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Abstract

We prove an Ω
(︁
(log n/ log logn)2

)︁
unconditional lower bound on the maximum of the query

time and update time for dynamic data structures supporting reachability queries in n-node
directed acyclic graphs under edge insertions. This improves the ˜︁Ω(log3/2 n) lower bound of
Larsen and Yu [SICOMP 2025], and matches the strongest lower bound known for any dynamic
problem. The same bound holds for incremental undirected shortest paths and subgraph
connectivity. To prove it, we bring the recent framework of Ko [FOCS 2026], which gave this
bound for Pătraşcu’s multiphase problem [STOC 2010] with Inner Product, to the multiphase
problem with Disjointness. Our main technical contribution is to show that verification in Ko’s
2.5-round multiphase communication game makes a one-sided corruption bound suffice in place
of discrepancy, which Disjointness lacks.
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1 Introduction

Dynamic graph problems, such as reachability, shortest paths and connectivity, are among the most
natural and well-studied problems in theoretical computer science. A data structure maintains a
graph on n vertices under edge updates, and answers queries about the current graph; in dynamic
directed reachability, for instance, a query asks “is v reachable from u?”. The goal is to make both
updates and queries fast. For directed reachability, every known fully dynamic algorithm needs
polynomial time for its updates or for its queries. Is this necessary?

There are two very different ways to argue that it is. A conditional lower bound shows that a
fast data structure would give a fast algorithm for a problem conjectured to be hard, such as 3SUM,
all-pairs shortest paths (APSP) or CNF satisfiability [Pat10, AW14, HKNS15]. It is a reduction: it
shows that reachability is at least as hard as these problems, but not that any of them is hard. An
unconditional lower bound proves, from first principles, that no data structure can be fast, whatever
algorithms are discovered in the future. Conditional lower bounds have been remarkably successful
at charting which problems are as hard as which, but only unconditional lower bounds tell us that a
problem is hard.

This distinction recently became concrete: two of the three central conjectures of fine-grained
complexity, the 3SUM and APSP conjectures, were refuted [AW26], with truly subquadratic and
truly subcubic algorithms, respectively, and the result has been formalized in Lean.1 Every lower
bound conditioned on them, including Pătraşcu’s original evidence for the multiphase problem
that this paper builds on, lost its support at once. Lower bounds based on other conjectures,
such as the OMv conjecture, still stand, but this is a good moment for healthy skepticism.2

Unconditional lower bounds are sometimes seen as quantitatively weak next to conditional ones,
but this compares statements of different kinds: a conditional lower bound can disappear overnight,
while an unconditional one, however modest, is eternal. This is why we must always strive for
unconditional lower bounds.

Unconditional lower bounds for data structures are proved in the cell-probe model [Yao81].
Memory consists of cells of w = Θ(log n) bits, a data structure is charged one unit for each
cell it reads or writes, and computation is free, so a lower bound in this model applies to every
realistic architecture. In the dynamic setting, the update time tu and the query time tq are the
numbers of cells probed by an update and by a query, respectively. Because the model is so strong,
cell-probe lower bounds are among the hardest unconditional lower bounds to prove: for static
data structures, even slight improvements of the known bounds would imply new circuit lower
bounds [Vio18, DGW19, KPI25], and strong ones face a natural-proofs barrier [KLMS26]. For
dynamic directed reachability, the best unconditional lower bound, due to Larsen and Yu [LY25], is
max(tu, tq) = ˜︁Ω(log3/2 n).

In this work, we prove an unconditional Ω
(︁
(log n/ log logn)2

)︁
lower bound for dynamic directed

reachability. More precisely, every zero-error data structure with worst-case update time tu and
expected query time tq has tq = Ω

(︁
(log n/ log(tuw))2

)︁
, already for incremental reachability on depth-

2 DAGs (Theorem 1.1). This surpasses the bound of Larsen and Yu by a factor of about
√
log n

(Fig. 1), and matches the strongest lower bound known for any dynamic problem [Lar12, Ko26],
which [Ko26] argues is likely the limit of the Chronogram framework. The same Ω

(︁
(log n/ log logn)2

)︁
bound holds for incremental undirected shortest paths and for subgraph connectivity. We obtain
these bounds by bringing the recent framework of [Ko26], which proved this bound for the multiphase
problem with Inner Product, to the multiphase problem with Disjointness, from which Pătraşcu’s
reductions [Pat10] give the graph problems.

