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Abstract

We give an explicit hitting set of size poly(n,d, r) for the class of n-variate degree-d polyno-
mials whose partial derivative space is bounded by r, over any field [F of characteristic zero. In
particular, this yields a polynomial sized hitting set for the class of depth-3 powering circuits.

The proof extends to the setting of noncommutative ABPs and provides a polynomial sized
hitting set (of matrices) for the class of noncommututive polynomials that can be computed
by polynomial sized noncommutative ABPs (this was also one of the results reported by Open
Al [Ope26] in their release on 6 Oct 2026).

The main technical insight is the construction of a “formal derivation” and properties of the
associated Wronskian with respect to this derivation, which was previously studied by Moura
[Mou04] in a very different context. The proofs in this paper are elementary and completely
self-contained.

Al disclosure: A subset of the stewards obtained a weaker statement (hitting sets for
polynomials with bounded partial derivative space) during conversations [Ast26] with OpenAl
GPT-6 Astra. Extensions of this idea to the broader class of noncommutative ABPs were obtained
by the other stewards (via further conversations with Astra), prior to OpenAl’s dump on 6 Oct
2026.

“The origination of the ideas was via Al tools. We list ourselves as stewards to emphasise this, but take responsibility
in providing an exposition of the external proof with the clarity and understanding that we believe would help any
member of the community.
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The proofs presented in this writeup is a rewriting (in the authors’” words) of the proofs for
both settings obtained by the models in a form that we believe is understandable to researchers.
Although the proof is technically identical to OpenAl’s release, we believe this exposition is
self-contained, simpler, and more valuable to the community. The absurdity of the situation is
not lost on us.

1 Introduction

Algebraic circuits are the most natural computational model for studying the complexity of mul-
tivariate polynomials via the number of basic operations (additions, multiplications) required to
compute it. The field of algebraic complexity broadly deals with the classification of polynomials
based on their computational complexity, and also on algorithmic questions regarding polynomials
provided via such computations.

Two of the most important aspects of this study are the question of lower bounds (i.e., finding
explicit polynomials that cannot be computed by small algebraic circuits), and the algorithmic task
of polynomial identity testing (i.e., given a circuit C, algorithmically check if C is computing the
zero polynomial). In the context of polynomial identity tests, there are two types of algorithms —
whitebox PITs (where the algorithm is given the entire circuit description), or blackbox PITs (where
we are only provided evaluation access to the circuit). Although the questions of proving lower
bounds and constructing deterministic PITs appear to be of very different flavours, they are inti-
mately connected to each other. Several classical results [HS80, Agr05, KI04, CKS19, GKSS19] show
that a strong enough lower bound for circuits can be used to obtain efficient deterministic poly-
nomial identity tests, and vice-versa. Although similar statements when specialised to restricted
circuit classes are known in some contexts [DSY09, Oli16, CKS19, BKR"26], this has broadly been a
guiding principle for the study of lower bound and PITs for subclasses of circuits. Historically, a
polynomial identity test for a class ¢ has been a successor to a lower bound for the class ¢, and
is often heavily inspired by the techniques used in the lower bound proof. Paradoxically, even
‘natural” “barriers” for proving algebraic circuit lower bounds stem from the conjectured existence
of succinct polynomial identity tests [GKSS17, FSV18].

Over the recent years, there has been quite a lot of progress made towards proving lower
bounds for natural subclasses of algebraic circuits, and also constructing whitebox and blackbox
PITs for them [AGKS15, GKST15, GG20, LST21, AF22, GOS*26]. One subclass of circuits that has
been just shy of a full resolution has been the class of depth-3 powering circuits.

Depth-3 powering circuits: A depth-3 powering circuit computes a polynomial of the form
f= c1€§l 4+ 4 CJ? where each /; is a linear polynomial over the underlying variables. This is
the circuit analogue of the classical notion of Waring rank, where the Waring rank of a polynomial
f is the smallest s such that f can be written as sum of s powers of linear forms. Saxena [Sax08]



gave the first lower bound for this class of circuits, and also a polynomial time white-box PIT. A
different white-box PIT was also given by Kayal [Kay10]. Agrawal, Saha and Saxena [ASS13], and
Forbes and Shpilka [FS13] gave the first nOUogn) gjze hitting set for this class (among constructions
of quasi-polynomial sized hitting sets for other more general classes), and Forbes, Saptharishi and
Shpilka [FSS14] improved this to nO(eglogn),

The key weakness of the above model that enabled all the lower bounds and PITs was the
observation that any k-th order partial derivative of f = c1£4 + - - - + ¢;£? is a linear combination of
K‘f_k, ..., £97F and thus the space of all possible partial derivatives of f (which we shall denote by
0=*(f)) is only O(sd)-dimensional. The hitting sets constructed by [ASS13, FSS14] also extend to
the (potentially) more general class of polynomials f whose space of all possible partial derivatives
is low-dimensional. It continues to remain open if such polynomials with low-dimensional space
of partial derivatives admit a not-too-large representation as a depth-3 powering circuit.

The first result of this paper is an explicit polynomial-sized hitting set for this class of polynomi-

als over a characteristic zero field.

Theorem 1.1. Let F be a field of characteristic zero. For any n,r > 0, there is an explicit polynomial map
(Gi(t),...,Gu(t)) € F[t]" with deg G; < O(nr?) such that if f(x1,...,xy) is a polynomial such that
dimo=*f <, then

Fx1,. 1) =05 f(Gi(t),...,Cu(t)) = 0.

In particular, the above yields a poly(#,d, s)-sized hitting set for the class of size s, degree d
depth-3 powering circuits. In fact, G;(f) can just be instantiated to be the truncated Taylor series of
In(1 + it):

Gi(t)zit—wjtw—--.jt(—l)Bl(itB)B fori=1,...,n

where B = nr? + r.

Using power series for constructing hitting-set generators: The general structure of constructing
a hitting-set generator via power series is reminiscent of the randomised PIT algorithms of Chen
and Kao [CK97], or Lewin and Vadhan [LV98]. We describe the setting of [CK97] (the setting of
[LV98] is very similar with irreducible polynomial playing the role of primes). They show that if

f(x1,...,x,) is a nonzero polynomial, then

fEVPIAE - Ppre B Pua £ £ Pup) #0



where p; ’s are distinct primes with £ = O(log deg(f)). However, an efficient algorithm cannot
evaluate f at these irrationals of infinite precision. [CK97] show that if the signs are randomly
chosen, we can achieve an error of ¢ as long as we truncate the above irrationals to precision B(¢).
This results in randomised algorithm for PIT where reducing the error is achieved by increasing
the precision (and thereby the running time) but keeping the number of random bits fixed.

