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Explicit Nonlinear Functions beyond the Fourier bound

Swastik Kopparty* Rishabh Kothary' Shanthanu S. Rait

Abstract

We study the problem of constructing highly nonlinear vectorial maps F': F3 — F3'. Concretely, we
want an F' and an A = A(m,n) > 0 as small as possible, so that for every affine map L : F3 — F3* (of
the form L(x) = Mz + b) we have:

agree(F, L) := |{z € F3 | F(z) = L(z)}| < A.

Such questions have been studied by Nyberg [Nyb91, Nyb93|, Carlet and Ding [CD04, CD07], Liu,
Mesnager and Chen [LMC17], Nagy [Nag25], and Biryukov, Turecek, and Udovenko [BTU26|. There is a
classical method of constructing such functions from bent-functions and Fourier analytic ideas; the best
bound achievable by this method is:

A(m,n) = ©(2" ™ +2"/?),

and in particular, is never smaller than 2"/2.
In this work, we show how to construct highly nonlinear functions beyond this Fourier bound.
Concretely, we show how to construct for every v > 0, a function F' : Fy — F3* with m = O,(n), achieving

A(m,n) < (14+v)".

Surprisingly, we even achieve the same quantitative behavior for the much harder question of having
low agreement with m-tuples of degree d polynomials Q : F§ — F3', with m = O, 4(n). Here the

n

previously best bounds were of the form A(m,n) = O(27 27T - 2™) of Ben-Sasson and Kopparty [Kop10],
based on Gowers-norm-type arguments.

All our results generalize to all finite fields F; in place of Fs.

Our methods are based on a new connection to classical results on counting solutions to systems of
polynomial equations via algebraic methods. This connection brings us to basic questions in combinatorics,
about graphs and hypergraphs with simultaneously a small number of edges and independent sets.

1 Introduction

This paper is about highly nonlinear functions F': 5y — F3', and their degree d analogues. Our main result
is the first explicit construction of functions whose nonlinearity goes beyond the classical Fourier bound,
and corresponding results for the degree d analogues. Our results are obtained by a new connection of this
problem to (1) the basic algebraic problem of bounding the number of solutions to systems of polynomial
equations, and (2) the basic combinatorial problem of bounding the number of independent sets in graphs or
hypergraphs with a given number of edges.
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A vectorial Boolean function is a function F' : F§ — F3*. Linearity properties of vectorial Boolean
functions have been extensively studied in differential cryptanalysis and symmetric-key cryptography (where
vectorial Boolean functions are called substitution boxzes or S-boxes).

An important parameter of a vectorial Boolean function F is its nonlinearity' nl(F). This is defined as
the minimum Hamming distance of F' from affine maps L : F} — FJ* (namely, maps where L(z) = Mx + b
for a matrix M and vector b):

n(F)= min  [{xeF; | F(zx) # L(z)}|.
L:FD —Fg
affine map

For our discussion, it will be more natural to talk about the “linearity”, denoted maxagree(F,deg 1) defined
to equal 2" — nl(F'), which is equivalently the smallest A > 0 such that for all affine L : F§ — F5*:

{z e F3 | F(z) = L(z)}| < A.

For cryptography and pseudorandomness purposes, it is interesting to find F' which have provably small
maxagree(F,deg 1). This (and its higher degree analogue) is the main question that our paper focuses on.

Nonlinearity of vectorial Boolean functions has been studied by many authors [Nyb91, Nyb93, CD04, CD07,
CF01, LC14, LMC17, Nag25, BTU26]. In the very recent work of Biryukov, Turecek, and Udovenko [BTU26],
nonlinearity plays a central role in their study of linearization of S-boxes.

For the case m = 1 (namely the case of Boolean functions), it is well known that the smallest that
maxagree(F, deg 1) can be is 3 - 2" + O(2"/?). That it cannot be smaller is proved by studying the Fourier
transform of F' and applying Parseval’s inequality. Functions which achieve equality are known as (almost)
bent functions, and have been very well studied with numerous applications.

For general m > 1, a simple application of the probabilistic method shows that there are F': F} — F3’
with
(1+0(1) 5= -2" m<n

maxagree(F,deg 1) < .
gree( gl) < {poly(n) m>n

and this is also known to be best possible.

In particular, once m > n, there exist F' with maxagree(F, deg 1) < poly(n).

However, constructions of F' with this behaviour are not known. There is a very natural and elegant
approach to constructing nonlinear vectorial Boolean functions based on bent functions and Fourier analysis.
This dates back to Nyberg [Nyb91],

with more recent work by [CD04, CD07, CF01, LC14, LMC17, BTU26, Nag25]. Specifically, suppose
F :Fy — IF3" is such that for every nonzero y € Fy*, the one-bit-output function F,, : Fy — Fy given by:

Fy(x) = (F(x),y)

=
is almost bent; namely maxagree(F,,deg 1) < % 2"+ 0(2"/2). Then, via the results in these papers, we have:

1
maxagree(F,deg 1) < om 2"+ 0(2"?).

We call this the Fourier bound on maxagree(F,deg 1). It is the best possible bound on maxagree(F, deg 1)
based solely on the smallness of all the maxagree(F),, deg 1).

For m < n, this is quite close to best possible, but for m > n it is significantly suboptimal. The best
upper bound on maxagree(F,deg 1) that can be proved via this method is 27/2 There are no better upper
bounds known for any explicit function, and it is of great interest to develop new techniques to prove strong
upper bounds on maxagree(F, deg 1).

Our main result for degree 1 (see Theorem 4.12) gives explicit functions which provably go beyond the
Fourier bound. Specifically, for every fixed v > 0, for large enough n and m > Q,(n), we give explicit
functions F : F§ — F3* with

maxagree(F,deg 1) < (1 +~)™.

LThis specific definition is more commonly called nonlinearity of the second type, or vector nonlinearity [Nag25].



One can ask similar questions for higher degree d = O(1). Here we replace affine maps L : F§ — FJ* with
m-tuples of degree d polynomials. Specifically, define maxagree(F, deg d) to be the smallest A such that for
all m-tuples Q = (Q1,...,Qm) of polynomials (where Q; € Fy[X7, ..., X,], with deg(Q;) < d), we have:

{z e F3 | F(z) = Q(2)}| < A.

For m < n, it is again known that the smallest possible value of maxagree(F, deg d) is about (21 + 0(1)) 2"
and explicit constructions of such functions are known from multiple routes: (1) the Weil bounds and the
Fourier bound, or (2) the direct product theorem of Viola and Wigderson [VW08]. However for m > n, the
known results get much weaker. Using ideas related to the Gowers’ norm (which is a higher-degree version of
Fourier analysis), Ben-Sasson and Kopparty [Kopl0, Theorem 7.2.1] gave constructions of explicit functions

F satisfying:

maxagree(F, deg d) < 277/ . on,

As far as we could find, this is the best upper bound known for any m = O(n) and d > 2.

Our main result for degree d (see Theorem 4.15) gives explicit functions significantly improving this. In
fact, our bounds for general (constant) d even bypass the Fourier bound from the d = 1 case! Concretely, for
every fixed v > 0 and d € N, for large enough n and m > €, 4(n), we give explicit functions F' : Fy — F5’
with:

maxagree(F,deg d) < (1 ++)".

Our results also generalize to I, in place of Iy, achieving the same qualitative behaviour of going below
the Fourier bound (see Theorem 5.14).

1.1 Techniques and Related Work

Our results are based on a combination of algebraic and combinatorial tools. The explicit functions F' we
construct will be computed by carefully chosen polynomial maps. The problem of bounding the agreement
of these explicit functions with m-tuples of degree-d polynomials @ : F3 — F5* then becomes a question
of bounding the number of solutions to a system of polynomial equations F' — @ = 0. We thus need (1) a
method for bounding the number of solutions to a system of polynomial equations, and (2) a choice of F' so
that this method will work on F' — @ for all Q.

The method in (1) will be related to Macaulay’s theorem, which is a beautiful linear algebraic technique:
it bounds the size of the set S of solutions to a system of equations by examining the vector space W of
polynomial functions on S, and finding a small basis B for W using the polynomial equations defining S.
This gives us an upper bound |S| = dim(W) < |B|, where the first equality is because every function on S is
a polynomial function.

To make this work in our setting, we need to choose an F' appropriately. We show how to choose an F
based on any (d + 1)-uniform hypergraph H = (V, E), with |V| = n and |E| = m. Each edge FE specifies a
monomial in the input variables X1, ..., X,,. The bound on the number of solutions obtained by the Macaulay
theorem argument turns out to be precisely |Ind(H )|, the number of independent sets in H. This brings us to
an extremely clean and concrete combinatorial question about hypergraphs: how do we design (d + 1)-uniform
hypergraphs on n vertices with m = O(n) edges so that H has few independent sets.