1See the 3sum-apsp folder of https://github.com/anthropics/formal-math.
2SETH is in a different position: refuting it would itself yield new circuit lower bounds [Wil13, JMV15].
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1.1 Previous work

Upper bounds. Fast updates or fast queries alone are easy: recording the updates and searching
the graph at query time makes updates fast, and maintaining the answers to all queries explicitly
makes queries fast, but each makes the other operation polynomially slow. A long line of seminal work
in data structure design gives algorithms that balance the two. In undirected graphs, connectivity
can be maintained with polylogarithmic update and query time [HDLT01, KKM13]. For directed
reachability and transitive closure, there are fully dynamic algorithms [Kin99, San04, VDBNS19],
including algebraic ones based on dynamic matrix inverse [San04, VDBNS19], and for shortest
paths, fully dynamic algorithms for all pairs [DI04, Tho05], all with polynomial update or query
time.

Conditional lower bounds. To argue that these algorithms are close to optimal, a series of
conditional lower bounds has been developed since 2010. This line of work grew out of the frustration
of not being able to prove strong unconditional lower bounds: at the time (2010), the highest
unconditional lower bound for any explicit dynamic problem was Ω(log n) [Pat10], far from the
polynomial bounds believed to hold. Pătraşcu [Pat10] initiated the systematic study of conditional
lower bounds for dynamic problems. He introduced the multiphase problem, showed that it requires
polynomial time under the 3SUM conjecture, and reduced it to dynamic reachability, shortest
paths and subgraph connectivity, among others. Building on this, polynomial lower bounds for
dynamic reachability and many other dynamic graph problems now follow from a handful of popular
conjectures: the 3SUM and APSP conjectures and the Strong Exponential Time Hypothesis (SETH)
[IPZ01, AW14], the hardness of combinatorial Boolean matrix multiplication [AW14], and the Online
Matrix-Vector multiplication (OMv) conjecture [HKNS15]. For some trade-offs they match the
known algorithms [VDBNS19]. Together, these results suggest that dynamic reachability requires
polynomial update or query time, but only as long as the conjectures behind them hold, and as
discussed above, the 3SUM and APSP conjectures do not [AW26].

Unconditional lower bounds. If we turn to unconditional lower bounds, however, the progress
has been very slow, yet steady. In their seminal work, Fredman and Saks [FS89] introduced the
Chronogram method and proved a lower bound of Ω(log n/ log logn), which transfers to dynamic
connectivity by a simple reduction [MSVT94, HF98], and Pătraşcu and Demaine [PD06] improved
this to Ω(log n). For almost two decades, this remained the strongest unconditional lower bound for
any natural graph problem. Stronger techniques were developed in the meantime. Larsen [Lar12]
proved Ω

(︁
(log n/ log logn)2

)︁
, but only for weighted problems, whose queries return Ω(log n) bits.

For problems whose queries return a single bit, such as reachability, there was no technique for
proving even an ω(log n) lower bound until the breakthrough of Larsen, Weinstein and Yu [LWY20],
who proved ˜︁Ω(log3/2 n). Building on their technique, Larsen and Yu [LY25] finally obtained the first
super-logarithmic lower bound for a natural graph problem: for n-vertex DAGs under edge insertions,
with worst-case update time tu, expected query time tq and word size w = Ω(log n), they show

tq = Ω
(︁
log3/2 n/ log2(tuw)

)︁
[LY25, Theorem 1], so, for w = Θ(log n), max(tu, tq) = ˜︁Ω(log3/2 n).

Fig. 1 summarizes this progress.
Each of these improvements may look marginal, but each required a conceptual shift in proof

technique. In the Chronogram [FS89], the updates are split into epochs whose sizes grow geometrically
going back in time, and a query must read information about each epoch from the cells written
during that epoch. Pătraşcu and Demaine [PD06] replaced the epochs by a tree of time intervals
and bounded the information transferred between adjacent intervals, which removes the log log n
loss of the geometric epochs. Larsen [Lar12] showed, by cell sampling, that a query must read

3



1989

Ω
(︂

logn
log logn

)︂
Fredman–Saks [FS89];
via [MSVT94, HF98]

2004

Ω(log n)
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Figure 1: Unconditional cell-probe lower bounds for dynamic directed reachability, with w = Θ(log n),
stated as bounds on max(tu, tq). The two fully dynamic bounds are for undirected connectivity and
carry over to directed reachability. The first is Fredman and Saks’s bound for prefix parity [FS89],
which transfers to dynamic connectivity by a simple reduction observed independently by Miltersen
et al. [MSVT94] and by Henzinger and Fredman [HF98].

