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Abstract

Suppose there is an oracle O that computes a tiny fraction of the entries of the product of
two uniformly random binary matrices over integers. We prove that there is a nearly linear-size
randomized O-oracle circuit that, with high probability, computes all the entries of the product
of every pair of binary matrices. This extends the previous “worst-case exact to average-case
approximate” reduction of Hirahara and Shimizu (STOC 2025), which assumes the average-case
distribution to be uniformly random matrices over a finite field, to uniformly random binary
matrices.

The technical core of our reduction is an approximate list-decoding procedure for a signed
sum encoding of the matrix product over the integers based on expander walks. To decode this
encoding, we combine the near-linear-time approximation algorithm for MAX k-CSP supported
on splittable tuples by Jeronimo (RANDOM 2023) with the XOR lemma for multi-output
functions by Hirahara and Shimizu (STOC 2025).
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1 Introduction

Matrix multiplication is a fundamental primitive in algorithms and scientific computing, with ap-
plications ranging from numerical linear algebra and graph algorithms to modern machine learning.
Its computational complexity has been studied for more than fifty years: letting ω denote the expo-
nent of matrix multiplication, Strassen’s breakthrough showed that ω < 3 [Str69], and subsequent
work further lowered the upper bound to below 2.372 [DWZ23; VXXZ24; ADWXXZ25]. Despite
these advances, asymptotically fast algorithms are far from practical for realistic input sizes, and
even in the Boolean setting, a more combinatorial line of work focuses on improving the cubic
running time by lower-order factors [BW12; AFKLM24]. Consequently, improving the efficiency of
matrix multiplication—both theoretically and in practice—remains a central challenge.

Beyond exact computation, there has also been extensive work on approximation algorithms for
matrix multiplication. Broadly speaking, this line of research splits into two distinct paradigms.

• The first paradigm, which we refer to as approximate matrix multiplication, studies algorithms
that, given arbitrary real matrices A,B ∈ Rn×n, compute a matrix C that approximates AB
in a numerical norm such as the Frobenius norm [CL99; DKM06; Sar06; Pag13; CW13;
CNW16; UW25]. Typically, these algorithms achieve worst-case guarantees for real-valued
inputs by utilizing tools from randomized linear algebra, and have found practical applications
in modern machine learning systems.

• The second paradigm, which we call error-correcting reductions, takes a fundamentally differ-
ent approach [SS25; GSS24; HS25a; HS25b; VZ26]. This line of work is motivated in part by
the possibility of performing matrix multiplication using low-energy physical systems, where
computations are inherently noisy. In this setting, one assumes access to an oracle that com-
putes the product of random matrices with some nontrivial accuracy in Hamming distance,
and uses this oracle to design an algorithm that computes the product of arbitrary matrices
exactly. The techniques developed in this paradigm rely on error-correcting codes, additive
combinatorics, and average-case complexity.

There is a substantial gap between these two paradigms: Approximate matrix multiplication
algorithms work over real-valued inputs and come with worst-case numerical guarantees. On the
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other hand, existing error-correcting reductions show that even a very weak average-case guarantee
suffices to recover exact computation but they crucially exploit algebraic structure and are restricted
to finite fields.

This naturally raises the following question. Can one combine the strengths of these two
paradigms to design an algorithm for matrix multiplication that is both efficient and exact? That
is, can we obtain worst-case exact computation while retaining the efficiency and practical relevance
of approximate matrix multiplication?

This paper takes a step toward answering this question. We study error-correcting reductions
in a setting that is both discrete and physically natural, where the inputs are binary matrices and
the computation is performed over the integers Z. This model retains the discreteness of finite
fields while avoiding their algebraic structure, and is therefore significantly closer to physically
implemented computation. Indeed, working on binary matrices is especially important for error-
correcting physical implementation of matrix multiplication, as the method suggested by Valiant
[Val24] performs the multiplication of binary matrices over integers, and there is no modulo oper-
ation built into the computation.

To state it more formally, for two matrices X,Y of the same dimensions, define their normalized
Hamming agreement by

agree(X,Y ) := Pr
i,j
[Xi,j = Yi,j ].

Our main result is the following.

Theorem 1.1. Let ε > 0 be a constant. For all sufficiently large n ∈ N, for every oracle O such
that

E
A,B∼{0,1}n×n

[agree(O(A,B), AB)] ≥ ε, (1)

where A and B are chosen uniformly at random from {0, 1}n×n, and the multiplication AB is
performed over Z, there exists a randomized Õ((logn)2)-query oracle circuit CO of size Õ(n2) such
that, for all A,B ∈ {0, 1}n×n,

Pr
CO

[
CO(A,B) = AB

]
≥ 2

3
,

where the probability is over the internal randomness of CO.

Thus, even a very weak average-case approximation guarantee—correctness on merely an ε-
fraction of entries of the product of random binary matrices—can be bootstrapped into exact
worst-case computation with a small overhead.

A couple of remarks about the generality of Theorem 1.1 are in order. First, the constant 2
3

can be amplified to 1 − δ by repeating the computation of CO independently O(log(1/δ)) times
and taking the majority vote. Second, although the circuit CO only computes the product of
matrices over {0, 1}n×n, it can be used to compute the product of matrices whose entries lie in Z∩
[−poly(n), poly(n)] using binary expansion; see Section C for details. Lastly and most importantly,
although the approximation error of O is measured by normalized Hamming distance, our reduction
can be applied to oracles whose errors are measured in the Lp norm. For p ≥ 1 and α ≥ 1, consider
an oracle O such that

E
A,B∼{0,1}n×n

i,j∼[n]

[|O(A,B)i,j − (AB)i,j |p] ≤ αp.
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We observe in Section D that such an oracle O can be converted into a randomized oracle O′

that makes one call to O and satisfies the assumption (1) with ε = 1/(10α). Thus, our main
theorem is applicable to any oracle whose per-entry Lp error α is at most O(1). This connects
our result to the paradigm of approximate matrix multiplication [CL99; DKM06; Sar06; Pag13;
CW13; CNW16; UW25], which typically measures approximation errors in Frobenius norm (i.e.,
in L2 norm). Optimistically, our reduction can be seen as an approach towards converting these
approximation algorithms into exact algorithms. Pessimistically, it can also be regarded as giving
a lower bound on approximation errors.

Our result is far from practical, even though our non-uniform reduction makes only Õ((logn)2)
oracle queries and runs in time Õ(n2) for every fixed constant ε > 0. Tracking the hidden constants
in the running time through the current proof reveals at least an

exp(exp(exp(poly(1/ε)))) (2)

dependence on ε, while the hidden constant in the query complexity is at most poly(1/ε); see Sec-
tion 2.2 for details. Thus the present reduction is purely qualitative and completely unsuitable for
realistic implementations. Obtaining a uniform error-correcting reduction with reasonable running
time is left as an important open problem.

Error-Correction over Finite Fields. There has been an exciting line of recent work on error-
correcting reductions for matrix multiplication over finite fields [AGGS22; HS23; GSS24; HS25b;
HS25a; SS25; VZ26]. The reductions developed in this line of work assume an oracle O such that,
for uniformly random matrices A,B ∼ Fn×n

p over a finite field Fp, the average agreement satisfies

E
A,B∼Fn×n

p

[agree(O(A,B), AB)] ≥ 1

p
+ ε

for a constant ε > 0, and convert it into an efficient oracle algorithmMO that computes the product
AB for every input A,B ∈ Fn×n

p [HS25b; HS25a; SS25; VZ26]. Such results are optimal because
an oracle that always outputs the zero matrix has the expected agreement at least 1/p.

The primary difference between these previous results and ours is that we restrict the input
distribution to be a pair of random binary matrices, i.e., (A,B) ∼ {0, 1}n×n × {0, 1}n×n. In
the literature of error-correcting codes, the corresponding task is called “error-correction over the
Boolean cube” [BBB21; SS18; BHKS21; ABPSS24; ABPSS25], which is technically more challeng-
ing than the standard error-correction. In this sense, our theorem can be viewed as transporting
the error-correction framework of [GSS24; HS25b; HS25a; SS25] into the Boolean-cube regime.

Most of the techniques developed in the literature [AGGS22; HS23; GSS24; HS25b; HS25a;
SS25; VZ26] crucially rely on performing matrix multiplication modulo p. Our technical contribu-
tion is to develop a set of new techniques applicable to the error-correction of matrix multiplication
algorithms over the Boolean cube, which we explain in the next section.

2 Proof Overview

Suppose we are given an oracle O that satisfies

E
A,B∼{0,1}n×n

[dist(O(A,B), AB)] ≤ 1− ε,
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where dist(X,Y ) := 1 − agree(X,Y ) denotes the normalized Hamming distance between two ma-
trices X and Y . A matrix X is said to be α-close to Y if dist(X,Y ) ≤ α.

Our goal is to design a randomized oracle circuit CO that computes AB for any instance
A,B ∈ {0, 1}n×n. The worst-case exact solver CO proceeds through the following steps:

1. Using the oracle O whose output is (1−ε)-close to AB on average, we compute a matrix that
is δ-close to AB for any small constant δ > 0. This procedure succeeds for an Ω(ε)-fraction
of instances A,B ∼ {0, 1}n×n (Lemma 5.1).

2. Next, we convert this high-agreement algorithm with constant success probability to an algo-
rithm with the same high-agreement guarantee with success probability 1− 1/poly(log logn)
(Lemmas 6.1 and 6.2).

3. Finally, we convert this average-case guarantee into a worst-case exact algorithm using self-
correction over integers (Lemma 7.2).

The second step can be obtained by a straightforward modification of existing arguments
[HS25b]. Therefore, in what follows, we focus on outlining the proofs of Steps 1 and 3.

2.1 Distance Amplification via Signed Sum Encoding

Our starting point is a reduction based on the expander-walk direct sum encoding [Ta17], as used in
[HS25a] in the literature of error-correction for matrix multiplication over finite fields. LetW ⊆ [n]k

denote the set of all walks of length k − 1 on a constant-degree expander graph G with n vertices.
For a matrix X ∈ Fn×n

p , define the encoding EncW (X) ∈ FW×W
p by

EncW (X)(v1,...,vk),(w1,...,wk) =
k∑

i=1

Xvi,wi , (3)

where (v1, . . . , vk), (w1, . . . , wk) ∈ W and Fp denotes the finite field with p elements. Here, the
k-tuple ((v1, w1), . . . , (vk, wk)) ∈ ([n]2)k is a walk of length k− 1 on the tensor product graph G⊗2,
which is known to be an expander graph if the original graph G is an expander graph.

This encoding admits a near-linear-time approximate list-decoding algorithm (implicitly shown
in [JST21; Jer23]) for every constant prime p. Specifically, given Y ′ ∈ FW×W

p , the algorithm outputs
a set L ⊆ Fn×n

p with |L| = O(1) such that for any codeword Y = EncW (X) satisfying

dist(Y, Y ′) ≤ 1− 1/p− ε,

there exists some X ′ ∈ L such that
dist(X,X ′) ≤ δ,

where ε, δ > 0 are any constants (see Fig. 1).
Moreover, [HS25a] shows that, given an oracle that approximately multiplies random matrices

over Fn×n
p , one can compute a matrix C ′ ∈ FW×W

p satisfying

dist(EncW (AB), C ′) ≤ 1− 1/p− ε+ 2k

d
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for uniformly random A,B ∼ Fn×n
p . Their proof is based on a combinatorial decomposition of W

into vertex-disjoint path subsets and does not rely on algebraic properties of Fp. Thus, essentially
the same reduction applies to uniformly random matrices over {0, 1}n×n. Namely, given an oracle
O satisfying

E
A,B∼{0,1}n×n

[dist(O(A,B), AB)] ≤ 1− ε,

we can compute a matrix C ′ ∈ FW×W
p such that

E
A,B∼{0,1}n×n

[dist(EncW (AB), C ′)] ≤ 1− ε+ 2k

d
.

This yields distance amplification as follows: Choose k, d ∈ N so that 2k/d ≤ ε/10. From an
oracle that outputs a matrix that is (1 − 0.9ε)-close to AB, we compute C ′ as above and run the
approximate list-decoding algorithm on input C ′ to obtain a list L ⊆ Fn×n

p of |L| = O(1) such
that there exists a matrix X ′ ∈ L that is δ-close to AB. We can find such X ′ ∈ L by estimating
dist(X,AB) for every candidate matrix X ∈ L, which can be done repeatedly sampling random
entries i, j ∼ [n] and checking whether Xi,j = (AB)i,j .

However, when attempting to transplant this idea from Fp to integer matrix multiplication, we
encounter two fundamental difficulties.

The first issue is that the running time of approximate list decoding for the encoding over Fp is
double exponential in p, namely exp(exp(poly(p, 1/ε, 1/δ))) [Jer23]. For integer matrix multiplica-
tion, a natural attempt is to use the Chinese Remainder Theorem to reduce the multiplication over
integers to the case of prime fields. However, this approach fails since we require an error-correction
over Fp for p = Ω(logn), which makes the decoding time exponentially large in n.

The second issue is that, when viewed as an error-correcting code over the integers, the encoding
EncW defined in (3) fails to achieve distance amplification. In general, for approximate list decoding
to be possible, an encoding Enc(·) must satisfy

dist(Enc(X),Enc(X ′)) ≥ 1− δ for any X,X ′ with dist(X,X ′) ≥ ε.

The encoding EncW defined in (3) satisfies this property over finite fields even for the optimal
parameter δ ≈ 1/p when k = k(ε, δ, p) is sufficiently large, but over the integers this fails (cf. Re-
mark 5.4): for any k, there exist X,X ′ such that

dist(X,X ′) = 1 but dist(EncW (X),EncW (X ′)) ≈ 1− 1

e
.

One of the main technical contributions of this paper is to overcome these issues by introducing
a signed walk encoding as an error-correcting code over integers. Let W ⊆ [n]k be the set of walks

of length k − 1 on an n-vertex regular expander graph. Define Enc±W : Zn×n → Z({±1}k×W )×W by

Enc±W (X)(b,v),w =
k∑

i=1

biXvi,wi

for b = (b1, . . . , bk) ∈ {±1}k and v = (v1, . . . , vk),w = (w1, . . . , wk) ∈ W . Note that Enc±W maps
an n×n matrix to a 2k|W | × |W | matrix. The key point is that introducing random signs enforces
anti-concentration via the Littlewood–Offord inequality, which implies the distance amplification
property of Enc±W (Lemma 5.3).

In addition, we prove that this encoding satisfies the following two properties.
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• First, using an oracle O for approximate matrix multiplication over integers on binary random
inputs, we can compute in time Õ(n2) a matrix C ′ such that

dist(Enc±W (AB), C ′) ≤ 1− ε.

This process succeeds for an Ω(ε) fraction of A,B ∼ {0, 1}n×n.

• Second, using the same oracle O and given A,B ∈ {0, 1}n×n and C ′ as above, we can construct
in time Õ(n2) a set of matrices L′ ⊆ Zn×n such that |L′| = O(1) and

min
X∈L′

dist(X,AB) ≤ δ. (4)

approximate
list-decoding

Figure 1: The list obtained by the approximate list-decoding algorithm on input C ′ that is (1− ε)-
close to Enc±W (AB) contains a matrix X ′ that is δ-close to the original message AB.

From these properties, we obtain distance amplification as follows. Given C ′ and L′ computed
as above, output a matrix X ′ ∈ L′ with dist(X ′, AB) ≤ δ (see Fig. 1). Such X ′ ∈ L′ can be
found by estimating dist(X,AB) for every candidate matrix X ∈ L′, which can be done repeatedly
sampling random entries i, j ∼ [n] and checking whether Xi,j = (AB)i,j .

