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Abstract

We prove that every language in P#P can be decided by a bounded-error randomized algorithm
that uses only O(log n) bits of work space. The algorithm is guaranteed to halt for every input
and every setting of the random tape. However, there is a catch: the algorithm uses a multi-
access random tape, i.e., the algorithm scans both forward and backward across a read-only
tape filled with an unlimited number of random bits. Prior work on log-space algorithms with
multi-access randomness either focuses on polynomial-time algorithms, or else permits algorithms
that sometimes run forever. Our algorithm always halts, but it uses exponential time. Thus,
our work identifies a natural model of computation in which randomness is intrinsically useful,
assuming L ̸= P#P.
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1 Introduction

When is randomness useful for efficient computation, and when is it not? The relationship between
randomness and space complexity is remarkably subtle. There are multiple “reasonable” models of
randomized space-bounded computation, and some are more powerful than others.

1.1 The Standard Model

The standard model of randomized log-space computation is a Turing machine with a read-only
input tape, a read-write work tape of size O(log n), and a read-only random tape that extends
infinitely in one direction. In the standard model, we assume that the random tape is read-once,
i.e., the machine may scan to the right over the tape, but not to the left. Furthermore, we assume
that the algorithm always halts, for every input and every setting of the random tape. The set of
languages that can be decided by such an algorithm with a bounded probability of error is typically
denoted BPL, but in this paper, we use Saks’ alternative notation BPHL [Sak96]. The subscript “H”
serves to emphasize the assumption that the machine always halts.

It is conjectured that L = BPHL, i.e., randomness is not intrinsically useful in this setting. This
conjecture has been proven under plausible assumptions [KvM02; DT23; PR23; PRZ23; DPT24;
Sha24; DPTW25; PT25; PT26]. There are also unconditional partial derandomizations of BPHL,
such as Nisan’s proof that BPHL ⊆ SC [Nis94], Saks and Zhou’s proof that BPHL ⊆ L3/2 [SZ99]
(with a lower-order improvement by Hoza [Hoz21]), and Cheng and Wang’s proof that BPHL is
contained in log-space-uniform AC1 [CW24]. See also Hoza’s survey [Hoz22].

1.2 Variant Models

Machines that are not required to halt are potentially more powerful. Define BP∞L just like BPHL,
except we drop the requirement that the machine always halts. We only require that the machine
halts and outputs the correct answer with high probability.1 We have NL ⊆ BP∞L [Gil77]. Therefore,
it is reasonably likely that L ̸= BP∞L, so randomness can be useful for space-efficient computation,
although it might be considered “cheating” to use algorithms that don’t always halt. On the upper
bound side, Borodin, Cook, and Pippenger’s work implies BP∞L ⊆ TC1 [BCP83; AO96], and Saks
conjectured that BP∞L = NL [Sak96].

We can also grant our machines another superpower: the ability to go back and re-read old
random bits. Following Nisan [Nis93], we use a superscript asterisk to denote machines with this
ability. For example, we define BP∗

∞L just like BP∞L, except now the random tape head can
scan both to the right and to the left. This “multi-access random tape” represents an enormous
database of pre-generated random bits, whereas a read-once random tape represents a single coin.
Non-halting algorithms with multi-access random tapes are extremely powerful. Karpinski and
Verbeek’s work implies BP∗

∞L = PSPACE [KV85; KV86]. Certainly L ̸= PSPACE by the Space
Hierarchy Theorem, so this is a case where randomized algorithms provably have an advantage over
deterministic algorithms.

There is also a line of work that studies a weaker model in which the machine has multi-access
random bits, but the machine is required to halt in polynomial time [BNS92; Nis93; VW97; BVW98;
FF07; Rav07; PR23; Sha24]. Let BP∗

TL denote the class of languages that can be decided in this
model with a bounded probability of error. The subscript T (“Time”) is not standard notation,

1It turns out that we can assume without loss of generality that the machine halts with probability 1 [Sim81;
RST84]. However, this does not imply that it halts for every setting of the random tape. For example, consider a
machine that halts on every setting of the random tape except the all-zeroes sequence.
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but it serves to emphasize the assumption that the machine runs in polynomial time. We have
BP∗

TL = BP · L, using Schöning’s generic BP-operator [Sch89]. We expect that BP∗
TL = L; one can

prove BP∗
TL = L under plausible assumptions [KvM02; PR23; Sha24].

1.3 Our Model: Halting Algorithms with Multi-Access Random Bits

In this paper, we study a model in which the machine has multi-access random bits, and the machine
is required to halt, but its time complexity is unconstrained. Let BP∗

HL denote the class of languages
that can be decided with bounded error probability in this model.

The BP∗
HL model has apparently been neglected in the literature, perhaps because a log-space

machine with read-once randomness that always halts is automatically guaranteed to run in
polynomial time (BPHL = BPTL). Nisan suggested that the same should hold for machines with
multi-access random bits [Nis93], but this is not correct. We will show in this paper that a BP∗

HL
algorithm might run for exponential time before halting, and our main result gives strong evidence
that the BP∗

HL model is much more powerful than the BP∗
TL model.

