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Abstract

We study the query complexity of finding a Tarski fixed point over [n]*. Previous work has
left a large gap between Q(log2 n) and logo(k ) n. We show that both of the previous upper and
lower bounds were far from tight: for every k > 3,

Q ((log n)%flog k]) < TARsKI(n, k) < O (Sk(log n)[log k]) .

Succinctly, up to the fixed-parameter factor of 5, the complexity is settled at (logn)®U°8¥), In
particular, we obtain the first super-polynomial query lower bound for this problem.
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1 Introduction

We begin by recalling the definition of monotone functions and Tarski’s fixed point theorem.

Definition 1 (Monotone functions). Let (£, =) be a complete lattice. A function f : L — L is
monotone if f(z) X f(y) for all z,y € L with x < y.

Theorem 1 ([Tar55]). Let (£, =) be a complete lattice and f : L — L be a monotone function.
Then the set of fixed points, i.e., {x € L : f(x) = x}, is a nonempty complete lattice under the
order of L. In particular, f has a least fized point and a greatest fixed point.

Tarski’s fixed point theorem has had a lasting influence on several fields such as mathematics,
economics, logic, and computer science. Applications to set theory and topology already appear
in Tarski’s original paper [Tar55]. In economics, the theorem provides an elegant foundation for
analyzing systemic risk in financial networks [ENO1]. In logic, it underlies the semantics of fixed
point logics such as the modal p-calculus [Koz83]. In computer science, it provides foundations
for the semantics of recursive programs [SS71] and for static program analysis through abstract
interpretation [CC77].

In this paper, we study the problem of finding a Tarski fixed point over the k-dimensional grid
lattice ([n]*, <), where [n)* := {1,...,n}* and = < y if 2; < y; for all i € [k]. This setting captures a
broad range of computational problems. In game theory, these include finding pure Nash equilibria
in supermodular games, an important class of games with strategic complementarities [Top79,
Top98, MR90]. In verification, the problems of solving parity games [[2J91, CJIK " 17], mean-payoff
games [ZP96], and Condon’s simple stochastic games [Con92] all reduce to finding a Tarski fixed
point [EPRY20]. These games play a central role in verification and synthesis; for example, solving
parity games is equivalent to model checking the modal u-calculus [EJS93]. The Tarski problem
also subsumes ARRIVAL, which asks whether a train following deterministic switching rules on a
directed graph reaches its destination [DGK ™17, GHH21].

For supermodular games, Etessami, Papadimitriou, Rubinstein, and Yannakakis [EPRY?20]
showed that finding a pure Nash equilibrium is computationally equivalent to finding a Tarski
fixed point over the grid lattice. Parity games, mean-payoff games, simple stochastic games, and
ARRIVAL are also notable for their distinct complexity status: they are among the few natural
problems in NP N coNP, yet have resisted polynomial-time algorithms [Wig19]. Tarski fixed points
provide a unified framework for several longstanding open problems, and a polynomial-time algo-
rithm for the Tarski problem would therefore resolve all of them at once.

We study the query complexity of finding a Tarski fixed point over [n]¥. In the black-box query
model, an algorithm is given n and k and oracle access to an unknown monotone function f : [n]*
— [n]F. In each round, the algorithm chooses a query point z € [n]* and receives the entire
vector f(x). Queries may depend on previous answers, and the algorithm may perform arbitrarily
expensive computation between queries. The goal is to find a fixed point of f using as few queries as
possible. We use TARSKI(n, k) to denote both this problem and its deterministic query complexity,
i.e., the minimum worst-case number of queries needed to solve it. We also consider (Las Vegas)
randomized algorithms, which are required to always find a fixed point for every monotone input
function f. Their query complexity is the worst-case expected number of queries.

The query complexity of Tarski fixed points over [n]¥ has attracted significant attention, yet
remains poorly understood. On the lower bound side, Etessami, Papadimitriou, Rubinstein, and
Yannakakis [EPRY20] proved an Q(log?n) lower bound already in two dimensions, even for ran-
domized algorithms. This was generalized by Branzei, Phillips, and Recker [BPR25] to k di-
mensions, obtaining an Q(/{:log2 n) lower bound. On the upper bound side, Tarski’s algorithm



(value iteration) uses O(nk) queries. The recursive binary search algorithm of Dang, Qi, and
Ye [DQVY11] gives the baseline bound of O(log*n) queries. Surprisingly, Fearnley, Palvolgyi, and
Savani [FPS22] improved this bound to O(log®n) in three dimensions. Haslebacher and Lill [[11.26]
subsequently gave a different algorithm achieving the same bound. More recently, Chen, Li, and
Yannakakis [CTY26] obtained an O(log? n)-query algorithm in four dimensions. These algorithms
achieve optimal query upper bounds in three and four dimensions but are tailored to the geometry
of these low-dimensional settings. Their only known extensions to higher dimensions rely on decom-
position theorems [FP522, CL22], which still yield bounds of log®®) n. Finally the quantum query
complexity of the Tarski fixed point problem has also recently attracted attention [Phi26, LMYZ26].

Our contributions. We significantly improve the best known upper and lower bounds for Tarski
fixed points, showing that the upper bound of logo(k) n and the lower bound of Q(log2 n) were both
far from tight.

On the upper-bound side, we give the first algorithm whose query complexity has only loga-
rithmic dependence on k in the exponent of logn.'

Theorem 2. For k > 3, there is a deterministic algorithm for TARSKI(n, k) with query complexity
O<5k(log n)1+[log((k+2)/3)]) _ O(5k(10g n)ﬂogk]) )

Our algorithm builds on the safe function framework developed earlier in [CLY 23, CLY26] but is
otherwise self-contained. In particular, our algorithm recovers the optimal O(log2 n)-query bounds
in three and four dimensions within a unified framework that applies to arbitrary dimensions,
without relying on geometric properties specific to these low-dimensional settings. We present our
algorithm in Section 2. The safe function framework is reviewed in Section 2.1 and then we give
an overview of the main ideas behind the new algorithm in Section 2.2.

On the lower bound side, we establish the first super-polynomial query lower bound for Tarski
fixed points. Specifically, we prove a lower bound of (log n)Q(log k) for randomized algorithms, even
under the promise that the input function has a unique fixed point.

Theorem 3. For k > 2, any randomized algorithm that solves TARSKI(n, k) (with probability 1)

requires
0 log n |log, (6k+4) |
polylog (k)

queries in expectation in the worst case, even when the input function has a unique fixed point.

This rules out any (randomized) algorithm with query complexity polynomial in k and logn. In
particular, this implies that TARSKI ¢ FPY in the decision-tree model of TFNPI [GH.J*24]. This
is in sharp contrast to contraction fixed points under the /,-norm, which admit polynomial-query
algorithms for all p € [1,00)U{oo} [CLY24, HLSW25]. This is also the first super-polynomial lower
bound for Tarski fixed points on any family of finite lattices in the model where the lattice and its
order are fully known and only the monotone function is accessed through an oracle.

!Throughout the paper, log denotes the base-two logarithm.



2 The Algorithm

We prove Theorem 2 for TARSKI in this section. We first recall definitions of two related problems
TARSKI* and SAFETARSKI® in Section 2.1. We state our main theorem for SAFETARSKI® in Sec-
tion 2.2 (Theorem 5), from which Theorem 2 follows. After an overview of the algorithm behind
Theorem 5, we develop the new ingredients in Sections 2.3 to 2.7 and then combine them to finish
the proof in Section 2.8.

2.1 Preliminaries

The TARSKI* problem. TARSKI is closely related to a problem called TARSKI* [CL22]. The input
to TARSKI*(n, k) is a monotone function f : [n]¥ — [n]* x {£1}, meaning that f(x) < f(y) for any
x = y. We will refer to f(x)g+1 € {£1} as the label of x. Note that monotonicity holds for all k+ 1
coordinates, including the labels. We recall the definition of TARSKI*® as follows:

Definition 2 (TARSKI*(n, k)). Given oracle access to a monotone function f : [n]F — [n]* x {1},
find a point z € [n]* such that either (z,0) = f(z) or f(z) < (z,0). We also write TARSKI*(n, k) to
denote its deterministic query complezity. We set TARSKI®(n,0) = 1 by convention.

A point x € [n]* is called a positive solution to f if (x,0) < f(z), and a negative solution to f
if f(z) < (z,0). We call = a solution to f if it is either a positive or a negative solution. The goal
of TARSKI® is then to find a solution to the unknown monotone function f.

The standard binary search algorithm can reduce TARSKI(n, k) to TARSKI*(n,k — 1) and give
the following bound [F'P522, CL22]. See [CLY26] for a sketch of the reduction.

Lemma 1 (Folklore). For every k > 1, we have
TARSKI(n, k) = O((logn) - TARSKI*(n, k — 1)).

Previous work improved the query complexity of TARSKI by developing better algorithms for
TARSKI". In particular, it was shown that TARSKI*(n,2) = O(logn) ['P522] and TARSKI*(n,3) =
O(logn) [CLY26]. When combined with Lemma 1, these bounds yield optimal O(log?n)-query
algorithms for TARSKI(n, 3) and TARSKI(n,4), respectively.

The SAFETARSKI* problem. The upper bound of TARSKI*(n,3) = O(logn) was proved using an
approach based on safe functions, which are monotone functions that satisfy an additional safety
condition. We need the following notation to define safe functions. Here a slice of [n]" is specified
by an s € ([n] U {*})¥. We write

F(s)={i€kl:si=+} and Ly={zve[n*:az;=s foriec[k]\F(s)}

to denote its set of free coordinates and its set of points, respectively. A point z € L, is a fixed
point of f on slice s if f(x); = x; for all i € F(s); x € [n]* is a fixed point of f if f(x); = x; for all
i€ [k].

