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Abstract

_ Testing whether a bounded-degree n-vertex graph is bipartite or far from bipartite requires
©(y/n) queries (Goldreich-Ron, Combinatorica’99, Algorithmica’02). An interactive proof of
proximity (IPP) is a hybrid model of property testing and interactive proofs: the verifier faces
the same task with the same query access, but it now interacts with an untrusted prover that
sees the whole graph. Rothblum, Vadhan, and Wigderson (STOC’13) introduced this model
and gave a one-round private-coin IPP for bipartiteness on well-mixing graphs with query and
communication costs both O(logn) for fixed parameters, an exponential improvement over plain
testing. The mixing assumption was used in their soundness analysis, and they asked whether
it could be removed. We give a slightly modified version of the original RVW protocol and
prove its soundness without the mixing promise. In the RVW protocol, soundness follows by
bounding the probability of correctly guessing the parity of a hidden random walk from its
start and endpoint. The best guess is wrong with probability equal to the overlap between
the endpoint probabilities for even and odd numbers of edge traversals, and mixing gives one
way to bound this overlap. We prove an overlap theorem that requires no mixing, building on
the recent semidefinite programming (SDP) analysis of the Goldreich-Ron tester by Fei and
Rubinfeld (2026).

1 Introduction

Property testing asks whether a large object has a given property or is far from every object with
that property, while inspecting only a small part of the object [16, 9]. We consider bipartiteness in
the bounded-degree graph model, where a graph of n vertices is accessed through indexed neighbor
queries and distance is the number of edge insertions and deletions divided by Dn, for D the
degree bound. A bipartition is easy to check once the assignment of vertices to parts is given, but
bipartiteness is a global property: a graph may be far from bipartite while every neighborhood of
logarithmic radius is a tree, and trees are bipartite. The fundamental work of Goldreich and Ron
[10] gave a tester that runs many random walks from a sampled start vertex and rejects when two
of them end at the same vertex with different parities of the number of edge traversals. For fixed
D and proximity parameter it uses O(y/n) queries, and since 2(y/n) queries are necessary [11], the
query complexity of testing bipartiteness is ©(y/n).

Interactive proofs of proximity are the interactive analogue of property testing, introduced for
delegating computation in sublinear time [15]. The verifier queries the graph while interacting with
a powerful but untrusted prover that sees the graph in full, and the basic question is how much the
prover can lower the cost of testing. Rothblum, Vadhan, and Wigderson (RVW) gave IPPs with
nl/2+o() query and communication complexity for languages decided by log-space-uniform circuits
of polynomial size and depth n°) including uniform NC, for a fixed proximity parameter and
input length n [15, Theorem 1.1]. Separately, they gave a direct one-round private-coin protocol
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for bipartiteness with logarithmic query and communication costs for fixed parameters under a
mixing promise [15, Section 5.1]. In this protocol, the verifier runs random walks, reveals only the
start and endpoint of each, and asks the prover for the hidden traversal parity. A prover holding a
bipartition reads every parity off the parts of the revealed vertices, so completeness is perfect. To
analyze the cheating prover’s strategy, RVW label every endpoint by its more likely traversal parity,
and because the graph is far from bipartite, many edges have both vertices labeled the same. The
walk from that start traverses one of them in its last step with probability €2(¢) when the graph
is well-mixing, but without mixing no such guarantee can hold for every start: a far graph may
contain large bipartite components, on which the prover’s task is easy. They asked whether this
assumption could be removed [15, Section 1.1.1]: “An interesting open problem is extending this
IPP to apply to all graphs (not just rapidly-mixing ones).”

Subsequent work considered noninteractive [12], honest-verifier zero-knowledge [3], public-
coin [2], quantum [4], and doubly-sublinear [1] proofs of proximity for bipartiteness. In each case,
the bipartiteness protocol assumes that the graph is well- or rapidly-mixing. Thus the question
posed by RVW remains open for arbitrary bounded-degree graphs.

In this work we show that a small modification of the RVW protocol can be analyzed without
the mixing assumption:

Theorem 1.1 (Informal main theorem). In the bounded-degree model, bipartiteness has a one-
round, private-coin interactive proof of proximity whose soundness holds for all graphs, with no
mizing promise. The protocol has perfect completeness, and for constant values of the degree bound
and prorimity parameter, its communication and query complexities are logarithmic in the number
of vertices.

In Appendix A we prove a matching lower bound, namely that on some far graphs any parity-
challenge protocol needs Q(logn) expected edge traversals to reject every prover with constant
probability. In Appendix B, we give an alternative bipartiteness protocol and extend it to Unique
Games in Appendix C, both based on a recent work by Yoshida [17].

Concurrent work. In concurrent’ and independent work, Goldreich [8, Section 6] also obtains
a one-round, private-coin IPP for bipartiteness without a mixing promise. Both works are based
on RVW [15] and the SDP analysis of Fei and Rubinfeld [6]. In [8], the prover is asked to identify
which endpoint of a sampled edge started a walk of randomly chosen length, given the edge, walk
length, endpoint, and traversal parity. A better query bound is obtained in [8], O(¢~?logn), with
no dependence on D using the treatment of degree bounds in [8, Section 4], compared with our
O(e713(1 +log D) logn).
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1.1 Technical overview

As in RVW, the verifier runs a random walk, reveals only its start and endpoint, and asks the
prover whether the walk made an even or an odd number of edge traversals. On a bipartite graph,
the prover answers correctly by checking whether the two revealed vertices lie in the same part of a
bipartition. Soundness on a far graph reduces to showing that the best guess from the revealed pair
errs with probability bounded away from zero. For a fixed start and endpoint, the prover answers
with whichever parity is more likely, and the error at that endpoint is the smaller of the probabilities
of reaching it with even parity and with odd parity. Summing these smaller probabilities over all
endpoints gives the least possible error in one challenge, which we call the overlap. Since the start
is itself uniformly random, the least error in a single challenge is the overlap averaged over starts.

Using the recent SDP-based techniques of Fei and Rubinfeld [6], we show that on every graph
far from bipartite, a lazy walk of logarithmic length has average overlap bounded away from zero
when its start is drawn from the stationary distribution. Using this bound to analyze our variant of
the RVW protocol (and accounting for the fact that the verifier uniformly chooses starts whereas
the overlap bound is for the stationary distribution), we obtain soundness without any mixing
promise.