Already simple instantiations of this framework, taking H to be a disjoint union of constant-size complete
hypergraphs, yield the main qualitative aspects of our results. For example, when d = 1, for every integer k

k—1

we get explicit functions F': Fy — F3* with m = “5=n and

maxagree(F, deg 1) < (k4 1)"/*,

which is at most (1 + 7)™ for large enough k = O,(1). In particular, this goes beyond the Fourier bound for
any k > 6.

For the case of I, in place of Iy, our techniques generalize with some modifications. Here some additional
complexities are introduced by the presence of non-multilinear monomials. The resulting combinatorial



problem that needs to be solved then becomes a bit more complicated, and one has to study multiset analogues
of edges vs a multiset analogue of the independent sets question for graphs and hypergraphs.

Interestingly, the explicit functions that arise from this framework turn out to have a perfect direct product
theorem (see Lemma 4.8) for their agreement with degree d polynomials; this is in contrast to the best known
general direct-product theorem of Viola and Wigderson [VWO08|, which is lossy.

We also remark that the Macaulay theorem bound is also known as the footprint bound, and has a number of
interesting applications in coding theory and theoretical computer science [GH00, GMT08, STV20, ABP*25].

Another strong motivation for this work comes from the beautiful matrix construction problem of Aggarwal,
Dutta, Mukherjee, Nagargoje and Obremski [ADM™25], as a route to constructing 2-source extractors. It
seems like highly-nonlinear functions are very relevant to that problem, which also has a Fourier bound
barrier.

1.2 Refinements
We now discuss the finer quantitative questions arising from our framework.

e For d =1 (namely for constructing highly nonlinear functions), our framework asks to find graphs with
m edges minimizing the number of independent sets. This question was solved by a difficult theorem of
Sah, Sawhney, Stoner and Zhao [SSSZ19], who showed that the disjoint union of constant sized cliques
is in fact the optimal choice.

e For larger d, our framework asks to find (d 4+ 1)-uniform hypergraphs with m edges minimizing the
number of independent sets. It turns out that the disjoint union of constant size complete hypergraphs
is not the optimal choice. For sufficiently large fixed d, one can use the Turdn hypergraphs (which are
conjectured extremal examples for the hypergraph Turan problem) to beat those constructions.

e It turns out that the Turan hypergraphs are not always optimal either. We know about an ad hoc
construction of an 8-vertex 3-uniform hypergraph? H* such that disjoint unions of H* beat every other
construction that we know for d = 2 and m = n.

To summarize the status of the finer quantitative questions: for d = 1 we understand the limits of our
framework, but for d > 2 there are very interesting combinatorial questions that arise. Table 1 summarizes
and compares the different explicit constructions of F' : F§ — 1"

Construction Degree d | Output ratio m/n Agreement upper

bound
Fourier Bound d=1 >1 o(2"?)
Ben-Sasson, Kopparty | Arbitrary -1 Von
[Kopl()] d >1 O (2( 2d+1) )
Disjoint Union of Cliques d=1 % for arbitrary k (k + 1)7/*

Theorem 4.12
Disjoint Union of Hyper- | Arbitrary

1. (k : nd/k
cliques Theorem 4.15 d>2 k (d+1) for arbitrary k Ok )
Disjoint Union of Turan | Arbitrary | < m : (dil) for large O(kn(d+1)/ky
blocks Corollary 4.19 d enough k
Disjoint Union of H* _ N n/8
Lemma 4.23 d=2 -1 115

Table 1: Comparison of different constructions of F' : F§ — F3*

2See Definition 4.21 for the definition of H*



AT use: Our framework for constructing explicit functions was developed without any Al involvement.
The writing was done without any Al involvement. We used Al to search for fixed size hypergraphs with a
given number of edges that optimized the number of independent sets. Al found for us the 3-uniform Turan
hypergraph and gave the improved ad-hoc example with d = 2. We used Al for literature search, and for
comments on our writeup.
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Organization of this paper: We begin in Section 2 by going over some useful preliminaries about
polynomials, hypergraphs and Fourier analysis. Then, in Section 3, we formally define the notion of
nonlinearity for vectorial boolean functions and show the existence of highly nonlinear functions. We go over
the existing approach of constructing explicit nonlinear functions using Fourier analysis and comment on the
limitations of the “basic Fourier bound”. In Section 4, we introduce the hypergraph framework for constructing
nonlinear and “far from degree d” functions over Fo. In Section 5, we generalize this to do the same over F,.
The presentation turns out to be cleaner for Fo, wherein we show that the maximum agreement between fg
and tuples of polynomials Q = (Q1, ..., Q) of degree at most d is equal to the number of independent sets
in H. After describing the hypergraph framework, we instantiate the framework with explicit hypergraphs to
construct explicit nonlinear and “far from degree d” functions which beat the Fourier bound.

2 Preliminaries

e For a prime power ¢, F; denotes the finite field of size g.
e [n] denotes the set {1,2,...,n}.

e We use X to denote the tuple (X1, Xo,...,X,,), where the number of variables n will be clear from
context or specified when necessary.

2.1 Polynomials and Functions

Definition 2.1. For any S C Fy, let Fg denote the Fq-vector space of functions from S to F,. a

Note that dimg, (F) = [S].
Definition 2.2 (Support of Polynomials). Let f € F,[X] such that

f: ZCZ'Xi

ieNn
then we define B
supp(f) = {X" | ¢ # 0}
which we call the support of f. a

We denote the set of multilinear monomials of n variables by M4t There is a natural correspondence
between monomials M € M,i¢., and the subsets of [n]. In particular for any W C [n], the monomial
corresponding to it is X*W where 1y € {0,1}" is the characteristic vector of W. Whenever n is clear from
context, we will call Myt by M for ease of notation.

We will require the following simple form of the Combinatorial Nullstellensatz [Alo99].



Lemma 2.3. [Al099, Lemma 2.1] Let P € F[Xy,...,X,] be a non-zero polynomial such that for i € [n],
degy, (P) <t;. Let S; CF, such that |S;| > t; + 1 fori € [n], then there exists (o, ...,ap) € S1 X --- x Sy
such that P(ay, ...,ap) # 0.

2.2 Hypergraphs

An r-uniform hypergraph H = (V, E) is a set of vertices V, along with a set E of r-element subsets of V.
The elements of E are called the (hyper)edges of H. For the hypergraph H, we use the notation V(H) to
denote its vertex set, and E(H) to denote its (hyper)edge set.

We next define the k-shadow of a r-uniform hypergraph, where k < r as follows.

Definition 2.4 (k-shadow of r-uniform hypergraph). Let H = (V, E) be an r-uniform hypergraph. Then for
any 1 <k <r, we define the k-shadow of H as the following k-graph O H = (V, E},) where

Ek = {{il, ,Zk} cVv | Elik+17 ~--7ir €V such that {i17 ...71'7-} S E}

We next define independent sets of an r-uniform hypergraph H.

Definition 2.5. Let H = (V, E) be an r-uniform hypergraph. A subset V' C V is an independent set in H if
there is no edge e € E such that e C V.
For k € N, we define the set of all independent sets of H of size k as

Ind(H,k) ={V' C V| V' is an independent set in H and |V'| = k}.
Moreover, we define the set of all independent sets of H as
Ind(H) ={V’' c V| V' is an independent set in H}.

J

Definition 2.6 (Independence Number). Let H = (V, E) be an r-uniform hypergraph. Then the independence
number of H, denoted as a(H), is the size of largest independent set in H. a

We denote the complete r-uniform hypergraph on n vertices as Kff).

2.3 Hypergraph Turan Problem

In this subsection, we will talk about the Turan(n, s,r) systems.

Definition 2.7 (Turan(n, s,r) system). Let H = (V, E) be an r-uniform hypergraph on n vertices, then H is
called Turdn(n, s,r) system if a(H) = s — 1. Moreover, define

T(n,s,r) =min{|E(H)| | H is a Turdn(n,s,r) system over n vertices},

which is the size of the smallest hypergraph on n vertices with independence number s — 1. a

In the combinatorics literature it is more common to study ex(n,s,r) = (7) — T(n,s,r), which is the

problem of studying the largest r-uniform hypergraphs that avoids the complete r-uniform hypergraph on s
vertices, K{".

Let t(s,7) = lim w
n—oo (™)

. It is known that ¢(s,r) exists and T'(n,s,r) < (?) - t(s,r) for n > s.
For the case r = 2 (i.e., graphs), it follows from Turan’s Theorem [Tur41] that ¢(s,2) = -X5. For s > r > 3,
determining (s, r) is a major open problem. The problem has a very rich history and we refer the readers to

[Keell] for a more comprehensive survey of the problem.