Ω(log n/ log(tuw)) cells from each epoch, not just one: if it read fewer, a small sample of the cells of
an epoch would answer many queries, and hence encode the updates of that epoch in fewer bits than
their entropy. However, Larsen’s original argument [Lar12] needs queries with long answers. Larsen,
Weinstein and Yu [LWY20] extended it to Boolean queries, by reducing to a one-way communication
game in which Bob only needs to guess the answer with a small advantage over random guessing,
which they analyze via a peak-to-average lemma based on Chebyshev polynomials.

Despite this progress, it has long been conjectured that the true lower bound is much higher.
Besides the conditional lower bounds above, Pătraşcu [Pat10] conjectured that the multiphase
problem requires polynomial time, and identified a three-party communication game, now known as
the multiphase communication game, whose hardness would imply this even in the cell-probe model,
i.e. unconditionally; by his reductions, this would give polynomial unconditional lower bounds
for dynamic reachability. Toward this conjecture, lower bounds for the multiphase problem are
known only in restricted settings: polynomial bounds for non-adaptive data structures [BL15],
threshold bounds in which very fast queries force polynomial update time [CGL15], lower bounds
for semi-adaptive data structures, via two-round communication lower bounds [KW20, DL20], and
lower bounds for a 1.5-round version of Pătraşcu’s communication game [CEEP16].

A new landscape. Now the landscape is different. Ko [Ko26] recently paved a new way to
Ω
(︁
(log n/ log logn)2

)︁
lower bounds for problems with Boolean answers, and proved this bound for

the multiphase problem with Inner Product over F2. The key change there is to replace the one-way
communication game behind previous bounds with a 2.5-round game, in which Bob verifies Alice’s
simulation, so that the players know when the simulation fails. This bound matches the strongest
lower bound known for any dynamic problem [Lar12]. As discussed in [Ko26], it is likely the limit
of the Chronogram framework, so Boolean problems can now be brought up to the best bounds
that the Chronogram framework can give. Inner Product, however, is not known to capture natural
dynamic graph problems: Pătraşcu’s reductions to reachability and related problems start from
Disjointness. In this work, we bring this framework to dynamic reachability (Theorem 1.1).
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1.2 Our results

Theorem 1.1 (Directed reachability, informal). Every zero-error cell-probe data structure for
incremental directed reachability on N vertices, with word size w = Θ(logN), worst-case insertion
time tu and expected query time tq, has tq = Ω

(︁
(logN/ log(tuw))

2
)︁
; in particular max(tu, tq) =

Ω
(︁
(logN/ log logN)2

)︁
. This holds already on depth-2 DAGs whose queries ask whether a fixed sink

is reachable.

The formal statement is Theorem A.1. Theorem 1.1 holds in the setting of Larsen and Yu with
w = Θ(logN), and needs only depth-2 DAGs. A fully dynamic data structure also handles insertion-
only sequences, so the bound applies to fully dynamic directed reachability as well. The same
bound holds for incremental undirected shortest paths and for incremental subgraph connectivity
(Theorem A.1), by the same reduction. Since this reduction is standard, we leave the formal
reduction to Section A for completeness.

The route: multiphase Disjointness. As our hard problem, we consider the multiphase problem
of Pătraşcu [Pat10] with Disjointness, in its insert-only form.

• Phase I. Sets S1, . . . , Sm ⊆ [n] arrive and are preprocessed arbitrarily.

• Phase II. Elements are inserted one at a time into a set X ⊆ [n], initially empty; each insertion
probes at most tu cells.

• Phase III. An index q ∈ [m] arrives, and the data structure outputs whether Sq ∩X = ∅, reading
at most tq cells in expectation; it does not write.

Problem 1: Insert-only multiphase Disjointness

As mentioned above, Pătraşcu conjectured that max(tu, tq) ≥ nΩ(1) when m = n1+Ω(1), and reduced
the problem to several dynamic problems, including dynamic reachability. Our main technical result
is the following.

Theorem 1.2 (Main technical theorem, informal). Every zero-error cell-probe data structure for
insert-only multiphase Disjointness with m = n query sets, word size w = Θ(log n), worst-case
update time tu per insertion and expected query time tq has tq = Ω

(︁
(log n/ log(tuw))

2
)︁
.