The parity challenge. We use T = O(c~°) walks of length L = ©(¢ %logn), where ¢ is the
proximity parameter.
1. The verifier runs 7' lazy random walks of length L, each from a fresh uniformly random vertex.
2. It sends the prover the start and the endpoint of every walk, and the prover responds with the
parity of the number of edge traversals of each hidden walk.
3. The verifier accepts if all T responses are correct.

The error of one response. We fix a start s, denote by Xy, the endpoint of a walk of length L
from s, and let o7, € {+1, =1} be +1 for an even number of edge traversals and —1 for an odd one.
For each endpoint v and b € {£1}, we define

P} (v) =PlX, =v, o, =b]| X = s].

The prover sees only the pair (s, X1), so its best response is the more likely parity. We define

ov(s) = Y min{pfL(v),p L ()}, ar = Eevmit(mplovi(s)):
vE[n]

By Lemma 2.6, ovy(s) is the minimum guessing error for a walk from s, namely the overlap of the
endpoint probabilities from s for even and odd numbers of edge traversals, and «y is its average
over a uniform start. Zero overlap means that the endpoint determines the parity. The prover may
choose the more likely parity separately for each revealed pair (s,v), and since the T walks are
independent, this remains optimal even if it chooses all responses jointly from the full message. Its
largest acceptance probability is therefore?

T T

% Z Z max{pzls(v),pzi(v)} =|1- % Z ovr(s)| =0 —ap) <eTor.  (1.1)
s€[n]

s€[n] v€([n]

2For the first equality, we use max{a,b} = a + b — min{a, b} and, for every start s, 2 veln] (pJLr}s(v) +pz’1s (v) =1.



Soundness therefore reduces to one question: at which walk length L does every graph far from
bipartite have average overlap oy bounded away from zero?

We note that the Goldreich—Ron tester succeeds by comparing many walks, but from its success
probability alone we cannot conclude that a prover has a constant chance of answering a single
challenge incorrectly.

Bounding the overlap with mixing. RVW use mixing to prove a stronger, per-start bound
on the overlap. A graph is well-mizing when the L-step walk from every start ends at each vertex
with probability at least 1/(2n). For a fixed start s, every vertex is labeled by its more likely parity,
with ties broken arbitrarily, and since the graph is far, at least e Dn edges violate this 2-partition.
Comparing the parity probabilities at lengths L — 1 and L using holding steps, RVW bound the
overlap below by Q(1/(nD)) per violating edge, through walks that traverse it in the final step.
Hence ovy(s) > eDn-Q(1/(nD)) = Q(e) from every start, and ©(1/e) challenges suffice. Without
mixing, the walk from s may rarely reach the violating edges: a start in a bipartite connected
component, for example, has zero overlap for every walk length.

Bounding the overlap without mixing. RVW lower-bound the overlap from every start. For
soundness, we can allow perfect answers from some starts, provided the average guessing error is
bounded away from zero. Let

p(v) == degg(v)/(2m)

be the degree-weighted distribution, where m is the number of edges. The main technical claim,
stated formally in Theorem 2.7, is that there are absolute constants ¢, C' > 0 such that every graph
that is e-far from bipartite and every integer L > Ce~8log, n satisfy

Esoplovi(s)] > et
The lazy walk and RVW'’s walk have different stationary distributions: in the lazy walk the tran-
sition probability along v — u is 1/(2degqn(v)) and p(v)/(2degq(v)) = 1/(4m), so u is stationary,
whereas in RVW’s walk both directions of every edge have transition probability 1/(2D), so the
uniform distribution is stationary.

We use the SDP techniques of Fei and Rubinfeld [6]. Suppose that G is e-far from bipartite
but that the stationary average is small, so that for most starts the endpoint of a walk almost
determines its traversal parity. The more likely parity may depend on the start, so these guesses
do not directly define a single 2-partition. Nevertheless, using their SDP analysis, we can construct
a near-optimal Max-Cut SDP solution and round it to a 2-partition with fewer than e Dn violating
edges, contradicting farness.

The walk and starting distribution. We use the lazy walk because Theorem 2.7 is proved
for it, and its stationary distribution is the degree-weighted p. The verifier’s query access samples
a uniform vertex for free, whereas sampling from p would cost extra queries, so we keep uniform
starts and use the direct comparison below, losing a factor of € in the stated overlap bound. RVW’s
uniform stationary distribution already matches the verifier’s starting distribution, so they incur
no such loss.
e Completeness. A prover holding a bipartition answers perfectly by reporting whether the two
revealed vertices lie in the same part.
e Soundness. By the overlap theorem, for L = ©(¢ 8logn), Eg,lovy(s)] > ce. This average
is over the stationary distribution p, whereas the protocol starts its walks uniformly. In the



direct comparison below, we lose a factor of € in the stated lower bound. Since every vertex
has degree at most D, the uniform weight 1/n is at least 2m/(Dn) times the stationary weight

wu(s) for every start,

2m degs(s)

(s) <!
2m o _ degg(s) 1
Dnu Dn —n’

and a far graph has m > Dn edges, so 2m/(Dn) > 2e. Multiplying ovy(s) > 0 by these
weights and summing over s gives

1 2m 4
ap =) ovi(s) 2 5o Eeplovi(s)] 2 2 est,

By Equation (1.1), every prover is accepted with probability at most e=7%L, so we obtain
constant soundness by choosing T' = ©(¢~°) with a sufficiently large constant. For constant D
and e, both query and communication costs are logarithmic in n.

2 Preliminaries

Definition 2.1 (Bounded-degree graph and oracle). A bounded-degree graph is a simple undirected
graph G = ([n], E) of maximum degree at most D, where n > 2 and 1 < D < n — 1. We write
u ~ v when wv € E. The neighbor oracle maps (v,i) € [n] x [D] to the i-th neighbor of v in
a fixed ordering when i < degg(v), and to L otherwise. For two such graphs G = ([n], F) and
H = ([n], E'), we define

_ENE|+|E\E| _ |[EAE

A H): .
(G, H) Dn Dn

Definition 2.2 (2-partitions and proximity). A 2-partition is a pair P = (Vp, V1) such that VoNV; =
@ and VpUV; = [n]. An edge is violating if its two vertices lie in the same part. The set of violating

re= (o0 () o (50 (1))

A bipartition is a 2-partition with Fp = &.
For fixed n and D, the class in Definition 2.1 is finite, and for any nonempty property II of

graphs in this class we define
A(G,II) == min A(G, H).
Hell
The minimum exists by finiteness. For n > 0, the graph G is n-close to II if A(G,II) <5, and it is
n-far from IT if A(G,II) > n.