We will require the following theorem proved by Gao, Kuang, Pikhurko and Wang ([GKPW26]).



Theorem 2.8 (|[GKPW26]). Let r > 2 be fized. For sufficiently large n, there is an explicit construction of a
Turdn(n,r + 1,r) system H with:

1< ey o) )

2.4 Fourier Analysis

We introduce basic notation and recall facts from Fourier analysis in this subsection and refer to [Kop19] for a
more comprehensive treatment of the topic. Let G be an abelian group. A group homomorphism ¢ : G — C*
is called the character of the group G. For a finite abelian group G, all the characters themselves form a
group under pointwise multiplication and this group is isomorphic to G.

For example, the characters of the underlying additive group of IF, are {1, : F; — C*},cr, where,

sule) =7

where the characteristic of F, equals p, w, is a primitive p’th root of 1 in C, and Tr is the field trace. (In the
case of ¢ being prime, the Tr map is simply identity). Below, we recall the Fourier Transform with respect to
the additive group of F, (it can be similarly defined more generally over finite abelian groups, but we won’t
need it).

These characters 1), can be viewed as vectors in CF«. We define a notion of inner product on this space,

Definition 2.9. For two vectors u,v € C¥e, we define their inner product (u,v) as,

(u,v) = Eoer, [u(z)v(z)]

The characters 1), form an orthonormal basis for the vector space CFa.
Lemma 2.10. Let {¢, : a € F,} be the characters of the additive group F,. Then,

1, a=b,

(Var o) = {o, a#b.

So, a function F': F, — C can be written as a linear combination of the characters ),

F=>"F(a)j.

a€lF,

The scalars F (a) € C are known as the Fourier coefficients of F'. Since the characters 1, are orthonormal, we
can obtain the Fourier coefficients F' : F; — C from the following inner product,

F(a) = (F, 1) = Eper, [F(2)ta(2)).

Since the “change of basis” linear operation to obtain F from F is a unitary operation, the norm of Fis equal
to the norm of F'. In literature, this fact is stated as the Parseval identity.

Lemma 2.11 (Parseval identity). Let F': Fy — C. Then,

(F,F) = Eser, [[F(@)]"] = Y |F(a)?

a€lFy



3 Nonlinearity, maxagree(F,deg d), and the Fourier bound

In this section, we will formally define the nonlinearity of a function and its extension to larger degrees. First
we define affine functions below.

Definition 3.1 (Affine Functions). We call L : Fyy — Fy*, an F, affine function if there exists an m x n
matriz M € F**"™ and b € Fy* such that for any x € Fy, L(z) = Mz +b. We call M the associated matriz

of L and b the associated vector of L. a

Next we define the nonlinearity of any function F' : Fj — F;". The notion of nonlinearity we will
use denoted by nl is known as vector nonlinearity or nonlinearity of the second type in the literature
([CDO04],[CDOT7],[CF01],[LC14],[LMC17], [BTU26], [Nag25]).

Definition 3.2 (Noulinearity). Let F': Fj — F;* be a function, and L : Fy — F* be a Fy affine function,
then we define the agreement of F' with respect to L as

agree(F, L) = {z € Fy | Fi(x) = L(z)}|.
We define the nonlinearity of F as
nl(F) =q" — max agree(F, L).

L:Fy —F
L is an Fq affine function

J

Computing nonlinearity is computationally very difficult. [Fin14] showed that computing nl(F') is #P-hard,
when F' is given as a circuit and m = 1.

For our purposes, it will be more convenient to talk about the “linearity", namely ¢ — nl(F"). We give
this definition, along with its generalization for larger degrees below.

Definition 3.3 (Max Agreement). Let F': Fjy — F* be a function and Q1, ..., Qm € F,[X] be polynomials
of degree at most d. Then we define the agreement of F with respect to Q = (Q1, ..., Qm) as follows

agree(F, Q) = {z € Fy | F(z) = (Q1(), ..., Qm(2)) }-

We define the max agreement of F with respect to degree d polynomials as

maxagree(F, deg d) = _ max agree(F, Q).
Q=(Q1rQm)
Qi€Fy[X] and deg(Q;)<d
.

Remark 3.4. For a function F : Fy — F}", nl(F') = ¢" — maxagree(F,deg 1). a4

q ’
Next, we state a lower bound on maxagree(F,deg d) for any function F' : Fjy — F;* and give its proof in
Section A.

Lemma 3.5 (Interpolation Bound). For any function F : ) — F*
maxagree(F,deg d) > M(q,n,d).

where M(q,n,d) is the number of n-variate monomials of degree at most d and individual degree at most
q—1.
Remark 3.6. If ¢ > d, then M(q,n,d) = ("‘(’i'd), otherwise by the principle of inclusion and exclusion:

mintn L5 1) n n+d—i-q
= 300 (7))
i=0
For q,d fixed and n — oo,
M(q,n,d) = ©(n?).



3.1 Existence of Hard Functions

We now state the lemma that there exists function F': Fj — FJ* that are extremely far from any tuple of
degree d functions.

The proof uses the probabilistic method (indeed, a random F' has this property), and can be found in
Appendix B.

Lemma 3.7 (Existence of very hard function). Assume m > n, then there exists a function F': Fy — Fi*,
such that

maxagree(F, deg d) < min < -M(g,n,d), Og(M(g,n,d)-m-log (m . M(q,n,d))) .

m-—n
where M(q,n,d) is the number of n-variate monomials of degree at most d and individual degree at most ¢ —1

Remark 3.8. For any e > 0, by setting m = O.(n), Lemma 3.7, implies that there exists F : Fy — F
such that maxagree(F,deg d) < (1 +&)M(q,n,d) which is close to the optimal (Lemma 3.5).

For m = n, and q,d,= O(1), we get that there exists F with maxagree(F,deg d) < O(M(q,n,d) -
nlog(M(g,n,d)) -n) = Oy a(n®*logn). N

3.2 The Basic Fourier Bound

We now present the basic Fourier bound on nonlinearity — which is the best bound on nonlinearity that can
be deduced from “smallness of Fourier coefficients of projections" considerations. The proofs here are over an
arbitrary finite field F,.

Let ¢ : F; — C be a nontrivial additive character.

Lemma 3.9. Let F': Fy — F* be an arbitrary function. Fory € Fy', define F, : Fjy — C by:

Fy(z) = ¢ ({y, F(2))).
Then for all affine functions L : Fy — F*:

n

agree(F, L) < 4 +q¢" - max |ﬁy(oz)‘,

qm (y,2)#(0,0)
where o € IFZ.

The proof of this lemma appears in Appendix C.
By the Parseval identity, it is well known that some non-trivial Fourier coefficient has magnitude at least

q—n/2_

Lemma 3.10. For ally € F;* \ {0}, there exists some o € Fy such that,
[Fy(e)l = g7,

As a consequence of Lemma 3.10, there is no function F' for which the basic Fourier bound, Lemma 3.9,
can let us conclude that maxagree(F,deg 1) < o(¢"/?). This is the limitation of the Fourier bound that
motivates this paper.

Remark 3.11. We now give a quick sketch of why the Fourier bound (Lemma 3.9) is essentially the best
possible upper bound on maxagree(F,deg 1) in terms of smallness of Fourier coefficients of the F,,. Concretely,
we show that there exists an F which has quite large maxagree(F, deg 1), while having all Fourier coefficients
of all the F, essentially as small as possible.

Suppose we choose F': ¥y — Fi* as follows. Pick a uniformly random subset S C Fy of size n? . ¢"/2.
Define F|s = 0. For all x € Fy \ S, choose F(x) uniformly at random from Fy*.

Then the following hold with high probability (as n — 00):



e maxagree(F,deg 1) > ¢"~™ + Q(n? - ¢"/?).
® Max(y,a)£0,0 |Fy(@)] < O(n?-q7/2).
Thus, up to poly(n) factors, the Fourier bound is the best possible bound on maxagree(F,deg 1) in terms

of the smallness of Fourier coefficients of the F,. a

To demonstrate the utility of the Fourier bound, below we give a construction of a function F' for which
the Fourier bound yields a pretty good bound on the linearity:

maxagree(F,deg 1) < ¢"™™ + O <@ + 1) g2,
n
Example 3.12. There is a known construction of F : Fy — FJ* where m > n/2, that achieves

=~ m
max |F,(« §O<—+1)~ —n/2,
(y,a#(o,ml y(@)] p q
which is essentially the smallest possible.

