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Abstract

We explore new directions in simulating complex computations with low space, building on the work
of Williams [STOC’25] and Cook-Mertz [STOC’24, SICOMP’25]. We define and study a strengthened
version of the parallel external memory model, in which there are P processors each with private internal
memory M , all of which have shared access to an external memory. Like the standard external memory
model, a processor is charged one step when it swaps up to M bits of its internal memory with the
external memory; unlike the usual external memory model, each processor also has free access to the
input at no cost, and may read any subset of M bits of external memory (not just a contiguous block) in
a single I/O step.

We extend the reduction of Williams for multitape Turing machines to this vastly more general
model, giving three main applications.

1. We show that the P-complete problem LEX FIRST 2SAT, where even the best-known RAM
algorithm runs in O(nω) ≤ O(n2.372) time on instances with Θ(n2) clauses, nevertheless has an Õ(

√
n)-

space algorithm for n-variable instances. For dense instances with Θ(n2) clauses, our space usage is less
than the fourth root of the best-known RAM running time.

2. We show that every unbounded fan-in circuit of n gates over the basis {NOT,AND,OR,XOR}
can be evaluated on any given input in only O(

√
n logn) space. That is, the space usage is nearly a fourth

root of the running time for dense circuits with Θ(n2) wires. This result generalizes a space-efficient
simulation of Shalunov for bounded fan-in circuits.

3. We consider the problem of simulating a d-dimensional cellular automaton, where the value of
each cell is determined by its immediate neighbors. We show how to simulate t time steps of a cellular
automaton in only O((t log t)1−1/(d+1)) space. By an old theorem of Cook [1966], our space-efficient
simulation of one-dimensional cellular automata yields another generalization of Williams’ simulation
of multitape time.
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1 Introduction

A central problem in computational complexity is to understand the relationships between time and space
as resources. In particular, the following question is paramount:

Let f be a function with a time-t algorithm. How much space is required to compute f?

If we know a bound on the running time for computing a function, what can we say about the space com-
plexity of that function? For most reasonable computational models, the space usage is no more than about
t: at most one new unit of space is consumed for each unit of time (however it is that units are being mea-
sured). Any nontrivial and generic space-bounded simulations of time-bounded algorithms imply lower
bounds against time-bounded algorithms, by the space hierarchy theorem.

Already in the early days of complexity theory, researchers discovered interesting and highly nontrivial
answers to this question. Hopcroft and Ullman [HU68] showed that the restricted model of single-tape
Turing machines running in time t could be simulated using space only O(

√
t); this simulation was later

improved [Pat72]. Paterson and Valiant [PV76] showed that size-s Boolean circuits can be simulated by
depth-O(s/ log s) Boolean circuits; in concurrent work, Hopcroft, Paul, and Valiant [HPV77] showed that
multitape Turing machines running in time t can be simulated in space only O(t/ log t). By the space
hierarchy theorem, this yields functions computable in linear space that cannot be solved in o(n log n) time.
Their result was later generalized to random-access models and pointer machines [PR81, HLMW86].

In a recent surprise, Williams [Wil26] showed that multitape Turing machines running in time t can
in fact be simulated in space only O(

√
t log t), by applying a breakthrough space-efficient algorithm of

Cook and Mertz [CM25] for the TREE EVALUATION problem. Due to the power of multitape Turing ma-
chines, Williams’ simulation implies novel low-space algorithms for a variety of problems, including the
P-complete CIRCUIT VALUE PROBLEM; in particular, every bounded fan-in circuit of size s can be evalu-
ated on any input using space only

√
s ·poly(log s). This space bound was recently improved to O(

√
s log s)

by Shalunov [Sha26]. Williams’ result yields functions in linear space that require nearly quadratic time on
a multitape Turing machine, a step towards P ̸= PSPACE.

However, the multitape Turing machine model is not the most powerful model one could reasonably
consider. For example, one could consider the standard Word RAM model used in modern core algorithms,
and it is only known that time-t in such models can be simulated by multitape (and one-tape!) Turing
machines using time about t2 · poly(w) for wordsize w (see [AB09] for a related construction). So on the
face of it, Williams’ square-root result does not say anything nontrivial about the space complexity of time-t
Word RAMs. It is possible that multitape Turing machines can simulate RAMs more time-efficiently, but
this is a notorious decades-old open problem. Perhaps we can improve the space complexity of simulating
more powerful computational models without resolving such questions. Arguably, the most significant open
problem in this area is either to generalize Williams’ space-efficient simulation to random-access models, or
to give evidence that no such simulation exists.

1.1 Our Results

In this paper, we take concrete steps towards reducing the space complexity of computational models beyond
multitape Turing machines.

Space-Efficient Simulation of Parallel External Memory Machines. We define a strengthened version
of the parallel external memory model [AV88, AGNS08], which we call the FPEM (Free-Input Parallel
External Memory) model. In the usual parallel external memory (PEM) model [AGNS08], there are P
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processors, each with private internal memory M and with shared access to external memory. In each I/O
round, each processor may swap up to M bits of its internal memory with the external memory. (The usual
model has a smaller blocksize B for I/O swaps; we will set M = B for simplicity.) Our model has all these
properties. However, unlike the usual external memory model, we also allow each processor free access to
any bits of the input at no cost in each I/O round. Moreover, in our model the processors are not bound to
merely read contiguous blocks of external memory, but rather they can randomly read any desired subset of
M bits from the external memory in one I/O round. These extra properties make the FPEM model rather
powerful, especially for large M and P : we effectively allow arbitrary O(M)-space computations between
each I/O round. (The model also circumvents many lower bounds in the external memory model which are
proved by information-theoretic bottlenecks between the processors and the input.)

A naı̈ve simulation of an FPEM model with a single (Turing-based) processor takes O(T ·M) bits of
space, where T is the total number of I/O rounds. We prove that the factor of T ·M can be reduced to nearly
T + M when P is not enormous. Say that functions T, S, P,M : N → N are good if their values T (n),
S(n), P (n), M(n) can be computed (given n in binary) in O(T · log(P · S ·M) +M) space.

Theorem 1.1. Let T, S, P,M be good. Every algorithm in the free-input parallel external memory model
(Section 3) using T I/O rounds, internal memory of size M ≥ logn (where n is the input length), external
memory of size S, and P processors can be simulated in O(T · log(P · S ·M) + M) space (by a single-
processor machine).1

We observe that Theorem 1.1 subsumes Williams’ simulation of multitape time T in space O(
√
T log T ).

The authors of [DLL+18] proved that multitape time-T can be simulated in the standard one-processor
external memory model using only O(T/B) I/Os (see Lemma 5.20 in the full version). Noting in our case
that M = B, setting M =

√
T log T , the simulation of Williams is an easy corollary.

Williams’ space-efficient simulation of multitape Turing machines [Wil26] proceeds via a series of re-
ductions to the TREE EVALUATION problem, and calls to the Cook-Mertz algorithm [CM25]. To prove
Theorem 1.1, we give a generalization of the Cook-Mertz algorithm for evaluating circuits space-efficiently,
defining and utilizing a natural measure of normalized depth (see Section 2). Then, we reduce the simulation
of an FPEM machine to our more general evaluation problem. Our reduction turns out to be quite intricate
to handle the interactions between processors and shared memory.

Using Theorem 1.1, we are able to establish highly nontrivial space upper bounds on problems that do
not appear to be efficiently solvable by multitape Turing machines.