The PITs in this paper is similar in the sense that the generator is appropriate truncations of infi-
nite objects such as algebraically independent power series (e.g. (P;(t) := log(1+it) : i € [n])) or
linear operators in the noncommutative setting. For the class of polynomials with low-dimensional

partial derivative space, we show that

0#f = f(Pi(t),...,Pu(t)) # 0mod t?

for a not-too-large B. For the noncommutative setting, the linear operators are closely related to the
above, but are given by certain iterated integrals.

Mrinal Kumar pointed out to us that f (e*, ezzt, s, eznt) # 0 mod #° for any nonzero s-sparse
polynomial (thus giving a bivariate, low degree, hitting set generator for sparse polynomials). It
would be interesting to see if this applies to a more general class of polynomials.

Noncommutative algebraic branching programs: Next, we will look at the PIT question for
noncommutative models of computation. In particular, we look at noncommutative ABPs. Fix a
field F and a set of variables X = {x1,...,x,}. A noncommutative polynomial over F in X is a
finite [F-linear combination of words in X*. The set of all noncommutative polynomials in X forms
a ring under addition and noncommutative products. It is denoted by F(X).

Nisan, in his seminal paper [Nis91b], introduced the model of noncommutative Algebraic
Branching Programs (also called noncommutative ABPs)!. This is a model for computing non-
commutative polynomials. A noncommutative ABP is a layered directed acyclic graph with two
distinguished vertices, a source and a sink. The first layer contains only the source and the last
only the sink. Every edge goes from one layer to the next and is labeled by a homogeneous linear
polynomial. The weight of a source to sink path is the (order-respecting) product of the edge
labels on it, and the ABP is said to compute f. Nisan proved exponential lower bounds for this
model [Nis91b]. The PIT problem for noncommutative ABPs has also been studied extensively.
More than a decade after Nisan’s work, Raz and Shpilka gave a deterministic polynomial-time
whitebox PIT algorithm [RSO5] for this problem. In the blackbox setting, a hitting set for noncom-
mutative ABPs cannot have commuting entries, so one allows evaluations at matrices of polynomial
dimension [FS13]. Forbes and Shpilka [FS13] studied the nc-ABP PIT problem in the black-box
setting and gave a quasipolynomial size matrix hitting set.

1To the best of our knowledge, this was the first time algebraic branching programs were explicitly introduced as a
model of computation, noncommutative or otherwise.



There has also been a long line of work extending the study of noncommutative computation to
models allowing inversion gates, beginning with the work of Hrube$ and Wigderson [HW15]. In a
breakthrough, a deterministic polynomial-time algorithm for noncommutative rational identity
testing was obtained by Garg, Gurvits, Oliveira, and Wigderson [GGdOW16, GGOW20] using oper-
ator scaling. It was followed by algorithms based on purely algebraic techniques [IQS18], and using
convex optimization [HH21]. In the black-box setting, randomized polynomial-time algorithm
follows from the work of Derksen and Makam [DM17], while deterministic quasipolynomial-time
hitting sets for noncommutative rational formulas were obtained in [ACM24]. Despite considerable
effort, the Forbes-Shpilka algorithm has remained unbeaten for nc-ABP PIT, in the blackbox setting.
The second result of this paper is an explicit polynomial size hitting set for the noncommutative
ABPs.

Theorem 1.2. Let IF be a field of characteristic zero. There is a polynomial-time algorithm which, when
given inputs n,s € IN in unary, outputs a tuple Ty, - - - , T, of square matrices with rational entries such
that for every nonzero noncommutative polynomial f € F(xy,...,x,) computable by a homogeneous
noncommutative ABP of size at most s, f(Ty, ..., Ty) # 0. The T;’s have dimension at most ns? +s.

Extending the above result to the non-homogeneous case is straightforward using a standard

argument. We provide brief details for completeness.

Corollary 1.3. There is a polynomial-time algorithm which, given n,s € IN in unary, outputs an explicit
hitting set S of at most s tuples of square matrices over F, each of dimension O(ns®), such that for every
nonzero polynomial f € F(x1,...,x,) computable by a noncommutative ABP of size at most s, there exists
(Aq,...,An) € I satisfying

F(A1,...,Ay) #0.

Proof. Let f = fo + f1 + - - - + f4, where f; denotes the homogeneous component of degree k. Since
f is computed by an ABP of size at most s, we have d < s. By the standard homogenization
construction, each f; can be computed by a homogeneous ncABP of size at most O(sd?) = O(s?).
Let S = O(s®) fixed suitably. Applying Theorem 1.2 with parameters 7, S, we obtain matrices

Ty, ..., T, € FP*B, B =nS?+ S =0(ns®),

such that f(Ty,...,T,) # 0 whenever f; # 0.
Now introduce a commuting indeterminate z and consider the matrix polynomial

F(z):= f(zTy,...,zTy)

d
=Y Zf(T,..., Th).
k=0



By Theorem 1.2, its evaluation fi(Ty, ..., T,) is nonzero. Thus F(z) is a nonzero matrix polynomial
of degree at most d < s. Consequently, there exists z € {0,1,...,s} such that F(z) # 0. Therefore,
the set

H ={(zTy,...,zT,) :z€{0,1,...,s}}

is a hitting set for all nonzero noncommutative ABPs of size at most s. O

1.1 Proof overview

It would be instructive to begin with the setting of polynomials with low-dimensional partial
derivatives as it illustrates the core ideas, which also translates to the noncommutative ABP setting.

Let f(x1,..., X, ) be some nonzero polynomial. We would like to understand if f(P;(¢), ..., Py(t))
can be divisible by #? for a large B (for if not, we can just truncate each P;(t) to B-terms, and we
have a hitting set generator). Let us think of this substitution as an [F(f)-linear map (since this

perspective would be useful for the noncommutative setting):

®: F(t)[xy, ..., x] — F(1)
D(g(t,x1,...,xn)) = g(t, Pr(t), ..., Pu(t)).