Definition 3 (Safe Functions). A monotone function f : [n]* — [n]* x {£1} is said to be safe if it
satisfies the following safety condition: f has a unique fized point on every slice s of [n]".

The approach based on safe functions uses the following SAFETARSKI*(n, k) problem, which is
the same as TARSKI®(n, k), except that f is not only monotone but also promised to be safe:



Definition 4 (SAFETARSKI*(n, k)). Given oracle access to a safe function f : [n]¥ — [n]*¥ x{%1},
find a point x € [n]* such that z is a solution to f. We also write SAFETARSKI*(n, k) to denote its
deterministic query complexity, and set SAFETARSKI*(n,0) = 1 by convention.

It was shown in [CLY23, CLY26] that SAFETARSKI* and TARSKI* have exactly the same query
complexity so it suffices to give algorithms for SAFETARSKI™:

Theorem 4 ([CLY23, CLY26]). For every n,k > 1, TARSKI*(n, k) = SAFETARSKI"(n, k).

2.2 Main theorem and proof overview

The main theorem of this section is a recursive algorithm for SAFETARSKI*(n, k) that leads to the
following recurrence:

Theorem 5. For every k > 2, we have
SAFETARSKI®(n, k) = O((k: 2¥logn) - SAFETARSKI* (n, |k/2] — 1)) :

Solving the recurrence in Theorem 5 and applying Lemma | and Theorem 4, we obtain Theo-
rem 2. We defer the detailed calculation to Appendix A.

Proof overview. To prove Theorem 5, we give an algorithm for SAFETARSKI®(n, k) in the rest of
this section. We first give an overview of the main technical ideas behind it.

Let @ be the set of queries made so far by an algorithm on SAFETARSKI®, together with their
answers. Given such a query-answer set (), the unknown function can be any safe function that is
consistent with Q. In Section 2.3, we prove Lemma 3, which gives lower and upper bounds on the
unique fixed point in every slice s, for any safe function consistent with ). Using these bounds, we
give an explicit definition of a set called Fix(Q) C [n]* and show that it always contains the unique
fixed point of every safe function consistent with ). We then incorporate the queried labels (i.e.,
information about coordinate k + 1 in Q) to define two subsets, Fix™(Q) and Fix™(Q), of Fix(Q),
consisting of points in Fix(Q) that can still receive labels —1 and +1, respectively.

A key technical lemma (Lemma 9) proved in Section 2.5 shows that if Fix™ (Q) and Fix™(Q)
are coordinate-separable along one of the first k£ coordinates, say coordinate k, in the sense that

max xp <  min Yy,
z€Fix—(Q) yEFixt(Q)
then we are very close to solving SAFETARSKI*(n, k): a recursive call to SAFETARSKI*(n, k — 1) is
enough to finish the job. Inspired by Lemma 9, the main goal of our algorithm is to force such a
coordinate separation between Fix™ (Q) and Fix™(Q) using few queries.

For this purpose we measure our progress toward this goal using the number of bad point-pairs
(z,y): v € Fix (Q) and y € Fix™(Q) such that z} > y. These are exactly the pairs obstructing
coordinate separation along coordinate k. We therefore seek to query-efficiently reduce the number
of bad point-pairs. This is done in Sections 2.6 and 2.7: the former establishes the needed structural
property of Fix~(Q) and Fix™*(Q), while the latter gives an algorithmic procedure that exploits it.

More specifically, we prove Lemma 10 in Section 2.6, showing that there always exists a heavy
antipodal set-pair (S~,ST) with S~ C Fix™(Q) and St C Fix™(Q) satisfying:

1. The set-pair is heavy: Eliminating either S~ from Fix™ (Q) or S* from Fix*(Q) would
remove at least a 1/2F fraction of bad point-pairs”; and

2While we call these sets heavy, this 1/2’“ factor is responsible for the 2F loss in the recurrence of Theorem 5.



2. The set-pair is antipodal: There exists a threshold ¢ € [n]* such that, in every coordinate
i € [k — 1], all points in S~ and all points in ST lie on opposite sides of ¢; (i.e., either all
points in S~ are at most ¢; and all points in ST are at least ¢;, or vice versa), while in
coordinate k, all points in ST are at most ¢; and all points in S~ are at least ¢, + 1. (See
item (ii) of Lemma 10 for the formal condition.)

In Section 2.7 we prove Lemma 12, which shows that for any such antipodal set-pair (S—,ST),
one can eliminate at least one of the two sets using a recursive call to SAFETARSKI*(n, £) for some
¢ < |k/2]—1. Combining Lemma 10 and Lemma 12, we can eliminate at least a 1/2" fraction of the
bad point-pairs using one recursive call to SAFETARSKI*(n, f). Repeating this process eventually
eliminates all bad point-pairs, after which Fix~(Q) and Fix™(Q) are coordinate-separable along
coordinate k, and Lemma 9 can be applied. Finally we combine these ingredients in Section 2.8 to
give an algorithm for SAFETARSKI* that proves Theorem 5.

2.3 Query-answer sets on safe functions

Aset Q = {(x',7),..., (z%,r9)}, for some q > 0, is called a query-answer set if 2',... z7 are dis-
tinct points in [n]F and r* € [n]* x {£1} for each i € [¢]. We use a query-answer set @ to record
queries that an algorithm has made on SAFETARSKI*(n, k) during its first ¢ rounds, together with
their answers from the oracle. (So Q = @ at the beginning.) We say a query-answer set () and a
function h : [n]¥ — [n]* x {1} are consistent, denoted by h = Q, if h(z) = r for all (z,7) € Q.

Given that the unknown function in SAFETARSKI*(n, k) is promised to be safe, we will only be
interested in query-answer sets () that are consistent with at least one safe function h. We refer to
such a @ as a safe query-answer set. Given a slice s of [n]¥, our goal in this subsection is to use
information in @ to obtain lower and upper bounds on the unique fixed point on slice s of any safe
function h = @ (Lemma 3). These bounds will be the starting point for defining our candidate
fixed points Fix(Q) in the next subsection. We note that this subsection is all about the first k
coordinates; label information of coordinate k+1 in ) will only be used later in the next subsection
when we define the two subsets Fix™ (Q) and Fix™(Q) of Fix(Q).

We start with some definitions. We say a point y € L, is postfized for @ on slice s if h(y); > y;
for every i € F(s) and every monotone’ function h consistent with Q. Similarly, a point y € Ly is
prefized for Q on s if h(y); < y; for every i € F(s) and every monotone function h consistent with
Q. When s = (x,...,x), we simply say that y is postfixed or prefixed for Q.

We prove the following lemma on the sets of postfixed and prefixed points:

Lemma 2. Let Q be a safe query-answer set and s be a slice of [n]¥. The set of postfized (prefired)
points for @ on slice s is nonempty and closed under coordinatewise joins (or meets, respectively).

Proof. Let I = F(s), and let £,u € L, be the bottom and top points of the slice, respectively. That
is, forevery i € [k], {; =1if i€ [and {; =s;if i ¢ [, and u; =nifi € I and u; = s; if i ¢ I.
For every monotone function h = @, the boundary conditions imply h(£); > ¢; and h(u); < u;
for every ¢ € I. So { is postfixed and u is prefixed for () on s, proving that both sets are nonempty.
Next, let a,b € L, be postfixed for @ on s, and set ¢ = a \V b, where ¢; = max{a;, b;} for every
i € [k]. Since a and b agree in all fixed coordinates, ¢ € L. Fix any monotone function h consistent

3We use monotone rather than safe functions here for simplicity. Restricting to safe functions can only tighten the
lower and upper bounds in Lemma 3, but it is not clear how to exploit this to improve the query complexity.



with () and any ¢ € I. By interchanging a and b if necessary, we assume without loss of generality
that ¢; = a;. As a < ¢, monotonicity of h gives

h(c)i > h(a); > a; = ¢,

where the second inequality follows because a is postfixed for ) on s. This shows that ¢ is postfixed
for () on s and thus, the set of postfixed points for ) on s is closed under coordinatewise joins. It
can be proved similarly that the set of prefixed points is closed under coordinate meets. O

Given Lemma 2, we know that there is a greatest postfixed point for () on slice s, denoted by
Js(@), and there is a least prefixed point, denoted by M (Q). For the all-x slice, we denote these
two points as J(Q) and M (Q) for convenience.

The next lemma shows that the unique fixed point z* on slice s of any safe function consistent
with  must lie between J5(Q) and M,(Q):

Lemma 3. Let QQ be a safe query-answer set, and h be any safe function consistent with Q). Then
for any slice s of [n]¥, the unique fized point z* of h on slice s satisfies Js(Q) = x* < M(Q). This
in particular implies that Js(Q) = Ms(Q).

Proof. Fix a slice s, and let I = F(s). Define a map fs : L; — L, by setting

fs(x); = {h(m), Z el , for every x € L; and i € [k].
s i¢l1

It is easy to verify that fs maps Ls to Ls and is monotone, i.e., fs(x) < fs(y) for any z <y € Ls.

Moreover, a point x € Ly is a fixed point of f if and only if h(x); = x; for every i € I. Since h is

safe, * is the unique fixed point of f.

