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Abstract
In a recent breakthrough, Williams (STOC 2025) showed that any decision problem solvable in time ¢

by a multitape Turing machine can be solved in space 5(\/75 and time 2°(V®) | The immediate question is
whether this result is an anomaly, or an inherent feature of computation more generally.

In this work we provide evidence that the resource trade-offs phenomenon first demonstrated by
Williams is systematic, i.e. inherent to computation in general. Specifically, under a plausible complexity-
theoretic hardness assumption, we show that ¢-time algorithms can be simulated in space t°, for any
constant € > 0, where the simulation is correct on average over a random input. We also show, under
similar complexity-theoretic hardness assumptions, that ¢-time algorithms can be simulated in linear
time using sufficiently many alternations (i.e., V/3 quantifiers), where again the simulation is correct on
average over a random input.

Some hardness assumption is necessary to prove these conclusions (as they imply that P # PSPACE),
and the specific hardness assumption that we rely on has been extensively studied in complexity theory
in recent years: hardness of a computational problem called Range Avoidance. Specifically, we introduce
a new “low-space” variant of Range Avoidance, and show (under mild derandomization assumptions) that
average-case hardness of this problem for polynomial-time algorithms is in fact equivalent to low-space
simulation of FP, and implies linear-time simulation with alternations. We then study the complexity of
this new problem, showing conditional hardness results and algorithms.
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1 Introduction

In a recent breakthrough, Williams [Wil25] showed that any decision problem solvable in time ¢ by a multitape

Turing machine can be solved in space O(v/7) (and time 2°(V9). His low-space algorithm relies on a low-space
algorithm by Cook and Mertz [CM24] for a specific problem called Tree Evaluation.

This result is surprising, and we immediately wonder why this low-space simulation is possible. One
possibility is that it is an anomaly in the computational landscape. For example, that we can only simulate a
particular computational model in such space (i.e., multitape machines), but simulations of other natural
models (e.g., RAM machines) are weaker.! Alternatively, perhaps we can only save a quadratic factor in
space (or another fixed polynomial factor), but no more, for reasons that are yet to be understood.

Concretely, to understand the space savings phenomenon and delineate its scope, the following questions
naturally arise, and most of them were posed in [Wil25]:

1. Can we simulate t-time RAM machines in space O (v/t)? Going further, can we simulate ¢-time machines
in space t® for an arbitrarily small ¢ > 07

2. Is it possible to trade resources other than time and space? For example, can we simulate time ¢ in
non-deterministic time ¢!~ or higher in the polynomial-time hierarchy (i.e., using constantly many
3/V quantifiers) in time #'~%1) ?

3. As observed in [Wil25], simulating P in space n® (for an arbitrarily small ¢ > 0) implies that P # PSPACE.
Following Kozen’s [Koz78] classical conjecture that lower bounds can be proved by simulation and
diagonalization, can we provide evidence that P £ PSPACE is indeed provable in this manner?

Our contributions. We provide a conditional positive answer to all three questions above. At a high level,
under a plausible complexity-theoretic hardness assumption, we show that ¢-time machines can be simulated
in space t¢, for any constant € > 0, where the simulation is correct on average over a random input. We also
show, under similar complexity-theoretic hardness assumptions, that ¢-time machines can be simulated in
linear time using sufficiently many alternations (i.e., V/3 quantifiers), where again the simulation is correct
on average over a random input. These average-case simulations suffice to imply that P £ PSPACE.

As a main takeaway, our results provide evidence that the phenomenon demonstrated in [Wil25]
is systematic, i.e. inherent to computation in general, rather than an anomaly that occurs only in
some single specific setting.

Our results only provide evidence, rather than a conclusive answer, because they are conditioned on
a hardness assumption. The specific assumption that our results rely on has been intensively studied in
complexity theory in recent years, and it refers to the hardness of a problem called Range Avoidance.

Specifically, we introduce a new “low-space” variant of Range Avoidance, and show (under mild deran-
domization assumptions) that average-case hardness of this problem for polynomial-time algorithms is in fact
equivalent to low-space simulation of P, and implies linear-time simulation with alternations. We then study
the complexity of this new problem, showing conditional hardness results and algorithms.

Terminology: Resource trade-offs and algorithmic plasticity. What was referred to above as “space
savings” is actually a resource trade-off: we can simulate any algorithm using less space, but more time. This
contrasts with the belief (which the authors certainly held before [Wil25]) that certain algorithms are “rigid”,
in the sense that one cannot significantly reduce their usage of any resource, even at the expense of other
resources.

1As pointed out by Ryan Williams, the recently claimed simulation of one-tape machines in space 5(152/5) [Ope26] implies
simulation of RAM machines in space O(t*/5).



The phenomenon that was discovered in [Wil25], and for whose generality we provide evidence, points
at the opposite of rigidity in general, and we thus suggest referring to this phenomenon as the plasticity of
algorithms (or “algorithmic plasticity”). For example, our results suggest that for any algorithm, one can
“shrink” its space while “stretching” its time to be sub-exponential; at least, this is true if our assumptions
hold, and as long as one is willing to preserve the original functionality only on average over a random input.

1.1 Hardness of Range Avoidance

In the Range Avoidance problem (Avoid, in short), introduced by Kleinberg et al. [KKMP21], the input is a
circuit C: {0,1}* — {0, 1}* with £ < k, and a solution to the problem is any k-bit string outside the range of
C. Since ¢ < k, a random string would be outside the range with high probability, and the main challenge is
to solve this problem deterministically or pseudo-deterministically. This challenge received significant recent
attention (see, e.g., the survey by Korten [Kor25]), motivated in part by Korten’s proof [Kor21] that solutions
to Avoid — even for special cases — imply explicit constructions of long-sought objects, such as truth-tables
hard for non-uniform circuits (AKA circuit lower bounds), Ramsey graphs, and rigid matrices.

There are several known algorithms for Avoid. Chen et al. [CHLR25] showed a pseudodeterministic
FZPPN? algorithm,? and Ren and Williams [RW26] showed an algorithm in FPP™*/1; these indicate that
Avoid may be solvable in FPN?.  Furthermore, Chen, Li, and Liang [CLL25] showed an algorithm in
AMTIME[2pPoY108()] /po(D) - and Ghentiyala, Li, and Stephens-Davidowitz [GLS26] showed that decision
problems reducible to Avoid can be solved in AM N coAM; these indicate that Avoid may even be solved in
complexity closer to FNP. More algorithms are known for special cases; see the survey [Kor25].

Alas, we also have evidence that Avoid may be a hard problem. Ilango, Li, and Williams [ILW23]
showed that Avoid cannot be solved in polynomial time, under cryptographic and complexity-theoretic
assumptions (subexponentially strong indistinguishability obfuscation and NP # coNP).® Going further,
Chen and Li [CL24] showed that Avoid cannot be solved in non-deterministic polynomial time, under strong
cryptographic assumptions (a variant of LWE against non-deterministic adversaries, and an assumption they
called “inhomogeneous short integer solution”; see [CL24, Theorem 1.11]). Further evidence of this was
shown by Ren, Wang and Zhong [RWZ26].# Making matters even worse, Ilango [[1a25] showed that Avoid is
hard for zero-error non-deterministic polynomial time algorithm even on average, assuming that there are no
NP-constructive natural properties. The meaning of “zero-error” is that the algorithm is never allowed to
output an incorrect solution (but on faulty inputs it may output L on all non-deterministic witnesses).

A low-space variant of Avoid. We will consider a generalized form of Avoid, which is implicit in the
recent work of Ilango [Ila25]. In this problem, instead of receiving a circuit C,, the algorithm only receives x,
and needs to solve Avoid(C,,) for C, that is implicitly defined and that is computable from . More formally,
we consider indexed families of Avoid instances C' = {Cy } . {0,1}+> In particular uniform circuit families in
which C,(r) is efficiently computable from 2 and r, and the problem Awvoidc whose hardness we consider is:
given z, find a string outside the range of C,. Intuitively, this decouples the non-uniformity (i.e., the string
x) and the uniform algorithmic part (i.e., the algorithm computing C,(r) from x and r).

The variant that we consider is solving Avoidc for any indexed family C' = {C,} that is evaluable in
low space, i.e. space n® for a small constant ¢ > 0. This variant allows very big circuits (of size 2"°), but it
enforces a low-space-evaluability constraint. Low-space Avoid is on the harder extreme of the spectrum of
Avoid variants: for example, all known hardness results for Avoid mentioned above (when instantiated with
low-space cryptographic primitives) yield special cases of this problem. We also provide stronger evidence for
hardness: a worst-case lower bound for low-space Avoid against non-deterministic algorithms follows from the
standard complexity assumption NP # PSPACE (see Section 1.3).

2In fact, their algorithm is stronger and works in single-valued FSa (i.e., the search version of the symmetric class Sy).

3Their result applies to Avoid for polynomial-sized circuits, with polynomial stretch. For simplicity, we omit these parameters
in this high-level descriptions.

4Indeed, the conditional hardness in [CLL25, RWZ26] stands in contrast to the algorithms of [CLL25, GLS26], which suggest
that Avoid may be in FNP or close to that. The intuitive reason Avoid might be hard for non-deterministic algorithms is that it
is not clear how to verify that a given y € {0, 1}* is outside the range of an input circuit (this problem is in coNP).



The main assumption in our results is that low-space Avoid with polynomial stretch is hard for deterministic
polynomial-time algorithms on average. Note that this assumption is incomparable to the conclusion in
Ilango’s work [Ila25], which asserts average-case hardness for zero-error non-deterministic algorithms: on the
one hand, we assume hardness only for deterministic algorithms, rather than non-deterministic ones; but on
the other hand, the algorithms are allowed to err on “bad” inputs. In more detail:

Assumption 1.1. For every sufficiently small constant € > 0 there2 is a family of Avoid instances C' =
{Ca}ieqoy~ stretching x| bits to |z|* bits and evaluable in space |x|*" such that for some p: N — (0,1) the
following holds.> For every polynomial-time algorithm A and every large enough n € N, we have

r [A(z) solves Avoid(C,)] < p(n) .
ze{0,1}"

Note that the stretch in Assumption 1.1 is an arbitrarily large polynomial (~)1/ ¢ and that the output
length of C, is sub-linear in the index length |z|® < |z|. The sub-linear output length makes the assumption
weaker (i.e., better), and we in fact suspect that for certain strong versions of the assumption (i.e., when C,
is also evaluable in polynomial time) are false when the output is super-linear (see Section 1.4).

Also note that the notion of “low-space” refers to space that is low compared to both the index |z| and
the output |z|¢ of Cy. In particular, the space is smaller than the circuit size, since |Cy| > |z|°. A useful

2

hard candidate to keep in mind is solving Avoid for logspace-uniform circuits C,, of depth ne” and size 2 .

1.2 Plasticity for algorithms from hardness of Avoid

The main results, which motivate the study of low-space Avoid throughout the rest of this paper, assert that
the combination of Assumption 1.1 with derandomization assumptions yields algorithmic plasticity.

Our first result trades space for time. In fact, under the derandomization assumption, it shows that such
a tradeoff is equivalent to hardness of low-space Avoid. To state the result, recall that prBP*L, introduced
by Nisan [Nis93], is the class of promise problems solvable by probabilistic machines running in logspace
and polynomial time whose randomness is stored on a special tape to which they have persistent two-way
read-only access (and the contents of this tape does not count towards the machine’s space complexity).® The
derandomization assumption is that such randomness is unhelpful, i.e. that prBP*L = prL. This assumption
follows from circuit lower bounds as well as other types of lower bounds (see [KvMO02, PR23, Sha24]).

Theorem 1.2 (trading space for time). If prBP*L = prL, then the following two statements are equivalent:

1. Assumption 1.1 holds with p(n) = n=*1),
2. For every f € FP and every € > 0 there is a space-n® algorithm A such that Prycio 13- [A(z) = f(z)] >

1—n=*W foralln € N,

Our second result trades time for alternations. For this result we will assume hardness for a special case of
low-space Avoid, in which C, is evaluable in simultaneous time poly(n) and space ne’ (indeed, this is also a
special case of the standard formulation of Avoid). For a concrete candidate hard problem, one may consider
a family C' = {C,} of logspace-uniform NC! circuits,” or highly sequential circuits of width n* and depth
poly(n). We will also need a stronger derandomization assumption; for simplicity, let us assume a circuit
lower bound that suffices for our purposes and that is commonly assumed in complexity theory, although this
assumption seems like an overkill (see Section 2).

5For our proofs it is important that C, takes \ac|52 input bits, but the proofs go through when the output length is larger
than |z|¢. Since Avoid is harder when the input length is smaller, we stated Assumption 1.1 with the smallest value that our
proofs support (i.e., |z|%).

6That is, in contrast to standard probabilistic machines, which “toss coins” but need to use space on their worktape to record
the outcomes, in this stronger model the outcomes are recorded “for free” on the special worktape.

"Recall that Chen and Li [CL24] deduced worst-case hardness of Avoid for NC! circuits (for non-deterministic algorithms)
from cryptographic assumptions.



Theorem 1.3 (trading time for alternations). Assume that DSPACE[O(n)] € i.0.SIZESAT[2°"] for some § > 0,
and that Assumption 1.1 holds with p(n) = n=*M) and C = {C,} that is evaluable in simultaneous time
poly(n) and space ne . Then, for every L € P there is a constant k = kr, and a linear-time Xy, machine that
decides L correctly on at least 1 — n=*M) fraction of the n-bit inputs.

The parameter value p(n) = n~*() in Theorems 1.2 and 1.3 was chosen for simplicity (recall that in [[la25]
the bound p(n) on solving Avoid was exponentially small); one can choose a different p(n) in the assumption
and it will carry to the conclusions. Also, the hardness assumption is over the uniform distribution and the
simulation is also over the uniform distribution, but hardness over other distributions yields simulation over a
corresponding distribution. See Theorem 5.4 for details.

Results for polynomial time can scale up to larger times, using an algorithm that adds random padding
to the input. In our case, for exponential-time algorithms we can do better: the same assumptions imply a
worst-case simulation (rather than only on average). This is true both for the low-space simulation and for
the linear-time ¥, simulation.

Theorem 1.4 (worst-case plasticity for exponential time). Under the assumptions of Theorem 1.2,
E C N.>oDSPACE[2°™"] .
and under the assumptions of Theorem 1.3,
E C Neso U ZTIME[257] .

The point underlying Theorem 1.4 is that the gap between average-case simulation and worst-case
simulation can be bridged for exponential-time algorithms, by a standard worst-case to average-case reduction.

1.3 On the complexity of low-space Avoid

Given these results, the complexity of low-space Avoid is a major open problem. We turn our attention to it.

Our first result is conditional worst-case hardness for non-deterministic algorithms. Indeed, such hardness
was already deduced in prior works [ILW23, CL24, lla25, RWZ26], but these works relied on strong crypto-
graphic assumptions, whereas we deduce it from a standard complexity-theoretic assumption. We view this
stronger evidence as indication that low-space Avoid may be harder than previously-studied variants of Avoid.

Theorem 1.5 (worst-case hardness for non-deterministic algorithms). If NP # PSPACE then for every
e > 0 there is a family C = {Cy: [4] — {0, 1}'“'5} evaluable in space |az:|52 such that Avoide is not solvable
in non-deterministic polynomial time (in the worst-case).

Our next result concerns the average-case complexity of low-space Avoid for non-deterministic algorithms.
One may be tempted to strengthen both the assumptions in Section 1.1 (which assert average-case hardness for
deterministic algorithms) and the conclusion in [Ila25] (which asserts average-case hardness for zero-error non-
deterministic algorithms), and simply assume that low-space Avoid is average-case hard for non-deterministic
algorithms that are allowed to err. We provide strong evidence that such an assumption is false.

Theorem 1.6 (an average-case non-deterministic algorithm). Assume that there are sub-exponentially secure
one-way functions. Then, for some constant € > 0 there is a non-deterministic polynomial-time algorithm A
using at most n® non-deterministic bits such that the following holds. For every family of Avoid instances

||®

2
C ={Cu},e(0,1~ stretching || bits to |x|* bits and evaluable in time 21*1° | for infinitely many n € N,

{l:(’)rl} [A(z) solves Avoid(C,)] > 1/ poly(n) ,
r€10,1;™

where the meaning of “solves Avoid(Cy)” is that on some witness A(x) outputs an Avoid solution, and for
every witness it outputs either an Avoid solution or L.



The success probability of 1/ poly(n) is modest. Under stronger cryptographic assumptions (e.g., sub-
exponentially secure one-way permutations) it can be increased to 1 — n_“’(l); see Section 6.3.

Remark 1.7. Theorem 1.6 may seem surprising, and it calls into question the original intuition that Avoid
should be hard for deterministic algorithms on average, as in Assumption 1.1. However, there seems to be a
reason for this. In Section 1.5 we explain why it makes sense for Avoid to be hard for deterministic algorithms
and easy for non-deterministic algorithms (on average).

At a superficial glance, the difference between the conclusion in [Ila25] and Theorem 1.6 seems to be
the “zero-error” restriction. Thus, one may be tempted to assume that zero-error delineates the difference
between easiness and hardness (on average) for non-deterministic algorithms. In our last result concerning
the complexity of low-space Avoid, we provide evidence that the feature of having literally zero error is not
crucial for hardness. Specifically, we strengthen the conclusion from [[1a25] by extending the average-case
hardness to hold for non-deterministic algorithms that are allowed to err on a very small fraction of inputs.

Theorem 1.8 (average-case hardness for tiny-error non-deterministic algorithms). Assume that there is a
demi-bits generator secure against AM and computable in space s(n) > log(n).® Then, there is an family
C = {C,} evaluable in space O(s) such that every non-deterministic polynomial-time machine for Avoide
that errs on at most 272V™ of the n-bit inputs succeeds on less than 0(2_‘5) of the inputs.

The full technical statement of Theorem 1.8 supports a tradeoff between the allowed error and the bound
on the success probability; see Theorem 6.6 and Corollary 6.7.

1.4 A technical tangent: targeted hitting-set generators for coNP

A natural strategy for solving low-space Avoid (as well as other variants of Avoid) is to use a targeted
hitting-set generator, as defined by Goldreich [Gollla]. Such a generator gets input x, and produces a list
of strings wy, ..., wr, such that, for every procedure D(z,-) that belongs to a target class D and satisfies
Pr.[D(z,r) = 1] > 1/2, there is w; for which D(z,w;) = 1. In the case of Avoid, we consider D C coNP, and
we want to combine the outputs into a single solution. We know how to do so when the number of output
strings is small, i.e. L < n (e.g., by concatenating y = wy o ... o wy, as in [KS25]; see Section 7).

The question of whether there are efficiently computable targeted hitting-set generators for coNP, even
under the assumption that AM = NP, is an open problem. (Since such generators imply AM = NP, the open
problem essentially asks whether AM = NP is equivalent to the existence of such generators.) This problem
was first posed by Goldreich [Gollla], and has been studied in recent works [vMS23a, vMS23b]. There is
evidence that such generators do exist (see [[KW02, vMS23a]), but these have a large output-set L = poly(n).

Loosely speaking, we prove results indicating that the complexity of computing a hitting-set generator
for coNP with a small output-set L < n is analogous to the complexity of solving low-space Avoid (i.e., to
the results from Section 1.3).% At a high level, we show that there are no such generators that work in the
worst-case and are computable in non-deterministic polynomial time, assuming that Avoid is worst-case hard
for non-deterministic polynomial time; and that there are such generators computable in non-deterministic
polynomial time that fool a subclass of coNP on average over a random input (the subclass consists of
procedures that use few co-non-deterministic bits), assuming sub-exponentially secure one-way functions.
Our results do not shed any light about whether or not there are such generators that are computable in
deterministic polynomial time and work on average. For brevity, we postpone precise details to Section 7.

1.5 Discussion

In Figure 1 we summarize the results about the complexity of low-space Avoid. The reader may notice that
we have evidence (in most cases strong evidence) for its complexity in all regimes except the most important
one, which is average-case hardness for deterministic algorithms.

8See Definition 6.3.
9Prior work on this open problem did not distinguish between this case and the general case. We also note that this special
case is of particular importance to superfast derandomization. See Section 7 for details.



Average-case Worst-case

Hardness equivalent to

Deterministic low-space simulations (Thm 1.2)

Hard, assuming

; inisti Hard, assuming NP + PSPACE (Thm 1.5
Tiny-error non-deterministic demi-bits against AM (Thm 1.8) # ( 5)

Easy, assuming

General non-deterministic subexp-OWFs (Thm 1.6)

Figure 1: The complexity of low-space Avoid for polynomial-time algorithms. The cell highlighted in green indicates
the most important regime, which we understand the least, and this cell assumes prBP*L = prL.

