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Top-Down Lower Bounds for All Depths

Oliver Korten *

Abstract

We prove that Parity requires 27" size De Morgan circuits of constant depth using a new
method which is completely “top-down” in the sense of [HJP95]. The proof relies crucially on
the core ideas developed in a line of work [HJP95, [PPZ99, IMWT19, [GRSS24] which previously
established top-down lower bounds for circuits of depth 3 and 4. We first present a proof of
a lower bound exp(n37d). In this case, nearly all of the relevant combinatorial ideas necessary
for the proof are already present in some form in [GRSS24]. We then present two extensions
of this argument, the first achieving a lower bound exp(egn'/(2?=2)) for some €4 > 0 depending
only on d, and the second achieving the essentially tight lower bound exp(ednl/ (d’l)). These
improved results each hinge on establishing a key lemma which quantifies the extent to which
a high entropy random variable in {0,1}" will look close to uniform after projecting it onto a
random small set of coordinates R C [n].

AT Usage: The result presented in Section 2] giving the first top-down lower bounds for arbitrary
depth AC? circuits, was generated autonomously by GPT-6 Astra. This initial proof gave a
lower bound of the form exp(n37d) for depth d circuits. Subsequently, the author extended
these methods to give a top-down proof of the stronger lower bound exp(n'/(2¢=2)): this human-
generated result is presented in Section[3] The author then determined a combinatorial conjecture
which would suffice to extend the arguments in Section |3| to the optimal exp(nl/ (dfl)) bound,
and asked the machine to prove it; the machine succeeded with some high-level human direction
and the final tight lower bound is presented in Section [} A more detailed description of the AI
methodology is given at the end of the introduction . All contents of this document were
written solely by the human author, who takes full responsibility for their correctness.

1 Introduction

A highly influential work of Karchmer and Wigderson [KW90] showed that lower bounds on the
depth of circuits computing a function f can be rephrased equivalently as lower bounds on the
communication complexity of a certain search problem associated with the function f now called
the “KW game for f.” A variant of this correspondence was shown to hold also for monotone
computation, and was immediately applied in [KW90] to obtain tight lower bounds on the depth of
monotone circuits deciding undirected connectivity. Since [KW90], a rich theory centered around
lifting has developed which supplies a very modular and general recipe for proving communication
lower bounds for monotone KW games, and hence depth lower bounds for monotone circuits (the
framework also yields strong lower bounds on monotone circuit size) [RM99l [dRNV16l PR17, [GP18,
GPW18, IGKRS19, [GGKS20, dRMNPRV20, LMMPZ22l [dRV25]. In this framework, a lower bound
is first proven for the monotone KW game in a simplified “decision tree model,” and then that
simple lower bound is “lifted” to the more general communication-based model.
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It has been a longstanding open problem to apply communication based arguments to obtain
interesting lower bounds for non-monotone circuits. In particular, it was pointed out in [HJP95]
that at the time we did not even know how to reproduce known non-monotone lower bounds in
this framework. The authors of [HJP95] initiated the project of reproving the celebrated result of
[FSS84, [Ajt83] that Parity ¢ AC? via communication-complexity arguments, which they refer to
as “top-down proofs” (we will explain the meaning of “top-down” later on in the introduction).
They proceeded to solve this problem in the particular case of depth 3 circuits. A few works have
continued to study this question in the ensuing decades [PPZ99, MW19l [GRSS24]; in particular,
exponential lower bounds for depth 4 were obtained in [GRSS24]. The problem has remained open
for any depth larger than 4. The current work completes this program, establishing exponential
lower bounds for ACO? circuits of any fixed depth computing parity by a proof which is completely
top-down in the sense intended in [HJP95].

The value in proving an old result by a new method can be hard to judge on arrival. Our hope,
and the hope of those who've previously studied this problem [HJP95, MW19, [GRSS24], is that
such a proof will offer a bridge over which ideas from the highly-developed theory of monotone
circuit complexity may start to be transferred over to the study of non-monotone circuit complexity,
perhaps in the eventual service of making progress on the KRW conjecture [KRW95] and P # NC?.
Another motivation, highlighted in [GRSS24], is the well-known problem of proving lower bounds
for PH®®; this is a class extending AC? for which random-restriction based arguments appear
completely unavailable, and the authors in [GRSS24] argue that a top-down lower bound for AC°
may point us in the direction of such a lower bound. Currently we have no clue as to whether the
ideas in this work will play any role in future lower bounds of these kinds. At the very least, we
believe the arguments here will offer some richer understanding of bounded depth circuits beyond
what can be achieved by the method of random restrictions [FSS84) [Ajt83] [Yao85, [Has86] or the
method of polynomial approximation [Raz87), [Smo87].

1.1 KW Games and Adversaries:

We start by defining Karchmer-Wigderson communication problems. For a pair of sets X,Y C
{0,1}", X NY = (), the communication problem KW (X,Y) is defined as follows. Two parties Alice
and Bob receive inputs x € X and y € Y respectively. Their goal is to determine some i € [n] such
that x; # y;, by communicating with one another over the course of several rounds. We say that
KW(X,Y) has a d-round protocol of cost m, if there is a deterministic protocol in which the players
exchange messages for at most d rounds, sending at most m bits in every round, such that at the
end of the protocol both parties agree on a valid output for KW(X,Y). In a given round, the next
speaker is determined arbitrarily by the prior communication transcript. For a Boolean function f,
we use the shorthand KW(f) := KW(f~1(0), f~1(1)).

Lemma 1 ([KW90]). A4 function f:{0,1}" — {0,1} has a depth < d unbounded fan-in De Morgan
circuit in which each \/ / \ node has < 2™ children if and only if KW (f) has a d-round protocol of
cost m.

As is well known, a communication protocol for a problem in which Alice receives inputs in
X, and Bob in Y, corresponds to a recursive decomposition of X x Y into rectangles X’ x Y,
X' C XY CY (see [KN97| for a comprehensive textbook on communication complexity). In a
given round ¢ of a d-round protocol for KW(X,Y), the set of inputs consistent with the current
communication transcript is a rectangle X’ x Y’. If the next player to speak is Alice, her m-bit
message performs an arbitrary partition of X’ into at most 2™ parts X' = |J i<om X % The remaining
protocol can then be seen as giving, separately for each subrectangle X ]’ xY’  a (d—1i)-round protocol



of cost m for KW(X},Y”). The existence of a zero-round protocol for some X’,Y” is equivalent to
the existence of some i € [n] such that x; # y; for all x € X',y € Y.

With this perspective in mind, it is possible to prove that no d-round, cost m protocol exists
for KW(X,Y) by a kind of adversary argument. Say that we define some combinatorial invariants
Iy,...,I;41 on rectangles in X x Y, where invariant I; is meant to be satisfied prior to the i** round
of communication, and Iz, to be satisfied after all communication is complete. If we can prove:

1. (Base Case): The initial rectangle X x Y satisfies the initial round 1 invariant [;.