Theorem 1.1 (Main result). P#P ⊆ BP∗
HL.

Recall that P#P is the set of problems that can be solved in polynomial time using an oracle
that tells how many solutions there are to a given instance of an arbitrary NP search problem. The
class P#P is very powerful. It contains P and NP (trivially), the rest of the polynomial hierarchy
[Tod91], and BQP [BV97; Aar05; MP26]. Therefore, Theorem 1.1 provides strong evidence (albeit
not a proof) that L ̸= BP∗

HL, in which case this is another model where randomness is useful.
The time complexity of our BP∗

HL algorithm is 2poly(n), which is the best we should hope for,
given that we simulate a class as powerful as P#P. In contrast, Karpinski and Verbeek’s non-halting
algorithm for solving arbitrary problems in PSPACE has a doubly exponential expected running
time [KV85; KV86].2

The best upper bound we have on the power of our model is simply BP∗
HL ⊆ BP∗

∞L = PSPACE.
(See Fig. 1.) We leave it as an open problem to pin down our model’s power more precisely.

1.4 Proof Overview

The proof of Theorem 1.1 has two parts. First, we prove PP ⊆ BP∗
HL. Then, we prove P

BP∗
HL = BP∗

HL.
Theorem 1.1 follows, because PPP = P#P [Gil77].

1.4.1 Overview of the Proof That PP ⊆ BP∗
HL

As a warm-up, let us sketch a proof that SAT ∈ BP∗
HL. Say we are given an n-variable CNF formula

ϕ. We will search the random tape for a satisfying assignment. If we find one, we can verify it in log
space easily enough. The challenge is to know when to give up looking. We need to give ourselves
exponential time, so we can find a rare satisfying assignment if one exists, but we also need to make
sure we eventually halt, even if ϕ is unsatisfiable.

To solve this problem, we sample positive integers H1, H2, . . . with Pr[Hi = h] = 2−h. We halt
if we find either (a) a large value Hi ≥ h∗ = Θ(n), or else (b) an interval in which some value h
occurs Θ(n) times and no value larger than h occurs at all. One of these two events is bound to
happen eventually, because the only way to avoid event (b) is to use larger and larger Hi values,

2Karpinski and Verbeek’s approach is to search the random tape for a place where the entire exponential-length
computation history of the PSPACE computation just happens to occur [KV85; KV86]. A monkey with a typewriter
will almost surely produce the works of Shakespeare if we wait long enough.
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Figure 1: Models of bounded-error randomized log-space computation and where they fit in the
broader complexity landscape. Upward edges represent containment.
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eventually exceeding h∗. However, with high probability, it takes 2Ω(n) samples before either event
occurs, giving us a suitable probabilistic “timer.”

The generalization to PP is similar. We use our timer construction to generate exponentially
many random assignments for a given CNF formula ϕ. We use these random samples to estimate
the fraction of assignments that satisfy ϕ. With high probability, the sampling error is much less
than 2−n, so one should be able to infer the exact number of satisfying assignments of ϕ. A difficulty
is that we do not have enough work space to count how many random assignments we generated or
how many of them satisfy ϕ. To resolve this difficulty, we count mod p for various small primes p,
and then we use space-efficient algorithms for converting the Chinese remainder representation of a
number to its standard binary representation [CDL01; HAB02].

1.4.2 Overview of the Proof That PBP∗
HL = BP∗

HL

In general, proving PC = C is more or less equivalent to proving that C is closed under polynomial-
depth composition, i.e., for every length-preserving function f : {0, 1}∗ → {0, 1}∗ that can be
computed in C, the n-fold composition f (n)(x) = f(f(f(· · · (f(x)) · · · ))) can also be computed in
C. Composing space-efficient algorithms is a fascinating subject. (See Pyne and Tell’s recent work
[PT25].) Deterministic log-space is closed under constant-depth composition, but it is probably not
closed under polynomial-depth composition, because that would imply L = P. In contrast, we show
that BP∗

HL is closed under polynomial-depth composition.
Our approach is to use the read-only random tape to implement a polynomial-size stack. Given a

stack, composition is straightforward: we compute f (n)(x) by simulating the algorithm for f . When
the algorithm tries to make a query to its input, we pause the computation, push its O(log n)-bit
configuration onto the stack and erase it from our work tape, recursively compute the desired bit of
f (n−1)(x), and then pop the configuration back off the stack and continue the simulation.

To implement a stack, we once again sample positive integers H1, H2, . . . , each with a geomet-
rically decreasing probability distribution. We use these integers to divide the random tape into
intervals, each of which is divided into subintervals, each of which is divided into subsubintervals,
etc., almost like the classic “skip list” data structure [Pug90]. Suppose the random tape head is
currently located at the beginning of some interval I. To push a value v onto the stack, we move to
the v-th subinterval of I, and carry out future computations within that subinterval. Later, to pop
the value off the stack, we work our way back to the beginning of the larger interval I, counting
subintervals as we go to recover v. This technique is similar to a construction by Küçük, Say, and
Yakaryılmaz [KSY14].