The first property (i.e., computing C ′ that is (1 − ε)-close to Enc±W (AB)) can be shown using
the ideas of [HS25a] (see Lemma 5.7 for details).

In contrast, proving the second property requires additional technical ideas, which we explain
in the next subsection.

2.2 Approximate List Decoding for Signed Sum Encoding

The algorithm that computes the list L′ of constant size satisfying (4) proceeds in the following
two steps:
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Step 1. Entry-wise list construction (Lemma 4.1). First, using the oracle O, we construct
a collection of local lists (Li,j)i,j∈[n] with Li,j ⊆ Z and |Li,j | = O(1) such that, for some

X ′ ∈ L := {X ∈ Zn×n : Xi,j ∈ Li,j for all i, j ∈ [n]},

it holds that dist(X ′, AB) ≤ δ.
This is done by using the idea based on XOR Lemma for multi-output functions [HS25b, The-

orem 2.1]. Specifically, let A,B ∈ {0, 1}n×n be the given matrices. Choose a parameter K =
O(log(1/ε)/δ4ε2) ∈ N, sample a random index ℓ ∼ [K] and random matrices At, Bt ∼ {0, 1}n×n for
t ∈ [K] \ {ℓ}. Construct Ā ∈ {0, 1}n×Kn and B̄ ∈ {0, 1}Kn×n by concatenating these matrices as

Ā := [A1 | · · · | AK ], B̄ :=

B1
...
BK

 ,
where we set Aℓ := A and Bℓ := B.

Observe that
ĀB̄ =

∑
t∈[K]\{ℓ}

AtBt +AB.

Thus we can reconstruct AB by computing ĀB̄ and then subtracting
∑

t∈[K]\{ℓ}AtBt. Since

A,B,At, Bt are uniformly random, the matrices Ā and B̄ are uniformly random as well.
Our algorithm samples ℓ and At, Bt as above, uses the oracle O to compute ĀB̄ (in fact, we can

reduce multiplying n×Kn and Kn×n matrices to multiplying Kn×Kn matrices; see Lemma 3.5),
receives AtBt for t ∈ [K] \ {ℓ} as nonuniform advice1, and then reconstructs AB.

By exploiting the correlation property of the pair of instances ((A,B), (Ā, B̄)) (see Lemma 3.9),
we can show that for a (1− δ)-fraction of A,B ∼ {0, 1}n×n and for a (1− δ)-fraction of i, j ∼ [n],
we can conclude that

Pr
ℓ,A1,...,AK ,B1,...,BK

O(Ā, B̄)i,j = (AB)i,j +
∑

t∈[K]\{ℓ}

(AtBt)i,j

 ≥ Ω(ε).

Therefore, we construct the local lists (Li,j) by repeatedly sampling ℓ, (At), (Bt) and recon-
structing AB and adding its (i, j)-th entry to the list Li,j .

Step 2. Approximate list-decoding inside L (Lemma 5.8). Second, we perform an approxi-
mate list-decoding inside L for Enc±W on input C ′ that is (1−ε)-close to Enc±W (AB). Specifically, on
input C ′, the approximate list-decoding algorithm computes a list L′ ⊆ L such that for any X∗ ∈ L
with dist(Enc±W (X∗), C ′) ≤ 1− ε/2, there exists a matrix X ′ ∈ L′ such that dist(X∗, X ′) ≤ δ.

Let δ∗ := min
{

ε
2k , δ

}
and construct the local lists (Li,j) for the error parameter δ∗. By con-

struction, there exists a matrix X∗ ∈ L such that dist(X∗, AB) ≤ δ∗. Then, we can prove
dist(Enc±W (X∗),Enc±W (AB)) ≤ kδ∗ ≤ ε

2 (Lemma 5.3). Since dist(C ′,Enc±W (AB)) ≤ 1 − ε, the
triangle inequality yields that

dist(Enc±W (X∗), C ′) ≤ 1− ε

2
. (5)

1Specifically, At and Bt are hardwired and their product AtBt is given as nonuniform advice.
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Therefore, the list L′ obtained by the approximate list-decoding algorithm contains a matrixX ′ ∈ L′

that is δ-close to X∗. Again, the triangle inequality yields

dist(X ′, AB) ≤ dist(X ′, X∗) + dist(X∗, AB) ≤ δ + δ∗ ≤ 3δ

2
.

Rescaling δ by a factor of 2
3 , we conclude that the list L′ satisfies the desired property (4).

Now we describe the approximate list-decoding algorithm. To this end, we formulate the de-
coding problem as finding an assignment X that maximizes agreement between Enc±W (X) and C ′.
Specifically, consider a MAX k-CSP instance φ whose variables are (Xi,j)i,j∈[n] for Xi,j ∈ Li,j for all

i, j ∈ [n] and constraints are defined as follows. We associate each row index (b,v) ∈ {±1}k ×W
and column index w ∈W of C ′ ∈ Z({±1}k×W )×W with an equality constraint

Enc±W (X)(b,v),w = C ′
(b,v),w.

Since the left hand side depends on k entries of X, this constitutes a k-CSP instance having n2

variables over alphabet of size ℓ := maxi,j |Li,j | = O(1) and 2k|W |2 = O(n2) constraints.
Let OPT denote the maximum fraction of constraints that can be satisfied by any assignment,

i.e.,
OPT = max

X∈L

{
agree(Enc±W (X), C ′)

}
.

For a parameter γ > 0, an assignment X ∈ L is called γ-optimal if agree(Enc±W (X), C ′) = OPT−γ.
The key observation is that the fraction of constraints that are satisfied by an assignment X ∈ L

equals agree(Enc±W (X), C ′). Therefore, by (5), we have

OPT ≥ agree(Enc±W (X∗), C ′) = 1− dist(Enc±W (X∗), C ′) ≥ ε

2
.

On the other hand, using the expansion property of W , we can apply the approximation al-
gorithm for MAX k-CSP whose constraints are supported on expander walks [Jer23] to find a
near-optimal solution to φ in time Õ(n2). Specifically, Jeronimo’s algorithm [Jer23, Theorem 1.6]
is given a parameter γ > 0 and runs in time Õ(n2) and outputs a γ-optimal solution to φ (see
Lemma 3.4).

Although Jeronimo’s algorithm outputs only one nearly optimal solution, combining it with the
peering argument inspired by [NRW23] and the distance amplification property of Enc±W , we can
construct a list L′ ⊆ L satisfying (4). Specifically, using Jeronimo’s algorithm as a subroutine, we
construct the desired list L′ ⊆ L as follows:

1. Initialize L′ = ∅.

2. Run Jeronimo’s algorithm with parameter γ = ε/3 to find a γ-optimal solution X ∈ L to φ.

3. Let S denote the set of constraints that are satisfied by X. If |S| ≤ (ε/3) · 2k|W |2, output L′

and terminate. Otherwise, append X to L′ and remove constraints in S from φ to obtain a
new instance φ′ of MAX k-CSP.

4. Update φ← φ′ and back to Step 2.

Thanks to the distance amplification property of Enc±W (Lemma 5.3), the output L′ of this algorithm
satisfies the desired property (4). See Section 5.3 for details.

In fact, the triple-exponential dependence on ε in (2) is inherited from the MAX k-CSP ap-
proximation routine in Lemma 3.4, which is the main bottleneck in our reduction; thus, improving
the hidden constant factors in this algorithm yields a reduction with a better dependence on ε.
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2.3 Self-Correction over Boolean Cubes

Next, we explain how to use an oracle O0 satisfying

E
A,B∼{0,1}n×n

[agree(O0(A,B), AB)] ≥ 1− ε0

for ε0 =
1

(log logn)3
to compute all entries of AB for any input A,B ∈ {0, 1}n×n.

At a high level, our reduction follows the framework of [BBB21], which combines the Chinese
Remainder Theorem, a binary decomposition of Zq, and random self-reduction to obtain a worst-
case-to-average-case reduction for subgraph counting problems. We apply this framework to integer
matrix multiplication over Boolean cubes.

Step 1: From binary inputs to Zq inputs via unbiased bits (Lemma 7.5). We first convert
the oracle O0 above into an oracle O1 that approximately multiplies random matrices uniformly
drawn from Zn×n

q for small integers q. Using a standard symmetrization argument [GSS24; HS25b],
we may assume that O0 satisfies the following entry-wise agreement guarantee: for every fixed
(i, j) ∈ [n]2,

Pr
A,B∼{0,1}n×n

[O0(A,B)i,j = (AB)i,j ] ≥ 1− ε0.

We construct an oracle O1 that, given X,Y ∼ Zn×n
q , satisfies that for every fixed (i, j) ∈ [n]2,

Pr[O1(X,Y )i,j = (XY mod q)i,j ] ≥ 1− ε1,

where ε1 = O((log q)2ε0).
This reduction is based on a unbiased binary expansion of elements in Zq. Let t = ⌈log2 q⌉+ 1

and Tq := {0, . . . , q − 1} ∪ {2t − q, . . . , 2t − 1} (note that this is a disjoint union of two intervals by
the choice of t). For each a ∈ Zq, define

Tq,a := {y ∈ Tq : y ≡ a (mod q)}.

Then Tq,a is a set of size two. Given a ∼ Zq, we sample â ∼ Tq,a and write

â =
t−1∑
s=0

2sâ(s), â(s) ∈ {0, 1}.

Then, it holds that each bit â(s) is uniformly distributed over {0, 1}.
This allows us to represent a uniformly random matrix X ∈ Zn×n

q as

X ≡
t−1∑
a=0

2aX(a) (mod q),

where each X(a) ∈ {0, 1}n×n is uniformly random, and similarly for Y . Using bilinearity, we obtain

XY ≡
∑
a,b

2a+bX(a)Y (b) (mod q).

Thus, by querying O0 on each pair (X(a), Y (b)) and combining the results, we obtain O1 (see
Lemma 7.5).
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Step 2: Self-correction over Zq (Lemma 7.6). The oracle O1 computes (XY )i,j mod q cor-
rectly with high probability for uniformly random inputs for every fixed (i, j) ∈ [n]2.

Using the standard self-correction technique [BLR93] for bilinear functions (see Lemma 7.6),
we convert O1 into an oracle O2 that works for arbitrary inputs.

Specifically, assuming that for every fixed (i, j),

Pr
X,Y∼Zn×n

q

[O1(X,Y )i,j = (XY )i,j mod q] ≥ 15

16
,

we obtain an oracle O2 such that for every fixed A,B ∈ Zn×n
q and (i, j) ∈ [n]2,

Pr[O2(A,B)i,j = (AB)i,j mod q] ≥ 1− δ,

for any desired δ > 0, using O(log(1/δ)) oracle calls.

Step 3: Error reduction and Chinese Remainder Theorem (Lemma 7.2). Finally, we
combine the above reductions over a set Sn of primes such that

∏
p∈Sn

p > n.
For each p ∈ Sn, we apply the previous steps to obtain an oracle that computes (AB)i,j mod p

correctly with high probability for all inputs. By repeating the procedure O(log n) times and taking
entry-wise majority, we can compute (AB)i,j mod p for all i, j ∈ [n] and all p ∈ Sn.

Since each entry (AB)i,j lies in [0, n] and
∏

p∈Sn
p > n, the Chinese Remainder Theorem implies

that the exact value of (AB)i,j is uniquely determined by its residues modulo p ∈ Sn.
This yields a randomized algorithm that computes AB exactly for every input with high prob-

ability.

2.4 Organization

This paper is organized as follows. In Section 3, we collect several auxiliary notions and tools used
throughout the reduction. In Section 4, we show how to recover, for a typical input (A,B), a small
candidate list for each entry (AB)i,j using the multi-output XOR lemma. In Section 5, we convert
these local lists into a globally consistent matrix that agrees with AB on a 1− δ fraction of entries.
In Section 6, we amplify the success probability of the high-agreement procedure. In Section 7, we
apply self-correction and the Chinese Remainder Theorem to obtain an exact worst-case algorithm.
Finally, in Section 8, we combine the reductions to prove the main theorem Theorem 1.1.

AI Disclosure. The overall proof strategy of this paper, including the idea of signed sum encoding
over expander walks, are due to the authors but some parts are based on an idea suggested by AI.
Specifically, GPT-5.4 suggested ideas for the proof of local list decoding (Lemma 5.8) and improved
self-correction over Boolean cubes (Lemma 7.6). The authors independently verified, developed, and
simplified the argument presented here and take full responsibility for its correctness, exposition,
and attribution.

3 Preliminaries

For n ∈ N, we use [n] = {1, . . . , n} throughout this paper. For a finite set S, we write i ∼ S to
denote that i is chosen uniformly at random from S.
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For two vectors x, y ∈ Zn, let dist(x, y) = Pri∼[n][xi ̸= yi] be the normalized Hamming distance
between x and y, and let agree(x, y) = 1−dist(x, y). We extend this notion to matrices in a natural
way by defining dist(A,B) = Pri,j∼[n][Ai,j ̸= Bi,j ] and agree(A,B) = 1− dist(A,B).

3.1 Graphs

A graph G = ([n], E) is d-regular if every vertex has degree exactly d. Let 1 = λ1 ≥ λ2 ≥ · · · ≥
λn ≥ −1 be the eigenvalues of the normalized adjacency matrix (i.e., the transition matrix of the
simple random walk) of G. We say that G is λ-expander if max{|λ2|, |λn|} ≤ λ.

For a graph G = ([n], E) and k ∈ N, a k-walk on G is a k-tuple (v1, . . . , vk) ∈ [n]k such that
(vi, vi+1) ∈ E for all i ∈ [k − 1]. Let W ⊆ [n]k be the set of all k-walks on G. The girth of a graph
G is the length of the shortest cycle length at least 3 in G, i.e., the smallest ℓ ∈ N such that there
exists an ℓ-walk (v1, . . . , vℓ) such that v1 = vℓ and v1, . . . , vℓ−1 are all distinct.

In this section, we will use random regular graphs as our building block due to the following
properties:

Lemma 3.1. For n, d ∈ N such that nd is even, let Gn,d be a random d-regular graph, a graph
chosen uniformly at random from the set of all vertex-labeled simple d-regular n-vertex graphs.
Then, for every fixed d ≥ 3, the following holds:

• If d is even, then there exists an O(n)-time randomized algorithm that, on input 1n, samples
Gn,d with probability 2/3 for all large n [Wor99]. 2

• There exists a constant c > 0 that depends only on d such that Gn,d is

(
2
√
d−1
d + c

(
log logn
logn

)2
)
-

expander with probability 1− n−10 [Fri03; Bor15].

• For any constant g ∈ N, with probability exp
(
−
∑g

r=3
(d−1)r

2r + o(1)
)
as n → ∞, the random

graph Gn,d has girth greater than g [MWW04].

Remark 3.2. The above properties can alternatively be achieved using explicit Ramanujan graphs,
such as the Lubotzky–Phillips–Sarnak construction [LPS88]. However, such graphs are known to
exist only for infinitely many values of n, rather than for all sufficiently large n.

Since our reduction needs to handle matrices of arbitrary dimension n, this restriction is in-
convenient. In principle, one could still use such explicit graphs by adjusting the dimension (e.g.,
via padding), but for simplicity we work with random regular graphs, which exist for all sufficiently
large n.

The tensor product of two graphs G1 = ([n1], E1) and G2 = ([n2], E2) is the graph G1 ⊗G2 =
([n1] × [n2], E) where the vertices are the pairs (i, j) for i ∈ [n1] and j ∈ [n2], and the edges are
the pairs {(i, j), (i′, j′)} for (i, j), (i′, j′) ∈ [n1]× [n2] such that (i, i′) ∈ E1 and (j, j′) ∈ E2. In this
paper, we will always consider G1 = G2 = G and write G⊗2 as G ⊗ G. It is known that if G is a
d-regular λ-expander, then G⊗G is a d2-regular λ-expander.3

2If the degree d is odd, then we can sample Gn,d for every large even n.
3This follows from the well-known fact that the eigenvalues of a Kronecker product A⊗B are all pairwise products

of the eigenvalues of the factors A and B (cf. [HJ91, Theorem 4.2.12]).
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3.2 Valued CSP over Expanding Structures

We borrow the framework of k-CSP over expanding structure from [JST21; Jer23] and extend it to
Valued CSP (VCSP) by allowing constraint predicates to take values in [0, 1].