As mentioned in the paper’s opening, we view our results as providing evidence that Williams’ [Wil25]
result is an instance of more general algorithmic plasticity. The point is not simply deducing plasticity from
some plausible hardness assumption. (It is easy to show that there exists an artificial low-space function
f* such that low-space simulation of FP is equivalent to f* being hard for FP; see Section 5.3.) The point
is basing plasticity on hardness of an an interesting and seemingly difficult problem, and moreover on a
seemingly extra-hard variant. Indeed, Avoid is a general computational problem (e.g., the foregoing f* reduces
to it), and more importantly, a natural problem whose hardness has been intensively explored recently for its
inherent interest. Moreover, since we show that hardness of low-space Avoid is also necessary for low-space
simulation of FP (assuming prBP*L = prL), we closely tie together these two important lines of research.

If one indeed conjectures that low-space Avoid is hard on average for polynomial-time algorithms, one
has to contend with the fact that it is easy on average for non-deterministic algorithms (assuming sub-
exponentially strong OWFs). We argue that this situation is actually coherent and makes sense. Our main
technical intuition is thinking of an algorithm for low-space Avoid as solving a problem harder than the
problem “compute a function hard for low-space algorithms”. To see this, consider a low-space M outputting
k = k(n) bits, and let C = {C,}, be the family with stretch 0 — k such that C;,(\) = M (z) (where A denotes
the empty string). Then, on input z, the Avoid algorithm outputs a string z # M (z).!° Indeed, an Avoid
algorithm solves a task that seems significantly harder than computing a hard function, because it also works
for (the more challenging situation of) circuits with smaller stretch £ — k.

How is this intuition informative? If there is a low-space simulation of FP as in Theorem 1.2, then there is
no function in FP hard for space n®; in particular, there can be no FP algorithm for low-space Avoid. (Indeed,
this is the crux of the easier direction in the proof of Theorem 1.2.) However, assuming sub-exponential OWFs,
there is a function in NP that is hard for low space on average. This opens the door for a non-deterministic
average-case algorithm for low-space Avoid, as in the conclusion of Theorem 1.6.

10Tn this description, the Avoid algorithm for the family {Cy} diagonalizes only against one algorithm M that specifies Cy.
However, we can consider a universal family {U,} that parses a small prefix zP"¢ of = as a description of a low-space machine M,

and evaluates M on the suffix 5%/ of z. An algorithm that solves Avoid for {U,} on the input-set {xmeazsuf} pre diagonalizes
x €

simultaneously against all low-space machines on z5%7.



Does algorithmic plasticity make sense? Low-space simulation of FP is remarkably consistent with
known results and conjectures in theoretical computer science. As far as we are aware, the main implication
is that assumptions made in a small number of works are false. The conclusions in these works — often
derandomization conclusions — may still be true. The same applies to simulation of FP in linear-time with
alternations. See Appendix A for the few examples we are aware of.

Low-space simulations also align with Kozen’s [Koz78] conjecture in the context of PSPACE vs P. Recall
that his conjecture essentially says that lower bounds can always be proved via diagonalization; that is, if a
class C has a hard function for a class D, then C can simulate D (and diagonalize, assuming C is closed under
complementation; see also [NIR03, NIR06, CT21a]). In our context, the conjecture means that PSPACE # P
can be proved by low-space simulations, and our results strengthen the evidence that this may be possible.
(Indeed, the average-case simulations in our results imply that P # PSPACE; see Theorem 3.13.)

Three technically related works. Theorem 1.6 is similar to results by Korten [Kor22] and by Korten and
Santhanam [KS25], since all three deduce algorithms for Avoid from hardness assumptions. In [Kor22, KS25]
they focused on algorithms for the important special case of uniform Avoid, which in our terminology is
Avoidg for an unindeved circuit family C' = {Cy}, oy (i.e., one circuit C, for every input length n € N).

Specifically, Korten [Kor22] showed that if non-deterministic exponential time cannot be simulated in
simultaneous low space and slightly more time, then uniform Avoid can be solved in FPNP. And Korten
and Santhanam [KS25] showed that uniform Avoid is in P, under strong (but reasonable) derandomization
assumptions. In comparison, our algorithm for Avoid is non-deterministic, works for indexed families and on
a noticeable fraction of inputs, and relies on a widely believed cryptographic assumption.

In addition, as pointed out by Ryan Williams, Theorem 1.2 is reminiscent of a result of Santhanam [San23].
Similarly to our result, in [San23, Theorem 4] it is proved, under a derandomization assumption, that hardness
of low space is equivalent to an algorithmic task being carried out in low space. However, in contrast to
our result, in [San23] the hardness is for any problem in PSPACE, and the algorithmic task is specific (i.e.,
low-space sampling of satisfying assignments for an implicitly given circuit; see [San23, Corollary 41]).

2 Technical Overview

It will be most convenient to first present the proof of Theorem 1.5, which is self-contained, and we do so
in Section 2.1. Then we will describe the proofs of the results from Section 1.2 and the proof of Theorem 1.6
(which is, technically, an extension of the foregoing proofs), in Section 2.2 and Section 2.3, respectively. We
will describe the proof of Theorem 1.8 in Section 2.4. And finally, in Section 2.5 we will give a very brief
overview of the construction and analysis of the generator mentioned in Section 1.4.

2.1 Worst-case hardness of low-space Avoid from NP # PSPACE

Assuming that for some € > 0 and every low-space C = {C,} there is a non-deterministic algorithm for
Avoidc, we will construct an NP verifier V' for the PSPACE-complete problem TQBF. The construction of V'
follows an idea of Buhrman and Torenvliet [BT00].

The NP verifier V' gets a totally quantified formula ¢, and considers a suitable version of the IP = PSPACE
protocol, executed on input ¢. It non-deterministically guesses (in parallel) verifier challenges r1,...,7y € F
as well as prover responses pi,...,py: F — F, where N = poly(n), and simulates the protocol. Of course, a
malicious prover would send incorrect p;’s and as well as adversarial r;’s that happen to satisfy the protocol’s
constraints checks for each pair of univariates p;_1, p;.

To ensure that this cannot happen, the verifier will not just blindly guess the r;’s. For every ¢ € [N] the
verifier V' will create a low-space Avoid instance Cy,: [d + 1] — F whose image is the first d + 1 roots of
fi — pi, where f; is the correct univariate at that round and d is the degree bound. Then the algorithm will
run the Avoid algorithm on z; to obtain r; (i.e., guessing a witness for this algorithm rather than guessing r;
itself). Intuitively we are reducing the derandomization of a specific polynomial identity testing problem (for
which the r;’s are used) to solving low-space Avoid. Indeed, if f; # p;, then the algorithm will output r; that



is a non-root of f; — p;, since the d + 1 roots are all in the range of Cy,. In this case, the simulated protocol
continues to the next round with a false claim, and by induction, at the end of the simulated protocol the
verifier will catch the false final claim.

The verifier V' will create x; that is the partial transcript up until that point. The main technical challenge
in the proof is designing C,, that runs in low space. Recall that “low” is with respect to the index length
|z;| and to the output length log(|F|). The first issue can be handled easily, since computing f; can be done
in space poly(|e¢|) and V' can add polynomial padding to x;. The second issue is more subtle: we cannot
have C,, enumerating over the roots of f; — p;, as that would take space log(|F|); we therefore will have C,
factor f; — p; and output the corresponding root. Thus, we need to be able to perform factoring of degree-d
polynomials in space < log(|F|), which calls for a tailor-made version of IP = PSPACE. Loosely speaking,
this version will use an arithmetization (over a suitable field) that will allow each C,, to perform arithmetic
operations and factor degree-d polynomials in space polyloglog(|F|). See Section 6.1 for technical details.

2.2 Plasticity from average-case hardness of low-space Avoid

A “master result” from which the other main results will be derived asserts that under Assumption 1.1, any
problem in P can be solved on average by a low-space “Arthur-Merlin” (AM) interactive proof system that
uses a non-standard feature. Specifically, the AM verifier uses time poly(n) and space n®, sends one message
to the prover, and receives a response of n° bits from the prover (where € > 0 is arbitrarily small). The
non-standard feature is that the verifier is also allowed persistent two-way read-only access to its random
coins, akin to BP*L machines described in Section 1.2.

Theorem 2.1 (trading space for non-determinism and randomness; see Theorem 5.1). Suppose that Assump-
tion 1.1 holds with p(n) = n=“M. Then for every L € P and every constant v > 0 there is an AM verifier V
with the following properties:

o Complexity: The verifier V runs in time poly(n), uses at most n"¥ space, and has prover message
length n". It also uses poly(n) bits of persistent read-only randomness, and issues oracle queries to
C = {C,} on inputs of length poly(n).'!

« Average-case completeness. With probability at least 1 —n=“®) over a choice of x € {0,1}™ and
over V'’s random coins, if x € L then there is a prover message causing V to accept.

o Worst-case soundness. For every x ¢ L, the probability over V'’s random coins that there is a prover
message causing V to accept is at most n=<W).

The motivating observation for proving Theorem 2.1, which is well-known, is that non-solutions to Avoid
can be compressed. To see this in our context, consider an Avoid family {C,}, and fix some input x that
will be available to all algorithms that we consider. Then, for any y € Range(C,), we can represent y by a
smaller z such that y = C,(2). In particular, if C,: {0,1}* — {0,1}* has large polynomial stretch & > ¢ and
is evaluable in low space, then we can represent y € {0,1}* by z € {0,1}* that is polynomially shorter, and
there is a low-space algorithm that de-compresses z back into y (using x).

Our assumption is that any polynomial-time algorithm for Avoid fails on most inputs x, with respect
to some family {C,} that has a large polynomial stretch and is low-space evaluable. What follows is that
the output of any polynomial-time algorithm can be compressed, on a random z. In particular, for any
L € P decided by a polynomial-time M, consider an algorithm that, given x, outputs the computation of
M7y, (z). The conclusion is that the computation of My, (x) has a short description. We will leverage this short
description into a probabilistic verifier that decides L with low space and low communication from the prover.

HFor readers from complexity theory, we note that the randomness used by the verifier is important, and deterministically
simulating it may lead to a prohibitive increase in the amount of non-determinism. Specifically, recall that typical approaches
for simulating randomness enumerate over a set of pseudorandom strings. In interactive proof systems, the prover will send
a separate proof corresponding to each pseudorandom string. However, the number of pseudorandom strings may be more
than the input length n (which increases the prover message length to be super-linear), and this super-linear overhead may be
inherent for interactive proof systems; see Section 7, and also see [CT22, CRT25].



First step: A trade-off for sublinear-time computation. Let L € P, decided by M. Consider an
algorithm A that gets input € {0,1}" and outputs a PCP witness 7, for My (z) (i.e., a PCP encoding of the
computation of M, (x)), with respect to some PCP verifier computable in low space. Let C,: {0,1}* — {0,1}*
be the hard Avoid family, where ¢ < k < n, and pretend for a moment that the PCP witness 7, for x has
length k. Then, by our hardness assumption, for most z, there is a short z € {0, 1}* such that 7, = C,(2).

The probabilistic verifier V; for L gets input x, guesses z € {0,1}¢, and runs the PCP verifier Vpcp(z).
Whenever Vpcp queries its proof, V; answers by computing C,(z). Note that the proof length is ¢, which
is far shorter than the trivial k, and that V4 is a low-space algorithm (since C,, is evaluable in low space,
and Vpcp is computable in low space). As for correctness, if x ¢ L then V) rejects any guess of z, with high
probability; and for most x’s, if x € L then there is a guess of z such that V accepts.

The idea above works when L is a problem computable in sub-linear time n®. (When working in the
RAM model, as we do in this paper, this is a natural class of problems, since sub-linear time RAM algorithms
can be thought of as a computationally bounded version of shallow decision trees.) In this case, PCP proofs
are of length k = n®©) and the verifier Vj decides L using space and communication approximately ¢ < n.
This proof for sub-linear time is fleshed out in Theorem 5.1.

However, for a general L € DTIME[n¢], PCP witnesses will be of length at least n® > n. The hard Avoid
instances C,, that we consider have output length k& < n (and recall that this is important, as mentioned
after Assumption 1.1), and so there is no hope of using them to compress PCP witnesses as above.

Second step: Lifting to a general L € P. We resolve this problem by decoupling the input on which we
want to decide L from the input on which we leverage the hardness of Avoid. That is, to decide if z € L, the
verifier will use a hard Avoid instance indexed by a string different from zx.

Let L € DTIME[n¢], and let {C,} be the hard Avoid family, stretching £(n) = n’ bits to k(n) = n® bits,
where § < e. Our verifier V gets input x € {0,1}", and pads it with a random y to 2y € {0,1}", where
N = n9/9) is large enough so that k(N) = N = n?() is the length of PCP proofs certifying that = € L.
With high probability, Cy, is a hard Avoid instance; hence, the algorithm that gets zy and outputs the
k(N)-bit PCP proof m, certifying that @ € L fails. In this case there is an ¢(N)-bit z such that Cyy(2) = 7,.

This V is quite different from Vy above. In terms of communication, it first sends y to the prover and
only then receives z and verifies it. (We can assume that V' sends the random choices used for Vpcp along
with y, using the standard trick of Babai and Moran [BM88] and relying on the fact that z € {0, 1}* is short;
see the proof of Theorem 5.4 for details.) However, since V will also need y to resolve the queries of Vpcp to
its proof Cyy(2), it cannot “send y and forget it”; this is why we consider V' that has persistent read-only
two-way access to its random tape on which y is stored. Fortunately, the prover communication and the
space complexity of V are still proportional to £/(N) = N% < n°. In particular, if the hard Avoid instance
has sufficient stretch (i.e., £(N) is small enough), then the space complexity and prover communication are
sub-linear in n, i.e. of the form n” for an arbitrarily small v > 0.

A technical ingredient: PCPs for sub-linear time. The proof above works if we use standard PCPs
for DTIME[n¢] whose verifier runs in low space. However, to use the same approach for our other results
(e.g., in Section 7) and for full generality, we provide a more generic solution, which may be of independent
interest. Readers who are not interested can safely skip this part.

Instead of using a PCP for deciding L, we think of the verifier V' in the proof above as using a PCP for
deciding LP* = {zy : x € L} (where y is of the correct length), which is in DTIME[N¢]. We will design a
PCP verifier for any problem in DTIME[N¢], rather than only for padded problems such as LP2. In fact, as
usual, we will design a PCP verifier for any problem in NTIME[N¢]. The main requirements will be that the
proof length is sub-linear, i.e. N9 and that the verifier runs in polylogarithmic space.

The key observation is that a sublinear-time computation reads only a short (N¢-length) excerpt y of its
input. Therefore, the computation can be decomposed into two steps: 1. guess a short excerpt y of the input
and verify that the computation accepts when seeing y; 2. verify that y is consistent with the actual input x.



The first step concerns only the short excerpt y and a suitable witness. Instead of providing y directly,
the PCP provides its low-degree extension y as the implicit input to a standard PCPP (probabilistically
checkable proof of proximity) [BGH'05]. This PCPP checks that ¥ is close to the encoding of an excerpt on
which the computation accepts for some witness. Since the PCPP accesses y only as an oracle and its explicit
input has length O(log N), its verifier runs in polylog(/N) time, and hence in polylog(N) space.

For the second step, enforcing consistency between x and y, reduces to performing what is called a
“zero-on-subcube test” (see [Har04]) on a careful composition of the low-degree extensions Z and ¥ (of x and
y respectively). This test requires access to the low-degree extension Z of x, but only at a few locations. The
verifier can therefore compute each requested value of T directly from z on the fly, using polylog(N) space,
without ever constructing or storing the full encoding z. For details see the proof of Theorem 4.1.

2.2.1 Proofs of Theorems 1.2, 1.3, and 1.4

To prove the equivalence in Theorem 1.2 we need a minor modification of the verifier V' from Theorem 2.1.
Specifically, we want a verifier that, on input z, prints the PCP proof 7, in its entirety (when there is a short
z such that 7, = Cy,(2)). This can be done by enumerating over all possible random choices for Vpcp, and if
the latter accepts Cyy(2) with probability 1, then outputting Cyy(2) bit-by-bit. Note that this modification
does not meaningfully increase the space complexity or the prover communication: the new verifier still uses
n” space and n7-sized proofs, as well as persistent read-only access to the random padding y.

In particular, using a suitable PCP system, the new verifier can print the multi-bit output of any FP
algorithm using n” space and prover communication, and with persistent randomness (since the output is
included as part of the PCP proof; see the proof of Theorem 5.12 for details). Such a verifier can be easily
simulated by an O(n")-space algorithm that has persistent access to its randomness, by enumerating over all
possible prover messages. And if prBP*L = prL, then the latter algorithm can be derandomized, yielding a
deterministic space-O(n?) algorithm that succeeds on most inputs.

This establishes the first direction in Theorem 1.2. As for the other direction, assuming that low-
space simulation of FP is possible, consider the following indexed Avoid family C = {C,},. The circuit
Cp: {0,134 — {0,1}" gets as input an ¢-bit description of a machine M, where £ = n°(") and outputs M (z) if
the computation runs in low space and outputs n bits (otherwise it outputs 0™). Note that C, is computable
in low space. The point is that for any FP algorithm A trying to solve Avoide, since A can be simulated over
a random x by some low-space B, the output of A(z) will be in the range of C, for a random z (i.e., as long
as n is sufficiently large so that the description of B is of size ¢). Hence, Avoid¢ is hard on average for FP.

Proof of Theorem 1.3. Our starting point is, again, the probabilistic verifier V' from Theorem 2.1.
We want to simulate it by a ¥j machine running in linear time. The idea is to use the classical result
of Nepomnjascii [Nep70], which asserts that any problem computable in non-deterministic simultaneous
polynomial time and sub-linear space (i.e., space n'~%(1)) can be computed in X, TIME[O(n)] for a large
enough k € N. Thus, our goal is to simulate the probabilistic verifier in NTIME[poly(n), n! =],

This is essentially a derandomization task, and we will use our derandomization assumption. Specifically,
recall that the verifier sends a random y and randomness for Vpcp and expects to receive back z. As proved by
Klivans and van Melkebeek [KvMO02], our assumption implies that there exists an O(logn)-space computable
pseudorandom generator such that on every input x, the probability that there is z convincing V' to accept
remains approximately the same when using pseudorandom strings instead of random ones.

The non-deterministic machine receives z’s corresponding to all pseudorandom strings, and checks if V
accepts each z when using the corresponding pseudorandom string. The key point is that each pseudorandom
string is computed on-the-fly in space O(logn), and thus the total space consumption of this machine is
almost identical to that of V. See the proof of Theorem 5.9 for details.

Proof of Theorem 1.4. This proof uses a standard worst-case to average-case reduction based on
error-correcting codes, and leverages the fact that the decoder for such codes uses low space.
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In more detail, to decide L € DTIME[2¢"] we consider L whose truth-tables are encodings of the truth-
tables of L by a suitable systematic code. Since the code is computable in time polynomial in the truth-table
length 2", the new problem L is in DTIME[2C,‘"} for another constant ¢’ > ¢. By Theorem 1.2 there is an
algorithm deciding L in polynomially smaller space 2°™ on average. Combining this algorithm with the
decoder for the code, which runs in time (and hence space) poly(n), we obtain an algorithm that decides L in
the worst-case with roughly the same space complexity (and hence also decides L in the worst-case with such
complexity). The same idea applies when working with a ¥j-machine, and since the details follow standard
approaches we postpone them to Section 5.2.

2.3 A non-deterministic algorithm for low-space Avoid: Proof of Theorem 1.6

The proof of Theorem 1.6 goes in the contrapositive direction: If Avoid is hard for non-deterministic polynomial
time on average, then there are no sub-exponentially strong one-way functions. The proof uses the results of
Liu and Pass [LP20, LP22], who showed that an algorithm that solves a certain L"*¢ € NP on average over
the uniform distribution (with success 1 —n~“()) can be used to break any one-way function.

Thus, our goal is to show that if Avoid is hard for non-deterministic polynomial time on average, then
any L € NP can be solved on average over the uniform distribution in sub-exponential time. In fact,
under the hardness assumption, for any L € NP we will show a probabilistic verifier with space and prover
communication n” that decides L on average (and a sub-exponential time is obtained by enumeration).
Indeed, observe that this statement is simply an extension of Theorem 2.1 to the non-deterministic setting.

Recall that in the proof of Theorem 2.1, for any L € DTIME[N¢] we considered a deterministic algorithm
for Avoid that on input xy outputs a PCP proof m,, certifying that its input «y is in L. For any xy on which
this algorithm fails, the probabilistic verifier V' could guess z such that mg, = Cyy(2).

