recent directions include spectral concentration
under -mixing [WS26|, Banach-space concentration for reversible finite chains [Ra026], matrix
Hoeffding and Bernstein inequalities for ergodic chains [PXZ25], and matrix Chernoff inequalities
for inhomogeneous chains [Zan26]. Sen also proved trace-distance concentration for quantum soft
covering along expander walks [Sen25].

A parallel line of work concerns multivariate trace inequalities. For Hermitian matrices A and
B, the classical Golden—Thompson inequality, proved independently by Golden and Thompson,
states that trlexp(A + B)] < trlexp(A)exp(B)] [Gol65, Tho65]. Sutter, Berta, and Tomamichel
established a multivariate Golden—Thompson inequality whose integral representation ranges over
the entire real line and uses complex phases [SBT17]. Garg, Lee, Song, and Srivastava established
a variant with integration over a bounded interval in their analysis of expander walks [GLSS18].

1.1 Our Results

The constant obtained in [GLSS18] is quite loose, and it is natural to ask whether a tighter proof
can yield the same constant as in the independent matrix concentration setting. This question was
raised in [Sonl9]. In this paper, we provide a positive answer to this question. Throughout the
paper, in tail-bound exponents we use the conventions 0/0 = 0 and a/0 = +oco for a > 0.

Theorem 1.1 (Markov matrix Hoeffding bound, informal version of Theorem 4.1). Let s1,..., S,
be a stationary trajectory of a Markov chain with L? contraction A < 1. Suppose that the Hermitian
matrices Fj(sj) are centered and satisfy a;I = Fj(x) < bjI. We define a(X) :== (1 4+ X)/(1 — A).
Then, for everyt > 0,

2t2
a(A) D7 (b —aj)?

When A = 0, we have P = II, so the trajectory consists of independent samples from pu.
The theorem then gives the independent matrix Hoeffding bound obtained from the interval-width
matrix moment generating function estimate and the matrix Laplace-transform method [Trol2,
Corollary 3.7].

gr[xmax(z Fj(s4)) > t] < dexp(—

).

Theorem 1.2 (Markov matrix Bernstein bound, informal version of Theorem 5.1). Under the same
Markov-chain assumptions, suppose that the centered Hermitian matrices satisfy ||Fj(x)|| < M and
||EM[F]2]H <Vj. Seto?:= Y Vi a(A) = (14+A)/(1=A), and B(A) := (1 +4A+ A2)/(3(1—\?)).
Then, for every 0 < A <1 and everyt > 0,

t2/2
a(N)o? + B(A)Mt)'

]ir[)\max(ZF‘j(Sj)) > t] < dexp(f
=1

When A = 0, we have «(0) = 1 and 5(0) = 1/3, and the trajectory consists of independent
samples from p. In this case, the exponent has numerator —t?/2 and denominator o2 + Mt/3,
with prefactor d. Thus our bound recovers exactly the one-sided Hermitian form of Recht’s non-
commutative Bernstein inequality [Recll, Theorem 4 and Appendix A], obtained by omitting the
rectangular dilation in its proof. The coefficient a(\) multiplying the variance proxy is optimal in
the small-deviation regime.



We also obtain a complementary Bernstein bound whose leading term uses the norm of the
summed second moments. Its dependence correction vanishes in the independent case.

Theorem 1.3 (Markov matrix Bernstein bound with summed variance, simplified form of Theo-
rem 6.1). Under the same Markov-chain assumptions, suppose that the centered Hermitian matrices
satisfy ||Fj(z)|| < M, where M > 0. Define v := || 37, Eu[F?]| and w = > IEL[FZ]], and
let a()\) and B(N) be as in Theorem 1.2. Forp > 1, set g :=p/(p—1) and Vy(\) := pv+ a(\)A\2quw.
Define C,(0) := p/3 and Cp(X) :== p+ B(N)g for 0 < A < 1. Then, for every 0 < X\ < 1, every
p>1, and every t > 0,

t2/2
Vo(A) + Cp(M) Mt

IZI'P\maX(Z F‘](S])) > t] < dexp(—
j=1

).

When A = 0, we have V,,(0) = pv and C,(0) = p/3. Letting p | 1, the exponent has numerator
—t2/2 and denominator v+ Mt /3, with prefactor d. Thus the theorem recovers Tropp’s independent
matrix Bernstein inequality [Trol2, Theorem 1.4], with the same variance proxy and constants.

Corollary 1.4 (Expander-Chernoff normalization, informal version of Corollary 4.2). Under the
same Markov-chain assumptions, suppose that E,[F;] =0 and —I < Fj(x) < I for every j and .
Then, for every e > 0,

(1 —M)n

TSV

iy > F(55)) = €] < desp(~

When A = 0, the trajectory consists of independent samples from p. Applying the independent
matrix Chernoff inequality [Trol2, Theorem 5.1] to X; := (F} 4 I)/2, followed by the standard
quadratic lower bound for binary relative entropy, recovers this estimate.