Definition 3.3 (MAX k-VCSP(Σ)). Let Σ be an alphabet and k be a positive integer. An instance
of MAX k-VCSP(Σ) is given by φ = (m,W, (Pw)w∈W ), where W ⊆ [m]k is a collection of k-tuples
called a supporting set and each

Pw : Σk → [0, 1]

is a valued constraint. When Σ is clear from the context, we simply write MAX k-VCSP instead
of MAX k-VCSP(Σ).

The special case where all Pw are {0, 1}-valued constraints is called MAX k-CSP.
For an assignment a ∈ Σm, define

val(a, φ) = E
w=(w1,...,wk)∈W

[Pw(aw1 , . . . , awk
)]

and let val(φ) = maxa∈Σm val(a, φ).

If every Pw is a {0, 1}-valued constraint, then MAX k-VCSP coincides with the MAX k-CSP.
Jeronimo [Jer23], utilizing a strong framework of efficient splittable regularity from [JST21], showed
that for any γ > 0, we can compute in time Õ(|W |) an additive γ-approximation of any MAX k-
CSP instance over a finite alphabet if W ⊆ [n]k is the set of walks of length k − 1 on a regular
λ-expander graph and λ is a sufficiently small constant.4 A slight modification of his proof yields
the following result for MAX k-VCSP.

Lemma 3.4 ([Jer23, Theorem 6] for VCSP, specialized to expander walks). Let k, γ, ℓ be constants.
There exist an absolute constant λ0 > 0 and a randomized algorithm that satisfy the following:

Given an instance φ = (m,W, (Pw)w∈W ) of MAX k-VCSP(Σ) with |Σ| = ℓ such that the
supporting set W is the set of k-walks on a regular λ0-expander graph G = ([m], E), the algorithm
runs in time Õ(m+ |W |) and outputs an assignment a ∈ Σm such that

val(a, φ) ≥ val(φ)− γ.

The hidden constant in the time complexity of the algorithm of Lemma 3.4 is at least triple
exponential in kℓ/γ, i.e.,

exp(exp(exp(poly(kℓ/γ)))).

In our case, the constants k, γ, ℓ are chosen depending on the agreement ε of the approximate
matrix multiplication algorithm.

The proof of Lemma 3.4 follows essentially the same argument as Jeronimo [Jer23, Theorem 6]
for MAX k-CSP. We present the proof outline and the necessary modifications in Section B.

4Indeed, Jeronimo [Jer23] proved the same result if W ⊆ [m]k satisfies an expansion property called λ-splittable.
But the special case of expander walks is sufficient for our purpose.
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3.3 Dimension Adjustment

In the following, we will frequently modify the dimensions of the matrices involved in the computa-
tion. The next lemmas justify that such dimension changes do not essentially affect the achievable
agreement of the oracle algorithm.

The first lemma shows that an oracle for N ×N matrix multiplication can be used to compute
n×N by N ×m products with the same agreement.

Lemma 3.5 ([HS25b, Lemma 4.24]). There exists a one-query oracle algorithm MO with the fol-
lowing property: For every randomized oracle O satisfying

E
Ā,B̄∼{0,1}N×N

O

[
agree(O(Ā, B̄), Ā · B̄)

]
≥ α,

for every n,m ≤ N , it holds that

E
A∼{0,1}n×N

B∼{0,1}N×m

MO

[
agree(MO(A,B), A ·B)

]
≥ α.

Moreover, MO runs in time O(N2).

Proof sketch. Given A ∈ {0, 1}n×N and B ∈ {0, 1}N×m, choose independent uniform permutations
σ and τ over [n] and [m], respectively. Construct Ā, B̄ ∈ {0, 1}N×N by embedding the rows of A
into rows σ(1), . . . , σ(n) of Ā and filling the remaining rows uniformly at random, and embedding
the columns of B into columns τ(1), . . . , τ(m) of B̄ and filling the remaining columns uniformly at
random. Then Ā, B̄ are uniform random matrices in {0, 1}N×N .

Query the oracle on (Ā, B̄), and let C be its output. Define MO(A,B) by

(MO(A,B))i,j := Cσ(i),τ(j) (i ∈ [n], j ∈ [m]).

Since
(Ā · B̄)σ(i),τ(j) = (AB)i,j ,

the entry (i, j) of MO(A,B) is correct exactly when the entry (σ(i), τ(j)) of C agrees with ĀB̄.
Averaging over the random permutations σ, τ , each extracted position is uniformly distributed
over [n] × [m]. Therefore the expected agreement of MO(A,B) with AB is exactly the expected
agreement of O(Ā, B̄) with ĀB̄, which is at least α. The running time outside the oracle call is
O(N2).

The second lemma shows that an oracle that approximately multiplies n×N and N×n matrices
can be used to approximately multiply n× n matrices for any N ≥ n using nonuniform advice.

Lemma 3.6. There exists an O(nN)-time one-query nonuniform oracle algorithm MO such that
for every randomized oracle O such that

E
Ā∼{0,1}n×N

B̄∼{0,1}N×n

O

[
agree(O(Ā, B̄), ĀB̄)

]
≥ α,
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where N ≥ n, it holds that

E
A∼{0,1}n×n

B∼{0,1}n×n

MO

[
agree(MO(A,B), A ·B)

]
≥ α.

Proof. We write N = n + t where t ≥ 0. For A ∈ {0, 1}n×n and B ∈ {0, 1}n×n, and for auxiliary
matrices X ∈ {0, 1}n×t and Y ∈ {0, 1}t×n, define

Ā := (A | X) ∈ {0, 1}n×N , B̄ :=

(
B

Y

)
∈ {0, 1}N×n.

Then
ĀB̄ = AB +XY.

Now let A,B ∼ {0, 1}n×n, X ∼ {0, 1}n×t and Y ∼ {0, 1}t×n be chosen independently and
uniformly at random. Then, the matrices Ā = (A | X) and B̄ =

(
B
Y

)
are uniformly distributed over

{0, 1}n×N and {0, 1}N×n, respectively. Therefore, by the assumption on O,

E
A,B,X,Y

O

[
agree

(
O
(
(A | X),

(
B

Y

))
, AB +XY

)]
≥ α.

Averaging over X and Y , there exist fixed matrices X⋆ ∈ {0, 1}n×t and Y ⋆ ∈ {0, 1}t×n such that

E
A,B
O

[
agree

(
O
(
(A | X⋆),

(
B

Y ⋆

))
, AB +X⋆Y ⋆

)]
≥ α.

We hardwire X⋆, Y ⋆, and their product P ⋆ := X⋆Y ⋆ ∈ Zn×n as nonuniform advice.
Define the one-query nonuniform oracle algorithm MO as follows. On input A,B ∈ {0, 1}n×n,

construct

Ā := (A | X⋆) ∈ {0, 1}n×N , B̄ :=

(
B

Y ⋆

)
∈ {0, 1}N×n,

query the oracle on (Ā, B̄), obtaining C := O(Ā, B̄), and output MO(A,B) := C − P ⋆.
Since ĀB̄ = AB + P ⋆, we have for every entry (i, j) ∈ [n]× [n],

(MO(A,B))i,j = (AB)i,j ⇐⇒ Ci,j = (ĀB̄)i,j .

Hence
agree(MO(A,B), AB) = agree

(
O(Ā, B̄), ĀB̄

)
.

Taking expectation over uniform A,B and the randomness of O, we obtain

E
A∼{0,1}n×n

B∼{0,1}n×n

MO

[
agree(MO(A,B), AB)

]
≥ α.

It remains to bound the running time. Constructing Ā, B̄ takes O(nN) time, and subtracting
the hardwired matrix P ⋆ from the oracle output takes O(n2) time. Since N ≥ n, this is O(nN) time
overall outside the oracle call. ThusMO is an O(nN)-time one-query nonuniform oracle algorithm,
as claimed.
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Note that Lemma 3.5 shows a uniform reduction, whereas Lemma 3.6 shows a nonuniform
reduction. The nonuniform advice in this reduction can be computed in time O(n2N).

The third lemma shows that, as long as |∆| is sufficiently small compared to n, we can change
the matrix dimension from n to n+∆ with only negligible overhead and essentially no loss in the
agreement guarantee.

Lemma 3.7. For any parameter ∆ ∈ Z such that |∆| ≤ polylog(n), there exists a one-query
Õ(n2)-time randomized oracle algorithm MO such that, for any randomized oracle O satisfying

Pr
A,B∼{0,1}n×n

O

[agree(O(A,B), AB) ≥ α] ≥ β,

the algorithm MO satisfies

Pr
A′,B′∼{0,1}(n+∆)×(n+∆)

MO

[
agree(MO(A′, B′), A′B′) ≥ α−O

(
|∆|
n

)]
≥ β.

Moreover, if ∆ ≥ 0, then the following stronger bound holds:

Pr
A′,B′∼{0,1}(n+∆)×(n+∆)

MO

[
agree(MO(A′, B′), A′B′) ≥ α

]
≥ β.

Proof. We consider the cases ∆ ≥ 0 and ∆ < 0 separately. Let p = |∆| and n′ = n+∆.
First suppose ∆ ≥ 0, so that n′ = n+ p. Write the given matrices A′, B′ ∈ {0, 1}n′×n′

as block
matrices

A′ =

(
A X
Y Z

)
, B′ =

(
B U
V W

)
,

where A,B ∈ {0, 1}n×n and the other blocks have compatible sizes. Then

A′B′ =

(
AB +XV AU +XW
YB + ZV Y U + ZW

)
.

Define

MO(A′, B′) :=

(
O(A,B) +XV AU +XW
YB + ZV Y U + ZW

)
.

Since p = |∆|, all correction terms involving the smaller blocks can be computed exactly in time
O(n2|∆|). Now MO(A′, B′) and A′B′ agree on every entry outside the top-left n×n block, and on
that block they agree exactly where O(A,B) agrees with AB. Therefore, whenever

agree(O(A,B), AB) ≥ α,

we also have
agree

(
MO(A′, B′), A′B′) ≥ α.

Finally, if A′, B′ are uniform in {0, 1}n′×n′
, then their top-left blocks A,B are independent uniform

in {0, 1}n×n. Hence

Pr
A′,B′

[
agree(MO(A′, B′), A′B′) ≥ α

]
≥ Pr

A,B

[
agree(O(A,B), AB) ≥ α

]
≥ β.
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Next suppose ∆ < 0, so that n′ = n− p. Given A′, B′ ∈ {0, 1}n′×n′
, construct matrices

A =

(
A′ X
Y Z

)
, B =

(
B′ U
V W

)
,

where the blocks X,Y, Z, U, V,W are binary matrices chosen independently and uniformly at ran-
dom. Then A,B are uniform in {0, 1}n×n. Compute C = O(A,B) and let C ′ be its top-left n′×n′
block. Since

AB =

(
A′B′ +XV ∗

∗ ∗

)
,

define MO(A′, B′) := C ′−XV . If O(A,B) agrees with AB on at least αn2 entries, then even if all
disagreements inside the top-left block are concentrated there as much as possible, the number of
agreements within that block is at least αn2 − (n2 − n′2). Therefore

agree(MO(A′, B′), A′B′) ≥ αn2 − (n2 − n′2)
n′2

= α−O
(
|∆|
n

)
,

where we used that p = |∆| and n′ = n− p = n− |∆|. Thus

Pr
[
agree(MO(A′, B′), A′B′) ≥ α−O(|∆|/n)

]
≥ Pr

[
agree(O(A,B), AB) ≥ α

]
≥ β.

This completes the proof.

3.4 Other Auxiliary Results

We present a randomized procedure for testing whether a given matrix C is close to the product
AB.

Lemma 3.8 ([HS25a, Lemma 9]). There exists an O(n2 + n logn/β2)-time randomized algorithm
M that, on input A ∈ Zn×m, B ∈ Zm×n, C ∈ Zn×n and parameters α, β > 0, satisfies the following:

1. If agree(AB,C) ≥ α+ β, then M accepts with probability 1− 1/n3.

2. If agree(AB,C) ≤ α, then M rejects with probability 1− 1/n3.

Proof sketch. The algorithm repeatedly samples random entries of the product and checks whether
they match the corresponding entries of C. Specifically, for t = O(log n/β2) iterations, it samples
independent uniform indices i, j ∼ [n] and computes the entry (AB)i,j in time O(n). It then checks
whether (AB)i,j = Ci,j .

Let Xi,j be the indicator that (AB)i,j ̸= Ci,j . Then E[Xi,j ] = dist(AB,C). The algorithm
estimates this quantity by the empirical average of the sampled indicators and compares it with a
suitable threshold between α and α+ β.

By a standard Chernoff bound, using t = O(logn/β2) samples ensures that the estimate deviates
from dist(AB,C) by at most β/2 with probability at least 1 − 1/n3. Therefore the algorithm
correctly distinguishes the two cases with probability at least 1− 1/n3.

Lemma 3.9 (Direct product lemma; [IJK09; HS23; HS24]). Let X be a set. For all sufficiently
small δ∗, ε∗ > 0, for every K ≥ O(log(1/ε∗))/(δ∗ε∗)2, for every function S : XK → [0, 1], it holds
that

Pr
x∼X

[∣∣∣∣ E
y′∼Γ(x)

[
S(y′)

]
− E

y∼XK
[S(y)]

∣∣∣∣ ≤ ε∗] ≥ 1− δ∗.
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Here, Γ(x) is the distribution over y′ ∈ XK defined by the following sampling procedure: Sample
y ∼ XK , k ∼ [K], replace the k-th element of y with x to obtain y′, and output y′.

4 Entry-wise List Recovery

Using the techniques developed by Hirahara and Shimizu [HS25b], we prove the following.

Lemma 4.1. For all sufficiently small δ, ε > 0 and every randomized oracle O satisfying

E
Ā∼{0,1}n×Kn

B̄∼{0,1}Kn×n

O

[
agree(O(Ā, B̄), ĀB̄)

]
≥ ε,

there exist
K = K(δ, ε) = O

(
log(1/ε)/δ4ε2

)
and an O(Kn2)-time randomized nonuniform oracle algorithmMO that, on input A,B ∈ {0, 1}n×n,
makes O(log(1/δ)/ε) oracle calls to O and, with probability at least 1 − δ over uniform A,B ∼
{0, 1}n×n and the internal randomness of MO, outputs a collection of lists (Li,j)i,j∈[n] such that
|Li,j | = O(log(1/δ)/ε) for all (i, j) ∈ [n]2 and

Pr
i,j∼[n]

[(AB)i,j ∈ Li,j ] ≥ 1− δ.

Moreover, if ε > 1/2 is a fixed constant, then the same algorithm additionally satisfies the
following: with probability at least 1−δ over uniform A,B ∼ {0, 1}n×n and the internal randomness
of MO, for at least a (1 − δ)-fraction of pairs (i, j) ∈ [n]2, the value that appears most frequently
in Li,j is exactly (AB)i,j.