By the chain rule of derivatives,

d d
a@(g):%g(t,P],...,P) (atg+2 dt xg>

From the above, let us define a derivation D : F(t)[x1, ..., x4] — F((t))[x1,...,xs] given by

where b;(t) = % so that, for any g € F(f)[x1, ..., x|, we have £®(g) = ®(Dg). One particular
derivation that would be extremely useful in this setting is the following:

n

D=0:+)

i=1

i
1+t

D,

Derivations of similar shape was studied by [Mou04], and the main reason we would be using
this is for the following miraculous property — if h(t,x1,...,x,) € E(t)[x1,..., x,] with Dh = 0,
then / is actually a scalar in [F. This property is sometimes referred to as D having a trivial ring of
constants. For b;(t) = =, the corresponding P;(t) = [ b;( = In(1 + it). The above property
that Dh =0 = h € F can in fact be used to show that {ln(l +it) : i € [n]} are algebraically

6



independent power series in t. Therefore, for any nonzero polynomial f (x1,...,x,), we have
f(Py,...,Py)is a nonzero element of F[t]. We now want a way of arguing that if f was simple, then
f(Pi(t),...,Py(t)) #0mod t? for a moderate B.

Now suppose the f has a low-dimensional partial derivative space, and say {fi,..., fr}
is a basis of this space (with f, = f). Since fi,..., f; are linearly independent polynomials,
we also have that ®(f;),...,P(f;) are linearly independent elements of F[t]. Therefore, the
standard Wronskian W(®(f1),...,®(f;)) is nonzero power series in t (although this is folklore,
Bostan and Dumas [BD10] provide a clean proof of this statement). This Wronskian matrix (for
which W(®(f1),...,P(f;)) is the determinant of) is just ® applied point-wise to the following
D-Wronskian matrix #p(f1,..., fr):

fl f2 . fr

Wofi .t fr) = D(:fl) D(:fz) DU

DY (fi) D"Yf2) --- DNf)

Since the set { f1,..., f+} is closed under taking derivatives, one can show that the above matrix

factorises as

Yo(fi,....fy) = R(t) - F

where R(t) is an r X r matrix consisting entries that are rational functions in ¢ (of moderate
numerator and denominator degrees), and F is an upper-triangular matrix with 1’s on the diag-
onal, with off-diagonal entries involving polynomials in x. A corollary of this structure is that
Wp(fi,..., fr) =det#p(f1,..., fr) is just a rational function in f and does not depend on x at all!
Hence, Wp(fi,..., fy) = W(®(f1),...,P(fy)) = % where the degrees of A, B are not-too-large.
If ®(f) = 0 mod t8, every entry in the last column of # ((®(f1),...,®(f,))) is divisible by t#-7+1
and this would force t5~"+1 | A(t). If B is suitably large, this would be impossible.

The noncommutative ABP setting: Turns out, the same proof works almost exactly along the
same lines for the noncommutative ABP setting. Here, we need to define 9y, as the “left-derivative”
(i.e., for any word w we have axi(xjw) = w if ] = i, and zero otherwise). The same derivation
operator defined above also satisfies the following — if h(t,x1,...,x,) € F(t) (x1,...,x,) is a
noncommutative polynomial with Dh = 0, then h € F. That is, the derivation has a trivial ring of
constants in the noncommutative setting as well.

We now wish to define an IF(t)-linear map ¥ : F(t) (x1,...,x,) — F((t)) with the same property
as earlier that £¥(f) = ¥(Df). Analogous to earlier, we would be able to show that D having a



trivial ring of constants would translate to ¥ being injective. In other words, ¥ will map every
noncommutative polynomial to a nonzero power series.

Let us normalise ¥ to ensure ¥(1) = 1, and try to understand what power series ¥ should map
a word w to. Certainly, for each i € [1], we need to ensure

d
dt
s ¥(x) = / bi(1)dt = Pi(t)

¥ (x;) =¥ (Dx;) = bi(t)¥(1) = bi(t)

like earlier. Now, to understand what ¥ should map words of larger length to, consider x;w for
some word w. If we want £¥(f) = ¥(Df) for all f, then

;t‘l’(xlw) — W(D(x;w)) = bi(£)¥ ()

= ¥Y(xw /b

which give the iterated integrals that we alluded to. In fact, the above can be thought of as replacing
x; by the linear operator T; on the infinite dimensional vector space [F[t] that acts as

Ti(g(t)) = “multiply g(t) with b;(t) and integrate formally”.

Now that we defined the injective map ¥: F(t) (x1,...,x,) to IF((t)), let us focus on the polynomial
for which we want a PIT. If f is computable by a size s noncommutative branching program
C, then the partial derivative space (under left-derivatives) of f is in fact low-dimensional — a
spanning set for this space isjust { f1, ..., fs } where f; is the noncommutative polynomial computed
by C between the i-th vertex and the sink. Once again, we wish to understand the Wronskian
W(Y(f1), -+ ,¥(fs)), the associated matrix # (¥(f1),...,¥(fs)), and the related D-Wronskian
#p(fi,..., fs). Along very similar lines, turns out we can factorise the matrix #p(f1,..., fs) as

Yo(fi,...,f.) = R(t) - F

where R(t) is once again a matrix of rational functions in t of moderate numerator and denominator
degree, and F is an upper-triangular matrix with 1’s on the diagonal and off-diagonal entries
being elements of F (x1,...,x,). Hence, we get that W(¥(f1),...,¥(fs)) = detR(t) = % of
not-too-large degrees. Just like earlier, if ¥(f) = 0 mod tB then we would be forced to admit that
tB=5t1 | A(t) and this is impossible if B is chosen large enough.

Therefore, we can truncate ¥ to just B terms of the power series, and this results in the linear

operators T;’s being truncated to B x B matrices giving us the hitting set.



1.2 Classical sources of the key ideas

As is often the case with Al-generated proofs, the key ideas used in this paper have been discovered
multiple times in completely different contexts. We try to give our account of them to the best of
our understanding.

The notion of formal derivations opens into a general study of derivation fields and the specific
derivation used is an example of something called Shamsuddin’s derivations (see [Now94] for more
details). The analysis of the order of vanishing via Wronskians can be traced to Moura [Mou03,
Mou04]. The iterated integrals used in the noncommutative ABP setting are also understood as
hyperlogarithms, or the Chen-Fliess series [Che54, Fli81] and their linear independence appears to
have been studied extensively [Pan15, DDHS11]. The article by Espinosa et al [EEFGV26] provide
some historical roots of Chen-Fliess series.