2. (Induction Step): If X’ x Y’ is any subrectangle satisfying the invariant I; for round 4, and we
partition one of the sides into at most 2™ parts e.g. X' = [J;com X, then there exists some
part X j' such that X j’ x Y satisfies the invariant I;, for round ¢ + 1.

3. (Terminal Case): If X’ x Y’ satisfies the final invariant Iy, then for all i € [n] there exists
x € X',y € Y such that x; = ;.

then it follows that KW(X,Y") does not have a d-round protocol of cost m. We refer to this as an
adversary argument, since we imagine the choice of part X ]’ in each inductive step as being selected
by an adversary aiming to focus attention on the inputs in which the protocol fails to make sufficient
progress.

1.2 What Exactly Constitutes a “Top-Down” Proof?

A “top-down proof” of a lower bound refers, informally speaking, to any communication lower bound
for KW(f) which is proven by giving an ezplicit communication adversary for KW (f). This is called
top-down since tracing the evolution of a rectangle across the communication protocol corresponds
precisely to tracing the set of inputs rejected/accepted by a gate in the circuit, starting from the
output gate and following a downward path to some leaf computing a literal. This is in contrast to
a “bottom-up” proof such as the random-restriction method, which eliminates gates of the circuit
starting from the bottom and continuing upwards towards the output.

The substance of the term “top-down proof” rests entirely on what we mean by an “explicit
communication adversary.” Indeed, the KW correspondence in Lemma [I| is an exact equivalence,
so any proof whatsoever of Parity ¢ AC® must in fact yield a lower bound on the communication
complexity of KW (Parity), and hence implies the existence of some adversary. However, if one
takes any of the previously known proofs of Parity ¢ AC® and works backwards through the
correspondence, they will end up building an adversary whose next move is guaranteed only by
a counterfactual, nonconstructive argument: assuming no next move for the adversary exists, we
work backwards through the KW correspondence to deduce the existence of a circuit computing
the function and contradict the known circuit lower bound. The reader may refer to [KR26| for an
interesting analysis of such a “non-explicit” adversary arising from the approximation method [ﬂ In
contrast, our proof maintains a simple combinatorial invariant on the current rectangle, and directly
supplies the adversary’s next move based on this invariant.

1.3 Notation:

We introduce most notation as needed but start with some basic conventions that will be used
throughout. All logarithms are base 2. For a finite coordinate set I and p € [0,1], we use P Cp, I

!The work in [KR26] does not merely apply the KW correspondence generically to obtain an adversary in the way
we describe, but proves that the approximation method yields an adversary with some particular features of interest.
Nonetheless the adversary and its analysis remain non-constructive in roughly the same sense discussed here.



to denote a random P C I which is sampled by including each ¢ € I in P independently with
probability p. For a finite set X, we use x ~ X to denote a uniformly random sample from X. For a
random variable X with finite support, we use H (X)), H(X) to refer to its Shannon entropy and
min-entropy respectively. If X is supported on {0,1}", we use Do (X) := n— Hoo(X) to refer to its
min-entropy deficit. For X C {0,1}", we use Doo(X) := n — log | X|; this is exactly the min-entropy
deficit of the random variable X which is uniform on X, and hence we refer to this quantity also as
the min-entropy deficit of the set X itself.

1.4 Roadmap and AI Methodology

In Sections [2] B} and [ we present top-down depth-d circuit lower bounds of increasing quantitative
strength: first exp(n37d), then exp(egn'/(?¢=2)) and finally exp(egn'/(@=1) which is tight up to the
constant €5 > 0 (which in [Has86] can be replaced by an absolute constant € > 0). We describe here
in a bit more detail the respective roles of the author and the machine assistant over the course of
this work.

Initially, the result in Section [2] was obtained completely autonomously by GPT-6 Astra. The
author made some substantial effort to reorganize the proof in an intelligible way (the most sub-
stantive change being the introduction of the guiding function and the random variable Y9 to
construct the mirror set, in place of a more inscrutable Markov argument in the original proof) but
the underlying technical ingredients are essentially the same here as they appeared in the original
machine-generated proof. In fact, the original proof found by Astra gave a lower bound of Qg(n'/Fe)
where F} is the d'® Fibonacci number (Fy grows as ©(af) for some constant a = 1.6); we chose to
simplify the bound to n3"* for the sake of a more straightforward exposition.

Subsequent to writing up the machine-generated results in Section [2| the author found a way
to extend these methods to obtain the improved lower bound in Section [3} the introduction of the
notion of (p, k)-limit, the reduction to the “light patterns lemma,” and the proof of the first form of
the light patterns lemma via Fourier analysis were found by the author. GPT-6 Astra was used at
various points to optimize parameters and simplify the presentation of the proof.

After the work in Section[3] the author had determined that a sufficient strengthening of the “light
patterns lemma” would be sufficient to obtain the near-optimal exp(egn'/(?=1)) lower bound using
the same proof structure introduced by the author in Section [3] With some high level steering by the
author, the machine ultimately found a proof of this strengthened lemma. The author’s contribution
here was to suggest reusing the “transference principle” for downward closed sets (applied originally
in Section [2| to prove the shattering lemma) and then to look for a more analytic analogue of the
inductive proof of Pajor’s lemma. Eventually the machine found a proof of the light patterns lemma
which involved deriving a specialized reverse-hypercontractive inequality for decreasing functions
on the 1/3-biased hypercube. The author found this original proof to be conceptually opaque and
worked for some time with the machine to simplify it, eventually arriving at the current argument
in Section [f] involving the “harmonic mean transform.”

2 The Initial Lower Bound

In this section we present the initial proof generated by GPT-6 Astra of the lower bound m > n3"
on the communication cost of d-round protocols for KW(X,Y) where X,Y are the 0 and 1-inputs
of the parity function on n bits.



2.1 The Adversary

We start by describing the adversary and reduce its correctness to a single key combinatorial lemma
(the “mirror set lemma”). The following subsection is dedicated to a proof of the mirror set lemma.

Theorem 1. For any n,d,m € N, KW(Parity,,) does not have a d-round communication protocol
of cost m when m < n37d, n > 643", Consequently any depth d circuit computing Parity,, must have

3—d d
> 2" wires whenever n > 643",

The proof will maintain a certain invariant on the rectangle X x Y which intuitively says it
is hard to tell the two sets apart by looking at a random small set of coordinates. We make a
note here that in the generic description of a communication adversary given in Subsection [I.1] we
may without loss of generality allow the adversary to restrict a selected rectangle X; x Y to some
nonempty subrectangle X/ x Y, where X] C X; (and symmetrically on the Y side), and maintain
some invariant defined by that subrectangle. We will use this convention as a matter of notational
convenience. The crux of the proof is to show that, if the current rectangle satisfies the invariant
and the next protocol message has small cost, then the adversary can select a subrectangle which
satisfies a quantitatively weaker version of the invariant. In the following, for z € {0,1}", P C [n]
we use [7]p to denote the subcube {z € {0,1}" | z; = x; Vi ¢ P} and xp € {0,1}F to denote the
projection of x onto the coordinates in P.