We now define the model, following [15].

Definition 2.3 (One-round tolerant interactive proof of proximity). For fixed n, D, a nonempty
property II of bounded-degree graphs, and parameters 0 < ¢ < &, a one-round (§,¢)-tolerant
interactive proof of proximity for II is an interactive proof system (P,V) in which one verifier
message is followed by one prover response. The prover P receives the graph G in full, while the
verifier V has access to its neighbor oracle. Both parties know n, D, II, the tolerance £, and the
proximity parameter . All probabilities are over the verifier’s coins. The output VP¢ ¢ {0,1}
satisfies the following conditions.
e Completeness. If A(G,TI) < £, then PVPC = 1] > 2/3.



e Soundness. If A(G,II) > ¢, then P[VP"¢ = 1] < 1/3 for every prover strategy P*.
Completeness is perfect on IT when P[VP¢ = 1] = 1 for every G € II.

A more general formulation allowing multiple rounds appears in [15], but we only need the
one-round version here. The case £ = 0 is an ordinary interactive proof of proximity.

We use II for the property of bipartite graphs. Deleting the violating edges of a 2-partition
makes the graph bipartite, and conversely, if a graph H € II has bipartition P, then obtaining H
from G requires deleting every edge of Fp. Hence

.

Equivalently, G is &-close to bipartite when minp |Fp| < £Dn, and it is e-far when minp |Fp| > eDn.

Definition 2.4 (Simple and lazy random walks). From a non-isolated vertex v, a simple-random-
walk step moves to a uniformly random neighbor of v. The lazy random walk (X, ),>( on state space
[n] stays where it is with probability 1/2 at each step from a non-isolated vertex and otherwise makes
one simple-random-walk step, while isolated vertices are absorbing. Equivalently, its transition
probabilities are

1, u=wv, degs(v) =0,
1
3 u=wv, degs(v) >0,
PXr41 =u| X, =v] = 1 .
€L,
2degq(v) e
0, u#v, w ¢ E.

A step with X, 11 = X, is a holding step, and a step with X, 11 # X, is an edge traversal.

A walk from a non-isolated start never reaches an isolated vertex, so each of its steps is a holding
step with probability 1/2, independently. The number of traversals among r lazy steps is therefore
Bin(r, 1/2), and given j traversals, the endpoint distribution is that of a j-step simple random walk.

For m := |E| > 0, we define the distribution

degg(v)

p(v) = o v € [n].

The distribution p is stationary for the lazy random walk and is the averaging measure in the
overlap theorem below.

Definition 2.5 (Overlap). For the lazy random walk (X, ),>0, let 0, € {+1, —1} denote the parity
of the number of edge traversals during the first r steps: o, = +1 for even parity and o, = —1 for
odd parity. Equivalently, o9 = +1; after an edge traversal the sign is reversed, and after a holding
step it is unchanged. For an integer r > 0, vertices s,v € [n], and b € {£1}, we define the joint
probabilities

pfﬂvs(v) =PX, =v, 0, =b| Xog = 5] (2.2)

and the overlap

ovr(s) =Y min{p;}(v),p;}(v)}. (2.3)
vE[n]

Lemma 2.6 (Minimum guessing error). Let v be any distribution on [n], and let (X,),>o0 be the
lazy random walk with Xo ~ v. Then

Exorw [ovr(Xo)] = ] xl?vj]ri{ﬂ}P[a(Xo’ Xr) # o1l

6



Proof. We fix a function a: [n] x [n] — {£1}. Conditioned on Xy = s, the contribution of an
endpoint v to its error is p; }(v) if a(s,v) = +1, and p}}(v) if a(s,v) = —1. Since a is a function of
the pair (s, v), its value may be chosen separately for every pair, so the minimum contribution for
that pair is min{p;/}(v),p;.}(v)}. We conclude by summing over v and averaging over Xo ~ v. [

We now present the overlap theorem, which is the main technical tool. We derive it in Section 4
as a corollary of the analysis of the Goldreich-Ron tester by Fei and Rubinfeld [6].

Theorem 2.7 (Overlap theorem). There are absolute constants ¢,C > 0 such that the following
holds. Let 0 < e < % and let L > Ce=8logyn be an integer. If G is e-far from bipartite, then

Esnplovr(s)] > cet.

3 The protocol

Theorem 3.1 (Main theorem). For everyn > 2, 1 < D < n—1, and 0 < ¢ < 1, bipartite-
ness has a one-round private-coin interactive proof of proximity with perfect completeness and
soundness error at most 1/3 on every graph that is e-far from bipartite. Its query complexity is
0(5_13(1 + log D) log n), and its communication complexity s 0(5_5 log n) All queries are made
before the verifier sends its message. The verifier runs in time polynomial in 1/ and logn, and on
bipartite graphs the honest prover runs in time polynomial in n and 1/e.

A variant of the RVW parity-challenge protocol (with the lazy walk of Definition 2.4).

Parameters. Let ¢ and C be the constants of Theorem 2.7, and set

2
g0 = min{e, 1/4}, L= (C’sag logy n T := [055—‘ .
0

The T walks are independent.
1. Walks. For each k € [T, the verifier samples Sj ~ Unif([n]) and runs a lazy random walk from
S, for exactly L steps. We denote the endpoint by Vj, and write by € {0,1} for the parity of the
number of edge traversals, with by = 0 for even parity.

2. Interaction. The verifier sends ((Sk, Vi)) The prover returns bits (a)rer)-

ke[T]"
3. Decision. The verifier accepts if and only if a = by, for every k € [T].

Replacing € by g9 = min{e, 1/4} loses nothing: a uniformly random 2-partition violates each
edge with probability 1/2, so every graph has a 2-partition with at most m/2 < Dn/4 violating
edges and therefore has distance at most 1/4 from bipartiteness. Hence no graph is e-far for ¢ > 1/4.