Lex First 2SAT. The LEX FIRST 2SAT problem asks: given a 2CNF formula F and an ordering on its
variables, determine the lexicographically first satisfying assignment to F . The decision version (where we
ask for the i-th bit of such an assignment) is P-complete, so it is strongly believed that LEX FIRST 2SAT

should not have highly space-efficient algorithms.2 LEX FIRST 2SAT with n variables and m ≤ O(n2)
clauses can be solved in O(nω) ≤ O(n2.372) time on a RAM (where ω is the matrix multiplication expo-
nent [ADV+25]) by computing the transitive closure of the corresponding directed graph for 2SAT [APT79]
and querying its edges appropriately.3 Thus, if ω = 2, then there is a nearly-linear time algorithm for dense

1In particular, any desired bit of the output of such an algorithm can be determined in such space.
2Although 2SAT is well-known to be NL-complete [AB09], finding the lex-first 2SAT assignment is P-complete: in particular,

for a graph G = ([n], E), the lex-first satisfying assignment of
⋀︁

{u,v}∈E(xu ∨ xv) sets xv = 0 iff v is in the lexicographically
first maximal independent set of G, which is P-complete [Coo85].

3In particular, when the formula is satisfiable, the lex-first assignment sets xj = 1 iff the transitive closure has an edge ¬xj →
xj , or there are i < j and an edge ℓ → xj from a literal ℓ on xi that the assignment sets true. This follows from the proof of
Lemma 4.2.
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instances, but currently even the best-known RAM algorithm requires more than linear time. By designing
a parallel external memory algorithm for the problem and applying Theorem 1.1, we can solve the problem
with substantial space savings:

Theorem 1.2. LEX FIRST 2SAT on 2CNFs with n variables and O(n2) clauses can be solved in O(
√
n logn)

space.

Observe that for dense 2CNF formulas, our algorithm actually uses space less than the fourth root of the
best-known running time on a RAM. This is a byproduct of our ability to simulate arbitrary space-limited
computations in parallel.

Simulating Circuits. It is straightforward to design an efficient circuit evaluation procedure in our FPEM
model; by doing so, we recover an O(

√
n logn)-space circuit evaluation algorithm for bounded fan-in

circuits, matching Shalunov [Sha26]. However, with our model we can go further: we can handle unbounded
fan-in circuits with the same space bound.

Theorem 1.3. Any size-n Boolean circuit with gates from {NOT,AND,OR,XOR} and arbitrary fan-in
can be evaluated in space O(

√
n logn).

Note that the evaluation of such a circuit may take Θ(n2) time (there may be Θ(n2) wires), even on a
random-access machine. Therefore our Õ(

√
n) space savings is especially notable, and indicates that there

is much more to be found.

Simulating Cellular Automata. Finally, we study the problem of simulating d-dimensional cellular au-
tomata, a massively parallel model where each cell’s value from one time step to the next depends on all
neighboring values; see [Kar12] for a survey.

A d-dimensional cellular automaton (CA) is given by a positive integer constant r (the “radius” of each
cell), a finite set of states Σ, an initial configuration σ0 : Zd → Σ, and an evolution rule φ : Σ(2r+1)d → Σ.
The r-neighborhood of a cell c is the collection of cells within distance r of c. On each step, every cell
(x1, . . . , xd) ∈ Zd updates its state based on the values in its r-neighborhood:

σt+1(x1, . . . , xd) = φ
(︂[︂

σt
(︁
x1 + δ1, . . . , xd + δd

)︁]︂
|δi|⩽r

)︂
.

We define the d-dimensional cellular automata evaluation problem (CAd) to be: given (for fixed d, r,
Σ, φ) a non-negative integer t and the initial states of all (2rt + 1)d cells within ℓ∞ distance rt of a cell c,
compute σt(c), the value of the cell c after t time steps.

Cook’s PhD thesis [Coo66] (see also [CA69, Theorem 5.3] and Cole [Col64]) demonstrates that one-
dimensional automata (called one-dimensional iterative arrays in his work) can simulate arbitrary multitape
Turing machines with constant runtime overhead. Therefore, our next theorem also subsumes Williams’
space-efficient simulation of multitape Turing machines, in a different way:

Theorem 1.4. The CA1 problem for t time steps can be computed in O(
√
t log t) space.

As with unbounded fan-in circuit evaluation, the space usage is again nearly a fourth root of the standard
O(t2) evaluation time on a (single-processor) RAM. More generally:

Theorem 1.5. For every fixed d ≥ 1, the CAd problem for t time steps can be computed in O((t log t)1−1/(d+1))
space.
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Note that the naı̈ve simulation of CAd on a RAM takes Θ(td+1) time: there may be Ω(td) cells to track
over t time steps. Theorem 1.5 extends an analogous result of [Wil26] for d-dimensional multitape Turing
machines, to the massively parallel setting of cellular automata. By the space hierarchy theorem, it follows
that for all d ≥ 1, there are problems decidable in linear space which cannot be decided by d-dimensional
cellular automata in n1+1/d/(logc n) steps for every c > 1.

Beyond the results we have shown in this paper, we are optimistic that Theorem 1.1 can be applied
further to show that a variety of other problems have surprisingly space-efficient algorithms, leveraging the
vast literature on external memory algorithms (see [Vit06] for a survey). It seems quite plausible to us that
random-access machines running in time t can be simulated in t1−ε I/O rounds of an FPEM model with
internal memory M ≤ t1−ε and P, S ≤ poly(t), for some ε > 0. This would extend Williams’ space-saving
simulation to random-access models.

2 A Generalized Evaluation Problem and Cook-Mertz Procedure

We begin by defining a problem that generalizes TREE EVALUATION, followed by a generalization of the
Cook-Mertz procedure that solves the problem.

Recall that in the TREE EVALUATION problem [CMW+12], for integer parameters k and h, we are
given:

• a binary tree of height h with functions at each internal node,

• each internal node function takes two k-bit values from their children, and outputs a k-bit value, and

• k-bit values on all the leaves.

Note the functions are provided as full 22k-size lookup tables to the input. We can naturally define the value
of every node of the tree inductively. The goal of the problem is to compute the value of the root of the tree.
Cook and Mertz’s amazing algorithm [CM25] solves this problem using only O(h log k + k) space.

In this section, we prove a generalization of the Cook-Mertz algorithm for TREE EVALUATION which
can yield a more effective space bound when the vertices of the tree have varying indegrees at each node.
We believe that our model and corresponding space bound yield some new insight into Cook-Mertz-like
catalytic computations.

The b-Bit Circuit Value problem. Throughout this section, a b-bit circuit C is a directed acyclic graph
on n vertices {v1, . . . , vn} where di = in-deg(vi) ⩽ b, together with an ordering on the edges entering
every vertex. For all i ∈ [n], we have a function φi : {0, 1}di → {0, 1} that is uniformly computable:
the bit φi(x1, . . . , xdi) can be computed from the input ⟨i;x1, . . . , xdi⟩ (with read-only access to the input)
in O(b + log n) space. Moreover, given i ∈ [n] in binary, we assume di = in-deg(vi) is computable in
O(b+ log n) space, and given i ∈ [n] and j ∈ [di], we assume the j-th predecessor of i is also computable
in O(b+ log n) space.

Note that for nodes vi which are sources, φi has no inputs and defines a bit assignment to vi. By
induction, every node v in C has a value, obtained by applying φv to the values of v’s predecessors.

Given the above setup, we can naturally define the b-BIT CIRCUIT VALUE problem: given a b-bit circuit
C of n nodes and i ∈ [n], our task is to compute the value of vi in C.
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This Generalizes Tree Evaluation? At this point, one may (rightly) worry that our b-BIT CIRCUIT

VALUE problem does not look at all like the usual TREE EVALUATION problem [CMW+12], and yet our
aim is to generalize the Cook-Mertz algorithm for TREE EVALUATION. As discussed above, the usual TREE

EVALUATION problem has a tree of height h, functions at each internal node which take two k-bit values
from the children and output k bits, and k-bit values on all the leaves. In our b-BIT CIRCUIT VALUE PROB-
LEM, node functions only have single bits on the wires, not k bits. Our nodes only take in up to b bits each
(a bit from each predecessor) and output a single bit. Furthermore, we are “only” working with a DAG, and
not a tree.