In the current proof we start with L € NTIME[N¢], and the algorithm A for Avoid non-deterministically
guesses w certifying that zy € L (otherwise it rejects) and outputs a PCP encoding w4y ., of w. Indeed, since
we now assume that Avoid is hard for non-deterministic algorithms, this algorithm A also fails for a random
xy. However, we need to be careful about what “fails” means: our hardness assumption is that for a random
xy, the algorithm A either outputs L on all witnesses, or outputs a string in Range(Cy,) on some witness.
The key point is that by the construction of A, whenever xy € L there necessarily is a witness such that A
outputs some string (of the appropriate length). Hence, we deduce that for a random zy, if xy € L then A
outputs a PCP witness 7, ,, certifying that zy € L such that m,y ., = Cyy(2) for some z.

The construction of the probabilistic verifier V' is then identical to that in the proof of Theorem 2.1. For
details, see Theorems 5.1 and 5.4.

An algorithm with high success probability from stronger assumptions. The proof above shows
that if low-space Avoid is hard for non-deterministic polynomial time on average, then we can solve any
L € NP in small space. Using the same ideas described in the previous section (for the proof of Theorem 1.2),
we can also extend this conclusion to apply to any f € FNP.

We now want to use the same approach as in the proof of Theorem 1.6. To reach a contradiction, we
need f € FNP that is hard for sub-exponential time on 1 — n=“() of inputs. Indeed, inverting a one-way
permutation yields such hardness (other cryptographic assumptions would also suffice; see, e.g., [MRO7,
Corollary 5.13]), and in fact in the special case of one-way permutations (which yield a hard problem with
unique solutions) the proof simplifies further. For details see of Theorem 6.11.
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2.4 Hardness of Avoid for tiny-error non-deterministic algorithms: Proof of
Theorem 1.8

The techniques in the proof of this result are unrelated to the techniques in the rest of the paper. Our starting
point will be the proof of Ilango [I1a25] that Avoid is hard for zero-error non-deterministic algorithms, assuming
that there are no NP-constructive natural properties against P/ poly. We will think of this assumption as
asserting that there is a polynomial-time computable generator ¢ that fools non-deterministic algorithms.'?

A different proof of the original result. Assuming towards contradiction that there is a zero-error
non-deterministic machine A solving Avoid on average, we construct an adversary D breaking the security of
the generator g. For simplicity, think of A for now as solving Avoid correctly on all inputs.

Intuitively, we want D(y) to accept iff y is not in the pseudorandom set {g(z)}, (so that D accepts
most strings but rejects all pseudorandom strings). However, a naive implementation of such D yields a
co-nondeterministic machine, whereas we want a non-deterministic one. The idea is to use an Avoid algorithm
as a certificate of not being in {g(z)}; that is, given y we construct C' whose image is {g(x)} (i.e., just use
C(z) = g(x)), and if y = A(C) then we are certain that y ¢ {g(x)}. The idea extends to a non-deterministic
A in the straightforward way.!3

Of course, the trouble is that A(C') outputs just one string, so it “certifies” only a single y (for not being in
{g(x)}), whereas we want many y’s to be “certified” (i.e., to be the output of A) in order to break the demi-bits
generator. We will therefore allow another degree of freedom: we will have D accept iff there is a tuple
s =(s1,...,5¢) and 7 € [t] such that y @ s; is not in the set {g(z) @ s;}, (for now think of s, 7 as a cumbersome
way to specify a string s;). Indeed, the way D will efficiently certify this is to non-deterministically guess s
and check if for some 7 € [t] the algorithm A outputs y & s; on a circuit Cs whose output-set is {g(z) @ si}, ;-

If we are lucky, for each different s the output of A(Cs) will be different, in which case all of y’s will be
“covered” (i.e., for every y there is s such that y @ s; is the output of A(Cs)). However, the Avoid algorithm
A is hypothesized adversarially, and {A(Cs) @ s;},;, might “concentrate” on a small set.

The main technical lemma, which is a generalization of the technical idea in [Mla25], asserts that this is
impossible: thinking of A as an adversary that tries to “shift” each tuple s by its output A(Cjs), many y’s
will be covered.

Lemma 2.2 (covering lemma; informal, see Lemma 6.4). Consider any adversary A that gets s = (s1, ..., 5¢) €
{0,1}*™ and outputs A(s). For every s, let A(s) ® s = (A(S) @ s1,..., A(8) @ s;) be the A-shifted tuple
corresponding to s. Then, the set of n-bit strings covered by A-shifted tuples is of size at least 2"/t

The full proof implements the idea above also in the case where A succeeds only on a fraction of inputs
Cs, rather than on every Cs (see the proof of Theorem 6.5 in Section 6.2.1).

Extension to tiny-error algorithms. The proof above and the generalized covering lemma already do
much of the heavy lifting to support the extension to tiny-error non-deterministic algorithms.

Specifically, the proof above shows that a large fraction of strings are covered by (at least one of the)
tuples; and none of the strings in the image of g are covered by any tuple, due to the zero-error property
of the assumed algorithm A. This NP-property (i.e., “is there a covering tuple”) allowed us to distinguish
between the set of pseudorandom strings and a large set of truly random strings.

However, once we relax A and allows it to err, the soundness property that none of the strings in the
image of g are covered is no longer true. Indeed, if A makes error on k fraction of choices of s, then a
pseudorandom string could potentially be covered by - 2t™ tuples (i.e. tuples s that A errs on).

Nonetheless, if « is sufficiently small, one can hope to show that many random strings are covered by
2k - 2™ tuples, and this sets them apart from pseudorandom strings. Indeed, this is precisely what we
show, by extending the analysis in the proof of the covering lemma. And at that point one can apply the

12That is, there is no non-deterministic algorithm that accepts most strings but rejects all pseudorandom strings.
13That is, accept ¥ if and only if there is w such that on input C' and witness w the algorithm A outputs y.

12



Goldwasser-Sipser Set Size Lower Bound protocol [GS86] to distinguish these two cases (i.e., at most &
fraction of tuples vs at least 2k fraction of tuples). This is why our assumption is stronger than in [lla25]: we
require the generator to be secure against AM adversaries (implementing the set lower bound protocol).

2.5 A targeted hitting-set generator for a subclass of coNP

Finally, we describe the construction of a non-deterministic targeted hitting-set generator for coNP procedures
that use few non-deterministic bits. Recall that we assume sub-exponentially secure one-way functions. We
will again use the results of Liu and Pass [LP20, LP22], and this time we will also rely on the fact that the
average-case hard language L'¢ € NP in their result is actually in non-deterministic sub-linear time, i.e.
Lhard ¢ NTIME[n?] for a suitable small ¢ > 0.1

Recall that in the proof of Theorem 1.6, we assumed towards a contradiction that a non-deterministic
algorithm A(z) outputting a PCP witness 7, for L"*"? failed to solve Avoid for a random zy, and deduced
that we could compress 7, (to z such that Cyy(2) = 7,) for a random . In the current proof, we will assume
towards a contradiction that any non-deterministic generator H(x) fails to output a hitting-set for some
coNP distinguisher D(z,-) (i.e., it either prints L on all witnesses, or outputs strings that D(x, ) rejects),
and we will deduce a corresponding space savings for computing L.

The main technical tool underlying the proof is a new reconstructive targeted hitting-set generator that
is based on the hardness of problems in sub-linear time. Specifically, for any L € NTIME[n¢], we show a
construction of H = Hj, that outputs n®() pseudorandom strings of length (say) n/?, and satisfies the
following: if H(x) fails to hit D(z,-) (that uses few non-deterministic bits), then another algorithm R(z)
decides L(x) in space n®, for an arbitrarily small § < e. In particular, using L = L' the reduction
of [LP20, LP22] will allow us to invert any one-way function in time o’

The new targeted hitting-set generator. The high-level idea behind our construction of H = Hy, and R
comes from the work of van Melkebeek and Sdroievski [vMS23a]. The generator H(x) guesses an NP-witness
w € {0,1}™ for L(x), and if w is convincing then the generator transforms w into a PCP witness 7 = 7, of
length |7| = n©) for the computation of L(z). Then it applies a classical pseudorandom generator — for
simplicity, think of the Nisan-Wigderson [NW94] generator — with 7 as the hard truth-table. The number of
outputs of NW(7) is indeed poly(|7|) = n°() as we wanted.

The properties of the NW generator guarantee that if D distinguishes NW(7) from random strings, then
there exists a circuit C of size n’ (where § > 0 can be arbitrarily small'®) such that CP (i) = m; for all
i € [|7|]. The reconstruction R gets input x, guesses C of size n%, and runs a PCP verifier for L, resolving
the PCP verifier’s queries to bits i of the proof by simulating CP(i). For R(x) to run in low space, we need:

1. An n®©)_size PCP with a low-space verifier.
2. The simulation of C'? (i) to run in low space.

For the first item above, we use the PCP verifier described in Section 2.2. For the second item, we use
the fact that D needs only few non-deterministic bits, and we replace the NW generator by a more suitable
generator that needs a more relaxed access to D rather than oracle queries (namely, the generator of Miltersen
and Vinodchandran [MVO05]). For full details, see the proof of Theorem 7.7.

3 Preliminaries

The machine model throughout the paper is the RAM model (this is important, as we will be studying
sublinear-time computation). We note that our simulations in Theorems 1.2, 1.3, 1.4 and 2.1 do not rely on
the RAM model, and can be implemented on a multitape Turing machine.

1Recall that we work with RAM machines in this paper. Also, for non-deterministic machines, the notion of sub-linear
time is even more natural: many standard NP-complete problems are computable in sub-linear time (e.g., clique), and every
NP-complete problem can be padded to another NP-complete problem that is computable in sub-linear time.

15We pay for a small & by a larger polynomial blow-up NO() in the number of output strings of H(xy), which we can afford.
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We call a function f : N — N nice if there is a deterministic algorithm that given n as input, outputs f(n)
in time polylog(n, f(n)).
3.1 Indexed circuit families

We consider indexed families of circuits. That is, every string « € {0,1}* is associated with some circuit C,,
and the circuit family is {Ca},c 01}

Definition 3.1 (indexed circuit families). Let C = {Cw}we{o,l}* be an indexed family of circuits. We say
that C € Cllin, = Lout, 8] if each C, € C has size s(|z|) and £y (|z

) bits of input and Loyt (|x]) bits of output.

For convenience, we will frequently abuse notation by saying “Let C[¢;;, — £out, s] be an indexed family of
circuits”, rather than saying “Let C € C[l;,, — fout, s] be an indexed family of circuits”.
We will be interested in indexed circuit families of different levels of uniformity.

Definition 3.2 (P-evaluable). Let £, < Loyt < s : N — N be nice functions, and let C[l;, — loyt,s] =
{Cs}aeqo,1y+ be an indexed family of circuits. We say that C is P-evaluable if there is a Turing machine M
that gets input (x,y,1) € {0, 1} x {0,114 (") x [04,:(n)], Tuns in time poly(n), and prints the i-th output bit
of Ca(y).

Definition 3.3 (SPACE-evaluable). Let 4;, < oyt < s : N — N be nice functions, and let C[l;y, — Lout, ] =
{Cs}eeqo,13+ be an indeved family of circuits. We say that C is SPACE(S(n))-evaluable if there is a Turing
machine M that gets input (z,y,7) € {0,1}" x {0,1}57(") x [0y, (n)], Tuns in space S(n), and prints the i-th
output bit of Cy(y).

3.2 Complexity-theoretic notions, classes, and results

We recall some standard definitions that will be used throughout the paper.

Definition 3.4 (samplable distributions). A distribution ensemble {Dy}nen is called samplable if there
exists a probabilistic polynomial-time algorithm A such that for every n € N, A(1") ~ D,,. That is, A outputs
a sample distributed exactly according to D,,.

Definition 3.5 (search NP with few non-deterministic bits). Let R C {0,1}* x {0,1}* be a total search
problem and let D = {D,} be an ensemble of samplable distributions. We say that (R, D) is in average-case
SearchNTimeGuess[T'(n), g(n)] with success p if there exists a non-deterministic Turing machine M such that
for every input length n, using g(n)-bits of non-determinism and running in time T (n), with probability at
least p over the choice of input x drawn from the input distribution D, :

o On all accepting paths, M (x) outputs some y such that (z,y) € R.
o M(x) has at least one accepting path.

Note that the definition above allows M to err on the “bad” inputs z, i.e. M (z) might have accepting
paths that output y where (z,y) ¢ R.

Definition 3.6 (low space with persistent randomness). Let s : N — N be any function. A Turing Machine
M is called a BP*SPACE[s(n)] machine if M is a probabilistic Turing Machine that on an n-bit input x, uses
s(n) memory bits, runs for at most 20(s() time and has 2-way access to its randomness.

Co-nondeterministic procedures. For a co-nondeterministic procedure P taking input z and (co-
Jnondeterministic choice w, we will often suppress w in our notation, and denote P(z); the meaning is then
as follows:
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Definition 3.7. For a co-nondeterministic procedure P taking input x and witness w, we denote P(x) =0 if
there is w such that P(x) rejects with the (co-)nondeterministic choice w, and P(x) =1 otherwise. We will
sometimes consider co-nondeterministic procedures that take input (x,r) rather than only x, in which case
the notation P(x,r) is defined identically.

We will often think of P(z,r) as a probabilistic procedure where « is the input and r is the randomness,

and the co-nondeterministic choice is made after (z,r) are fixed. This is the case for Arthur-Merlin verifiers.

Three standard results. We recall the classical result of Nepomnjascii simulating low-space non-
deterministic time in linear time with alternations, the set lower bound protocol of Goldwasser and Sipser,
and the round reduction result of Babai and Moran.

Theorem 3.8 ([Nep70]). For every positive constant d and e, there exists an integer k such that NTISP[n, nt=¢] €
2L TIME[O(n)).

Theorem 3.9 (Goldwasser—Sipser set-size lower bound [GS86]). Let

S, = {y e {0, 1}’"(‘””') 132 R(y, 2) = 1},

where R is polynomial-time computable and m is polynomially bounded. Then there is a two-message AM
protocol such that, on input x and an integer threshold T,

o if |Sz| > 27, then Arthur accepts with probability at least 2/3 for some honest Merlin strategy;

o if |S.| < 7, then Arthur accepts with probability at most 1/3 for every (malicious) Merlin strategy.

We recall the round reduction result for AM from [BMS88], tailored for our needs.

Lemma 3.10. Let (Vi, Py, Va, Po) be a 2-round Arthur-Merlin protocol deciding a promise problem (Iy I x)
with completeness 1 — ¢, constant soundness s < 1/(2v/2) and message complexity vy, p1,va,p2. Then,
for a suitable Ny = polylog(n), there is a 1-round Arthur-Merlin protocol (V', P’) that decides (Ily, 1)
with completeness at least 1 — 2N1pic, soundness 2~ POY12(") and message complexity v’ = polylog(n)(v1 +

p1v2),p’ = polylog(n)(p1 + p1p2).

Proof. On input z, the new verifier V' works as follows. Let N; = polylog(n) and Ny = 2p;. For each
i € [N1] and j € [Ny], the verifier V' samples a; € {0,1}"* and §; ; € {0,1}"> and sends them to P’. The
honest prover P’ simulates Nj - Ny copies of the original protocol by taking a; as the first message by V3 and
Bi,; as the second message by V2, and replies with u; and w; ; as message by P; and P respectively. The
verifier V'’ accepts if and only if all Ny - Ny copies of simulations Va(x, o, us, B; 5, w; ;) accepts.

Completeness. Suppose that x € IIy, and let P, P> be honest prover strategies for the original protocol.
The honest prover P’ uses these strategies in each simulated copy. Each copy has the same marginal
distribution as an execution of the original protocol with the honest provers, and thus rejects with probability
at most ¢. By a union bound over the N3N, simulated copies, the probability that V' rejects is at most

NlNQC = 2N1p1c .

Soundness. Suppose that the input « € Ily. For any fixed «, u, denote

o= Pr [Bu,Vo(z,o,u,B,w)=1] and ¢o =maxgg,..
pe{0,1}v2 u

By the soundness of the original protocol, we have Eqy[¢a] < s.
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For each ¢ € [Ny], the Ny tests Va(x, o, us, B; j, wi ;) pass if and only if there is a fixed w; such that all 3; ;
would pass the test. For any fixed wu;, this happens with probability at most ql]XVQu < chyf over Bi1, ..., Bi,Ny-
By a union bound over 2P? possible choices of u;, with probability at most min(1, 2P qév 2) over 31, Bi,N,
there is a u; such that these Ny tests pass. And the probability of accepting over randomly chosen «; is
E[min(1, 2P - ¢V2)] < 2P/N2 L E[g,] < V2s .

(03

87

Finally, each of these N; simulations is independent, and the overall soundness is upper bounded by
(\/is)polylog(n) —9- polylog(n).

Message Complexity. Message complexity follows from the description of the protocol. O

3.3 Range Avoidance
For a circuit C': {0,1}* — {0,1}", recall that Range(C) = {y : 3z, C(z) = y}.

Definition 3.11 (range avoidance). In the Range Avoidance problem (Avoid) the input is C': {0,1}* — {0,1}"™
where a < n and the goal is to find an n-bit y ¢ Range(C). We refer to a(n) — n as the stretch of the
instance C.

We will also consider a variant of range avoidance in which the input is not a circuit, but rather an input
x that defines a circuit C,. In the paper we will be considering cases in which the mapping = — C, and vice
versa are efficiently computable.

Definition 3.12 (range avoidance on constructible circuits). Let C[liy — lout,s] = {Ca},e(o 13- be an

indezxed family of circuits. In the Range Avoidance for C problem (Avoidc) the input is x € {0,1}"™, and the
goal is to find y € {0,1}out(") such that y ¢ Range(C,).

Note that if the mapping C, + x is efficiently computable, then average-case hardness of Avoid on a
distribution of circuits C,, when x ~ D implies average-case hardness of Avoide on the distribution x ~ D.

3.4 Our conclusions imply that P # PSPACE

We show that the average-case conclusions in our main results imply that P # PSPACE. The argument is
essentially the same as the one used by Williams [Wil25] to show that P C N.~oSPACE[n®] would separate P
from PSPACE. The only difference is that our assumption (of low-space simulation) holds only on average, so
we will carry the argument relying on a stronger space hierarchy theorem.

Theorem 3.13. For every C > c there is a problem L € SPACE[n®] that is hard for SPACE[n®] infinitely often
on all inputs; that is, for every n°-space machine M there are infinitely many n € N such that M (z) # L(x)
for all x € {0,1}".

Proof sketch. This is essentially the standard proof of the space-hierarchy theorem, with the additional
observation that diagonalizing against a machine M can be done on all inputs of any length n € N that is
associated with M, rather than only to one input of length n.'6 O

Theorem 3.14. Assume that for some fized ¢ > 0, for every L € P there is a space-n® machine My, such
that for every n € N there is © € {0,1}" such that M (x) = L(x). Then P # PSPACE.

Proof. Let L € SPACE[n?¢] that is hard for SPACE[n¢] infinitely often on all inputs (as in Theorem 3.13).
Assuming that P = PSPACE, we deduce L € P. But then by our assumption there is M}, using space n¢ that
agrees with L on some input of every length, a contradiction. O

161n more detail, associate every machine with infinitely many input lengths. On input any x € {0,1}"™ associated with M,
the machine for the hard problem simulates M (with its computation truncated to use at most n¢ space) and outputs a different
value than M (x).

16



4 PCP for Sublinear Time

In this section we construct a PCP for NTIME[n?] that has proof size n®(¢) and a verifier running in space
polylog(n) (and making polylog(n) non-adaptive queries).

Theorem 4.1 (a PCP for non-deterministic sublinear time). Let e € (0,1) be a constant and s > 2~ Polvlos(n)
and let L € NTIME[n®]. There is a probabilistic verifier V' that gets input x € {0,1}" and oracle access to a
proof T of size n®©) with the following properties.

e Completeness: For x € L,3r such that

Pr[V™(z)=1]=1.

o Soundness: For x ¢ L, Vr' /
Pr[V™ (z) =0]>1—-s.

o Complexity: The verifier V runs in time poly(n) and space polylog(n), and non-adaptively queries

polylog(n) positions in .

Moreover, the accepting proof ™ in completeness can be deterministically computed in time poly(n), from x
and the n-size witness witnessing L € NTIME[n®].

4.1 Known technical tools

For the construction we will need a probabilistically checkable proof of proximity, and a “zero-on-subcube
test”, similar to the one constructed by Harsha [Har04]. For concreteness, we will use a test based on the
PCPP of Ben-Sasson et al. [BGHT05].