This is achieved by the following function. Let B1,..., B, be a basis for Fyn over Fy. View Fy as Fyn via

this basis.
Let S C N x [n] be a set of size m such that for each (i,7) € S, the following holds true

1.i>2
2. char(F,) does not divide i
8.1 <2 [T 42
Then for x € Fyn, define
F(x) = (Tr(ﬁj xz)>
(i,5)€s
It is a consequence of the Weil bounds for character sums that this function F : ¥y — Fo* satisfies the

above claimed bound:

~ m
max |F,(« §O<—+1) g2,
(y,a#(oml v()] n 1

4 Hard Functions over [, using Hypergraphs

In this section, we will define hard functions over Fy using hypergraphs. To bound the number of agreements
of the hard function with a low degree function, we will use Macaulay’s theorem (also known as the footprint
bound), although our proofs won’t be written in the language of Hilbert functions. This is a classical technique
and can be found in [GHO00]|,[Mac27],[BD18],|GM17],[HP9S], etc.

4.1 Hypergraph Framework

We will first introduce the hypergraph framework for constructing explicit functions over Fy which are far
from tuples of polynomials of degree at most r — 1. Let H be an r-uniform hypergraph. Using H, we define
an Fy function, denoted by Fpy and use it to study maxagree(Fy, deg d), where d < r. In particular, we will
show that maxagree(Fy,deg d) = |Ind(H)|.

Definition 4.1. Let H = (V,E) be an r-uniform hypergraph, where V. = [n]. Let m = |E(H)| and
[m] be indexed by the elements of E. Define function Fy : Fy — FL', where for any x € Fy and
e = (i1,...,%r) € E(H), define Fyg(x), = H T J

j€lr]
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Our main theorem for this section shows that the hardness of Fy is controlled by the number of independent
sets in H.

Theorem 4.2. Let H = (V, E) be a r-uniform hypergraph where V- = [n]. Then for any 1 < d <,
maxagree(Fy, deg d) = |Ind(H)|.

We now make some definitions to help us reason about the hardness of Fpy.

Definition 4.3. Let H = (V, E) be an r-uniform hypergraph where V- = [n], then define the set of indestructible
monomaials with respect to H as ~
My ={X™W | W € Ind(H)}.
J

Next we define our main object of interest, the set of agreements between Fy and tuples of polynomials
of degree at most r — 1.

Definition 4.4. Let H = (V, E) be an r-uniform hypergraph where V = [n]. Moreover, let m = |E(H)| and
Q= (Q1,..., Q) be a tuple of n-variate polynomials of degree less than r. Define

Su.q = {z €F3 | Fu(z) = Q(x)},
to be the set of agreement between Fy and Q in F3. a

Observe that Sy 5 is the set of common solutions to the following set of equations over Fy:

Ve = (i1,...,0r )EE(H)'FH(X)e = Q.(X)
= Ve=(ir,....iy) € E(H): [[ Xi, = Q(X) (4.5)
j€lr]
We give a brief overview of the main ideas for proving maxagree(Fr,deg d) = |Ind(H)| (where d < ), before

going into the technical details.

Upper bound for maxagree(Fr,deg d): We will upper bound the size of Sy g- For this, we will study

the space W = FiH’Q, which is the Fa-linear vector space of all functions from Sy 5 to Fa.

We will pick |Ind(H)| functions in W and show that they span . This will imply that |Sy 5| = dim(W) <
[Ind(H)|, as desired.

Which [Ind(H)| functions in W do we pick? The indestructible monomials. Why do they span W7
We show this by an algorithmic procedure. First notice that any function g € W' is computed by some
polynomial ¢'(X) € Fa[X]. We now repeatedly “reduce" g'(X X) while preserving the property that ¢’(X)
computes g. The reduction step looks for a monomial in ¢/(X) divisible by Fy(X)., and replaces Fr(X).
in that monomial by Q.(X). In Lemma 4.6, we show that the above process terminates and in the end,
we obtain a polynomial §(X) € Fy[X] which is supported on the indestructible monomials M, such that
Vo € Sy g, 9(x) = ¢'(z) = g(2) (this follows from Equation 4.5). Thus, every function g € W is spanned by
the indestructible monomials M, as claimed.

Lower bound for maxagree(Fy,deg d): We will show an explicit set of tuples Q = (Q1, ..., Q) such
that agree(fu, Q) > |Ind(H)|. The trivial choice Q = (0, ...,0) works for this, since for each W € Ind(H),
1w € Sy Q- B

We formally prove below that the repeated “replacement” of monomials using Equation 4.5 in g(X) € Fy[X]
indeed terminates, and in the end we get a polynomial §(X) € Fy[X] that is supported on the indestructible
monomials Mg.

Lemma 4.6. Let g(X) € Fo[X] be a multilinear polynomial and H = (V, E) be an r-uniform hypergraph
where V = [n]. Moreover, let m = |E(H)| and Q = (Q1, ..., Q) be a tuple of n-variate polynomials of degree
less than r. Then, there exists a multilinear polynomial §(X) € F3[X] such that §(X) lies in the Fy span of
My and for any x € Sy g, g(x) = §(z).

11



Proof. We will prove the lemma using induction on the degree of g. For the base case, if deg(g) =0, then ¢
is a constant polynomial and thus lies in the span of M. Setting §(X) = ¢g(X) finishes the base case.

Without loss of generality, we can assume g is a monomial M of degree d, since the general case follows

by linearity. For the inductive step, if M € My then after setting §(X) = M, we are done. Suppose
I

M ¢ My, then there exists e = (i1, ..,i,) € E(H) such that M = HXij - M’, where M’ is a mono-
j=1

mial of degree d — 7. Let §(X) = Q(X) - M'(X) mod (X? — X; | i € [n]) be the multilinear polynomial
obtained by replacing H;zl Xi; in M by Q.(X), and multilinearizing (which never increases degree). Then
deg(q) < (r — 1) + (d — r) < d. By induction, we can find §;(X) such that §;(X) lies in the Fy span of My
and for any x € Sy g, §1(7) = g(x).

Since for any x € Sy g, [[; 2:; = Qe(2), it follows by definition of g(z), that for any z € Sy g, g(z) = g(x).

Hence, setting §(X) = §1(X) finishes the proof. O
We now prove the main result of this section, Theorem 4.2, using Lemma 4.6 above.

Proof. Let m = |E(H)| and Q = (Q1, ..., @) be a tuple of n-variate polynomials of degree at most d. We
will first show that maxagree(Fyr,deg d) < [Ind(H)| by proving that |Sy | < [Ind(H)|. In order to upper
bound |Sy g|, we will bound the dimension of FgH’Q.

Take any function g € FSH 9. Extend it to a multilinear polynomial ¢'(X) € F3[X], such that for all
r € Sy g, 9(x) = g'(x). (This can be done because of the elementary fact that every function from F3 — o
can be expressed as a multilinear polynomial.) - -

By Lemma 4.6, there exists a multilinear polynomial §(X) € F3[X] such that for all z € Sy g,
g(z) = ¢'(x) = g(x), and §(X) lies in the Fy span of My. Since §(X) is supported on the monomials Mg, we
have shown that every function of IE‘QS 7.2 s spanned by monomials Mg. This implies dim(]FgH’Q) < |Ind(H)|
and hence |Sy o| < [Ind(H)].

To show maxagree(Fy,deg d) > |Ind(H)|, we need to show there exists Q@ = (Q1, -, Qm) a tuple of
n-variate polynomials of degree at most d such that agree(Fy, Q) > |Ind(H)|. We will set @ to be the zero
map, then we claim the following

Claim 4.7. Let Q be the zero map, then agree(Fy, Q) > |Ind(H)|.

Proof of Claim. To prove the claim, it is enough to show that {1w € F3 | W € Ind(H)} C Sy ;5 (since

agree(fn, Q) = |Sy Q|) Recall that every = € S, o satisfies the following set of equations,

Ve = (i1,...,i,) € B(H) : [] 21, = Qe(x) =0

Let W € Ind(H). Then, for each edge e = (i1,...,i,) € E(H), there exists some j € [r] such that ¢; is not in
W. Thus, for every edge e = (i1,...,i,), we have Hje[r] z;; = 0 for z = 1y. Hence, 1w € Sy 5 and this
proves the claim. O

Thus, we have proved that maxagree(Fy,deg d) = |Ind(H)]|.
O

Theorem 4.2 gives us a Direct Product Lemma in our hypergraph framework, which will play a crucial
role in constructing explicit hard functions in Section 4.2.
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Lemma 4.8 (Direct Product Lemma). Let H = (ViUVoU--- UV, By UEyU---U Ey) be a disjoint union of
r-uniform hypergraphs Hy = (V1, E1), Hy = (Va, Es), ..., Hy = (W4, Et). Then,

t
maxagree(Fy, deg d) = H maxagree(F'y,, deg d)
i=1

where Fpy, : IF‘QVil — IF‘QE‘ and d < r.