In this paper, we take the approach of giving a self-contained proof of the hitting set construc-
tions in the style of a motivated exposition rather than merely citing the above papers, but we wish
to stress that all of these ideas have classical roots in fields perhaps slightly removed from algebraic
complexity. We give a version of the proof in this classical context in the Section A for readers who

might be more familiar with the associated backgrounds.

Notation

¢ Throughout this paper we assume that we will be working with a field of characteristic zero.
We use [F[t] to denote the ring of formal power series in ¢, and FF((t)) will denote the formal

ring of Laurent series in .

e We use F(t) (x1,...,x,) to denote the ring of polynomials on noncommuting variables
X1, ..., X, with coefficients from the field F(t). That is, elements of FF(t) (x1,...,x,) are
formal finite IF(#)-linear combination of words over the alphabet {x;, ..., x,} (with ¢ denoting
the empty word); x1x, — x2x1 is thus a nonzero element of F(t) (x1,...,x,). Here, each x;

commutes with the coefficient field IF(t).

e We use dy,(f) as a shorthand for g—fi. For F[xy,...,x,], this would refer to standard partial
derivatives. In the noncommutative setting of IF (x1, ..., x,,), this will refer to left-derivatives

(which shall be defined in due course).

* We abuse notation and sometimes use x to denote the tuple (x1,...,x,). Notations such
as deg, or Hom;“ will denote the degree or homogeneous component with respect to the

variables (x1,...,Xy).



2 Derivations and associated “evaluation” maps

The core of the PITs involve the following notion of derivation operators, and we define a special case
that would be sufficient for this paper.

Definition 2.1 (Linear derivations). An operator D : F(t)[x1, ..., x| — F(t)[x1, ..., x,] of the form

n
Df =oif +} bi(t) - 9x,(f)
i=1
where b;(t) € F(t) shall be called a linear derivation on F(t)[x1, ..., x,]. We shall call the set
ker D = {h € F(t)[x1,...,x4] : Dh =0}

as the ring of constants of the derivation D. We shall say that D has a trivial ring of constants if
kerD = . O

Associated with a derivation of the form D = o; + Y/ ; b;(t)dy,, we can define an [F(f)-linear
map P : F(t)[x1,...,x,] — F((t)) that satisfies

d

S0(f) = o(Df) 2)

Indeed, if ®(f) := f(t, Pi(t),..., Ps(t)) for some P;(t) € F[t], then by the above we must have

Lo(f) = LFP0),... Bal) = (8tf+ Z)P{(t)ax,-f> (L PL(D), -, Palt))

=& <8tf+ZP{(t)ax,-f> = q)(Df)

which forces P/(t) = b;(t). Thus, associated with the derivation D is the “evaluation map” that
maps each x; to P;(t) which is the formal integral of b;(¢).

The following lemma shows that if D has a trivial ring of constants, then the map @ is injective.

Lemma 2.3 (Injectivity of ®). Suppose the linear derivation D has a trivial ring of constants. Then, the
associated map ®: F(t)[x1, ..., x,] — F((t)) defined above is injective.

Proof. Suppose not. Consider the nonzero f € F(t)[x1, ..., x,| with ®(f) = 0 that is minimal in

the following sense:

¢ it has the smallest x-degree (say d),

¢ it has the fewest monomial of highest x-degree.

10



Without loss of generality (by scaling f by an element of IF(t) if necessary), we may assume that
one of the monomials of f of the highest x-degree has coefficient 1. Let d = deg, (f).

Since ®(f) = 0 we also have £®(f) = ®(Df) = 0. We claim that Df contradicts minimiality.
This is because Df = o¢f + Y ; b;(t)0y, f, and }_; b;(t)0y, f has lower x-degree, and o f has the same
x-degree but reduces the number of monomials of x-degree d. Thus, by the minimality of the choice
of f, we have Df = 0. However D has a trivial ring of constants which forces f € F and this
contradicts either f # 0 or ®(f) = 0. O

Therefore, if we want to find maps P that preserves nonzeroness, we are indirectly looking for

suitable derivations D that have a trivial ring of constants.

2.1 A concrete derivation with a trivial ring of constants

There appears to be a rich literature on the study of derivation fields. with numerous examples of
derivations that have a trivial ring of constants. The derivation we define below appears to be
a special case of a broader class of derivations called Shamsuddin derivations. Nowicki’s book

[Now94] provides a fairly comprehensive study of this field.

For this paper, we will focus on the following derivation from here on.

i
1+it

D =0;+ ) bi(t)oy, whereb;(t) =
Lemma 2.4 (D has a trivial ring of constants). The derivation D defined above has a trivial ring of
constants. That is, if h(t,x1,...,%x,) € R =1 (t)[x1,...,x,] such that Dh = 0, then h € FF.

Proof. Let h; denote the degree i (in x) homogeneous component of 1 and letdeg h =d. Ifd = 0,
we are done. Thus, we may assume that d > 1. Focusing on the degree d part of D(h) = 0, we have

0 = Hom;*(D(h)) = 9;hy

— athd =0.

Thus, the highest-degree homogeneous part of & is t-free. Now focusing on the homogeneous part
of degree d — 1, we have

0= Homzd*l(D(h)) = <athd_1 + Y Z i axihd>
x l; 1+t

n .
1
— dthy_1 = — E — - axihd.
=1+t

11



Note that ; is independent of ¢ and thus so is d,, /. Hence, if d,,h; # 0, then the RHS has a simple
pole (of order 1) at t = —1 but 9;4_; can never have simple poles. To see this, write the partial
fraction decomposition of hy 1 € F(t)[xq,...,x,] as

hg_q(t) x)+Y. ) Caj (X

a ]>1 t—ﬂ

for some polynomial p(t,x) and t-free ¢, j(x) € F[xy,...,x,] for finitely many a. Differentiating
term by term, p(t,x) contributes a polynomial and thus no poles, while each term ¢, j(x) - (t — a) ™/
contributes (—j) - ¢,j(x) - (t —a) /! and thus a pole of order j + 1 at a. Hence, d;/14_1 has no pole
of order exactly 1 at any point.) Thus, the only way the above can be zero is if d,,h; = 0 for all
i € [n], which is absurd when d > 1. Thus, d = 0 and hence 1 € F. O

Remark. A sufficient condition for the above proof is to use by (t),. .., by (t) such that each b; has a distinct

simple vole. The above example of b;(t is one of the simplest example of this kind. O
pie p p i p p

1+1t
The evaluation map associated with the derivation D defined above is ® : x; — P;(t) where
= [ bi(t)dt = In(1 + it). Thus, Lemma 2.3 and Lemma 2.4 show that {In(1 +it) : i € [n]}is

algebralcally 1ndependent (in fact even over [F(t)).