Definition 1 (p-limit Condition). Say that x € {0,1}" is a p-limit of Y C {0,1}" if

LPr V0l £0]2

> w

For sets X, Y C {0,1}", we say that the rectangle X x'Y satisfies the p-limit condition on the left
(resp. right) if every element x € X is a p-limit of Y (resp. everyy € Y is a p-limit of X ).

We note that the threshold % is somewhat arbitrary; changing the threshold to any constant in
(0,1) would suffice for the main result. The notion of a “p-limit” is a minor variant of a definition
used in [GRSS24] (see Section 2.2, equation (2) of [GRSS24]; their definition involves a uniform
random k-set rather than an independent Bernoulli set). This in turn is a variant of the “k-limit”
used earlier in [HJP95] which requires the stated condition to hold for all sets P of a given size; the
authors of [HJP95] credit Sipser [Sip84] with the introduction of the concept.

The invariant we will maintain on the rectangle X xY is that (1) both X and Y are suitably large
and (2) the rectangle satisfies either the left or right p-limit condition (for some largeness thresholds
and p values which decay as the rounds progress). As mentioned above, the key step is to show that
after each protocol message, the adversary can select a subrectangle satisfying the next invariant.
We make a few observations. First note that it is trivial to maintain condition (1), losing a factor
2™ in largeness at each step, by choosing the largest component of the decomposition. Second,
note that if the p-limit condition is satisfied on the left (resp. right) and the next message partitions
X (resp. Y) then the p-limit condition is trivially maintained, since it involves a universal quantifier
over elements of X (resp. Y). Hence, if it were possible to show that the left p-limit condition
implies the right ¢-limit condition (possibly after passing to subsets of X,Y’) and vice versa for some
reasonable value of ¢, we would be done. This is exactly what the following “mirror set lemma” will
accomplish.

Lemma 2 (Mirror Set Lemma). Suppose Doo(X) < k, where k > 1, p > 0, and the rectangle X xY
satisfies the p-limit condition on the left. If ¢ = 64kp < 1 then there exists a “mirror set” Y' CY
such that the rectangle X xY' satisfies the q-limit condition on the right, and Do (Y') < k+2pn+2.



Note that the statement of this lemma immediately implies the symmetric form in which we
swap the roles of X,Y, and so we use both forms freely. We are now ready to prove Theorem

d

Proof of Theorem[. Let X, = Parity~'(0), Yy = Parity '(1). For i € {0,...,d} let k; = n3"
p; = %. We observe the following:

64<ko<kij<nforal0<i<d, m<ky k=k forall0<i<d
and from these it follows that, for all 0 < i < d

K3 1
1. ki+2pin+2+m <3k +2 < ki, 2. 64kipi§j§pi+1§1
n

After i rounds we maintain a rectangle X; x Y; such that the p;-limit condition is satisfied (either
on the left or right) and Do (X;), Doo(Y;) < k;. At the start, kg = n3~? > 1= Duw(X0) = Do(Y0)
so the deficit condition is satisfied. On the other hand it may be verified that for our parameters,
a po-random set P has |P| > 0 with probability > ?1’ this immediately implies that the pg-limit
property is satisfied on both the left and right by the rectangle Xy x Y since for any string z and
any |P| > 0, [z]p will contain both even and odd parity strings. At the end we have pg < % and
kq < n, which implies that the final rectangle X4 x Y; does not admit a zero-round protocol: in this
case the pg-limit is satisfied on the left or right (say left) and both X, Y; are nonempty. For every
1, a pg-random set will contain ¢ with probability < z, and hence for any x € X; and every ¢ < n
we can find some y € Yy agreeing with = at index 1.

It remains to show that if the rectangle X; x Y; satisfies the key invariant then we can reestablish
this for X;41 X Yiy1. Suppose the next message partitions X; = X; 1 U--- U Xj 9m (the other case is
handled symmetrically). If the p;-limit condition holds for X; x Y; on the left then it trivially holds
for every subrectangle X; ; x Y; (and hence so does the p;;1-limit condition since p;11 > p;); we may
take j maximizing | X; ;| and set X; 11 = X; ;,Yi11 = Y;. We have Do (Xi11) < Doo(Xi) +m < ki1
and Doo(Yi41) = Doo(Y;) < kiy1 so we are done. In the interesting case, the p;-limit condition holds
on the right, and we apply the mirror set lemma. We pass to some X/ C X; so that Dy (X]) <
k; 4+ 2pin+ 2 and the rectangle X/ x Y; satisfies the 64k;p;-limit condition on the left (we are able to
apply this lemma since 64k;p; < ; 1 by (2)). We then consider the decomposition X! = {AU- : -UXZﬂQm
with X' =X/ N X;; and set Xl+1 to equal the largest component (and Y1 = Y;). The deficit
of X,+1 1s bounded by k; + 2p;n + 2 + m and the rectangle X;+1 x Yj4; satisfies the 64k;p;-limit
condition. Since kj+1 > k; + 2p;n + 2+ m and p;+1 > 64k;p; by (1)/(2) we are done. O

47

It is instructive to compare the evolution of the random coordinate sets in this proof with that
of the free coordinate sets in the iterative random restriction proof of Hastad [Has86]. The two
arguments traverse the circuit in opposite directions. Here we need to choose random coordinate
sets of expected size ©2(m), and allow their expected size to grow cubically at each stage, ending
at n/4. Read backwards, the size of the random sets starts close to n and shrinks cubically at
each step. In the random-restriction proof, by contrast, each random restriction shrinks the number
of free coordinates by a factor ©(m). This more favorable parameter evolution yields the tight
communication-cost lower bound m = Q(n!/(=1); we will be able to (almost) match this parameter
sequence later on in Sections [3| (growing the sets by a factor ©4(m?)) and {4 (growing them by a
factor O4(m)).

2.2 Proof of the Mirror Set Lemma

To prove the mirror set lemma we need two combinatorial lemmas which occur either directly, or in
a slightly altered form, in [GRSS24]. The first appears roughly as Lemma 9 in [GRSS24]. We give



a proof here which is noticeably simpler and yields a stronger bound. Lemma 9 in [GRSS24] is also
sufficient to obtain the main result in this section, and indeed the original machine-generated proof
used Lemma 9 of [GRSS24] as a black-box rather than our Lemma 3| below. In the following, we
say that a set X C {0,1}" “shatters” R C [n] if {zr | # € X} = {0,1}*. We require a well-known
result of Pajor which strengthens the classical Sauer-Shelah lemma [Sau72) [She72|:

Lemma (Pajor’s Lemma [Paj85]). Any X C {0,1}" shatters at least | X| distinct sets.