Annoyingly, our algorithm for computing f (n)(x) is actually not guaranteed to halt, because the
inner algorithm might give inconsistent answers to the outer algorithm’s input queries, in which
case the outer algorithm might get stuck in a loop. However, we are able to show that the algorithm
uses only 2poly(n) random bits with high probability, and this turns out to be enough. Using a
“computation graph search” technique due to Sipser [Sip80], we show that log-space algorithms that
use 2poly(n) multi-access random bits can be converted into log-space algorithms that always halt.
In contrast, note that Karpinski and Verbeek’s non-halting algorithm for solving arbitrary problems
in PSPACE typically uses 22

poly(n)
random bits [KV85; KV86].

1.5 More Related Work

The literature on randomized space-bounded computation is vast, and we certainly have not discussed
every variant model that has been studied. For example, there is a line of work studying randomized
log-space algorithms that make a few passes over their random tapes [DPS11; MPV15; DMPV16].
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Figure 2: The (d, b)-ruler where d = 4 and b = 3.

Also, we have focused exclusively on algorithms with bounded error probabilities (“BP” algorithms).
One-sided error models, zero-error models, and unbounded-error models are also fascinating. See,
for example, Saks’ survey [Sak96].

2 Preliminaries

We assume the reader is familiar with standard complexity classes such as P, PP, and #P. For
clarity, we elaborate about our computational model below.

Definition 2.1 (Randomized Turing machine). For the purposes of this paper, a Turing machine
with a random tape is a three-tape Turing machine. The first tape is a read-only finite-length tape
containing the input and end markers. The second tape is a read-write work tape. The third tape
is a read-only tape that extends infinitely to the right, pre-filled with uniform random bits. There is
a marker at the left end of the random tape. We say that the machine has a read-once random tape
if the random tape head never moves left; otherwise, we say it has a multi-access random tape.

Definition 2.2 (The BP∗
HL complexity class). Let L ⊆ {0, 1}∗. Then L ∈ BP∗

HL if there exists a
Turing machine M with a multi-access random tape such that:

• For every input and every setting of the random tape, M halts.

• For every n-bit input and every setting of the random tape, M uses O(log n) cells of its work
tape.

• For every x ∈ L, we have Pr[M accepts x] ≥ 2/3.

• For every x /∈ L, we have Pr[M accepts x] ≤ 1/3.

3 Rulers, Hyporulers, and Hyperrulers

As discussed in Section 1.4, our algorithms involve sampling numbers H1, H2, H3, . . . with a
geometrically decreasing probability distribution. Intuitively, the intention is that these numbers
will approximate the ruler sequence, defined below.

Definition 3.1 (Ruler). Let d ≥ 0 and b ≥ 1. The (d, b)-ruler is the sequence

h⃗ = (⃗h(1), d, h⃗(2), d, . . . , d, h⃗(b)),

where each h⃗(i) is a copy of the (d− 1, b)-ruler. In the base case, when d = 0, the (0, b)-ruler is the
empty sequence. (See Fig. 2.)

Of course, we cannot expect that random integers H1, H2, . . . will exactly match the ruler
sequence. Instead, we want to argue that they are in some sense “bounded by” the ruler sequence.
We will need two notions, which we call hyporulers and hyperrulers.
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3.1 Hyporulers

The probabilistic timer construction that we described in Section 1.4 uses the notion of a hyporuler.

Definition 3.2 (Hyporuler). Let d ≥ 0 and b ≥ 1. A (d, b)-hyporuler is a sequence of the form

h⃗ = (⃗h(1), d, h⃗(2), d, . . . , d, h⃗(t)), (1)

where t ≤ b and each h⃗(i) is a (d− 1, b)-hyporuler. In the base case, when d = 0, the empty sequence
is the unique (0, b)-hyporuler.

The following alternative characterization is helpful for recognizing and reasoning about hy-
porulers.

Lemma 3.3 (Characterizing hyporulers). Let d ≥ 0, let b ≥ 1, and let h⃗ = (h1, h2, . . . , hN ) ∈ [d]N .
The following are equivalent.

1. h⃗ is a (d, b)-hyporuler.

2. Let j ∈ [N ]. Let i be the largest value in [j] such that hi > hj, or i = 0 if no such i exists.
Then hj appears at most b− 1 times among hi+1, hi+2, hi+3, . . . , hj.

Proof. (1 =⇒ 2) If d = 0, this is trivial. Now assume d ≥ 1, so h⃗ has the form given in Eq. (1). If
i+ 1, i+ 2, . . . , j are all contained within a single h⃗(k), then we are done by induction. Otherwise,
we must have i = 0 and hj = d, in which case we are done because a (d, b)-hyporuler has at most
b− 1 occurrences of the value d.