Proof. Since |Ind(H)| = |Ind(H4)| - |Ind(H2)| - - |Ind(H¢)|, the lemma follows by Theorem 4.2. O

4.2 Instantiating the Hypergraphs
To construct explicit hard functions F': F§ — F3*, Theorem 4.2 motivates the following question.

Question 4.9. What r-uniform hypergraphs on n vertices and at most m edges have the minimum number
of independent sets?

For the case of graphs, the question was solved for the case m < n, by Cutler and Radcliffe ([CR11]).
Later, Sah, Sawhney, Stoner and Zhao ([SSSZ19]) in their breakthrough work, solved the problem when the
degree distribution of the vertices is given. In particular, they proved the following.

Theorem 4.10 ([SSSZ19]). Let G = (V, E) be a graph and d, be the degree of vertex v in G. Then

Ind(@)| > J] (do+2)"/*HD
veV(Q)

and the equality holds if and only if G is a disjoint union of cliques.

Motivated by the above theorem, we instantiate the hypergraphs with the disjoint union of equal-sized
cliques and get the following result.

Lemma 4.11 (Disjoint Union of Cliques). Let k|n and r < k. Let Hejigue k,r be the disjoint union of n/k

K,ET) then |E(Hcligue k)| = (]:) - % and for any d <,

r—1 n/k
k
maxagree(Fy,,,, ..k deg d) = < ()) ;

E(Hciique,k,r
where Fy L — FREHetiaue kon)l,

clique,k,r

Proof. Note that |E(K,(€T))\ = (i) and thus |E(Hciique k)| = (f) - . Furthermore observe that

et = 5 (4),

and thus by Lemma 4.8, for any d < r,

r—1 k n/k
maxagree(F'm,,; ..k, deg d) = ( ( >>
; i

which finishes the proof. O

We can construct explicit non-linear functions over Fy by instantiating Lemma 4.11 with the appropriate
set of parameters.
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Theorem 4.12 (Explicit Non-Linear Functions beyond the Fourier Bound). Let k|n. Suppose G = (V, E) is
a graph such that |[V| =n and G is a disjoint union of n/k cliques K. Then,

maxagree(Fg, deg 1) = (1 + k)™/*,

where Fg : Fy — Fg(k_l)/Q.

Proof. Instantiate Lemma 4.11 for r =2 and d = 1. O

Remark 4.13. In particular, when k =n (i.e., G = K, ),
maxagree(Fg, ,deg 1) =n +1,

where Fg, : F§ — Fg("_l)/g. By Lemma 3.5, any function g : F§ — FJ' has agreement at least (n + 1) with
affine functions. Thus, F, achieves this optimal agreement. a

Remark 4.14. Setting k = 6, we obtain function Fg : FY — Fg"/Q with maxagree(Fg, deg 1) = 7"/6 ~ 1.383".

This beats the agreement of 2% ~ 1.414™ which one gets by the Fourier method (refer Section 3.2).
In fact, for every constant c, we can choose a large enough constant k such that maxagree(Fg,deg 1) < on/e,

where Fg : F§ — ]Fg(lm). A limitation of our (hyper)graph framework is that we cannot get a sub-exponential
agreement for non-linear functions in the regime m = O(n) (due to the optimality of our construction for
graphs from Theorem 4.10). a

We can also construct explicit functions over Fy which are far from tuples of degree d polynomials.

Theorem 4.15. Let kln. Suppose H = (V, E) is a d + 1-uniform hypergraph such that |V| =n and H is a
disjoint union of n/k cliques K,gdﬂ). Then,

d n/k
maxagree(Fg, deg d) = (Z (f)) )

=0

n, k
where Fg : F} — FJ (d+1).
Proof. Instantiate Lemma 4.11 for r = d + 1. O

Corollary 4.16 (Functions with polynomial agreement with low degree functions). Let d be a large constant.
Suppose K be g (d + 1)-uniform clique. Then,

maxagree(Fy.a+1),deg d) = O(n?),

O(nt!
where Fran 1 Fy = Fy (™)

Proof. Instantiate Theorem 4.15 with k = n. O

Remark 4.17. By Lemma 3.5, any function g : F} — FJ' has agreement at least Q(n®) with tuples of degree
d polynomials. Thus, F at1) achieves this optimal agreement. g

We will next show that for a large enough constant r, the disjoint union of cliques is not the best extremal
solution to Question 4.9. In particular, consider the following.

Lemma 4.18. Let r > 2 be a fized number. For a sufficiently large k,n where k|n, there exists an explicit
r-uniform hypergraph H pyrgn k. over n vertices where

K\ n
|E(HTum’n,k,7")‘ =A- (T) ’ E
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" s < (113 oty ()7

Moreover,

A< (1+L2iglj +0(1)> .
|H|

Proof. Let H be the r-uniform graph over k vertices from Theorem 2.8. Let A\ = (GE then since H is

r

Turan(k,r + 1,7) system, the following holds true

atn) =3 (4) + -0 (4)

K3

|
A

Il
=]

Theorem 2.8 also implies that

(o)

Let H be the disjoint union of n/k copies of H, then

ind(H)| = (; (5)+a-» (’f)>/k
< (=20 (k))/k

The explicitness guarantees of the lemma follows from Theorem 2.8.

As a corollary of the above lemma, we can prove the following.

Corollary 4.19 (Disjoint Union of Turan(n,r + 1,r) systems). Let d > 1 be fized. For large enough k,n

such that k | n, then Fr,, ..\ .00 - F5 — F5', where m = X - (dil) % for

2

and

n/k
maxagree(FH p,, g,k d+1,deg d) < <(1 —A—o(1))- (d—]f— 1)) .

Proof. Instantiate Lemma 4.18 with r = d + 1. O

We will now show that we can beat the disjoint union of clique construction for large enough constant r.
In particular, let k£ be a large enough number and

A< (Hi;lj + 0(1))



be the constant from Lemma 4.18. If we set a = [k - AY("~D7] 4+ — 1, and n be a large enough number such
that k | n and a | n, then by Lemma 4.18 and Lemma 4.11,

|E(HTurén,k,r)| < A (I:) i % _ A (f:})
‘E(Hclique,a,r” - ( ) : % (i:i)

—1
<A
- l;Ila—i
kr—l
—_ =1.
<N

5 3¢9
-
o

<

In the following lemma we will compare |Ind(H ique,a,r)| and |[Ind(Heuran k)| and show that [Ind(Hryran,k,r)| <<
|Ind(HClique,a,r)‘ for fixed r.

Lemma 4.20. Let r > 2 be a fixred number. Let k be a large enough number that is growing and A <
(ﬁ + 0(1)) is the constant from Lemma 4.18. Let a = [k - A=Y 4 (r — 1) and n be a large enough
2

number such that k | n and a | n. Then

r_y\1/(r—1)
||nd(HTurdn,k,r)| < “nd(Hclique,a,r)V*l)\ (140(1))

Proof. For ease of notation let Hy = Hruran,k,r a0d Ha = Hejigue,a,r, then by Lemma 4.18 and Lemma 4.11,
we know that

tog(Ind#r))) _ o 18 (1= A+ 0(1)- ()
log([Ind(Hz)[) ~

k r—1 a
(50
1=0
_a, log())
k 10g(rﬁ1)
T \/(=1)
ST A (1+0(1))

The above inequality implies

S AV (14o(1))

lInd(H1)| < [Ind(H2)

and hence we are done with the proof. O

It is not clear to us what extremal family of hypergraphs will answer Question 4.9.
We will now give an explicit construction of a family of sparse 3-uniform hypergraph H* over 8 vertices
with 115 independent sets.

Definition 4.21. Let H* = (V*, E*) be a S-uniform hypergraph where V* = F2\ {(0,0)}. E* consists of
affine lines not passing through the origin. In particular

E* = {{z,y,z} € (F3\ {(0,0)})3 | x,y,z are distinct and  + y + z = 0}

where |E*| = 8. J

Now we will count the number of independent sets in H*, in the following proposition.
Proposition 4.22. |Ind(H*)| = 115.

Proof. Notice that any subset of size at most 2, is an independent set. Thus |Ind(H*,0)| =1, |Ind(H*,1)| = 8
and |Ind(H*,2)| = (g) = 28. The independent sets of size 3 are the non edges and thus |Ind(H*,3)| =
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(5) —8=48.