The formal statement is Theorem 3.1. Theorem 1.1 follows by Pătraşcu’s reduction (Section A), in
which each insertion into X is one edge insertion. Only insertions, i.e. setting a bit of X to one, are
charged, as in Pătraşcu’s reductions to dynamic problems. As in [LY25], a data structure may use
random coins, drawn once; zero error means that it answers correctly for every input and every
outcome of the coins, the update time is worst case over inputs and coins, and the query time is
expected over the coins, for every input.

1.3 Proof overview

We sketch the proof of Theorem 1.2, which follows the framework of [Ko26]. We can interpret
Ko’s framework as working in two layers. The outer layer is the Chronogram method of Fredman
and Saks [FS89]: we split the insertions into Θ(log n/ log(tuw)) epochs, and show that a query
must probe Ω(log n/ log(tuw)) cells written in each of a constant fraction of them. The inner layer
proves this bound for a single epoch, following [Ko26]: if a query probes fewer cells of the epoch, we
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turn the data structure into a too-good-to-be-true protocol for a 2.5-round communication game.
Section 3 gives the details.

1.3.1 The outer layer: the Chronogram method

At a high level, the Chronogram method [FS89] divides the insertions into ℓ epochs whose sizes grow
geometrically going back in time. We number the epochs ℓ, ℓ− 1, . . . , 1 in the order in which they
occur, so that the larger epochs come first and epoch 1 is the most recent. The main observation of
Fredman and Saks is that we can decompose the cells by the epoch of their last write: let Ci be the
set of cells last written in epoch i. Each probe goes to at most one of the disjoint sets C1, . . . , Cℓ, so
for most epochs i, a random query probes only O(tq/ℓ) cells of Ci in expectation. The goal then is
to show that for a constant fraction of the epochs i, a random query must probe Ω(log n/ log(tuw))
cells of Ci. With ℓ = Θ(log n/ log(tuw)), this gives tq = Ω

(︁
(log n/ log(tuw))

2
)︁
.

The hard distribution. Recall that in multiphase Disjointness (Problem 1), the query sets
S1, . . . , Sm arrive first, the elements of X are then inserted, and finally a query asks whether
Sq ∩ X = ∅. We split the universe [n] into blocks B1, . . . , Bℓ. In epoch i, si = (tuw)

2i random
elements of Bi are inserted, and every query set has si random elements in Bi. In other words, this is
the hard distribution of Babai, Frankl and Simon [BFS86] for Disjointness, two independent random
sets of size about the square root of the universe, spread across the epochs: each block carries one
copy of it, made slightly sparser so that the ℓ copies together meet with constant probability. Two
features of this distribution matter.

• Recent epochs cannot record older ones. The epoch sizes are geometric: going back in time, they
grow by a factor (tuw)

2. So the insertions after epoch i number at most si−1 + si−2 + · · ·+ s1 ≤
2si−1 = 2si/(tuw)

2, and since each insertion writes at most tu cells of w bits, they write only
O(si/(tuw)) bits. This is far too few to describe the si elements inserted in epoch i, so a query
that needs these elements must read cells of Ci. This is the key property of the Chronogram
method.

• Every epoch matters. Block Bi has ℓs
2
i elements. By the birthday paradox, two random sets of

size si in a universe of size ℓs2i meet with probability about 1/ℓ. So the answer is “disjoint” with
constant probability, and each block can change it.

1.3.2 The inner layer: a 2.5-round multiphase communication game

Suppose, for contradiction, that tq = o
(︁
(log n/ log(tuw))

2
)︁
, and fix an epoch i in which a random

query probes only k = O(tq/ℓ) cells of Ci in expectation. The idea of cell sampling, introduced
to the Chronogram method by Larsen [Lar12], is that a small random sample of Ci then already
suffices to answer a nontrivial fraction of the queries. If each cell of Ci is sampled independently with
probability p = Θ(1/(tuw)), then all k cells of Ci probed by a query are sampled with probability
about pk. Both 1/ℓ and log(1/p) contribute a factor of log(tuw), so

pk ≥ exp
(︂
−O

(︂ tq log2(tuw)
log n

)︂)︂
= n−o(1).