Remark 1.5 (Comparison with [GLSS18] and [NSW24]). In the expander-walk setting, [GLSS18,
Theorem 4.1] has prefactor d~™/* and exponent —e?(1 — \)n/80. Since every probability is at most
one, [GLSS18, Remark 4.2] converts this to a bound with prefactor d and exponent

(1 - M)n
80(2 — 7/4)"

At the common prefactor d, Corollary 1.4 therefore improves the exponent by the factor 40(2 —
w/4)/(1 4+ N).
For real symmetric matrices, [NSW24, Theorem 2.5] has prefactor d*~™/* and exponent

w2t2

8a(N) X (b — ay)?

The same prefactor—exponent tradeoff gives numerator constant 72/(8(2 — 7/4)) at prefactor d.
Thus, at the common prefactor d, Theorem 1.1 improves the exponent by the factor 16(2—m/4)/72.
Specifically, after Eq. (6.12), [NSW24] replaces the phase factor cos?(¢) by 1 before applying the
bounded multivariate trace inequality; this is the source of the conversion loss. For complex Her-
mitian matrices, [NSW24, Corollary 2.7] has an additional factor 2, whereas Theorem 1.1 retains
prefactor d.




Roadmap. The remainder of the paper is organized as follows. Section 2 defines notation
and introduces the multivariate trace inequality. Section 3 proves the common conversion from
phase-sensitive product estimates to trace moment-generating-function bounds. Section 4 shows
the sharp Markov matrix Hoeffding inequality, its expander-Chernoff normalization, the needed
product estimate, and the scalar sharpness obstruction. Section 5 establishes the exact and simpli-
fied Bernstein bounds, verifies the phase-sensitive product estimate, and proves optimality of the
variance coefficient. Section 6 derives a complementary variational Bernstein bound and recovers
Tropp’s independent matrix Bernstein inequality.

2 Preliminaries

For matrices, || - || denotes the operator norm, while || - ||2 denotes the Frobenius norm, equivalently
the Schatten 2-norm. We use i to denote v/—1. We use ® to denote the tensor product. We use
tr[] to denote the trace of a matrix.

Definition 2.1 (Markov matrix setup). Let P be a Markov kernel on a state space X with stationary
probability measure p. Let I1f := E,[f], and assume

HP — HHLQ(M)%LQ(N) <A<

Let s1,...,5, be a stationary trajectory of P. Throughout the paper, F; : X — Hy is measurable

and centered:
Eu[Fj] = 0.

We use the abbreviations

SF = ZFj(Sj), Oz()\) = ﬁ
j=1

We state a tool from previous work.

Lemma 2.2 (Sutter-Berta—Tomamichel, Corollary 3.3 of [SBT17]). Let Hu,..., H, be Hermitian
matrices. For the fized probability density Bo(u) := mw/(2(cosh(mwu)+1)), independent of Hy, ..., Hy,

we have
n

log [|exp(> " Hj)2 < /R o () log || T exp((1 + i) Hy) adu.
j=1

J=1

We also use the realification map for a complex Hermitian matrix Z = X +14Y, where X is real
symmetric and Y is real skew-symmetric:

=3 ). 1)

The map C preserves sums, products, exponentials, operator norms, and Loewner-order interval
bounds. Every eigenvalue of Z occurs twice as an eigenvalue of C(Z), and hence

trr[exp(C(2))] = 2 trclexp(Z)]. (2)



3 Shared trace-MGF conversion

The product estimates used later control a Schatten-norm expression rather than the trace moment-
generating function needed by the Laplace method. The following lemma supplies the conversion
by combining the multivariate trace inequality with Jensen’s inequality and the phase-sensitive
hypothesis. It will serve as the common interface for both the Hoeffding and Bernstein arguments.

Lemma 3.1 (SBT-to-trace-MGEF conversion). Under Definition 2.1, suppose that each Fj(x) is
real symmetric and that there are finite constants My, ..., My such that | Fj(z)|| < M; for every
jand x. Let J C (0,00), let D > 0, and let ¥ : J — R. Suppose that, whenever r > 0 and
¢ € (—m/2,7/2) satisfy rcos(¢) € T,

E,[|l Hexp (s;)13] < Dexp(¥(rcos(¢))). (3)

Then, for every 6 € J,
By [trlexp(85)]] < Dexp(¥(6)). (4)

Proof. Fix § € J and apply Lemma 2.2 with H; := 0F}(s;)/2. For every u € R, define
0(1 —i—zu
Qu=| Hexp B+ ) (sl