It turns out that b-BIT CIRCUIT VALUE does generalize TREE EVALUATION. The first thing to note is
that we have not put a bound on the number of nodes in the DAG circuit, so trees are actually a special case
for us. Secondly, each 2k-bit to k-bit function in a TREE EVALUATION instance can be readily implemented
in our b-bit circuit model by setting b = 2k and placing k nodes in parallel to compute each bit of the k-bit
output (increasing the total number of nodes by a factor of k, but keeping the depth the same). Finally, in
the usual TREE EVALUATION problem, the uniformity condition is obvious because the functions are given
as entire lookup tables in the input.

Normalized depth. Next, we define our crucial notion of depth which will be used to bound the space
complexity of our generalized algorithm.

Definition 2.1. Let G be a directed acyclic graph and v be a vertex of G. Then the normalized depth of v is
defined as follows:

ℏG(v) = max
u1,...,uℓ

ℓ∑︂
i=1

⌈log2(in-deg(ui) + 1)⌉,

where the maximum is taken over all directed paths u1, u2, . . . , uℓ = v, from some source u1 to the node v.
Likewise, the normalized depth of a DAG is the maximum normalized depth of its vertices:

ℏ(G) = max
v∈G

ℏG(v).

Finally, the normalized depth ℏ(C) of a circuit is the normalized depth of the underlying DAG.

As an instructive example, suppose G is a tree of height h, in which all internal nodes have indegree
b = 2k, as in our given reduction from TREE EVALUATION to b-BIT CIRCUIT VALUE. Then all leaf-to-root
paths have length h, and ℏ(G) is O(h · log k), which is precisely one of the terms in the Cook-Mertz space
bound for TREE EVALUATION. The main theorem of this section is the following result that relates the
space complexity of b-BIT CIRCUIT VALUE to the normalized depth:

Theorem 2.1. Every gate of a b-bit n-gate circuit C can be evaluated in O(ℏ(C) + b+ logn) space.

2.1 Circuit evaluation

The evaluation procedure relies on representing gate functions as low-degree polynomials over a finite field,
then recovering the output via Lagrange interpolation. We begin by recalling some necessary algebraic tools.

Proposition 2.2 (Low-Degree Extension cf. [BFL91]). Let S1, . . . , Sm be subsets of a field K and set
S = S1 × . . . × Sm. Consider a function φ : S → K. Then there is a polynomial f ∈ K[t1, . . . , tm]
that agrees with φ on S such that

deg(f) ⩽
m∑︂
i=1

(|Si| − 1).
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Moreover, f is of the form

f(x1, . . . , xm) =
∑︂
a∈S

φ(a) · wa(x1, . . . , xm),

where wa(x) is computable in O(m log |K|) space given an efficient test of membership for all Si.

Proof. Using the explicit formula

wa(x) =
m∏︂
i=1

∏︂
bi∈Si\{ai}

xi − bi
ai − bi

,

we compute
f(x) =

∑︂
a∈S

φ(a) · wa(x)

by iterating over all a ∈ S and maintaining a running sum, using O(m log |K|) space.

Corollary 2.3 (Lagrange Interpolation at Zero [CM25]). Let a1, . . . , ad be pairwise distinct non-zero ele-
ments of a field K. There exist c1, . . . , cd such that for any polynomial f ∈ K[t] with deg(f) < d it holds
that

f(0) =

d∑︂
j=1

cj · f(aj).

Moreover, such cj can be computed in space O(log |K|). In particular, for any r, x ∈ K the following
equality holds whenever deg(f) < d:

d∑︂
j=1

cj · f(ajr + x) = f(x),

where we interpolate f(tr + x) at t = 0.

To apply these interpolation tools to gate functions φv : {0, 1}d → {0, 1}, where d can vary from one
node to the next, we need to embed the Boolean hypercube {0, 1}d into a product of a small number of
subsets of a small finite field, in a way that keeps the interpolating polynomial’s degree less than 2d2. The
following construction achieves this by building a nested family of F2-vector subspaces.

Definition 2.2. Assume that F = F2k and fix some integer m. Select an element z such that 1, z, . . . , zk−1

are linearly independent over F2. For all i ⩽ k, define

Wi = ⟨1, z, . . . , zi−1⟩F2 ⊆ F

to be an F2-vector subspace of F of dimension i ⩽ k. Moreover, for all r < m, let

Vℓm+r = Wm−r
ℓ ×W r

ℓ+1 ⊆ Fm,

so that Vn is well-defined for all n ⩽ km and dim(Vn) = n.
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Intuitively, Vn describes a way of storing n bits among m field elements. Think of an element of F as a
k-bit word, where the j-th bit is the coefficient of zj . Then Wi is the set of all words whose bits i, . . . , k− 1
are all zero. Vn is the set of m-tuples of words in which n designated bit positions hold arbitrary values, and
all other bits are zero. These n positions are spread out as evenly as possible among the m words, filling the
least significant positions first: writing n = ℓm+ r with 0 ⩽ r < m, the first m− r words contain ℓ of the
positions and the last r words contain ℓ+ 1 of the positions.

Proposition 2.4. Let F and m be defined as in Definition 2.2, and let φ : Vn → F be any function (not
necessarily linear) with 1 ⩽ n ⩽ m log2(m) and k ≥ log2(m). Consider the polynomial f ∈ F [t1, . . . , tm]
that agrees with φ on Vn ⊆ Fm, constructed as in Proposition 2.2. Then deg(f) < 2n2.

(Note we need the condition k ≥ log2(m) in the proposition, so that n ⩽ km and Vn is well-defined.)

Proof. Let n = ℓm+ r with r < m. By Proposition 2.2,

deg(f) ⩽
m∑︂
i=1

(|Si| − 1)

= (m− r) · (|Wℓ| − 1) + r · (|Wℓ+1| − 1)

= (m− r) · (2ℓ − 1) + r · (2ℓ+1 − 1)

= (m+ r) · 2ℓ −m.

When n < m, we have ℓ = 0, so deg(f) ⩽ (m+ r)−m = r = n < 2n2.
Otherwise, n ⩾ m. Observe that we must have ℓ ⩽ log(n): since ℓm ⩽ n ⩽ m log2m, we have

2ℓ ⩽ m ⩽ n. Therefore we may conclude

deg(f) ⩽ (m+ r) · 2ℓ −m < m · 2ℓ+1 ⩽ 2mn ⩽ 2n2.

Thus, after identifying {0, 1}d with Vd, every gate function φv : {0, 1}d → {0, 1} with 1 ⩽ d ⩽
m log2m agrees on Vd ⊆ Fm with a polynomial of degree less than 2d2. As m and F do not depend on
d, this will ultimately allow us to use the same global storage of m field elements to implement every gate
function with a low-degree polynomial, even though d may vary wildly from one gate to the next.

Following the notation of Cook and Mertz [CM25], a program on K-registers R0, . . . , Rm is a finite
sequence of instructions, where each instruction has one of the two forms:

• either Ri ← aRi with a ∈ K×, or

• Ri ← Ri + g(R0, . . . , Ri−1, Ri+1, . . . , Rm) for a function g : Km → K.

Let |P | be the number of instructions in P . Each instruction is a bijection onKm+1, so every program P has
an inverse program P−1 (which runs the inverse instructions in reverse order) with |P−1| = |P |. We say
that P cleanly adds y ∈ Km+1 if, for every initial content r ∈ Km+1 of the registers, P ends with content
r+ y. Say that P cleanly adds y0 ∈ K into register Rt if it cleanly adds the vector with y0 in the coordinate
of Rt and 0 elsewhere.

The following lemma refines a result of [CM25] by tracking the dependence on the degree deg(f)
explicitly.
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Lemma 2.5. Assume that f : Km → K is a polynomial with deg(f) < d, and let Px be a program on K-
registers (R0, R1, . . . , Rm) that cleanly adds (0, x1, . . . , xm) ∈ Km+1 for some x = (x1, . . . , xm) ∈ Km.
Then whenever d < |K| there exists a program Pf with d · (2|Px|+ 2m+ 1) instructions that cleanly adds
f(x) into the register R0.