This is the source of the quadratic form of the bound. To exploit it, we use the following variant of
the 2.5-round multiphase communication game of [Ko26]. Alice holds the query sets S1, . . . , Sm,
Bob holds X, and a prover, Merlin, holds both.
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• Round 0 (Merlin to Bob). Merlin sends Bob a message U .

• Round 0.5 (Bob to Alice). Bob sends Alice a message Φ, which may depend on U , X and his
private randomness, but not on the query.

• Round 1 (Alice to Bob). A random query index Q ∈ [m] is revealed to Alice only, and she sends
Bob a message AQ.

• Round 2 (Bob). Bob outputs whether SQ ∩X = ∅, or FAIL.

Protocol 1: The 2.5-round multiphase communication game (cf. [Ko26, Protocol 3])

This game is a restriction of Pătraşcu’s multiphase communication game, in which Alice and Bob
both know the query and may then communicate freely. Pătraşcu’s game has resisted all attempts at
a lower bound, while the more restricted games for which lower bounds are known [CEEP16, KW20]
do not imply lower bounds for general data structures. The 2.5-round game sits in between. Bob’s
message Φ does not depend on the query, which makes the game amenable to information-theoretic
analysis, and yet the game can still simulate a data structure.

Simulation. We turn the data structure into a protocol for the game as follows (Step 1, Section 3.2).

• Merlin’s message U is the list of all cells written in epochs i, . . . , 1, with their final contents.

• Bob’s message Φ consists of the elements of X outside Bi, the contents of all cells written after
epoch i, and each cell of Ci independently with probability p = ε/(32tuw), for a small constant
ε > 0. With Φ, Alice knows the whole memory except the unsampled cells of Ci.

• Alice’s message AQ is her simulation of query Q on the memory she knows.

• Bob checks AQ against U . Alice’s simulation can only go wrong on unsampled cells of Ci, which
are listed in U , so Bob detects every mistake. He outputs Alice’s answer if AQ is consistent with
U , and FAIL otherwise.

So every answer that Bob outputs is correct. Moreover, Alice’s simulation is correct whenever all k
cells of Ci that the query probes are sampled, which happens with probability about pk = n−o(1).

Verification is what distinguishes this protocol from the one-way games behind earlier bounds
[Lar12, LY25]. There, Alice answers on her own and cannot tell whether her simulation is correct,
since an unsampled cell of Ci looks to her like a cell that was not written in epoch i at all; a failed
simulation is indistinguishable from a successful one. Here, Bob knows exactly when the simulation
fails.

On the other hand, the protocol reveals little about block i. Bob’s message reveals at most εsi/4
bits about X ∩Bi, a small fraction of its entropy, and Alice’s simulation has O(tqw) bits. Merlin’s
list U is long, but it is shared by all m query sets, so it reveals little about the random query set
SQ. Yet Bob learns, with probability n−o(1), that SQ and X are disjoint. This is what makes the
protocol too good to exist.

1.3.3 Our key insight

In [Ko26], Bob outputs a random guess when his verification fails, and the protocol is shown to
be too good through its advantage over a random guess. Conditioned on the messages of Alice
and Bob, the inputs still have nearly full min-entropy and are nearly independent, and for Inner
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Product the proof ends with a discrepancy bound: under every product distribution with nearly full
min-entropy, the answer is nearly unbiased. As remarked in [Ko26], we do not expect the direct
application of [Ko26] to work for Disjointness.

Our key observation is that verification makes a much weaker, one-sided property enough. As
noted in [Ko26], the fact that the players know when the simulation fails is not used there. We
use it: Bob outputs FAIL instead of a guess, so every answer he outputs is correct. We can then
condition on the answer “disjoint”, and only need that every product distribution with nearly full
min-entropy puts noticeable mass on intersecting pairs. This one-sided corruption bound does hold
for Disjointness: it is the rectangle bound of Babai, Frankl and Simon [BFS86], which we adapt
to our sparser sets in Section 4. More generally, the argument uses Disjointness only through the
answers of accepted runs and the fact that intersection is an OR over the blocks, so any OR over
the blocks of functions with an analogous one-sided corruption bound would give the same lower
bound for its multiphase problem.

1.3.4 The complete argument

Our proof proceeds in four steps. As in [Ko26], the first is a simulation, and the other three prove a
communication lower bound.

1. Simulation (Section 3.2). A too-good-to-be-true data structure yields a protocol for the game of
Protocol 1 in which Bob outputs “disjoint” with probability n−o(1), and every answer he outputs
is correct.