Proof. Using the reduction of Lemma 7.3 in place of O, we may assume without loss of generality
that

Pr
Ā∼{0,1}n×Kn

B̄∼{0,1}Kn×n

O

[
O(Ā, B̄)i,j = (ĀB̄)i,j

]
≥ ε

for every (i, j) ∈ [n]2.
Define X := {0, 1}n×n × {0, 1}n×n. For y = ((A1, B1), . . . , (AK , BK)) ∈ XK , define

Ā(y) := [A1 | · · · | AK ] ∈ {0, 1}n×Kn, B̄(y) :=

B1
...
BK

 ∈ {0, 1}Kn×n,

and
F (y) := Ā(y) · B̄(y) =

∑
t∈[K]

AtBt ∈ Zn×n.

For x = (A,B) ∈ X , we define the distribution Γ(x) as follows. Consider a random seed r that
consists of a uniformly random index κ(r) ∼ [K] and pairs of uniformly random binary matrices

(A
(r)
t , B

(r)
t ) ∼ X
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for all t ∈ [K] \ {κ(r)}. Given x = (A,B) ∈ X , let Γr(x) ∈ XK be the K-tuple obtained by placing

x in the κ(r)-th coordinate and (A
(r)
t , B

(r)
t ) in the t-th coordinate for every t ∈ [K] \ {κ(r)}. Let

Γ(x) be the distribution of Γr(x) over a random seed r. Define the matrix

α(r) :=
∑

t∈[K]\{κ(r)}

A
(r)
t B

(r)
t

Then, for every x = (A,B),
F (Γr(x)) = AB + α(r). (6)

Note that α(r) does not depend on the input x.
This motivates us to define the following randomized algorithmMO

∗ that takes the advice string
α that depends on its internal randomness. The algorithm takes (A,B) ∈ X as input and repeats
the following for T = O(log(1/δ)/ε) times: For each t ∈ [T ], sample a random seed rt, compute
y := Γrt(A,B) and C := O(y) − α(rt), and add Ci,j to the list Li,j for every (i, j) ∈ [n]2. This
completes the description of MO

∗ . (The final algorithm MO will be obtained by fixing the internal
randomness of MO

∗ and the advice string.)
We now analyze the randomized algorithmMO

∗ . Fix an arbitrary (i, j) ∈ [n]2. For each y ∈ XK ,
define

Si,j(y) := Pr
O

[
O(Ā(y), B̄(y))i,j = F (y)i,j

]
.

By assumption, we have
E

y∼XK
[Si,j(y)] ≥ ε.

Applying Lemma 3.9 to the function Si,j : XK → [0, 1], ε∗ := ε/2 and δ∗ := δ2/4, we obtain

Pr
x∼X

[∣∣∣∣ E
y′∼Γ(x)

[Si,j(y
′)]− E

y∼XK
[Si,j(y)]

∣∣∣∣ ≤ ε∗] ≥ 1− δ∗.

Since Ey∼XK [Si,j(y)] ≥ ε, for at least a (1− δ∗)-fraction of inputs x ∈ X we have

E
y′∼Γ(x)

[Si,j(y
′)] ≥ ε∗.

We call such an input x (i, j)-good and define Gi,j to be the set of (i, j)-good inputs. Taking the
average over (i, j) ∼ [n]2 and using Markov’s inequality, with probability 1−

√
δ∗ over x ∼ X , we

have
Pr

(i,j)∼[n]2
[x ̸∈ Gi,j ] ≤

√
δ∗ ≤ δ/2.

We call such an input x good.
Fix (i, j) ∈ [n]2, take any input x = (A,B) ∈ Gi,j , and consider the t-th iteration of MO

∗ that
uses a random seed rt. Observe that if O(y)i,j = (ĀB̄)i,j , then

Ci,j = O(y)i,j − α(rt)i,j = F (y)i,j − α(rt)i,j = (AB)i,j ,

where the first equality is by the definition of C in the algorithm of MO
∗ , and the second equality

is by the assumption and the definition of F , and the last equality is from Equation (6). Thus, we
have

Pr
MO

∗
[Ci,j = (AB)i,j ] ≥ Pr

y∼Γ(x)
O

[
O(y)i,j = (ĀB̄)i,j

]
≥ ε∗,
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where the last inequality holds by the definition of good inputs x. Choose the hidden constant in
T = O(log(1/δ)/ε) large enough so that

(1− ε∗)T ≤ exp(−εT/2) ≤ δ2/4.

Then, for every (i, j) ∈ [n]2 and every (i, j)-good input x = (A,B) ∈ Gi,j ,

Pr
MO

∗
[(AB)i,j /∈ Li,j ] ≤ δ2/4.

Now fix any good input x = (A,B). Define the random variable

Zx := Pr
(i,j)∼[n]2

[x ∈ Gi,j and (AB)i,j /∈ Li,j ].

By linearity of expectation and the bound above,

E
MO

∗
[Zx] ≤ δ2/4.

Hence, by Markov’s inequality,

Pr
MO

∗
[Zx > δ/2] ≤ δ2/4

δ/2
= δ/2.

Since x is good, we also have
Pr

(i,j)∼[n]2
[x /∈ Gi,j ] ≤ δ/2.

Therefore, for every good input x = (A,B), with probability at least 1− δ/2 over the randomness
of MO

∗ , we have
Pr

(i,j)∼[n]2
[(AB)i,j ∈ Li,j ] ≥ 1− δ.

Since x is good with probability at least 1− δ/2 over uniform x ∼ X , we conclude that

Pr
x∼X
MO

∗

[
Pr

(i,j)∼[n]2
[(AB)i,j ∈ Li,j ] ≥ 1− δ

]
≥ 1− δ.

This proves the existence of a reduction MO
∗ that takes an advice string α that depends on internal

randomness with the stated guarantee.
We now fix the seeds r̄ = (r1, . . . , rT ) to obtain a nonuniform reduction MO. Let Fail(r̄) denote

the probability, over uniform x = (A,B) ∼ X and the randomness of O, that the lists produced
using r̄ fail to satisfy

Pr
(i,j)∼[n]2

[(AB)i,j ∈ Li,j ] ≥ 1− δ.

The proof above shows Er̄[Fail(r̄)] ≤ δ, and hence there exists a fixed seed sequence r̄⋆ = (r⋆1, . . . , r
⋆
T )

for which Fail(r̄⋆) ≤ δ. We hardwire this sequence and the corresponding advice strings α(r⋆1), . . . , α(r
⋆
T ).

into the non-uniform advice of the reduction MO. This yields the randomized nonuniform oracle
algorithm MO stated in Lemma 4.1.

For the moreover part, assume that ε > 1/2 is a fixed constant, and set

η :=
ε− 1/2

2
> 0.
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Fix (i, j) ∈ [n]2 and apply Lemma 3.9 with δ∗ := δ2/4 and ε∗ := η. Then, for at least a (1 − δ∗)-
fraction of inputs x ∈ X , we have

E
y′∼Γ(x)

[Si,j(y
′)] ≥ E

y∼XK
[Si,j(y)]− ε∗ ≥ ε− η =

1

2
+ η.

We call such an input x majority-(i, j)-good, and define Gmaj
i,j to be the set of majority-(i, j)-good

inputs. Averaging over (i, j) ∼ [n]2 and applying Markov’s inequality exactly as above, with
probability at least 1−

√
δ∗ = 1− δ/2 over x ∼ X , we have

Pr
(i,j)∼[n]2

[
x /∈ Gmaj

i,j

]
≤
√
δ∗ = δ/2.

Fix such an input x = (A,B), and choose the hidden constant in T = O(log(1/δ)) large enough
so that the Hoeffding bound below is at most δ2/4. For every (i, j) with x ∈ Gmaj

i,j , each iteration
produces the correct value (AB)i,j with probability at least 1/2 + η independently. Hence, by
Hoeffding’s inequality, the probability that the majority value in Li,j is different from (AB)i,j is at
most δ2/4. Define the random variable

Zmaj
x := Pr

(i,j)∼[n]2

[
x ∈ Gmaj

i,j and the majority value in Li,j is not (AB)i,j

]
.

Then
E

MO
∗
[Zmaj

x ] ≤ δ2/4.

By Markov’s inequality,
Pr
MO

∗

[
Zmaj
x > δ/2

]
≤ δ/2.

Therefore, for every such input x = (A,B), with probability at least 1−δ/2 over the randomness of
MO

∗ , the majority value in Li,j is equal to (AB)i,j for at least a (1−δ)-fraction of pairs (i, j) ∈ [n]2.
Since such an input x occurs with probability at least 1 − δ/2 over uniform x ∼ X , we conclude
that

Pr
x∼X
MO

∗

[
Pr

(i,j)∼[n]2
[the majority value in Li,j is (AB)i,j ] ≥ 1− δ

]
≥ 1− δ.

Finally, in the regime ε > 1/2, let MajFail(r̄) denote the probability, over uniform x = (A,B) ∼ X
and the randomness of O, that the lists produced using r̄ fail to satisfy

Pr
(i,j)∼[n]2

[the majority value in Li,j is (AB)i,j ] ≥ 1− δ.

The argument above shows that
Ē
r
[MajFail(r̄)] ≤ δ.

Hence there exists a fixed seed sequence for which MajFail(r̄) ≤ δ. Hardwiring this seed sequence
and the corresponding advice strings yields a non-uniform algorithm satisfying the stronger majority
guarantee; since that stronger guarantee implies the first part, the same fixed algorithm satisfies
both claims.
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5 Distance Amplification

The goal of this section is to convert the local information obtained in the previous section
(Lemma 4.1) into a globally consistent matrix.

Specifically, given a collection of small lists (Li,j)i,j∈[n] such that (AB)i,j ∈ Li,j for most entries,
we show how to efficiently find a single matrix X that agrees with AB on a 1−δ fraction of entries.

Lemma 5.1. For any constants ε, δ > 0, there exist a constant k′ = k′(ε, δ) ∈ N and an Õ(n2)-time
randomized nonuniform oracle algorithm MO such that, for any randomized oracle O satisfying

E
Ā,B̄∼{0,1}k′n×k′n

O

[
agree(O(Ā, B̄), ĀB̄)

]
≥ ε,

the algorithm MO is given A,B ∼ {0, 1}n×n as input and satisfies

Pr
A,B∼{0,1}n×n

MO

[
agree(MO(A,B), AB) ≥ 1− δ

]
≥ 2ε

5
.

Moreover, MO makes at most O(1) oracle calls to O.

The main difficulty is that naively searching over all possible choices from the lists is computa-
tionally infeasible. To overcome this, we use a signed sum encoding over expander walks to amplify
distances and reduce the problem to an approximate optimization problem over a structured con-
straint system.

5.1 Signed Sum Encoding over Expander Walks

The key building block is the signed W -sum encoding defined as follows.

Definition 5.2 (Signed W -sum encoding). Let W ⊆ [n]k be a set of k-tuples of [n] and W± =
{±1}k ×W . The signed W -sum encoding of a vector x ∈ Zn is the vector Enc±W (x) ∈ ZW±

such
that, for w± = (b,w) ∈W± with b = (b1, . . . , bk) ∈ {±1}k and w = (w1, . . . , wk) ∈W , the w±-th
entry of Enc±W (x) is given by

Enc±W (x)w± = b1xw1 + b2xw2 + · · ·+ bkxwk
,

where the addition is performed over Z.

Note that the signed W -sum encoding is a modification of the W -sum encoding [Ta17; HS25a]
that maps a vector x ∈ Zn to EncW (x) ∈ ZW defined by

EncW (x)w = xw1 + xw2 + · · ·+ xwk
for w = (w1, . . . , wk) ∈W. (7)

The main reason why we use the signed summation is that the signed W -sum encoding exhibits
the following distance amplification property even for integer vectors.

Lemma 5.3. Let W ⊆ [n]k be the set of k-walks on a d-regular λ-expander graph G = ([n], E),
where 0 < λ < 1 is a constant. Then,
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1. For any x, y ∈ Zn, it holds that

dist(Enc±W (x),Enc±W (y)) ≤ k · dist(x, y).

2. There exists a constant C = C(λ) > 0 such that, for every β > 0, every k ∈ N, and for every
x, y ∈ Zn satisfying dist(x, y) ≥ β, it holds that

dist
(
Enc±W (x),Enc±W (y)

)
≥ 1− C√

βk
.

Remark 5.4. Consider the encoding EncW : Zn → ZW defined by (7). If we work over a finite field
Fp (that is, the summation is taken modulo p), then the encoding has a strong distance amplification
property: for any prime p and any δ, ε > 0, there exists k = k(p, δ, ε) ∈ N such that for any x, y ∈ Fn

p

with dist(x, y) ≥ δ, it holds that

dist(EncW (x),EncW (y)) ≥ 1− 1

p
− ε.

However, such a distance amplification does not hold in general for vectors over Zn. To see this,
consider the complete graph on n vertices with a self-loop at each vertex. In this case, choosing
w ∼W corresponds to selecting k vertices independently and uniformly from [n].

Let k ∈ N be any constant and define y = 0 (the all-zero vector) and x ∈ Zn as follows: set
xi = k − 1 for a 1/k fraction of indices i ∈ [n] and xi = −1 for the remaining (1 − 1/k) fraction
(for simplicity, assume k divides n). Then dist(x, y) = 1.

On the other hand, for a random walk w ∼W , the w-th entry

EncW (x− y)w = EncW (x)w = xw1 + · · ·+ xwk

is identical to the sum of k i.i.d. random variables X1, . . . , Xk where

Xi =

{
k − 1 with probability 1/k,

−1 with probability 1− 1/k.

Hence

Pr

[
k∑

i=1

Xi = 0

]
= Pr[exactly one Xi equals k − 1] =

(
k

1

)
1

k

(
1− 1

k

)k−1

=

(
1− 1

k

)k−1

→ e−1

as k →∞. Thus EncW (x) and EncW (y) still agree on a constant fraction of coordinates, showing
that distance amplification fails over Zn.

To prove Lemma 5.3, we will use the following two inequalities.

Lemma 5.5 (Littlewood–Offord inequality [Erd45]; see, e.g., [TV09, Corollary 7.4]). Let a1, . . . , an ∈
R \ {0} be nonzero real numbers and let b = (b1, . . . , bn) ∼ {±1}n be a random sign vector. Then
for every x ∈ R,

Pr
b

[
n∑

i=1

biai = x

]
≤

(
n

⌊n/2⌋
)

2n
.
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Lemma 5.6 (Expander Chernoff bound [Gil98]). There exists an absolute constant c > 0 such
that the following holds. Let G = ([n], E) be a d-regular λ-expander graph, and let (u1, . . . , uk) be
a random walk on G whose initial vertex u1 is distributed uniformly over [n]. Let B ⊆ [n] be any
subset, and define N := |{a ∈ [k] : ua ∈ B}|. Then for every κ ∈ (0, 1),

Pr

[
N ≤ (1− κ) |B|

n
k

]
≤ exp

(
−c(1− λ)κ2 |B|

n
k

)
.

Now we prove Lemma 5.3.

Proof of Item 1. Since Pru∼[n][xu ̸= yu] = dist(x, y), we have

dist(Enc±W (x),Enc±W (y)) = Pr
(u1,...,uk)∼W

(b1,...,bk)∼{±1}k

[
k∑

a=1

baxua ̸=
k∑

a=1

bayua

]

≤ Pr
(u1,...,uk)∼W

[∃a ∈ [k] : xua ̸= yua ]

≤
∑
a∈[k]

Pr
(u1,...,uk)∼W

[xua ̸= yua ]

≤ k · dist(x, y).

In the last inequality, note that for every fixed a ∈ [k], the marginal distribution of ua for
(u1, . . . , uk) ∼W is uniform over [n] since G is regular.

Proof of Item 2. Suppose that dist(x, y) ≥ β. Let z := x− y ∈ Zn and define B := {u ∈ [n] : zu ̸=
0}. Then |B| ≥ βn.