Completeness. On a bipartite graph, the honest prover fixes a bipartition P and responds a; = 1
when Sj, and V}, lie in different parts, and ai = 0 otherwise. At every edge traversal, the walk moves
to the other part, so ap = by for every k and the verifier accepts with probability 1.

Soundness. The average in Theorem 2.7 is over the stationary distribution, whereas the proto-
col’s walks start uniformly, so we first pass from the average over p to the uniform average using
degs < D, and then bound an arbitrary prover by the best guess at each challenge.



Lemma 3.2. If G is e-far from bipartite, then for every prover strategy the verifier accepts with
probability at most 1/3.

Proof. Since ¢y < ¢, the graph is gg-far from bipartite, so m > minp |Fp| > g9Dn > 0, and using
degs; < D we obtain

2m

Dn Esoplovi(s)] > 2cep.

1
. ovy(s > i Z degg(s)ovr(s) =
s€[n] se[n]

For the final inequality, we used 2m/(Dn) > 2gy and the bound E.,[ovy(s)] > ce} of Theorem 2.7.
We fix an arbitrary prover strategy. For a possible value

M = ((sk, vk))ke[m)

of the verifier’s message ((Sk, Vi))ke|r], we write (ax(M))ye(r) for the prover’s responses to M.

The k-th walk has start sz, endpoint vy, and even parity with probability 2 pJLrls (vg), and it
has start s, endpoint v, and odd parity with probability %pzlsk (vg). For either value of ax(M),
the probability that the walk has this start and endpoint with by = ai(M) is therefore at most
%max{pf}s}v(vk), pzik(vk)} Since the walks are independent, the probability that the message is
M and ay (M) = by, for every k factors into the product of the corresponding one-walk probabilities.
Therefore

Plap =bp Yk € [T = Y P((Sk, Vi)ker) = M and ap(M) = by, Vk € [T]]
Me(n]x[n])T

T
1 _
Z H - max{pJLr?lsk (Uk),PL,lsk (k) }

Me(fn)x[n])T k=1

IN

T
= Z > max{p; | (v),p; 4 (v)}
se[n] vE[n]
T
1
=11-= g{: ovy(s <exp(—2cefT) < e < 3

For the last equality, we used max{z,y} =z +y —min{z,y} and 3, ¢, (piLv) +p;l(v)) = 1. If
the prover answers each challenge with the more likely parity, the verifier accepts with probability
(1 - % > sefn] OV L(s))T. The prover cannot do better by choosing all its answers together. O

Complexities. The verifier makes queries only to run its walks, and the communication consists
of two vertices from the verifier and one bit from the prover per challenge.

Claim 3.3. The query complexity is 0(6_13(1 + log D) log n), and the communication complexity
18 0(5_5 log n) The verifier runs in time polynomial in 1/e and logn, and on bipartite graphs the
honest prover runs in time polynomial in n and 1/¢.

Proof. The query (v,i) returns a vertex for i < deggs(v) and L for larger i, so the verifier finds
degq(v) by binary search over [D] with O(1 + log D) queries at each lazy-walk step, and it makes
one further query to sample a uniformly random neighbor when the walk traverses an edge. The
verifier therefore makes

O(TL(1 +1log D)) = O(eg **(1 + log D) logn) = O (¢~ (1 + log D) log n)



queries. The verifier sends 27 vertices and the prover sends 1" bits, so the communication complexity
is O(T'logn) = O (6_5 log n) The verifier performs T'L walk steps, each in time polynomial in logn,
and compares T bits, so its running time is polynomial in 1/¢ and logn. The honest prover answers
the T' challenges according to a bipartition, in total time polynomial in n and 1/e. O

Proof of Theorem 3.1. By Lemma 3.2 and Claim 3.3, the protocol has the stated soundness and
costs. The protocol has one round, and all queries are made when the walks are run, before the
verifier’s message is sent. O

Discussion. We retain RVW’s parity challenge, but modify the walk and adjust its length and
the number of repetitions. Our dependence on ¢ is worse than theirs: on a well-mixing graph RVW
use T = O(1/¢) walks of length ©(logn), whereas our protocol uses T' = ©(¢~%) walks of length
O(s~%logn). We did not aim to optimize the dependence on «.

Weak tolerance. Parnas, Ron, and Rubinfeld [14] observed that testers with uniformly dis-
tributed queries have a weak tolerance guarantee. For IPPs, a sufficient condition requires uni-
formity also when conditioned on prover messages. Here all queries precede interaction, and the
honest prover uses a bipartition of a closest bipartite graph.

Lemma 3.4 (Weak tolerance). Suppose that the honest prover answers according to a 2-partition
minimizing |Fp|. If G is bipartite, the prover is accepted with probability 1. If G is {-close to

bipartite for
1 13
£ = —of = ;
3TLD Dlogn

then the verifier accepts with probability at least 2/3. Hence the same protocol is a (€, ¢)-tolerant
IPP.

Proof. Let P be the prover’s 2-partition, so that the prover responds ay = 1 when S and Vj, lie in
different parts of P, and a; = 0 otherwise. If G is bipartite, then Fp = @, and if G is &-close to
bipartite, then |Fp| < £Dn by Equation (2.1). When Fp = @, the walk moves to the other part
at every edge traversal, so a; = by for every k and the verifier accepts with probability 1. We may
therefore assume that Fp # &, and in particular that G has a non-isolated vertex.

For a single walk, we first bound the probability of traversing an edge of Fp at a given step.
We write X, for its vertex after r steps and define

PIX, =
hy(v) == PLX, = o]
degg(v)
for every non-isolated v. Since Xg is uniform,
1
h < —.
o(v) < n

For every non-isolated v,

hri1(v) = She(v) +

Z h( max  h,(u).

2 degG u:degG (u)>0

Hence h,(v) < 1/n for every r > 0, and

PUX, Xoh € Fpl =5 3 (he(u) + ho(v)) <

{u,v}eFp

| Fp|
—.