To prove the lower bound J,(Q) =< z*, let 20 = J4(Q) and define 2'™! = f(zf) for t = 0,1,.. ..
Since z° is postfixed for @ on s and h is consistent with @, we have h(z%); > ¥ for all i € I and
thus, 2° < f(2°) = 2!. By an induction, it is easy to show that the sequence of points z°, z*, ...
is nondecreasing. Since all its points belong to the finite set L, there is an integer T° > 0 such that
2l = 2T+ = f(z7). Hence z7 is a fixed point of f, so #7 = 2* by uniqueness. We conclude that

Js(Q) = 2° < 27 = z*. The upper bound z* < M,(Q) can be proved similarly. O

Before moving on, we record the following simple fact that, as an algorithm makes more queries
and extends the query-answer set @, J(Q) can only increase and M4(Q) can only decrease:

Lemma 4. Let Q C Q' be two safe query-answer sets. Then Js(Q) < Js(Q') and Ms(Q") = Ms(Q)
for every slice s of [n]*.

Proof. Fix a slice s. Given that any monotone function consistent with @’ must also be consistent
with @, the set of postfixed points for Q on s is a subset of that for Q' on s. It then follows that
Js(Q) = J5(Q'). The proof for prefixed points is similar. O

2.4 Candidate fixed points

Let @ be a safe query-answer set. Given Lemma 3, it is natural to define the following set

Fix(Q) = {:U e [n]*: J,(Q) = = < M,(Q) for every slice s with z € L’s}.



For any safe function g = @, let 2* be its unique fixed point in [n]¥. Then z* must be the unique
fixed point on every slice s with z* € L,. It follows from Lemma 3 that «* € Fix(Q). This is why
we will refer to Fix(Q) as our set of candidate fized points given @, since it contains the unique
fixed point of every safe function g = @.

The next two lemmas give more properties about Fix(Q). First we show that Fix(Q) always
contains J(Q) and M(Q).

Lemma 5. For any safe query-answer set Q, we have J(Q) € Fix(Q) and M(Q) € Fix(Q).

Proof. Let a = J(Q), and fix any slice s with a € £;. We will show that a = b := J5(Q).

On the one hand, since a is postfixed for () on the whole grid, it is also postfixed on s. Thus we
have a < b. On the other hand, to see b < a, fix any monotone function h = Q. For each i € F(s),
the definition of b gives h(b); > b;. For each i ¢ F(s), we have b; = a;, and monotonicity gives

So b is postfixed for Q on the whole grid. By the definition of J(Q), we have b < a, so Js(Q) = a.
By Lemma 3, we now have J5(Q) = a < M,(Q). Since this holds for every slice s with a € L,
it follows from definition that a € Fix(Q). The argument for M (Q) is symmetric. O

The next lemma shows that any point x, at which @ forces a strict inequality of h(z); > z; or
h(z); < z; for any i € [k], must be excluded from Fix(Q). The proof uses a one-dimensional slice
and the safety condition to obtain a bound that excludes the point:

Lemma 6. Let Q be a safe query-answer set. If x € [n]* and i € [k] are such that h(z); > z; for
every monotone h = Q, or such that h(x); < xz; for every monotone h = @, then x ¢ Fix(Q).

Proof. Let z and i € [k] be such that h(x); > x; for every monotone function h = Q. Since these
functions take values in [n]* x {1}, we have x; < n. Let s be the one-dimensional slice through z
with free coordinate 4, and set v = = + e;. By monotonicity, h must satisfy

So v is postfixed for @ on slice s and thus, v < Js(Q). Since v; > x;, the condition Js(Q) =X z fails,
and hence = ¢ Fix(Q). The case when h(z); < z; for every monotone h = () is symmetric. O

Next we incorporate the label information of @ in coordinate k + 1 to define subsets Fix™ (Q)
and Fix™(Q). We define them as follows:

Fix™ (Q) = {z € Fix(Q)
Fix"(Q) = {z € Fix(Q)

So in Fix~(Q) (or Fix™(Q)) we exclude z € Fix(Q) that must be labelled +1 (or —1, respectively)
in any safe g = @. Note that their union is Fix(Q) but they do not form a partition of Fix(Q) in
general. It is intuitive to see that, as more queries are made, all three sets can only shrink:

(y,r) € Q withy <, rpq = +1} and
(y,r) € Q with z <y, 41 = —1}.

¥
8

Lemma 7. If Q C Q' are safe query-answer sets, then we have

Fix(Q') CFix(Q), Fix (Q') CFix (Q) and Fix"(Q") CFix"(Q).



Proof. Let x € Fix(Q'). For every slice s containing x, Lemma 4 gives

Js(Q) = JS(Q/) =z= MS(Q,> = MS(Q)

Thus z € Fix(Q), and we have proved that Fix(Q') C Fix(Q).
Moreover, since Q C @', any queried label in @ that excludes a point from Fix™ (Q) or Fix™(Q)
also excludes it from the corresponding set for )’. This proves the other two inclusions. O

So as an algorithm makes more queries, all three sets can only shrink. While Fix(Q) can never
be empty, the last lemma of this subsection shows that, if one of Fix™(Q) and Fix™(Q) becomes
empty, a solution to the unknown function has already been revealed by Q:

Lemma 8. IfFix (Q) = @, then J(Q) must be a positive solution to every safe function g = Q.
IfFix™(Q) = @, then M(Q) must be a negative solution to every safe function g = Q.

Proof. Suppose that Fix™ (Q) = &, and let a = J(Q). By Lemma 5, a € Fix(Q). Given that a ¢
Fix (@) (as Fix™ (Q) = ©), there exists (y,r) € @Q with y < a and ri11 = +1.

Fix any safe function g = (. Monotonicity gives g(a)g+1 = +1. Since a is postfixed for @ on
the whole grid, we have that a is a positive solution to g. The other case is symmetric. O

2.5 Dimension reduction via coordinate separation

Given Lemma 7 and Lemma 8, the high-level strategy of our algorithm for SAFETARSKI® is to make
queries to shrink Fix™(Q) and Fix™(Q), aiming to eliminate one of them with as few queries as
possible. A key idea behind our new algorithm in this paper is to not just care about individual
sizes of the two sets, but to aim at making the two sets coordinate-separable: We say a pair of sets
(A, B), where A, B C [n]*, is coordinate-separable’ if

max x; < min y.

a:ejl( b= yeB Yk
Equivalently this means that there exists a ¢t € [n] such that xp <t <y for all z € A and y € B.

The following lemma shows that if (Fix™ (Q),Fix*(Q)) is coordinate-separable, then indeed we
are very close to eliminating one of them completely, which by Lemma 8 will solve SAFETARSKI®:

Lemma 9. Let Q be a safe query-answer set such that (Fix™(Q),Fix™(Q)) is coordinate-separable.
There is an algorithm that, given QQ and oracle access to any safe function g = @, makes at most
SAFETARSKI*(n, k — 1) + 1 additional queries to find a solution to g.

Proof. If either Fix~(Q) or Fix™(Q) is empty, the claim is trivial by Lemma 8. Below we assume
that they are nonempty and, for some ¢ € [n], satisfy

max xp<t< min y.

z€Fix—(Q) yEFixT(Q)

Given a safe function f = @, we focus on its (k — 1)-dimensional slice s = (%, ..., *,t) and induce
the following function f’': L — L x {£1}: For i € [k — 1], we have f'(2); = f(2)i; f'(2)x = t; and
its label in coordinate k + 1 is defined by

flr =41 = fle>t or [f(z)p =tand f(2)k41 =+1]. (1)

4Note that the definition uses specifically coordinate k. This is without loss of generality; the same proof works if
we replace k by any coordinate ¢ € [k].




From now on, we view f’ as a function from [n]*~! to [n]¥=! x {&1}, by skipping coordinate k. It
can be easily verified that f’ must be safe given that f is safe. Hence f’ is a valid input function for
SAFETARSKI*(n, k — 1). Furthermore, given the definition of f’ from f, oracle access to f’' can be
simulated by oracle access to f, query by query.

Given Q) and oracle access to any safe function f = @, the algorithm proceeds as follows: It
runs an algorithm ALG for SAFETARSKI*(n, k — 1) on the unknown function f’ induced by f. Each
time when ALG makes a query z € [n]*~! about f’, our algorithm makes a query y about f, where
y is obtained from z by inserting ¢ as its coordinate k. After receiving r = f(y) from the oracle, our
algorithm updates @ by adding a new pair (y,r), replies to ALG’s query (based on the construction
of f’ from f), and continues. This process stops within SAFETARSKI*(n, k — 1) rounds; at the end,
ALG returns a point z € [n]*~! as a solution to f’. Let y be its corresponding point in [n]*. Our
algorithm makes one additional query on y (if it has never been queried before). This makes sure
that at the end, letting Q" O @ be the updated query-answer set, ' must contain a pair (y,r) such
that y € Ls and one of the following two conditions (with four subcases) holds:

1. r; > y; for every i € [k — 1] and either (1.1) rp >t or (1.2) ry, =t and 7541 = +1; or
2. r; <y, for every i € [k — 1] and either (2.1) 1y < tor (2.2) r, =t and rp4 = —1.

We show below that, in each of these four subcases, a solution has already been revealed in Q.

In Case 1.2, it is clear that y must be a positive solution in any safe function f = Q’; in Case
2.2, y must be a negative solution in any safe function f = Q’.