Let u = (u1, . . . , uk) ∼W be a random k-walk on G and b ∼ {±1}k. Define S := Enc±W (z)b,u =∑k
a=1 bazua . Then dist(Enc±W (x),Enc±W (y)) = Pr[S ̸= 0] = 1− Pr[S = 0].
For the walk u, define N := |{a ∈ [k] : ua ∈ B}|. Condition on u. If N = t, then S can be

written as S =
∑t

j=1 εjaj , where each aj ̸= 0 and εj ∈ {±1} are independent. Thus, by the

Littlewood–Offord inequality (Lemma 5.5), we have Prb[S = 0 | u] ≤ C0√
t+1

for some absolute

constant C0. Taking expectation over u, we obtain

Pr[S = 0] = E
u

[
Pr
b
[S = 0 | u]

]
≤ E

u

[
C0√
N + 1

]
(8)

We now bound N . Since each ua is marginally uniform over [n], we have E[N ] ≥ βk.
By the expander Chernoff bound (Lemma 5.6), there exists an absolute constant c > 0 such

that

Pr

[
N ≤ βk

2

]
≤ exp(−c(1− λ)βk).

Using this, we bound the expectation as

E[1/
√
N + 1] ≤ Pr

[
N <

βk

2

]
+

1√
βk
2 + 1

≤ exp(−c(1− λ)βk) +
√
2√
βk

≤ C1√
βk

(9)
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for some absolute constant C1. Note that this inequality holds for all k ∈ N since maxk∈N exp(−c(1−
λ)βk) ·

√
βk is bounded.

Combining (8) and (9), we obtain

dist(Enc±W (x),Enc±W (y)) = 1− Pr[S = 0] ≥ 1− C0C1√
βk

.

5.2 Simulating Encoding by Matrix Multiplication

We naturally extend the notion of the signed W -sum encoding to deal with matrices as follows.
For W ⊆ [n]k, define W⊗2 ⊆ ([n]2)k as

W⊗2 = {((w1, v1), . . . , (wk, vk)) ∈ ([n]2)k : (w1, . . . , wk), (v1, . . . , vk) ∈W}.

If W ⊆ [n]k is the set of k-walks on a regular expander graph G = ([n], E), then W⊗2 is the set
of k-walks on the tensor product graph G ⊗ G. Moreover, if G is λ-expander, then G ⊗ G is also
λ-expander (see Section 3.1).

While Enc±W (·) is used to encode a vector, we can use W⊗2 to encode a matrix as follows:

Any matrix C ∈ Zn×n can be encoded into Enc±
W⊗2(C) ∈ ZW±×W , where for w± = (b,w) with

w = (w1, . . . , wk) and v = (v1, . . . , vk) ∈W , the (w±,v)-entry of Enc±
W⊗2(C) is given by

Enc±
W⊗2(C)w±,v = b1Cw1,v1 + b2Cw2,v2 + · · ·+ bkCwk,vk ,

In the following, we show that, using an average-case approximation algorithm for random
matrix multiplication, we can compute an approximation of Enc±

W⊗2(AB) by following the proof
idea of Hirahara and Shimizu [HS25a, Lemma 15] who showed the same result for the W -sum
encoding EncW (·) of (7).

Lemma 5.7. Let k, d ∈ N and ε > 0 be any constants. There exists an oracle algorithm MO such
that, for any randomized oracle O satisfying

E
Ā,B̄∼{0,1}kn×kn

O

[
agree(O(Ā, B̄), ĀB̄)

]
≥ ε,

the algorithm MO is given A,B ∼ {0, 1}n×n and a d-regular graph G = ([n], E) with girth at least
k as input, satisfies

E
A,B∼{0,1}n×n

[
agree(MO(A,B,G),Enc±

W⊗2(AB))
]
≥ ε− 2k

d
,

where W ⊆ [n]k is the set of k-walks on G. Moreover, MO makes at most O(1) oracle calls to O.

Note that O receives two kn×kn matrices, whereasMO receives two n×n matrices. The proof
is deferred to Section A.
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Difference from the finite-field setting. The proof of [HS25a, Lemma 15] assumes that the
input matrices are uniformly random over a finite field Fp, and works with the unsigned encoding
EncW⊗2(·). In contrast, in our setting the input matrices are drawn from {0, 1}n×n and we consider
the signed encoding Enc±

W⊗2(·).
The main technical difference is that, over Fp, the distribution is invariant under multiplication

by nonzero scalars, whereas over {0, 1} this is no longer the case. In particular, multiplying a matrix
by −1 changes its distribution, which prevents us from directly simulating the signed encoding.

To address this issue, we first apply an affine transformation that maps {0, 1}n×n to {±1}n×n,
where the distribution becomes invariant under sign flips. We then simulate the signed encoding
in this {±1} domain. Finally, to invoke the oracle (which expects {0, 1}-valued inputs), we convert
the resulting matrices back to {0, 1} by another affine transformation.

5.3 Approximate List-Decoding for Signed Sum Encoding

In this subsection, we present an approximate list-decoding algorithm for the signed sum encoding
Enc±W (·) : Zn → ZW±

under the assumption that each entry of the original message is associated
with a list consisting of a small number of possible values.

Lemma 5.8. Let d, ℓ, k ∈ N and δ, ε > 0 be constants, and let λ0 be the absolute constant in
Lemma 3.4. Assume k ≥ C

ε4δ
for a sufficiently large absolute constant C > 0 (depending only on

λ0).
Let G = ([n], E) be a d-regular λ0-expander graph, and let W ⊆ [n]k be the set of k-walks on G.

For each i ∈ [n], let Li ⊆ Z be a list of size ℓ, and define

L := {x ∈ Zn : xi ∈ Li for all i ∈ [n]}.

There exists an algorithm with the following property. Given ỹ ∈ ZW±
, the algorithm runs in

time Õ(|W |) and outputs a list L̃ ⊆ L of size at most ⌈2/ε⌉. Moreover, for every x∗ ∈ L satisfying

agree
(
Enc±W (x∗), ỹ

)
≥ ε,

there exists x̃ ∈ L̃ such that
agree(x̃, x∗) ≥ 1− δ.

To prove Lemma 5.8, given ỹ ∈ ZW±
and a collection of lists (Li)i∈[n] for Li ⊆ Z with |Li| = ℓ

for all i ∈ [n], we first construct an instance φR of MAX k-VCSP([ℓ]) for R ⊆W± as follows.
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MAX k-CSP instance φR
� �
For a ∈ [ℓ], let Li[a] ∈ Li denote the a-th element of Li (we assume that the elements of Li are
in arbitrary order). Let L = {x ∈ Zn : xi ∈ Li for all i ∈ [n]}.

Variables. The variables are s1, . . . , sn ∈ [ℓ] for i ∈ [n] (thus the alphabet is [ℓ]). For an
assignment s ∈ [ℓ]n, let x[s] = (L1[s1], . . . , Ln[sn]) ∈ L be the vector whose i-th entry is the
si-th element of Li for i ∈ [n].

Constraints. The constraint Pw± : [ℓ]k → {0, 1} associated with a signed walk w± =
(b,w) ∈W± is given by

Pw±(a1, . . . , ak) =

{
1 if w± ∈ R and ỹw± = b1Lw1 [a1] + b2Lw2 [a2] + · · ·+ bkLwk

[ak],

0 otherwise,

where b = (b1, . . . , bk) ∈ {±1}k and w = (w1, . . . , wk) ∈W .� �
The motivation of the above construction is that if R = W±, then the value val(s, φR) of an

assignment s ∈ [ℓ]n equals to

Pr
w±∼W±

[ỹw± = b1Lw1 [sw1 ] + b2Lw2 [sw2 ] + · · ·+ bkLwk
[swk

]] = agree(Enc±W (L[s]), ỹ).

Therefore, finding an optimal solution to the MAX k-CSP instance φR with R =W± is equivalent
to finding a vector x ∈ L such that Enc±W (x) is closest to ỹ among all vectors in L.

We can use the near-linear time algorithm for MAX k-VCSP of Lemma 3.4 to find an approxi-
mate solution to φR.

Lemma 5.9. Let d, k, ℓ be any constants and λ0 be the absolute constant in Lemma 3.4. For any
constant γ > 0, there exists an algorithm Mγ that satisfies the following: Given a MAX k-CSP
instance φR as above with W ⊆ [n]k being the set of k-walks on a d-regular λ0-expander graph
G = ([n], E), the algorithm Mγ runs in time Õ(|W |) and outputs an assignment s ∈ [ℓ]n such that

val(s, φR) ≥ val(φR)− γ.

Although the instance φR is a MAX k-CSP supported on W± = {±1}k ×W , the set W± is a
disjoint union of 2k copies of W and hence does not itself form an expanding structure. Therefore,
we cannot directly apply Lemma 3.4 to φR.

To circumvent this issue, we aggregate, for each w ∈ W , the constraints corresponding to all
sign vectors b ∈ {±1}k into a single valued constraint by taking their average. This yields a MAX
k-VCSP instance ψR supported on W , which preserves the objective value of every assignment.
Consequently, solving ψR approximately via Lemma 3.4 yields an approximate solution to the
original MAX k-CSP instance φR.

Proof of Lemma 5.9. For each w = (w1, . . . , wk) ∈ W , define a valued constraint Qw : [ℓ]k → [0, 1]
by

Qw(a1, . . . , ak) :=
1

2k

∑
b=(b1,...,bk)∈{±1}k

P(b,w)(a1, . . . , ak),
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where P(b,w) is the Boolean constraint of the MAX k-CSP instance φR above. Consider a MAX
k-VCSP instance ψR = (n,W, (Qw)w∈W ) whose supporting set is W .

Note that val(s, ψR) = val(s, φR) for every assignment s ∈ [ℓ]n since

val(s, ψR) = E
w∈W

[Qw(sw1 , . . . , swk
)]

= E
w∈W, b∈{±1}k

[
P(b,w)(sw1 , . . . , swk

)
]

= val(s, φR).

Now apply Lemma 3.4 to the VCSP instance ψR. Since W is the set of k-walks on the d-regular
λ0-expander graph G, there exists a randomized algorithm running in time Õ(n+ |W |) = Õ(|W |)
that outputs an assignment s ∈ [ℓ]n satisfying

val(s, ψR) ≥ val(ψR)− γ.

Since val(s, ψR) = val(s, φR), this completes the proof.

Now, we can prove Lemma 5.8.

Proof of Lemma 5.8. Our algorithm M uses the algorithm Mε/8 of Lemma 5.9 for γ = ε/8 as a

subroutine. Given a vector ỹ ∈ ZW±
and a collection of lists (Li)i∈[n] with |Li| = ℓ for all i ∈ [n],

the algorithm M runs as follows:

1. Initialize R0 =W± and L̃ = ∅.

2. For t = 1, 2, 3, . . . , do:

(a) Compute s(t) :=Mε/8(φRt−1) ∈ [ℓ]n and let x(t) = L[s(t)] ∈ Zn.

(b) Let
St = {(b,w) ∈ Rt−1 : Enc±W (x(t))(b,w) = ỹ(b,w)}.

(c) If |St| ≤ (ε/2)|W±|, output L̃ and terminate.

(d) Otherwise, append x(t) to L̃ and set Rt = Rt−1 \ St.

Call a round t successful if |St| > (ε/2)|W±| and failed otherwise. Note that M terminates at
the first failed round.

Since each successful round removes at least (ε/2)|W±| elements from the remaining set Rt−1,
the algorithm terminates after at most ⌈2/ε⌉ successful rounds. Hence the size of L̃ is at most
⌈2/ε⌉ and the running time of M is Õ(|W |) = Õ(n) since each call of Mε/8 takes time Õ(|W |) and
|W | = ndk−1 for k, d = O(1).

Correctness. Now we prove the correctness of the algorithm M . Fix any x∗ ∈ L such that
dist(Enc±W (x∗), ỹ) ≤ 1− ε. Define the set of coordinates on which Enc±W (x∗) agrees with ỹ by

S∗ = {(b,w) ∈W± : Enc±W (x∗)(b,w) = ỹ(b,w)}.

Note that |S∗| ≥ ε|W±|.
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Suppose for contradiction that none of the outputs in L̃ is δ-close to x∗, that is,

dist(x(t), x∗) > δ

for every successful round t. By Lemma 5.3 (Item 2) with β = δ, we have

agree(Enc±W (x(t)),Enc±W (x∗)) <
C ′
√
δk
≤ ε2

16
, (10)

where C ′ > 0 is the absolute constant from Lemma 5.3 (Item 2). The last inequality is due to the
assumption on k.

Now fix a successful round t. Every coordinate (b,w) in St ∩ S∗ satisfies

Enc±W (x(t))(b,w) = ỹ(b,w) = Enc±W (x∗)(b,w)

and thus
St ∩ S∗ ⊆ {(b,w) ∈W± : Enc±W (x(t))(b,w) = Enc±W (x∗)(b,w)}.

By (10), we have

|St ∩ S∗| ≤ ε2

16

∣∣W±∣∣.
Letm ≤ 2/ε be the number of successful rounds. Consider the first unsuccessful round t = m+1.

At the beginning of this round, we have

Rm =W± \ (S1 ∪ · · · ∪ Sm)

and thus

|S∗ ∩Rm| = |S∗| −
m∑
t=1

|St ∩ S∗|

≥ ε
∣∣W±∣∣−m · ε2

16
·
∣∣W±∣∣

≥ ε
∣∣W±∣∣− 2

ε
· ε

2

16
·
∣∣W±∣∣

=
7ε

8

∣∣W±∣∣.
This means that, even after all successful rounds, the true codeword Enc±W (x∗) agrees with ỹ on at
least 7ε

8 |W
±| coordinates in Rm. Therefore

val(φRm) ≥
7

8
ε.

By Lemma 5.9, the output x(m+1) of Mε/8(φRm) satisfies at least(
7

8
ε− ε

8

)∣∣W±∣∣ = 3ε

4

∣∣W±∣∣
constraints of φRm . Thus, |Sm+1| ≥ 3ε

4 |W
±|. This means that round m + 1 is successful, which

contradicts the definition of m.
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5.4 Proof of Distance Amplification

In this subsection, we prove Lemma 5.1.

Proof of Lemma 5.1. Given constants ε, δ > 0, we choose parameters δ0, k, d, ε
∗, δ∗ satisfying

δ0 :=
δ

4
,

ε∗ :=
ε

4
,

3√
d
≤ λ0,

2k

d
≤ ε

10
,

k ≥ C

δ0(ε∗)4
,

δ∗ := min

{
δ

4
,
ε

8k

}
,

where 0 < λ0 < 1 is the absolute constant in Lemma 3.4 and C > 0 is the absolute constant from
Lemma 5.8.

Since ε, δ are constants, such a choice is possible by first taking k sufficiently large and then
taking d sufficiently large, e.g., k = Θ

(
1
δε4

)
and d = Θ

(
k
ε

)
= Θ

(
1
δε5

)
.

Let K = K(δ∗, ε∗) be the constant from Lemma 4.1, and let

k′ := max{K, k}.

By Lemmas 3.5 and 3.7, the assumption on O that multiplies two k′n× k′n matrices implies that
there exist nonuniform randomized oracles Ô1 and O2 such that

E
Ā,B̄∼{0,1}Kn×Kn

Ô1

[
agree(Ô1(Ā, B̄), ĀB̄)

]
≥ ε and E

Ā,B̄∼{0,1}kn×kn

O2

[
agree(O2(Ā, B̄), ĀB̄)

]
≥ ε.

Again, applying Lemma 3.5 to Ô1, we obtain an oracle O1 such that

E
Ā∼{0,1}n×Kn

B̄∼{0,1}Kn×n

O1

[
agree(O2(Ā, B̄), ĀB̄)

]
≥ ε.