For each k € [T], we write X, for the vertex of the k-th walk after r steps. If the k-th walk
traverses no edge of Fp, it moves to the other part at every traversal, and ax = by, so

L-1
{ar # b} © | {{Xnki Xipir1} € Fpl.
r=0
Thus
T L-1
TL|F 1
Pk € [T] :ap # bk] <Y P{Xpp, Xprs1} € Fp] < TLFp| <TLDE = 3.
k=1 r=0 n
The verifier therefore accepts with probability at least 2/3. O

4 Proof of the overlap theorem

Fei and Rubinfeld [6] prove that the Goldreich-Ron tester rejects far graphs using ©(y/n) walks
of logarithmic length, and their analysis has two stages. Informally, the first stage is a birthday-
paradox argument: among the tester’s ©(y/n) walks, a collision between two walks of opposite parity
is likely unless the even and odd endpoint distributions are far apart in total variation distance.
In the second stage they show, in our language, that small overlap at logarithmic walk length is
impossible on a far graph: the square roots of the even and odd endpoint distributions combine
into a near-optimal solution of the basic semidefinite relaxation of Max-Cut, whose Goemans—
Williamson rounding [7] gives a 2-partition with fewer violating edges than a far graph allows. Our
theorem is about the overlap, so only the second stage is needed.

Notation. We use the notation of Section 2 and introduce the following proof-specific notation.
Let A be the adjacency matrix of G.

Let L?(u) be the weighted space with (f, g) = E,u[f(v)g(v)] and || f|l1 = Eppl|f(0)]].

For a non-isolated vertex s, let d5(v) = 1{v = s]/u(s).

Let I be the identity operator on L?(p), and let P be the simple-random-walk operator,

(P = g S 1)

degq (v

u~v

for every non-isolated vertex v. The value of P on isolated vertices is immaterial, since p(v) =0
there.

e Following [6], we set

I+P I-P
szi 5127
2 2

so W is the operator of the lazy random walk of Definition 2.4. For each integer r > 0, we set

Qr =W"+ 95", R, =W"—-5".

e For a non-isolated vertex s and an integer r > 0, let

1 1
fs(r) = \/QQrés - \/2Rr(5$>

where the square roots are taken coordinatewise.

10



e With Fp as in Definition 2.2, the normalized Max-Cut value of G is

m— |Fp| _ 1— &A(G,H), (4.1)

MaxCut(G) = max
P m m

where the equality follows from Equation (2.1).
e We denote by BASICSDP 4 the semidefinite program

1 tr(AX
max<{ — — ( ):XEO,Xiiglforeverin[n] .
2 4m
By taking square roots, we can combine the parity information from all starts into SDP vectors
of norm at most one. Our aim is an average inner product close to —1 across edges, as for opposite
signs in a bipartition.

Claim 4.1. For every non-isolated vertex s, integer r > 0, and vertex v € [n],

1 _ 1
Prs(v) = 5(Qebs) (0)n(v), (V) = 5(Re05) (0)a(v). (4.2)
In particular, Q.05 and R,6s are nonnegative at every non-isolated vertex.

Proof. The number J of traversals among the first r steps is Bin(r, 1/2), and conditioned on J = j,
the endpoint has the distribution of a j-step simple random walk from s (Definition 2.4), which
assigns to v the probability (P78s)(v)u(v) [6, Proposition 2.10], since (P7d5)(v) is the j-step transi-
tion probability from v to s divided by pu(s), and u(v)P? (v, s) = u(s)P’(s,v) for the simple random
walk. By Equation (2.2),

. . (T .
sl = 3 BU=jPX, =v|J=j= 3 2 <.)(Pj5s)(v)ﬂ(v),
0<j<r 0<j<r J
7 even 7 even

and since I and P commute, by the binomial theorem,

Q =27 (I + Py +(I-Py) =27 (T) Pi
0<j<r
j even

From these expressions we obtain the identity for p;f: L for Pr. ! we sum over odd j instead. Non-
negativity follows, since p?, (v) > 0 for every b € {+1} and pu(v) > 0 at non-isolated v. O

Claim 4.2. For every non-isolated vertex s and integer r > 0,

1
ovi(s) = 7 (2= Qrds = Ryilly). (4.3)

Proof. Since },cpy (pti(v) + pri(v)) = 1, we obtain Eyy[Qr0s + R-0s] = 2 by summing Equa-
tion (4.2) over v. By Equations (2.3) and (4.2) and 2min{a,b} =a+b—|a — b,

ove(s) = Y min{p(v), pr (v)}

vE(n]

1
— Z vau[Qr(gs + erss - ‘Qr5s - Rr65|]
1
= 1 (2= 1Q:8, — Ryl O
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We will apply the bounds of Fei and Rubinfeld at a length divisible by four, and to pass from
it to the chosen length L, we first prove that the overlap is monotone in the length.

Lemma 4.3 (Monotonicity of the overlap). For every s € [n] and all positive integers r < r’,
ovr(s) < ovp(s).

Proof. When s is isolated, both overlaps are zero, and otherwise @, — R, = 25", so by Equation (4.3),
ov,(s) = 5 (1 — [|S"d5|1). For the simple-random-walk operator,

degq(
Pl Y e T )
. ve([n)] o gG u~v
egq(v)>
<L S Sl = 3 2B < g
= 2m - om N b
vE€[n] u~v u€(n]
degq(v)>0

where the terms for isolated vertices are zero. Consequently,

1 1
1Sflh =515 = Pl < 5(1F 1+ 1PFlR) < £

Thus [|S™F154]|1 < ||S7ds||1 for every r, and ov,11(s) > ov,(s). O

Statements from [6]. We restate the following three statements from [6].

Corollary 4.4 ([6, Corollary 3.6]). The optimal value of BASICSDP 4 is at least

- e (0 P) 1)

By [6, Proposition 3.5], the matrix X;; = EvNM[fék) (i)fqgk) (7)], with zero rows and columns at
isolated vertices, satisfies the SDP constraints for every positive integer k. The optimal value of
BaAsicSDP 4 is therefore at least

3T T, (5. 1]

Corollary 4.5 ([6, Corollary 3.10]). Let t be a positive integer, let v € [n] be non-isolated, and let
Y= 2 — HQ4t5v — R4tde1- Then

2t1

@) p(2r) 2\ 1 1

= T) r < = — N

§ 3 (5. Yri)s2vie2(3) +qlom o (44)
Theorem 4.6 ([6, Theorem 2.2]). For any € [0,1], if the optimal value of BASICSDP 4 is at
least 1 — 3, then the Maz-Cut value of G is at least 1 — /.