Theorem 4.2 (the PCPP of Ben-Sasson et al. [BGHT 05, Theorem 2.5]). Suppose that L is a pair language,
let n denote the length of the explicit input, K denote the length of the implicit input and set m = n + K. If
L € NTIME[T(m)]'" for some non-decreasing function T : ZT — 7, then for every constant s > 0, we have
L € PCPP s[r, q,t], for

1. Proximity parameter §(m) = 1/ polylog T'(m),

2. Randomness complezity r(m) = log T'(m) + O(loglog T'(m)),
3. Query complezity q(m) = polylog T'(m),

4. Verification time t(n, K) = poly(n,log K,log T'(m)).

Moreover, the PCPP verifier makes only non-adaptive queries; and for (x,y) € L, an accepting PCPP proof
m can be deterministically computed in time poly(T(m)) from (x,y) and from a T(m)-length witness for
(v,y) € L.18

Since we are willing to afford a multiplicative polylog(7'(m)) increase to the query complexity, we can
improve the soundness to 2~ Po¥1og(T(m)) in the above theorem by performing polylog(T(m)) repetitions on
the same proof oracle.

"The notation NTIME in this result refers to decidability by multitape Turing machines (and hence the main application
is for T'(m) that is at least linear), whereas in this paper we work in the RAM model. Whenever using Theorem 4.3 we will
address the machine model explicitly.

18Tn [BGHT05] it is not explicitly stated that a PCPP proof can be efficiently computed from an NP witness, but this fact
is frequently cited as implicit in their work (see, e.g., [ANOS24, Theorem 2.18], [CKLR11, Theorem 50 and the subsequent
discussion], [CT22, Theorem 3.17], [BR22, Theorem 2.8], and [BBH1 19, Theorem 2.5], some of which omit features of the
original result).
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Corollary 4.3. Suppose that L is a pair language, let n denote the length of the explicit input, K denote
the length of the implicit input and set m = n + K. If L € NTIME[T(m)] for some non-decreasing function
T:Z% — Z*. Then for any s > 27 PoWos(T(m) e have L € PCPPg 5[r, q,t], for

1. Proximity parameter §(m) = 1/ polylog T'(m),

2. Randomness complexity r(m) = polylog T'(m),

3. Query complezity q(m) = polylog T'(m),

4. Verification time t(n, K') = poly(n,log K,logT'(m)).

Moreover, the PCPP verifier makes only non-adaptive queries; and for (z,y) € L, an accepting PCPP proof
7 can be deterministically computed in time poly(T(m)) from (x,y) and from a T(m)-length witness for
(z,y) € L.

Definition 4.4. Fix a finite field F, positive integers m and d and set H C F. A degree d polynomial
f :F™ — F is Zero on the Subcube H™ if its restriction to H™ is identically 0. We denote the set of all
degree-d polynomials that are Zero on the Subcube H™ by ZoS(F, m,d, H).

Theorem 4.5 (a PCPP for a zero-on-subcube test). Let L be the pair language {((|F|,m,d,|H|), f): f €
ZoS(F,m,d, H)} where f is represented by a truthtable, the set H is the first'? |H| elements of F, and the
integers |F|,m, d,|H| are represented in binary. Then for any s > 27 POV (108 [FD) e have I € PCPPg 4[r, q, ],

for
1. Prozimity parameter § = 1/ poly(m,log |F|),

2. Randomness complexity r = poly(m,log |F|),
3. Query complexity ¢ = poly(m,log |F|),
4. Verification time t = poly(m, log |F|).

Moreover, the PCPP wverifier makes only non-adaptive queries, and the accepting proof m in completeness can
be deterministically computed in time poly(|F|™) from the implicit input f.

Proof. The pair language L has a first input of length n = log(|F|) 4+ log(m) + log(d) + log(|H|) and a
second input of length K = |F|™ - log(|F|). It can be decided by a multitape Turing machine (by brute-force
enumeration over F) in time T'(n + K) = poly(|F|™) = poly(2", K). Using Theorem 4.3 yields a PCPP
with the stated parameters. O

4.2 Proof of Theorem 4.1

Let L € NTIME[n?], i.e. there exists a deterministic verifier V; such that z € LN{0,1}" <— Jw, V§¥(a,w) =1
and Vj runs in time O(n®). We denote by a = a(n) the binary representation of n where |a| = [logn].

Arithmetic setting. Consider the following arithmetization of an input z. Set h £ n¢ for some &’ < . Let
Q € [h?,2h3] be a power of 2 and let F £ Fg be a field. In particular, each field element can be encoded using
3log(n) bits. Let H = [h] C F. Let my > mo be the smallest integers such that A™ > n and h™2 > n°. We
interpret x as a function x : H™ — {0, 1} via some canonical mapping g : H™* — [n] and let 7 : F"™ — F
be the unique extension of x of individual degree (h — 1).

We now define polynomials that are essentially arithmetized “excerpts” of x. Specifically, consider any
y: H™ — H™ x {0,1}, whose truth-table is a string of size O(m; - log(n) - n). We parse such y as a table
of n® tuples (¢1,...,¢m,,b), interpreted as “z(cy,...,cm,) = b”; that is, the g(cy, ..., ¢m, )-th bit of x is b.

19 Any reasonable ordering of the elements of F suffices for this result (i-e., as long as the set H can be enumerated in time
poly(F)). We will instantiate the result with finite field of characteristic 2, in which case H is the set of the first h field elements
in the lexicographic ordering of their binary representations.
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We then arithmetize such y with mq + 1 polynomials y; : F™2 — F| where each v; is the unique extension of
the i-th output coordinate of y of individual degree (h — 1). For ease of presentation, we use ¥ to denote
{¥1,- -+ Um, 11} Note that the truth-table of ¥ has size (my + 1) - |F|™2 - log(n) = n®).

Next, we say that y agrees with x if for every tuple (c1,...,¢m,,b) in the truth-table of y it holds that
z(e1, ..., ¢m, ) = b. Notice that y agrees with z if and only if the polynomial p : F2 — F defined as

PO 2T(70) - Tm () = Pma1 () (4.1)

is all zero over the subcube H™2.

An alternative verifier for L. At a high level, we will be interested in y that is the excerpt of = relevant
to verification of Vi¥(a, w), for a given w. We will think of the verification V¥ («, w) as split into two parts:

1. Whether Vj accepts seeing the excerpt y;
2. Whether y agrees with x.

In more detail, we start by defining a deterministic verifier V' as follows: V'(«a,y,w) first parses y as
truthtables of m; + 1 polynomials g; : F™2 — T, reads off y : H™2> — H™! x {0,1} directly from these
polynomials. It rejects if y takes undefined value at any position. Next, it verifies that for each i € [m; +1], y;
is the unique low degree extension of y;. This is done by interpolating the polynomial using values of y;, and
checking against every single evaluation in g;. This can be done by brute force in O(m; - |F|™2 -logn) = no
time.

Next, it simulates Vi («, w) in the following manner: Whenever V; is about to query x;, the verifier V'
reads the next tuple (¢1,. .., ¢m,,b) from y, immediately rejects if ¢ # g(c1, ..., cm, ), and otherwise continues
the simulation assuming that z; = b. It then accepts iff Vj accepts. Note that V'’ overall runs in polynomial
time T'(|a, 7, w|) = n°.

Define the pair language L’ as (a,y) € L' <= 3Jw,V'(a,y,w) = 1. Note that L’ € NTIME[T]. Our
construction will use two randomized verifiers:

o We invoke the PCPP from Theorem 4.3 and obtain a randomized verifier RY"™ («) for L' with proximity
parameter 1/ polylog(n), randomness complexity O(e - logn), verification time (and query complexity)
polylog(n), and soundness error s/2.

o Let RY™ be the randomized verifier from Theorem 4.5 (i.e., for the all zero test) instantiated with
soundness error s/2. Given input z € {0,1}", we will instantiate Ro on inputs of the form (|F|, ms, d, h),
so that it has proximity parameter 1/ polylog(n), randomness complexity O(e - logn), and verification
time (and query complexity) polylog(n).

Our final PCP verifier V for L works as follows: Given z € {0,1}", the proof consists of § and w1, 7a.
The randomized verifier runs the following tests and accepts if and only if both tests accept:

1. Test if RY™ () = 1;

2. Test if RE™ (|F|, mo, d, h) = 1.

Complexity. The complexity of V follows from the complexities of R; and Rg, both of which run in time
polylog(n) (hence also space polylog(n), and they make polylog(n) queries).

The non-trivial challenge is simulating the query access of Ry to p. To do this, on each query ¢ € F™2
the PCP verifier queries §1(q), ..., Ym, +1(¢) and then computes  on the outcomes, using the input z. Since
Z is a standard low-degree extension of z, given v € F™! we can compute Z(v) in time poly(n) and space
polylog(n). Therefore, V' can evaluate p on the fly for each query, using only polylog(n) space overall.
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Completeness. For completeness, let x € L and let w be a witness such that V{J (o, w) = 1. Let y be the
correct excerpt of x from simulating Vi (o, w). Define y as above, and the perfect completeness of R; and Ra
allows us to conclude the perfect completeness of V.

Soundness. For soundness, suppose that ¢ L. Further assume that the first test Ry passes. By the
soundness of Ry, it implies that (except with probability s/2) the string 7 is (6 = 1/ polylog(n))-close to some
string y* where (a, yN*) € L’ (Note that distance in the latter statement is measured as Hamming distance
between y* and 7 as bit-strings.). By the definition of L’ and of V', it means that y* is the unique low-degree
extensions of some table y*, and y* disagrees with xz. For otherwise we’d have had that Vi’ (a,w) = 1,
contradicting = ¢ L.

Let p be the polynomial defined as in Eq. (4.1) with respect to 7,2° and let p* be defined as

POET(Y O Y, () = Y () -

Claim 4.5.1. The bit-string representing p is 1 -close to the bit-string representing p* in relative Hamming
distance, where §; = (my + 1)(3log(n))d.

Proof. Since ¥y is d-close to y*, we have that

Pr [4i(2) # y*i(2)] < (3log(n))d .

i€[mi+1],z€Fm2

and since both p and p* compose the same ¥ with either 1, ..., Ymq+1 O y~*17 e yN*m1+1 (respectively), we
have

mi+1

Do Be) #p7()] < Y Pr (=) # ()] < (ma + 1) (3log(n))d -

i=1

Finally, the relative bit-distance between p and p* is at most the relative field-symbol distance. This proves
the claim. ]

Now, note that the total degree of p* is upper bounded by d = (h — 1)?>m;mg < |F| by our choices of
parameters, and p* does not vanish on ™2 since y* disagrees with z. Fix any polynomial ¢ € ZoS(F,mso,d, H),
the polynomial r := p* — ¢ is non-zero and has degree at most d. Therefore by the Schwartz-Zippel lemma,

d

[TZ):O]SW,

r
ZEF™2

and thus the Hamming distance between p* and ¢ is at least dy = (1 — %)/(3 log(n)).
By triangle-inequality, the distance of p from ZoS(F,ms,d, H) is at least

1 —d/|F| — (mq + 1)(3logn)26

09 — 01 =
2 ! 3logn

> 1/ polylog(n) .

Therefore the second test would correctly reject with probability at least 1 — s/2. By a union bound, the
overall soundness error is at most s.

Since both R; and Ry make non-adaptive queries, the overall PCP verifier also makes non-adaptive queries.
To generate the accepting proof 7, given witness w, one can simulate the computation V§ (o, w) and extract
the relevant excerpt y by tracing the positions and values of = read in the simulation. And then compute the
low-degree extensions y from y. The relevant proofs 1 and 7o used for R; and Ry can then be generated
using x,y and w in polynomial-time.

208ince F is of characteristic 2, every oracle y represents some polynomial (i.e., by representing the values of the polynomial
on F™2), albeit some y’s might represent a polynomial of high degree.
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5 Plasticity for Algorithms from Hardness of Low-Space Avoid

This section is divided into four parts. In Section 5.1 we prove the main technical results, which deduce
low-space AM verifiers from hardness of Avoid. In Section 5.2 we prove the main results stated in Section 1.2
as corollaries. And in Section 6.3 we prove the results stated in Section 1.3 as corollaries. Lastly in Section 5.3
we prove an equivalence result.

5.1 Simulating polytime by a low-space AM verifier

We first show that hardness of Avoid implies resource trade-offs for sub-linear time. Specifically, if Avoid
is hard to solve in polynomial time on average (resp., hard for SearchNP on average), then any problem in
DTIME[n®] (resp., in NTIME[n?]) can be decided on average by a probabilistic verifier using polynomially less
space and receiving a proof of length polynomially smaller than n°®.

Theorem 5.1 (low-space verifier for sub-linear time from hardness of Avoid). There is a universal constant
c > 1 such that the following holds. Let D = {Dy}, .y be an ensemble of distributions. For any pair of
sufficiently small constants € > 6 > 0, for m: N — N satisfying n°® < m(n) < n, and let C[n® — m(n), s(n)]
be an indexed family of circuits, where s(-) is any function.

Assume that Avoide cannot be solved by any SearchNTimeGuess[poly(n), n®] algorithm with success p or
more over the input distribution D. Then, for every L € NTIME[n®] there is a probabilistic verifier Vi,
satisfying the following for every n € N:

1. The verifier runs in polynomial time and space O(n’), and makes oracle queries to the C-circuit C,
indexed by its input z.?!

2. The interaction is one-way, with the prover sending n’ bits to the verifier.
3. With probability 1 — p over © ~ D, if x € L then there is a prover P such that Pr[(P,Vy)(z) =1] = 1.
4. Bvery x ¢ L is rejected by Vi, (when interacting with any prover), with probability at least 1—2~ polylog(n)

Moreover, if we only assume that Avoide cannot be solved by any polynomial-time algorithm with success
p or more over D (rather than assuming hardness for SearchNTimeGuess), then the same conclusion holds
for every L € DTIME[n®] (rather than NTIME[n®]).

Proof. Fix a universal constant ¢ > 1 such that the proof length in Theorem 4.1, when instantiated for a
language in NTIME[n®], is at most ng = n°. We pad proofs to have length exactly ng. Let Vpcp be the
verifier from Theorem 4.1, instantiated with soundness error 1/2. Its construction uses r(n) = polylog(n)
random bits and makes gpcp(n) = polylog(n) non-adaptive queries.

A failed algorithm for Avoid. Consider the following non-deterministic algorithm A. On input z € {0,1}", it
guesses a witness w for € L and verifies it. If the verification fails, it outputs L. Otherwise, it computes
the accepting PCP proof 7, € {0,1}" from Theorem 4.1, and outputs

Y = Ty O om(m—no

The algorithm A runs in polynomial time and uses at most n° non-deterministic bits.

Fact 5.1.1. For every sufficiently large n, with probability at least 1 — p over x ~ Dy, either A(z) outputs L
on all witnesses, or there is a witness w certifying that © € L and a string z € {0, 1}"0 such that Cy(2) = Y.

211n this model of space-bounded oracle machines, the m(n)-bit answer of the oracle Cy can be scanned in read-once fashion,
and storing parts of it requires using worktape space. Note that when Cj is logspace-evaluable we can simulate a space-s
machine that runs in this model by a standard machine running in space O(s + logn).
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Proof. By our hardness assumption, with probability at least 1 — p over « ~ D,,, either A(z) outputs L on
all witnesses, or A(z) outputs a string y € Range(C,) on some witness. The claim follows since the only
non-_L outputs of A(x) are PCP witnesses y,, corresponding to a witness w that certifies x € L. |

The low-space verifier for L. On input z, the prover sends z € {0, 1}”6. The verifier independently samples
k = polylog(n) random strings py,...,pr € {0,1}"" for Vpcp, and for every j € [k] it simulates Vpcp on
input  and randomness p;, using the first ng bits of C;(z) as its purported proof. More precisely, whenever
Vpcp queries position i € [ng], the verifier queries C, on z, stores the i" output bit, and uses that bit as the
answer to the query. The verifier accepts if and only if all the k simulations of Vpcp accept.

Correctness. Consider an input x € L satisfying the condition in Fact 5.1.1. Since € L, the algorithm A
5
outputs non-L on some witness. Hence, there is a witness w certifying that € L and z € {0,1}™ such that

C(2) = Ty 0 QMM 710

The honest prover sends this z. Every simulation of Vpcp then sees the accepting proof m,, so perfect
completeness of Vpcp implies that the verifier accepts with probability 1. This proves the claimed completeness
on at least a 1 — p fraction of inputs.

Now fix = ¢ L. For every fixed z € {0,1}"", let 7. denote the first ng bits of C(z). By PCP soundness,
a single test using 7, accepts with probability at most 1/2. Since the k random strings are independent, the
probability that all k tests accept is at most 27% = 2~ polylog(n)

Complexity. The prover’s message has n® bits, and the verifier stores it and simulates Vpcp sequentially,
re-using the polylog(n) bits of space. Querying C, and storing the relevant output bit takes at most O(logn)
additional space. Hence, the verifier runs in polynomial time and uses O(n%) space.

The “moreover” part. Suppose now that L € DTIME[n®]. Define a deterministic polynomial-time algorithm
Ag as follows. It first decides whether z € L. If € L, it computes the canonical accepting PCP proof m,
supplied by Theorem 4.1 and outputs 7, o 07(")~"0: otherwise, it outputs 0.

The hardness assumption in this case implies that, with probability at least 1 — p over x ~ D,,, the output
Ap(z) belongs to Range(C,). On every such input belonging to L, there is a z € {0, 1}”5 satisfying

Co(z) =z 0 O™M M0
The same verifier and the same analysis above give the claimed conclusion for every L € DTIME[n®]. O

Our next step is to “lift” Theorem 5.1 from the setting of sub-linear time to that of general polynomial
time. We do this by the padding trick described in Section 2.

Remark 5.2. Observe that the proof of Theorem 5.1 gives a more fine-grained guarantee than stated.
Specifically, for every L € NTIME[n®] there is a non-deterministic algorithm A = Ap such that if A fails to
solve Avoid for some low-space family C = {C,}, then we can decide L by an AM wverifier (with parameters
as in the theorem’s statement). In particular, taking the contrapositive, if L' € NTIME[n®] cannot be solved
by such an AM wverifier, then A solves Avoid for every low-space family C = {C,}.

Definition 5.3 (padded distribution). Let X = {X,.}, .y and Y = {Vn}, oy be two ensembles of distributions,
and let Ty: N — N. We define the padded distribution Xyt = {ny,o}N . as follows. To draw a sample
€

from Xyﬁ‘), let n be the largest integer such that N > n+ To(n), draw a sample 11 ~ X, draw a sample
79 ~ YN _n, and concatenate r1 o1y € {0, 1}V,

Note that when X and ) are uniform then XY is uniform. In the following statement, we encourage
the reader to first parse the text with X and ) both being uniform.
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Theorem 5.4 (simulating NP by a low-space AM verifier, from hardness of Avoid). For 6 > 0, let X =
{Xatnheny and Y = {Vn},cn be distribution ensembles such that Y is samplable in polynomial time and space
n’. Let T : N — N be a nice increasing function such that T(n) > n.

Let ¢ > 1 be the universal constant from Theorem 5.1. Assume that for a sufficiently small € > §, there is
a function m: N — N satisfying n°> < m(n) <n and an indeved family C[n® — m(n), s(n)] such that Avoide
cannot be solved by any SearchNTimeGuess|poly(n),n®] algorithm with success p(n) or more over the input
distribution XyTl/E, where s is any function.

Then, for every L € NTIME[T) there is an AM wverifier Vi, that successfully decides L with probability
(1 —p) over the input distribution X and its internal randomness, with the following properties:

1. The verifier runs in time T?1/%) and space O(T%/¥) (not counting the space for storing randomness),
and makes oracle queries to the C-circuit Cy, where x is its input and y is a random sample from
yT(n)l/s.22 In addition, the verifier stores its randomness on a special read-only tape to which it
has two-way access, and the contents of this special tape are not counted towards the verifier’s space
complexity.

2. There is 1 round (2 messages) of interaction, and the size of the honest prover’s messages is T9/¢ bits.

3. With probability 1 — p(N) over x ~ X, and over the internal randomness of Vi, where N = n+T(n)'/¢,
if x € L then there are prover messages causing Vi, to accept x.

4. Every x ¢ L is rejected by Vi, (when interacting with any prover), with probability at least 1—2~ polylog(N)

Moreover, if we only assume that Avoide cannot be solved by any polynomial-time algorithm with success

p or more over XyTl/E (rather than assuming hardness for SearchNTimeGuess), then the same conclusion
holds for every L € DTIME[T] (rather than NTIME[T]).

Proof. We prove the basic part of the statement, and omit the proof of the “moreover” part, which is

near-identical. We instantiate Theorem 5.1 with D = X JJTI/E and £, and C, to deduce that for every
L € NTIME[n®] there is a verifier V; as stated there.