Let A,B ∈ {0, 1}n×n be the input matrices.
We first apply Lemma 4.1 with parameter δ := δ∗ and oracle O1. Then, with probability at

least 1 − δ∗ over A,B ∼ {0, 1}n×n, we obtain a collection of nonempty multisets (Li,j)i,j∈[n] such
that |Li,j | = O(log(1/δ∗)/ε) = O(1) for all i, j ∈ [n] and

Pr
i,j∼[n]

[(AB)i,j ∈ Li,j ] ≥ 1− δ∗.

Fix such a successful outcome. Then there exists a matrix X∗ = (x∗i,j)i,j∈[n] such that x∗i,j ∈ Li,j

for all i, j ∈ [n] and
dist(X∗, AB) ≤ δ∗.
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If necessary, by duplicating elements in each multiset, we may assume that |Li,j | = ℓ′ for all
i, j ∈ [n], where ℓ′ = O(1) depends only on δ and ε.

Next, let G = ([n], E) be a d-regular λ0-expander graph of girth at least k, and let W ⊆ [n]k be
the set of k-walks on G. Such a graph can be constructed in time Õ(n) by Lemma 3.1 (specifically,
repeat sampling random regular graphs until a graph with girth at least k is obtained for Õ(1)
times). Define

Enc(·) := Enc±
W⊗2(·).

Applying Lemma 5.7 with oracle O2, we obtain a matrix C̃ ∈ ZW±×W such that

E
A,B,O2

[
agree(C̃,Enc(AB))

]
≥ ε− 2k

d
≥ 9ε

10
.

Since 0 ≤ agree(C̃,Enc(AB)) ≤ 1, the Markov inequality implies that

Pr
A,B,O2

[
agree(C̃,Enc(AB)) ≥ ε

2

]
≥ 9ε/10− ε/2

1− ε/2
≥ 2ε

5
.

Fix such an outcome. Then
dist(C̃,Enc(AB)) ≤ 1− ε

2
.

By Lemma 5.3 (Item 1) applied to the tensor-product graph G⊗G,

dist(Enc(X∗),Enc(AB)) ≤ k · dist(X∗, AB) ≤ kδ∗ ≤ ε

8
.

Hence, by the triangle inequality,

dist(Enc(X∗), C̃) ≤ dist(Enc(X∗),Enc(AB)) + dist(Enc(AB), C̃) ≤ ε

8
+ 1− ε

2
= 1− 3ε

8
.

Equivalently,

agree(Enc(X∗), C̃) ≥ 3ε

8
> ε∗.

Now we view matrices in Zn×n as vectors indexed by [n]2. Since W⊗2 is the set of k-walks on
the tensor-product graph G ⊗ G, and G ⊗ G is a d2-regular graph whose second eigenvalue is at
most λ, we may apply Lemma 5.8 with parameters (d2, ℓ′, k, δ0, ε

∗) to the received word C̃ and the
collection of lists (Li,j)(i,j)∈[n]2 . Thus, in time Õ(

∣∣W⊗2
∣∣) = Õ(n2), we obtain a list L̃ of matrices of

size at most ⌈2/ε∗⌉ = O(1/ε) such that, since dist(Enc(X∗), C̃) ≤ 1− ε∗, there exists some matrix
X̂ ∈ L̃ satisfying

dist(X̂,X∗) ≤ δ0.

Therefore,

dist(X̂, AB) ≤ dist(X̂,X∗) + dist(X∗, AB) ≤ δ0 + δ∗ =
δ

2
.

It remains to identify such a matrix from the list L̃. For each candidate X ∈ L̃, we run the
tester from Lemma 3.8 on input (A,B,X) with parameters

α := 1− δ and β :=
δ

4
.
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If the tester accepts, we output X and halt. If no candidate is accepted, we output an arbitrary
matrix.

Since agree(X̂, AB) ≥ 1− δ/2 ≥ α+ β, the tester accepts X̂ with probability at least 1− 1/n3.
On the other hand, any candidate X with agree(X,AB) ≤ 1−δ is rejected with probability at least

1− 1/n3. Because
∣∣∣L̃∣∣∣ = O(1), by a union bound, with probability at least 1−O(1/n3) the tester

simultaneously behaves correctly on every candidate in L̃. On this event, at least one candidate is
accepted, and every accepted candidate satisfies agree(X,AB) > 1− δ.

Combining all success events, we conclude that

Pr
A,B∼{0,1}n×n

[
agree(MO(A,B), AB) ≥ 1− δ

]
≥ 2ε

5
.

The total running time is Õ(n2). Indeed, Lemma 4.1 and Lemma 5.7 use only O(1) oracle calls for
constant parameters, Lemma 5.8 runs in time Õ(n2), and the final testing step runs in time

O
(
|L̃| · (n2 + n logn/δ2)

)
= Õ(n2),

since |L̃| = O(1). This completes the proof.

6 Hardness Amplification

In Section 5, we obtained an algorithm that produces a highly accurate approximation of AB for
a constant fraction of random inputs. In this section, we amplify the success probability of our
algorithm from a constant to an arbitrarily high level.

Due to technical constraints, we perform this amplification in two stages:

1. From constant to 0.99-agreement. We first transform an algorithm that succeeds with
probability at least ε into one that succeeds with probability at least 1− γ for any constant
0 < γ < 1.

2. From 0.99 to 1 − o(1)-agreement. We then further amplify the success probability from
1 − γ to 1 − δ for an arbitrarily small δ = δ(n) > 0. This reduction is based on Lemma 4.1
and thus it is nonuniform.

6.1 Amplification via Direct Product Lemma

In this subsection, we prove the following lemma, which asserts that the average agreement can be
amplified to

E
A,B∼{0,1}n×n

[
agree(MO(A,B), AB)

]
≥ 1− γ

for any small constant γ > 0.

Lemma 6.1. For any constants γ, ε > 0, there exist a constant δ = δ(γ, ε) and an Õ(n2)-time
O(1)-query randomized oracle algorithm MO such that, for any randomized oracle O satisfying

Pr
A,B∼{0,1}n×n

O

[agree(O(A,B), AB) ≥ 1− δ] ≥ ε,
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the algorithm MO is given A,B ∼ {0, 1}n×n as input and satisfies

E
A,B∼{0,1}n×n

MO

[
agree(MO(A,B), AB)

]
≥ 1− γ.

The proof is the same as the proof of [HS25a, Lemma 17] but we present it here for completeness.

Proof. Given γ, ε > 0, set

K :=
c log(1/ε)

γ2ε2
, δ =

γ

2K2
.

Let A,B ∼ {0, 1}n×n be the input to MO. From Lemma 3.7, we may assume that the size n is
divisible by K. Let I1 ⊔ · · · ⊔ IK = [n] be a partition of [n] into K subsets defined by

I1 = {1, . . . , n/K}, I2 = {n/K + 1, . . . , 2n/K}, . . . IK = {(K − 1)n/K + 1, . . . , n}.

For every i, j ∈ [K], let AIi,∗ ∈ {0, 1}(n/K)×n and B∗,Ij ∈ {0, 1}n×(n/K) be the submatrices of A
and B obtained by taking the rows indexed by Ii and the columns indexed by Ij , respectively.

The algorithm MO(A,B) runs as follows:

1. Initialize a matrix D ∈ Zn×n to be the all-zero matrix.

2. For every i, j ∈ [K], repeat the following process for O(log(1/γ)/ε) times:

(a) Sample Ā, B̄ ∼ {0, 1}n×n and t ∼ [K] uniformly at random.

(b) Update ĀIt,∗ ← AIi,∗ and B̄∗,It ← B∗,Ij .

(c) Let Ci,j := O(Ā, B̄)It,It .

(d) Run the tester of Lemma 3.8 with parameters α = 1 − 3γ/4 and β = γ/4 on input
AIi,∗, B∗,Ij , C

i,j . If the tester accepts, then update DIi,Ij ← Ci,j and terminate the loop
for this pair (i, j).

3. Return D.

Note that MO makes K2 ·O(log(1/γ)/ε) = Oγ,ε(1) oracle calls to O and runs in time O(n2).
To prove the correctness of MO, we recall the Direct Product Lemma (Lemma 3.9). Let

X = {0, 1}(n/K)×n × {0, 1}n×(n/K).

For y = ((R1, S1), . . . , (RK , SK)) ∈ XK , define Ay, By ∈ {0, 1}n×n by

Ay
It,∗ := Rt and By

∗,It := St (t ∈ [K]).

That is, the row block of Ay indexed by It is set to Rt, and the column block of By indexed by It
is set to St. Since the sets I1, . . . , IK form a partition of [n], this uniquely determines Ay and By.

If y is uniform in XK , then Ay, By are uniform random matrices in {0, 1}n×n. Define

S(y) = Pr
O
[agree(O(Ay, By), AyBy) ≥ 1− δ].

By the assumption on O, we have Ey∼XK [S(y)] ≥ ε.
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Consider the block i = j = 1 (other blocks can be shown similarly) and let

x := (AI1,∗, B∗,I1) ∈ X .

Observe that the sampling procedure in Step 2 of the algorithmMO corresponds exactly to sampling
y′ ∼ Γ(x) in Lemma 3.9. Applying Lemma 3.9 with

δ∗ = γ/8, ε∗ = ε/2,

and using the choice of K, we obtain

Pr
x∼X

[
E

y′∼Γ(x)
[S(y′)] ≥ ε/2

]
≥ 1− γ/8.

Call such x nice. Since (A,B) are uniform random matrices,

Pr
A,B

[(AI1,∗, B∗,I1) is nice] ≥ 1− γ/8.

Fix a nice pair x = (AI1,∗, B∗,I1). Each repetition of Step 2 produces y′ ∼ Γ(x), which satisfies

E
y′
[S(y′)] = Pr

y′,O
[agree(O(Ay, By), AyBy) ≥ 1− δ] ≥ ε

2
.

Thus after T = O(log(1/γ)/ε) repetitions, with probability ≥ 1− γ/8, in some repetition we have
dist(C, ĀB̄) ≤ δ, where C = O(Ā, B̄). In particular, C and ĀB̄ disagree on at most δn2 entries.
Since the block size is (n/K)2, the matrix C1,1 = CI1,I1 satisfies

dist(C1,1, AI1,∗B∗,I1) ≤
δn2

(n/K)2
= δK2 = γ/2,

that is, agree(C1,1, AI1,∗B∗,I1) ≥ 1− γ/2.
Running the tester of Lemma 3.8 with parameters α = 1− 3γ

4 and β = γ
4 ensures that accepted

candidates satisfy
agree(DI1,I1 , AI1,∗B∗,I1) ≥ 1− 3γ/4

with probability 1− o(1) (over the internal randomness of the tester).
Hence

Pr
MO

[agree(DI1,I1 , AI1,∗B∗,I1) ≥ 1− 3γ/4] ≥ 1− γ/8− o(1).

Averaging over the event that x is nice yields

E
A,B,MO

[agree(DI1,I1 , AI1,∗B∗,I1)] ≥ 1− γ.

By symmetry the same holds for every block (i, j).
Therefore

E
A,B,MO

[agree(MO(A,B), AB)] = E
i,j
[agree(DIi,Ij , AIi,∗B∗,Ij )] ≥ 1− γ.
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6.2 Amplification via Entry-Wise Majority

In this subsection, we prove that the average agreement can be amplified to

E
A,B∼{0,1}n×n

[
agree(MO(A,B), AB)

]
≥ 1− δ

for any small parameter δ = δ(n) > 0. Unlike the previous lemma (Lemma 6.1), this lemma
amplifies the agreement to 1 − o(1). The proof is straightforward from the moreover part of
Lemma 4.1.

Lemma 6.2. For any parameter δ > 0, there exist a parameter k = k(δ) = O(1/δ4) and an
Õ(n2 log(1/δ))-time randomized nonuniform oracle algorithm MO such that, for any randomized
oracle O satisfying

E
Ā,B̄∼{0,1}kn×kn

O

[
agree(O(Ā, B̄), ĀB̄)

]
≥ 3

4
,

the algorithm MO satisfies

E
A,B∼{0,1}n×n

[
agree(MO(A,B), AB)

]
≥ 1− δ.

Moreover, MO makes O(log(1/δ)) oracle calls.

Proof. By Lemma 3.5 with N = kn and α = 3/4, we can construct an oracle O′ satisfying

E
Ā∼{0,1}n×kn

B̄∼{0,1}kn×n

O′

[
agree(O′(Ā, B̄), ĀB̄)

]
≥ 3

4
.

Then we apply the moreover part of Lemma 4.1 for parameters δ/2 and ε = 3
4 , using O

′ as oracle,
and set

k := K(δ/2, 3/4).

Then, with probability at least 1− δ/2 over A,B ∼ {0, 1}n×n, the oracle algorithm of Lemma 4.1
yields a collection of lists (Li,j)i,j∈[n] such that |Li,j | = O(log(1/δ)) for all (i, j) ∈ [n]2. Moreover,
the majority element of Li,j is exactly (AB)i,j for at least a (1 − δ)-fraction of pairs (i, j) ∈ [n]2.
Therefore,

Pr
A,B∼{0,1}n×n

[
agree(MO(A,B), AB) ≥ 1− δ/2

]
≥ 1− δ/2.

In particular,
E

A,B∼{0,1}n×n

[
agree(MO(A,B), AB)

]
≥ (1− δ/2)2 ≥ 1− δ.

7 Chinese Remainder Theorem and Binary Expansion

The goal of this section is to convert an average-case approximation algorithm with high agreement
into a worst-case exact algorithm.

Our approach is to compute the product AB modulo several small primes and then reconstruct
the exact result efficiently by the Chinese Remainder Theorem.
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Lemma 7.1 (Chinese Remainder Theorem; [Sho12, Theorem 4.6]). Let p1, . . . , pm be distinct
primes and a1, . . . , am be integers such that 0 ≤ ai < pi for all i ∈ [m]. Then, there exists a
unique integer 0 ≤ x < P :=

∏
i∈[m] pi such that

x ≡ ai (mod pi) for all i ∈ [m].

Moreover, given p1, . . . , pm and a1, . . . , am as input, one can compute x in time O
(
(logP )2

)
.

For each prime p, we reduce computing AB mod p to computing UV for uniformly random
U, V ∼ Fn×n

p based on the standard self-correction technique of [BLR93] for bilinear functions.
Next we reduce multiplication for matrices uniformly drawn from Fn×n

p to multiplication for
matrices uniformly drawn from {0, 1}n×n using the binary expansion technique.

Lemma 7.2. There exists a randomized O((log n)2 · log logn)-query oracle algorithm MO such
that, for any randomized oracle O satisfying

E
A,B∼{0,1}n×n

O

[agree(O(A,B), AB)] ≥ 1− 1

(log log n)3
,

for any input (A,B) ∈ ({0, 1}n×n)2, the algorithm MO satisfies

Pr
MO

[
MO(A,B) = AB

]
≥ 1− 1

n
.

In several places (e.g., Lemma 7.5) we will assume that an oracle computes each fixed entry of
the matrix product correctly with high probability. However, the guarantees we obtain are typically
stated only in terms of expected agreement with the true product. Hirahara and Shimizu [HS25b,
Lemma 3.2] (and implicitly in Gola, Shinkar, and Singh [GSS24]) proved that these two guarantees
are essentially equivalent.

Lemma 7.3 ([HS25b, Lemma 3.2]). There exists an O((n+m)2)-time one-query randomized oracle
algorithm NO such that, for any randomized oracle O satisfying

E
A∼{0,1}n×m

B∼{0,1}m×n

O

[agree(O(A,B), AB)] ≥ α,

the following holds: for every fixed (i, j) ∈ [n]2,

Pr
A∼{0,1}n×m

B∼{0,1}m×n

NO

[
NO(A,B)i,j = (AB)i,j

]
≥ α.