Proof of Theorem 2.7. We take ¢ := 1/288 and C := 2'% and assume that G is e-far from bipartite.
Then m > 0, and by Equation (4.1),

1 — MaxCut(G) = — A(G, II) > > 2, (4.5)



since m < Dn/2. Thus MaxCut(G) < 1 —2¢, and the rest of the proof uses the assumption that G
is far only through this bound. We may also assume that G has no isolated vertices, since deleting
them changes none of m, MaxCut(G), the optimal value of BASICSDP 4, and E,.,[ov,(s)] for every
r, and after relabeling the remaining vertices as [n], the assumed lower bound on L remains valid
because n only decreases.

We set

By the definitions of ¢ and 6, ce* = g and 3v0 = %. Since L > Ce8log,n > 8, we have t > L/8,
and since % =216 >92.1442,

t >~ >2-144% ®logyn = 20 *logy n. (4.6)

Suppose, toward a contradiction, that

gt 0

ESN“[OVL(S)] < @ = 2

For each s € [n], let
Vs = 2— ||Q4t65 - R4t63||1-

Since 4t < L, by Lemma 4.3 and Equation (4.3),
Esplvs) = 4Esopova(s)] < 26. (4.7)

We apply Corollary 4.5 with v = s and take the expectation over s ~ u. By Cauchy—Schwarz and
Equation (4.7), Esu[2y/7s] < 24/Es~p[vs] < 2v26, and by Jensen’s inequality,

1 1
Esp |log ] < logy Eg~ [] = logy n,
“{ 2 p(s) 2 s ?

where the equality holds because no vertex is isolated. Hence

2t—1 1/4 2
1 2 logon 0
il (2r) (2r) < 94/ 2 08N 5./ <
; TE:t ESN“[<f5 ,Pfg >—|—1} 2 20+2<t> + : 2v/20 + 2V/0 + 5 6v6.

The second inequality uses Equation (4.6) and the third uses # < 1. Hence some r € {t,...,2t—1}

satisfies
E,., [< £ p f§2’”>> + 1] < 6v.

Since 2r is a positive integer, we may take k = 2r in Corollary 4.4, so the optimal value of
BASICSDP 4 is at least
2

b ;keizl}£>0ESN“ [CARAERIESE %Es~u[<f§2”7Pf§2”> +1]z1-3vE=1-5.

By Theorem 4.6 with 8 = £?/4, MaxCut(G) > 1 — §, contradicting Equation (4.5). Therefore
Esplovi(s)] > %, as required. O
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A Optimality for parity-challenge protocols

In a parity-challenge protocol, the verifier samples a finite, arbitrarily correlated tuple of walks
I'y,....,I'7 in G, where T' may depend on its coins, and sends one message revealing their starts
and endpoints. The prover returns one bit per walk, chosen jointly after seeing the whole message,
and the verifier rejects only if some bit differs from the traversal parity of its walk. We write N;
for the number of edge traversals of I'; and define the protocol’s cost as E[ZiT:1 N;]. The protocol
of Section 3 belongs to this class.

Theorem A.1 (Logarithmic lower bound for parity-challenge protocols). There are absolute con-
stants 0,y > 0 and infinitely many n with the following property. There is a simple connected
6-regular n-vertex graph G, in the bounded-degree model with degree bound D = 6, that is §-far
from bipartite and on which every parity-challenge protocol has a prover that is rejected with prob-
ability at most E[ZiT:1 N;l/(vlogn). Consequently, any family of parity-challenge protocols that
rejects every prover with probability at least some fized k > 0 on every §-far graph has expected cost
Q(logn) on these graphs.

Proof. We fix a sufficiently large prime £ = 1 (mod 20) and take G = X5 the LubotzkyPhillips—
Sarnak graph [13]. The parameter 5 makes the graph 6-regular, and ¢ = 1 (mod 20) gives { = 1
(mod 4) and makes 5 a quadratic residue modulo ¢, the case in which X 5% is simple, connected,
and non-bipartite, with n = ¢(¢? — 1)/2 vertices and girth g > 2log; ¢ [5, Theorem 4.2.2 and
Corollary 4.3.6]. By Dirichlet’s theorem, there are infinitely many such primes.

For a 2-partition P = (Vp, V1) with violating edges Fp as in Definition 2.2, we define its sign
vector x € {—1,1}" by x, = 1 for v € Vp and x, = —1 for v € V;. We write A for the adjacency
matrix of G. Since G is a Ramanujan graph, every eigenvalue of A other than +6 has absolute
value at most 21/5 [13], and —6 is not an eigenvalue because G is connected and non-bipartite, so
Amin(4) > —2v/5. In XTAX each edge appears in both orientations, with value 2 for a violating
edge and —2 otherwise, so since G has 3n edges, the Rayleigh bound gives

6 — 25
— N

—2v5n < x"Ax = 4|Fp| —6n,  |Fp|> 1

Thus G is 6-far from bipartite for § = (6 — 2v/5)/24, using degree bound D = 6.
We set v := 1/(4log5), chosen so that 2ylogn < g: since n < £3,

2vlogn < glog5€< 2logs l < g.

If two walks with the same start and endpoint each make fewer than ~logn edge traversals but
have different parity, then deleting their holding steps and concatenating one with the reverse of
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the other gives an odd closed walk shorter than g, which contains an odd cycle no longer than itself,
contradicting the definition of girth. Thus any two such walks have the same parity.

The prover returns the parity of a shortest path for each revealed pair. If N; < «vlogn, deleting
the holding steps from I'; gives an N;-edge walk, while a shortest path with the same start and
endpoint has length at most N;. Both walks then make fewer than +logn traversals, so they have
the same parity, and the response for I'; is correct. Rejection therefore implies ), N; > ~logn,

and by Markov’s inequality we bound the rejection probability by E[Zszl N;]/(vlogn). O

B Yoshida’s multiscale alternative

Yoshida [17] proves a related multiscale theorem for the overlap of a walk stopped at an independent
geometric time, which we restate in our notation in order to compare the two overlaps.