Then we can show,

(O5F
log tr[exp(0S )] = 2log || exp(—-)|l2

2
- 0(1 + iu
<2 [ folw 1og||jr[1exp<(‘§)ﬂ<sj>>||2du
— [ Gow)log Qudu. (5)
R

where the first step follows from || exp(0Sr/2)||3 = tr[exp(6SF)], the second step follows from
Lemma 2.2, and the third step follows from the definition of @Q,. Moreover,

Q. < dexp(f Z M;),

J=1

80 @y is uniformly bounded in u for each trajectory. Since By is a probability density, we can show,
tlexp(85)] < exp( | fo(u) og Quc)
< /R Bo(u) exp(log Qu)du

= [ Aofu)@ui (6)

where the first step follows from exponentiating Eq. (5), the second step follows from Jensen’s
inequality for the convex function exp, and the third step follows from exp(log Q) = Qu.



Next, we can show
E,ltrfexp(05r)] < Bl [ Ao(wQudu] = | o), [Qudu (7)

where the first step follows from taking expectations in Eq. (6), and the second step follows from
Tonelli’s theorem [Fol99].
For every u € R, set

ri=0v1+u?, ¢ := arctan(u).

Then re'® = 0(1 + iu) and rcos(¢) = 6 € J. Hence Eq. (3) gives
Eu[Qu] < Dexp(¥(0)).

Combining this estimate with Eq. (7) and using [ fo(u)du = 1 proves Eq. (4). O

4 Sharp Hoeffding bound

Section 4.1 proves the sharp Markov matrix Hoeffding bound by converting the phase-sensitive
product estimate into a trace moment-generating-function bound. Section 4.2 specializes this re-
sult to normalized observables and records the resulting uniform expander-Chernoff constant. Sec-
tion 4.3 states the phase-sensitive product estimate that supplies the probabilistic input to the
proof. Section 4.4 uses a stationary two-state chain to show that the dependence on A is optimal.

4.1 Markov matrix Hoeffding bound

We first state the main Hoeffding inequality in the notation of Definition 2.1. The proof sepa-
rates the real symmetric case, where the phase-sensitive product estimate applies directly, from
the complex Hermitian case, which follows by realification. The resulting exponent matches the
independent matrix Hoeffding constant when A = 0.

Theorem 4.1 (Markov matrix Hoeffding bound, formal version of Theorem 1.1). Under Defini-

tion 2.1, suppose that
ajI = F](.le) = bj[

for every j and x. Set
R = Z(b] — aj)2.
j=1

Then, for everyt > 0,
2t2

a(ANR

Pr[Amax(SF) > t] < dexp(—
n

Equivalently,
2(1 — \)t? )
(14 2) 251 (bj —a)?”
Proof. The case t = 0 is trivial. If R = 0, centering implies Sr = 0 almost surely, so the claim
holds under the stated conventions; hence assume ¢ > 0 and R > 0. We first assume that the

matrices are real symmetric. The interval bounds imply || F;(z)| < M; for M; := max{|a;|, |b;|}.
Apply Lemma 3.1 with

Pr[Amax(SF) > t] < dexp(—
n

J = (0, 00), D :=d, U(n) = R.



The required product estimate follows from Lemma 4.3, because

HN)r* cos?(9)

dexp( 3

R) = dexp(¥(rcos(¢))).

Therefore, for every 6 > 0,
a(\)§?

E, [trfexp(655)] < dexp(P2TR), (®)

The Laplace transform argument yields

a(N)e?
8

PriAmax(Sr) > t] < inf dexp(—6t + R).
m 6>0
The minimizing value is 6, = 4¢/(a(A\)R), which gives the claimed bound.

For complex Hermitian matrices, apply Eq. (8) to the 2d-dimensional realifications C(F}). The
right-hand side initially has prefactor 2d, while Eq. (2) shows that the trace on the left is twice the
complex trace. Dividing by two recovers Eq. (8) with prefactor d and completes the proof. O

4.2 Expander-Chernoff normalization

The preceding theorem becomes especially transparent for observables normalized to lie between
—1I and I. Substituting interval width two and scaling the threshold by n yields the following
expander-walk form, together with a uniform constant over all A € [0, 1).

Corollary 4.2 (Expander-Chernoff normalization, formal version of Corollary 1.4). Under Defini-

tion 2.1, suppose that —I < Fj(z) < I for every j and x. Then, for every e > 0,

e2(1 — )\)n)
2(1+X) 7

Consequently, a bound of the form dexp(—ce?(1—\)n) holds with ¢(\) = 1/(2(1+X)), and uniformly
over X € [0,1) with c=1/4.

Pr[AmaX(lSF) > €] < dexp(—
1 n

Proof. Here R = 4n. Applying Theorem 4.1 with t = ne gives
2t2 en  e(1-Mn

aVR ~ 2a(n) 20+ N

4.3 Phase-sensitive product estimate

The only model-specific input in the Hoeffding proof is a product-moment estimate that retains
the phase factor arising from the multivariate trace inequality. We isolate that estimate here so
that its role in the trace-MGF conversion is explicit.