3 Wronskians of derivative closed set of polynomials

Let {f1,..., f+} be a basis for 0=*(f), and let us assume that deg f; < - -- < deg f, with f; = 1 and
fr = f. Recall that D = 9y + Y/ ; b;(t)9y, and the D-Wronskian of fi, ..., f; is defined as

fi e f
Wo(fi,--o fr) = D:ﬁ D:fr
Drflfl . Drflfr

Wo(fi,..., fy) = det #p(fi, ..., ).

Lemma 3.1 (The D-Wronskian is x-free). Wp(fi, ..., f;) defined above, for any derivation of the form
D = 0y + Y b;i(t)0y,, is independent of x.

Proof. Since {fi, ..., f;} is a basis for 0=*(f), for each i € [n] and j € [r], note that

axlfj Zaqk fk

k<j

—> 0, D"f; =) aju-D"f; since dy,Dg = D(dy,g) for any g.
k<j

12



Therefore, by the multilinearity of the determinant across columns, 9, Wp(fi, ..., f;) is a sum of
determinants of the matrix #p(f1,..., f;) with a column replaced by its partial derivative with
respect to x;. Thus, if C; is the j-th column of #p(f1,..., f;), then

axiC]' = Zai]‘k : Ck.
k<j

Therefore, 0, Wp(fi,..., fr) = 0 for every i € [n]. Hence, Wp(fi, ..., f;) is independent of any of
the x-variables and is a function of ¢ alone. ]

The above lemma, along with properties of the derivation D defined in the previous section
is sufficient to obtain a hitting set generator for polynomials with low partial derivative space.
However, we can make a stronger observation that would be more useful when dealing with

noncommutative ABPs in the later section.

Theorem 3.2. There is an v x r matrix F(x) and an v x r matrix R(t) such that #p = R(t)F(x). Moreover,
the matrix F(x) is upper triangular matrix with diagonal entries equal to 1.

We can clearly see that Lemma 3.1 is an immediate consequence of this theorem.

Proof. Lety = {y1,y2,...,Yyn} be a set of new variables. Use Taylor series expansion to write (for
1<j<r)

fly+0= ¥ X0,
ecIN" *°

Using the derivative closed property we can further write

fily +x) )+ Y fely) - Frj(x (3.3)

1<

for some polynomials F,;(x). It is convenient to express these equations in matrix-vector no-
tation. For that define f(x) = { AKX) fa(x) - fr(x)} . Then from the equation above, it is
straightforward to express

~

Fly +x) = fly) - E(x), (3.4)

where F(x) is the upper-triangular whose (¢, j)-th entry is just Fy;(x) from (3.3) with F,, = 1.
Define Dy = d; + }_I; b;(t)9,, (the analogue of D but with respect to y), applying Dy to (3.4) (and
using the fact that F(x) is independent of ¢ or y), we get

Dy (fly+x)) =Dy (F(y)-F(x)) = Dy (F(y)) - F(x).

13



Iterating the above,
Dy (fly+x)) =Dy (F(y)) - F(x) forallm > 0.

In other words, if W(t,x) = Wp(fi,..., fr), we have W(t,x +y) = W(t,y) - F(x). Settingy = 0,
we get the factorisation W(t,x) = W(¢,0) - F(x). O

Corollary 3.5 (Degree bounds for Wp(fi, ..., f;)). ForD = 0, + Y, 1+1t8x, and {f1,..., f+} that is
dx-closed, we have

A(t)

(t)

where A, B € F[t] with deg A, deg B < nr?.

Wo(fi,---, fr) =

Proof. Let Q(t) = [TiL;(1 + it). We prove by induction that for any g(x) € F[x|, we have D"¢ =

% for some A, (t,x) € F[t,x] with deg, A, < m(n—1)ande =m
_ i Q) /(1 +it) -0xg _ Ai(t,X)
Dg atg+z 1+ t ng_ Q(t) _' Q(t)el *

Clearly, deg, Ay < n —1and e; = 1. For induction,

Am—1\ _ 1 = iQ
g D(Qm 1) at<Qm 1> +@ (g (1+Zt) 'axiAm1>

_0Ap eAy1-0Q 1 [ iQ
= Qm—l Qm + Qm <IZ; (1—|—Zt) axlAm 1)
Q-0tAu_1 eAyu_1-0:Q 1 = iQ
_ N 1 A,
Q" Qo (; (T+it) 1)
CAn(t,x)
=~

Thus, we get that deg, A, < deg, A;,—1 + (1 — 1) and this completes the inductive step.
From the above bound on the t-degree of every entry of #p(f1,. .., f;), and since Lemma 3.1
asserts its determinant is x-free, we get that

Wp(fi,..., fr) = 1];1((:))

for some A, B € F[t] with deg A, deg B < nr2. O

14



4 Hitting sets for polynomials with low partial derivative space

Now we have all the ingredients to prove Theorem 1.1. We state it here in a slightly different form
from which Theorem 1.1 would readily follow.

Theorem 4.1. Suppose0 # f(x1,...,%,) € E[x1,...,x,] such that dim0=*(f) < r. Let Py(t),..., Py(t) €
IF[[t] be defined as

it)2  (it)®  (it)*
> T3 i

Pi(t):it—( 4+ =In(1+it)

Then, f(Py(t), -+, Py(t)) # 0 mod t8 for B = nr? +r.

Theorem 1.1 follows from the above since we may truncate each P; to the first B terms and

retain the nonzeroness of f.