2. A monochromatic near-rectangle (Section 3.3). Condition on Bob’s message, on Alice’s
messages for all queries, and on Bob outputting “disjoint”. Then SQ ∩Bi and X ∩Bi still have
nearly full min-entropy, and they are nearly independent. Since every answer Bob outputs is
correct, the two sets are always disjoint.

3. A nearly monochromatic rectangle (Section 3.3.4). By Pinsker’s inequality, replacing this
distribution by the product of its two marginals moves little mass. So the product, a rectangle,
puts little mass on intersecting pairs.

4. Corruption (Section 3.3.4). Every product of two distributions on sparse subsets of Bi with
nearly full min-entropy puts mass Ω(1/ℓ) on intersecting pairs, a contradiction.

The data structure may also be randomized, with expected query time, as in [LY25]: we fix its coins,
and Alice stops each simulation after 8tq probes, which costs only a constant factor.

Organization. Section 2 collects facts on information theory, min-entropy and rectangles. Sec-
tion A gives Pătraşcu’s reduction to dynamic graph problems and derives Theorem 1.1 from
Theorem 3.1. Section 3 defines the hard distribution, proves the simulation theorem (Step 1) and
the communication lower bound (Steps 2–4), and completes the proof of Theorem 3.1. Section 4
proves the corruption bound for sparse sets used in Step 4.

2 Preliminaries

2.1 Information theory

We recall the notions from information theory used in this paper; see [CT06] for background.
Logarithms are base 2 unless written ln.
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Definition 2.1 (Entropy, mutual information, divergence). The entropy of a random variable X is
H(X) :=

∑︁
x Pr[X = x] log 1

Pr[X=x] , and the conditional entropy is H(X|Y ) := Ey∼Y

[︁
H(X|Y = y)

]︁
.

The mutual information between X and Y , conditioned on Z, is I(X;Y |Z) := H(X|Z)−H(X|Y, Z);
when we need to specify the distribution µ of (X,Y ), we write Iµ(X;Y ). The KL divergence and
the total variation distance between two distributions P and Q are

D(P ∥Q) :=
∑︂
x

P (x) log
P (x)

Q(x)
and ∥P −Q∥TV :=

1

2
∥P −Q∥1.

For a random variable X and an event E, we write X|E for the distribution of X conditioned on E,
for instance X|Y=y. A random variable in place of a distribution, as in D(X ∥Y ), stands for its
distribution.

Fact 2.2 (Basic properties). For any random variables A, B, C and D:

(a) If A takes at most 2λ values, then H(A) ≤ λ. Moreover, 0 ≤ H(A|B) ≤ H(A).

(b) I(A;B|C) = I(B;A|C) and 0 ≤ I(A;B|C) ≤ H(A|C). If A and B are independent given C,
for instance if A is a function of C, then I(A;B|C) = 0.

(c) I(A;B|C) = Ec∼C

[︁
I(A;B|C = c)

]︁
.

(d) D(P ∥Q) ≥ 0 for any two distributions P and Q.

(e) If B′ is a function of B, then I(A;B′|C) ≤ I(A;B|C).

(f) If D is independent of (A,B,C), then I(A;B|C,D) = I(A;B|C).

Fact 2.3 (Chain rules). (a) For any random variables A1, . . . , Ak, B and C,

I(A1 · · ·Ak;B|C) =
k∑︂

j=1

I
(︁
Aj ;B

⃓⃓
CA1 · · ·Aj−1

)︁
.

(b) For any two pairs of random variables (X,Y ) and (X ′, Y ′),

D
(︁
XY ∥X ′Y ′)︁ = D

(︁
X ∥X ′)︁+ E

x∼X

[︂
D
(︁
Y |X=x

⃦⃦
Y ′|X′=x

)︁]︂
.

Fact 2.4. For any random variables A, B, C and D, if I(B;D|AC) = 0, then I(A;B|CD) ≤
I(A;B|C).

Proof. By the chain rule (Fact 2.3(a)) and Fact 2.2(b),

I(A;B|CD) ≤ I(AD;B|C) = I(A;B|C) + I(B;D|AC) = I(A;B|C).

Fact 2.5 (KL divergence and mutual information). For any random variables A and B, I(A;B) =

Eb∼B

[︁
D
(︁
A|B=b ∥A

)︁]︁
.