Proof. Let a1, . . . , ad be any pairwise distinct elements of K×, and let cj be defined as in Corollary 2.3.
Consider the following procedure:

1: for j = 1, . . . , d do
2: for i = 1, . . . ,m do
3: Ri ← ajRi

4: end for
5: Px

6: R0 ← R0 + cj · f(R1, . . . , Rm)
7: P−1

x

8: for i = 1, . . . ,m do
9: Ri ← a−1

j Ri

10: end for
11: end for

Let ri be the initial value of Ri. In iteration j, after the call to Px, we have Ri = ajri + xi for all
i ∈ {1, . . . ,m}, since Px cleanly adds (0, x). Therefore Line 6 adds cj · f(ajr1 + x1, . . . , ajrm + xm)
to R0. Calling P−1

x cleanly adds (0,−x), and the scaling by a−1
j restores Ri = ri for all i ∈ {1, . . . ,m}.

Therefore Ri remains the same after each iteration of the main loop for all i > 0, for every initial content of
the registers.

Let f̃(t) = f(tr1 + x1, . . . , trm + xm) be a single-variable polynomial; we know that deg(f̃) ⩽
deg(f) < d. Hence,

d∑︂
j=1

cj · f̃(aj) = f̃(0) = f(x),

which is exactly the value added to R0. The total instruction count is d iterations of 2|Px| + 2m + 1
instructions each.

Combining the polynomial representation of gate functions (Proposition 2.4) with the catalytic eval-
uation subroutine (Lemma 2.5), we obtain the following generalization of the main result of Cook and
Mertz [CM25]. Whereas their space bound on TREE EVALUATION is O(h · log b+ b), where h is the height
of the tree, the normalized depth ℏ(C) provides a finer measure by charging ⌈log(di + 1)⌉ per gate rather
than a uniform ⌈log(b+ 1)⌉.

Reminder of Theorem 2.1. Every gate of a b-bit n-gate circuit C can be evaluated in O(ℏ(C) + b+ logn)
space.

Proof. Assume b is sufficiently large (greater than 2), and let m be the smallest integer such that m log(m) ⩾
b. We define k = ⌈log(m)⌉ (so that km ⩾ b and km = O(b)), along with F = F2k , and select z and Vn as
in Definition 2.2. We encode values in F as k-bit strings using their decomposition in the basis {zi}i, and
fix a canonical inclusion of vector spaces F ⊂ F2 ⊂ F3 ⊂ . . . along the first coordinates. Furthermore, set
K = F24k . Since k | 4k, we have F ⊆ K, and |K| = 24k ⩾ m4.
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Let v be one of C’s gates, and let val(v) ∈ {0, 1} ⊆ K be the value at node v. We prove the following
statement by strong induction on h.

Claim: Let v be one of C’s gates with normalized depth ℏC(v) = h. Then for every t ∈ {0, . . . ,m} and
c ∈ K, there is a program Pv,t,c on K-registers (R0, R1, . . . , Rm) that cleanly adds c · val(v) into Rt, with
|Pv,t,c| ⩽ C · 64h where C = (2b)3.

Once we have proved the claim, we are done: starting from all registers set to zero, the effect of running
Pv,0,1 is that R0 is set to val(v). We compute Pv,0,1 recursively: at a gate u of indegree d, run the loop of
Lemma 2.5 with 2d2 iterations, and execute Px (and P−1

x ) via recursive calls on each of u’s predecessors. A
stack stores the loop index, the index of the current predecessor, and one bit recording whether the current
call belongs to Px or to P−1

x , which costs O(⌈log(d+1)⌉) bits of space. Overall the stack requires O(ℏC(v))
bits of space. The current gate’s index is recomputed from the stack in O(b+logn) space, the registers take
O(mk) ≤ O(b) bits, and each instruction is computed in O(m log |K|+ b+ log n) space by the formula of
Proposition 2.2. Thus the total space is O(ℏ(C) + b+ logn).

Now we turn to proving the claim.
Base case. If h = 0, then v is a source, so its value val(v) is the bit assigned to v by φv. Let Pv,t,c be

the single (clean) instruction Rt ← Rt + c · val(v). Note that |Pv,t,c| = 1 ⩽ C.
Induction step. Assume that the statement holds for all h′ < h. Fix t and c, and let R′

1, . . . , R
′
m be the

ordered list of registers other than Rt. Let d = in-deg(v) ⩾ 1 and let u1, . . . , ud be the predecessors of v.
By definition, ℏ(uj) ⩽ h− log(d+ 1).

Let xj ∈ {0, 1} be the value at uj . By the induction hypothesis, for every register Rs and every c′ ∈ K,
there is a program Puj ,s,c′ that cleanly adds c′ · xj into Rs, where

|Puj ,s,c′ | ⩽ C · 64h−log(d+1).

We identify {0, 1}d, i.e., the domain of φv, with Vd ⊆ Fm. In other words, we spread d bits among the
m registers R′

1, . . . , R
′
m almost evenly, and designate these d bits as the input for φv. More precisely, for

d = ℓm+ r, we select the lower ℓ bits in R′
1, . . . , R

′
m−r and the lower ℓ+ 1 bits in R′

m−r+1, . . . , R
′
m (i.e.,

ℓm + r = d bits in total), where the lower i bits of a register are the coefficients of 1, z, . . . , zi−1 in our
encoding of F . Let the j-th of these d bits be the coefficient of zpj in Rsj (one of R′

1, . . . , R
′
m), and let Px

be the concatenation of the programs Pu1,s1,zp1 , . . . , Pud,sd,z
pd given by the induction hypothesis. Each of

them adds zpjxj to Rsj and changes no other register, so Px cleanly adds to (R′
1, . . . , R

′
m) the element of

Vd that encodes x = (x1, . . . , xd) and leaves Rt unchanged. In particular,

|Px| =
d∑︂

j=1

|Puj ,sj ,z
pj | ⩽ d · C · 64h−log(d+1) =

d

(d+ 1)6
· C · 64h,

where we used log2(64) = 6.
Let f ∈ F [t1, . . . , tm] be the polynomial of Proposition 2.2 that agrees with φv on Vd ⊆ Fm. By

definition, m log(m) ⩾ b ⩾ d, so Proposition 2.4 guarantees deg(f) < 2d2. Since for all but finitely many
b, we have m4 > 2b2, we have for all large enough b that

|K| = 24k ⩾ m4 > 2b2 ⩾ 2d2.

Hence we can apply Lemma 2.5 to the polynomial c · f (of degree less than 2d2), with 2d2 as the degree
parameter d, Rt in the role of register R0, and R′

1, . . . , R
′
m in the roles of R1, . . . , Rm. The lemma provides
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a program Pv := Pv,t,c that cleanly adds c · f(x) = c · val(v) into Rt and satisfies

|Pv| ⩽ 2d2(2|Px|+ 2m+ 1) ⩽
4d3

(d+ 1)6
· C · 64h + 2d2(2m+ 1).

To verify |Pv| ⩽ C · 64h, it suffices to check

4d3

(d+ 1)6
+

2d2(2m+ 1)

C
⩽ 1

holds for all sufficiently large b. We claim that the first term is at most 1/4, and the second term is at most
3/4. For the first term, we have 4d3 ≤ 1

4 · (d+1)6 ⇐⇒ 16d3 ≤ (d+1)6 ⇐⇒ 161/3d ≤ (d+1)2, which
holds for all d ≥ 1 since 161/3 < 3. For the second term, we derive

2d2(2m+ 1)

C
⩽

2b2(2m+ 1)

(2b)3
⩽

2m+ 1

4b
≤ 2b+ 1

4b
=

1

2
+

1

4b
≤ 3

4
,

since for all b ≥ 2 we have d ≤ b, C = (2b)3, and m ≤ b. This completes the proof.