Consider Case 1.1. Let v/ € [n]* be obtained from y by increasing coordinate k by one. Since
h(y) = r for every monotone function h = @Q’, monotonicity implies that ¢y’ is postfixed for Q" over
the whole grid. Every x € Fix(Q’) satisfies y < J(Q') < x, so zp > t+ 1. As every z € Fix (Q)
satisfies 2 < tand Fix™ (Q') C Fix (@), we have Fix~ (Q') = @ and by Lemma 8, J(Q') must be a
positive solution to every safe function consistent with QQ’. The proof of Case 2.1 is symmetric. [J

Inspired by Lemma 9, our goal in the rest of this section is to design a query-efficient strategy to
force (Fix~(Q),Fix™(Q)) to become coordinate-separable. A natural way to measure the amount
of work to be done is to count the number of bad point-pairs. Here we say (x,y) is a bad point-pair
if z € Fix (Q),y € FixT(Q) and zy, > y,. We use R(Q) to denote the set of bad point-pairs. Note
that (Fix~(Q),Fix™(Q)) is coordinate-separable if and only if R(Q) = @, so bad point-pairs are
obstructions to the coordinate separation that we aim for. Given that by Lemma 7, both Fix™ (Q)
and Fix*(Q) only shrink after each query, so does R(Q). Naturally our next goal is to come up
with a strategy to shrink R(Q) query-efficiently.

2.6 Existence of a heavy antipodal set-pair

We start by proving Lemma 10, which shows the existence of a heavy antipodal set-pair (S—,ST),
where S~ C Fix~(Q) and ST C Fix™(Q). Being heavy means that eliminating either one of them
would reduce the size of R(Q) by at least a 1/2* fraction. The structure of the set-pair being an-
tipodal, to be defined below, will be exploited in the next subsection, where we give an algorithm
that can eliminate one of the two sets with few queries.

Lemma 10. Let Q be a safe query-answer set with R(Q) # @. There exists a set-pair (S—,ST)
with S~ C Fix™(Q) and ST C Fix™(Q) such that the following two conditions hold:



(i) The set-pair (S~,S™) is heavy: We have

() € R(Q) R

{(z,y) e R(Q) : y € ST} >

(ii) The set-pair (S~,S™) is antipodal: There is a partition [k] = JU H with k € H, and a
vector t € [n]* satisfying that, for every x € S~ and y € ST, we have

zy 2ty y; and zg =ty = ym. (2)
Moreover, for coordinate k, we have xj, >t + 1 for every x € S™.

Proof. We first handle coordinate k. Order the pairs (z,y) € R(Q) by y, and let ¢ be the yi-value
of a middle pair. Define

R ={(z,y) €R(Q) :yr > q} and R" ={(z,y) e R(Q):yx < q}.

Both sets contain at least half of the bad pairs because of the median choice of q. Every (z,y) € R~
satisfies j, > yp > ¢, while every (x,y) € RT satisfies y, < q. Set tx = ¢, J = @, and H = {k}.

We now restrict R~ and R™ one coordinate at a time. For each i € [k — 1], order the pairs in
the current R~ by z; and those in the current R by y;, and let a,b be the respective coordinate
values of middle pairs. If a < b, restrict R~ to pairs with z; < a and R to pairs with y; > b, set
t; = a, and put ¢ in J. If a > b, restrict R~ to pairs with 2; > a and R to pairs with y; < b, set
t; = b, and put 7 in H. In either case, each set keeps at least half of its pairs, and the required
inequalities hold in coordinate ¢. Further restrictions preserve all inequalities established in earlier
coordinates.

After processing all k — 1 coordinates, we have a partition [k] = JU H with k € H, and the
final pair of sets satisfy |R~| > 27%|R(Q)| and |R*| > 27%|R(Q)|. Define

—{:1: (x,y) € R~ forsomey} and ST = {y (z,9) ER+forsomex}

By construction, these families satisfy (2), and every = € S~ has z; > t; + 1, proving item (ii).
Every pair in R~ has its first endpoint in S~, and every pair in R™ has its second endpoint in S™.
Since both pair sets are subsets of R(Q), their size bounds imply the two bounds in item (i). [

2.7 Eliminating one set from an antipodal set-pair

Now let @ be a query-answer set and let (S~, S™), where S~ C Fix~(Q) and ST C Fix™(Q), be a
set-pair that is antipodal with respect to ¢ € [n]¥ (in the sense of item (ii) in Lemma 10). In this
subsection we give an algorithm that eliminates one of the sets, i.e., either S~ from Fix™ (Q) or ST
from Fix*(Q), using few queries.

We first give a simple lemma about Fix(Q):

Lemma 11. Let Q be a safe query-answer set and z € [n]*. For any I C [k], the following hold:

(i) If h(z); > z; for every i € I in any monotone h = Q, then x ¢ Fix(Q) for any x such that
xj > z; foreveryj€lk]\I and z; <z for somei€ .

(ii) If h(z); < z; for every i € I in any monotone h = @, then x ¢ Fix(Q) for any x such that

xj <z foreveryjelk]\I and x; >z for somei¢€l.
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Proof. For (i), let « be a point that satisfies the specified conditions, and set w = x V z. We define
a slice s by setting s; = x if ; < z; and s; = x; if ; > z;. So F(s) # @ and F(s) C I. We also
have z,w € L, and = < w, and w; = z; for every ¢ € F(s). By assumption, we have h(z); > z; for
all i € I and every monotone function h consistent with Q. As z < w and w; = z; for i € F(s),
monotonicity of h gives h(w); > w; for every i € F(s). Thus w is postfixed on s, so x < w < J4(Q),
which by definition excludes z from Fix(Q). The proof of (ii) is symmetric. O

Now we give the algorithm that eliminates one set from (S~, ST):

Lemma 12. Let k > 2. Let Q be a safe query-answer set, and S~ C Fix™(Q) and ST C Fix™(Q)
be two nonempty sets such that (S~,S™) is an antipodal set-pair in the sense of (i) in Lemma 10.
There is an algorithm that, given Q, (S~,ST) and oracle access to any safe function g = Q, makes
at most SAFETARSKI®(n, |k/2| — 1) + 1 additional queries to g to extend Q to Q" such that either

STNFix (Q)=@ or STNFix"(Q) =2.

Proof. First, consider the special case when J = &. Then we know that y <t < « for every x € S~
and y € ST. The algorithm simply queries ¢ and let Q' = QU {(¢,7)} be the resulting query-answer
set. If 7,11 = +1, monotonicity forces positive labels at every z € S~ and thus, S™NFix (Q') = @.
If rp1 = —1, monotonicity forces negative labels at every y € ST and thus, ST NFix"(Q') = @.
In either case, one of the sets is eliminated.

We now consider the general case of J # @. The proof follows a flow similar to that of Lemma 9.
We build an induced SAFETARSKI® instance on a slice s with min{|J|,|H|} — 1 free coordinates.
We show that after this induced SAFETARSKI* instance is solved, the extended query-answer set @’
must have either eliminated S~ from Fix™ (Q) or ST from Fix™(Q). One subtlety to point out is
that min{|J|,|H|} — 1 could be 0. In this case it can be checked that the only thing the algorithm
needs to do is to query ¢; after that the updated Q' can achieve the goal.

We start with the case when |J| < |H].

First case: 0 < |J| < |H|. We choose any j € J and define the slice s € ([n] U {*})* by

[ tenn)
Tl teHU)

Given any safe function f = @, we use f to induce a function f’: L; — Ls x {£1} as follows: For
any w € Ly and any ¢ € J \ {j}, set f'(w); = f(w);; set f'(w); = w; for every i € H U {j}; and for
coordinate k + 1, set the label f’(w)g41 by

Fka =41 = f);>wj=t; or [f(w);=t; and f(w)pr1=+1].

We view f’ as a function from [n]/I=1 to [n]l/I=1 x {£1} (by renumbering J\ {;j} to [|J|—1] and k+1
to |J]). It is easy to verify that f’ is safe given f is safe. So f’ is a valid SAFETARSKI*(n, |J| — 1)
instance. Moreover, oracle access to f’ can be simulated by oracle access to f query by query.
Given @ and oracle access to any safe function f = @, our algorithm proceeds as follows: We
run an algorithm ALG for SAFETARSKI*(n, |J| — 1) on the unknown safe function f’ induced by f.
Each time when ALG makes a query z € [n]//I=1 about f’, our algorithm makes a query about f on
a point y that corresponds to z as in the construction of f from f. After receiving r = f(y) from
the oracle, our algorithm updates @ by adding a new pair (y,r), replies to ALG’s query (based on
the construction of f’ from f), and continues. This process stops within SAFETARSKI*(n, |J| — 1)
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rounds; at the end, ALG returns a point z € [n]“] =1 as a solution to f’. Let y be its corresponding
point in [n]k Our algorithm makes one additional query on y (if it has not been queried before).
This makes sure that at the end, letting Q' D @ be the updated query-answer set, )’ must contain
a pair (y,r) such that y € L5 and one of the following two conditions (with four subcases) holds:

1. 73 > y; for every i € J\ {j} and either (1.1) r; > t; or (1.2) r; = t; and rp1 = +1; or
2. r; <y for every i € J\ {j} and either (2.1) r; < t; or (2.2) r; =t; and ry41 = —1.

(We note that for the special case when J = {j}, the above can be achieved simply by querying t.
Setting y = t satisfies one of the two conditions above.) We show below that Cases (1.1) and (1.2)
eliminate S~ from Fix™(Q’), while Cases (2.1) and (2.2) eliminate S* from Fix*(Q’).