Lemma 4.3 (Phase sensitive hoeffding product estimate). Under the assumptions of Theorem 4.1,
assume in addition that Fj(z) is real symmetric for every j and x. Then, for every r > 0 and

¢ €[-m/2,7/2],

- ret? a(\)r2 cos?(¢
Eulll [T exp(=Fi(s)II3] < dexp(()S()R).
=1
Proof. This is exactly the product estimate stated in Eq. (6.12) of [NSW24]. 0



4.4 Scalar obstruction

The dependence on A in Corollary 4.2 is not an artifact of the proof. A two-state reversible
chain already attains the corresponding quadratic large-deviation rate, which yields the following
obstruction.

Proposition 4.4 (Scalar obstruction). No inequality valid under the hypotheses of Corollary 4.2
can replace 1/(2(1 + X)) by a larger coefficient depending only on A. Consequently, no universal
coefficient larger than 1/4 is possible.

Proof. Consider the stationary two-state chain X; € {—1,1} with transition matrix

po_L(1+X 1-2
AT =N 14

and take the scalar observable F(X;) = X;. Set p := (1 + \)/2 and ¢ := (1 — X\)/2. The tilted
transition matrix is similar to 0
pe q
My = ,
’ < q p6‘9>

whose Perron eigenvalue is

p(0) = pcosh(f) + \/q2 + p2sinh?(9).
Therefore the limiting cumulant-generating function satisfies

1+ A

m# +0(6%).

A(0) = log p(0) =

The corresponding Legendre-transform rate function satisfies

(1= N)

= m + 0(64).

I(e)
Thus a uniform quadratic upper-tail inequality with a strictly larger coefficient would contradict
the exact scalar large-deviation rate for sufficiently small €. Finally,

1 1

inf ——— ==
0sa<12(1+ \) 4

5 Sharp Bernstein bound

Section 5.1 proves the exact variational Bernstein bound and its simplified variance-sensitive forms.
Section 5.2 isolates the phase-sensitive product estimate needed for the trace moment-generating-
function conversion. Section 5.3 uses the two-state example to prove that the variance coeflicient
a()) is optimal in the small-deviation regime.



5.1 Markov matrix Bernstein bound

We next turn to variance-sensitive concentration. In addition to the exact variational bound, the
theorem records a Bernstein-form simplification that separates the variance and range contributions.
As in the Hoeffding case, the argument first treats real symmetric matrices and then passes to
complex Hermitian matrices by realification.

Theorem 5.1 (Markov matrix Bernstein bound, formal version of Theorem 1.2). Under Defini-

tion 2.1, suppose that
IELEAN < Vs, (@)l < M

for every j and x, where M > 0. Set

7j=1
and define
(0, 00), A=0,
I)\ =
(0,log(1/A) /M), 0<A<1.
Set G(0) := 0 and, for 6 € T, let
2 M6 2
T MO g4 M)
GA(0) = ./\/12(6 MO -1+ Mo ).

Then, for everyt >0,

Pr[Amax(SF) > t] < d inf exp(—0t + G(0)).
H 0€T,

In particular, define B()\) := (1 + 4\ + A\2)/(3(1 — \2)). For every 0 < A < 1 and every t > 0,

t2/2
a(M)o? + B(A)Mt)'

Pr[)‘maX(SF) > t] < deXp(_
o

Since a(0) = 1 and $(0) = 1/3, setting A = 0 gives the denominator o + Mt/3.

Proof. The case t = 0 is trivial under the stated conventions. If 02 = 0, then S = 0 almost surely
and all the bounds hold; hence assume ¢ > 0 and o2 > 0. We first assume that the matrices are
real symmetric. Apply Lemma 3.1 with

J =1, D :=d, U(n) := Ga(n).

The norm bound gives ||Fj(x)|| < M, and the required product estimate is exactly Lemma 5.3.
Therefore, for every 0 € 7,
E,[trexp(05r)]) < dexp(Ga(0)). (9)

The Laplace transform argument now yields

Prax(Sr) > 1] < d inf exp(—0t + Gx(0)),
0 0cIy

which proves the exact bound.

It remains to derive the Bernstein simplification. We prove a scalar estimate that keeps the
dependence on A explicit. Write 7 := A/(1 = A), a :== a(A) =1+ 2r, § := 1/(6a), and b := B(\) =
a/2 — 4. Since a > 1, we have § < 1/6 and b—r=1/2—-06 > 1/3.