Proof of Theorem 4.1. For simplicity, let us assume that dim 0= f = r (else we will replace r with
the actual dimension in the proof below). Let f1, f2, ..., f be a basis of the space Ve of all partial
derivatives of f in increasing order of degree with f, = f. Let P(t) = (Pi(t), Pa(t), ..., Ps(t)) where
Pi(t) =In(1+it) fori=1,...,nand let® : F(t)[xy,...,x,] — F((t)) givenby ®(g(t, x1,...,x,)) =
g(t,P1,..., Py).

By Lemma 2.3 and Lemma 2.4, we have that ® is injective. Therefore, ®(f1),..., P(f,) are
linearly independent elements of F[[¢]. By [BD10], we have

W(D(f), ..., O(f)) = det ¥ (B(f1), .., B(f)) 7 0.

By since # (®(f1),..., DP(fr)) is just the matrix Wp(fi, ..., f;) with ® applied to every entry, we
get from Corollary 3.5 that

W(@(fy), .., () = ‘,;‘éf))

for some nonzero polynomials A, B of degree at most nr2.
Now suppose ®(f) = 0mod 5 for B = nr?> +r, we have 45®(f) = 0mod t5~™ for all
0 < m < r — 1. Thus, the entire last column of # (®(f1), ..., ®(f,)) is divisible by t2~"+1 and hence
we must have that t?~"1 divides A(t). But this is impossible since deg A < nr> < B —r + 1.
Thus, we must have that ®(f) = f(Py(t), ..., P.(t)) # 0 mod £+,
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5 Extensions to noncommutative ABPs

The approach for polynomials with low-partial derivative space extends to noncommutative ABPs
as well. The ring we are operating on is IF() (x1, ..., x,). We will be using the same derivation? D
on this ring, defined by

but here 9,, refers to the left-derivative with respect to x;. That is, for any word w, define

w ifi=j,
axi(xjw) = J
0 otherwise.

We can prove the analogue of Lemma 2.4 even in the context of R = F(t) (x1,...,X,).

Lemma 5.1 (D has a trivial ring of constants, noncommutatively). The derivation D : F(t) (x1,...,x,) —
F(f) (x1,...,%xn) defined above has a trivial ring of constants. That is, if h € R such that Dh = 0, then
h e F.

Proof. As earlier, let h; denote the degree i (in x) homogeneous component of & and say deg h = d.
As in the proof of Lemma 2.4, since D(h) = 0 we can conclude that h is t-free.

For any word w, let us use c,, to denote the coefficient of the word w in /i (which is an element
of F(t)). If we take any word w of length d — 1, then

0 = coeffy, (Dh) = d1c + Y _ bi(t) - Cxw
i=1

i
— —ath = E - Cxjw-
=1+t

Once again, the LHS cannot have any simple poles and hence ¢y, = 0 for all i € [n]. Since w is
arbitrary, this forces h; = 0 which is absurd. Thus, d = 0 and hence € FF. O

5.1 The “evaluation” map related to D in the noncommutative setting

As earlier, associated with the above D, we wish to define an IF(t)-linear map ¥ : F(¢) (x1,...,x,) —
F((t)) such that for any f € R = F(t) (x1,...,Xn)

d
S¥(f) = ¥(Df).

2Strictly speaking, the above map D is not a ‘derivation’ in the traditional sense since it does not satisfy the Leibniz
rule (i.e., D(fg) # fD(g) + D(f)g) due to the non-commutativity. Nevertheless, we abuse this terminology and refer to
it as a ‘derivation’ for the sake of exposition.

16



Unlike the commutative case, this is not merely a substitution x; — P;(t) extended to all words
since then ‘I’(xixj — xjxl-) = 0 and thus Y is not injective on R. Therefore, we need to define ¥ on
each word w. Again, if ¥(1) = 1, then we are forced to define ¥ inductively on larger words as

Thus, if T; is the linear operator on [F[t] — IF[t] defined as

T;: g(t) s /bi(t)g(t)dt

then the above map ¥ can be thought of as substituting in place of each x; the operator T;.

Exactly as in Lemma 2.3, we now can show that ¥ defined above is injective.

Lemma 5.2 (¥ is injective). Suppose the linear derivation D has a trivial ring of constants in R =
F(t) (x1,...,xu). Then, the associated map ¥ : R — IF((t)) defined above is injective.

Proof. Follows the proof of Lemma 2.3 verbatim. O

Remark. An important distinction here from the commutative case is that the map ® defined there was
infact an algebra homomorphism. However, the map here is just an F(t)-linear map. This is of course
necessary for injectivity as any algebra homomorphism from F(t) (x1, ..., x,) to F((t)) must necessarily
satisfy ¥ (x1x2) = ¥ (x2x1) and hence cannot be injective. Nevertheless, the map ¥ constructed about will
eventually be thought of as an algebra homomorphism to the space of linear maps on IF[t] (instead of to

F[t]). O

5.2 Noncommutative ABPs have low-dimensional partial derivative space

Definition 5.3 (Noncommutative Algebraic Branching Programs (ncABPs) [Nis91a]). A noncom-
mutative algebraic branching program (ncABP) of size s is given by a directed acyclic graph of s
vertices {v1, ..., s} with directed edges (v;,v;) with i < j having weight {;; that is a linear polynomial in
X1,. .0, Xn.

The polynomial computed by the ncABP is the sum, over all directed paths from vy to vs, of the product
of the edge weights. Concretely,

t—1

flxq,...,xn) = Z Hfz’/,z’jH

ig =V1,0iy " Vir=0s j=0
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More generally, we can define fj(x1, ..., x,) analogous as the polynomial computed between vertex v; and
v; by a similar sum over all directed paths from v; to v;.

Such an ncABP is said to be homogeneous of degree d if the underlying directed acyclic graph is layered
into d + 1 layers with vy being the unique vertex in layer 1 and vs being the unique vertex in layer d + 1,
and all edges only going from vertices in layer i to layer i + 1 with all edge-weights {;; being linear forms in
X1, .-, Xy (i.e., £;j has no constant term). O

It is well-known [Nis91a, RS04] that if f is a degree d polynomial that is computed by an ncABP
of size s, then each homogeneous component of f can be computed by an ncABP of size at most
O(sd?). Furthermore for the purposes of PIT, it suffices to focus on just homogeneous polynomials
computable by a homogeneous ABP. See [RS04, FS13] for details. Thus, from here on, we will
assume that f is a homogeneous degree d polynomial that is computable by a homogeneous ncABP
of size s.

The following lemma is implicit in the work of Raz and Shpilka [RS04].