Proof sketch. The algorithm NO simply “symmetrizes” the oracle by randomly permuting the rows
of A and the columns of B, and then undoing these permutations on the output. Specifically, NO

chooses uniformly random permutation matrices P and Q and outputs P−1 · O(PA,BQ) ·Q−1 on
input (A,B).

In the following, we show how to represent a uniformly random element of Zq as a collection of
independent unbiased binary variables. This allows us to reduce matrix multiplication over Zq to
multiple binary instances.
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Lemma 7.4. Let q be an odd integer and let t = ⌈log2 q⌉+ 1, and define N := 2t. Let

Tq := {0, . . . , q − 1} ∪ {N − q, . . . , N − 1}.

Let Z be uniformly distributed over Tq and denote its binary expansion as

Z =

t−1∑
a=0

2aZ(a) with Z(a) ∈ {0, 1}.

Then for every a ∈ {0, . . . , t− 1}, the bit Z(a) is uniformly distributed over {0, 1}.

Proof. Since q is odd and t = ⌈log2 q⌉+ 1, we have N = 2t > 2q, and thus the two intervals in the
definition of Tq are disjoint.

Define ϕ(z) := N − 1− z. Since Tq is the disjoint union of the lowest q integers and the highest
q integers in {0, . . . , N − 1}, the map ϕ preserves Tq and swaps these two intervals. Thus, if Z is
uniform over Tq, then so is ϕ(Z).

Moreover, in t-bit binary representation, ϕ(Z) is obtained by flipping every bit of Z. Therefore,
for every fixed a, the a-th bit of Z takes values 0 and 1 with equal probability.

Lemma 7.4 allows us to reduce matrix multiplication over Zq to multiple random binary in-
stances as follows.

Lemma 7.5. Let q ≥ 3 be an odd integer and let t := ⌈log2 q⌉ + 1. There exists a randomized
oracle algorithm NO such that, for any randomized oracle O such that, for every fixed (i, j) ∈ [n]2,

Pr
A,B∼{0,1}n×n

O

[O(A,B)i,j = (AB)i,j ] ≥ α,

the algorithm NO is given X,Y ∼ Zn×n
q as input, makes exactly t2 oracle calls to O, and satisfies

that, for every fixed (i, j) ∈ [n]2,

Pr
X,Y∼Zn×n

q

NO

[
NO(X,Y )i,j = (XY mod q)i,j

]
≥ 1− t2(1− α).

Moreover, if one oracle call to O takes time T (n), then NO runs in time O(t2T (n) + t2n2).

Proof. Let N := 2t and Tq := {0, . . . , q− 1}∪{N − q, . . . , N − 1}. For each x ∈ Zq, let Tq,x := {y ∈
Tq : y ≡ x (mod q)}.

Given X,Y ∈ Zn×n
q , the algorithm NO proceeds as follows. For each entry Xu,v, sample

X̂u,v ∼ Tq,Xu,v uniformly and write

X̂u,v =
t−1∑
a=0

2aX(a)
u,v

withX
(a)
u,v ∈ {0, 1}. This defines binary matricesX(0), . . . , X(t−1) ∈ {0, 1}n×n. Define Y (0), . . . , Y (t−1)

analogously.
For each (a, b) ∈ {0, . . . , t− 1}2, query

C(a,b) := O
(
X(a), Y (b)

)
.
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The output is

NO(X,Y ) =

∑
a,b

2a+bC(a,b)

 mod q.

By construction, X ≡
∑

a 2
aX(a) (mod q) and Y ≡

∑
b 2

bY (b) (mod q). By Lemma 7.4, for
each a, the matrix X(a) is uniformly distributed over {0, 1}n×n, and similarly for Y (b). Moreover,
the randomness is independent, so each pair (X(a), Y (b)) is distributed as independent uniform
binary matrices.

Fix (i, j). If C
(a,b)
i,j = (X(a)Y (b))i,j holds for all a, b, then

NO(X,Y )i,j =
∑
a,b

2a+b(X(a)Y (b))i,j ≡ (XY )i,j (mod q).

Thus an error occurs only if some oracle call is incorrect at (i, j). By a union bound,

Pr
[
NO(X,Y )i,j ̸= (XY )i,j

]
≤ t2(1− α).

The algorithm makes t2 oracle calls and runs in time O(t2T (n) + t2n2).

The previous lemma allows us to simulate matrix multiplication over Zq on uniformly random
inputs using the binary-input oracle. In the next step we remove the randomness requirement on
the inputs.

The following lemma shows that if an oracle computes the product correctly with sufficiently
high probability on uniformly random matrices over Zq, then it can be converted into an algorithm
that computes the product for arbitrary inputs over Zq. The key tool is the standard self-correction
technique of Blum, Luby, and Rubinfeld [BLR93] for bilinear functions: by adding random matrices
to the inputs and combining several oracle evaluations, we recover the correct value of the product
with high probability.

Lemma 7.6 (Self-correction over Zq). Let q = q(n) ≥ 2 be an integer with q ≤ poly(n) and let

δ = δ(n) > 0 be any parameter. There exists an Õ(n2 log(1/δ))-time randomized oracle algorithm
SO such that, for any randomized oracle O satisfying that, for every fixed (i, j) ∈ [n]2,

Pr
X,Y∼Zn×n

q

O

[O(X,Y )i,j = (XY )i,j mod q] ≥ 15

16
,

the following holds: for every fixed A,B ∈ Zn×n
q and every index i, j ∈ [n],

Pr
SO

[
SO(A,B)i,j = (AB)i,j mod q

]
≥ 1− δ.

Moreover, SO makes O(log(1/δ)) oracle calls.

Proof. The algorithm SO given A,B ∈ Zn×n
q runs as follows.

1. Let r := C log(1/δ), where C > 0 is a sufficiently large absolute constant.

2. For each s ∈ [r] do the following:
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(a) Sample R(s), S(s) ∼ Zn×n
q independently and uniformly.

(b) Use the oracle to compute

Z(s) := O(A+R(s), B+S(s))−O(A+R(s), S(s))−O(R(s), B+S(s))+O(R(s), S(s)) (mod q).

3. For every entry (i, j) ∈ [n]2, output the majority value among Z
(1)
i,j , . . . , Z

(r)
i,j . Denote the

resulting matrix by SO(A,B).

Since R(s), S(s) are uniform over Zn×n
q , each of the four pairs

(A+R(s), B + S(s)), (A+R(s), S(s)), (R(s), B + S(s)), (R(s), S(s))

is distributed as two independent uniform matrices in Zn×n
q . Hence, for every fixed (i, j), each

oracle call is correct at entry (i, j) with probability at least 15
16 .

If all four oracle calls in iteration s are correct at entry (i, j), then

Z
(s)
i,j =

(
(A+R(s))(B + S(s))

)
i,j
−
(
(A+R(s))S(s)

)
i,j

−
(
R(s)(B + S(s))

)
i,j

+ (R(s)S(s))i,j (mod q)

= (AB)i,j (mod q),

by bilinearity of matrix multiplication over Zq.
Therefore, for every (i, j),

Pr
[
Z

(s)
i,j ̸= (AB)i,j mod q

]
≤ 4

(
1− 15

16

)
≤ 1

4

and thus each trial outputs the correct value at (i, j) with probability at least 3/4.
For s ∈ [r], let

Ws := 1
[
Z

(s)
i,j = (AB)i,j mod q

]
.

Then the variables W1, . . . ,Wr are independent and satisfy Pr[Ws = 1] ≥ 3/4. By the Chernoff
bound, since r = C log(1/δ) for a sufficiently large constant C, we have

Pr

[
r∑

s=1

Ws ≤
r

2

]
≤ δ.

Thus, for every entry i, j ∈ [n], it holds that Pr
[
SO(A,B)i,j ̸= (AB)i,j mod q

]
≤ δ.

Finally, the number of oracle calls is 4r = O(log(1/δ)), and the running time bound follows
immediately.

Proof of Lemma 7.2. Let Sn be a set of odd primes such that

|Sn| = O

(
logn

log logn

)
,

∏
p∈Sn

p > n, and max
p∈Sn

p = O(log n).

39



Such a set exists for all sufficiently large n and can be efficiently constructed in time Õ(1). For
each p ∈ Sn, let

tp := ⌈log2 p⌉+ 1.

Since p = O(logn) for every p ∈ Sn, we have tp = O(log log n).
Fix any p ∈ Sn. Apply Lemma 7.5 with q = p and α := 1 − 1

16t2p
. Note that the oracle O

satisfies EA,B[agree(O(A,B), AB)] ≥ 1−1/(log logn)3 ≥ α for every sufficiently large n. Moreover,
by Lemma 7.3, we can assume without loss of generality that O satisfies the same guarantee for
every fixed (i, j) ∈ [n]2.

Then, we obtain a randomized O(t2p)-query oracle algorithm NO
p such that, for every fixed

(i, j) ∈ [n]2,

Pr
X,Y∼Zn×n

p

NO
p

[
NO

p (X,Y )i,j = (XY mod p)i,j
]
≥ 15

16
.

Now apply Lemma 7.6 to the oracle NO
p with δ := 1/3. Then we obtain a randomized oracle

algorithm SO
p such that, for any A,B ∈ Zn×n

p and every fixed i, j ∈ [n],

Pr
SO
p

[
SO
p (A,B)i,j = (AB)i,j mod p

]
≥ 2/3.

Note that SO
p makes at most O(t2p) queries to O in total.

We now define the final algorithm MO. On input A,B ∈ {0, 1}n×n, for every p ∈ Sn and
t = 1, 2, . . . , O(log n), compute

D
(p)
t := SO

p (A,B) ∈ Zn×n
p .

and let C(p) ∈ Zn×n be the entry-wise majority vote among D
(p)
t over t = 1, 2, . . . , O(log n). Since

(D
(p)
t )i,j = (AB)i,j mod p with probability 2/3 for every i, j ∈ [n], the Chernoff bound yields that

(C(p))i,j = (AB)i,j mod p with probability 1− 1/n4. By a union bound over i, j ∈ [n] and p ∈ Sn,
we have

Pr[∀p ∈ Sn, C(p) = AB mod p] ≥ 1− 1

n
.

If this event occurs, we know the residues AB mod p for all p ∈ Sn. Since

0 ≤ (AB)i,j ≤ n and
∏
p∈Sn

p > n,

the Chinese Remainder Theorem (Lemma 7.1) efficiently and uniquely determines (AB)i,j from
these residues. Therefore, MO reconstructs AB exactly.

Finally, we bound the query complexity. Note that MO makes O(log n) oracle calls to SO
p

for each p ∈ Sn and SO
p makes at most O(t2p) oracle calls to O. Since tp = O(log p) and

maxp∈Sn p = O(log n), the total number of oracle calls to O is at most O(|Sn)| · log n ·(log logn)2) =
O((logn)2 log logn).

8 Proof of the Main Theorem

In this section, we prove Theorem 1.1. We do so by proving the following oracle version, which
implies Theorem 1.1 by instantiating the oracle with the given algorithm and dimension adjustment
(Lemma 3.7).
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Lemma 8.1. For every constant ε > 0, there exists a parameter k = k(n) = poly(log logn) ∈ N
and a nonuniform randomized O((log n)2 · polylog(log log n))-query oracle algorithm MO with the
following property.

Suppose that O is a randomized oracle such that

E
Ā,B̄∼{0,1}kn×kn

O

[
agree(O(Ā, B̄), ĀB̄)

]
≥ ε.

Then, for every input A,B ∈ {0, 1}n×n,

Pr
MO

[
MO(A,B) = AB

]
≥ 1− 1

n
.

Proof. Fix a constant ε > 0. The proof consists of four reductions from previous sections.

Choice of parameters. Let γ := 1
4 . Apply Lemma 6.1 with parameters γ and ε′ := 2ε

5 , and
let δ0 := δ(γ, ε′) > 0 be the resulting constant. Next, let k1 := k′(ε, δ0) be the parameter from
Lemma 5.1 corresponding to (ε, δ0). Set δ1 := 1

(log logn)3
and let k2 := k2(δ1) = O((log log n)12) be

the parameter from Lemma 6.2.
Finally define

k := k1k2.

Since k1 depends only on ε and δ0, and k2 = O((log log n)12), we have k = O(k2) = O((log logn)12).

Reduction. First, we apply the distance amplification lemma (Lemma 5.1). Let m := k2n. From
the assumption on O,

E
Ā,B̄∼{0,1}k1m×k1m

[
agree(O(Ā, B̄), ĀB̄)

]
≥ ε.

Applying Lemma 5.1 at dimension m, we obtain a nonuniform randomized oracle algorithm NO
1

such that

Pr
U,V∼{0,1}m×m

[
agree(NO

1 (U, V ), UV ) ≥ 1− δ0
]
≥ 2ε

5
.

Second, we apply the first hardness amplification lemma (Lemma 6.1). Apply Lemma 6.1 (with
parameters γ = 1

4 and ε′ = 2ε
5 ) to N

O
1 at dimension m = k2n. We obtain an oracle algorithm NO

2

such that

E
U,V∼{0,1}m×m

[
agree(NO

2 (U, V ), UV )
]
≥ 3

4
.

Third, we apply the second hardness amplification lemma (Lemma 6.2) to obtain an oracle with
subconstant error probability. Apply Lemma 6.2 with parameter δ1 to NO

2 . Since m = k2n, we
obtain an oracle algorithm NO

3 such that

E
A,B∼{0,1}n×n

[
agree(NO

3 (A,B), AB)
]
≥ 1− δ1.

Finally, we apply the self-correction lemma (Lemma 7.2) to obtain a worst-case exact algorithm.
Apply Lemma 7.2 to NO

3 as oracle. This yields a randomized oracle algorithm MO such that, for
every fixed A,B ∈ {0, 1}n×n,

Pr
MO

[
MO(A,B) = AB

]
≥ 1− 1

n
.
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Running time. The algorithm NO
1 makes O(1) calls to O, NO

2 makes O(1) calls to NO
1 , and NO

3

makes O(log log log n) calls to NO
2 . Finally, MO makes O((log n)2 · log log n) calls to NO

3 . Thus the
total number of calls to O is

O((logn)2 · (log logn) · (log log logn)),

and each call is on matrices of dimension kn.
All additional work is near-quadratic and absorbed in Õ(n2); thus the running time of MO is

Õ(n2).

Finally, we prove Theorem 1.1. Note that Lemma 8.1 reduces exact multiplication of any two
n× n matrices to approximate multiplication of random two kn× kn matrices. Thus, it suffices to
multiply two kn× kn matrices using an exact multiplication algorithm on dimension n.

Proof of Theorem 1.1. Let k = poly(log log(n)) ∈ N be the parameter from Lemma 8.1. Let
A,B ∈ {0, 1}n×n be the given matrices and suppose O approximately multiplies two random
binary n × n matrices. By Lemma 3.7, we may assume k divides n. Indeed, if k does not di-
vide n, then by Lemma 3.7, we can construct another oracle O′ that approximately multiplies
two random (k⌈n/k⌉) × (k⌈n/k⌉) matrices with increasing the running time by a factor of at
most poly(k) = poly(log log n), which can be then converted into an algorithm NO′

that multi-
plies two arbitrary (k⌈n/k⌉) × (k⌈n/k⌉) matrices. To compute AB for given A,B ∈ Zn×n, let
A′, B′ ∈ {0, 1}(k⌈n/k⌉)×(k⌈n/k⌉) be matrices obtained by padding zeros to A and B respectively, and
then run NO′

to compute A′B′. Therefore, we may assume k divides n.
For k, n ∈ N such that k divides n, define

I1 = {1, . . . , n/k}, I2 = {n/k + 1, . . . , 2n/k}, . . . , Ik = {(k − 1)n/k + 1, . . . , n}.