Lemma 3 (Shattering Lemma). If X # () and 0 <r < 1/2, then

Rgr[ ][X does not shatter R} < 4rDo(X).

Proof. Clearly we may assume r > 0. Below we reproduce a proof of a standard inequality [Zha24]
Lemma 4.3.7]: for any downward-closed family A C 2" Pr RC, 12 € A] > ('2%')47’. Apply this to
the family A of sets shattered by X; by Pajor’s Lemma [Paj85], we have |A| > | X, hence:

|A[N 4 [ X[\ —4r Do (X)
%r[Rng]g—(Tn) 51—(27> <1-2 < 4rDoo(X)

where we apply the bound 1—-27% < ¢ valid for all ¢ > 0. It remains to prove the general inequality for
downward-closed families. Let h = L%j, soh > %, and sample h independent sets Ry, ..., Ry C, [n].
Their union has the same distribution as a sample A Cg [n], where § := 1 — (1 —7)" < hr < 1. Note
that the quantity Pryc, )[4 € A] is decreasing in a since A is downward closed. We thus have:

Ml pr e« Pr[Ae A =Prl R € A < Pr{\(R; € A) = Pr[R, € A"

2n AC, ] ACq[n]

O]

We also need the following well-known fact about min-entropy, whose proof can be found in
[GRSS24] as a subclaim in the proof of Lemma 6. This “entropy lemma” says that if we condition
on the value a random variable in {0,1}" takes on the coordinates outside a set S C [n], the entropy
deficit on the remaining coordinates in S will be at most the entropy deficit of the original random
variable (on average).

Lemma 4 (Entropy Lemma). For S C [n] and z € X C {0,1}", let X, ¢ = X N[z|g, viewed inside
its |S|-dimensional cube (in particular its min-entropy deficit is defined with respect to this subcube).
Then

ExNXDoo(Xm,S) < DOO(X)

Proof. Let X be uniform on X. Then

E Doo(Xas) =S| - H(Xs | X5) = [S] - H(X) + H(Xg) < |S] — (n = Doo(X)) + S| = Doo(X)
T~
where the first equality uses the agreement of the entropies Hs, H on uniform distributions, and
the second equality uses the chain rule for Shannon entropy. 0

At this point we are ready to prove the mirror set lemma, whose statement we reproduce for the
pleasure of the reader:



Lemma (Mirror Set Lemma (Lemma , Restated). Suppose Doo(X) < k, where k > 1, p > 0, and
the rectangle X X Y satisfies the p-limit condition on the left. If ¢ = 64kp < 1 then there exists a
“mirror set” Y' CY such that the rectangle X x Y’ satisfies the q-limit condition on the right, and
Do (Y') < k+2pn+2.

We describe the high-level structure of the proof before beginning formally. Say that z,y €
{0,1}" are “P-neighbors” if y € [z]p (equivalently, z € [y]p). When z is a p-limit of Y, this means
that the elements of Y “surround” zx in the following geometric sense: with high probability over
P C,, [n],  has some P-neighbor contained in Y. We aim to show that, assuming this holds and X
is suitably large, many points in Y will also be surrounded by X (where in this case surrounded =
¢-limit). It is natural to try to prove this by a simple random process: sample z ~ X, P C,, [n], and
choose y to be a random P-neighbor of z. If we could prove that y was typically a g-limit of X, we
would be part of the way there, but at this point we’d have no guarantee that this random process
will ever generate some y € Y. However, with an extra “guiding step” we can nudge this random
step from X so that it frequently falls into Y. Define a guiding function g : X x 2" — {0,1}" to
be any function such that g(x, P) € [z]|p for all z, P. Consider choosing a guiding function g which
selects g(x, P) to lie in Y whenever [z]pNY is nonempty, and which is set to some arbitrary element
of [z]p otherwise. We now consider the guided random step: sample z, P and walk to g(z, P) € [z]p.
Since every element of X is a p-limit of Y, this random step will land in Y with probability > %. If
we can show that this guided random output y is usually a g-limit of X, then we will have established
the existence of some y € Y which is a ¢-limit of X. Finally, if we can prove that this guided random
step has sufficiently high min-entropy, we can conclude that many elements of Y are g-limits of X
and the lemma will be proven.

At this point, we have reduced the lemma to proving a statement purely about X. Namely,
assuming X is large, if we take any guiding function g and sample = ~ X, P C, [n], with high
probability we have that the guided random step g(z, P) is a ¢-limit of X. It suffices to show that
with high probability over x, P, every element of [z]p is a ¢-limit of X; this will handle all possible
guiding functions. Moreover we need to establish that any such guided random step has suitably
high entropy (so that we may obtain many different g-limits of X in Y in the end). The latter
entropic claim follows from a simple double-counting argument. The crux of the entire proof is
showing the former claim, that every P-neighbor of z is a g-limit of X with high probability over
x~X,PC,[nl.

Proof of Mirror Set Lemma. We follow the outline above. Fix any guiding function g(z, P) € [z]p
and consider the random variable Y9 defined as follows: sample z ~ X, P C, [n], and output
y = g(z, P). We establish the following two key claims for all g:

1. Pr[YY is a ¢-limit of X| > 2. Ho(Y9)>n—k—2pn

N

Given these the lemma follows directly. Set g(z, P) to be any element of Y N [z]p if Y N [z]p # 0,
otherwise define it to be some arbitrary element of [z]p. By the p-limit condition for the rectangle
X xY on the left, we have that Pr[Y9 € Y] > 2. Combining this with (1), we have that Pr[Y9 € Y A
Y9 is a ¢-limit of X] > 1. Applying (2), Heo(Y? | Y9 € Y AYY is a ¢-limit of X) > n—k—2pn—2.
If we now take Y’ to be those elements y in the support of Y9 satisfying “y € Y Ay is a ¢-limit of X,
then we must have Do (Y') < k + 2pn + 2 and we are done.