(2 =⇒ 1) Condition 2 clearly implies that d appears at most b− 1 times among h1, h2, . . . , hN .
Therefore, we can write h⃗ in the form Eq. (1), where t ≤ b and each h⃗(i) is a sequence of elements of
[d− 1] satisfying Condition 2. By induction, this implies that h⃗(i) is a (d− 1, b)-hyporuler, so we
are done.

The following lemma says that if we sample H1, H2, . . . with geometrically decreasing probability
distributions, then they will probably form a long hyporuler.

Lemma 3.4 (Generating hyporulers). Let d ≥ 0 and b ≥ 1. Let H1, . . . ,HN be independent and
identically distributed random variables, where Pr[Hi = h] = 2−h for every h ∈ [d]. Then

Pr[(H1, . . . ,HN ) is not a (d, b)-hyporuler] ≤ N · (2−d + 2−(b−1)).

Proof. For each j ∈ [N ], we have

Pr[Hj /∈ [d]] = 1−
d∑︂

h=1

2−h = 2−d.

By the union bound, the probability that any Hj is not in [d] is at most N · 2−d.
Now we turn to Condition 2 in Lemma 3.3. Fix j ∈ [N ] and any value hj ∈ [d] for Hj . For each

i < j, we have

Pr[Hi /∈ [hj ]] = 1−
hj∑︂
h=1

2−h = 2−hj = Pr[Hi = hj ].

Think of sampling in the order Hj−1, Hj−2, Hj−3, . . . ,H1. The probability that the event “Hi = hj”
occurs at least b− 1 times before any occurrence of the event “Hi /∈ [hj ]” is at most 2−(b−1), because
the two events have equal probabilities. The lemma follows by a union bound over the N different
values for j.
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It is important that a hyporuler cannot go on forever. The following lemma gives a quantitative
length bound.

Lemma 3.5 (Hyporuler length bound). Let d ≥ 0, let b ≥ 1, and let h⃗ ∈ NN . If h⃗ is a (d, b)-
hyporuler, then N ≤ bd − 1.

Proof. If d = 0, the statement is trivial. If d > 0, then by the definition of hyporulers and induction,
we have N ≤ b− 1 + b · (bd−1 − 1) = bd − 1.

3.2 Hyperrulers

Our algorithm for computing f (n)(x), where f is computable in BP∗
HL, uses the notion of a hyperruler.

Definition 3.6 (Hyperruler). Let d ≥ 0 and b ≥ 1. A (d, b)-hyperruler is a sequence of the form

h⃗ = (⃗h(1), d, h⃗(2), d, . . . , d, h⃗(b), z⃗),

where each h⃗(i) is a (d− 1, b)-hyperruler and z⃗ is an arbitrary sequence of elements of {0, 1, . . . , d}.
In the base case, when d = 0, a (0, b)-hyperruler is an arbitrary-length sequence of zeroes.

The following lemma says that if we sample H1, H2, . . . from a geometric distribution, then they
will probably form a long hyperruler.

Lemma 3.7 (Generating hyperrulers). Let 0 ≤ d < M , b ≥ 2, and δ ∈ (0, 1/2]. Let H1, H2, H3, . . .
be independent and identically distributed nonnegative integers, where Pr[Hi ≥ h] = δh for each
h ∈ {0, 1, . . . , d+1}. Let N be the first value such that HN > d. Then except with probability 2δ · bd,
the sequence (H1, H2, . . . ,HN−1) is a (d, b)-hyperruler.

Proof. We prove it by induction on d with a failure probability bound of

δ · (b1 + b2 + · · ·+ bd).

In the base case, when d = 0, this is trivial. Now assume d > 0. For each j, we have

Pr[Hj ≥ d+ 1 | Hj ≥ d] =
δd+1

δd
= δ.

Therefore, the probability of getting a value larger than d before we get b− 1 occurrences of d is at
most δ · (b− 1). By induction, in each region leading up to one of the first b occurrences of values
that are at least d, the probability of not getting a (d−1, b)-hyperruler is at most δ · (b1+ · · ·+ bd−1).
Therefore, by the union bound, the overall failure probability is

δ · (b− 1) + b · δ · (b1 + · · ·+ bd−1) ≤ δ · (b1 + · · ·+ bd).

4 Simulating PP in the BP∗HL Model

In this section, we prove PP ⊆ BP∗
HL. As discussed in Section 1.4, this is the first step of the proof

that P#P ⊆ BP∗
HL.

Theorem 4.1. PP ⊆ BP∗
HL.

Proof. We will prove MAJSAT ∈ BP∗
HL. (Recall that MAJSAT is the problem of determining

whether a given n-variable CNF formula has at least 2n−1 distinct satisfying assignments.) The
theorem will follow, because MAJSAT is PP-complete with respect to deterministic, log-space
reductions [Gil77].
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The algorithm. Suppose we are given an n-variable CNF formula ϕ. Let R be the contents of our
random tape, and write R in the form

R = (X(1), Y (1), X(2), Y (2), . . . ),

where X(j) ∈ {0, 1}n and Y (j) ∈ {0, 1}4n for every j. For each j, let Hj be the location of the first
“1” in Y (j), or Hj =∞ if Y (j) is all zeroes, so Hj ∈ [4n] ∪ {∞}. Let N be the first value such that
(H1, H2, . . . ,HN ) is not a (4n, 4n)-hyporuler; such an N exists by Lemma 3.5. Let

S =

N∑︂
j=1

ϕ(X(j)).