Consider Cases (1.1) and (1.2). We first show that y is postfixed in J for @’. To see this, take
any monotone function h = @'. Since (y,r) € @', we have h(y); > y; for every i € J\ {j}, and also
h(y); > y; (whether it is (1.1) or (1.2)). So y is postfixed in J for @'. Assume for a contradiction
that x € S~ NFix (Q'). Because xy = tg = yg, Lemma 11 with I = J implies y < . But given
that z; <t; = y;, we have x; = y;. We consider the two subcases separately below:

1. Case 1.1: rj > t;. Monotonicity forces h(x); > x; for every monotone function h = @',
contradicting with z € Fix(Q') by Lemma 6.

2. Case 1.2: r; =t; and rp41 = +1. Monotonicity forces a positive label at z, contradicting
with z € Fix™ (Q') by definition.
So we conclude that S™ NFix (Q') = @. Cases (2.1) and (2.2) can be handled similarly.
Second case: |H| < |.J|. We define the slice s € ([n] U {¥})* by

[« rem\{k}
T\ teguiky

Given any safe function f = @, we use f to induce a function f’': L5 — L5 x {£1} as follows: For
any w € Ls and i € H \ {k}, set f'(w); = f(w);; set f'(w); = w; = t; for every i € JU {k}; and for
coordinate k + 1, set the label f'(w)xy1 by

f/(w)k:-i-l =41 <= f(w)g>wg=tg.

We view f as a function from [n]=1 to [n]I=1 x {1} (by renumbering H \ {k} to [|[H|—1] and
k+1to |H|). Tt is easy to verify that f’ is safe given f is safe, so f’ is a valid SAFETARSKI*(n, |H|—1)
instance. Similarly, oracle access to f’ can be simulated by oracle access to f, query by query.

Our algorithm runs in a similar fashion by simulating an algorithm on SAFETARSKI*(n, |H|—1).
Within SAFETARSKI*(n, |[H| — 1) + 1 many queries, the updated query-answer set @)’ must contain
a pair (y,r) such that y € L5 and one of the following two conditions holds:

1. r; > y; for every i € H \ {k} and ry > tx; or
2. r; <y for every i € H.

Again note that for the special case when H = {k}, the above can be achieved easily by querying
t and setting y = t. We show below that Case 1 eliminates S, while Case 2 eliminates S™.

In Case 1, y is postfixed in H for Q'. Assume for a contradiction that z € STNFix*(Q’). Since
xry =ty =uyy, Lemma 11 with I = H implies y < z. But we also have z; <t = yi, s0 T = yi.
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Monotonicity then forces h(x); > yp = tj for every monotone function h = @', contradicting with
x € Fix(Q') by Lemma 6. As a result, we have ST NFix™(Q') = @.

In Case 2, y is prefixed in H for Q. But every x € S~ has x; <ty =y and z; >t + 1 > yx.
Thus Lemma 11 with I = H excludes every x € S~ from Fix(Q’), giving S NFix (Q')=@. 0O

2.8 Putting everything together

Now we are ready to prove Theorem 5.

Proof of Theorem 5. We let Q denote the safe query-answer set maintained by our algorithm. We
initialize @ = @ and proceed in rounds while R(Q) # &; the algorithm moves to the next phase
once R(Q) becomes empty. To keep reducing the size of R(Q), we apply Lemma 10 to obtain a
heavy antipodal set-pair (S~,S™). Applying Lemma 12 (and using that k > 2), we can spend at
most SAFETARSKI*(n, |k/2| — 1) + 1 queries to reduce the size of R(Q) by at least a 1/2* fraction.
Given that we trivially have |R(Q)| < n?* initially and queries can only shrink R(Q), repeating
this for at most |22 logn | rounds suffices to eliminate all bad point-pairs.

Once R(Q) becomes empty, if either Fix~(Q) or Fix'(Q) is empty, we are already done using
Lemma 8. Otherwise, the sets are nonempty and coordinate-separable, so we can apply Lemma 9
to solve the rest of the problem with no more than SAFETARSKI*(n, k — 1) 4+ 1 queries.

Hence, for k£ > 2 we get the following recurrence:

SAFETARSKI*(n, k) < SAFETARSKI*(n, k — 1) + 1 + 2k2" logn<SAFETARSKI*(n, |k/2] — 1)+ 1).

Expanding the first term through dimensions k—1,...,2 and using the fact that SAFETARSKI*(n, d)
is nondecreasing in d, gives a total query cost of at most

k
SAFETARSKI*(n,1) + (k — 1) + 2logn ) _ d2* (SAFETARSKI*(n, |k/2] — 1)+ 1).
d=2

Since SAFETARSKI*(n,1) = O(logn) and 22:2 d2? = (k —1)2"*1 we have
SAFETARSKI* (n, k) < O <142’C log n) - SAFETARSKI*(n, |k/2] — 1). (3)

This finishes the proof of the theorem. O

3 The Lower Bound

In this section, we will prove the query lower bound.

Theorem 3. For k > 2, any randomized algorithm that solves TARSKI(n, k) (with probability 1)

TequiTes
log n |log, (6k+4) ]
Q[ —=—
polylog (k)

queries in expectation in the worst case, even when the input function has a unique fized point.
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We consider a distribution F of functions mapping from a hyperrectangle (informally referred to
as cube going forward) to itself. We will use Q(F) to denote the minimum average-case depth of a
deterministic decision tree that always finds a fixed point for a function drawn from the distribution
F. By Yao’s minimax principle, this gives the same lower bound Q(F) against any randomized
algorithm in its worst case.

Our construction is inductive. We use ¢ to denote the level of the induction, which gives us
an instance with a query lower bound Q((logn)**'). Throughout the induction, we consider a
“base side-length” parameter m, which we will describe later. In the inductive step that lifts
from level £—1 to level £, we compose an outer instance, which is a 1-dimensional Tarski instance
with side-length m, and an inner instance, which is a level-(¢—1) instance. The outer instance is
determined by a hidden number ¢* in [m], and is defined as f(t) =t + sign(t* — ¢). It is equivalent
to a binary search instance for finding a hidden number in [m], where queries provide comparisons
between any number and the hidden number, and thus has a query lower bound of (logm). This
observation allows us to prove a stronger “high-probability” statement for our inductive hypothesis:
any deterministic decision tree with depth ¢, = ©,((log m)“1) can only find a fixed point of a
5]9(43)

function mapping from [m to itself with a small probability.

Theorem 6. There exists an absolute constant co € (0,1/3) such that the following holds. Let
m > 200 (base side-length) and ¢ > 1 (level) be integers, and let ny,, = m* ( side length) and
ke = 2(4" — 1)/3 (dimension). Then there exists a distribution F,, of monotone functions F :
[nem]* — [nem] such that:

e Each function F' € supp(Fym) has a unique fized point.

o Let ' ~ Fy,,. For any deterministic decision tree with oracle access to F' and depth at

most qpm = co(},flgT%)Hl, the probability that it finds the fized point of F' is at most €¢p, =

1
3m~ 07 se.

Note that Theorem 6 implies Theorem 3: We let £ = |logy(6k + 4)] — 1. Then, 6k, + 4 =
441 < 6k + 4, and thus k;, < k. For all sufficiently large n, let m = |n'/¢]. Padding the side
length from m’ to n and adding k — k; coordinates that are constantly equal to 1 together preserve
the monotonicity and the uniqueness of the fixed point. Each query to the padded function can
be simulated by one query to the original function. Since logm > (logn)/(2¢) and e/, = o(1),
Theorem 6 gives the following average-case lower bound for any deterministic algorithm.

logn \*! logn ) tess(®h+0)
Gem(1 = €em) > co (1024£4> 05 <P0lyl0g(k)>

Finally, applying Yao’s minimax principle as discussed above, we have proved Theorem 3.

When ¢ = 1 (the base case), we use the existing construction of [FPRY?20] that works for 2-
dimensional Tarski. For ¢ > 2, we use an amplification step that lifts the level-(£/—1) distribution
to the level-¢ distribution, and increases the lower bound by an Q,(logm) factor. We present the
step in Section 3.2 and analyze it in Sections 3.3 and 3.4. In the rest of this section, we use A(A)
as the set of all distributions supported on A, and identify 1 as the all-ones vector.

14



3.1 The base case: a distribution of two-dimensional monotone functions

Our construction starts from the two-dimensional herringbone construction of Etessami, Papadim-
itriou, Rubinstein, and Yannakakis [EPRY20]. The construction gives our desired bound for £ =1
with k; = 2 dimensions.”

Lemma 13 ([EPRY20]). There is a universal constant co > 0 such that, for every integer m > 200,
there is a distribution F of monotone functions [m)> — [m]?, such that

e FEach function F € supp(F) has a unique fixed point.

o Let ' ~ F. For any deterministic decision tree with oracle access to F' and depth at most
q = co(logm)?, the probability that it finds the fived point of F is at most m~ 8.

3.2 The amplification step

In this subsection, we present the amplification step of our construction. We fix m as “base
side-length” parameter. We will start with a distribution H whose support consists of monotone
functions H : [n]*® — [n]* with a unique fixed point. The amplification step will produce a distri-
bution

Amp,, (H) € A ({f  [m)? x [ma]* — [m]? x [mn}4k}) (4)

whose support consists of monotone functions with unique fixed points.
In this subsection, we will use the notation of complement Z for any z € [n]*:

Z=Mm+1)1-=z

It is clear that (Z) = z for any z € [n]*.