We establish (2) first since it’s simpler. Let y € {0,1}". The key point is that, conditioned on
having sampled a particular set P during the generation of Y9, there are at most 271 possible values

—~



of x that could have produced a given output y. Hence

(1+p)"

1 1
PrY? = y) = Ep Pr{Y? = y | P is smpled] < 17 Ep2"! = 2 T Bponain?') = 7

50 Hoo (YY) > log | X| — nlog(1 4+ p) > n —k — 2pn.
We now establish (1). By Markov, it suffices to show

Pr gl PlonX £0] > %2 which follows from Pr [Vy € [a]p, [ylo 1 X £ 0] = 12
where z ~ X, P C,, [n],Q C, [n]| are sampled independently in both of the above expressions. We
interpret the inequality on the right above. Let X be the random variable distributed uniformly on
X. We sample two random sets P C, [n],Q C4 [n], |Q| > |P| (typically), and want to show that if
we reveal the coordinates of X outside PUQ), then for every possible modification of the coordinates
in P, there is some subsequent modification to the coordinates in ) which leads us back into the
support of X. Since the subsequent modifications to @ allow us to overwrite any initial modification
to P N @, we may assume that the first step only modifies P\ Q. Then in terms of the random
variable X, this is saying that if we learn the bits outside of P U @, with high probability we will
not learn anything definitive about the possible values of the random variable on the coordinates in
P\ Q: every candidate value in {0,1}" \@ will still have positive probability. We can phrase this
directly in the language of shattering: if there exists y € [z]p such that [y]oNX = (), this means that
the set X, pug does not shatter P\ @, where X, pug = X N [z]pyq is defined as in the statement
of the entropy lemma. So our goal is precisely to prove:
1

}JDDT“Q[XLPUQ does not shatter P\ Q] < 16

T

Now, choose some x € X and S C [n] and consider the above probability when we fix this value of x

and condition on PUQ@ = S. Note that, conditioned on PUQ = S, P\ @ has the same distribution
zfﬁzi_—%)q < % < &7 (remember ¢ = 64kp in the statement of the
lemma). Now, we apply the shattering lemma to X, g (considered to lie inside {0,1}). Since k > 1

we have r < % so we may soundly apply it and conclude

as a sample R C,. S where r :=

]ECS[XIvPUQ does not shatter P\ QIPUQ = S] = ngrS[Xw,s does not shatter R] < 4rD (X5 5)

We then use the entropy lemma to reason that Do (X, g) is bounded by Do (X) on average. We
have:

Eg PI):rQ[X”?vPUQ does not shatter P\ Q | PUQ = S|
z? b

4k 1

3 A Stronger Lower Bound

The primary source of the suboptimal parameters in the lower bound in the previous section is the
additive pn penalty in the deficit of the mirror set Y’ in the mirror set lemma. This required us to
take each p;n to be at least p;_on-p;_1n and led to a lower bound m > nexP(=0(d) on communication



cost. Indeed, if it were possible to prove an extension of the mirror set lemma, where all aspects of
the lemma statement are the same, but the lower bound on the size of the mirror set is improved to
Doo(Y') < O(k), this would be sufficient to obtain an m > Qg(n'/%) lower bound on communication.
In this case, during the inductive depth d argument, we could take k;+; < O(k;)+m to be the current
entropy loss at round i + 1, and hence maintain k; = Og4(m) throughout. Since each application
of our hypothetical extended mirror set lemma would merely require p;+1 = O(k;p;), starting with
P = % we would have pg < Od(%d), and hence pg < i whenever m < ednl/ @ for a suitable ez > 0.
With slightly more care (observing that the limit condition is satisfied on both sides at the start)
this argument could be improved to m > Qg(n'/(?=1), which would be optimal up to the hidden
constant in Q4(-) depending on d.

Unfortunately this proposed extension of the mirror set lemma is false for a quite basic reason:
under the assumptions of the lemma (namely, Do (X) < k and everything in X is a p-limit of ),
it is not possible to bound D (Y') by any function of k. We thus can’t even get the desired lower
bound on the density of Y itself, let alone the density of the elements in Y which are g-limits of X.
An example is as follows: let [n] be partitioned into y/n blocks of length /n, let Y consist of the
strings whose parity in every block is even, and let X be its complement. Then Dy (X) < 1, and for

p= l‘z}gﬁ”, the p-limit condition for X x Y on the left is satisfied: a random set P C,, [n] will intersect

every block with probability > 1 — y/n(1 — 10%)\/5 > 3. On the other hand, Doo(Y) = v/n > 1.
In the above counterexample, we had a set Y which was both (1) sparse and (2) had many p-
limits. Upon closer inspection, for these p-limits x, we can observe that for most P C,, [n], only a very
small fraction of y € [z]|p lie in Y. In order to get around this kind of example, it might therefore
suffice to change the requirement on a limit point z and demand that for a typical P, Y N [z]p
contains a decently large fraction of the subcube [z]p. This motivates the following definition:

Definition 2. For z € {0,1}",Y C {0,1}", we say that x is a (p, k)-limit of Y if

3
P Y| > 2lPl=k > 2
ngf[n][![x]P nY| > ] > 1

The left and right (p, k)-limit conditions for a rectangle X x Y are defined exactly as before. The
reader may guess by our choice of variable names that we will consider the (p, k)-limit condition for
sets with min-entropy deficit ~ k. As a sanity check, we can at least confirm that the previous kind
of counterexample no longer exists: if Doo(X) < k, and X x Y satisfies the (p, k)-limit condition on
the left, then Do (Y) < O(k). In particular:

Yl _ Y Olelpl S 31X, 3
2n 2~f{0,1}" 217 — 4 27 — 4
PCpln]

272k

So at the very least, we have ruled out the possibility that a set Y can have deficit much larger
than k while having at least 2"~* many (p, k)-limits. It remains to show that in fact, we can obtain
some Y’ C Y of comparable size consisting entirely of (O(kp), O(k))-limits of X. In this section
we will not be able to achieve this exactly, but instead obtain a subset of Y with deficit O(k),
consisting of (O(k?p), O(k))-limits of X; this will lead to a bound of the form exp(n'/(2¢=2)) rather
than exp(n'/(¢=1),

Lemma 5 (Strong Mirror Set Lemma). Let p > 0,k > 1. Say that X, Y C {0,1}", X x Y satisfies
the (p, k)-limit condition on the left, and Doo(X) < k. Assume q = Ck?*p < %, where C' is some
universal constant. Then there exists Y CY, Do(Y') < 2k + 2, such that X x Y’ satisfies the
(g, 65k)-limit condition on the right.
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The high level structure of the argument will be the same; the main difference in the proof is
that we must replace the shattering lemma (Lemma [3|) with the following:

Lemma 6 (Light Patterns). Let k > 1,7 € [0,1], and let X be a random variable in {0,1}",
Dy (X) < k. There is a universal constant C such that the following holds whenever r < (Ck)™2
with probability > 33 over R C, [n] we have:

I{z € {0, 1} | Pr[X R = 2] < 271171} < 2lBI=k

We will defer the proof of this lemma to the following subsection, and proceed now to the proof
of the strong mirror set lemma under the assumption that it is true.

Proof of the Strong Mirror Set Lemma. Define a “k-guiding function” to be a function which selects,
for each z € X, P C [n], a set G(x, P) C [z]p of size |G(x, P)| = [2P17*] (compare to the guiding
function from the proof of the original mirror set lemma, which selected a single element of [z]p).
We now consider the random variable Y defined as follows: sample a uniform z ~ X, P Cp [n], a
uniform y ~ G(z, P), and output y. By the left (p, k)-limit condition on X x Y, we know that for
an appropriate choice of G, we have Pr[Y¢ € Y] > 2. We want to show that (1) He(Y'¢) > n—2k
and (2) with probability > 1 , Y% is a (¢, 65k)-limit of X. If we have both of these, we may take Y’
to be the set of (¢, 65k)- hmlts of X lying in V'; combining (1)/(2) and the fact that Pr[Y¢ € Y] > 2
guarantees that Dy (Y”') < 2k + 2 and we will be done.