3 Simulating Parallel External Memory Algorithms in Low Space

We begin this section by more formally defining the free-input Parallel External Memory Model (FPEM)
mentioned in the introduction. It is an extension of the Parallel External Memory Model that allows reading
bits of the input for free, as well as arbitrary subsets of bits of external memory. Just like the standard PEM,
it consists of P uniform processors indexed from 1 to P , each being a RAM with M bits of memory, and
there are S bits a1, . . . , aS of shared external memory. Every processor pi also has S ·M write-only I/O
registers, labeled Ri

j,ℓ for all j ∈ [M ] and ℓ ∈ [S], each holding a bit.
Computation is done in sequential rounds. Initially all memory bits and all aℓ’s are set to zero. In each

round, each processor pi has two stages:

• In the reading stage of a round, processor pi runs an arbitrary (halting) computation in its internal
memory, with read-only access to the input and its index i, and may fill some of its I/O registers. If
Ri

j,ℓ ends up holding 1, then aℓ is used to change the value of the j-th bit of pi’s memory. After that,
all I/O registers are set to 0.

• In the writing stage of a round, processor pi again runs a memory-bounded computation and may fill
some I/O registers once again. If Ri

j,ℓ = 1, then the j-th bit of pi will be used to change the content
of aℓ. Afterwards, the I/O registers are flushed again to 0.

The input is fully accessible to every processor at all times in a read-only manner, while one bit of the
external memory is designated as the return bit.

3.1 Concurrent I/O

Although we assume every processor makes at most one write request to a bit of external memory aℓ,
multiple processors may make such requests at once (concurrent writes). Moreover, a processor may request
to read multiple bits from the external memory into a single location in its internal memory (concurrent
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copying). There are several ways to deal with concurrent writes and copies, and the reduction in Section 3.2
can accommodate fairly complex models.

For every external memory bit aℓ, let Σℓ = {0, 1} be the set of symbols that can be written in aℓ. Assume
that Σℓ has an associative operation ◦, and adjoin an identity e to get a monoid Σe

ℓ = ({e, 0, 1}, ◦).
Now suppose that pi requests to write wi ∈ Σe

ℓ into aℓ (where e corresponds to “no request”). Then the
value of aℓ is set to be

w1 ◦ w2 ◦ . . . ◦ wP , (1)

unless all wi = e, in which case aℓ is kept the same.
In our case, there are three natural associative non-trivial operations on {0, 1} to consider (up to an

isomorphism induced by the action of S2 on {0, 1}, and up to reversing the order of the operands):

• Right projection: g1 ◦ g2 = g2; this operation is equivalent to priority CRCW, where only the write
request made by the processor with the highest index is recorded.

• Addition in F2: g1 ◦ g2 = g1 ⊕ g2.

• Multiplication in F2: g1 ◦ g2 = g1g2; this operation is also dual to logical OR.

We can take a similar approach to handle concurrent copies. We choose an associative operation ◦
on Γj = {0, 1} for every j ⩽ M (so that the operation can be computed in low space). Assume that pi
requested to read cells aℓ1 , . . . , aℓm into its j-th bit, where ℓ1 < . . . < ℓm. If m = 0, then the content of the
bit stays the same; otherwise, it is set to

aℓ1 ◦ . . . ◦ aℓm . (2)

For example, if we set one of the internal memory bits to support operation ⊕, then pi can compute the
binary sum of a very long block of the external memory in a single read request, even though the length of
the block may exceed the entire internal memory.

In both cases, we require that for each index, the associative operation on Σℓ or Γj is computable in
logarithmic space.

Though not considered here, one can exploit concurrent writes/copies by expanding Σℓ, i.e., replacing
individual bits with blocks. If the operation is bit-wise, it brings no additional power, but operations like
(Zq,+) or (Z,max) can potentially save a log factor in the number of rounds.

3.2 The Simulation

We are now ready to state our simulation result for this parallel external memory model. We prove the
decision problem version of Theorem 1.1 from the introduction; the full version immediately follows.

Reminder of Theorem 1.1. Let T, S, P,M be good. Suppose a language L can be decided in the FPEM
model with P (n) processors each with M(n) ≥ log n internal memory, and an external memory with S(n)
bits, in T (n) rounds. Then

L ∈ SPACE [T · log(P · S ·M) +M ] .

Let M be an instance of the FPEM model that decides L. As described in the introduction, we will
give a space-efficient reduction from the simulation problem forM on an input x to an instance of b-BIT

CIRCUIT VALUE (Section 2). Our reduction works by composing two such circuits. Both will take as input
the current contents of the external memory a = (a1, . . . , aS) and the internal memories of the processors
(xi1, . . . , x

i
M ) for all i ∈ [P ]. Both circuits compute some updated values as outputs:
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• The “reading circuit” C1 simulates the reading stage of a given round. This circuit will have normal-
ized depth ℏ(C1) ≤ O(log(S ·M)).

• The “writing circuit” C0 simulates the writing stage of a given round, and has normalized depth
ℏ(C0) ≤ O(log(P ·M)).

Now define a circuit
C = (C0 ◦ C1)T ,

obtained by composing T copies of C1 and C0 sequentially. The resulting M -bit circuit C decides L and has
total normalized depth O(T ·log(PSM)). Furthermore, C satisfies the uniformity requirements of Section 2,
since C0 and C1 will satisfy them. In particular, their wiring is logspace-computable, and each gate function
is computable in O(M) space.

Applying the generalized Cook-Mertz algorithm for b-BIT CIRCUIT VALUE (Theorem 2.1) to C, we can
evaluate C in O(T · log(P · S ·M) +M) space. (Note that since the circuit C has n = O(T · P · S ·M)
gates, the log n term of Theorem 2.1 is O(log T + log(PSM)) = O(T log(PSM)) and is absorbed in the
big-O.)

The following binary tree construction will be useful in our b-BIT CIRCUIT VALUE instance:

Proposition 3.1. Let ◦ be an associative binary operation on a set G. Assume that |G| ⩽ 2b and ◦ is
computable in space b. Then there is a 2b-bit circuit Reducen(◦) with ℏ(Reducen(◦)) ⩽ ⌈log(n)⌉⌈log(2b+
1)⌉ that takes values x0, . . . , xn−1 ∈ G and outputs x0 ◦ . . . ◦ xn−1.

Proof. Simply take a binary tree of height ⌈log(n)⌉ whose internal nodes compute ◦ and whose leaves are
x0, . . . , xn−1.

Note that we will use the proposition with G = {e, 0, 1} and b = 2, so ℏ(Reducen(◦)) ⩽ 3⌈logn⌉.

3.3 Reading bits from external memory: the circuit C1
We give a schematic of the circuit, then describe the functionality of each node in it.

xi1 xi2 · · · xiM

yij rij,1 rij,2 · · · rij,S a1 a2 · · · aS

gij,1 gij,2 · · · gij,S

ReduceS(◦)

(xij)
′

Figure 1: Circuit C1
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The read queries from different processors are all independent, so for all j ∈ [M ] and i ∈ [P ], we
construct a circuit reading the j-th bit requested by processor pi, and mount these P ·M copies in parallel.
In the figure above, xij is the j-th bit of processor pi’s internal memory at the beginning of the reading
stage, yij is the value of the same bit after all reading requests are set, and rij,ℓ ∈ {0, 1} is the content of the
write-only register Ri

j,ℓ owned by pi. The latter two are computed by simulating processor pi.
For all ℓ ⩽ S, each node gij,ℓ outputs a pair of bits implemented by the control gate:

gij,ℓ
(︁
rij,ℓ, aℓ

)︁
=

{︄
aℓ, rij,ℓ = 1,

e, rij,ℓ = 0,

where we recall that e is the identity element. The node (xij)
′ computes the program output, also imple-

mented by the control gate:

(xij)
′(︁yij , g)︁ =

{︄
g, g ̸= e,

yij , g = e.