3.2.1 Step 1: putting all candidate fixed points in an anti-chain

Let H : [n]* — [n]¥ be a function in the support of H. We first define the following function
Gy : [n)** — [n]?k:
Gule,u) = (H@), A@), ¥ (wu) € [n]* (5)

Suppose that Py is the unique fixed point of H. A key feature of the function Gy is that it has a
unique fixed point, as shown by the following lemma.

Lemma 14. For any x,u € [n]*, we have Gy (x,u) = (x,u) if and only if x = Py and u = Py.

Proof. If Ggy(x,u) = (z,u), we have H(x) = x and H(u) = u. The second equality gives us
H(u) = u. Since Pp is the unique fixed point of H, we have x = Py and uw = Py, and thus
u= Py.

Conversely, if we have © = Py and u = Py, we have

GH(xvu) = (H(PH>7H(PH)) = (PH7P7H) = (x,u) .

Hence, we have completed the proof. ]

® Although [EPRY20] only explicitly states an Q((logm)?) randomized query lower bound, the stronger probability
bound in Lemma 13 also follows from their construction and analysis.
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Lemma 14 implies that the unique fixed point must lie in

C={(zz):zemnf} Caem®™: ) z=kn+1)
1€[2K]

Because {x € [n]?* : > icpk] Ti = k(n + 1)} is an anti-chain, after this step, we can ensure that all
potential fixed points of G are in the fixed anti-chain C' (that is independent of the function H).

3.2.2 Step 2: Hiding one new bit in a sign function

We partition the space [n]?* into two subsets: D¢ and Ug, where the set D¢ consists of all points
that are below some point in the anti-chain C' and Ug consists of all other points.

Do ={we[n?*:3w eCw=w}, and Us=n**\Dc.

We remark here that C C D¢ and that both D¢ and Ug are independent of H.
Next, fixing a function H € supp(H), we consider hiding one bit ¢ € {0,1} at the unique fixed
point of Gr. More specifically, we consider the following sign function Sg . : [n]?* — {0, 1}:

¢, X =(Py,Pu),
VX € [n)*, Sue(X)=X0, X € Dc\{(Pu,Pu)}, (6)
1, XeUc.

Intuitively, this sign function is hiding the bit ¢ unless you have reached the fixed point of H:
for all other points, the function value is automatically 0 if it is in D¢, while the value is 1 if it is
in Uc. Therefore, to learn ¢ from querying Sg ., the only way is to find the fixed point Py of H
and query X = (Py, Pg).

Another key property of this sign function is that it is trivially monotone because D¢ includes
all points that are below some point of Do. We will formalize and use this property later in proving
that our constructed distribution of functions is monotone (Lemma 16).

3.2.3 A failed attempt to put the first two steps together

With the first two steps, one may be curious if we can put them together in a 2k + 1-dimensional
instance, with the outer 1-dimensional Tarski instance encoded in the first coordinate and the inner
instances Gy embedded in the last 2k coordinates.

More specifically, we consider constructing a function F : [m] x [mn]?* — [m] x [mn]?**. We
call the first coordinate a € [m] the “sign coordinate” and the last 2k coordinates X € [mn]?* the
“value coordinates”. Accordingly, the function value is partitioned into F'(-) = (F,(-), Fx(:)) with
F,(") € [m] and Fx(-) € [mn]?".

We consider m boxes for the “value coordinates”. The t-th box is defined as all points whose
coordinates are between (t —1)-n+1 and ¢ - n, i.e.,

By ={X c[mn* :Viec2k],(t—1) - n< X; <t-n}, (7)

which forms a 2k-dimensional hypercube of side-length n and it is straightforward to consider a
translated copy of Gy (for H € supp(#)) as a function mapping from any B; to itself. For the
value coordinates, we sample Hi,..., H,, ~ H from the original distribution H, and define the
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value Fx(a,X) as the value of P,(X) in Gp,’s translated copy, where P,(X) is the projection of
X onto box B,. This is a natural way to guarantee the monotonicity for the value coordinates
(because any point W € B, is below any point W’ € B,41).

At the same time, we consider hiding a random number ¢* ~ uniform([m]) in the outer 1-
dimensional instance. We will use this outer instance to define the displacement Fy(a, X) — a for
each point. Ideally, we want to place the sign sign(t* — a) on the “fixed point” of each box (points
(a, X) with X = F'P,, where F'P, is the fixed point for the translated copy of Gg, in B,), and place
default values independent of t* at all other points, similarly to Equation (6). However, this requires
three possible displacement values —1, 0, 1 instead of the two values 0, 1 used in Equation (6). Next,
we argue that this could be problematic to guarantee the monotonicity of the sign coordinate.

Let MIN, and MAX, be the minimum and maximum elements of B,, respectively. Because
MIN, =< FP, = MAX,, the monotonicity of F' requires our definition of F, to satisfy F,(a, MIN,) <
F,(a,FP,) < Fy(a,MAX,). For 1 < a < m, it is possible that the displacement F,(a, FP,) — a is
—1,0 or 1, depending on our choice of t*. Therefore, the default value of F,(a, MIN,) must be at
most a — 1, while the default value of F,(a, MAX,) must be at least a + 1. However, this could lead
to a violation of monotonicity in other pairs of points. Consider two points for some ¢ € [2,m — 2]:

W = (t, MAXt) and W' = (t +1, MlNH_l) .

We have W < W’. According to the above discussion, because these default values must reveal
no information about t*, we have F,(W) > t + 1 and F,(W') < (t + 1) — 1 = t, which violate
FW) < F(W’).

3.2.4 Step 3: Defining the new distribution of monotone functions

In this step, we define the new distribution of monotone functions. Beyond our failed attempt
discussed earlier, we consider 4k + 2-dimensional instances, which can be regarded as doubling the
failed construction. The reason we can circumvent the monotonicity issue in the failed attempt is
that we can use displacement values in {0, 1} on one dimension and use {—1, 0} on another. Because
we don’t have displacement —1,1 on the same dimension, this helps to rule out the violation we
discussed earlier. To prevent introducing multiple fixed points, we then swap the updated values
of the two sign coordinates.

In this construction, we will call the first two coordinates “sign coordinates” and the last 4k
coordinates “value coordinates”. We divide the “value coordinate” into two groups: the first
consists of the first 2k value coordinates, and the second consists of the last 2k value coordinates.
In addition, we consider m boxes that are restricted to each group. We use the same definition of
By as in Equation (7). Formally, we define P;(X) as the projection of X € [mn]?* onto the box By
as follows:

[P:(X)]; = min{t - n,max{(t — 1) -n+ 1, X;}} .

4k

Next, we construct a random function F : [m]? x [mn]* — [m]? x [mn]**. The distribution of

the function is then our desired Amp,, (H).

1. We first sample m i.i.d. functions Hi, Ho, ..., Hy, from the original distribution H. For
simplicity, we write P; for the unique fixed point of H;.

2. We sample a hidden number ¢* from [m] uniformly at random. We define the sign ¢; = 1(t <
t*) for each t € [m]. We also define ¢y, +1 = 0 for simplicity.
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Figure 1: Tlustration of updates on the sign coordinates a,b before swapping them, when the translated
projections of X and Y are fixed points of Gy, and Gg,. We increase a by one when a < t* and decrease b
by one when b > t*. Hence, the bottom-left region moves right, the top-right region moves down, the top-left
region moves both right and down, and the bottom-right region remains unchanged. The yellow cells mark
the diagonal a = b, which is fixed under our swapping operation. This illustrates how the update and swap
rules single out (t*,t*) as the sign coordinates of the unique fixed point of our constructed functions.

3. For each W € [m]? x [mn]*, we rewrite W = (a,b, X,Y) where a,b € [m] and X,Y € [mn]?*.

4. For each W € [m]? x [mn]*, we rewrite F(W) = (F (W), F,(W), Fx(W), Fy(W)) where
F,(W), F,(W) € [m] and Fx (W), Fy (W) € [mn]?*.

5. Defining the function value for the “value coordinates”: we pair a¢ with X and b with
Y. The value of Fx is determined by the pair (a, X), while the value of Fy is determined by
the pair (b,Y). The formulations for Fiy and Fy are identical based on the pair. For Fx, we
first compute the projection of X onto B, translate it to the space [n]%, and then consider
its value of G, (translated back to the space B,). More specifically, we define

Fx(W)=(a—1)-n-1+Gp,(Pu(X) ~ (a—1)-n-1),
Fy(W)=(b-1)n-14Gu,(Py(Y)—(b—1)-n-1).

6. Defining the function value for the “sign coordinates”: We will hide the sign ¢
(comparing ¢ with ¢*) in these coordinates. As in the definition for the “value coordinates”,
we still pair (a, X) and (b,Y). We consider slightly updating the “sign coordinates” (also
demonstrated in Figure 1) and then swapping them to define their function value, following
the rules below:

e We move a based on X’s sign in the sign function Sg, .., and place its value on Fj:
Fy(W) = min{m,a + Sp, ¢, (Pa(X) — (@ = 1) - n-1)}.

Let X' = P,(X) — (a — 1)n - 1 be translated projection of X. This gives Fy(W) = a
if X' € Do\ {(Pa, P,)} or Fy(W) = min{m,a + 1} if X’ € Us. More importantly,
when X’ equals the fixed point (P, P,), this gives Fy(W) = a when a > t* but gives
Fy(W)=a+1 when a < t*.
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e We move b based on Y’s sign in the sign function Sg, ., and place its value on Fj:
F,(W)=max{1,b —1+Sq, ,(Po(Y)—(b—1)-n-1)}.