Given matrices A,B ∈ {0, 1}n×n, we divide them into k2 blocks as

A =

A11 . . . A1k
...

. . .
...

Ak1 . . . Akk

 , B =

B11 . . . B1k
...

. . .
...

Bk1 . . . Bkk

 ,
where Ai,j := A|Ii,Ij ∈ {0, 1}(n/k)×(n/k) and Bi,j := B|Ii,Ij ∈ {0, 1}(n/k)×(n/k).

Since the given oracle O approximately multiplies two n× n matrices, by Lemma 8.1 on input
dimension n/k, there exists an O((log n)2 · poly(log logn))-query nonuniform randomized oracle
algorithm PO that, for every pair of matrices A′, B′ ∈ {0, 1}(n/k)×(n/k), it holds that

Pr
PO

[
PO(A′, B′) = A′B′] ≥ 1− 1

n
.

Our final oracle algorithm MO(A,B) outputs the matrix C ∈ Zn×n defined by

CIi,Ij :=
∑
ℓ∈[k]

PO(Aiℓ, Bℓj)

for all i, j ∈ [k].
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Since PO runs in time Õ(n2) and k = poly(log log n), the running time of MO is Õ(n2). More-
over, MO makes k3 oracle calls to PO and PO makes at most O((log n)2 · poly(log logn)) queries
to O, the total number of oracle calls to O made by MO is

O(k3(log n)2 · poly(log log n)) = O((log n)2 · poly(log log n)).

Since PO(Aiℓ, Bℓj) = AiℓBℓj with probability 1− 1/n for every i, j, ℓ ∈ [k], a union bound over
i, j, ℓ ∈ [k] yields

Pr[∀i, j, ℓ ∈ [k], PO(Aiℓ, Bℓj) = AiℓBℓj ] ≥ 1− k3

n
≥ 2

3
,

which immediately implies MO(A,B) computes AB with probability 2/3.
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A Simulating Encoding by Matrix Multiplication

In this section, we prove Lemma 5.7.
The proof follows the same high-level structure as Hirahara and Shimizu [HS25a, Lemma 15],

with additional care to handle signed encodings and {0, 1}-valued inputs by applying affine trans-
formations.

Proof of Lemma 5.7. For a sign vector b = (b1, . . . , bk) ∈ {±1}k and a matrix X ∈ Zn×n, define
LiftbW (X) ∈ ZW×[kn] as follows: for each w = (w1, . . . , wk) ∈W , the w-th row of LiftbW (X) is

(b1Xw1,∗, b2Xw2,∗, . . . , bkXwk,∗) ∈ Zkn.

We also define Lift±W (X) ∈ ZW±×[kn] by indexing rows by (b,w) ∈W± and setting

Lift±W (X)(b,w),∗ := LiftbW (X)w,∗.

Similarly, define the unsigned lift LiftW (X) ∈ ZW×[kn] by

LiftW (X) := Lift
(1,...,1)
W (X).

A direct calculation shows that, for every X,Y ∈ Zn×n,

Lift±W (X) · LiftW (Y ⊤)⊤ = Enc±
W⊗2(XY ). (11)

Indeed, for (b,w) ∈W± with w = (w1, . . . , wk) and v = (v1, . . . , vk) ∈W , the ((b,w),v)-entry of
the left-hand side is

k∑
t=1

bt⟨Xwt,∗, Y∗,vt⟩ =
k∑

t=1

bt(XY )wt,vt = Enc±
W⊗2(XY )(b,w),v.

First, we transform the input matrices to random {±1}-valued matrices by a standard affine
transformation. Let Jr,s denote the all-one matrix in Zr×s, and write Jn := Jn,n.

Given A,B ∈ {0, 1}n×n, define

U := 2A− Jn ∈ {±1}n×n, V := 2B − Jn ∈ {±1}n×n.

If A,B ∼ {0, 1}n×n, then U, V are independent uniform matrices over {±1}n×n.
Since 2A = U + Jn and 2B = V + Jn, we have

4AB = (U + Jn)(V + Jn) = UV + UJn + JnV + nJn.

47

https://doi.org/10.1137/1.9781611978971.92
https://doi.org/10.1017/CBO9780511721335.010


Therefore,

4 Enc±
W⊗2(AB) = Enc±

W⊗2(UV ) + Enc±
W⊗2(UJn) + Enc±

W⊗2(JnV ) + nEnc±
W⊗2(Jn). (12)

The last three terms can be computed exactly from A,B,G, so the remaining part of the proof
focuses on approximating Enc±

W⊗2(UV ).
Second, we partition the set of k-walks W into a small number of vertex-disjoint sets. Specifi-

cally, we invoke the following lemma.

Lemma A.1 ([HS25a, Corollary 12]). Let k, d ∈ N be constants, G = ([n], E) be a d-regular graph
with girth at least k, and W ⊆ [n]k be the set of k-walks on G. Let a = k2dk−1 + 1. Then, we can
compute in time O(|W |) a partition W = P1 ⊔ · · · ⊔ Pa ⊔ P ′ such that

• The walks in Pi are pairwise vertex-disjoint for each i = 1, . . . , a,

• |Pi| ≤ n/k for i = 1, . . . , a,

• Every walk in each Pi visits exactly k distinct vertices,

• |P ′| ≤ k
d · |W |.

Let P1 ⊔ · · · ⊔ Pa ⊔ P ′ be the partition of W into vertex-disjoint sets, given by Lemma A.1. For
each b ∈ {±1}k and i ∈ [a], let

Qb,i := {(b,w) ∈W± : w ∈ Pi} ⊆W±.

Next, we will approximate the block of Enc±
W⊗2(UV ) indexed by Qb,i×Pj . Fix b ∈ {±1}k and

i, j ∈ [a], and write
r := |Pi|, s := |Pj |.

Set
X := LiftbW (U)

∣∣
Pi,∗
∈ {±1}r×kn, Y := LiftW (V ⊤)⊤

∣∣
∗,Pj
∈ {±1}kn×s.

By construction and (11),
XY = Enc±

W⊗2(UV )
∣∣
Qb,i×Pj

.

Since the walks in Pi are pairwise vertex-disjoint, the rows of X are independent and each is
uniformly distributed over {±1}kn. Likewise, since the walks in Pj are pairwise vertex-disjoint, the
columns of Y are independent and each is uniformly distributed over {±1}kn. Hence X and Y are
independent and uniformly distributed over {±1}r×kn × {±1}kn×s.

Next, we convert the matrices X and Y to random {0, 1}-valued matrices. Define

X̄ :=
X + Jr,kn

2
∈ {0, 1}r×kn, Ȳ :=

Y + Jkn,s
2

∈ {0, 1}kn×s.

Then X̄, Ȳ are independent uniform binary matrices, and

XY = 4X̄Ȳ − 2X̄Jkn,s − 2Jr,knȲ + kn · Jr,s. (13)

Thus, if Z̃ ∈ Zr×s approximates X̄Ȳ , then

T̃ := 4Z̃ − 2X̄Jkn,s − 2Jr,knȲ + kn · Jr,s
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approximates XY with the same agreement, i.e.,

agree(T̃ ,XY ) = agree(Z̃, X̄Ȳ ). (14)

Since O satisfies the hypothesis of Lemma 3.5 with N = kn and α = ε, we may apply that
lemma to X̄ ∈ {0, 1}r×kn and Ȳ ∈ {0, 1}kn×s, where r, s ≤ kn. Thus, there exists a one-query
oracle algorithm that outputs a matrix Z̃ ∈ Zr×s such that

E
[
agree(Z̃, X̄Ȳ )

]
≥ ε.

Combining this with (14), we obtain a matrix T̃ (b,i,j) ∈ Zr×s satisfying

E
U,V,O

[
agree

(
T̃ (b,i,j),Enc±

W⊗2(UV )
∣∣
Qb,i×Pj

)]
≥ ε. (15)

For every b ∈ {±1}k and i, j ∈ [a], run the above procedure and place the resulting matrix
T̃ (b,i,j) into the block Qb,i × Pj .

For entries whose row index lies in

(W±)′ := {(b,w) ∈W± : w ∈ P ′}

or whose column index lies in P ′, fill them arbitrarily. Let the resulting matrix be Ẽ ∈ ZW±×W .
Averaging (15) over all b, i, j, we get

E
U,V,O

[
agree(Ẽ,Enc±

W⊗2(UV ))
]
≥ ε− |(W

±)′|
|W±|

− |P
′|

|W |
.

Since |(W±)′|/|W±| = |P ′|/|W | ≤ k/d (by Lemma A.1), it follows that

E
U,V,O

[
agree(Ẽ,Enc±

W⊗2(UV ))
]
≥ ε− 2k

d
. (16)

Finally, we recover Enc±
W⊗2(AB) from Ẽ by an affine transformation again. Using (12), define

MO(A,B,G) :=
1

4

(
Ẽ + Enc±

W⊗2(UJn) + Enc±
W⊗2(JnV ) + nEnc±

W⊗2(Jn)
)
.

By (12), for each entry the above affine transformation preserves equality, and hence

agree
(
MO(A,B,G),Enc±

W⊗2(AB)
)
= agree

(
Ẽ,Enc±

W⊗2(UV )
)
.

Taking expectation and applying (16), we conclude that

E
A,B∼{0,1}n×n

MO

[
agree

(
MO(A,B,G),Enc±

W⊗2(AB)
)]
≥ ε− 2k

d
.
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B Near-linear Time Algorithm for MAX k-VCSP

We sketch the argument for Lemma 3.4 by extending the approximation algorithm of Jeronimo
[Jer23] for MAX k-CSP to MAX k-VCSP. Since the proof is nearly identical, we only highlight the
necessary modifications.

Let φ = (m,W, (Pw)w∈W ) be an instance of MAX k-VCSP(Σ). For each α ∈ Σk, define

gα(w) =

{
Pw(α) if w ∈W,
0 otherwise.

In Jeronimo [Jer23], gα is the indicator of a subset of W since Pw is a Boolean constraint. The
only place where Booleanity is used is in defining gα, which we replace by a bounded function in
[0, 1]. All subsequent arguments apply without change.

Applying the efficient weak regularity decomposition of Jeronimo, Srivastava, and Tulsiani
[JST21] to each gα, we obtain functions

hα =
∑
ℓ

cα,ℓ · 1Sα,ℓ
1
⊗ · · · ⊗ 1

Sα,ℓ
k

with the same guarantees as in Jeronimo [Jer23].
For any assignment a ∈ Σm and σ ∈ Σ, let

Tσ = {i : ai = σ}.

Then, we obtain

val(a, φ) =
∑
α∈Σk

∑
ℓ

cα,ℓ

k∏
j=1

∣∣∣Tαj ∩ S
α,ℓ
j

∣∣∣
m

± γ,

exactly as in the Boolean case.
The remainder of the proof in Jeronimo [Jer23]—namely, the reduction to a constant-size opti-

mization problem, discretization, and enumeration—applies verbatim. This yields a γ-approximation
in time Õ(m+ |W |).

C From Binary to Bounded-Integer Matrix Multiplication

This section records a standard reduction showing that exact matrix multiplication for binary
matrices implies exact matrix multiplication for matrices with polynomially bounded integer entries.

For an integer x ∈ Z, define its positive and negative parts by

x+ := max{x, 0}, x− := max{−x, 0}.

Then x = x+− x− and x+, x− ∈ Z≥0. For a matrix A ∈ Zn×n, define A+, A− ∈ Zn×n
≥0 entrywise by

(A+)i,j := (Ai,j)
+, (A−)i,j := (Ai,j)

−.

Proposition C.1. Let M ∈ N, and let ℓ := ⌈log2(M + 1)⌉. There is a deterministic algorithm
that, on input A,B ∈ [−M,M ]n×n, makes 4ℓ2 oracle calls to exact matrix multiplication on binary
n× n matrices and reconstructs AB over Z. The additional running time is O(n2ℓ2).
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Proof. Since entries of A+, A−, B+, B− belong to [0,M ]∩Z, each such entry has a binary expansion
of length ℓ. Therefore, for every s, t ∈ {0, . . . , ℓ− 1}, there exist binary matrices

A+,s, A−,s, B+,t, B−,t ∈ {0, 1}n×n

with

A+ =

ℓ−1∑
s=0

2sA+,s, A− =
ℓ−1∑
s=0

2sA−,s,

B+ =
ℓ−1∑
t=0

2tB+,t, B− =
ℓ−1∑
t=0

2tB−,t.

Since A = A+ −A− and B = B+ −B−, we have

AB = A+B+ −A+B− −A−B+ +A−B−.

Expanding each term in binary gives

AB =
ℓ−1∑
s,t=0

2s+t
(
A+,sB+,t −A+,sB−,t −A−,sB+,t +A−,sB−,t

)
.

Thus AB is a fixed integer linear combination of 4ℓ2 products of binary matrices. Each of those
products can be obtained from one oracle call, and summing them with the displayed coefficients
reconstructs AB. The reconstruction cost is O(n2ℓ2).

Corollary C.2. If exact binary matrix multiplication on n× n matrices can be computed in time
T (n), then exact matrix multiplication on n×n matrices with entries in [−M,M ] can be computed
in time

O
(
ℓ2 · (T (n) + n2)

)
, ℓ = ⌈log2(M + 1)⌉.

In particular, when M = poly(n), the overhead is polylogarithmic in n.

D From Per-entry Lp Error to Hamming Agreement

We next present a simple reduction showing that a bound on the Lp-norm error implies the
Hamming-agreement hypothesis used in the main theorem. Throughout this section, the expecta-
tion is over uniformly random A,B ∈ {0, 1}n×n, uniformly random (i, j) ∈ [n]2, and the internal
randomness of the oracle.

Proposition D.1. Let p ≥ 1 and let ε ∈ (0, 1]. Suppose that O is a randomized oracle which, on
every input (A,B) ∈ {0, 1}n×n × {0, 1}n×n, outputs a matrix in Zn×n and satisfies

E[|O(A,B)i,j − (AB)i,j |p] ≤
1

εp
.

Then there exists a randomized oracle Õ, obtained from one call to O, such that

E
A,B∼{0,1}n×n

Õ

[
agree(Õ(A,B), AB)

]
≥ ε

10
.
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Proof. Set T := ⌈2/ε⌉. Given (A,B), run O once to obtain a matrix C := O(A,B). Then sample
a random matrix

R ∼ {−T,−T + 1, . . . , T − 1, T}n×n

whose entries are independent and uniformly distributed on the integer interval [−T, T ]. Define

Õ(A,B) := C +R.

Fix an input pair (A,B) and an entry (i, j). Let

D := Ci,j − (AB)i,j ∈ Z.

Conditioned on the value of D, the event

Õ(A,B)i,j = (AB)i,j

is equivalent to the event Ri,j = −D. Hence

Pr
[
Õ(A,B)i,j = (AB)i,j

∣∣∣ D]
=


1

2T + 1
if |D| ≤ T,

0 if |D| > T.

Therefore

Pr
[
Õ(A,B)i,j = (AB)i,j

∣∣∣ D]
≥

1|D|≤T

2T + 1
.

Taking expectation over all randomness gives

E
[
agree(Õ(A,B), AB)

]
≥ Pr[|D| ≤ T ]

2T + 1
.

By Markov’s inequality,

Pr[|D| > T ] = Pr[|D|p > T p] ≤ E[|D|p]
T p

≤ 1/εp

(2/ε)p
≤ 1

2
.

Hence Pr[|D| ≤ T ] ≥ 1/2. Also, since T = ⌈2/ε⌉ and ε ≤ 1, we have 2T + 1 ≤ 5/ε. Combining the
last two bounds yields

E
[
agree(Õ(A,B), AB)

]
≥ 1/2

2T + 1
≥ ε

10
.

This proves the claim.
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