The values among gij,1, . . . , g
i
j,S that are distinct from e are precisely aℓ1 , . . . , aℓm , as defined in (2), in the

correct order. Since the identity e does not affect the product, the ReduceS(◦) block computes aℓ1 ◦. . .◦aℓm ,
and the value at (xij)

′ will coincide with the j-th bit requested by processor pi. Applying Proposition 3.1,
we observe that the normalized depth of C1 is

ℏ(C1) ⩽ ⌈log(M + 1)⌉+ ⌈log(3)⌉+ ℏ
(︁
ReduceS(◦)

)︁
+ log(4) ≤ O(log(SM)),

where the log(M + 1) term accounts for simulating pi (a RAM with M bits of memory), and log(3) and
log(4) correspond to in-deg(gij,ℓ) = 2 and in-deg((xij)

′) = 3.
We emphasize that the ReduceS(◦) circuit can use different operations ◦ for each xij as long as the

operation itself can be selected uniformly.

3.4 Writing bits to external memory: the circuit C0
As before, we give a schematic of the circuit, and describe the functionality of each node.
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x11 · · · x1M x21 · · · x2M · · · xP1 · · · xPM aℓ

w1
ℓ w2

ℓ · · · wP
ℓ

ReduceP (◦)

a′ℓ

Figure 2: Circuit C0

Recall aℓ is the ℓ-th bit of the external memory. Similarly to C1, for each ℓ = 1, . . . , S, we construct a
circuit computing the bit aℓ and mount these S copies in parallel. Here wi

ℓ ∈ {0, 1, e} is the write request
sent by pi to aℓ, which we can compute by simulating processor pi using its entire internal memory state
(xi1, . . . , x

i
M ): the value of wi

ℓ is 0 or 1 if pi wants to write that bit value into aℓ, and wi
ℓ = e signifies that

no such request has been made.
The final output a′ℓ is a control gate:

a′ℓ(w, aℓ) =

{︄
w, w ̸= e,

aℓ, w = e.

It is easy to see that ReduceP (◦) will compute w1
ℓ ◦ . . . ◦ wP

ℓ , precisely as defined in (1), so a′ℓ will indeed
output the updated value of aℓ. Furthermore, for all i ∈ [P ] and j ∈ [M ], C0 contains a gate zij (of indegree
M ) with predecessors xi1, . . . , x

i
M that outputs the j-th memory bit of pi after its computation in the writing

stage. Together with the bits a′ℓ, these are the inputs to the next copy of C1.
Applying Proposition 3.1, the normalized depth of this circuit is

ℏ(C0) ⩽ ⌈log(M + 1)⌉+ ℏ
(︁
ReduceP (◦)

)︁
+ log(4) ≤ O(log(P ·M)).

Finally, we observe that both C0 and C1 satisfy the uniformity conditions of Section 2 with b = M : their
wiring is logspace-computable, and each gate function can be computed in O(M) space (with read-only
access to the input). This completes the proof of Theorem 1.1.

4 Solving Lex First 2SAT

In this section, we describe the proof of Theorem 1.2. Let ϕ be a 2CNF formula with n variables x1, . . . , xn.
We recall the standard reduction from 2SAT to a directed graph [APT79]. Define Γ(ϕ) to be the im-

plication graph associated with ϕ: its vertices are literals xi and ¬xi for 1 ⩽ i ⩽ n, and a directed edge
s → t between two literals is present iff ϕ contains a clause ¬s ∨ t. Moreover, we add an edge ¬s → s if
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ϕ contains a unit clause (s). Let Γ(ϕ) be the transitive closure of Γ(ϕ). From the transitive closure we can
immediately determine satisfiability:

Proposition 4.1 ([APT79]). ϕ is unsatisfiable if and only if there is a variable x and edges x → ¬x and
¬x→ x in Γ(ϕ).

For every variable x of ϕ, we write x0 and x1 for the literals ¬x and x, respectively.

Definition 4.1. Let ϕ be a 2CNF formula on n variables and a be a partial assignment to its variables (i.e.,
a partial function [n] → {0, 1}). We say a is consistent with ϕ if a can be extended to a full satisfying
assignment (a total function [n] → {0, 1}). For an assignment a consistent with ϕ, we define its closure a
to be ai = σ ∈ {0, 1} if ai = σ or xajj → xσi is an edge in Γ(ϕ) for some j in the domain of a. (Otherwise,
ai is undefined.)

We say that an assignment a is closed whenever a = a.

As every edge of Γ(ϕ) is a valid implication, a is a well-defined partial assignment consistent with ϕ,
and it is also closed by the transitivity of Γ(ϕ).

Lemma 4.2 (Locality of extension). Let b be an assignment that is closed and consistent with a 2CNF ϕ,
and let S be a subset of variables of ϕ. If a is a consistent extension of b|S to a subset of S, then a∪ b is also
consistent.

Proof. Assume a ∪ b is inconsistent. We claim that there are two (not necessarily distinct) variables xi and
xj with

(a ∪ b)i = σ, (a ∪ b)j = τ,

such that xσi → x¬τj is an edge in Γ(ϕ). Note that this also implies xτj → x¬σi is an edge as well, since
s→ t is an edge of Γ(ϕ) iff ¬t→ ¬s is an edge.

To prove the claim, let c be the partial assignment a ∪ b and suppose no such i, j exist. Note our
supposition is equivalent to the condition that there are no literals p, q true under c such that p → ¬q is in
Γ(ϕ). By definition, a extends b|S so a and b must agree wherever both are defined. Let L be the set of
literals that are either true under c, or are reachable in Γ(ϕ) from a literal that is true under c.

First, we prove that L contains no complementary pair of literals. Suppose both ℓ and ¬ℓ are in L. By
the definition of L, there is a literal p true under c such that either p = ℓ or p→ ℓ is in Γ(ϕ), and a literal q
true under c such that either q = ¬ℓ or q → ¬ℓ is in Γ(ϕ). If p = ℓ and q = ¬ℓ, then c makes both ℓ and ¬ℓ
true, which is a contradiction since c is a partial assignment. In every other case, we observe that p→ ¬q is
in Γ(ϕ), utilizing the fact that p → ¬q ∈ Γ(ϕ) iff q → ¬p ∈ Γ(ϕ). This contradicts our supposition, so L
contains no complementary pair.

Next, let e be a satisfying assignment of ϕ (which exists since b is consistent). Let f be the full variable
assignment that sets every literal of L to true and agrees with e on all other variables. We claim every clause
u ∨ v of ϕ is satisfied by f (with v = u for unit clauses). If u ∈ L or v ∈ L, this follows from the definition
of f . Otherwise, if u /∈ L and v /∈ L, then we also have ¬u /∈ L and ¬v /∈ L, since ¬v → u and ¬u → v
are edges in Γ(ϕ). Therefore f agrees with e on both literals u and v, and e satisfies u ∨ v. Hence f is a
satisfying assignment extending a ∪ b, contradicting the assumption that a ∪ b is inconsistent. This proves
the claim.

Finally, if one of a or b contains both variables, then that partial assignment cannot be consistent. With-
out loss of generality assume that bi = σ and aj = τ , where xj ∈ S. Since b is closed, bj = ¬τ for
xσi → x¬τj is present in Γ(ϕ), so a cannot extend b|S .
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Finally, we present the FPEM algorithm for LEX FIRST 2SAT.

Theorem 4.3. For any parameter k(n) ⩽ n with k ∈ Ω(log(n)2), there is an FPEM algorithm with
P ⩽ O(n2), M ⩽ O(k), and S ⩽ O(n) that solves LEX FIRST 2SAT on n variables and O(n2) clauses in
T ⩽ O(n/k) I/O rounds.

Applying Theorem 1.1 to the above, the following is immediate:

Reminder of Theorem 1.2. LEX FIRST 2SAT on 2CNFs with n variables and O(n2) clauses can be solved
in O(

√
n logn) space.

Proof. Set k =
√︁
n log(n) in Theorem 4.3. Then T ⩽ O(

√︁
n/ logn), P ⩽ O(n2), S ⩽ O(n) and

M ⩽ O(
√
n logn). Applying Theorem 1.1, the theorem follows.