Fact 2.6 (Pinsker’s inequality). For any two distributions P and Q,

∥P −Q∥TV ≤
√︁
(ln 2/2)D(P ∥Q).
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2.2 Min-entropy

The min-entropy of a random variable A is H∞(A) := − logmaxa Pr[A = a], and for a distribution
ν we write H∞(ν) likewise. We use the average min-entropy of [DORS08],

˜︁H∞(A|B) := − log E
b∼B

[︂
max
a

Pr[A = a|B = b]
]︂
.

Fact 2.7 ([DORS08]). Let A, B, C be random variables.

(a) If B has at most 2λ possible values, then ˜︁H∞(A|B,C) ≥ ˜︁H∞(A|C)− λ.

(b) For every r > 0, Prb∼B

[︁
H∞(A|B = b) ≥ ˜︁H∞(A|B)− r

]︁
≥ 1− 2−r.

(c) If B′ is a function of B, then ˜︁H∞(A|B′) ≥ ˜︁H∞(A|B).

Fact 2.8. Let E ∈ {0, 1} be a random variable with Pr[E = 1] > 0. Then ˜︁H∞(X|Y,E=1) ≥˜︁H∞(X|Y )− log(1/Pr[E = 1]), where the left side is with respect to the distribution conditioned on
E = 1.

Proof. For every y with Pr[E = 1|Y = y] > 0, we have Pr[X = x|Y = y,E = 1] ≤ Pr[X = x|Y =
y]/Pr[E = 1|Y = y] and, by Bayes’ rule, Pr[Y = y|E = 1]/Pr[E = 1|Y = y] = Pr[Y = y]/Pr[E = 1].
Summing over such y, and then over all y,

E
y∼Y |E=1

max
x

Pr[X = x|Y = y,E = 1] ≤
∑︂
y

Pr[Y = y] maxx Pr[X = x|Y = y]

Pr[E = 1]
=

2−
˜︁H∞(X|Y )

Pr[E = 1]
.

Fact 2.9 (Conditioning on one side). Let A,B be random variables, and let E ∈ {0, 1} be a function
of A with π := Pr[E = 1] > 0. Then

I(A;B|E=1) ≤ I(A;B)

π
and H∞(B|E=1) ≥ H∞(B)− log

1

π
,

where the left sides are with respect to the distribution conditioned on E = 1.

Proof. Since E is a function of A, I(B;E|A) = 0, so Fact 2.4 and Fact 2.2(b) and (c) give

I(A;B) ≥ I(A;B|E) ≥ π · I(A;B|E=1).

For the second bound, Pr[B = b|E = 1] ≤ Pr[B = b]/π for every b.

The next two facts pass between min-entropy and Shannon entropy. For a finite set S, US denotes
the uniform distribution on S; note that D(µ ∥US) = log |S| −H(µ).

Fact 2.10 (Flat decomposition; folklore, see e.g. [Vad12, Lemma 6.10]). If H∞(µ) ≥ logK for an
integer K ≥ 1, then µ is a convex combination of uniform distributions UT on K-element sets T .

Fact 2.11 (Smoothing [Ko26]; see also [JRS09]). If D(µ ∥US) ≤ t with t > 1, then for every α ≥ 4
there exists an event E such that µ(E) ≥ 1− 1/α and H∞(µ|E) ≥ log |S| − 2αt.
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2.3 Rectangles

In this section, we would like to connect the size of a combinatorial rectangle A × B with the
min-entropy. We work with distributional versions of these notions, in which the size of a set is
replaced by the min-entropy of a distribution.

Definition 2.12 (Deficit). Let S be a finite family of sets. The deficit of a distribution ν on S is
log |S| −H∞(ν).

The deficit is zero exactly for the uniform distribution on S, and the uniform distribution on a
subfamily A ⊆ S has deficit log(|S| / |A|). So a distribution of deficit d is as spread out as a
subfamily of density 2−d; intuitively, it is what remains of a uniformly random element of S after
about d bits about it have been revealed. Below, (A,B) ∼ µ for a distribution µ on S × S with
marginals µA, µB.

Definition 2.13 (Rectangles, near-rectangles, monochromatic). Let d, κ, δ ≥ 0.

(a) µ is a d-rectangle if µ = µA ⊗ µB and both marginals have deficit at most d. That is,

H∞(µA) ≥ log |S| − d and H∞(µB) ≥ log |S| − d.

(b) µ is a (d, κ)-near-rectangle if both marginals have deficit at most d and Iµ(A;B) ≤ κ.