If 2n+2 · S ≥ (2n+1 − 1) ·N , then halt and accept. Otherwise, halt and reject.

Correctness. By Lemma 3.4, we have

Pr[N < 23n] ≤ 23n · (2−4n + 2−(4n−1)) = o(1).

Fix any choice of Y (1), Y (2), . . . such that N ≥ 23n. Then by Hoeffding’s inequality, with respect to
the random choice of X(1), . . . , X(N), we have

Pr

[︃⃓⃓⃓⃓
S

N
− |ϕ

−1(1)|
2n

⃓⃓⃓⃓
> 2−(n+2)

]︃
≤ 2 exp(−2 · 2−2·(n+2) · 23n) = o(1).

Fix any choice of X(1), X(2), . . . , X(N) such that the event above does not occur. Then:

• If ϕ ∈ MAJSAT, then |ϕ−1(1)| ≥ 2n−1, so S/N ≥ 1/2− 2−(n+2), so 2n+2 · S ≥ N · (2n+1 − 1)
and the algorithm accepts.

• If ϕ /∈ MAJSAT, then |ϕ−1(1)| ≤ 2n−1 − 1, so S/N ≤ 1/2 − 2−n + 2−(n+2) < 1/2 − 2−(n+2),
so 2n+2 · S < N · (2n+1 − 1) and the algorithm rejects.

Efficiency. We compute S and N using the Chinese remainder representation. Let p1 < p2 < · · · <
p8n be the first 8n prime numbers. We can find and store pi using O(logn) bits of space, since
p8n = O(n · log n) by the Prime Number Theorem. We can compute N mod pi as follows, based on
Lemma 3.3:

1. Initialize c← 0.

2. For j = 1, 2, 3, . . . :

(a) Increment c← c+ 1 mod pi.

(b) If Hj =∞, then c = N mod pi and we are done. Otherwise:

(c) Store Hj in our work tape. Scan backward over the random tape, comparing each Hi

to Hj . Each time we encounter an i such that Hi = Hj , increment a counter q in our
workspace.

(d) If q reaches 4n, then c = N mod pi and we are done. If, instead, we encounter some i
such that Hi > Hj or the beginning of the random tape, we need to move on to the
next value of j, but first we must restore the random tape head location. To do so,
scan forward over the random tape. Each time we encounter an i such that Hi = Hj ,
decrement q. Finally, when q reaches zero, we are ready to move on to the next value of
j.
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We can compute S mod pi similarly, with one change: for each j, we evaluate ϕ(X(j)) in O(log |ϕ|)
space, and we only increment c if ϕ(X(j)) = 1.

We have
8n∏︂
i=1

pi ≥
8n∏︂

i=4n+1

pi > (4n)4n ≥ N

by Lemma 3.5. Therefore, the values (N mod p1, . . . , N mod p8n) uniquely determine N by the Chi-
nese Remainder Theorem, and similarly (S mod p1, S mod p2, . . . , S mod p8n) uniquely determine
S. Furthermore, there are log-space algorithms for converting a nonnegative integer from Chinese
remainder representation to standard binary representation [CDL01; HAB02], so we can recover
each bit of N and S from their residues modulo p1, . . . , p8n.

3 Finally, given that we can compute
the bits of S and N , we can determine whether 2n+2 · S ≥ (2n+1 − 1) ·N in O(log n) additional
space using standard grade-school algorithms.

5 BP∗HL Is Closed Under Polynomial-Time Turing Reductions

In this section, we prove PBP∗
HL = BP∗

HL. The proof has several steps.

• First, in Section 5.1, we bound the space and time complexity of amplification in the BP∗
HL

model.

• Next, in Section 5.2, we show how to compute the t-fold composition f (t)(x) for any length-
preserving function f : {0, 1}∗ → {0, 1}∗ that is computable in BP∗

HL, where t is polynomially
large. Annoyingly, our algorithm isn’t guaranteed to halt, but the good news is that our
algorithm uses O(log n) bits of space and uses only 2poly(n) multi-access random bits with high
probability.

• Then, in Section 5.3, we show that any algorithm with the features described above can be
converted into a genuine BP∗

HL algorithm.

• Finally, in Section 5.4, we put the pieces together to conclude that PBP∗
HL = BP∗

HL.

5.1 Time Complexity and Amplification in the BP∗
HL Model

Lemma 5.1 (Amplification in the BP∗
HL model). Let L ∈ BP∗

HL. There is a randomized Turing
machine M with a multi-access random tape such that:

• If x ∈ L and k ∈ N, then Pr[M accepts (x, k)] ≥ 1− 2−k.

• If x /∈ L and k ∈ N, then Pr[M accepts (x, k)] ≤ 2−k.