B.1 Geometric overlap

For m > 0, we define 7(G) :== m~! minp |Fp|, with 7(G) = 0 when m = 0. By Equation (4.1) and
2m < Dn, every graph that is e-far from bipartite has 7(G) > 2e¢. For L > 0, we use a geometric
time 77, with mean L, independent of the walk:

1Ly

The overlap at the stopping time 17, is

ovy(s Z mln P X7, =v, or, =0 | Xo =]
ve[n]
Zmln Z]P’ pts ZPTL—tpESl(v)
vE(n] t>0 t>0

As in Lemma 2.6, this is the minimum error in guessing the parity from the start and endpoint
when the stopping time is not revealed.

Theorem B.1 (Yoshida [17, Theorem 4.9]). There are absolute constants 0 < o/,c',ex < 1 and
C’ > 1 such that the following holds. For 0 < p < 1/10, we define

A= c)\#,
1 +log(1/p)

If 7(G) > p, then there is a scale ¢ € Qy such that, for L, := C'qA\"?logn,

Qy = {2\ :j € Zso, 22X <1} U{1}.

Psplovr,(s) > o] > dq.

It is useful to compare the two notions of overlap. For fixed ¢, ov,(s) is the minimum error in
guessing o; from (s, X¢), whereas ov(s) is the minimum error in guessing o7, from (s, X7, ) when
Ty, is random and not revealed. By Jensen’s inequality, for every s,

OVL >ZP OVt( )

t>0

The inequality can be strict: for a given endpoint, the most likely parity may depend on the
stopping time. Therefore, we cannot in general deduce a fixed-time lower bound from Theorem B.1
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using this comparison. Additionally, in Theorem 2.7, we bound E,~,[ovr(s)] from below for every
integer L > Ce~8logyn. In Theorem B.1, the lower bound instead holds for some ¢ € Q), which
may depend on G. These changes between the two notions force us to change the protocol, as we
do next.

B.2 The bipartiteness protocol

Theorem B.2. For everyn > 2,1 < D < n—-—1, and 0 < € < 1, bipartiteness has a
one-round private-coin interactive proof of proximity with perfect completeness and sound-
ness error at most 1/3 on every graph that is e-far from bipartite. Its query complexity is
0(5_310g3(1/5)(1 +log D)logn), and its communication complexity is O(e~*log(1/¢)logn). All
graph queries are made before the verifier sends its message.

Bipartiteness protocol with geometric stopping.
Parameters. Let A, Q,, and L, be as in Theorem B.1, with

p = min{e, 1/20}.
For each g € Q,, we set

2
M, = [/w . W= > ML,  B:=12W.
qeEQN

The walks are independent.

1. Walks. For each ¢ € Q) and k € [M,], the verifier samples S, ~ Unif([n]) and runs a lazy random
walk from S, until an independent geometric time of mean L,. We denote the endpoint by V;
and write by 1, € {0,1} for the parity of the number of edge traversals, with b, 5 = 0 for even parity.
If the verifier cannot complete all the walks within B lazy steps, it accepts.

2. Interaction. The verifier sends ((Sqx, Vgx)) The prover returns bits (aq x)g.k-

q€Qx, kE[My]”
3. Decision. The verifier accepts if and only if aq 1, = by i for every ¢ € Q and k € [M,].

Proof of Theorem B.2. Completeness. If G is bipartite, the honest prover answers according to a
bipartition. The traversal parity is even exactly when the start and endpoint lie in the same part,
so every response is correct. The verifier also accepts if the cutoff is exceeded, so completeness is
perfect.

Soundness. If G is e-far from bipartite, then m > minp |Fp| > pDn and 7(G) > pDn/m > 2p. By

Theorem B.1, some ¢ € Q) satisfies Es,[ovr, (s)] > o/c’q. To pass to the uniform average, we use
u(s) < DJ(2m);

— ZOVL > —ESNM[OVL(I( s)] > 2d’d pq.

We first consider the protocol without the cutoff. For each start and endpoint, the prover’s best
response is the more likely parity, as in Lemma 3.2. Since the challenges are independent, for every
prover,

M _,

. 1 N ! _

Placcept without the cutoff] < H (1 - Zoqu,(s)> <(1- QO/CIPQ)Mq <e 4
q'€Qx
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The total number N of lazy steps without the cutoff satisfies E[N| = W, so

1

P[N > B] < :

<

| =

If N < B, the verifier accepts only if all the prover’s answers are correct. Thus, for every prover,

1 1

Placcept] < Placcept without the cutoff] + P[N > B] < e™4 + =<3 (B.1)
Complezities. The verifier takes at most B = O(W) lazy steps, with O(1 + log D) queries per
step by Claim 3.3. Without the cutoff, the expected number of steps for each scale is M,L, =
O(logn/(pA?)), uniformly over g. Since p = O(¢), A = O(g/log(1/¢)), and |Q,| = O(1+log(1/))) =

©(log(1/¢)),
W= ML,=0

g€

|Qx[logn —373
(p)\z = 0(c 7 log’(1/e)logn).
The query complexity is therefore
O(W(1+1log D)) = O (e *log®(1/¢)(1 + log D) logn) .

For each challenge, the verifier sends two vertices and the prover returns one bit. Since
> geo, 1/a=0O(1/A) and 3 o, Mg = O(1/(pA)), the communication complexity is

O (Z Mq> logn | = O(logn) = O(s %log(1/e)logn).

SN pA

C An extension to Unique Games

Yoshida [17] uses the same general approach for bipartiteness and Unique Games. We extend the
preceding protocol to Unique Games by asking the prover for one starting label and its images
along several independent walks from the same vertex.

C.1 Constraints and geometric ambiguity

Definition C.1 (Unique Games instance). We fix an alphabet [Q], where @ > 2. A Unique Games
instance is U = (G, {muw }uver), where G is as in Definition 2.1 and each oriented edge uv has an
associated permutation m,, of [Q], with m,, = 7. For a query (v, i), the verifier receives the i-th
neighbor u together with m,,, or L if no such neighbor exists.

Definition C.2 (Labelings and proximity). For a labeling x: [n] — [@], the set of violated con-
straints is F, == {uv € E : z(v) # mup(z(u))}. Writing [Ty for satisfiability, we use the distance

.
A(U,Ilug) = 7~ min | Fy.