Lemma 5.4 (ncABPs are derivative closed [RS04]). Suppose f is computable by a noncommutative
branching program of size s. If 9 *(f) refers to span of all left-derivatives of f of all order, then 0=*(f) is
contained in the span of { fis : i € [s]}. Furthermore, if the ncABP is minimal (in the sense that there is no
smaller ABP for f), then {f;s : i € [s|} is a linearly independent set. Similarly, if the ncABP is minimal
and homogeneous, then f11, ..., f1,s are linearly independent.

5.3 Factorisation of the Wronskian matrix

Let f € F(X) have degree d, and consider an ABP for f. For each i € [n], let M; be the adjacency
matrix of the ABP with respect to variable x;. Concretely, (M;); is the coefficient of the variable
x; in the edge weight ¢; ;. Note that M; is a strictly upper-triangular matrix. Define F as the s x s
matrix where F;; = f; ;/(x1,..., %), the polynomial computed between vertex v; and v;. In particular
F is an upper-triangular matrix with all diagonal entries being 1 by definition. Let M = }_; M;x; be
the adjacency matrix of the ABP.

Observation5.5. F =+ M+ M2+ .-+ M?

Proof. This follows from the definition of F, combined with the fact that M is the adjacency matrix
of the (layered) ABP. O

Observation 5.6. If 9, F refers to the matrix obtained by applying the left derivative oy, to every entry of F,
then

9y, F = MF.
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Proof. From Observation 5.5, we have
F=14 (Mx;+ -+ Mux,) + -+ (Myxg + - - - + Myx,)*

Thus, 9x,F = M; + M;(Mixy + -+ - + Muxy) + -+ - + M;(Myx1 + - - - + Myux,, ) 1. Note that
M;(Myx1 + -+ -+ Mnxn)d = 0: every coefficient in the expansion is 0 as these are coefficients of
the monomials of degree d + 1 with leftmost variable x;, but no such monomial exists in the ABP.
Therefore, 0,,F = M;F as claimed. O

Let us use f; to denote f;; defined above. Without loss of generality (by taking the smallest
ncABP for f), we may assume that {fi, ..., f;} are linearly independent.
Recall the derivation D = 9; + Y1 ; b;(t)0dy, and the D-Wronskian matrix

fl f2 fs
WD(fl/"'lfS): ;fl ;fZ . f
Ds—lj:1 Ds—lj:2 Ds_lfs

Lemma 5.7 (Factorisation of #p(f1,..., fs)). Thereis an s x s matrix R consisting of rational functions
entries in t such that #p(fi1,...,fs) = R-F.

Proof. We will construct R one row at a time and show that forall0 < m <

[Dnfi  D7E] = RuF
for suitably chosen row vector R,,. We would then have our factorisation #p(f1,...,fs) = R-F as
required.

Form = 0, wehave Ry = [10 - - - 0]. Suppose for some m > 0 we have

[DMf1 Dmfs}:RmP
= ot omg = ([oms e gl
= D(Ry, - F) = 0(Ry, - F) +Zbi(t)-ax,.(Rm-P)

n
= (0tRm + RyuB)F where B=)_b;(t)M;
i=1
=:Rpt1-F

Thus, R;,+1 = 9¢R;; + Ry, B, and stacking the R;’s into a matrix R gives us the claim. ]

Unlike the commutative case, defining the notion of a determinant of the above matrix needs
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care as the entries involve noncommuting variables. But the above factorisation is enough to show
that the ordinary Wronskian W(¥(f1),..., ¥ (fs)) is a rational function with low-degree numerator

and denominator.

Corollary 5.8. Let # (t) :== # (¥(f1),-..., Y (fs)) be the ordinary Wronskian of ¥ (f1),..., Y (fs). Then
W (t) = R(t)¥Y(F), where ¥ (F) is the matrix obtained from F by applying the map ¥ entry-wise. As a
result det(# (t)) = det(R(t)).

Proof. By Lemma 5.7, #p(f1,.--, fs)ap = Yoomq R(t)acFcp- Since ¥ is F(t)-linear, applying it entry-
wise gives
S
T(WDO(L .. -/fs>u,b> = Z R(t)a,clP(Fc,b)'

c=1

This also implies that

YPo(fr,---. f5) = R(F(F). (5.9)
However for 1 <i <s, $¥(f;) = ¥(Df;). Differentiating m times, we get that

an

S¥(f) = (D" ).

Combining this with Eq. (5.9), we get that #/(t) = R(t)¥(F). Since F is an upper triangular matrix

with diagonal entries 1, so is ¥(F), and it follows that det(#/(t)) = det(R(¢)). O
Corollary 5.10 (Degree bounds for the entries of R). If D = o; + Y} 4 ﬁ - Oy,, then detR(t) is a
rational function of the form % with deg P, Q < ns?.

Proof. Just as in Corollary 3.5, using the recurrence for the rows of R that R;1; = R} + R;B, each
entry can be shown to be a rational function with numerator and denominator of degree at most #s.
Since R is an s x s matrix, we get the required degree bound. O

5.4 Obtaining the hitting set generator

Lemma 5.11 (Bounding the order of ¥(f)). Let f(x1,...,x,) € F(x1,...,x,) be a nonzero polynomial
that is computable by an ncABP of size at most s. Let ¥ : E(t) (x1,...,x,) — F((t)) as defined above. Then,
Y(f) # 0 mod t& for B = ns? +s.

Proof. Assume on the contrary that ¥ (f) = 0 mod #? for B = ns® + s. Then, for each m < s we have
LY (f) = 0 mod t15°+1 Letspan {fi1,..., fis} have asabasis {fi,..., f:} (assuming without loss
of generality that s is the minimal ncABP size for f) with f; = f.
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By Corollary 5.8 and Corollary 5.10, we have that

W(F(f1),...,¥(fs)) =det# (Y(f1),..., ¥(fs)) = g((?)

with degP,Q < ns?. Furthermore, since ¥ is an injective map (Lemma 5.2), we know that
the above Wronskian determinant is nonzero [BD10]. On the other hand, the last column of
W (Y(f1),..., ¥ (fs)) is divisible by 5+ which is impossible since deg P(t) < ns2. O

The final step is to convert the above statement into suitable matrices that create the hitting set.