To find |Ind(H*,4)|, we count the number of sets of size 4 that does not contain an affine line. Note that
any set of size 4 will contain at most 1 affine line. Thus, the number of sets of size 4 with an affine line is
8 -5 = 40 which implies |Ind(H*,4)| = ( ) — 40 = 30.

Now we will show that any set of size 5 will contain an affine line. For the sake of contradiction, if there
exists a set of 5 points with no affine line, then any unordered pair of points will give a distinct line which
gives us (g) = 10 distinct lines.. Since there are only 4 possible directions for lines, then by the pigeonhole
principle, there exists 3 parallel lines such that S contains two points of each line. However, this gives a
contradiction as then |S| needs to be at least 6. Hence |Ind(H*,t)| = 0 for ¢ > 5, and thus

8
Ind(H*)| = [Ind(H*,i)| = 115
=0

which finishes the proof. O

From this sparse uniform hypergraph with very few independent sets, we can construct hard explicit
functions F' : F — F% using the direct product lemma (Lemma 4.8). In particular, we prove the following
lemma

Lemma 4.23. Suppose 8|n, then there exists an explicit function F' : FYy — FY such that maxagree(F, deg 2) =
115™/8

Proof. Let H be the 3-uniform hypergraph consisting of n/8 disjoint copies of H*. Then by Lemma 4.8, it
follows that
maxagree(fz, deg 2) = (maxagree(Fy-, deg 2))™/%.

Set F' = Fy, then by Theorem 4.2 and Proposition 4.22, maxagree(F,deg 2) = 115™/8 which finishes the
proof. O

Remark 4.24. Note that if we take the disjoint union of n/4 copies Kf’), then the corresponding hypergraph
will have n edges and 11™/* independent sets. However if we take n/8 copies of H*, then the corresponding
hypergraph will have n edges and 115™/8 (< 11”/4) independent sets. This shows that disjoint union of
hypercliques are not the solution to Question 4.9 in the sparse regime. 2

We discuss the limitations of the hypergraph framework in Appendix D.

5 Hard Functions over F, using Hypergraphs

As in Section 4, we will use the hypergraph framework to build hard functions over [F,. But unlike the [y
case, the agreements will not be characterized neatly by the number of independent sets in the hypergraphs.
We will define a new quantity associated to the hypergraph H, called Ng(g), that will characterize the
agreements over F,.

5.1 Hypergraph Framework
Let H be an r-uniform hypergraph. We define the F, function corresponding to H, denoted by Fp 4, as
follows. We first define a set of tuples My 4 that will be helpful in defining each output component of Fp 4.

Definition 5.1 (Components of Hypergraph Function). Let H = (V, E) be an r-uniform hypergraph, where
V =[n]. Let g be any prime power and e € E(H), where e = {i1,...,1,}. Define M. 4 as follows

Meg=STe{0,1,.q=1}" [T} i =0, and Y Tj =r

J€E[r]
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Further, define the set My g = Jocp Meq- 3

Remark 5.2. In the above definition, two distinct edges e; and eo might contain common elements in their
corresponding sets Me, ¢ and Me, q: Me, g N M, ¢ # ¢. This redundancy is taken care of when we define
Mp,q = UeeE Meq. -
Definition 5.3 (Hypergraph Function over F,). Let H = (V, E) be an r-uniform hypergraph, where V = [n].
Let q be any prime power, and mpy 4 = |Mp 4|, where we index [mpy 4] by the elements of My ,. We define
the function Fy 4 : Fy — Fy""* where for any = € Fy and T € My 4,

n

Fuq(x)r =[]«

i=1
J

In Section 4, the hardness of the hypergraph function was characterized by Ind(H). Over Fy, this role will
be played by Ng(q), which we define below.

Definition 5.4. Let H = (V, E) be an r-uniform hypergraph, where V = [n]. Let q be a prime power, then
for any e € E, where e = {iy,...,i,} define

NH(Qve): TG{O,I,,Q—I}”‘ZEJ<T

Jjelr]
Also define the set Np(q) = (\.cp Nu(q,e). N
Remark 5.5. Observe that when ¢ =2, Ni(2) = Ind(H). Hence, Ni(q) generalizes the notion of independent
sets. a

Next, we define our main object of interest, the set of agreements between Fy 4 and tuples of polynomials
of degree at most r — 1.

Definition 5.6. Let H = (V, E) be an r-uniform hypergraph where V = [n]. Let Q = (Q1, ooy Qg ) De
n-variate polynomials of degree less than r, where my o = |My 4|. Then define

SH.q.q = {7 €Fy | Fuq(x) = Q(2)},

the set of agreement between Fp , and Q in Fy. a

Observe that Sy g , is the set of common solutions to the following set of equations over F:

VT € Muq : Fio(X)r = Qr(X)
= VT € Mp,: [[ X =Qr(X) (5.7)

1€[n]

As in Section 4, we will bound the size of Sy 5 , to analyze maxagree(Fg 4, deg d) (where d < r). For
this, we define the set of indestructible monomials with respect to the hypergraph H.

Definition 5.8 (Indestructible monomials with respect to H). The set of indestructible monomials with
respect to H is defined as

Mug={X* - X

T = (Ty,....,T,) € Nu(q)}.

In particular, note that |[Mpy 4

= [Nu(q)|- 4

We will now bound maxagree(Fp 4, deg d) for d < r. Similar to Lemma 4.6, we first formally prove below
that the repeated “replacement” of monomials using Equation 5.7 in g(X) € F,[X] indeed terminates, and in
the end we get a polynomial §(X) € F,[X] that is supported on the indestructible monomials My ,.
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Lemma 5.9. Let g(X) € F,[X] be a polynomial of individual degree less than q and H = (V,E) be an
r-uniform hypergraph where V- = [n]. Moreover, let mu 4 = |Mu 4| and Q = (Q1, ..., Qmy,) be a tuple of
n-variate polynomials of degree less than r. Then, there exists a polynomial §(X) € Fy[X] of individual degree

less than q such that, §(X) lies in the F, span of My 4 and for any x € Sy 5 ,, 9(x) = §(z).

Proof. We prove the lemma by induction on the degree of g. For the base case, if deg(g) = 0, then g is

a constant polynomial which implies g(X) lies in the F, span of My ,. Setting §(X) = g(X) finishes the proof.

For the inductive case, assume without loss of generality, that g is a monomial M of degree d. The
general case will follow by linearity. If M € My ,, then setting §(X) = g(X) will finish the proof. Suppose
M ¢ My, then there exists T € My 4 such that M = X7 - M’ where M’ is a monomial of degree d — 7.
Let §(X) = Qr(X) - M’ mod (X! — X; | i € [n]) be a polynomial of individual degree at most g — 1, then
deg(g) <r — 1+ (d —r) < d. By induction, there exists §;(X) such that g, (X) lies in the F, span of My,
and for any z € Sy g 4, 91(z) = g(z).

Since for any z € Sy,q,q; 2T = Qr(x), it follows by the definition of g, that g(z) = g(x). Hence setting
§(X) = g1(X) finishes the proof. O

We now prove the main result that maxagree(Fy 4, deg d) < |[Ng(q)| using the above Lemma 5.9.

Theorem 5.10. Let H = (V, E) be a r-uniform hypergraph where V = [n] and let 1 < d < r. Then,
maxagree(F'y 4, deg d) < |[Nu(q)|.

Moreover, maxagree(Fy 4,deg r — 1) = |Ng(q)|.

Proof. Let my 4 = |Mp 4| and Q = (Q1, ..., Qmy.,) be a tuple of n-variate polynomials of degree at most d,
where mp , = [Mpy 4. We will show |Sy 5 .| < [Nr(q)| to prove maxagree(F 4, deg d) < [Ny (q)|. In order
to upper bound |Sy g ,|, we will bound the dimension of FqSH’Q"’.

Take any function g € ]FfH’Q’q, then we can extend g to a polynomial ¢'(X) € F,[X] of individual degree
less than ¢, such that for any = € Sy g ., 9(7) = ¢'(x). By Lemma 5.9, there exists a polynomial §(X) € F,[X]
of individual degree less than g, such that for any x € Sy 5 ,, 9(z) = ¢'(2z) = g(z), and §'X) lies in the F,

H,Q,q

span My 4. Hence we have shown that any function in Fy can be spanned by elements of Mg 4, which

implies dim(FiH’Q'q) < |Nu(q)l-

In order to prove that maxagree(Fy 4, deg r — 1) = |Ng(q)|, we will construct Q = (QAT)TGMH”, where

each QT is a n—variate polynomial of degree at most r — 1. Let Fy = {a, ..., aq—1} be an enumeration of
the field elements. For any 7" € Mpy 4, define the polynomial

T,—1

PrX) =] [] % — o)

i=1 0

<.
I

and Qp(X) = XT — Pp(X). By design of Pr(X), we have deg(Qr(X)) <r — 1.