This is the minimum number of constraint deletions needed for satisfiability, normalized by Dn.
As for bipartiteness, the distance is the same if insertions are allowed. For m > 0, we write
7uc(U) == m~tmin, | F,|, with 7yg(U) = 0 when m = 0. An instance is e-far from satisfiable when
A(U y HU(;) > €.
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We require completeness on satisfiable instances and soundness on instances that are e-far from
satisfiable, as in Definition 2.3.

Definition C.3 (Geometric ambiguity). For a lazy walk P = (uy, ..., u;), the induced permutation
is

HP = Wut_lut -0 7T’I.L0u17
where the permutation is the identity for a holding step or the empty path. For P = (X, ..., X7, ),

we define
paL:bs(U) = IP)[XTL =, Hp(a) =b | Xo = 8].

The endpoint marginal ), paL’Z,(v) is independent of a. Yoshida’s geometric ambiguity, denoted
here by amby(s), is

ambyr,(s) = min p%’i(v) - maxpci’f;(v) =1— max max CLL’Z(U). (C.1)

a€lQ) el \be[] be[Q] vel] be[Q]

For a fixed starting label a, the prover’s best guess at endpoint v is a label b maximizing p‘z’bs(v).
The stationary distribution is pu(v) = degg(v)/(2m). 7
When @) = 2 and adjacent vertices must have different labels (the bipartiteness case), amby (s) =
ovr(s).
Lemma C.4 (Yoshida [17, Lemma 3.12]). For each fixed QQ > 2, there are constants 0 < cg < 1
and Cg > 1 with the following property. For 0 < p < 1/10, we define

Qp = {20 1 j € L0, j < [logy(p )1} U{1}.
For each r € Q,,, let
o = chrfl/Q, L, = Cprgrl/Q logn.
If tuc(U) > p, then some r € Q, satisfies

Py ulambyr, (s) > ar] > cqr.

C.2 The protocol

Theorem C.5. For each fized Q > 2, everyn >2,1 < D <n-—1, and 0 < e <1, Unique Games
satisfiability has a one-round private-coin interactive proof of proximity with perfect completeness
and soundness error at most 1/3 on every instance that is e-far from satisfiable. Its query complexity
is Oq (6_5 log(1/e)(1 + log D) log n), and its communication complezity is Ogq (5_3 log n) All graph
and constraint queries are made before the verifier sends its message.

Unique Games protocol with geometric stopping.

Parameters. Let Q,, o, and L, be as in Lemma C.4, with

p = min{e, 1/20}.

=

cQpr o

For each r € Q,,, we set
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The cutoff is B, where
W = Z M, K, L,, B = 12W.
re€Q,
The starts are independent, and the walks are independent conditional on their starts.

1. Walks. For each r € Q, and k € [M,], the verifier samples S, ~ Unif([n]) and runs K, lazy
random walks from S, , each stopped at an independent geometric time of mean L,. We denote
the endpoint of the j-th walk by V,.x ; and write Ilp,_, . for its induced permutation. If the verifier
cannot complete all the walks within B lazy steps, it accepts.

2. Interaction. The verifier sends
((Sr,kv (Vr,kyj)je[Kr])),«eQm ke[M,]’

The prover returns one starting label a,; € [Q] and endpoint labels (bx ;)je(x,] € [@)*" for each
(r, k).

3. Decision. The verifier accepts if and only if

bk, =1lp, . (ark) for all r, k, 7.

Proof of Theorem C.5. Completeness. On a satisfiable instance, the prover fixes a satisfying la-
beling = and responds with a,; = x(Syx) and b, 1 ; = x(V, ;). Every constraint is satisfied, so
Op,, ;(2(Srk)) = (Vi) for every walk. All responses are therefore correct. The verifier also
accepts if the cutoff is exceeded, so completeness is perfect.

Soundness. For a fixed scale r and start s, we consider one batch in the protocol without the cutoff
and write A,(s) for its largest acceptance probability. For each possible list of endpoints vy, ..., vk, ,
the prover chooses one common starting label a and the most likely image of a at each endpoint.
Since the walks are independent conditional on s,

K

(Ib T
A(s)= ) ;gfgﬂgggﬁ RCHESD Y maxpp’,(v) | < Q(L—amby, ().

V1,000, €[N] a€[Q] \v€[n]

For the first inequality, we bound the maximum over a by the sum over the @ possible starting
labels. With K, > log(2Q)/ay,

(C.2)

l\Q\H

amby (s) > a, = A.(s) < Qe v <

If U is e-far, then m > min, |F;| > pDn and 7yg(U) > 2p. By Lemma C.4, there is a scale r € Q,
for which the set
H, :={s € [n]:ambp,(s) > a,}

has u(H,) > cqr. Since degg < D,

|H.| _ 2m 1
> EM(HH > 2cqpr, - E Ar(s) <1
S

|H, |
— <1-— .
n 2n — copr

Since the hidden permutations of different batches are independent conditional on the full message,
the prover maximizes its probability of answering all batches correctly by choosing the response to
each batch separately. Thus, for every prover,

M.,

1

Placcept without the cutoff] < g (n Z Ar/(s)> < (1 —cgpr)Mr <e™.
T P
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Without the cutoff, the expected total number of lazy steps is W. As in Equation (B.1), the
probability of exceeding B is at most 1/12, so

1 1
P t]<e 4 — <=,
[accept] < e +12<3

Complezities. The verifier takes at most B = 12W lazy steps, with O(1 + log D) queries per step.
For fixed @,

M, =0¢q(p~'r 1), K, = O0q(p~1rl/?), L, = Oq(p~3r/%logn).

For every scale r, the expected number of steps without the cutoff is M, K, L, = Og(p~°logn).
There are |Q,| = O(log(1/p)) scales, so

W =Y MK,L =06q(p°|Q,|logn) = Og(c° log(1/e)log n).

TEQ;}

The query complexity is therefore
O(W (1 +log D)) = Og(c°log(1/e)(1 + log D) logn) .

For each batch, the verifier sends the starting vertex and K, endpoints, and the prover returns

K, + 1 labels. Since Zregp r~1/2 = ©(p~') and Zregp M, K, = ©g(p~3), the communication
complexity in bits is

O Z M, (K, +1)(logn +1og Q) | = Og(e*logn).
’!’EQp
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