We first transform V) into a verifier V' that sends a challenge to the prover and then receives a response
(at which point it decides deterministically). To do so we use the standard trick of Babai and Moran [BM8§],
exploiting the fact that in our case the prover’s message is short. Specifically, recall that Vj receives a message
of length n’ and uses polylog(n) random coins. The verifier V independently draws k& = n° 4 polylog(n)
random choices 71, ..., for Vp, expects a response z € {0, 1}”6, and accepts if and only if Vj accepts z with
all of rq,...,7x. When a ¢ L, by a union-bound over all z € {0, 1}"6, the probability that there is z such that
V accepts is at most 2" - 2=k = 2-Polylos(n)  The verifier V still runs in polynomial time and O(n®) space,
but now also uses k - polylog(n) bits of persistent randomness (for storing r1, ..., 7).

Fixing L € NTIME[T], we define a padded language L’ as follows. On input length N, let n be the largest
integer such that N > n + T'(n)/¢. Parse the input as zy € {0,1}"V where z € {0,1}" and y € {0, 1}V —".
Then, zy € L’ if and only if € L. Note that L’ € NTIME[T(|z|)] € NTIME[N®]. Hence, there is an AM
verifier Vi, for L' as above.

We obtain an AM verifier V;, for L as follows: given x, the verifier V;, uses its randomness to sample
Y ~ Yp(ny1/e, includes y as part of its challenge to the prover, and simulates V7. on virtual input zy. Whenever
V1, accesses its input, Vi, uses its two-way access to its internal randomness to compute y again and answer.

Denoting N = |zy| = n + T(n)*/¢ = O(T'/#), and plugging input length N into the time and space and
communication bounds on V7, we deduce the corresponding bounds for V. The time and space complexity
need to also account for the cost of re-computing y, which adds a poly(7"'/¢) = poly(T) multiplicative
overhead to the time and an O(T‘;/ ¢) additive overhead to the space. Also, V, makes queries to the circuit
indexed by its input xy, which is Cy, for a random y ~ Yp1,-, as stated.

22Tn this model of space-bounded oracle machines, the m(|zy|)-bit answer of the oracle Cyy can be scanned in read-once
fashion, and storing parts of it requires using worktape space. Note that when Cyy is logspace-evaluable we can simulate a
space-s machine that runs in this model by a standard machine running in space O(s + logT).
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Finally, we know that Vi, rejects every xzy ¢ L’ with probability at least 1 — 2~ polylog(N) ' hence V7, rejects
every x ¢ L with such probability. And with probability at least 1 — p(N) over zy ~ X yT”S, if x € L then
there is a prover causing Vs to accept with probability 1. Hence, with probability 1 — p(N) over  ~ X and
over the random coins of Vy,, which yield a sample zy ~ X yT”E, if z € L then there are prover messages
causing V7, to accept. O

Remark 5.5. Similarly to Remark 5.2, the proof above gives a more fine-grained guarantee: For every
L € NTIMEI[T] there is a non-deterministic A = Ay, such that if A fails to solve Avoid for some low-space
C ={C,}, then we can decide L by a corresponding AM verifier.

In Theorems 5.1 and 5.4 the AM verifier made queries to the Avoid family C,. If the hard Avoid family
is evaluable in simultaneous low space and polynomial time, then the AM verifier can evaluate C, by itself.
This yields Theorem 2.1, which we now prove.

Theorem 5.6 (Theorem 2.1, restated). Suppose that Assumption 1.1 holds for C = {C,} that is evaluable in
simultaneous time poly(n) and space ne". Then for every L € P and every constant v > 0 there is an AM
verifier V. with the following properties:

o Complexity: The verifier V runs in time poly(n), uses at most n7 space, and has prover message
length nY. It also uses poly(n) bits of “persistent” randomness (i.e., the randomness is stored on a
special tape to which V' has two-way read-only access).

« Average-case completeness. With probability at least 1 — p(n®™1)) — 2= PolIog(n) pyer g choice of
x € {0,1}™ and over V'’s random coins, if x € L then there is a prover message causing V to accept.

o Worst-case soundness. For every x ¢ L, the probability over V'’s random coins that there is a prover
message causing V to accept is at most 2~ Polos(n)

Proof. Let v > 0 and let L € DTIME[n*]. Let ¢ > 1 be the universal constant from Theorem 5.4, and
choose a sufficiently small constant § > 0 such that ckf < . By Assumption 1.1, there is a family C' = {C, }
evaluable in simultaneous polynomial time and space n02, stretching n% bits to n? bits, that cannot be solved
in polynomial time with success p or more over the uniform distribution of inputs x.

We apply Theorem 5.4 with parameters e = 6/c and § = §2. This gives an AM verifier V. The verifier V'
simulates V;, and resolves its queries to Cy, in polynomial time. Both this evaluation and the simulation of
Vo use space

O((nk)é/a) _ O(ncke) —0n"),

using the persistent access of V' to y, which is part of its randomness, and reusing space across queries. The
prover message length is bounded by the same quantity. O

5.2 Consequences I: Trading time for space and alternations for time

We now prove implications of the technical results from Section 5.1, and in particular we prove the main
results that were stated in the introduction. Throughout the exposition in this section, when we say “Avoid
is hard”, we mean hardness for an indexed family that is evaluable in low space.

We start with an implication that follows using the assumption in Theorem 5.4 alone (i.e., without
additional assumptions). We show that if Avoid is hard on average then every problem in P can be simulated
in small probabilistic space where the low-space machine has persistent two-way access to its randomness.

Corollary 5.7 (trading time for space with persistent randomness). Suppose that the hardness assumption
in the “moreover” part of Theorem 5.4 holds with respect to X,Y,e,d and C, and in addition assume that C
is evaluable in space s(n). Then for every L € DTIME[T)] there is a BP*SPACE[O(T%/¢ + s(T"/*))] machine
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M7y, such that

Pr [Pr[ML(x) = L(z)] > 2/3] >1—p,

T~ X, | My
where p = 3(p(N) + 27 PWos(N)) and N = O(n +TY*).

Proof. Let L € DTIME[T], and let Vi, be the verifier guaranteed by Theorem 5.4. Over a random choice of
x ~ X, and random coins for Vy,, denote by £ the event that

x € L and there’s no prover message convincing V7, \/x ¢ L and there is a prover message convincing V7, .

Since Pryox, v, [€] < p(N) 4 27 PoWIos(N) — /3 Markov’s inequality gives

re g <o
Thus, for all but a p fraction of the inputs, the probability (over V1’s coins) of £ is at most 1/3.

Denote the total prover communication by s; and the work usage of V;, (excluding its read-only two-way
random tape) by so. We define a probabilistic machine M that on input = and fixed randomness  enumerates
all 2%1 possible prover messages and accepts iff there is a message sequence causing V7, to accept x when
using randomness r. The space usage of M (excluding the persistent randomness) is O(s; + $2), and by the
above it correctly decides L (i.e., with error probability at most 1/3) on at least 1 — p of inputs. O

We next prove Theorem 1.2, which relies on hardness of Avoid as well as on the additional assumption
that prBP*L = prL.

Theorem 5.8 (Theorem 1.2, restated). Suppose that Assumption 1.1 holds and that prBP*L = prL. Then
for every L € P and every e > 0 there is a space-n® algorithm A such that Prycio1yn[A(x) = L(x)] >
1—3(p(n®W) + 2-pelvles(n)) for qli n € N.

Proof. Let v > 0 and let L € DTIME[T], where T(n) = n* for some constant k. Let ¢ > 1 be the universal
constant from Theorem 5.4, and choose a sufficiently small constant 6 > 0 such that ckf < . Set e =8/c
and § = 62, By Assumption 1.1, there is a family C' = {C,} evaluable in space n92, stretching n® bits to n?

bits, that cannot be solved in polynomial time with success p over the uniform distribution of inputs.
By Corollary 5.7, there is a BP*SPACE[S] machine M, deciding L on all but at most

o= 3(}7(0(71 + Tl/s)) +9- polylog(O(n+T1/s))) _ 3(p(p01y(n)) +92- polylog(n))
fraction of the inputs, where
S = O(Té/a + (T1/5)92) = 0y = O(n") .

Since prBP*L = prL, by a standard padding argument it follows that prBP*SPACE[O(n")] = prDSPACE[O(n")].
Applying the latter statement to the promise-problem decided by My, (i.e., the promise includes the 1 —
fraction of inputs on which M, correctly decides L), there is a deterministic space-O(n”) machine deciding L
correctly with probability at least 1 — p over a uniformly chosen input. O

We now prove Theorem 1.3. Recall that the derandomization assumption in this result is stronger: instead
of prBP*L = prL, we now assume lower bounds against circuits with SAT oracles (as in [KvM02]). The
conclusion will be linear-time simulation of P in the polynomial-time hierarchy.

Theorem 5.9 (Theorem 1.3, restated). Suppose that Assumption 1.1 holds with C = {Cy} that is evaluable
in simultaneous time poly(n) and space ne’. Also assume that DSPACE[O(n)] ¢ i.0.SIZESAT[297] for some

0 > 0. Then for every L € P there is a constant k = ki, and a linear-time Xy machine that decides L correctly
on at least 1 — 3(p(no(1)) + 27 POIyIOg(”)) of the n-bit inputs.
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Proof. Let L € DTIME[n*], and let ¢ > 1 be the universal constant from Theorem 5.4. Choose a sufficiently
small constant § > 0 such that ckf < 1/2, and set € = 0/c and § = 2. Relying on Assumption 1.1, let
C = {C,} be the family for the parameter §. We apply Theorem 5.4 with parameters € and §. We deduce
that there is an AM verifier V deciding L correctly with probability 1 — p, where p = p(n®™)) 4 2~ polylog(n)
(over a choice of input and its internal coins), such that V uses polynomial time n¢, space at most n°*? < \/n,
and read-only two-way access to its random coins. (Note that the time bound of n® used the fact that Cyy is
evaluable in time poly(|zy|).) As in the proof of Corollary 5.7, we define £ to be the event that

x € L and there’s no prover message convincing V\/x ¢ L and there is a prover message convincing V .

and observe by Markov’s inequality that, for all but a 3u fraction of the inputs, the probability of £ over V'’s
random coins is at most 1/3.

Relying on the derandomization assumption, there is a PRG stretching £ = O(logn) bits to n® bits that
is computable in space O(logn) and (1/n)-fools SAT-oracle circuits of size n2¢ (see [KvM02]). We define a
deterministic NP-verifier V’ that receives 2¢ messages (in parallel) from the prover, simulates V with all 2
choices of random coins generated by the PRG, and accepts if and only if for at least .6 of these choices, the
corresponding message by the prover convinces V to accept. Note that in each of the 2¢ invocations of V,
each query to its random coins can be answered by re-computing the PRG on-the-fly (on the corresponding
£-bit seed); hence, the time complexity of V' is poly(n) and its space complexity is O(y/n + logn) = O(y/n).
Also, on each input z, the probability of £ under the PRG is (1/n)-close to its probability under a uniform
string,?® and hence V' decides L correctly on all but at most a 3u fraction of the inputs.

Let L' € NTISP[poly(n), O(y/n)] be the language decided by V'. By [Nep70], we have L’ € Z, TIME[O(n)]
for a sufficiently large constant k. O

Finally, we prove Theorem 1.4, whose conclusion is worst-case simulation of exponential-time algorithms.
Specifically, Theorem 1.4 follows from the two statements below along with Theorems 5.8 and 5.9.

Theorem 5.10 (worst-case simulation of E in low space). Assume that for every L € P and every e > 0
there is a space-n® algorithm A such that Pryc(o,1)»[A(z) = L(z)] > .999 for all n € N. Then

E C No>oSPACE[2°"] .

Proof. For the proof we will need a systematic error-correcting code ECC mapping N bits to poly(N) bits in
time poly (V) that is locally decodable from .01 errors. Suitable codes are standard, for example concatenating
the Reed-Muller code with the Hadamard code (see, e.g., [Vad12, Theorem 7.51]).

Fixing any L € E, let L be the language whose truth-tables are encodings of the truth-tables of L.2* For

a small enough § = §(g) > 0, let ™= {xp cx € LA|pl = 2‘”5”'}, and note that L™ € P. Hence, there is a
space-O(N) machine A deciding i correctly on at least 0.999 of the N-bit inputs, for every N € N.

Given z € {0,1}", to decide if x € L we run the local decoder for L on the corresponding input
7 € {0,1}7=9M) (i.e., on the @-bit input Z such that f, = ECC(f)z) and whenever the decoder queries the

corrupt codeword at location ¢ € {0,1}", we draw a random p € {0, 1}25"(”, and run the machine A on
(virtual) input § = ¢gp. To facilitate the analysis, we consider an algorithm that acts as above, but draws a
single random p to use across all queries ¢ (rather than drawing an independent p for every query q).

Since A is correct on 0.999 of the inputs of length 7 + 2°7, we have
—pad —pad —
0.001 > Pr{A(gp) # L™ (qp)] = E,[Pr[A(gp) # L™ (qp)]] = E,[Pr[A(ep) # L(Q)]]

and thus with probability at least 9/10 over p we have that Pr,[A(gp) # L(q)] < .01. Whenever this happens,
the decoder in the algorithm above is given access to a corrupt codeword that agrees with L on 0.99 of the
m-bit inputs, in which case the decoder succeeds with high probability.

23This is because we can decide £ (on an input random string) using a circuit of size poly(n) with SéT—gates.
24That, is, for every n € N, let L, € {0,1}2" be the truth-table of L on n-bit inputs, we define Li—om) = ECC(Ln) €

{0, 1}277:0(") to be the truth-table of L on m-bit inputs. On all other input lengths L is defined trivially.
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The space complexity of the algorithm is dominated by the space complexity of A and the space complexity
of storing p € {0, 1}26%. This is since the local decoder runs in time (and space) polylog(N), and uses
space-efficient (“emulative”) composition of space-bounded algorithms. We run A on inputs of length 72+ 27
and since ¢ is small enough A runs in space 2(¢/2)" Similarly, storing p requires space 207 < 2(¢/2)™

The above implies that L € BPSPACE[2(¢/2)"]. Using the classical unconditional derandomization by
Nisan [Nis92] (with appropriate padding), it follows that L € SPACE[2°™]. O

Theorem 5.11 (worst-case simulation of E in small time with alternations). If for every L € P there is
k = kr and a linear-time X) machine that decides L correctly on at least .999 of the n-bit inputs, then

E C Neso Uken EkT|ME[2sn] .

Proof. We use the same code ECC from the proof of Theorem 5.10, and define L and P identically. Let A

be a ¥i-machine running in time O(N) that decides ™ on 0.999 of the N-bit inputs. The algorithm for L
is identical to the one from the proof of Theorem 5.10, and its complexity is dominated by the complexity of
running A on inputs of length O(2%"™), hence the algorithm runs in time less than 25",

The only issue is that so far we obtained a randomized algorithm, which first tosses 2°™ coins and then
uses k alternations. To eliminate the random choice of coins we use more alternations, imitating the textbook
simulation of BPP in X5 but with a ¥j;-predicate that follows the coin tosses.2? O

5.3 Consequences II: An equivalence

In this subsection, we show that, assuming prBP*L = prL, average-case low-space simulation of polynomial-
time functions is equivalent to average-case hardness of Avoid. We also give an equivalent formulation in
terms of a natural low-space diagonalization problem.

The key technical ingredient is a proof-printing refinement of Theorem 5.1. For each suitable sublinear-time
language L, it fixes an Avoid algorithm A independently of the circuit family C, and gives a low-space machine
M such that for every z, either M (x) prints a full PCP proof that € L or A(z) solves Avoide on z. Thus,
average-case hardness of Avoid implies that M prints a PCP proof for most z’s. By choosing the PCP proof
to contain the output of a fixed computation, we turn this reconstruction into multi-bit function simulation.

Theorem 5.12 (low-space PCP proof for sub-linear time from hardness of Avoid). There is a universal
constant ¢ > 1 such that the following holds. For every pair of sufficiently small constants ¢ > § > 0, every
L € NTIME[n?], and every q: N — N satisfying n°® < q(n) < n, there is a non-deterministic polynomial-time
algorithm A = Ay ¢ 5.4 that uses at most n® non-deterministic bits, outputs a q(n)-bit string on each accepting
path, and satisfies the following.

For every PCP wverifier V. whose parameters match those in Theorem 4.1, and every indexed family
Cln® — q(n),s(n)] evaluable in space O(n’), where s(-) is any function, there is a deterministic machine
My, c using space O(n®) such that, for every sufficiently large n and every x € {0,1}":

1. If My c(x) # L, then My, c(x) outputs a PCP proof m, such that V™ (z) accepts with probability 1.
2. Ifx ¢ L, then Mpc(x) = L.

3. Ifx € L and My c(z) = L, then A(x) solves Avoide.

25In more detail, think of the initial procedure as tossing T' = 2™ coins and then applying a deterministic (Xk) predicate P.

Using randomness-efficient samplers as in [GZ11], at the cost of a polynomial blow-up in the number of random coins (and
running time) from T to T = poly(T'), we may assume that this algorithm errs on at most 2T'01 choices of random coins. For
k=k+2, the ZE machine for L decides whether there is a prefix of T//2 coins such that for all suffices of T//2 coins the original
¥ machine accepts (with these coins). The correctness follows the standard analysis (see [GZ11]), and the running time is still
less than 2™ if we choose § > 0 to be sufficiently small (to compensate for the additional polynomial overhead caused by the
sampler-based error reduction).
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Consequently, let D = {D,}, oy be any ensemble of distributions such that D,, is supported on {0,1}",
and let p: N — [0,1]. If, for every sufficiently large n,

Pr [A(z) solves Avoide] < p(n) ,

z~D,,

then

Plg [z € L and Mpc(z) = L] <p(n) .
T~ LDp

Moreover, if L € DTIME[n?], then A can be made deterministic and total, outputting a q(n)-bit string on
every n-bit input.

Proof. Fix a PCP system (e.g. the one in Theorem 4.1) and a universal constant ¢ > 1 such that the PCP
proof length, when instantiated for a language in NTIME[n®], is at most ng = n®. We pad proofs to have
length exactly ng. Let Vpcp be the PCP verifier with soundness error 1/2, using r(n) = polylog(n) random
bits and polylog(n) space.

We first define A = Ap . 54- On input x € {0,1}", the algorithm guesses a witness w for € L and
verifies it. If the verification fails, it rejects. Otherwise, it computes the corresponding accepting PCP proof
7w € {0,1}™ and outputs

Y 2 r,0 04(m)—no

Thus, A runs in polynomial time, uses at most n° non-deterministic bits, and outputs a g(n)-bit string on
every accepting path.

Fix an indexed family C as in the statement, and set ¢ £ nd. The deterministic machine M L,c enumerates
all z € {0,1}*. For each z, let 7, € {0,1}"° be the first ng bits of C,(z). The machine enumerates all random
strings p € {0,1}"™ and simulates Vigs (7, p). Whenever the PCP verifier queries position i € [ng], the
machine computes the ith output bit of C,(z) using the space-bounded evaluation algorithm for C.

If some simulation of Vpcp rejects, the machine proceeds to the next z. If every simulation accepts, it
prints 7, one bit at a time, reevaluating the corresponding output bits of C,(2), and halts. If no z passes the
test, then it outputs L.

Correctness. Whenever My, ¢(z) prints a string 7., the PCP verifier accepts it for every random string,
and hence 7, is a PCP proof witnessing that « € L. Also, it follows that My ¢(z) = L for every = ¢ L.

Now suppose that € L and My, ¢(x) = L. The algorithm A has at least one accepting path. Moreover,
for every accepting witness w, we have y,, ¢ Range(C,). For otherwise some z € {0, 1}* would satisfy

Co(2) = Ty 0 09710,

The first ng bits of C,(z) would then be the honest proof 7,,, which is accepted for every random string, and
would have been printed by M, ¢, contradicting My ¢(z) = L. Hence every accepting path of A(x) outputs
an Avoide solution for x.

In particular, if A(z) solves Avoide on at most p(n) fraction of inputs x, then for at most p(n) inputs z it
holds that = € L and My, ¢(z) =L.

Complexity. For space usage, the machine My ¢ stores z, a PCP random string, and the indices of its
enumerations. It simulates the PCP verifier in polylog(n) space and evaluates requested output bits of Cy(z)
. 5 . . . . . . . o 5
in space O(n?), reusing this workspace across all choices of z and p and while printing the proof. Since £ = n°,

its total space usage is

O(n‘S + £ + polylog(n)) = o(nd) .
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The “moreover” part. Suppose now that L € DTIME[n®]. Define A deterministically where it first decides
whether z € L. If z € L, it computes the canonical accepting PCP proof 7, and outputs m, o 07(")—"0;
otherwise, it outputs 09"). Such algorithm A is deterministic and total. The correctness and space complexity
follow from the same argument as above. O

We are now ready to prove the equivalence in Theorem 1.2. As mentioned above, we will also prove
equivalence of the two statements to a third statement, which asserts that a certain natural low-space function
is hard for FP. We define this function and then state and prove the result.