For any 8 € Ny(q), define a(8) = (ap,,...,ap,) € Fy. To finish the proof, it suffices to show that for

any T € My, and 8 € Ng(q), Pr(a(8)) = 0 since it would imply that agree(Firq, Q) > |Ng(q)|. Take any
B € Nu(q), T € My 4 and take edge e € E such that T € M. ,. Let e = (i1, ...i,), then there exists j € [r]
such that 3;; < T;, by definition of Ny (q). Hence a(8);, € {ao, ...,aTij,l}, and thus Pr(a(B)) = 0. O

Remark 5.11. The polynomial Pr(X) in the proof of Theorem 5.10 also appears in [BD18],[GM17],[HPIS].

J
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As in Section 4, Theorem 5.10 gives us a Direct Product Lemma in our hypergraph framework, which will
play a crucial role in constructing explicit hard functions in Section 5.2.

Lemma 5.12 (Direct Product Lemma). Let H = (V; UVoU--- UV, By UEyU---UE}) be a disjoint union
of r-uniform hypergraphs Hy = (V1,E1), Hy = (Va, Es), ..., Hy = (Vi, Et). Then,

t
maxagree(F q,deg d) < H |Ng, ()],
i=1

; M, )
where Fry, 4 F(‘Iv’l — IF,‘J #odl gnd d < 7. In particular, when d =r — 1, we have,

t
maxagree(Fp 4, deg r — 1) = H maxagree(Fy, 4, deg r — 1).
i=1

Proof. By definition Ny (q) = Ng,(q) X -+ x Npg,(q), which implies
\Nu (@)l = [Na, ()] - -+ [Nu, (9)]
and thus the lemma holds true by Theorem 5.10. O

5.2 Instantiating the Hypergraph
To construct explicit hard functions F': Fjy — Fg*, Theorem 5.10 , motivates the following question.

Question 5.13. For a fized integer ¢ > 2, what r-uniform hypergraph H on n vertices and |Mpy 4| < m, has
the smallest value of [Ny (q)|?

If we restrict the question to graphs without isolated vertices, then this question is the same Question 4.9.
Just like the case with hypergraph functions over Fs, we will instantiate the hypergraph with disjoint union
of equal sized cliques to get explicit functions that go beyond the Fourier Bound
Theorem 5.14 (Explicit Functions beyond the fourier bound). Let k|n and r < k. Let Hepique(k, ) be the
disjoint union of n/k K,(CT), then

o min{k,| ]} i rtk—1—ig
M igue(eir)al = 7 ; (=1)" <z) ' ( k-1 )
and for any d <,
min{k,[Z52]) A\
maxagree(Fy,,,. .. (k.r),q deg d) < ; (=" (f) ' (k o ; " ZQ>
where F . (kr)q : Fir — ]F‘QMHC“‘?“C(’C’T)’Q‘. Moreover, we have
n/k

min{k,[ 51 ]}

. (K k4+r—1—1
maxagree(F, ... (k,r),q-deg 7 — 1) = > (D <> ' < k q>

i=0 !
Proof. Let H= Klir), then |My q| is the number of integral solutions of the form X; + --- + X} = r, where
0 < X; <q—1forice [k]. By the inclusion and exclusion principle, we get
min{k, [éj }

g () (1)

=0
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Since Hepigue(k, r) is the disjoint union of n/k copies of H, thus

min{k, | £ ]}

n . [k r+k—1—1q
1M iqueer)al = > (1 (Z> ( k—1 )

i=0

Next note that | Ny (¢)| is the number of solutions of the form X; + --- + X <, where 0 < X; < ¢ —1 for
i € [k]. By the inclusion and exclusion principle, we get

minth L5} k k+r—1—1q
maai= | X o (5 ()
i=0
Hence, the proof follows by Lemma 5.12. O

As a corollary, for ¢ > r, we get the following result.

Corollary 5.15. Let k|n and r < k and r < q. Let Hejigue k,r be the disjoint union of n/k K,gr), then

k+r—1\ n
|MHclique(k7T)7q| = ( ) . E

r

and for any d <,

L 1 n/k
Moreover, we have
k+r—1\""*
maxagree(F, .. (kr),qdeg 7 — 1) = < r—1 ) '

For the case ¢ > r, we will show that disjoint union of cliques are not the best extremal solution to
Question 5.13.

Lemma 5.16. Let r > 2 be a fixzed number and r < q. For sufficiently large k,n where k | n, there exists an
explicit r-uniform hypergraph Hpyran(k,m) over n vertices where

n [(k+r—1
|MHTqun(kxT))q =X E . < r >

k n/k
N it oy (@) < ( )

and

r

Moreover,

2
AL | ———F +o(1)]).
(1 AER )>
The proof of the above lemma can be found in Appendix E. We get the following corollary from the
above lemma.

Corollary 5.17. Let v > 2 be a fized number and r < q. For sufficiently large k,n where k|n, Fr,, . (kr),q:

Fy — F7 where
2 k+r—1 n
<= 1)) - L
m< (e o) ()

q b
k n/k
maxagree(F'p . . (kr),q deg d) < ( >
r

and for any d < r —1,
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Let k be a large enough number and let A be the constant from Lemma 5.16. Let r > 2 be a fixed number
such that ¢ > r. If we set a = [(2\)/("=V . (k +r —1)], and n be a large enough number such that & | n and
a | n, then by Theorem 5.14 and Lemma 5.16,

‘MHTurén(kyr)aq — - a (k+:_1)
M1 (a) k()
_ I
<. 2. (k+r—-1)
- k a”
k+r—1 1
<N 2T o
= TR

In the following lemma, we compare |Ng.. . ) (q)| and ‘Nchque(am) (q)| and show that |Ng.. . x.r (@) <<
INH.1yue(a,r) (q)] for a large enough constant 7.

Lemma 5.18. Let r > 2 be a fized number and q > r. Let k be a large enough number that is growing and
A< (ﬁ + 0(1)) be the constant from Lemma 5.16. Let a = [(2\)Y"=D . (k 4+ r —1)] and n be a large
2

enough number such that k | n and a | n. Then

(20D (140(1))

I Nt ran o) (D] <INt () (@7
Proof. For ease of notation let H; = Hryan(k, ) and Hy = Hejique(a, ). Then
log [N, (@)] ~ k log (“F777)

< =@V (14 0(1)

log | N, (¢)] _ a_log(;)

which implies
(20D (140(1))

[N, (0)] < [Na, (q)] 7
which finishes the proof. O

It is not clear to us what is the optimal extremal family of r-uniform hypergraphs for Question 5.13.
We discuss the limitations of the hypergraph framework in Appendix D.
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A Proof of the Interpolation Bound

Proof of Lemma 3.5. To prove the lemma we will construct Q = (Q1, ..., @), a tuple of n-variate polynomials
of degree at most d, that agrees on at least M(q, n,d) points. We will define the formal matrix A,

Ac IE‘q [X1,17 e aXl,nv ce 7XM(q,n,d),1 cee XM(q,n,d),n}M(%n’d)XM(q7n7d)7

whose rows are indexed by n-variate monomials of degree at most d and individual degree at most ¢ — 1. For
any n-variate monomial R of degree at most d and individual degree at most ¢ — 1, and ¢ € [M(q,n,d)] we
define,

AR,i = R(Xi’l, vy Xi,’n)-

A is the formal interpolation matrix in the following sense: The evaluation of

QX) = ) 4. X",

€€{0,..,q—1}mand |e|<d

at the points {(a;1,...a;n) 1 ¢ € [M(g,n,d)]} can be expressed as by the matrix vector product
Q . A(al,lv s Xy e AN (gynyd), 1 - 0 CVM(q,n,d),n)a
where Cj is the coefficient vector of Q.

By the formula of the determinant,

det(A) = Z (_l)sgn(a') H R(XO'(R),1? R 7XG'(R),TL)7

oeS(M(q,n,d R is a monomial
(M(gn.d)) of degree at most d and
individual degree at most ¢ — 1

where S(M(q,n,d)) is the symmetric group on M(q,n,d) elements. Since the variables are disjoint and R's
are distinct, none of the terms of the determinant cancels out, which implies that det(A) # 0.
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Moreover, det(A) has individual degree at most ¢ — 1. Thus by Lemma 2.3, there exists S € Fy’ M(g,n.d)

of the form S = (21,1, ., 1,0, -+, T (gn,d),1 - - - TM(g,m,d),n) SUch that,

det(A)(xLl, e Ty - 7xNI(q,n,d),1 - Tar M(q,n,d),n ) 75 0.