• For every input (x, k) and every setting of the random tape, M halts within T time steps and
uses at most S bits of work space, where

T = poly(k) · 2poly(|x|)

S = O(log |x|+ log k).

3A more elementary approach is to guess the numbers N and S randomly and verify the guesses by comparing
values mod p1, p2, . . . , p8n. There is only a 2−Θ(n logn) chance of success, but we can repeat the entire experiment
2Θ(n logn) times until it succeeds, using two levels of probabilistic timers.
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Proof. Let M0 be the machine witnessing L ∈ BP∗
HL. We do k′ = Θ(k) repetitions of M0 and take

a majority vote. For repetition i, we use the random bits located at positions congruent to i mod k′

on M ’s random tape. The error probability and space complexity are clear. To complete the proof,
we need to show that M0 halts within 2poly(n) time on n-bit inputs.

For every n-bit input x, there is a deterministic two-way automaton Ax with poly(n) states
that simulates M0’s behavior on x, given the contents of the random tape. Every deterministic
q-state two-way automaton can be simulated by a q′-state deterministic one-way automaton where
q′ = 2O(q·log q) [Rab57; She59; Kap05]. Furthermore, a q′-state deterministic one-way automaton that
always halts must halt within q′ steps. (Otherwise, by the pigeonhole principle, it would repeat a
state, e.g., it would be in state u both after reading y and after reading yz. But in this case, it would
run forever on the input yzzz . . . .) Therefore, M0 visits at most 2poly(n) cells on its random tape.
Finally, M0 can only visit each cell of the random tape at most poly(n) times, because otherwise,
by another application of the pigeonhole principle, M0 would repeat a configuration and get stuck
in an infinite loop. Therefore, the time complexity of M0 is at most 2poly(n) · poly(n) = 2poly(n).

5.2 Composing BP∗
HL Algorithms

Lemma 5.2 (Composing BP∗
HL algorithms). Let f : {0, 1}∗ → {0, 1}∗, and assume f is length-

preserving. Define

L = {(x, i) : f(x)i = 1} (2)

L′ = {(x, 1t, i) : f (t)(x)i = 1},

where f (t) denotes the t-fold composition of f with itself and yi denotes the i-th bit of y. Assume
L ∈ BP∗

HL. Then there is a randomized log-space Turing machine M with a multi-access random
tape such that:

• Given any n-bit (x, 1t, i) ∈ L′, except with probability 0.1, M accepts after visiting at most
2poly(n) cells of its random tape.

• Given any n-bit (x, 1t, i) /∈ L′, except with probability 0.1, M rejects after visiting at most
2poly(n) cells of its random tape.

Proof. By Lemma 5.1, we can compute each bit of f(x) with error 2−k in space O(log |x|+ log k)
and time T = poly(k) · 2poly(|x|). Because T grows slowly with k, we can fix a value k = poly(|x|, t)
such that (T + 1)2t < 0.01 · 2k. Note that the space complexity of computing f(x) with error 2−k is
O(log |x|+log t) and the time complexity is T = poly(t) · 2poly(|x|). Now let us show how to compute
f (t)(x).

Let R be the contents of our random tape. Write R as

R = (X1, Y
(1), X2, Y

(2), . . . ),

where Xi ∈ {0, 1} and Y (i) ∈ {0, 1}(2t+1)·k for each i. Define the “rank” Hi to be the maximum
h ∈ {0, 1, . . . , 2t + 1} such that the first hk bits of Y (i) are zero. Let δ = 2−k, and observe that
Pr[Hi ≥ h] = δh for each h ∈ {0, 1, . . . , 2t+ 1}.

The algorithm. Suppose r and s are currently stored in our work tape, and our current goal is to

compute the bit f (r)(x)s. If r = 0, we have f (0)(x)s = xs. More interestingly, suppose r > 0. We
simulate the error-δ computation of f . We use our work tape to store the simulated work tape, the
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internal state of the simulated machine, and the locations of the simulated input and work tape
heads. For randomness, we use the bits Xi on the random tape such that Hi = 2r. When the
simulation of f moves its random tape head to the right or left, we scan to the right or left to reach
the next/previous i such that Hi = 2r. If we are scanning left and we reach i such that Hi > 2r, we
treat it as the left end of the simulated random tape. If we are scanning right and we reach i such
that Hi > 2r, we halt and output “error.” (See Fig. 3.)

Eventually, the simulation of f may query some position of its input, say position s′. We pause
the simulation of f . We encode its current configuration (simulated work tape contents, internal
state, locations of input tape and work tape heads, and the value s) as a polynomially bounded
number Q. Then, in order to effectively “push” Q onto a simulated stack, we scan our random
tape head to the right, counting until we have observed Q distinct values i such that Hi = 2r − 1.
(If, during this process, we reach a value i such that Hi ≥ 2r, we halt and output “error.”) Then
we erase Q from our work tape and start a new simulation of f , with r replaced with r − 1 and s
replaced with s′. We run this simulation as before, continuing the recursion.