For the rest of this section, we will prove Theorem 4.3. Throughout the proof, we treat the input formula
ϕ as freely accessible to all processors. The external memory will hold the current partial variable assign-
ment b = (b1, . . . , bn) ∈ {0, 1,⊥}n. The symbol ⊥ means “no assignment yet”. Each bi is stored using two
bits, an “assigned” bit and a value bit, so that the all-zero initial external memory encodes b = (⊥, . . . ,⊥).
Concurrent writes to a bit of external memory are resolved by priority (right projection, as in Section 3.1).

Let A be the adjacency matrix of Γ(ϕ) (the transitive closure graph of ϕ). Since k(n) ∈ Ω(log(n)2),
setting M = Θ(k(n)) we can compute any desired entry of A in O(M) bits of internal memory with zero
I/Os, using the fact that every entry of the transitive closure can be computed in O(log2 n) space and we can
access the formula ϕ for free. Thus we may assume free random access to A.

We will define three subroutines:
INITASSIGNMENT computes the partial assignment defined on all variables xi such that a unit clause

(xi) or (¬xi) is present in ϕ:

procedure INITASSIGNMENT

Processor Qi,i, for i ∈ [n]:
If ϕ contains a unit clause (xτi ), write τ into bi

end procedure

CLOSURE uses O(n2) processors and computes the closure of the current partial assignment:

procedure CLOSURE

Processor Qi,j , for i, j ∈ [n]:
Read bi, bj and compute four entries of A corresponding to edges between x

{0,1}
i and x

{0,1}
j

If bj = ⊥, bi = σ ∈ {0, 1} and there is an edge xσi → xτj in A, write τ into bj
end procedure

Here all assigned variables are indeed contained in the closure, and the resulting assignment is closed.
Suppose b is consistent at the start of the call (this holds at every call, see below). Then whenever bi = σ
and xσi → xτj is an edge in A, every satisfying extension of b sets xj = τ , so bj ∈ {τ,⊥} and all processors
writing into bj write the same value τ . Indeed, assume that Qi,j set bj ← τ since there is an edge xσi → xτj in
A and bi = σ, but at the same time there is also an edge xτj → xρℓ while bℓ ̸= ρ. Given that A is transitively
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closed and contains both xσi → xτj and xτj → xρℓ , it must also contain an edge xσi → xρℓ , so bℓ = ⊥ by the
above, and Qi,ℓ must have set bℓ ← ρ. Contradiction.

LOCALLEX2SAT is a single-processor subroutine that takes in a range of indices I = [i, j) and a partial
assignment c to the |I| variables xI = (xi, . . . , xj−1). Given that c is the restriction of a closed assignment
to xI , this subroutine outputs a partial assignment a such that

• a extends c to all variables in xI ,

• a can be extended to a satisfying assignment for ϕ, and

• a is lexicographically minimal among such assignments.

LOCALLEX2SAT calls an O(log2 n) space algorithm for 2SAT on ϕ and a as a subroutine, to test if the cur-
rent partial assignment a can be extended to a full satisfying assignment, while assigning variables greedily.

procedure LOCALLEX2SAT(c, I)
a← c
for each i ∈ I in increasing order do

if ci = ⊥ then
if 2SAT(ϕ, a ⊔ {xi ← 0}), set ai ← 0 else set ai ← 1

end if
end for
return a

end procedure

The final algorithm finds the lex-first satisfying assignment in batches of k sequential variables. In the
following, let a and c be O(M)-bit registers of internal memory on an additional processor p0 (distinct from
the processors Qi,j).

Algorithm 1 LEX 2SAT SOLVER

if ¬2SAT(ϕ) then reject.
INITASSIGNMENT

for t = 0 to ⌈n/k⌉ − 1 do
CLOSURE

Processor p0:
Read the block b|I from external memory into c, where I = [tk + 1,min((t+ 1)k, n) + 1).
a← LOCALLEX2SAT(c, I).
Write all new values assigned in a (which were unassigned in c) back to b.

end for

Correctness. First of all, note that the initial call to 2SAT in LEX 2SAT SOLVER can be simulated in
O(log2 n) space, since 2SAT is in NL ⊆ SPACE[log2 n]. Setting M = Θ(k) ≥ Ω(log2 n), we can determine
whether ϕ is satisfiable entirely in internal memory with zero I/Os.

We claim that at the end of LEX 2SAT SOLVER, the vector b in external memory holds the lex-first
satisfying assignment if ϕ is satisfiable.
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It is clear from the construction that we assign every variable exactly once. Hence, to prove correctness
by contradiction, we can consider the lex-first satisfying assignment b′ and the first I/O round in which some
bi was assigned a value τ with b′i = ¬τ , and (within that round) the smallest such index i.

Before this “bad” round, the assignment in external memory is contained in b′. Thus this is not a round
of INITASSIGNMENT, which only writes values forced by unit clauses, all satisfied by b′. This bad round
also cannot be a round of CLOSURE, which only writes τ into bj when xσℓ → xτj is an edge of Γ(ϕ) for
some ℓ with bℓ = σ = b′ℓ, and then b′j = τ as well. Hence, we conclude that bi was determined inside
the call LOCALLEX2SAT(c, I). Let d be the state of the assignment in the external memory right before
LOCALLEX2SAT(c, I) was called. We note d ⊆ b′ by the choice of the round (so d is consistent), and
c = d|I by definition.

Let a be the value returned by that call. Observe that d is closed, since it is the result of a CLOSURE

call on a consistent assignment. Furthermore, a is consistent by construction, so by Lemma 4.2, a ∪ d is
also consistent. Moreover, every satisfying extension of a ∪ d agrees with b′ on x1, . . . , xi−1: the variables
of earlier blocks are assigned in d ⊆ b′, and for j ∈ I with j < i we have aj = b′j by the minimality of i.
Hence, ai = 1 and b′i = 0: otherwise, any extension of a ∪ d to a full satisfying assignment would precede
b′ in the lexicographical order.

Finally, let a′ be the state of a right before we assigned ai ← 1. Then a′ ⊆ b′ by the above, as a′

consists of c and the values aj with j ∈ I and j < i. Since LOCALLEX2SAT set ai ← 1, the assignment
a′ ⊔ {xi ← 0} cannot be consistent, and neither can its extension b′. Contradiction.

The I/O Bound. LOCALLEX2SAT makes no calls to external memory, since we have free access to the
input ϕ. It uses only O(k+ log2 n) internal memory: O(k) to store the partial assignment a, and O(log2 n)
to run a 2SAT algorithm on the input ϕ and a. Both CLOSURE and INITASSIGNMENT take one I/O round
each, and use O(n2) processors.

Finally, LEX 2SAT SOLVER takes O(n/k) I/O rounds: one round for INITASSIGNMENT, and in each of
the ⌈n/k⌉ iterations, we make one round for CLOSURE and one round for p0, whose reading stage loads b|I
and whose writing stage writes the new values. This completes the proof.

5 Space-Efficient Circuit Evaluation Via External Memory Algorithms

Recall in the Circuit Value Problem (CVP) we are given the encoding of a Boolean circuit C with fan-in
at most d and values to its inputs x1, . . . , xm, and are asked to compute the value at a designated output
of C. Williams [Wil26] showed that for circuits of n gates and constant fan-in, CVP can be solved in√
n · poly(log n) space, and Shalunov [Sha26] showed the space bound can be improved to O(

√
n logn).

First, we show how to recover Shalunov’s result with a very simple algorithm in our parallel external
memory model, and then modify the approach to prove Theorem 1.3.

Proposition 5.1. For any positive log2 n ⩽ k(n) ⩽ n, there exists an FPEM algorithm running on a single
processor with M = Θ(dk) internal memory and S = Θ(n) external memory that solves CVP on size-n
circuits with fan-in at most d in T = ⌈n/k⌉ rounds.

In particular, for d ⩽ n/ log3 n, applying the space-efficient simulation of Theorem 1.1 with k =√︁
n log(n)/d shows that CVP with gates of fan-in d can be solved in space O(

√︁
dn log(n)), recovering the

theorem of [Sha26] for d = O(1).