The proof of (1) was already sketched in the beginning of this section: for each y € {0,1}" we
have:

1{y € G(z, P)} olPl o 2k
Pr[Y¢ =K <E ok=IPl < < 9%—n
| 7] %( P =P x| =

Again following the proof of the mirror set lemma we apply a Markov argument and reduce (2) to
showing

Il N x| > 219-0%] > 2 (3)

Pr
z,P,Q,y~G(z,P)
where z ~ X, P C), [n],Q C, [n] are sampled independently. We claim that (3] in turn follows from
showing that, for the set A(z, P,Q) := {y € [z]p | |[ylo N X| < 2191=6%} e have

P|—k—6
Pr [lA@.P.Q) <2170 > 2 (4)
Indeed, if holds, then with probability at least % over z, P, @, we will have that a random
y ~ G(z, P) lands in A(z, P, Q) with probability at most 275, and hence the overall probability over
z, P,Q,y ~ G(x, P) that |[ylg N X| < 2|Q1=65k i hounded by 3% +26< %.

We interpret the quantity in . We want to show that, with probability > % over the choice
of x, P,Q the following holds: for at least a (1 — 27%~%) fraction of the possible modifications we
can make to z on the coordinates in P, at least a 2755% fraction of subsequent modifications to the
variables in @ will cause us to end up in X. To simplify the picture a bit, we observe that in the
first phase we may instead count the fraction of modifications made to variables in P\ @, since we
may freely reassign the variables in P N @ in the second stage, and every assignment in P \ @ has
exactly 2/P1€Ql extensions along the variables in P. Let R = P \ Q and S = P U Q in what follows.
Say that in the first step we modified the coordinates in R to some pattern w € {0,1}f*. We then
want to lower bound the fraction of patterns z € {0,1}% such that the combined string using z on

11



the bits in @, w on the bits in R, and xg on the bits outside S lies in X; in particular we want to
lower bound this fraction by 27%%. For the set Xz.s = X N[x]s, we can observe that this “fraction
of @-patterns leading us to X” is given by:

{2’ € Xus [ 2r =w}  [Xasl
m2|Q| i = 2‘Z| Pr[(Xz,S)R:w] (5)

= 2lSI=Doe(Xas) IR Pr[( X, o) p = w] = 2B~ PeXes) Pr{( X, 6) g = w)] (6)

where X ¢ is uniform on X, g.

At this point, we proceed as in the mirror set lemma, considering the quantity in (4) when
we fix a particular value of z and S and condition on P UQ = S. Say that (z,S) are “good” if
Do (X, 5) < 64k. Under this conditioning, R = P\ @) is sampled as R C, S for some r < g (this
is the same calculation from the original mirror set lemma). Under the assumption that (z,S) are
good we may apply the “light patterns lemma” (Lemma @ with min-entropy deficit parameter 64k
to the random variable X, g in {0, 1}S , and conclude: with probability > % over R, for all but
a 2764 < 27k=6 fraction of the possible assignments w € {0,1}%, Pr[(X,5)r = w] > 271F-L,
We may safely apply this lemma provided r < (C64k)~2 for a suitably large constant C, which
the assumptions of the lemma guarantee. Now, overall we get that whenever (z,5) are good, with
probability > % over R, for all but a 27%76 fraction of patterns w € {0,1}%, the fraction of Q

patterns leading us into X is at least

9IRI=Doo(Xa,5)9—|RI=1 > 9—64k=1 5 oG5k

We conclude with an application of the entropy lemma (Lemma , which (using an additional
Markov argument) tells us that (x,S) are good with probability at least %. Overall we determine
that the probability in is lower bounded by g—i for any fixing of (x,.S) which are good, and the
probability that (z,S) are good is at least 93, from which follows by a union bound.

64°
O

From this we immediately obtain our improved communication adversary/circuit lower bound:

Theorem 2. For each d > 2 there is g > 0 such that KW (Parity,,) does not have a d-round com-
munication protocol of cost m when m < egn/?4=2) provided n is sufficiently large. Consequently

any depth d circuit computing Parity,, must have > 9ean'/ G2 ives.

Proof Sketch. The proof is essentially identical to that of Theorem [} using our new limit condition
and the strong mirror set lemma in place of the old condition and old lemma. We indicate merely
how the parameters must be set. Let pg = p1 = %, k; = 65'm, and for i > 0, Pit1 = C’k:fpi for
a suitable constant C. We maintain that, if X; x Y; is the current rectangle after round ¢, then
it satisfies the (p, k)-limit condition (either on the left or right) for some p < p;, k < k;, and that
Do (X;), Doo(Y;) < kj. Initially, Xy x Yj satisfies the limit condition on both sides, hence we can get
through the first round without applying the mirror set lemma which allows us to take pg = p;. 0O

3.1 Random Projections of a Dense Set Are Close to Uniform

The shattering lemma from Section [2] tells us the following: if X is a high min-entropy variable in
{0,1}", and R is a random small set of coordinates, then the random variable X (the projection
of X onto R) will be close to the uniform distribution with high probability over R, in the following
weak sense: the support of X g equals that of the uniform distribution (namely, all of {0,1}). In
particular, the quantitative statement says that if R C, [n], then X “looks uniform” in this sense
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with probability > 1 — O(rDs(X)). Note that this is essentially tight and matches what will occur
when X is uniform on a subcube with, say, the first k£ coordinates fixed to 0 (so Doo(X) = k). In
this case we will have that Xp is exactly uniform whenever RN {1,...,k} = (), which happens with
probability > 1 — O(kr). Another more basic lemma of the same flavor is Shearer’s lemma (which
was in fact used in the proof of the weaker shattering lemma in [GRSS24]), which once again says
that under the same conditions, X will be close to uniform for most R; in this case, “close to
uniform” is quantified by Shannon entropy. In particular, we can conclude that with probability
>1-0(rDe(X)) over R, H(XRg) > |R| — 0.1, in other words we’ve only learned a fraction of a bit
of Shannon information about Xg.