Eventually, our simulation of f will halt, outputting a value f (r)(x)s = b. At this point, if r = t
and s = i, we can simply output b and be done. On the other hand, if r < t, then we need to give
this value b to an outer simulation of f that is currently paused. We therefore scan our random
tape head to the left, counting how many values i we see such that Hi = 2r+1 before we arrive at a
location i such that Hi ≥ 2r + 2. Let Q be the number of occurrences of 2r + 1 we observed. Then
Q represents the configuration of the paused outer simulation of f . We use Q to restore the outer
simulation, we provide it with the value b from the inner simulation, and we continue executing the
outer simulation.

Space complexity. We only store O(log |x|+log t) bits of information on our work tape: r is O(log t)
bits, s is O(log |x|) bits, and Q is O(log |x|+ log t) bits.

Correctness. There are two “bad events” that can happen.

• Let N be the first value such that HN = 2t + 1. The sequence H⃗ = (H1, H2, . . . ,HN−1)
might not be a (2t, T + 1)-hyperruler. By Lemma 3.7, this happens with probability at most
2δ · (T + 1)2t < 0.02. Fix any choice of Y (1), Y (2), . . . such that H⃗ is a (2t, T + 1)-hyperruler.

• One of the f computations might output the incorrect answer. To bound the proba-
bility of this event, note that since H⃗ is a (2t, T + 1)-hyperruler, we can write it as
H⃗ = (H⃗(1), 2t, H⃗(2), 2t, . . . , 2t, H⃗(T+1), Z⃗), where each H⃗(i) is a (2t − 1, T + 1)-hyperruler.
Let i1, i2, . . . , iT be the locations of the first T occurrences of 2t. Recursively define

I2t(H⃗) = {(i1, i2, . . . , iT )} ∪
T⋃︂

j=1

I2t−1(H⃗
(j)),

where I0(H⃗) = ∅ and we always use “global” locations (measuring from the beginning of the
random tape, not the beginning of some H⃗(i) subsequence). If one of the f computations
outputs the incorrect answer, then there is some r ∈ [t], some s ∈ [|x|], and some sequence
(i′1, i

′
2, . . . , i

′
T ) ∈ I2t(H⃗) such that Hi′1

= Hi′2
= · · · = Hi′T

= 2r, and the computation of f fails

when the input is the true value f (r−1)(x), the randomness is (Xi′1
, . . . , Xi′T

), and the desired
output bit is position s. By the union bound, the probability of this event is at most

δ · |I2t(H⃗)| · |x| = δ · (1 + T + T 2 + · · ·+ T 2t−1) · T = δT · T 2t

T − 1
≤ δ · (T + 1)2t < 0.01.
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I0 I1 I2 I3

Figure 3: Composing BP∗
HL algorithms. We use the high-rank positions on the random tape to

simulate the outer algorithm’s random tape, shown here with curved arrows. When the outer
algorithm makes a query to its input, we pause it and encode its configuration as a number Q. Then
we move to the right to find the corresponding interval IQ and we erase the value Q from our work
tape. We simulate the inner algorithm entirely within the interval IQ. When the inner algorithm
finishes, we count backward to recover the number Q, allowing us to restore the configuration of the
outer algorithm and continue simulating it. In this diagram, we pretend that the ranks form an
exact ruler for simplicity, but in reality they will form a hyperruler.

Assuming neither of the bad events occurs, our algorithm M outputs the correct answer. (Assume
without loss of generality that T > Qmax, where Qmax is a polynomial bound on any Q value that
might occur during the computation.)

Randomness complexity. The number of cells of the random tape that we visit is at most poly(n)·N .

We have E[N ] = (1/δ)2t+1 = 2poly(n). Markov’s inequality completes the proof.

There are two reasons that the algorithm M described above might not halt.

• The head might scan to the right indefinitely if we get exceedingly unlucky values for Hi, e.g.,
all zeroes. This issue is minor, and could be resolved using a hyporuler timer, just like in the
proof of PP ⊆ BP∗

HL.

• The inner computations might give inconsistent responses to the outer computations’ input
queries. This could potentially cause an outer computation to get stuck in an infinite loop.4

This issue is more serious, but we will show how to resolve it in the next subsection.

5.3 Converting Exponential-Randomness Algorithms Into Halting Algorithms

Lemma 5.3. Let L be a language. Assume there exists a randomized log-space Turing machine M
with a multi-access random tape such that:

• Given any n-bit x ∈ L, except with probability 0.1, M accepts after visiting at most 2poly(n)

cells of its random tape.

• Given any n-bit x /∈ L, except with probability 0.1, M rejects after visiting at most 2poly(n)

cells of its random tape.

Then L ∈ BP∗
HL.