Let Y/ = Pp(Y) — (b — 1)n - 1 be the translated projection of Y. This gives F,(W) =
max{1,b — 1} if Y’ € D¢ \ {(Pb,?b& or F,(W) =bif Y € Us. More importantly,

when Y’ equals the fixed point (P, By), this gives F,(W) = b when b < t* but gives
F,(W)=0b—1 when b > t*.

Overall, we conclude the following intuition for the definition on the “sign coordinates”:

e We want F, (or, F}) to reveal no information about ¢* if the translated projection of Y
(or, X) is not a fixed point.

e Assume that the translated projections of X,Y are both fixed points. The swapping
idea ensures that a,b should be equal to each other in any fixed point W of F. This
ensures that the fixed point is unique (and thus finding it requires finding the hidden
t*). Then, we only move exactly one of a and b in one (fixed) direction when a = b # t*,
in order to guarantee monotonicity.

3.3 Basic properties of the constructed distribution of functions

In this subsection, we show that any function in the support of the constructed distribution
Amp,,,(H) is monotone and has a unique fixed point.

3.3.1 Uniqueness of the fixed point

Lemma 15. Consider any F € supp(Amp,,(H)). Suppose that the sampled m functions from H
are Hi,Hs, ..., H,,, and their unique fized points are respectively Py, Po,--- Py € [n]k Suppose
that t* is the sampled hidden number in [m]. Let

P =Pr+ " —1)n-1,Px+ (t"—1)n-1).
Then, F has the unique fized point (t*,t*, P*, P*).

Proof. First, we show that W* = (t*,t*, P*, P*) is a fixed point by simple calculations. Since
Py € [n]*, we have P* € By by the definition of By« and thus Py (P*) = P*. Hence, we have
Py (P*) — (t* —1)n-1 = (Py, Pi+). Because we have G, (Py«, Pi<) = (P, Py ), we have Fx (W*) =
P* and Fy (W?*) = P* by their definitions. By definitions of F, and Fj, we have

F,(W*) = min{m, t* + ¢p= 1} =t* , and (cerg1 =0ast*+1>t"

F,(W*) =max{l,t" — 1+ ¢} =1". (c+ =1 ast* <t¥)

Therefore, we have F(W*) = W*. Next, we show that this is the only fixed point of F. Let
W = (a,b, X,Y) be any fixed point of F'. - -

First, we prove the characterization of X,Y: X = (P,,P,) + (a—1)n-1 and Y = (B, P,) +

(b—1)n-1. Since X = Fx(W) € By and Y = Fy (W) € By, we have X € B, and Y € By, and thus
Puo(X) =X and Pp(Y) =Y. According to the definitions of Fx, Fy, we have

X=Fx(W)=(a—1)n-1+Gpg, (X —(a—1)n-1)
Y=FW)=0b-1)n-1+Gg, (Y — (b—1)n-1).

19



This implies that X — (a — 1)n - 1 is a fixed point of Gy, and Y — (b — 1)n - 1 is a fixed point of
Gp,. By Lemma 14, we have obtained the characterization of X, Y.
Second, we show that a = b = t*. Given the characterization of X and Y, we have

Pu(X)—(a—1)n-1= (P, B), and Py(Y)—(b—1)n-1= (P, DB).
According to the definition of F, F}, we have
a=F,(W)=max{1,b—1+c¢}, and b= Fy,(W)=min{m,a+ cqt1}. (8)

Suppose that a < t*. Then, we have ¢,+1 = 1 and thus b = a+1 < t*. Therefore, a = max{1,b} = b,
contradicting b = a + 1. Suppose that a > t*. Then, we have c44+1 = 0 and thus b = a > t*.
Therefore, a = b — 1, contradicting b = a. Therefore, we have a = t*. Then, c¢,11 = 0 and we get
b=a.

In conclusion, we have a = b =t* and X =Y = (P, Pi+) + (t* — 1)n- 1 = P*. This gives the
uniqueness of the fixed point of F'. O

3.3.2 Monotonicity

Lemma 16. Every member F € supp(Amp,,,(H)) is monotone.

Proof. First, we prove that G is monotone for any H € supp(#). Suppose that (z,u) < (2/,u).
Because of the monotonicity of H, we have H(z) < H(2'). Also, u < v implies that @ = @, and
hence H(u) » H(@'). Taking complements gives H(u) < H(u'). By definition of G, we have
Gy (z,u) < Gy (o', u).

Next, we prove that Sy . is monotone for any H € supp(#) and ¢ € {0,1}. Let Z < Z' € [n]?*.
If Sye(Z) =0o0r Z =Z', it is clear that Sy .(Z) < Sy.(Z"). Otherwise, we have either Z € Ug,
or Z = (Py, Py) and ¢ = 1. In the former case, if Z’ € D¢, we can find Z” € C such that 2’ < Z"
and thus Z < Z”. This implies Z € D¢ by the definition of D¢, which contradicts that Z € Ug
and Ug, D¢ are disjoint. In the latter case, Z/ € Ug as well; otherwise, Z < Z' < Z” for some
Z" € C, contradicting that Z € C and C forms an anti-chain. Thus Sy .(Z') =1 = Sy (Z) in
either case.

We now use these two properties to prove that F' is monotone. It suffices to compare two
points W < W’ that differ in exactly one coordinate, because of the transitivity of <. We write
W = (a,b, X,Y) and discuss the following cases.

Only a increases. Write W’ = (a/,b, X,Y) with a’ > a. The outputs F;, and Fy are unchanged.
Since every sign function takes values in {0, 1},

Fy(W) <min{m,a+ 1} < d < F,(W’).
Moreover, because Fx (W) € B, and Fx(W') € By, for every i € [2k],
[Fx(W)]; <an < (d —1)n+1 < [Fx(W');.

Therefore, F(W) < F(W').

Only b increases. Write W’ = (a,b', X,Y) with &’ > b. The outputs F, and Fy are unchanged,
while
F,(W)<b<V —1< F,(W).
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Moreover, because Fy (W) € By, and Fy (W') € By, for every i € [2k],
[Fy(W)]; <bn< (b —1)n+1< [Fy(W));.

Therefore, F(W) < F(W').
Only one coordinate of X increases. Write W' = (a,b, X', Y’), where X < X’. The outputs

F, and Fy are unchanged. Since P, and Gy, are monotone, we have Fx (W) < Fx(W') by the

definition of F'x. Moreover, because of the monotonicity of Sg, c,,,, we have

Fy(W) = min{m,a + Sg, cor (Pa(X) = (a—1)n-1)}
< min{m,a+ Su, co\, (Pa(X') = (a — 1)n- 1)} = F,(W').

Only one coordinate of Y increases. Write W' = (a,b, X,Y”), where Y < Y’. The outputs
F, and Fx are unchanged. Since P, and Gp, are monotone, we have Fy (W) < Fy(W’) by the
definition of Fy. Moreover, because of the monotonicity of Sg, ,, we have
Fo(W) =max{1,b—1+Sp, ¢,(P(Y)—(b—1)n-1)}
<max{1,b—1+4Sp, ,(Po(Y') = (b—1)n-1)} = F,(W').

Therefore, we have F(W) < F(W') in every case, proving that F' is monotone. O

3.4 Query lower bound for the constructed distribution of functions

In this subsection, we analyze the amplification step and prove Theorem 6, restated below.

Theorem 6. There exists an absolute constant co € (0,1/3) such that the following holds. Let
m > 200 (base side-length) and ¢ > 1 (level) be integers, and let ng,, = m’ ( side length) and
ke = 2(4° — 1)/3 (dimension). Then there exists a distribution Fy,, of monotone functions F :
[nem]* — [nem) such that:

e Each function F' € supp(Fy,m) has a unique fized point.

o Let ' ~ Fy. For any deterministic decision tree with oracle access to ' and depth at
most qpm = co(éolgz%)eﬂ, the probability that it finds the fixed point of F is at most gy, =

1
3m 0" s,

Suppose that H is the level-(¢ — 1) distribution and satisfies the level-(¢ — 1) guarantee in
Theorem 6. We will show that a padded version of our amplification F = Amp,,(H) satisfies the
level-¢ guarantee. To make the notation simpler (hiding the subscript), we say functions in supp(#)
map from [n]* to itself, and the induction hypothesis is

Induction hypothesis: the probability that any deterministic decision tree with depth
at most q finds the fized point of H ~ H is at most €.

)]

Recall our notations in Section 3.2. Hy,---, Hy, are i.i.d. samples from H and t* ~ uniform([m]).
Py, -+, Py, are the unique fixed points of Hy, - - , H,, respectively. We consider the signs ¢; = 1(t <
t*) and ¢p4+1 = 0. Then, we summarize the definition F(W) = (Fo(W), F,(W), Fx (W), Fy(W))
for W = (a,b, X,Y) in terms of Hy,..., Hy, and cq,...,Cpni1 as follows.
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o Fx(W) uses a, X. Let Pe(X)—(a—1)n-1 = (x,u). We make two queries H,(x) and H,(w).
The values are then determined by these queries.

o Fy(W) uses b,Y. Let Pp(Y) — (b—1)n-1 = (y,v). We make two queries Hy(y) and Hy(v).
The values are then determined by these queries.

o F,(W) uses b,Y. The value is then determined by ¢, only when Py(Y) — (b — 1)n - 1 is the
unique fixed point of G, (whether this holds can be determined by the values of Fy (WW)).
Otherwise, it has a default value (based on Y).

o Fy(W) uses a, X. The value is then determined by ¢, only when Py (X) — (a —1)n-1 is the
unique fixed point of G, (whether this holds can be determined by the values of Fx(W)).
Otherwise, it has a default value (based on X).