Thus, S = {(zi1,...,%in) ;i € [M(g,n,d)]} is a set of interpolation points for n-variate polynomials with
total degree at most d and individual degree at most ¢ — 1. This implies that we can interpolate ) such that
for any o € S, Q(«) = F (). Hence, we are done. O

B Proof of Existence of Hard Functions

Proof of Lemma 3.7. To prove this lemma we will use the probabilistic method. Let Q be the set of tuples
of size m of n-variate polynomial functions of degree d over F,. Observe that |Q| = ¢™ (@nd)m gince for
each of the m coordinates we need to choose one of ¢ (@9 many polynomials of degree at most d. Let
F:Fy — Fy" be a random function where the function evaluations are chosen uniformly at random. Note
that maxagree(F,deg d) would be at least ¢ when there exists an Q € Q such that agree(F, Q) > t. So,

P [maxagree(F,deg d) > t] =P [3Q € Q : agree(F, Q) > t]

< Z [agree(F, Q) > t] (By Union Bound)
QeQ
< qM(q,n,d)m_ (q ) L
t
< eM(q,n,d).mlnq . et(nlanrl)ftlnt . efmtlnq <<Z> < (eba)b)

< e]bf(q,n,d)-mlnq . eft(mfn) Ing | eft(lntfl)'

Thus if either ¢ - (m —n) -Ing or t(Int — 1) is greater than M(q,n,d) - m - lngq, the above probability is
less than 1 (this uses the fact that m > n). Thus by setting

t = min (m~M(q7n,d), M(q,n,d)~m-lnq-ln(M(q,md)~m-lnq))7
m-—n

we ensure that P[maxagree(F, deg d) > t] < 1, and thus by the probabilistic method there exists an F : F; —
Fy", such that
maxagree(F,deg d) < t

which finishes the proof.

C Proof of the Fourier Bound

Proof of Lemma 3.9. We will apply the Fourier Transform to F} with respect to the characters of the additive
group G =Fy. For a € Fyl, xo : Fjy — C defined as xa(7) = 9 ((o, 7)) are all the characters of G. Applying
the Fourier Transform on F), gives us,

Fy(0) = Eyery [Fy (2)xa(@)]
= Euery [((y, F(2)) (o, ). (C.1)

We will upper bound the agreement between F' and L = Ax + b by relating it to the Fourier transform of F;
For this, first observe the following orthogonality criterion for z € Fy?

1[z = 0] = Eyerp [v((y, 2))]- (C.2)
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We use the above criterion to capture the information about the agreement between F' and L in terms of the
Fourier coefficients of Fy,

agree(F,L) = Z 1[F(z) — L(x) = 0]

xGFg
= 3" Eyern [¢(<y,p(x) - L(x)>)} ( From Equation C.2 )
z€F?
= ¢"Eoery Eyerp [0((y, F(x) - L(@))]
= ¢"Bacry Byery [ (9, F(2)) = (y, A + )]
((y

=quanEueFm[w ()b ((y, Az +b))]

= ¢"Even; Eyerp 0 ({y,0) [0y, F(2))0((y, Aa))]
= ¢"Eyerp ({9, b)) Every }p(< F(2))o((y, Az))| ( Interchanging expectations )
= ¢"Byery 9({y, D) Eeery [0((y, F(2))0({ATy,2))] (Since (y, Az) = (ATy, ) )
= ¢"Eyerr¥((y, b)) Eserr F L)X ATy } ( By definition of F, and yar, )
=4q ]Eye]Fm ({y, b)) >) (AT ) ( From Equation C.1)
4 y?'fOEF’”
. -1 =
<t W )
o, =
=S T o Fy(a)"

D Limitations of the Hypergraph Framework
D.1 Over Fy

Now we will give a lower bound on the number of independent sets for a r-uniform hypergraph with m edges.
First, we will show the existence of a large independent set in a sparse hypergraph in the following lemma.
The proof of the lemma is standard and can be found in [ASE08]. For the sake of completeness, we will
provide the proof here.

Lemma D.1. Let H = (V, E) be a r-uniform hypergraph, where V = [n] and |E| = m, then there exists an

independent set T C [n], such that
n

Tz ey @)

n

Proof. Let the degree of any vertex v € V' be d,,, then we claim that it is enough to show that there exists an
independent T" C [n] such that
1
T| > _—
Tl = Z 1+ (r—1)d

veV v
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since by Jensen’s inequality it will follow that

7] > n _ n

I+(r-1Y, (%) 1+ -1r- (%)

which would finish the proof.

Now we will show the existence of such a T using the probabilistic method. We first pick a uniform
random ordering of all the vertices. Next, we construct the set I C V' as follows

I={veV| Forany u € N(v),v < u}

where N (v) is the neighborhood of v in H. In particular, note that I is an independent set. Next, we will
compute the expected size of |I| by linearity of expectation. Define indicator random variables X, for each

v € V where
X, = 1 vel
0 vel
Then note that |I| = > X,. Furthermore,
1 1
E[X,] >

T4 IN@)| T 1+ (r— Dd,
and thus by linearity of expectation,

1

100> ¥ g,
which implies there exists an independent set T' such that
HWEDY ﬁ
veV
which concludes the proof. O

As a corollary of the above lemma, we get the following lower bound for |Ind(H)|.

Corollary D.2. Let H = (V, E) be a r-uniform hypergraph where V- = [n] and |E| = m, then

Ind(H)| > o ()

Proof. By Lemma D.1, there exists an independent set T' C [n], such that

n 1
‘T|Z 1+(T—1)T(%) Zn(wm/n))

. Since any subset of T will also be an independent set, thus
lInd(H)| > 271 > o ()

which finishes the proof. O

Remark D.3. The above corollary means that for any d, we cannot create functions F : Fy — F5* with

(1
maxagree(F,deg d) < o <2n (1+(d+1>2'(m/">)) using our hypergraph framework. J
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D.2 Over F,

Just like the Fo case, for an r-uniform hypergraph H such that |Mpy 4| < m, we will show a lower bound on
|Ng(q)| in the following lemma.

Lemma D.4. Let H = (V, E) be an r-uniform hypergraph, such that | M 4| = m, then

(N (q)| > o ()

Proof. Note that for any W € Ind(H), 1w € Ny (q), thus [Ng(q)| > |Ind(H)|. Thus, to lower bound |Ng(q)|,
it suffices to lower bound the number of independent sets of H. Since |E(H)| < |Ng(q)|, thus |E(H)| < m.
By Lemma D.1, there exists an independent set T' C [n] such that

n 1
2 i 2 ()

n

Since any subset of T is also an independent set, thus

|Ni(q)] > 271 > o ()
and we are done. .

Remark D.5. The above corollary means that for any d,q, we cannot create functions F : Fj — Fy* with

o n
maxagree(F,deg d) < o <2n (1+(d+1)2-(m/">)) using our (d + 1)-uniform hypergraph framework. a

E Proof of Lemma 5.16

Proof of Lemma 5.16. Let H be the r-uniform hypergraph over k vertices from Theorem 2.8. Furthermore
add at most O(k"~!) edges to ensure Or_1H = K,(:_l). Let A = ‘i\f’f_"‘l‘ Let Hryran,k,r be n/k disjoint

¢

n (k+r—1
|MHTurén(kJ‘)7q| =A- E ’ ( )

copies of H, then we get

r

Let A = % be the edge density, then by Theorem 2.8, we know that

A< (1+L2’"§1J + 0(1)>

Next we will show that A < A + o(1). Note that

g (M) (F) i
<A (f) (1 +o(1))

which implies




Now we will find [Ny (¢)|. For any a € Ny(q) such that >~ o; > r, since 0,_1H = Kéril), thus it is
necessary that o € {0, 1}*, which in turn implies that o = 1y where W € Ind(H). Using this observation,

the following is true
k+r—1 .
watol= (") S et

>r

where the first term is the number of number of non negative integer solutions to X; +--- 4+ X <r — 1.
Since adding edges to an Turan(n, r, s) system won’t increase the independence number which implies that
for every r + 1 size subset of [k] is covered by an edge of H. In particular, this gives the following lower
bound on the number of edges of H
B> ().
r+1\r

which implies [Ind(H,7)| < (1 —1/(r 4+ 1)) - (f), and thus [Ny (q)| < (f) Moreover, since Hrypan k- 18 n/k
disjoint copies of H, thus

|NHTurén(k?,’l")(q)| < (?")

This concludes the proof.
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