Theorem 5.12. There is an explicit set of matrices Ty,...,T, € F*B, for B = ns? + s such that any
nonzero noncommutative polynomial f(x1,...,x,) € F(x1,...,x,) that is computable by a homogeneous
ncABP of size at most s satisfies f(Ty,..., T,) # 0.

Proof. Consider the infinite linear operators Ty, ..., T, : F[t] — [t] given by

ﬂ:g(t):g0+g1t+~~'l—>/bit t)dt
_/ (1 — it + (it)* + - - - )g(t)dt

= ]’lot—l—hl —|—]’l2 + -
where hi(t) = ho+ ht +--- = i(1 — it 4 (it)* — (it)°) - g (t).

Each T; is just a truncation of T; to F[t]/t® and thus is an B x B matrix.

Recall that ¥ : F(¢) (x1,...,x,) — F((¢ )) maps words over {x1,...,x,} to elements of IF[[t]] For
length 1 words, x;, we have ‘I’ (xi) = [ bi( (1). More generally for any word x;, - - - x;, we
inductively defined

xl

1 xl; /bll xlz o ir)dt
T (T, Ty (1) = T, -

11 ip " 11

T; (1).

Thus, ¥ maps each word x;, - - - x;, to the power series in ¢ that is the image of the composition
T, -+ T,. Hence, ¥(f) = f(Ty,..., Ty)(1). Since from Lemma 5.11 we have ¥(f) # 0 mod t2, we
get that f(Ty,- -+, T,)(1) # 0 and hence (T3, - - -, T,) is a nonzero linear map and thus a nonzero

B x B matrix. [
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A Tracing back the classical methods

In this section, we provide a version of OpenAl’s proof [Ope26] of black-box hitting point for
noncommutative ABPs in the language of the literature it utilizes.

Let F(xy, ..., x,) be the free associative algebra. Given a polynomial f € F(xy,...,x,) com-
puted by an ABP of size s, it is a standard fact that f has an s-dimensional linear representation

consisting of u, v € IF°, and jointly nilpotent matrices A; € [F*** such that
f=Y (" Amo)w,
w

where w = x;, ... x; and Ay, = A, ... A, Ap = I;. Moreover, A, = 0 for |w| > s. This follows

from the standard linear-representation point of view of recognizable series [BR11, Sché61].
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For 1 <i < n, define

(Th)(f) = /Ot bi(2)h(2)dz,

where the integration is coefficient-wise for h(t) € F[[t]]. For every word define the iterated

integrals as follows
Ip=1,  Lyw(t) = (Tik)(t).

The linear map ¥ : F(xy,...,x,) — F[[t]] is defined as
Y(w) = I(t),

and extending linearly. The map ¥ is well-studied in the context of nonlinear control theory and
¥ (f) is known as Chen-Fliess series [Che54, Fli81]. The following result is also well-known.

Lemma A.1. [Pan15, DDHS11] f #0 = ¥ (f) # 0.

Now construct the matrix-values formal series
Z(t) =) L(t)Aw € (F[[H])7.
w
Differentiating with respect to t and using the easy fact that

Iy (t) = b(B) (1),

we get the following

Z'(t) = Y bl AjAs.

i

Arranging the terms further

Z'(t) = (Zn; b]-A]) (Zlv(t)Av) = A(t)Z(t), (A.2)
j=1 v

where A(t) = Y14 ff;it. Lety(t) = Z(t)v and

g(t) = uly(t) = Y (u" Awo)Lu(t) = ¥ (f)(1).

w
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By Lemma A.1, g(t) # 0. Moreover using Eq. (A.2),
V(1) = Z/(tyo = A1)y (1) (A3)

Note that the rational matrix A(t) has no pole at t = 0. Given t; and a Taylor series expansion

h(t) = Y clt —to)F,
k=0
define
ordi, h = min{k > 0: ¢, # 0}.

Our goal is to prove that ordg g < N for a polynomially bounded integer N. For that we use a
classical result by Moura [Mou04, Theorem 1] which is also attributed to [Mou03]. We state the
result in a form suitable for our purpose. Moura states the result over C, but it easily extends to

arbitrary fields of characteristic zero.

Theorem A.4. [Mou04, Theorem 1] Suppose y'(t) = A(t)y(t) be an s-dimensional rational linear system,
to is not a pole of A(t), and g(t) = uTy(t) is not identically zero. Let P be the sum of the order of all poles
(including infinity) of the differential form Q) = A(t)dt. Then,

ord, g <s—1+ (;)(P—Z).

We note a few standard facts.
1. Ordinary point: f( is an ordinary point when each rational entry of A(t) is defined at .

2. Pole at a finite point a: the pole order of A(t)dt at a is the largest pole order among the rational

functions in A(t).

3. Pole at infinity: substitute z = 1/t. Then dt = —z2dz. The order of the pole at infinity is the
order of the pole at z = 0.

We apply the above to our case. For us,

A
A=Y 75

i=1

Let Q = A(t)dt. There are n finite poles of order 1 for A(t). Substitute t = 1. Then,

zZ

i—1% 71

A(t)dt = — (Zn: ZAZ) z ldz.
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So the order of the pole at infinity is at most 1. Hence P < n 4 1. Applying Theorem A .4,

ordoggs—l—i—(;)(n—l).

Set,
s
N=s—-1+ <2>(n—1).

Truncation:  Each T; : F|[[t]] — F][t]] is a linear operator. Define the vector space Vy =
F[[t]]/ (#N+1). Naturally, each T; induces an FF-linear map

T :Vy =V,  T/(h) =Ti(h) mod N1,

1

By direct expansion

N irfk
() = Y ot

r=k+1 r

Hence, relative to the basis (1,t,...,t") the matrix T! can be represented as

irfk

, , 0<k<r<N,
(T)rp=1 7 (A.5)

0, otherwise.

Now we are ready to state the main theorem.

Theorem A.6. For every nonzero noncommutative polynomial f € F(xy,...,x,) computable by an ABP
of size at most s, f(Ty,...,T;) # 0.

Proof. Using the connection with iterated integrals, the main thing to notice is that
F(TL,.., T1 =Y colw(t) =¥(f)(t) mod tN*.
w

However, we already proved that ordg g(t) < N where

g(t) = Y (u" Awo) L(t).

w

Hence f(T;,...,T,)1 = ¢(t) mod tN*! + 0 and the proof of the theorem follows. O
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