For u > 0 with \e* < 1, define

h(u) ::e”—u—l—l—w.
We claim that every 0 < u < 1/b satisfies Ae" < 1 and
au?
ha(u) < m (10)

Fix 0 <wu < 1/b and set
Qu) :==1— (b —7)u + réu?, f(u) :==u+ 6u* — Q(u)(e" —1).
Direct differentiation gives

FO) = F(0) = f'0) =0, f"(u) = de"u(2 — ru) > 0

The inequality follows from 0 < ru < r/b < 1, since b > r. Integrating the nonnegative third
derivative three times, using the three initial conditions, gives f(u) > 0.
Moreover,
Q(u) =1 —bu+ ru(l + du) > 0,

since 1 — bu > 0 and r,u,0 > 0. Writing z := e* — 1, the inequality f(u) > 0 therefore implies

u(l+ ou)
VSEE 0w

Consequently,
ru(l + du)

*= T oW
The strict inequality follows from Q(u) —ru(1+du) = 1—bu > 0. Since 1 —Xe* = (1-A)(1—7rz) > 0,
this also verifies the claimed domain condition.
We can now show

<1.

<u(1—|—5u)
- 1—-bu

au2

T 21— bu)’

The first step uses r = A/(1 — A) and z = e” — 1. The second step uses the preceding bound on
z and monotonicity of z/(1 —rz) on 0 < rz < 1. The final step uses b + 0 = a/2. This proves
Eq. (10).

Apply Eq. (10) with u = M#. For every 0 < 6 < 1/(5(A\)M), the domain verification above
gives 0 € T, and ) -

o a(N)o=0
= M) = 2(1 = B(NMO)

Combining this estimate with Eq. (9) and the Laplace transform bound gives

GA(0)

a(N)o?6?
2(1 = B(A)M0)

Pr[Amax(SF) > t] < dexp(—ﬁt + )
m

10



Choose ;

a(N)o?2+ BA)ME

This lies in the stated interval because ¢t > 0 and o2 > 0. Substitution gives

ot + a(N)o?6? L t2/2
2(1 — BAMMEO) — a(N)o? + BA)ME’

which proves the claimed Bernstein bound for every 0 < A < 1.
Finally, for complex Hermitian matrices apply Eq. (9) to the realifications C(F}). Realification
preserves the variance and norm bounds because
C(F))* = C(E}) IEL[C(E?II = |EL[EF].
J Jj/ [z J wit'y

The real trace and dimension are both doubled. Dividing Eq. (9) by two therefore recovers the
same estimate with prefactor d, completing the proof. O

Remark 5.2 (Comparison with Neeman-Shi-Ward). Theorem 2.6 of [NSW24] has prefactor d>~™/4
and numerator constant 72/32 in the Bernstein exponent. Using the same prefactor-exponent
tradeoff as [GLSS18, Remark 4.2], this gives numerator constant 72/(32(2 — 7/4)) at prefactor
d. Hence, at the common prefactor d, Theorem 5.1 improves the small-deviation exponent by
the factor 16(2 — m/4)/72. The exact infimum in Theorem 5.1 is stronger than the displayed
simplification. This theorem improves the conversion from the NSW product estimate to a trace
moment-generating function; it does not improve the NSW product estimate or certify a sharper
variance proxy.

5.2 Phase-sensitive product estimate

To invoke Lemma 3.1 in the Bernstein setting, we need a product estimate whose exponent depends
only on the real part of the complex tilting parameter. The following lemma extracts precisely this
phase-sensitive form from the Neeman—Shi-Ward argument, with a domain restriction that keeps
the denominator positive.

Lemma 5.3 (Phase-sensitive Bernstein product estimate). Under the assumptions of Theorem 5.1,
assume in addition that F;(x) is real symmetric for every j and x. Letr >0 and ¢ € [—7/2,7/2].
IfA=0, orif

log(1/))

o< A A
< rcos(p) < IR

then
L ret
Bulll T exp(“S- Fy(s7)) 3] < dexp(Ga(r cos()))
=1

Proof. If cos(¢) = 0, all factors are unitary, so both sides equal d. Otherwise, Eq. (6.19) of
Neeman, Shi, and Ward [NSW24] reduces the product moment on the left-hand side to norms of
multiplication operators generated by

1) = S By 0 1+ 10 F),

11



In Section 6.3 of [NSW24], immediately before [NSW24, Lemma 6.7], set ¢ = 0 only to simplify
the notation; they state that the scalar factor cos(¢) can be carried through the argument. Con-
sequently, [NSW24, Lemma 6.7 and Claims 6.8-6.9] apply here after replacing their parameter 6
by

n = rcos(¢).