Definition 5.13 (low-space diagonalization). For every constant £ € (0,1), let m-(n) = [n®" ] and fiz a
universal deterministic machine U.. On input (x,d) € {0,1}"™ x {0,1}™<(") U, parses d as the description
2

of a deterministic machine, simulates that machine on = for at most 2" steps and using at most ne” work
space, and returns its n-bit output (or 0" if the simulation exceeds the time or space bounds, or returns an
output of other length). Define the diagonalization problem as

Disg.(v) = {y € {0,1}" :¥d € {0,1}"("), y £ U(w,d)} .
In particular, Diag_(z) asks for a string that differs from the output on z of every low-space machine.
Note that the problem is total for all sufficiently large n, and U, can be evaluated in space O(nEQ).

Theorem 5.14 (Theorem 1.2, a more general version). Assume that prBP*L = prL. Then the following are
equivalent:

1. For every f € FP and every constant v > 0, there is a deterministic space-n” machine My such that,
for every sufficiently large n,

Pr [M(x) = >1—nW
we{oﬂ}n[ @) =f@)]=1-n

2. Assumption 1.1 holds with p(n) = n—wd),

3. For every constant € € (0,1) and every deterministic polynomial-time machine B, for every sufficiently
large n,

Pr [B(z) € Di < pe@
xe{oﬂ}n[ (z) € Diag.(z)] < n

Proof. We prove that Item (1) implies Item (3), Item (3) implies Item (2), and Item (2) implies Item (1).

(1)=(3). Suppose that Item (1) holds. Fix ¢ and a machine B as in Item (3), and apply Item (1) to B(x)
with v = 2. Let Mp be the resulting space-ne2 machine and let dg be its description. For every sufficiently
large n we have U.(x,dp) = Mp(x), and hence

i < <n @@
we{Pofl}"[B(x) € Diag. ()] < me{%ﬂ}n[B(x) # Mp(z)] <n

(3)=(2). We next prove that Item (3) implies Item (2). Fix &, and for every = € {0,1}" define
Cp: {0,137 — {0,1}" such that C,(d) outputs the first n® bits of Uc(z,d). Let C = {Ci},c(01)->

and observe that this family is evaluable in space O(n82).
For every deterministic polynomial-time machine A, define Ba(x) = A(z) o 0"~ . If A(x) solves Avoide,
then Ba(z) € Diag.(x). Therefore, by Item (3),

we{Pofl}n[A(x) solves Avoide] < CEe{li;’rl}n[BA(x) € Diag_(z)] < n~*W |

Thus, C serves as the hard family of Avoid instances for Assumption 1.1.
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(2)=(1). We finally prove that Item (2) implies Item (1). Fix f € FP computable by an algorithm F in
time n*, let L be the language that simulates F' and accepts and let v > 0.

Let ¢ > 1 be a sufficiently large universal constant for the construction in Theorem 5.12 and for the PCP
used below. Choose a sufficiently small constant § > 0 such that ckf < . Set a = 6/c and § = 62.

We now define a padded language LP* = {(z,y) :z € L A|z| <|(z,y)|*/*}, and note that LP* €
DTIME[N®]. We will apply Theorem 5.12 to LP*¢ using a slightly augmented PCP that reveals the
computational history of LP2 which in particular contains f(x).

Specifically, let V; be the verifier from Theorem 4.1 for LP2d. The new proof is a pair (m,7), where 7
is a proof for V and 7 is a standard locally checkable tableau of the computation of F(z). The verifier
runs V7 (z,y) and, using additional klogn bits of randomness, checks one local constraint of 7. It accepts if
and only if both tests accept. This verifier retains perfect completeness and the soundness of Vj, remains
non-adaptive, and makes polylog(NN) queries using polylog(NN) space. Its proof length is at most N°® = N?
and an honest PCP proof is computable in polynomial time from z. If a proof is accepted for every verifier
random string, then 7 contains f(x).

Let A be the deterministic polynomial-time machine obtained from Theorem 5.12 using the PCP above.
By Item (2), for the parameter 6 there is an indexed family C[N02 — NY s(N)] evaluable in space O(NOZ),
satisfying that

N)£2 Pr [A(z) solves Avoide] < N~«(1) |
p(N) ze{o,rl}N[ (z) solves Avoidc] <

As such, the corresponding proof-printing machine R from Theorem 5.12 uses space O(N?) and satisfies

p € LP and R(2) = L] < p(N) .
LPr [ € 1 and () = 1] < p(V)
Let £ = [n*/®] and N = n 4 £. For every x € {0,1}" and y € {0,1}*, the string xy belongs to LP*, and
every non-_L output of R(xy) contains the desired output f(z). We have,
Pr [R(zy) = 1] < p(N) <n~«W)
Pr Ry = 1< p(N) <
yE{O,l}[
Thus, using y as persistent randomness and simulating R(xy) gives us a BP*SPACE machine that outputs

either f(z) or L on every input (with probability 1). By Markov’s inequality, on all but at most 3p(N)
fraction of x, this machine outputs f(z) with probability at least 2/3. Its space usage is

O(N?) = 0(n<k/a>5) = O(n®) = O(n") .

Our assumption that prBP*L = prL then derandomizes the BP*SPACE machine into a standard SPACE
machine using the same amount of space. This proves Item (1). O

As pointed out by Valentine Kabanets, by plugging in the unconditional algorithm that simulates TIME[T]

in space O(V/T) by Williams [Wil25], we indeed obtain the following unconditional hardness for low-space
Avoid.

Corollary 5.15. Fiz a polynomial time bound t(n) > n. For every constant € € (0,1/4), there is a family
C={Cu},eq01y of Avoid instances stretching [log” n] bits to [t(n)] bits, where n = |z|, and evaluable in

space O(t(n)Y/?+2) such that Avoide is not solvable in time O(t(n)) by a deterministic algorithm (on every
input) for sufficiently large n.

Proof. Let £(n) = [log*n], s(n) = [t(n)/?>*¢], and m(n) = [t(n)]. Following the universal-machine
construction in Definition 5.13, define C,(d) by interpreting d € {0,1}*(™ as a machine description and
simulating it on x, with space bound s(n) and time bound 25(")  The output is the simulated machine’s
m(n)-bit output, or 0™(") if either bound is exceeded or the output length is incorrect. Each output bit can
be evaluated in space O(s(n)).
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Suppose that a deterministic algorithm A solves Avoidc in time O(t(n)). Applying Williams’ simula-
tion [Wil25] separately to each output bit yields a machine M that prints A(z) using space O(y/t(n)) = o(s(n))
and time 2°5(")_ Thus, for every sufficiently large n, the description dy; € {0, 1}4(”) of M satisfies
Cy(dpr) = A(x) for every x € {0,1}™, contradicting that A(x) lies outside Range(Cy). O

6 The Complexity of Low-Space Avoid

6.1 Worst-case hardness for non-deterministic algorithms

Theorem 6.1 (low-space Avoid is hard in the worst-case). If NP # PSPACE then for every e > 0 there
is a family C = {Cx: [4] — {0, 1}‘””|\/E} evaluable in space |z|® such that Avoide is not solvable in non-

deterministic polynomial time (in the worst-case).

Proof. We will prove the contrapositive. Assuming that for some € > 0 and every C = {C,} as above there
is a non-deterministic algorithm for Avoid¢, we construct an NP verifier V' for TQBF.

A suitable version of IP = PSPACE. We need a version of the protocol in which the arithmetization
supports the following properties:

1. The field is a Healy-Viola field [HV06], i.e. of size 22'3£, and in particular of characteristic two. This is
so that we can perform arithmetic in space polyloglog(|F|).2

2. The prover can output the coefficients of f; in space poly(|¢|,loglog(|F|)). (We will be more precise
below about the read-only input available to the prover.)

3. The degree bound d is constant, and in particular we will shoot for degree three. This is so that we
can factor f; — p; in space polyloglog(|F|) (e.g., without storing intermediate field elements in the
factorization process).

Working over Healy-Viola fields calls for arithmetizing ¢ over characteristic two. Arithmetizing the
3CNF part is standard,?” arithmetizing a Va;p;(x;) quantifier is just multiplication Hxie{O,l} pi(x;), and
arithmetizing an 3x;p;(z;) quantifier reduces by De-Morgan to multiplication 1+ [, c .13 (1 +pi(zi)). (And
the linearization operators are standard.)

To get an individual degree bound of d = 3, it suffices that each p; has degree 3 in the corresponding
variable x;, and in turn it suffices that each variable z; appears in at most three clauses. This follows by
preprocessing: when given ¢, the NP-machine creates an equivalent ¢’ in which for each variable z; appearing
in k clauses, each occurrence j € [k] is replaced with a new variable z; ;, and there is another set of clauses
enforcing consistency (i1 V &i2) A (mZi2 V &i3) Ao A (—@y, V Ti1).

Finally, we want to show that the prover is computable in space poly(n,loglog(|F|)). Specifically, the
Avoid instance C,, will be indexed by x; that includes the (preprocessed) formula ¢, the previous verifier
challenges 71, ...,7;, the polynomials pq, ..., p;, and polynomially long padding, and we want to show that it
can print the roots of f; — p; in space poly(n, loglog(|F|)).

We first argue that, given a € F, we can compute f;(a) in such space. Recall that

fila) = Qit1Qit2..8(11,72, ..., i1, a)

where the Qs are operators on polynomials (defined above) and @ is the arithmetization of ¢. We claim that
it suffices to show:

26 Actually, for reasons that will be explained below, we will work over a specific degree-two extension of a Healy-Viola field.
This will maintain the crucial property for us, which is that arithmetic can be performed in space polyloglog(|F|).
27 Arithmetize z1 V —a V 23 as 1+ (14 x1)(x2)(1 + z3), and multiply the arithmetizations of the clauses.
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(*) Given iant (Qirl’ s Ti—1, @, b1, ..., b;) and oracle access to a function thaﬁ takes b € {0,1} CTF

and outputs Qi—i—lQi—&-Z---@(Tla ey Ti—1, @, bl, ceny bj, b), we can Compute Qi+j+1Qi+j+2~-~<)’0\(T17 ey Tio1,0a, b17

in space poly(n, loglog(|F|)).

Establishing (*) is enough to prove that f;(a) is computable in low space, because f;(a) is the base case
where there are no b;’s (i.e., j = 0), and we can unravel the oracle access at each layer of this recursion
using emulative composition. There are poly(n) levels of recursion, and at each level we only need to store
poly(n,loglog(|F|)) bits (recall that the b;’s can be represented by a single bit). And indeed, the claim (*)
itself follows since we can easily decide which operator is @iﬂ' from the number ¢ + j (i.e., in time poly(n)),
considering a case-analysis for evaluation, and using the fact that arithmetic in a Healy-Viola field can be
performed in space polyloglog(|F|).

The next step is interpolation: we want to show that we can output the coefficients of f;(a) in space
poly(n,loglog(|F|)). This follows using the Lagrange interpolation: by inspection (after collating terms), each
of the four coefficients of f; can be computed from evaluations of f; at four distinct points, using a constant
number of arithmetic operations over F. 2® Treating this sequence of arithmetic operations as a recursion
with constantly many levels, and using emulative composition, we can compute the coefficients in space
poly (n, loglog([FI)).

The last step is factoring f; — p;. We run the algorithm of Kalai, Lombardi, and Vaikuntanathan [KLV23,
Section 3] for factoring cubics, and provide it virtual access to f; — p;.2? Their algorithm is a highly uniform
TC° procedure over the input, which is of length O(log(|F|)), and simulating TC® in the usual space-bounded
way yields the final space-bounded algorithm.

The Avoid family. Let ¢ € {0,1}" be a (description of) a totally quantified formula, and assume that
it is already preprocessed as described above (i.e., every variable appears in at most three clauses). Let
d = 6(g) > 0 be sufficiently small whose precise value will be spelled out below.

We consider the aforementioned degree-two extension of a Healy-Viola field F of size 0(2”1/5), and an
instantiation of the protocol above over this field. Let R = poly(n) be the number of rounds, and denote
verifier challenges by 71, ...,7g € F and prover responses (which are degree-3 univariates) by pi, ..., pg.

We define the following family {C,}: Parse z = (3,71, ..., 74, P1, ---, Di, 1) as a padded partial transcript;
given an input j € [4], output the j*" root of f; — p;. Indeed, in case f; = p; this will just be the j** element
in the field.

28Let xp, ..., z3 € F be the evaluation points, let yo, ..., y3 € F be the corresponding values, and let d; = Hj#(xi — ;). Then:

3
p(X) = Zyid%_ H(X — ;)
=0

J#i
= Z% (X3 4 (x1 +xo 4 23) X2 + (x122 4 w123 4 2223) X + Tr20T3)
+ Z% (X3 + (z0 + 2 + 23) X2 + (20m2 + ToT3 + T223) X + TOT273)
+ Z—Z (X34 (21 + 20 + 23) X2 + (2120 + 21273 + T0w3) X + T1TOT3)
+ Z% (X3 + (z1 + 2 + 20) X2 + (2172 + 2170 + T220) X + T1T270)
and by inspection, the coefficient of each X* can be computed by constantly many operations on xq, ..., 3, Y0, ..., Y3.

29There are two non-obvious points involved. The first is that we need to compute coefficients of f; — p; from coefficients
of f; and of p; without storing a field element; this is easy, since we just subtract the two relevant coefficients. The second
point is that the [KLV23] algorithm is actually over a specific degree-two extension of a Healy-Viola field (using the irreducible
p(y) =y> +y+ :B?’e, where 23° is an element in the base field). Thus, our arithmetization above is over this degree-two extension,
and as they prove the extension still supports arithmetic operations in space polyloglog(|F|) (see [KLV23, Theorem 3.4]).
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By the above, C,.: [4] — {0, 1}”1/6'*‘0(1) is computable in space poly(n, loglog(|F|)) < n¢ for some universal
constant ¢ > 1. We choose § and the padding length P = n® (which will dominate the length of ) such that

n'/% > PVZ (ie., the output length of C, is more than |z|V®) and n¢ < min{Ps,nﬁ/é} (i.e., the space

complexity is less than |z|° and less than the output length n'/% + O(1) to the power /z). Any choice of
C > c/e and § < min{\//c,1/(C - \/¢)} suffices.

The NP verifier for TQBF. Given a totally quantified formula ¢ € {0,1}"™ for TQBF, we preprocess it
and arithmetize it as described above. The verifier V' will make all non-deterministic guesses in advance, but
it is instructive to describe it as making guesses on-the-fly. Specifically, for ¢ € [R], the verifier:

1. Non-deterministically guesses p;: F — F of degree 3. (We stress again that this guess can be made in
advance.)

2. Checks that v;_1 = Qi,lpi, where vy £ 1 and we abuse notation to have @i,l act on univariates (e.g.
Qi—1pi = 1+ (1+pi(0)) - (1 +pi(1))).

3. Constructs a partial transcript «; = (@, 71, ..., Ti—1, P1, ---, Pi), and runs the Avoid algorithm on input x;
to obtain r; € F, aborting if the algorithm outputs L.

4. Defines v; = p;(r;).

The final consistency check is the standard one, i.e. checking that vg = &(r1,...,7R).

Completeness is straightforward, since when sending p; = f; at each stage, any output r; of the Avoid
algorithm (i.e., any field element) will yield v; = p;(r;) = fi(r;). For soundness, the key point is that if
© ¢ TQBF, then for the first consistency check to pass we must have p; # f1. In this case the Avoid algorithm
outputs r; on which f; and p; disagree, hence v1 # f1(r1). Continuing by induction, rg will be such that @
and pg disagree on it, hence the final consistency check will fail. O

6.2 Average-case hardness for tiny-error non-deterministic algorithms

In this section we prove Theorem 1.8. That is, assuming demi-bit generators against AM adversaries, we
show a distribution of Avoid instances that is hard on average against non-deterministic algorithms that
may err on a tiny fraction of inputs. The proof follows the description in Section 2.4: We first present an
alternative proof of Ilango’s [Ila25], and in particular prove the covering lemma (i.e., Lemma 2.2); and then,
building on that, we extend the result to algorithms that err on a small number of inputs. We note that the
hard Avoid distribution is the same one given in [I1a25], and only the analysis is different.

Reminder: Demi-bits. Our results will rely on the existence of a demi-bits generator, so we recall the
standard definition and present a relaxed one that we will use.

Definition 6.2 (Demi-bits Generator). We say that g : {0,1}* — {0,1}" is an e-demi-bits generator against
NP if no NP wverifier V' satisfies the following:

1. For at least € - 2™ strings y it holds that Jw : V (y,w) = 1.

2. For every y in the range of g it holds that Yw : V(y,w) = 0.

Definition 6.3 (Relaxed Demi-bits against AM). We say that g : {0,1}* — {0,1}" is a relaxed e-demi-bits
generator against AM if no AM wverifier V' satisfies the following:

1. For at least € - 2™ strings y it holds that Pr.[3w : V(y,r,w) = 1] > 2/3.
2. For every y in the range of g it holds that Pr.[qw : V(y,r,w) = 1] < 1/3.

The reason we call the generator above “relaxed” is that the requirement is every AM verifier with
acceptance probability e > 0 does not reject one of the pseudorandom strings (i.e. has acceptance probability
more than 1/3). The natural requirement is stricter, demanding that the verifier accepts a pseudorandom
string (i.e., has acceptance probability at least 2/3), yet the relaxed object suffices for our proof.
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6.2.1 An alternative proof of the original result

We start by showing a combinatorial lemma that will be useful for us. This lemma is an abstraction and
generalization of the main technical idea in [[1a25, Section 1.3], albeit with a different presentation and proof.

Consider an arbitrary dense set of tuples S C {0,1}**"  where each element in S takes the form of
s =(s1,...,8) for s; € {0,1}". Next, consider an adversary that for every s € S applies a shift h(s) to all ¢
strings to obtain a shifted tuple § = (s1 @ h(s),...,s: D h(s)). The goal of the adversary is to shift all tuples
so that they “concentrate” on a small set in {0,1}"; that is, the number of n-bit strings that are elements of
shifted tuples is small. In other words, the adversary tries to minimize the set

{y € {0,1}"|Fi,s € S:s;,®h(s) =y}.
The lemma below says that this is impossible.

Lemma 6.4 (covering lemma). Let n,t € Z. Let S C {0,1}**™ be an arbitrary set of tuples such that
S| >0-2". Let h: S — {0,1}" be an arbitrary function. For any tuple s = (s1,...,5;) € S, we define the
shifted tuple s := (h(s) @ s1,...,h(s) ® s¢).

We call a string y € {0,1}" covered by a tuple s if it shows up in the shifted tuple s := (h(s) ®
S1y...,h(8) ® st). Define the set of strings G, covered (at least once) by tuples in S as

Gr={y€{0,1}"|Fi,s:8; ®h(s) =y}.
Then for any h it holds that |G| > 6/t

Proof. Consider the multi-set of all shifted tuples, while counting multiplicities (i.e., if k¥ tuples become equal
after they are shifted, we count that shifted tuple k times). We count the size of this set in two ways.

On the one hand, there are exactly |S| tuples s € S and hence exactly |S| shifted tuples s, counting
multiplicities (i.e., each of the |S| original tuples contributes exactly one shifted tuple).

On the other hand, by definition of a covered string, for any shifted tuple s = (y1,...,y:), all of y; must
be contained in Gj,. Therefore the total number of distinct shifted tuples is at most |G|*. Moreover, each

distinct shifted tuple can have multiplicity at most 2", because s = s’ only if s € {s’ ®z: 2 € {0,1}"}.
Hence, the total number of shifted tuples is upper bounded by |G|t - 2™.
Putting the two counts together we have

62" <|S| < |Ghlt 2",
and hence |G},| > 6/t O

Using Lemma 6.4, we now show an alternative proof for Ilango’s [Ila25] original result.

Theorem 6.5. [[1a25, Theorem 3.3, Corollary 3.7] Fort € N, let g : {0, 1}~ — {0, 1} be an e-demi-bits
generator, where A(n) > [logt] + 130, For a tuple of strings s = (s1,...,s;) € {0,1}'*", define the circuit

Cs(x,i) = g(z) ®s; .

There is no non-deterministic polynomial-time machine A that solves Avoid on Cs over uniform choices of s
with the following parameters:

o Completeness: Prs[qw : A(Cs,w) € {0,1}" \ Range(Cs)] > 2" - £t.
o Soundness: Prg[Vw : A(Cs,w) ¢ Range(Cs)] = 1. (Note that A is allowed to output L.)

Proof. Let D be the following non-deterministic machine:

On input y € {0,1}", accept if and only if Is, w, ¢ such that A(Cs,w) =y P s;.