Proof. We may assume that the gates of C are given in topological order. Otherwise, such an ordering
can be computed for free in our model by counting the number of descendants of a given node, applying
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NL ⊆ SPACE[log2 n] [AB09]. (Note we have set k(n) ⩾ log2 n to accommodate the computation of a
topological ordering in internal memory for free.)

Let v1, . . . , vn be the list of gates in topological order. Let p(vi) denote the set of parents of gate vi, so
that |p(vi)| ⩽ d for all i. We evaluate the gates in batches of k at a time, designating external memory bits
a1, . . . , an to store the values of gates v1, . . . , vn.

Consider the following procedure:

Algorithm 2 CVP

1: for t = 0, . . . , ⌈n/k⌉ − 1 do
2: uj ← vj+tk for all 1 ⩽ j ⩽ min(k, n− tk) ▷ assign all gates in the current batch
3: Using zero-cost access to C, compute Q←

⋃︁
j p(uj) ▷ compute the set of all parents of gates

4: read all ai with vi ∈ Q \ {uj}j from external memory ▷ O(dk) bits being read, note M = Θ(dk)
5: Evaluate all gates {uj}j⩽min(k,n−tk) in increasing order of j
6: write the computed values back to external memory
7: end for

Since each gate has fan-in at most d, the set of parents satisfies |Q| ⩽ dk, so O(dk) bits of internal mem-
ory suffice to hold the parent values for the current batch along with the k newly computed outputs. Each
iteration performs a single read/write pair, giving ⌈n/k⌉ rounds in total. Correctness follows by induction
on t.

Now we turn to simulating unbounded fan-in circuits over the {NOT,AND,OR,XOR} basis. We can
give an FPEM algorithm with low internal memory for this task, by exploiting the associativity of the gate
operations.

Theorem 5.2. For any
√
n ⩽ k(n) ⩽ n, there exists an FPEM algorithm with P = O(n) processors,

M = O(k) internal memory and S = O(n) external memory that solves CVP on size-n circuits of arbitrary
fan-in with gates from {NOT,AND,OR,XOR} in T = 3⌈n/k⌉ rounds, where every processor reads at
most k bits of external memory per round.

The key improvement over Proposition 5.1 is that the internal memory is O(k) rather than O(dk): the
values of the (up to n) parents of a gate are combined by a two-level tree of processors, each reading at
most k bits per round, so that no processor ever stores them all. In particular, applying Theorem 1.1 with
k =

√
n logn shows that CVP with {NOT,AND,OR,XOR} gates can be solved in space O(

√
n logn),

independently of the fan-in d. This proves Theorem 1.3 from the introduction.

Proof. As in the proof of Proposition 5.1, we may assume without loss of generality that the gates v1, . . . , vn
are given in topological order. For every non-input gate v, we assign an associative operation ◦v on {0, 1}
with identity ev:

• (⊕, 0) if v is an XOR or NOT gate,

• (∧, 1) if v is an AND gate, and

• (∨, 0) if v is an OR gate.

The value of v is defined to be the ◦v-product of the values of its parents, plus 1 if v is a NOT gate.
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The external memory holds bits a1, . . . , an for the gate values, bits cj,r for j ∈ [k] and r ∈ [⌈n/k⌉], and
bits s1, . . . , sk. We evaluate the gates in batches It = {tk+1, . . . ,min((t+1)k, n)} for t = 0, . . . , ⌈n/k⌉−
1, spending three rounds on each batch. For i ∈ It let j = i − tk, and list the parents of vi outside vIt in
increasing order of index, split into blocks of k consecutive parents. Note there are at most ⌈n/k⌉ ⩽ k
blocks.

1. Processor hj,r reads the values aℓ of the r-th block of vi, computes their ◦vi-product (evi if the block
is empty), and writes it into cj,r.

2. Processor gj reads cj,1, . . . , cj,⌈n/k⌉, computes their ◦vi-product yj , and writes it into sj .

3. Processor g0 reads s1, . . . , sk, evaluates the gates of It in increasing order, using yj in place of the
parents of vi outside vIt (or the input bit, if vi is an input gate), and writes the values into ai for i ∈ It.

By induction on t, the cells of all earlier batches hold the correct values when batch t starts. Since
we evaluate in topological order, every parent of vi outside vIt lies in an earlier batch, so yj is the ◦vi-
product over these parents, and g0 combines it with the values of the parents inside vIt , which it has already
computed in this round.

Each processor reads at most k bits per round and stores them, plus O(log2 n) ⩽ O(k) bits to compute
the topological order and to enumerate the parents of a gate (as in Proposition 5.1). Therefore M = O(k).
The number of processors is P ⩽ k⌈n/k⌉+ k+1 = O(n), the external memory is S ⩽ n+ k⌈n/k⌉+ k =
O(n), and the number of rounds is T = 3⌈n/k⌉.

6 Simulating Cellular Automata in Low Space

Finally, we show how to simulate t steps of a d-dimensional cellular automaton in only Õ(t1−1/(d+1)) space.
Recall a d-dimensional cellular automaton (CA) is given by:

• a positive integer radius r,

• a finite (constant) set of states Σ,

• an initial configuration σ0 : Zd → Σ, and

• an evolution rule φ : Σ(2r+1)d → Σ.

The r-neighborhood of a cell c is the collection of cells within ℓ∞ distance r of c. At each time step,
every cell (x1, . . . , xd) ∈ Zd updates its state based on the values in its r-neighborhood:

σt+1(x1, . . . , xd) = φ
(︂[︂

σt
(︁
x1 + δ1, . . . , xd + δd

)︁]︂
|δi|⩽r

)︂
.

The CAd problem is: given (for fixed d, r, Σ, φ) a non-negative integer t and the initial states of all
(2rt + 1)d cells within ℓ∞ distance rt of a cell c, compute σt(c), the value of cell c after t time steps.
Given our powerful FPEM model and Theorem 1.1, it is fairly straightforward to give a new space-efficient
simulation for this problem.

Reminder of Theorem 1.5. For every fixed d ⩾ 1, the CAd problem for t time steps can be solved in space
O
(︂
(t log t)1−1/(d+1)

)︂
.
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Proof. We prove the theorem by designing an appropriate FPEM algorithm, and appealing to Theorem 1.1.
Fix a parameter k ∈ [t] to be set later. Given the index of cell c, we will simulate k steps of the d-

dimensional automaton per I/O round, starting from the initial configuration σ0. Note that our last round
will simulate only the remaining t−k⌊t/k⌋ steps left over. In what follows, let k denote the number of steps
simulated in the current round, and let s be the number of CA steps simulated before the current round (so
that the round computes σs+k from σs).

Since the automaton has radius r, only those cells within the d-dimensional hypercube Hc with side-
length 2rt + 1 centered at c can influence the value of σt(c). Note that the number of cells in Hc is
O((2rt + 1)d). We assign every cell x in Hc its own processor px, and a dedicated collection of bits ax
in external memory to hold the state of x. To compute σs+k(x) from the configuration σs, the processor
px simulates the “light cone” around x for k steps, which requires loading the rk-neighborhood of cell
x from σs. Therefore each processor px can simulate at cell x for k time steps with internal memory
M ⩽ O((rk)d) ⩽ O(kd). In this round, only those cells x within ℓ∞ distance r(t− s− k) of c need to be
updated, and every cell they load is within distance r(t − s) of c. Therefore, by induction over the rounds,
the external memory holds the correct states on all cells still needed, and ac = σt(c) at the end.

The resulting FPEM algorithm has a number of processors P and external memory S on the order of
O((2rt + 1)d). Since r and d are fixed constants, this bound is O(td). The FPEM algorithm runs for
T ⩽ O(t/k) total I/O rounds. Applying Theorem 1.1 to this algorithm, it can be simulated in space

O(T · log(P · S ·M) +M) ⩽ O
(︁
t log(t)/k + (rk)d

)︁
.

Setting k = ⌈(t log t)1/(d+1)⌉ to balance the two terms, the space is O
(︂
(t log t)1−1/(d+1)

)︂
.
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