Applying [NSW24, Egs. (6.20)—(6.23)] with this substitution gives

- ret® o? AeMn —1)2
EuIT] eXP(TFj(Sj))H%] < dexp(w(@/\/l77 —Mn =1+ =
j=1

The exponent on the right is G(n) by definition. If A > 0, the hypothesis n < log(1/A)/M
is equivalent to Ae™7 < 1, which is the condition used in [NSW24, Claim 6.8]. If A\ = 0, the
denominator equals one and no upper restriction on 7 is needed. This proves the lemma. ]

5.3 Sharpness of the variance term

The variance coefficient in the simplified Bernstein denominator is forced by the same low-dimensional
example as the Hoeffding sharpness result. Examining small deviations of the two-state chain shows
that no uniformly smaller multiplier of o2 can be compensated for by a finite linear term.

Proposition 5.4 (Scalar obstruction for the Bernstein variance term). Fiz A € [0,1). Under
the assumptions of Theorem 5.1, the coefficient a(X\) multiplying o in the simplified Bernstein
denominator is optimal in the small-deviation regime. More precisely, there do not exist constants
0<ex<aA) and 0 < C) < oo such that

t2/2

cxo? + C)\Mt)

Pr[Amax(SF) > t] < dexp(—
I

holds for every n, every admissible stationary chain and matriz-valued observable, and every t > 0.

Proof. Consider the stationary two-state chain and scalar observable from Proposition 4.4. In this
example, d = 1, M = 1, and ¢ = n. Moreover, for t = ne, the exact scalar large-deviation rate

satisfies I(e) = ﬁé\) + O(e*). If the displayed inequality held with ¢y < a(\), then
I L iog Pr{Sr > ne < ¢
im sup — log Pr nej< ——+——.
n—>oop n 8 K F= - 2(6)\ + C)\E)

For all sufficiently small fixed ¢ > 0, the decay rate on the right is strictly larger than I(e),
contradicting the exact scalar large-deviation rate. Hence the coefficient a(\) cannot be decreased.
O]

6 Variational Bernstein bound

The variance proxy in Section 5 takes an operator norm before summing over time. We next
give a complementary bound that retains the norm of the summed second moments in its leading
term and separates the remaining dependence correction. Section 6.1 proves the variational bound.
Section 6.2 establishes the conditional trace estimate and the contraction estimate used in its proof.

12



6.1 Variational Markov matrix Bernstein bound

The following theorem combines a conditional trace argument with the Bernstein trace-MGF es-
timate from Section 5. Its first term uses the variance proxy from Tropp’s independent matrix
Bernstein inequality, while its second term vanishes when the samples are independent. For posi-
tive dependence, this estimate complements rather than uniformly improves Theorem 5.1.

Theorem 6.1 (Variational Markov matrix Bernstein bound). Under Definition 2.1, suppose that
| Fj(z)|| < M for every j and x, where M > 0. Define

vi= [ BLFF wi= ) [EFF-
j=1 j=1
Let
[0, 00), A=0,
I =
[0,log(1/X)), 0< A<,
and, for u € Jy, define
w et —1)2
h/\(u) =e —U—1+w
Forp>1and 6 >0, set
_p B ePMO _q

Whenever 1, (0) € Jy, define

v A w
Ky p(0) == Who(p/\/w) + Wh/\(l/)p(e)) (11)
Then

E, [trlexp(05r)]] < dexp(Ky p(6)). (12)

Consequently, for everyt >0,

>t < i — .
lir[)\maX(SF) >t < dp>H1£>0 exp(—0t + Ky ,(0)) (13)
Yp(0)ETA

When X = 0, the second term in Eq. (11) vanishes, and letting p | 1 yields

t2/2

>t < S S—
%r[)\maX(Sp) > t] < dexp( 0T M3

). (14)

Thus the independent case recovers [Trol2, Theorem 1.4], with the same variance proxy and con-
stants.

Proof. Fix an admissible pair (p,#) and put

o ho(p M)
=

13



Let Fy be the trivial sigma-algebra and let F; := o(s1,...,s;). Define

B .= ZPFj(Sj_l),
7j=2

The Markov property identifies B and A as the sums of the conditional means and conditional
second moments of Fj(s;). Applying Lemma 6.2 with z = pf gives

E,[trlexp(U)]] < d, U :=pdSr — pdB — pcA. (15)

For Hermitian matrices U and W, the Golden—Thompson inequality followed by Schatten Holder
gives

trlexp(U/p + W/q)] < (tr[exp(U)]) /P (tx[exp(W)]) /9.
Apply this inequality with W := ¢0B + qcA. Since 1/p+1/q =1 and U/p+ W/q = 0SF, we can
show
Ey[trfexp(0SF)]] < (Epftr[exp(U)]]) /7 (B, [trlexp(W)]]) V¢
< dPe (B, [tr]exp(gf B + qcH)]))Ye. (16)
The first step follows from the displayed trace inequality and scalar Holder. The second step
follows from Eq. (15), A = Y7 E,[F7] 4+ H, and ) 7_ E,[F?] < v, using monotonicity of the

trace exponential in the Loewner order.
For j =2,...,n, define the matrix-valued function