30This is to ensure that the circuit Cs taking an additional [logt]-bit input remains a valid Avoid instance.
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Soundness. Suppose y = g(z) is in the image of g. By definition, for every s we have Cs(x,1) = g(z) & s,
and hence y @ s; is in the image of Cs. By the soundness of A, we deduce that Yw, A(Cs,w) # y & s;.
Therefore, D does not accept y.

Completeness. It remains to show that D accepts at least € - 2" strings in {0,1}™. Let G C {0,1}™ be the
set of strings accepted by D. Our goal is to show that |G| > ¢ - 2™.
Define the set S as choices of s where A(Cs,w) gives a non-1 output on some witness w.

S={sc{0, 1} | Jw: A(Cs,w) # L}

By the completeness of A, we have |S| > et - 2" - 2. Also, by definition, y € {0,1}" is in G if 3s € S, w, 1
such that A(Cs,w) =y @ s;. In this case, we say that y is covered by s with shift value A(Cs,w). Our goal
now reduces to showing many y’s are covered by some tuples with respect to shifts specified by A.

Towards that end, define h : S — {0,1}™ such that h(s) = z if 3w, A(Cs,w) = z. (Pick one arbitrarily if
there are multiple z’s that satisfy this. Indeed, w are restricting A(Cs) to behave as a function, which can
only reduce the number of covered strings.) By applying Lemma 6.4 with S and h and 6 = (e2™)?, it follows
that |G| > |Gy| > € - 2", as needed. O

6.2.2 Proof of Theorem 1.8

We now show that Avoid is hard against non-deterministic algorithms that makes a tiny fraction of error
(instead of zero-error) over the input distribution, assuming demi-bit generators secure against AM adversaries.
We comment that if the demi-bit generator can be evaluated in low space, then the hard indexed Avoid family
can be evaluated in low space (as required in Assumption 1.1). We first prove a general technical statement,
and then deduce Theorem 1.8 as a corollary.

Theorem 6.6 (hardness of Avoid against non-deterministic algorithms that err). Let g : {0,1}*=*(™) —
{0,1}" be a relazed £-demi-bits generator against AM. Let t = t(n) be polynomially bounded and let
k = r(n) € (0,1). Assume that A(n) > [logt(n)] + 1. For a tuple of strings s = (s1,...,8;) € {0,1}1*",
define the circuit

Cs(x,i) =g(z) ®s; .

Here, i is represented using [logt| bits; if t is not a power of two, map every unused encoding of i to s;.
There is no non-deterministic polynomial-time machine A that solves Avoid on Cs over uniform choices of s
with the following parameters:

o Completeness: Prg[qw : A(Cs,w) € {0,1}" \ Range(Cs)] > 2" - 2k + 2™ - £t
o Soundness: Prg[Vw : A(Cs,w) ¢ Range(Cs)] > 1 — k. (Note that A is allowed to output L.)

Recall in the proof of Theorem 6.5 above, we showed that a large fraction of strings are covered by (at
least one of the) tuples; and none of the strings in the image of g are covered by any tuple, due to zero-error
property of the assumed algorithm A. This NP-property (i.e., “is there a covering tuple”) allowed us to
distinguish between the set of pseudorandom strings and a large set of truly random strings.

However, once we relax A and allows it to make error, the soundness property that none of the strings in
the image of g are covered is no longer true. Indeed, if A makes error on x fraction of choices of s, then a
pseudorandom string could potentially be covered by - 2¢™ tuples (i.e. tuples s that A errs on).

Nonetheless, if « is sufficiently small, one can hope to show that many random strings are covered by
2k - 2t tuples. Indeed, this is precisely what we show, by extending the analysis in the proof of Lemma 6.4.
And at that point one can apply the Goldwasser-Sipser Set Size Lower Bound protocol in AM to distinguish
these two cases (i.e., at most x fraction of tuples vs at least 2« fraction of tuples). This is why we require the
demi-bit to be secure against AM adversaries.
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Proof of Theorem 6.6. Assuming towards a contradiction that such A exists, we design an AM protocol that
contradicts the security of g.
Define a non-deterministic verifier V on input y € {0,1}", s = (s1,...,8¢) € {0,1}'*" as follows:

V(y,s) =1 < Fw,i: A(Cs,w)=yds; .

For any fixed y, define the set of accepting s as T}, = {s € {0, 1}'*" | V(y, s) = 1}. Le. these are tuples
that cover y with respect to the shift relation specified by A.
We will show the followings:

1. (Completeness): For at least € - 2™ strings y in {0,1}", |T,| > 2 - 2.
2. (Soundness): For every y € Range(g), |T,| < k- 2!

It then follows from the Goldwasser-Sipser Set Size Lower Bound protocol (Theorem 3.9) and standard
constant-error amplification that there is an AM protocol accepting with probability at least 2/3 on at least
€ - 2™ strings y and with probability strictly less than 1/3 on every output of g. We now proceed to prove the
two items.

Soundness. Suppose y = g(z) is in the image of g. By definition of Cg, for all choices of s and all i € [t],
we know that y @ s; = Cs(x,4) is in the image of Cs. By the soundness of A, for every y € Range(g),

Pr[V(y,s) = 1] < Pr[Fw : A(Cs,w) € Range(Cs)] < k.
Therefore, |T,| < k- 2"

Completeness. Let G := {y € {0,1}" | |T,| > 2x - 2!} be the set of strings that are covered by at least a
2k-fraction of tuples. Our goal is to show that |G| > 2.

To do this, we will first show that the set S of tuples that only cover elements in G is large, and then use
Lemma 6.4 to show that these tuples must cover many elements (hence G is large). The fact that S is large
will follow from the completeness of A (i.e., many tuples cover some elements), and since each element that is
not in G is covered only by a few tuples. Details follow.

Let S; be the set of tuples s where A(Cs,w) gives a non-_L output on some witness w, i.e.

Sy ={s€{0,1}"*" | Jw : A(Cs,w) # L}
By the completeness of A, we have |Sy| > (22" + &t - 2") - 2!, Now let B := {0,1}" \ G (i.e., strings that
covered by less than 2k - 2!™ tuples), and let Sy C S; be the set of tuples s that cover any element in B:

So={se S| Fw,i:ACs,w)®s; € B}

Finally, define S = 57 \ S2. By definition of Ss, all strings covered by tuples in .S must fall in G. Moreover
|So| < |B| -2k -2t < 2. 25 - 2! since each string in B can be covered by at most 2k - 2!™ tuples. Hence
|S] > et . 2m . 2tn,

Next, define the mapping h : S — {0,1}" such that h(s) = z if Jw, A(Cs, w) = z. (Pick one arbitrarily if
there are multiple z’s that satisfies this.) By applying Lemma 6.4 with S and h, it follows that |G| > |Gp| >
(et2!™)1/t = £27 | as needed.

O

Theorem 1.8 follows by a suitable choice of parameters.

Corollary 6.7 (Theorem 1.8, restated). Let g : {0,1}*~[egn1=1 — 10, 1}" be a relazed 1/4-demi-bits
generator against AM. For a tuple s = (s1,...,8,) € {0,1}"*", define the circuit Cs : {0,1}"~1 — {0,1}" by

Cs(z,1) =g(x) D sy,
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where, x € {0,1}7~Mo871=1 and i is represented using [logn] bits, with unused encodings mapped to s;.
Then, there is no non-deterministic polynomial-time machine A that for every sufficiently large n satisfies

{0P1€ [Fw : A(Cs,w) € {0,1}"\ Range(Cs)] >3-27"
se s nxn

and

Pr  [Vw: A(Cs,w) ¢ Range(Cs)] >1—272" .
se{0,1}nxn

Observe that the complexity of evaluating Cs boils down to the complexity of computing g (i.e., it only
requires additional auxiliary O(logn) space on top of computing g).

Proof. Apply Theorem 6.6 with demi-bits parameter 1/4, x(n) = 272", ¢t(n) = n, and A(n) = [logn] + 1.
The circuit Cs has n — 1 input bits, and

2"(25 + (1/4)) =27t 427" =3.27"

for all sufficiently large n, while 1 — x = 1 — 272", Thus, any machine satisfying the two displayed conditions
would contradict Theorem 6.6. O

Remark 6.8. The dependence of the completeness threshold in Theorem 6.6 on k is essentially optimal for
the above covering argument, up to a polynomial factor in t. Indeed, let S be the set of tuples on which A
succeeds, and fix one valid non-L output for each tuple in S. FEach resulting shifted tuple covers at most t
strings. Therefore, for at least € - 2™ strings to each be covered by at least 2k - 2!™ tuples, incidence counting
requires

t|S|>e-2" -2k 2 .

Equivalently, the success probability of A must be at least

x S2"K .

t
Thus, when € is constant and t is polynomially bounded, the 2"k dependence in Theorem 6.6 is optimal for
this argument up to a polynomial factor.

A covering threshold larger than k is also necessary. The k-fraction of tuples on which A may err could
all be aligned with one fized string y € Range(g): on each such tuple s, an erroneous witness may cause A to
output y @ s; € Range(Cs) for some i. Consequently, a string in Range(g) may be covered by a k-fraction of
the tuples. The factor 2 provides the constant-factor gap needed by the set-size protocol.

6.3 An average-case non-deterministic algorithm

In this section we prove Theorem 1.6. Since we will prove the contrapositive, let us state the converse of its
conclusion as an assumption, and see that this assumption contradicts the existence of sub-exponentially
secure one-way functions.

Theorem 6.9 (Theorem 1.6, restated). If there are sub-exponentially secure one-way functions, then for some
e > 0 there is a non-deterministic polynomial-time algorithm A that uses only n® bz'ts20f non-determinism
and satisfies the following. For every family of Avoid instances C = {Cy} stretching |x|* bits to |x|® bits and
‘6

evaluable in time 21*I° | and infinitely many n € N,

{Porl} [A(z) solves Avoid(Cy)] > 1/ poly(n) ,
x€10,1}™

where the meaning of “solves Avoid(Cy)” is that on some witness A(x) outputs an Avoid solution, and for
every witness it outputs either an Avoid solution or L.
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Proof. The works of Liu and Pass [LP20, LP22] show a problem L' € NP such that if L' can be solved
with probability 1 — n=“() of success over a uniform choice of input for every n € N, then there are no
one-way functions. Their reduction (of breaking a one-way function to solving L") is a polynomial-time
algorithm that uses the algorithm for LM as a black-box, and only blows up the input length polynomially.
Hence, for every € > 0, if the algorithm for L' runs in time 2" for a sufficiently small v = v(g) > 0, we
obtain an algorithm running in time 2" for breaking any one-way function.

Now, instantiate Theorem 5.4 with this L = LM, with XY being the uniform distribution, and with
p(N) = N~ Recall (by Remark 5.5) that there is a non-deterministic polynomial-time algorithm A = A,
such that if A fails to solve Avoid for some C' = {C,} (with parameters as in our statement) then there is
an AM verifier V' that decides L correctly on at least 1 — p(N) =1 — n~“® of the n-bit inputs such that
V receives T%/¢ bits from the prover. To decide L we simulate V (using random coins), enumerate over all
possible prover messages, whose total number is 9T — Q"H/E, and accept if and only if there is a prover
message that convinces V. Since § = €2 and this is true for an arbitrarily small € > 0, we obtain an algorithm
that breaks any one-way function in time 2" for an arbitrarily small v > 0, a contradiction. O

Next, by assuming the existence of sub-exponentially secure one-way permutations, we show that there
is a non-deterministic polynomial-time algorithm that solves low-space Avoid with high probability over a
uniform choice of input, strengthening the result above.

Definition 6.10 (sub-exponentially secure strong one-way permutation). A sub-exponentially secure strong
one-way permutation is a polynomial-time computable permutation f: {0,1}™ — {0,1}"™, such that for some
constant p € (0,1), every uniform probabilistic inverter I running in time at most 27" satisfies

I(1m — -1 < —w(1)
B ) = £ ) <

for all sufficiently large n.

Theorem 6.11 (a high-success non-deterministic algorithm from one-way permutations). If there are sub-

exponentially secure strong one-way permutations, then then for some € > O there is a non-deterministic

polynomial-time algorithm A that uses only n® bits of non-determinism and satisfies the following. For every
52

family of Avoid instances C' = {Cy} stretching \;1:|52 bits to |z|° bits and evaluable in time 21*\° | and infinitely

many n € N,

Pr [A(z) solves Avoid(Cy)] > 1 —n~vM) |
z€{0,1}n

where the meaning of “solves Avoid(C;)” is as in Theorem 6.9.

Proof. Suppose towards a contradiction that an algorithm as in the conclusion does not exist. Fix a one-way
permutation f with security exponent p as in Definition 6.10, and choose a constant 0 < € < p.

Consider the following algorithm A for Avoid (indeed, we are setting A up to fail). On input x =uor €
{0,1}", where |u| = m(N) = N, the algorithm A(z) guesses w € {0,1}™™) outputs w if f,(n)(w) = u,
and otherwise outputs L. This is a non-deterministic polynomial-time algorithm using at most N¢ non-
deterministic bits. Since f is a permutation, A has exactly one accepting path on every input. Thus, the
assumption implies that there is some Avoid family C' = {C,} (with parameters as in the statement) such
that for every sufficiently large N,

ey Ul (4 € Range(C) 2 N

We now construct a uniform probabilistic inverter I for f. Given (1™, u) with u € {0,1}, set N = m!/¢,
and sample a uniform r € {0, 1} =™, Enumerate all inputs z of Cyo,, compute v = Cyor(2), and return v
if fi(v) = u. If no input yields an inverse, output L. Whenever the inverse belongs to Range(Cyor), this
enumeration finds the inverse. Consequently, for every sufficiently large m,

P I(am = f1 > N"¢ = _C/e.
ue{o,llim,[[ (1™ u) = f, (W] = m
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52 52
There are 2~ possible inputs z, and each output bit is evaluable in time 2V . Therefore the inverter
runs in time

52 52
T;(m) < poly(N) + 2V (m 2V 4 poly(N))
— 90(N®") _ 50(m°) <o

for all sufficiently large m. This contradicts the security of f. O

7 Targeted Hitting-Set Generators for coNP (and Avoid)

As explained in Section 1.4, a natural strategy for solving Avoid is to use a targeted hitting-set generator and
to combine its outputs (to a single candidate solution). One situation in which combining outputs is feasible
is when the number of outputs is small, i.e. sub-linear (see, e.g., Section 7.1).

We make progress on understanding the possibilities and limitations of such generators. To explain our
results, let us recall the definition of targeted hitting-set generators by Goldreich [Gollla, Goll1b],3! and a
main open problem that he posed and that is relevant in this context.

Definition 7.1 (targeted hitting-set generator). Let D be a class of uniform probabilistic algorithms. We
say that an algorithm G is a targeted hitting-set generator with error € for D if for every D € D and every
x € {0,1}™ (where n is sufficiently large) the following holds. If Pr,.[D(xz,r) = 1] > e(n), then the output-set
of G(x) contains a string w such that D(z,w) = 1.

The definition extends naturally to D’s that are co-nondeterministic procedures, by defining D(x,r) = 1 if
all non-deterministic choices cause D(x,r) to accept and defining D(x,r) = 0 otherwise (i.e., if there is a choice
causing D to reject). The definition also extends naturally to G that is computable non-deterministically; in
this case, we require that for some witness G(z) outputs a suitable set of strings, and for all witnesses G(z)
outputs either such a set or L.

Goldreich showed that the derandomization conjecture prBPP = prP is equivalent to the existence of
a polynomial-time computable targeted pseudorandom generator for uniform algorithms running in fixed
polynomial time. A natural conjecture is that this result extends to derandomization of proof systems; that
is, that prAM = prNP is equivalent to the existence of a suitable targeted generator. Specifically, the suitable
generator would be a targeted hitting-set generator computable in non-deterministic polynomial-time, and it
would hit co-nondeterministic algorithms running in fixed polynomial time.

While such a generator suffices for prAM = prNP, Goldreich only showed that the latter conclusion implies
a generator computable in polynomial time with an NP oracle, rather than in non-deterministic polynomial
time. He posed obtaining a generator computable in non-deterministic polynomial time (which would yield a
full equivalence to prAM = prNP) as an open problem.

Open Problem 1 (see [Gollla, Open Problems Section]). Prove the following: If prAM = prNP, then there
exists a targeted hitting-set generator with error 1/2 that is computable in non-deterministic polynomial-time
that hits co-nondeterministic algorithms running in linear time.

Open Problem 1 has been studied in recent works [vMS23a, vMS23b], as part of the recent interest in
targeted generators (following the construction in [CT21al; see [CT23a] for a survey).

Two new results. We focus on the special case in which the generator has a small output-set, of size < |z|.
Prior works did not distinguish between this case and the general case in which the output set may be large
(say, of polynomial size).3? This special case is of particular interest in the current paper (because it allows

311n the original paper only targeted pseudorandom generators are defined, but the extension to targeted hitting-set generators
is straightforward.

32For example, Goldreich’s proof that prBPP = prP is equivalent to efficient targeted pseudorandom generators for algorithms
yields generators with a tiny output-set (depending on the precise definition, the pseudorandom set may be of size O¢(1) where
€ is the required error, or of size O¢(f(n)) where f = w(1) is any growing function).
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us to combine the outputs and obtain an Avoid solution), and it is also central in the study of superfast
derandomization (i.e., derandomization with minimal overhead, which exploits the fact that the number of
pseudorandom strings is small; see, e.g., [DMOZ22, CT21b, CT21a, SV22, CT23b, DT23, DPT24, BCT25,
DMOZ26]). We prove two results concerning this special case.

1. In Section 7.1 we prove that, assuming worst-case hardness of Avoid, there is no (non-deterministically
computable) targeted hitting-set generator with a small output-set that fools coNP on every input z.
The meaning is that, under the assumption, the answer to Goldreich’s question is negative in the special
case of a generator with a small output-set.

2. In Section 7.2 we show that, assuming sub-exponentially secure one-way functions, there is a non-
deterministically computable targeted hitting-set generator with a small output-set that fools a natural
subclass of coNP and works on average for a random input z.

7.1 There is no targeted generator with few outputs hitting coNP in the worst-
case

The following result is based on the observation that a targeted hitting-set generator with a small output-set
fooling coNP can be used to solve Avoid, by concatenating its outputs. We encourage the reader to parse the
statement with output length m(n) = n® and k(n) = n?),

Theorem 7.2. Let m(n) < n, and let D be the class of co-nondeterministic linear-time machines using
m(n) bits of randomness on inputs of length n. Assume that for every non-deterministic machine M there is
C: {0, 1} oglk/m)I=1 _ L0 11k of size n (for some k = k(n) < n such that k/m is a power of two and
log(k/m) 4+ 1 < m) such that M fails to solve Avoid on C.33 Then there is no SearchNP-computable targeted
(1/2)-HSG against D that on n-bit inputs has seed length log(k/m) and output length m.

Proof. Assume towards a contradiction that there exists such a generator, denoted by H. We use the
following (failed) algorithm A for Avoid: Given an input circuit C': {0, 1}~ Toe(k/m)1=1 _ £ 1}* of size n,
we non-deterministically compute H(C) to obtain rq,...,ry € {0,1}™ where L = k/m (aborting if H outputs
1), and output y =71 0...07L.

By our hardness assumption for Avoid, there is C' € {0,1}" such that either A(C) rejects all non-
deterministic witnesses or on some witness A(C') outputs y = r1 o ... o rz, that is not an Avoid solution. Since
for every C' there is a witness causing H(C) to output a list (because H is a valid targeted generator), the
first case is impossible. In the second case, consider the linear-time co-nondeterministic machine D that uses
m bits of randomness and, on input (C, ), non-deterministically guesses z and ¢ € [L] and rejects if the ith
m-bit block of C(z) equals 7. Then D satisfies Pr,.[D(C,r) = 0] < 1/2,3* but rejects all of the r;’s. This
contradicts the assumption that H hits D. O]

Theorem 7.2 referred to the standard formulation of Avoid. We also note that a similar conclusion holds
for the low-space variant of Avoid studied in this work. We omit its proof for brevity as it follows from
essentially the same proof as above.

Theorem 7.3. Let S(n) > logn, and let m(n) < k(n) < n, where k/m is a power of two and { =
m — log(k/m) —1 > 0. Let C[¢ — k,s] be a SPACE(S(n))-evaluable indexed family such that Avoide ¢
SearchNP. Let D be the class of co-nondeterministic machines running in simultaneous time 2°5()) and
space O(S(n) +4(n)) and using m(n) bits of randomness on inputs of length n. Then there is no SearchNP-
computable targeted (1/2)-HSG against D that on n-bit inputs has seed length log(k/m) and output length
m.