In this section we present two more results of the same form, using different notions of closeness to
uniformity. Our goal is to prove the “light patterns” lemma (Lemma @, which says that aside from
a very small number of exceptions, every pattern in {0, l}R will occur in X with at least half its
probability mass under the uniform distribution. While the ideal version of this result would require
only that 7D (X) < 1 (matching the case of subcubes, and the shattering/Shearer lemmas), in
this section we are only able to establish it in the regime rD,(X)? < 1. We will prove Lemma |§|
as a simple corollary of a more general result that we call the uniformity lemma which says that
with high probability over R, the || - ||; distance of the (appropriately normalized) probability mass
function of X from uniform is small. Our proof is inspired by the Fourier-analytic proof of the
uniform marginals lemma in [GPW20] and its subsequent simplification using the level-¢ inequality
in [Wul8]. A key step in the proof of the uniform marginals lemma is to show that, for high entropy
X and a random set R, Xpg is close to uniform in L., distance when the distribution is averaged
over R. This is incomparable to our task; on the one hand we require a stronger statement about
the distribution of X g for most fized values of R, but on the other hand our notion of distributional
closeness is weaker. More precisely, in the terminology introduced below, [GPW20, Wul§| aim to
bound ||Egfr — 1|leo E|, while our goal is to bound ||fr — 1||; for most R, with ¢ < co.

We begin with some standard definitions from the analysis of Boolean functions; see [0’D14] for
a comprehensive textbook on the subject.

Definition 3. For S C [m], the S Fourier character xg : {0,1}™ — {—1,1} is given by xs(z) =
(=1)2ies %, For a function f : {0,1}™ — R, the S Fourier coefficient of f is given by f(S) =
E.013m f(2)xs(2). Weuse | fl: = (EZN{O,l}m\f(z)]t)l/t to denote the (normalized) Ly norm of f.

As in the case of Shearer’s lemma, our results will apply to a wider family of distributions over
the random set R than just the law of R C, [n]; they will hold when R is drawn from any r-spread
distribution.

Definition 4. A distribution R over subsets of [n] is r-spread if, for every S C [n], we have
PI‘RNR[R D) S] < T"S‘.

We will only need our lemma in the particular case where R C, [n] but we state it in this general
form since we believe it might be of some wider interest. In particular, we emphasize that the
uniform marginals lemma [GPW20, Wul8] mentioned above applies in this same setting (where the
random set R is only guaranteed to be r-spread rather than having a particular distribution). In the
literature on lifting, spreadness is instead referred to as “blockwise density.” Spread sets arise also
in the context of the sunflower lemma [ALWZ21] and the fractional expectation threshold conjecture
[Tall0, FKNP21] (see [LMMPZ22] for work connecting the sunflower lemma to lifting).

2In their setting, the random set R has a fixed size m and there is a canonical identification of each projection
x +— zr with a map {0,1}" — {0,1}™; this makes Er fr well-defined.
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Lemma 7 (Uniformity Lemma). Letk > 1,t > 2,r € [0, 1] be given. Say that X is a random variable
in{0,1}", Do(X) < k, and R is an r-spread distribution on subsets of [n]. Let f(x) = 2" Pr[X = z]
be the renormalized probability mass function of X. For R C [n], let fr : {0,1} — R be the
renormalized probability mass function of Xgr given by:

fr(z) = 2B Pr[Xp = 2] =E, (o1 [f(2) | 2R = 2]

Then for any n € (0,1),

Crk(t — 1)}

R%[HfR—lHt> <n

provided rk(t — 1) < €, where C € N, e > 0 are universal constants.

Note that the constant function 1 on {0,1}# is the renormalized probability mass function
of the uniform distribution on {0, 1}R, so this lemma is giving a bound on the deviation of Xpg
from the uniform distribution. To prove this lemma we need two standard consequences of the
hypercontractivity theorem of Bonami [Bon70] (see [O’D14]).

Lemma 8 (Ly — L; Inequality). For any f: {0,1}"" - R, t > 2,

117 < D (= 1IIf(s)”

SC[m]

Lemma 9 (Level-¢ Inequality). Let k > 1, and say that X is a random variable in {0,1}" with
Doo(X) < k. For S C [n], let bx(S) := E[xs(X)] be the bias of the S Fourier character on X.

Then for any £ € {1,...,n},
> bx(8)” < (Ck)'
|S|=¢

where C' is a universal constant.

Proof of the Uniformity Lemma. We will show
Err|lfr — 1|7 < 207k(t — 1)

where C' is the constant from the Level-¢ inequality which will yield the lemma via Markov. Observe
that for any S C R, Jg—\l(S) =bx(S) when S # (), and Jg—\l(ﬂ)) = 0. Applying first the Lo — L;
inequality, then the r-spreadness condition, then the Level-¢ inequality (with basic rearrangements
in between) we have:

Ererlfr— 17 <Er Y (t—1)SIfr —1(5)2=Er Y. (t—1)¥lbx(8)?

SCR 0#£SCR

= > Pr[R 2 8] (t - DFbx(9)? < > ¥l - 1)y (9)?
0#£SC[n] 0#£SC(n]

=) (rt-1))" > S)? < (Crk(t L <20rk(t—1)
(=1 SC[n),|S|=¢ (=1

< %, which follows from our assumption that
rk(t — 1) is sufficiently small. O

where in the final inequality we require Crk(t — 1) <
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We can now prove Lemma [6] We will state here the strengthening to r-spread sets for the sake
of completeness, although we only need the case R C, [n] in our main results.

Lemma (Light Patterns (Lemma [6)), Generalized to Spread Sets). Let k > 1,7 € [0,1], let R be an
r-spread distribution on 2", and let X be a random variable in {0,1}" with Dso(X) < k. There
is a universal constant C such that the following holds whenever r < (Ck)~2: with probability > g—i

over R ~ R we have:
{z € {0,117 | Pr[X R = 2] < 27171} < olRI=k

Proof. For a fixed R, let Zg = {z € {0,1}F | Pr[Xg = 2] < 271871}, Set ¢+ = max{k,2}. Then
|fr(z) — 1|t > 27 for all z € Zg. Say that |Zg| > 281=%. Then we have

Ifr—1]:> 2" Pr [zezZg)/i>27% 1>
2~{0,1} F

| =

Now, applying the uniformity lemma, we have Prg[|Zg| > 2/%I-#] < & provided that \/Crk(t — 1) <
% for some universal constant C. This holds provided r < (C’k)~2 for some universal constant C’. [

4 A Nearly Tight Lower Bound

Finally in this section we prove:

Theorem 3. For each d > 2 there is g > 0 such that KW (Parity,,) does not have a d-round
commaunication protocol of cost m whenm < egn'/(4=Y  provided n is sufficiently large. Consequently
any depth d circuit computing Parity,, must have > 2¢an™ Y ires.