Zj = P(OF; + c(F? — Eu[F}])).
Then

0B +cH = Z Zj(sj—1)~
Jj=2

By Lemma 6.3, these functions are centered and satisfy

1Z;(@)|| < L, IELIZZ]] < A%(0 + eM)?|EL[F7I,
where
ePMO _q
L::M(0+0M):T. (17)

In particular,
n
N2L?
S IEZN < S
=2

Apply Eq. (9) to the functions Zs, ..., Z, along the stationary trajectory si,...,s,—1, with range
bound L and tilting parameter ¢. Its domain condition is gL € Jy, which holds because gL = 1,,().
We obtain

2w

Eu[trlexp(¢0B + qeH)]] < dexp(“-5 ha(¥(6)))- (18)
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If n = 1, the correction sum is empty, and this inequality follows directly from tr[/] = d and h) > 0.
Substituting Eq. (18) into Eq. (16) gives

2w
E,[trlexp(0SF)]] < dexp(cv + q)\/\/ﬁh,\(l/}p(e))).

The exponent is K ,(#) by the definition of ¢, proving Eq. (12). Finally, the matrix Laplace
transform bound gives

PrAmax(SF) > t] < e_et]Eu[tr[exp(QSp)H.

n

Taking the infimum over all admissible pairs proves Eq. (13). The argument applies directly to
complex Hermitian matrices, since Eq. (9) already includes that case.

For A =0, every p > 1 and 6 > 0 is admissible, and the second term in Eq. (11) is zero. Fix
0 >0 and let p | 1in Eq. (12). Continuity gives

E,ferlexp(95)] < dexp( zho(M6)). (19)

For 0 < x < 3, comparison of Taylor coefficients using k! > 2 - 352 for k > 2 gives

> l‘k 1132
ho(z) = ; i < m

Hence the Laplace transform bound and Eq. (19) imply

2
Prlhns(S5) 2 € < dexp(~0t-+ 5w
for 0 <0 <3/M. If t >0 and v > 0, choose § = t/(v + Mt/3) to obtain Eq. (14). The case t =0
is trivial, and if v = 0, then all the summands vanish almost surely.

The independent conclusion also holds under Tropp’s original one-sided assumption F; < MI,
with finite second moments. Indeed, the scalar exponential estimate in the proof of Lemma 6.2
holds for every eigenvalue at most M. Independence and centering then give

log B, [e"7] =X g (0)E,[F7.

Applying [Trol2, Lemma 3.4] to these deterministic bounds and using >°%_, EM[FJZ] =< vl yields
the same trace-MGF estimate and the same tail bound. Thus the independent recovery does not
require a lower spectral bound.

We finally derive the simplified bound stated in Theorem 1.3. The scalar estimate from Section 5
controls the dependence correction while also verifying the admissible range of the tilting parameter.

Fix p > 1 and set ¢ := p/(p —1). The case t = 0 is trivial. If v = 0, then >, EM[FJZ] = 0 and
each E, [Fj?] is positive semidefinite, so every Fj(s;) vanishes almost surely. Hence assume ¢ > 0
and v > 0.

First suppose that 0 < A < 1. Write a := a(\), b:= S(A), C :=p+ bg = Cp(N), and z := M8.
Fix 0 < x < 1/C. For 0 < y < 2, comparison of Taylor coefficients using k! > 2¥~1 for k > 1 gives

Y
v 1< .
C TSIy
Since px < 1, applying this estimate with y = px yields
qx 1
) < —— < —.
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The strict inequality follows from (p/2+ bg)x < Cz < 1. By the domain verification accompanying
Eq. (10), we have Ae¥»(?) < 1. Thus (p, ) satisfies the required domain condition.
We can now show

a 2
PG (6)) < 2(1%5)@»
D aq2$2
<
aq2332
= 2(1-Cx)’

The first step follows from Eq. (10). The second step uses the preceding bound on 1/,(f) and
monotonicity of u?/(1 — bu) on 0 < u < 1/b. The third step follows from

(1—pz/2)(1 — (p/2 + bg)x) = 1 — C + g(g Y hg)a?>1—Cr > 0.

Moreover,
2.2 2.2

Pz Pe
ho(pz) < 2(1 — pz/3) = 2(1 - Cx)

The first inequality is the Taylor-coefficient estimate above, and the second uses C' > p/3. Substi-
tuting these two estimates into Eq. (11), and using x = M@#, gives

pv + a(A)\qw)? Vp(N)6?
2(1 — Cp(MMO) — 2(1 — Cr(AM)ME)’

K)\,p(e) < ( (20)

This holds for every 0 < 6 < 1/(Cp(A)M).