33That is, either M(C) rejects all witnesses, or on some witness M(C) outputs a string in the range of C.
34Indeed, Pr,.c(o,13m [D(C,7) = 0] = Prp[3z,i: C(2); = 7] < 2(m—[log(k/m)]—1)—m-+[log(k/m)] = 1 /2.
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7.2 A targeted generator with few outputs hitting a subclass of coAM on average

We now present a conditional construction of a targeted hitting-set generator with a small output-set that fools
a subclass of coNP on average. The subclass consists of coNP procedures that use few (co-)non-deterministic
bits. In fact, we prove a stronger result, in which the generator fools the subclass of coAM procedures (rather
than just coNP procedures) that use few (co-)non-deterministic bits.

The main technical tool that we will use is a new targeted hitting-set generator with a small output-set,
which is based on hardness of any problem computable in non-deterministic sub-linear time. This generator
will combine the PCPs for sub-linear time from Section 4 with a known construction of a classical generator
by Miltersen and Vinodchandran [MV05]. This will be shown in Section 7.2.2.

The analysis showing that this generator works uses a result of Liu and Pass [LP20, LP22] showing
average-case hardness of an NP problem (assuming the existence of one-way functions). We will rely on a
particular feature of their result, which is that their hard NP problem is actually computable in sub-linear
time. The analysis appears in Section 7.2.3.

7.2.1 Definitions

For clarity, let us spell out the definition of a targeted hitting set generator against dense coAM procedures.
For a coAM procedure P taking input z, randomness r and (co-)nondeterministic choice w, we will often
suppress r and w in our notation, and denote P(z); the meaning is then as follows:

Definition 7.4. For a coAM procedure P taking input x, randomness r and witness w, we denote P(x) =1
if Prp[Fw : P(z,r,w) =0] <1/3 and P(x) =0 if Pr.[3w : P(x,r,w) = 0] > 2/3. We will sometimes consider
coAM procedures that take input (x,y) rather than only x, in which case the notation P(x,y) is defined
identically.

Definition 7.5 (targeted HSG against coAM procedures). For T, L,m,r,w:N — N and ¢ : N — [0,1], let
H be a non-deterministic algorithm that gets as input x € {0,1}™ and, on every accepting path, outputs
L(n) strings of length m(n). We say that H is a (L,1 — &)-targeted hitting set generator against coAM time
(T, m,r,w) if the following holds. For every coAM procedure D taking input (z,y) € {0,1}" x {0,1}™("),
using r(n) random bits and a w(n)-bit witness, and running in time T(n), for all sufficiently large n € N and
every x € {0,1}" such that Prycio1yme [D(x,y) = 1] > 1 —¢e(n), the following holds:

1. H(zx) has at least one accepting path.
2. On any accepting path, let s1,...,s5,) be the output of H(x). There exists i € [L(n)] such that
D(z,s;) = 1.
7.2.2 A targeted generator based on hard problems computable in sublinear time

We will make use of the following variant of the hitting set generator from [MVO05], see also [GSTS03, Lemma
16]. (Note that the generator from [MVO05] has super-linearly many output strings in the length of its input
f. We will use it as a sub-component in our construction.)

Theorem 7.6. Let~y > 0, and for a constant d € N let q(n) be the largest power of two such that n > ¢%-log(q),
and let m(n) = q(n) - log(q(n)). There is an algorithm MV = MV,, - and Arthur-Merlin verifiers V. and V.
satisfying the following.

o Generator. Given an input f € {0,1}", the algorithm MV (f) runs in time poly(n) and outputs a list
S = (y1,-..,Ys) of m-bit strings of size s < poly(n), which is intended to be a hitting set for coAM
procedures.

« Reconstruction verifiers complexities:
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— Commitment verifier. The verifier V. gets input n (in binary), sends 5(m7) bits of public
randomness, expects O(n") bits from the prover, and outputs the randomness and the prover’s
message as a commitment string o.

— Evaluation verifier. The verifier V, gets as input i € [n] and a commitment a € {0,1}°"),
and gets oracle access to a coAM procedure D : {0,1}™ — {0,1}. Suppose that the underlying
deterministic verifier D(y, p,w) runs in time Tp, uses rp random bits, and uses a wp-bit witness.
The verifier V. sends a total number of 6(n7m7’D) bits of public randomness, receives a total

number of O(nYm(1 +wp)) bits from the prover,® runs in time

poly(m,n”),

and outputs a bit (or L).

More specifically, V. receives 5(n7) strings y € {0,1}™ for which the prover claims that D(y) = 0.
For each such string, V. uses ©(m) independent random strings p € {0,1}"P and receives a wp-bit
witness for each repetition. It accepts the claim D(y) = 0 only if, in a strict majority of the
repetitions, the supplied witness causes D(y, p,w) to reject. This deterministic evaluation of D is
the only way in which V, accesses its oracle.

¢ Reconstruction verifiers correctness:

— Conformity. If D(y) =0 for every y € MV,,, 5(f), then there is a pair of prover strategies (P, P.)
such that for every i € [n],

Pr((P., V)i a) = fi] = 1— 2790,

where o = (P,., Ve)(n) and the probability is over the coins of both verifiers.
— Resiliency. If D rejects at most 2™ of its m-bit inputs, then with probability 1 — o(1) over the
coins r. of V.. the following holds. For any prover P., the commitment o = (P,, V.)(n) generated

when V, uses coins r. specifies a unique fe {0,1}" such that for everyi € [n] and every prover
PE’

Pr[(P., VP)(i,a) € {fi, L}] > 1 —279m)
where the probability is over the coins of V..

We now present the construction of the targeted generator, combining the generator in Theorem 7.6 and
the PCP from Theorem 4.1.

Theorem 7.7 (a targeted HSG based on hardness of sublinear non-deterministic time). There is a universal
¢ > 1 such that the following holds. For any ¢’ < e € (0,1) and v € (0,1), let L € NTIME[n®] and let
m(n) £ O(n®). There exists a non-deterministic algorithm H (the generator), and an Arthur-Merlin verifier

R (the reconstruction) that for every x € {0,1}™ satisfy the following.

o Generator complexity. The generator H(z) uses n° bits of non-determinism, runs in time poly(n),
and outputs either L or a list of n°®) strings of length m(n).

e Reconstruction complexity. The reconstruction verifier R gets input x and oracle access to a
coAM procedure D: {0,1}" x {0,1}™(™) — {0,1}. Suppose that the underlying deterministic verifier
D(z,y, p,w) runs in time Tp(n), uses rp(n) random bits, and uses a wp(n)-bit witness. The verifier
R has one public-coin round of interaction, uses

9] (n*“*Ym(n)rp(n))

35We also assume that V. receives a representation of F = Fy from the prover, otherwise it outputs L.
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bits of public randomness, receives
O(n>* = m(n)(1 + wp(n))

bits from the prover, and runs in time poly(n). Its space usage is as follows: (1) It has persistent
read-only access to its public random tape; (2) it stores the prover’s message; (3) it evaluates D(x,y, p, w)
on random strings p (written on the public random tape) and witnesses w (written on the working tape),
reusing the space required for one deterministic evaluation of D3¢ and (4) it uses log®(n) additional
bits of space.

Moreover, these deterministic evaluations are the only way in which R accesses its oracle D.
e Correctness. Let D be such that

P D(z,y) =01 < 2™ ~™.
ye{oﬁmmm[ (z,y) =0] <

If x € L, then at least one of the following holds:

1. There is a witness such that H(x) does not output 1, and on any such witness it outputs a
hitting-set for D(x,-) (i.e., D(x,y) =1 for at least one of the outputs y of H(x)).
2. There is an honest prover P such that Pr[(P, RP)(z) = L(z)] > 1 — 2~ %m®),

If x ¢ L then for any P it holds that Pr[(P, RP)(z) = 0] > 1 — 2~ polylos(n)

Proof. Let V' be the PCP verifier from Theorem 4.1 for L, instantiated with soundness s = /2, and let
N = n®€ be the proof length for V on n-bit inputs. For d £ [c- 5/5’] and 7 > 0 as in the statement,
instantiate MV = MV,,, , from Theorem 7.6, and note that m(N) = ©(n® ).

Generator. The generator H(x) guesses a witness w for L(x), verifies that w is a convincing witness,
computes a convincing PCP proof 7 from w, and outputs MV (7). Note that the input length to MV is the
PCP proof length N = n®¢, and thus the number of m-bit strings it outputs is N9 = p0),

Reconstruction. We start by describing a 2-round protocol: The reconstruction R” on input z first runs
the commitment verifier V,, from Theorem 7.6, interacting with the prover on input N to obtain a commitment
«, constituting the first round of iteration. It then simulates the PCP verifier V' on input x, while answering
each of V’s queries ¢ € [N] to a proof m by running the evaluation verifier VeD(I")(i, «), interacting with the
prover to obtain a bit that is supposedly ; (if the result of this evaluation protocol is L, the reconstruction
rejects). Since V’s queries are all non-adaptive, all these queries are made in parallel, constituting the second
round of iteration. The reconstruction accepts if and only if V' accepts.

In particular, RP defines a promise problem IT = (IIy,Ily), where IIy consists of the inputs z € L
for which the 2-round protocol has completeness 1 — 27%((") "and Ty = {x ¢ L}. We then apply the
Babai-Moran round reduction from Lemma 3.10 and convert the protocol into a 1-round protocol over the

same promise.

Complexity. The time complexity of H follows from computing a convincing proof 7 from w and applying
Theorem 7.6. The time complexity of R before round reduction is

O(N7)+poly(n) + polylog(n) -poly(m, N7, rp,wp) < poly(n) .
—— Y=
Ve 1% number of queries by V' Ve

Conducting the Babai-Moran round reduction introduces an additional polylog(n) - O(N7) multiplicative
factor and remains polynomial time.
As for the space complexity of R, note that:

36The reconstruction evaluates D several times in this manner throughout its execution, but space can be re-used for these
simulations.
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e In the 2-round protocol, the messages sent by P. and P, have lengths

O(N7), polylog(n) - O(N7 - m(1 + wp)) ,
respectively. After round reduction, the prover message has length 6(]\7 Ym(1 +wp)).

e In the 2-round protocol, the messages sent by V, and V. have lengths

O(N"), polylog(n) - O(N™ - mrp) ,
respectively. After round reduction, the verifier message has length 6(]\/' Ymrp).

e R only accesses its oracle D when running V,, where it evaluates the deterministic predicate D(z,y, p, w)
for randomness p and witness w. While the interactive queries by V, are made in parallel, the space
used for accessing its oracle D can be reused.

o The space complexity of simulating V" is polylog(n) (by Theorem 4.1).

e Plugging in N = n® gives the claimed bounds. The public randomness is stored on a persistent
read-only tape, and R uses at most log®(n) additional space.

Completeness. Let x € L, in which case there is a witness such that H(z) does not output L (i.e.,
a convincing witness for L(x)). Assume that on some witness w for H(z), it outputs a set that is not
a hitting-set for D(z,-). Let 7 = w(w) be the corresponding PCP witness. Then D(z,y) = 0 for every
y € MV,, (7). By the conformity condition in Theorem 7.6, there are provers P, P, such that for every
i€ [N],

Prl( P, VP )i, 0) = mi] > 1 — 2720,

where o = (P,, V.)(IN). A union bound over the queries of V' shows that the 2-round protocol has completeness
1 — 272 Round reduction introduce a multiplicative factor of 2 - polylog(n) - O(N” - m(1 + wp)) in the
completeness error, which is absorbed by 272(m),

Soundness. Let x ¢ L. By the density assumption and Theorem 7.6, with probability 1—o(1) over the coins
of V., there is 7 such that the evaluation protocol answers every query i € [N] either by 7; or by L, except
with probability 2-?("(") - Conditioned on this event, the PCP verifier V accepts  with probability at most
5. Thus, the soundness error of the 2-round protocol is at most s + o(1) +2-2(m(") < 1/(24/2). Performing
the Babai-Moran round reduction from Lemma 3.10 reduces the soundness error to p = 2~ Pelvlos(n),

O

7.2.3 The result

We will be plugging a concrete hard problem in NTIME[n®] into the generator above. In particular, we will
consider the following minimum conditional time-bounded Kolmogorov complexity problem.

Definition 7.8 (Minimum Conditional Time-Bounded Kolmogorov Complexity Problem). Fiz a universal
machine U. For a time bound t, define the conditional time-bounded Kolmogorov complexity of x given z by

Kz |z) 2 ml_}n{\l_ﬂ L U(TI(2), 140D = x} .

For polynomials t and ¢, the Minimum Conditional Time-Bounded Kolmogorov Complexity Problem is the
language

McK!P[¢] £ U{xozok 2z e {0,1)7, 2 € {0,13¥™ ke {0, 1}Men] | Kt(z | 2) < k} .

n>1
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Lemma 7.9 (conditional time-bounded Kolmogorov complexity in arbitrarily small non-deterministic time).
Fiz a constant € > 0 and a polynomial time bound t satisfying t(n) > (1 + &)n. For every constant n > 0,
there is an integer ¢ = O(1/n) such that, for {(n) = n9, the language McK'P[(] belongs to NTIME[N"], where
N =n+n9+ [logn] denotes the total input length.

Proof. Consider the following non-deterministic algorithm: First, the algorithm recovers n from N =
n+n?+ [logn] in polylog(N) time, rejecting if no such n exists. On input x o z o k, it non-deterministically
guesses a program II of length at most k, simulates its ¢(n)-step computation on z, and accepts exactly when
it outputs x. Correctness follows from Definition 7.8. Since k < 2n and the algorithm has random access to
2, this takes n¢ + polylog(IN) time for a fixed constant d depending only on ¢. Choosing ¢ > d/n makes the
running time O(N") as desired. O

This problem is particularly interesting because its average-case hardness can be derived from the existence
of one-way functions.

Theorem 7.10 (Liu—Pass reduction [LP20, LP22]). For any candidate one-way function f there is a constant
¢ = cy € N such that the following holds. Assume that for a polynomial t(n) > 1.01-n and n(n) = n? there is
a probabilistic algorithm H running in time T(N) such that for all sufficiently large n,

1
Pr [H(zozo0k)=McKP[(](z,2,k)] >1—— .
z€{0,1}", 2€{0,1}¢(™) ne
ke{o,1yMesml o

Then there is a probabilistic I running in time T'(\) = poly(T(poly(\))) such that for all sufficiently
large A

Pr I(1, f(z)) € f~Hx)] > 1/ poly(A) .
P @) € 57 @) = 1 poly()
Theorem 7.11 (average-case targeted HSG from cryptography). Assume that there are sub-exponentially
secure one-way functions. Then there are constants ¢ € (0,1) and ¢ > 0 and a non-deterministic polynomial-
time algorithm H that, on input x € {0,1}"™, uses at most n° non-deterministic bits and outputs, on every
accepting path, L(n) = n®©) strings of length m(n) = @(n52) such that the following holds.

For every coAM procedure D: {0,1}" x {0,1}™™) — {0,1} whose deterministic verifier runs in time

62

Tp(n) =2" and uses rp(n) = wp(n) = ne’ random and witness bits, the following holds. For infinitely
many n, with probability at least n=¢ over x € {0,1}", if

Pr D(z,y)=1>1- gm(n)=—m(n)
yG{O,l}"’L<")

then H(zx) has an accepting path, and on every accepting path its oulput contains a string y with D(x,y) = 1.

Proof. Fix a sub-exponentially secure one-way function and a polynomial ¢ > 1.01 - n as in Theorem 7.10.
By Lemma 7.9, for every sufficiently small ¢ > 0 we can choose ¢ = O(1/¢) such that, for ((u) = u4, the
language L7 = McK'P[¢] belongs to NTIME[n¢], where n denotes total input length. Theorem 7.10 then
gives constants § = Q(¢) and a > 0 such that every probabilistic 2" _time algorithm for L"*"? errs with
probability at least n=¢" over a choice of n-bit inputs and its internal randomness, for infinitely many n. We
define ¢ = 2¢” (any constant larger than ¢”” would do).

Apply Theorem 7.7 to L"*"¢ with ¢’ = €2 and v = . This gives a generator H with the claimed complexity
and output parameters. For a procedure D as in the statement, the reconstruction’s prover message has

length
6(7126,52771(71)(1 —|—wD(n))> _ 6(n(2c’+1)62+s3) 7

where ¢’ is the constant in Theorem 7.7.
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Fix D, and assume towards a contradiction that for all sufficiently large n, on more than 1 — n~° fraction
of inputs, H fails to hit D. Theorem 7.7 therefore guarantees that the reconstruction protocol R correctly
decides L"*"® on these 1 — n™¢ fraction of inputs.

We turn the reconstruction protocol R into a probabilistic algorithm by sampling its public randomness,
enumerating every prover message. Recall that R accesses D only on inputs (z,y) where D(z,y) rejects, in
which case it samples public randomness p and the prover sends a string w witnessing D(z,y, p, w) = 0.

The algorithm accepts if any enumeration of the prover message makes the verifier accept. On each of the
1 — n~¢ fraction of inputs above, completeness and soundness of R imply that one run errs with probability
at most 1/3. Repeating this algorithm independently O(logn) times and taking the majority answer reduces

(&

the error to at most n=¢.

Repetition increases the running time by only an O(logn) factor and the total running time remains

0% n® i
2 < 2™ for sufficiently small €.

The error is at most n~¢ on each of the inputs above; the remaining n~¢ fractions of inputs (on which H
hits D) contribute at most another n~¢ error. Thus the error over the input distribution and the internal

randomness of the algorithm is at most 2n™°¢ < n=¢" for all sufficiently large input lengths, contradicting
Theorem 7.10. O
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A Prior Assumptions that Do Not Coincide with Low-Space Sim-
ulation of FP

For completeness, we mention several prior works in complexity theory and cryptography that relied on
hardness assumptions that contradict low-space simulation of FP (i.e., as in Theorem 1.2).

As mentioned in Section 1, there are actually remarkably few works making such assumptions. The
works mentioned below (with the exception of the first one) did not study the assumption that time cannot
be simulated in polynomially smaller space, but rather relied on it to instantiate hardness vs randomness
tradeoffs. In all of these works the conclusion may still be true (even if the assumption is false), and in most
of these works, the assumption can be relaxed and/or was assumed mostly for simplicity. Let us elaborate.

Studying the assumption itself. Miltersen [Mil01] showed that the assumption that E is hard for
SPACE[25'™], for some ¢ > 0, actually implies that E is hard for non-uniform circuits of exponential size with
PSPACE gates. That is, hardness for uniform bounded-space implies hardness for non-uniform bounded-space.

Compressing instances of problems in PSPACE. Zimand [Zim11] and Vinodchandran and Zimand [VZ15]
assumed that E € i.0.-SPACE[25""], for some ¢ > 0, to deduce optimal compression of instances of PSPACE-
languages (the conclusion improves on a line of prior works studying such compression).

Derandomizing interactive oracle proofs. Arnon, Bhangale, Chiesa, and Yogev [ABCY22] assumed a
pseudorandom generator against non-uniform circuits with PSPACE gates in order to derandomize interactive
oracle proofs (IOPs). As pointed out by Gal Arnon, their work also obtains similar derandomization without
the hardness assumption, but using non-uniform advice (see [ABCY22, Item (2) of Lemma 3]).

Using hardness-vs-randomness to construct codes. Cheraghchi, Shokrollahi and Wigderson [CSW06]
used the same assumption as [Zim11, VZ15] to construct explicit codes meeting the GV bound. However,
their text is expository in nature (as they mentioned, their main point is to “observ|e] that [the underlying
techniques] are relevant to the construction of optimal codes”).

Works in which the assumption was stated but can be replaced or discarded. In several works
the assumption that time is hard for smaller space was stated, but it is already known that the conclusion in
the work can be deduced from weaker assumptions. In particular:
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1. Antunes and Fortnow [AF09] used hardness for non-uniform circuits with PSPACE gates to prove a
two-way connection between the worst-case running time of any algorithm A and its running time on
inputs from samplable distributions.?” Later on the same conclusion was proved unconditionally by Lu,
Oliveira, and Zimand [LOZ22].

2. Chen, Rothblum, and Tell [CRT25] presented an assumption that FP is hard for sub-linear space on
average, in order to derandomize interactive proof systems into what they called “computationally
sound NP”. However, they noted that this assumption was presented for simplicity, and that their proof
also goes through when the hard function is in NP (and even in computationally sound NP; see [CRT25,
Theorem 1.3]).

3. A classical work of Sipser [Sip88] deduced RP = P from the existence of expanders (which we now know
how to unconditionally construct) and from time 7' being hard for smaller space T1~¢ for all € > 0
(where the latter is false, by [Wil25]). Of course, given the rich literature on hardness vs randomness,
we now know how to deduce RP = P from various other assumptions (for a recent survey, see [CT23al).

37 Already in the original paper, they noted that their proof goes through even when hardness is for circuits with Xa-gates
rather than PSPACE gates, and mentioned that a further weakening was obtained by van Melkebeek.
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