4Theoretically, it could also potentially cause the outer computation to use more than O(logn) bits of work
space, but we can easily modify the f algorithm to ensure that it uses O(logn) bits of work space even if it receives
inconsistent answers to input queries.
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Proof. Without loss of generality, we assume that M has a unique accepting configuration, e.g.,
with an empty work tape with each head at the beginning of its tape. To design a BP∗

HL algorithm
for L, we use a technique due to Sipser [Sip80], combined with the “hyporuler” trick we used in the
proof that PP ⊆ BP∗

HL (Theorem 4.1). Let x ∈ {0, 1}n be the input. Let c be a constant that is
large enough that with probability 0.9, M outputs the correct answer on x after visiting at most
2n

c
cells of its random tape. Let R be the contents of our random tape. Write R in the form

R = (X1, Y
(1), X2, Y

(2), . . . ),

where Xj ∈ {0, 1} and Y (j) ∈ {0, 1}nc+4 for every j. We will use X = (X1, X2, X3, . . . ) as the
contents of M ’s simulated random tape. Let Hj be the location of the first “1” in Y (j), or Hj =∞ if
Y (j) is all zeroes, so Hj ∈ [nc+4]∪{∞}. Let N be the smallest number such that (H1, H2, . . . ,HN )
is not a (nc + 4, nc + 5)-hyporuler. Such an N exists by Lemma 3.5.

Let V be the set of all possible configurations of M on input x and random tape X, where
“configuration” means the internal state of M , the contents of its work tape, and the locations of
all its heads. Let G = (V,E) be the computation digraph, i.e., an edge (u, v) means that v is the
unique successor configuration of u. Let uacc be the unique accepting configuration.

Let G′ be the induced subgraph of G consisting of all configurations u in which M ’s random
tape head location is less than N . Let G′′ be the induced subgraph of G′ consisting of all vertices u
from which uacc is reachable. This graph G′′ is a tree, rooted at uacc, in which edges are oriented
from child to parent.

The algorithm. Do a depth-first search through G′′, starting at the root node uacc. If we ever find
the initial configuration ustart of M , we accept. If we complete the depth-first search without ever
finding ustart, we reject.

Halting. The algorithm always halts, because the tree G′′ is finite, since we require random tape
head location to be less than N .

Correctness. We consider two “bad events.”

• It might be that M fails on input x and random tape X, in the sense that it outputs the wrong
answer, or it never halts, or it visits more than 2n

c
cells of its random tape. By assumption,

the probability of this bad event is at most 0.1.

• We might have N ≤ 2n
c
. By Lemma 3.4, the probability of this bad event is at most

2n
c · (2−(nc+4) + 2−(nc+4)) ≤ 1/8.

If neither of these bad events occurs, then our algorithm outputs the correct answer.

Efficiency. To implement the depth-first search, we need to keep track of what vertex v ∈ V we
are currently visiting. The vertex v encodes the internal state of M , the contents of its work tape,
and the locations of all its heads. We use our work tape to store everything except the location of
its random tape head. If M ’s random tape head is located at position j, then we ensure that our
random tape head is located at position (j − 1) · (nc +5)+ 1, so it is currently observing the symbol
Xj .

To traverse an edge of G′′ forward, we simulate a single step of M . To traverse an edge backward,
we consider all candidate predecessors, and simulate a single step of M forward from each one to
determine which candidate predecessors are actual predecessors. In both cases, to ensure that we
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do not leave the subgraph G′′, we must check whether M ’s simulated random tape head location j
is less than N . We do so using the same method we used in the proof of Theorem 4.1 to check for
hyporulers. We repeat the method here for convenience:

• We check whether Hj > nc + 4.

• We store Hj in our work tape and scan backward over the random tape and check whether we
see nc + 5 distinct i such that Hi = Hj before we see an i such that Hi > Hj . This tells us
whether (H1, . . . ,Hj) is a (nc + 4, nc + 5)-hyporuler. Then, to restore the random tape head
location, we scan forward over the tape until we have seen the appropriate number of i such
that Hi = Hj .

5.4 Simulating a BP∗
HL Oracle

Theorem 5.4. BP∗
HL is closed under polynomial-time Turing reductions. That is, PBP∗

HL = BP∗
HL.

Proof. Clearly, BP∗
HL ⊆ PBP∗

HL. To prove the reverse inclusion, we can encode a configuration z
of the PBP∗

HL machine on an n-bit input as a string of length ℓ(n) = poly(n). For the purposes of
this proof, the “configuration” includes the input, the contents of all the tapes, the locations of all
the heads, and the internal state of the machine. For each configuration z, let f(z) be the “next”
configuration, i.e., f simulates a single step of the PBP∗

HL computation. By our choice of encoding,
f is length-preserving. Furthermore, the language L in Eq. (2) is in BP∗

HL: a non-query step can
be computed in deterministic log-space, and a query step is clearly a BP∗

HL computation. We can
simulate the whole PBP∗

HL computation by computing the appropriate bit of f (poly(n))(z0), where z0
is the initial configuration, which we can do in BP∗

HL by Lemmas 5.2 and 5.3.

Proof of Theorem 1.1. We have P#P = PPP ⊆ PBP∗
HL = BP∗

HL, where the first equation is a standard
exercise [Gil77], the inclusion is by Theorem 4.1, and the last equation is by Theorem 5.4.
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