When A = 0, the correction term in Eq. (11) vanishes. Applying the same estimate for hy(pME)
directly gives Eq. (20) with V,(0) = pv and Cp(0) = p/3, for every 0 < 0 < 3/(pM).

Finally, Eq. (12) and the matrix Laplace transform bound imply

Vo(N)6?
2(1 — Cp()\)/\/le))'

Pr[Amax(SF) > t] < dexp(—0t +
o

Choose 0 :=t/(V,(X) + Cp(A)Mt). Since V() > pv > 0, this lies in the stated interval. Substitu-
tion gives exponent —(t2/2)/(V,(\) + Cp(X\)Mt), proving Theorem 1.3 for every 0 < A < 1. O

6.2 Conditional trace estimates

We first record the conditional trace estimate used above. This is the exponential-supermartingale
argument obtained from Lieb’s concavity theorem, in the form of [Trol2, Corollary 3.3]. We keep
the conditional mean explicitly, since the Markov summands need not form a martingale difference
sequence.

Lemma 6.2 (Conditional trace-MGF estimate). Let Xi,...,X, be Hermitian random matrices
adapted to a filtration (F;)}_q, with || X;[| < M almost surely, where M > 0. Write Ej_1[] := E[- |
Fj—1] and define

k k k
Spi= X5 Bi=) EialXgl, A=) EiLX])
j=1 J=1 =1
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For z >0, let

o eMF - Mz —1
gm(z) = Mz
Then
E[trlexp(zSy — 2B — gm(2)An)]] < d. (21)

Proof. For every real x < M, Taylor’s formula with integral remainder gives
1
e —1—zx= 22562/ (1 —r)e™dr < ga(z)z?.
0

The inequality follows from e”** < ™M for r € [0,1]. Functional calculus and conditional expec-
tation therefore imply

Ej1[e*%] 2 T + 2Bj-1[X)] + gm(2)Ej1[X]].

Set

Cj:= ZEj—l[Xj} +gM(Z)EJ_1[XJ2]

The matrix I + C; is positive definite, since it dominates E;_1[e**i]. Thus
logEj_1[e*¥7] < log(I 4 C;) =< C}. (22)

The first step uses operator monotonicity of the logarithm. The second step follows by applying
log(1 4+ x) < x to the eigenvalues of Cj.

Define
k

Ry := 25, — ch’ Ry :=0.
j=1

Since Rp_1 — C} is Fp_1-measurable, we can show

Ej_1[tr[exp(Rg)]] = Eg—1[tr[exp(Rr—1 — Cr + 2Xx)]]
< trlexp(Rg—1 — Ck + log Ekfl[‘fZXk])]
< tr[exp(Rg—1)]- (23)

The first step follows from the definition of Rj. The second step is the conditional form of [Trol2,
Corollary 3.3]. The third step follows from Eq. (22) and monotonicity of the trace exponential.
Taking expectations and iterating gives E[tr[exp(R,)]] < tr[I] = d. Since R, = 2S5, — zB,, —
gm(2) Ay, this proves Eq. (21). O

The next lemma controls the centered correction after one application of the Markov kernel.
The L? contraction is applied to vector-valued functions before taking an operator norm. This
yields a factor A2 while preserving the individual variance matrix in the Loewner order.

Lemma 6.3 (Contraction of the centered correction). Under Definition 2.1, let F' : X — Hy satisfy
E,[F] =0 and |[F(x)|| < M. For6,c >0, define

¥ :=E,[F?], Z := P(OF + ¢(F? - %)).
Then
Eu[Z] =0, 1Z ()] < M(0 + cM),
and
E,[Z%] = A%(0 + cM)?S. (24)
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Proof. Stationarity gives E,[Z] = 0. Since 0 < F(z)? < M?I and 0 < ¥ < M?I, we have
|F(z)? — X|| < M?2. Taking averages under the Markov kernel and using the triangle inequality
proves the norm bound.

Fix u € C?, with the Euclidean norm used for vectors. Expanding the square gives

E,[(F? - £)] = B, [F] - £
= E,u[F?]
< M?%. (25)
The first step uses E,[F?] = X. The second step uses ©? = 0, and the third step follows from
F* < M2F? by functional calculus.
Put T := 0F 4 ¢(F? — ¥). The triangle inequality in L?(u; C%) gives
EullTul®DY? < 0L Ful*)Y? + (B[l (F? - )ul?])/?
< (6 + M) (uSu)'/2.

The second step follows from Eq. (25) and E,[||Ful?] = u*Su.
Since E,[T] = 0, the L? contraction of P —II, applied coordinatewise to Tu, implies

w'Bu[Z%u = By[|| P(Tw)|?]
< NE,[[Tul?)
< N0+ eM)*utSu.

The same contraction holds for complex coordinates by applying the real L? estimate to real and
imaginary parts. Since the displayed inequality holds for every wu, it proves Eq. (24). ]
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