Theorem [3 will be a consequence of the following improvement to Lemma [6}

Lemma 10 (Improved Light Patterns). Let k > 1, 0 < r < (512k)~!, and let X be a random
variable in {0,1}", Doo(X) < k. With probability > 33 over R C, [n], we have

[{z € {0,1}F | Pr[X g = 2] < 27 1EI=2k=2} ) < olRI=k

Formally this is incomparable to Lemma [6} the important sense in which it is stronger is the
weakened requirement r < (Ck)~! for a universal constant C, whereas Lemma |§| required r <
(Ck)~2. We do however have to pay for this by restricting quantitatively the definition of a “light
pattern” (the kinds of patterns which we aim to bound the number of): in Lemma [6] these were
patterns whose probabilities decayed by a factor < % compared to uniform, whereas here they are
patterns whose probabilities decayed by < 272%=2. Fortunately, using this more restrictive definition
of a light pattern comes at no cost to us in our application to Theorem Theorem |3| is derived
from Lemma [10]in exactly the same way that Theorem [2|is derived from Lemma |§| (except we now
achieve ¢ = O(kp) in our mirror set lemma) and so we will not repeat the argument here. The
remainder of this section will be dedicated to proving Lemma [10]

Let fr : {0,1}* — R be the renormalized distribution function of Xp as in Section [3| given by
fr(z) = 2B Pr[Xp = z]. Our approach will be to show that with probability at least 63/64 over
R C, [n],

E. jonrfr(z) " <4- 2" (7)

with the convention 0~! = +o00. This immediately yields the bound in Lemma [10] by Markov. We
will derive this from some general analytic inequalities involving a transform on functions over the
hypercube which we will call the “harmonic mean transform:”
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Definition 5 (Harmonic Mean Transform). For a function f : {0,1}" — R>q and any R C [n],
define fr:{0,1}% = R by
fr(2) = Epngoiyn[f(2) | 2R = 2]

We then define f: olnl R>q, the “harmonic mean transform of f,” by

o -1
FB) = (Bonqoynfr(2) ™)
where we use the conventions 07! = +o00, (+00)~! = 0.

Our desired bound in can be immediately recast in terms of the harmonic mean transform
of the renormalized distribution function of X: for f(z) = 2"Pr[X = z], bound becomes
f (R) > 27%=2_ In some very rough sense this transform will play a role similar to that of the
Fourier transform in the proof of the uniformity lemma in Section |3l To be precise, we believe the
most accurate analogy is between f(R) and the quantity > 02scr(t— 1)151£(5)? from the uniformity

lemma’s proof, rather than between f(R) and f(R). We start with presenting an alternate variational
formula for the harmonic mean transform:

Lemma 11 (Variational Formula). For all f:{0,1}" — R>¢, R C [n],

9

f(R) = inf E, [fR(z)w(z)ﬂ
’u}:{O,l}R*)RZO
E.w(z)=1

where each expectation over z is uniform on {0, 1}R.

Proof. We may assume fr(z) > 0 for all z € {0,1}%, otherwise both sides of the identity must be
zero. It is easy to see that the right hand side is at most the left by taking w(z) = f(R)fr(z)~ .
For the interesting direction, take any admissible w and apply Cauchy-Schwarz:

— (Fow(2))2 = Nw(z 5)1/2)2 E:[fr(2)w(2)’]
1= (E.w(2))” = (Ex(V fr(z)w(2) fr(z)”/7)" < )

Three useful corollaries follow immediately:
Corollary 1. For all f,g,h:{0,1}" — R>( we have:

1. The map f — f is concave: if f = Mg+ (1 — N)h for some A € [0,1], then f > A\j+ (1 — Nk
pointwise.

2. f(R) > f(S) whenever RC S.
5. f(R) <Ef =f(0).

Proof. The first follows since the variational formula expresses f — f(R) as an infimum over linear
functions of f. The second follows since any admissible w : {0, 1}* — R>q in the variational form
for f(R) extends to an admissible w’ : {0,1} — R in the variational form for f(S) achieving the
same value: take w'(z) = w(zg). The third is immediate from the second. O

We now arrive at the central analytic inequality we use for the harmonic mean transform:
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Lemma 12. For any f: {0,1}" — R>o,

Erc,,uim)V/ F(R) > Epoqoyn v/ f(2)

Proof. We prove by induction on n. For n =1, let a = f(0),b = f(1). In this case

2ab
+b

o a+b

fO)=Ef=——, F{1})=

so we aim to prove:

a+b L+ 1/ 2ab S va++vb
a+b— 2
with the convention here and below that % = 0 when a = b = 0. The case a = b

immediate, so we assume a+b > 0. To verify the inequality, set u = v/a,v = Vb, ¢ = V(u
d = (u+v)/2, and rewrite it as:

3
- — > d
4¢ + 4c
Since uv = 2d? — ¢2, ¢ > 0, we have:
3 ww 3 2d®—¢c? (c—d)?
el —_— _d== —d= >
e dE et T s g =0
For the inductive step, let n > 2 and define
Jfotf
fo@) = f(,0),  fi@)=f@1),  fag="5

Observe that favg %( fo+ f1) pointwise by concavity. For every S C [n — 1] we have:

2f0(8)f1(S5)
Fo(S) + f1(S)’

where the fraction on the right is interpreted as zero when its denominator is zero. Sampling
S Ci/4 [n — 1] and conditioning on whether n € R, we obtain

” 1 fi S
Erc,,mV [(R) =Es \/favg +t3 { i}(;

F(8) = Jae(S),  F(SU{n}) =

> Eq 3 fo +f1 4 f2f0
(S
Z%Es\/fo( )+2Es\/f1( )
1
>

§Ex~{o,1}nfl V fo(z) + §Em~{0,1}"*1 V fi(z)
= Emw{o,l}" f(z).

where the first inequality uses concavity, the second applies the n = 1 case, and the third applies
the inductive hypothesis. O
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To apply this inequality to study a sparser random set R C, [n], we apply an altered form of the
same standard transfer principle for downward closed families used in the proof of the shattering
lemma [Zha24, Lemma 4.3.7): for any nonempty downward-closed family of sets A C 2" and
0<r<1/20,

57
Pr [Re Al > Pr [SeA| .
RCy[n] SCyyaln]

The proof is exactly the same as the case we presented during the proof of the shattering lemma (in
that case we used 1/2 in place of 1/4). At this point we are ready to prove Lemma

Proof of Lemma[I0. As per the preceding discussion, it suffices to establish that, with probability
> 53 over R C, [n], we have F(R) > 2752 where f is the renormalized distribution function of X.
Let A C 2l be the family of sets R such that f (R) > 27%=2. By the second point in Corollary we
know that A is a downward-closed family. We will prove that Prgc, /a [Re Al > 27k/2=1_ Applying
the above transfer principle and the standard estimate 1 — 27! < ¢ valid for all t > 0 we have

1
PTrM [R¢ A <1-—(2 ) 5r(k/2+1) o

where the final inequality simply applies our assumptions r < (512k)~! k > 1. It remains only to
prove Prpc, [R € A] > 2-k/2=1_ Applying Lemma

Erc, i F(R) > Bogo1yn v/ f ) > 2 PeX)2E, f(z) > 274/

Hence, by Markov,

1
Pr R) < =27k <1 — g k/2-1
R§1/4lnl[ f( ) 2 ] -

using the fact (point 3 of Corollary that 4/ f (R) <1=Ef for all R. O
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