Next, we present the key lemma in our analysis that establishes a similar probability bound for
Amp,,,(H).

Lemma 17. Assume the induction hypothesis for H. For every deterministic decision tree of

depth at most ¢ = qkéim, the probability that it finds the fixed point of F ~ Amp,,(H) is at most

/1 qe
=5+ %

Proof. Consider any deterministic decision tree of depth at most ¢’. For a query W = (a,b, X,Y),
using our previous discussions, we can make at most 4 queries in total to Hy, ..., H,, to determine
Fx (W) and Fy (W). Further, the value of Fy(W) (or F,(W)) is independent of any sign ¢; unless
X’s projection Py(X) — (a — 1)n - 1 (resp., for Py(Y) — (b — 1)n - 1) equals (P,, P,) (resp., for
(Py, P,)), where P, (resp., P,) is the unique fixed point of H, (resp., Hy). This means that a query
to F(W) only reveals at most four queries in total, to Hi,--- , Hy,; and the number of different
signs ¢; revealed by F(W) is upper bounded by the number of queries with different (a, X) such
that P,(X) — (a — 1)n -1 = (P,, P,) plus the number of queries with different (b,Y’) such that
Po(Y)—(b—1)n-1= (P, P).

On the other hand, if the decision tree successfully finds the unique fixed point of F', it must
learn t* because of Lemma 15. Therefore, we can upper bound the probability that the decision
tree finds the fixed point of F' by the probability that it correctly finds t*.

Let R denote the random variable representing the total number of different signs ¢; revealed
by the queries to F.

First, we upper bound the probability of learning ¢* if the queries reveal at most 0.5 logm signs
¢t € {0,1}. We observe that because Hy,- - , Hy, are sampled independently of t*, the values of
the revealed queries to them do not reveal any information about ¢*. Therefore, conditioning on
H,, ..., H,, because any deterministic decision tree with at most d 0-1 queries can have at most
24 different outputs, we have

the decision tree finds t*

Pr and R < 0.5logm

1
Hl,...,Hm]gm- v
Taking the average over all possibilities of Hy,--- , H,, we can show that the probability that the
decision tree finds t* and R < 0.5logm is at most 1/y/m.

Second, we upper bound the probability that the decision tree with depth ¢’ reveals > 0.5logm
signs, i.e., Pr[R > 0.5logm]. Recall that we can obtain each F(W) by making 4 queries, each
to one of Hy,...,H,,. Hence, we can transform each query to F(W) into 4 such queries. Let
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Q denote the ordered list of transformed queries. For each t € [m], we let E; be the event that
we query P (the unique fixed point of H;) to H; in Q and we let N; denote the total number
of queries to Hy in Q. Note that the sign ¢; is revealed only when we query with (a,P,(X)) =
(t—1, (P, P—1) + (t—2)n-1) (if t > 1) or (b,Py(Y)) = (¢, (P, P¢) + (t — 1)n-1). In these
cases, we query P;_; to Hy_; or query P, to Hy in Q. When ¢; is revealed, either E;_; (if ¢ > 1) or
Ey occurs. Therefore, we have R < 23,1 1(E};) and thus

1
Pr[R > 0.5logm] <Pr | Y 1(E;) > 1 logm

te(m]

Because the depth of the decision tree is at most ¢/, the number of queries in Q is at most 4¢/,
which means that Zte[m] N; < 4¢'. The number of t € [m] such that N; > ¢ is at most 4¢'/q. Also,
note that when N; = 0, F; can’t happen. For ¢ such that N; > 1, we let E; denote the event that
there is a query asking for Hy(P;) among the first < g — 1 queries to H;. Hence, we have

1 1 4q'
Pr Z 1(Et)>110gm <Pr Z 1(Et)>110gm—?
te[m] | t€[m]:1<N:<q
1 4q
/
<Pr Z 1(E;) > Zlogm—?
[ tE[m]:Ne>1

Consider any ¢ € [m] such that Ny > 1. Because Hy, ..., Hy,, (except H;) and ¢* are sampled
independently of H;, we can simulate the following (randomized) decision tree that makes at most
q — 1 queries to Hy. Every time a transformed query is about Hy, we query it until we have asked
q — 1 queries in total; otherwise, we consider it as some random bits, taken over the randomness
of Hy, ..., Hy, (except H;) and t*; finally, we check if we have queried the fixed point of H; by the
queries: if we have asked a point x such that H;(z) = x, we output the point; otherwise, we output
arbitrarily. According to our induction hypothesis, any decision tree with depth at most ¢ can only
find the fixed point of H; with probability at most €. Note that this simulated decision tree finds
the fixed point when E; happens. Therefore, we have

E| Y 1E)| =)D PrEjand Ny >1]<e Y E[N]<4qge.
te[m]|:N¢>1 te[m] te[m]

Using Markov’s inequality, we have

1 4q 4q
te[m]:N¢>1 4 Zlogm_ q
(gelogm)/16 qe

ilogm—%logm 3

Hence, we have shown that Pr[R > 0.5logm] < £.



Finally, putting everything together, we have the following upper bound for the probability that
the decision tree finds t*:

Pr [the decision tree finds t*] <

qe

Pr[R > 0.5log m] + Pr [the decision tree finds t* and R < 0.5logm] < + 3 -

3=

Because the probability that the decision tree finds the fixed point of F' is upper bounded by the
above probability, we have completed the proof. O

Proof of Theorem 6. Fix any m > 200. The base case (¢ = 1) follows from Lemma 13.

Let ¢ > 2 and suppose that the theorem holds at level £ — 1. Let H = Fy_1 ,,, and apply the
amplification step to obtain F= Amp,,(#H). Because we have ng,, = mny_1,, and k; = 4ky_; + 2
by their definitions, every F € supp(]?) maps [m]% x [ngm]* =2 to itself. By Lemmas 15 and 16,
every such F' is monotone and has a unique fixed point.

To obtain Fy ,,, we pad the first two coordinates that have side length m. For each W € [ng’m]kf
we let F(W) = ﬁ(H(W)), where we sample F ~ F and define

)

nw) = (min{Wl, m}, min{Wa, m}, Ws, ..., Wké)

The function F is monotone because both II and F are monotone. Moreover, F' and F have the
same unique fixed point because any point W ¢ [m]? x [ng,]* =2 maps to F(W) € [m]? x [ng,,]" 2.

It remains to prove the probability bound (the second bullet of the theorem). Let ¢ = gor—1.m
and € = €/_1 4. Using the definition of gy ,,, we have

Ge.m _ L
(qe—1,mlogm)/64 — 863\ ¢ -

Due to Lemma 17, any deterministic decision tree of depth at most gy, can find the fixed point of
F ~ F with probability at most

2 q6—1,mEe—1,m 2 log m ¢ o g
: L = R — . (—1)
N Jm T <512(e_1)3 m

< 2m~O~ 8 + ¢ (51212)??1)3) m ST 0w |

Because we can show that (51120(%71”1)3)[ < m!/8=1) by the following calculation:
lo ﬂg <EM (logz < x for z > 0)
S\\s1200—1)3) | =" 1200 - 1)? 8=
I 1 < _ 1 (£>2)
Th2(0—1p BT —1) ™ =

any deterministic decision tree of depth at most g ,, can find the fixed point of F ~ F with
probability at most 3m =08 = €¢m- Note that any decision tree that finds a fixed point of I can

be simulated by a decision tree that finds a fixed point of F with the same number of queries, and F'
and I have the same unique fixed point. The same probability bound also holds for F' ~ F;,,. [
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A Proof of Theorem 2

We prove Theorem 2 by solving the recurrence in Theorem 5 and applying Theorem 4 and lemma 1.
The same argument allows the factor 5* to be replaced by C* for any fixed C' > 4; for simplicity,
we take C' = 5.

Proof of Theorem 2. Set e(r) = [log((r + 3)/3)] for integers » > 0. We claim that there is a
constant A such that
SAFETARSKI* (n,r) < A5"(logn)*(").

For r > 2, write m = |r/2| — 1. Then 1+ e(m) = e(r): both sides are at most an integer j > 1
exactly when 7 < 3-2/ — 3. Since e(0) = 0 and e(1) = 1, the base cases SAFETARSKI*(n,0) = 1
and SAFETARSKI*(n,1) = O(log n), together with (3), give SAFETARSKI*(n, ) = O((logn)¢(")) for
each fixed r.

Choose an absolute constant D > 0 such that (3) holds with multiplier Dr2" logn. Then

o< 2 (2)
5 \Vb

Thus Dr 2"5™ < 5" for all sufficiently large r. Choose A to cover the finitely many smaller dimen-
sions. Induction using (3) now gives

SAFETARSKI*(n,r) < Dr2"logn - A5™ (logn)*™ < A5 (logn)*™,

proving the claim.
For k > 3, Lemma 1 gives

TARSKI(n, k) = O((log n) TARSKI*(n, k — 1)) . 9)
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Combining (9) with Theorem 4 and the claim gives
TARSKI(n, k) = O<5k_1(log n)1+e(’“—1)> = O(5k(1og n)1+ﬂog((k+2)/3)1> .

Finally, let j = [logk] > 2. Since k +2 < 2/ +2 < 3-2/~1 we have

2
1+ {logk—i_ -‘ <j=[logk].

This yields the simplified bound TARSKI(n, k) = O(5k(log n) [log H), completing the proof. O
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