(c) µ is δ-monochromatic if Prµ[A ∩B ̸= ∅] ≤ δ, and monochromatic if it is 0-monochromatic, i.e.
supported on disjoint pairs.

A d-rectangle is the distributional analog of a large combinatorial rectangle. For A,B ⊆ S, the
uniform distribution UA×B = UA ⊗UB is a d-rectangle if and only if |A| , |B| ≥ 2−d |S|, since UA has
deficit log(|S| / |A|). Conversely, every d-rectangle is a convex combination of uniform distributions
on combinatorial rectangles of almost this size.

Corollary 2.14 (Flat decomposition of rectangles). Let µ be a d-rectangle on S × S, and let K
be an integer with 1 ≤ K ≤ 2−d |S|. Then there are subfamilies Aj ,Bk ⊆ S of size K and weights
pj , qk ≥ 0 with

∑︁
j pj =

∑︁
k qk = 1 such that

µ =
∑︂
j,k

pjqk UAj×Bk
.

Proof. Both marginals of µ have min-entropy at least log |S| − d ≥ logK. So by Fact 2.10,
µA =

∑︁
j pj UAj and µB =

∑︁
k qk UBk

for such subfamilies and weights. Therefore

µ = µA ⊗ µB =
∑︂
j,k

pjqk UAj ⊗ UBk
.

A near-rectangle relaxes the product condition: its two sides may be correlated, and κ bounds their
mutual information. In particular, a d-rectangle is a (d, 0)-near-rectangle. Replacing a near-rectangle
by the product of its marginals gives a rectangle that is close in total variation distance (see, e.g.,
[Ko26]).

Lemma 2.15 (From near-rectangles to rectangles). If µ is a δ-monochromatic (d, κ)-near-rectangle,
then µA ⊗ µB is a

(︁
δ +

√︁
(ln 2/2)κ

)︁
-monochromatic d-rectangle.

Proof. Let R := µA ⊗ µB. It has the same marginals as µ, so it is a d-rectangle. By the chain rule
for KL divergence (Fact 2.3(b)) and Fact 2.5, D(µ ∥R) = Eb∼µB

[︁
D(A|B=b ∥µA)

]︁
= Iµ(A;B) ≤ κ,

so ∥µ−R∥TV ≤
√︁

(ln 2/2)κ by Fact 2.6. Therefore

Pr
(A,B)∼R

[︁
A ∩B ̸= ∅

]︁
≤ Pr

(A,B)∼µ

[︁
A ∩B ̸= ∅

]︁
+ ∥µ−R∥TV ≤ δ +

√︁
(ln 2/2)κ.
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3 Main proof

In this section, we prove our main theorem, the formal version of Theorem 1.2.

Theorem 3.1 (Main theorem). Every zero-error cell-probe data structure for insert-only multiphase
Disjointness with m = n query sets, word size w = Θ(logn), worst-case update time tu and expected
query time tq has

tq ≥ Ω

(︄(︃
logn

log(tuw)

)︃2
)︄
.

We first recall the outline from Section 1.3. After defining the hard distribution (Section 3.1),
suppose, for contradiction, that we have a too-good-to-be-true data structure.

1. A too-good 2.5-round protocol (Section 3.2). The data structure yields a 2.5-round protocol
in which Bob verifies Alice’s simulation of the query, and accepts a run answering “disjoint”
with noticeable probability.

2. A monochromatic near-rectangle (Section 3.3). Conditioning on these accepted runs gives

a distribution on the pair (S
(i)
Q , X(i)). This distribution is monochromatic, since accepted

answers are correct. It is also a near-rectangle: both marginals have high min-entropy, and
the two sides are almost independent.

3. A nearly monochromatic rectangle (Section 3.3.4). Replacing this distribution by the product
of its marginals gives a rectangle with high min-entropy that is nearly monochromatic.

4. Corruption (Section 3.3.4, proved in Section 4). Finally, the corruption bound for sparse sets
shows that no such rectangle exists, which is a contradiction.

As in [Ko26], Step 1 is a simulation theorem (Section 3.2), and Steps 2–4 prove a lower bound for
the 2.5-round game (Section 3.3); together they prove Theorem 3.1.

3.1 The hard distribution

Let β := (tuw)
4. As usual, we assume that n =

∑︁
i∈[ℓ] ℓβ

i for an integer ℓ, the number of epochs.
We partition [n] into blocks B1, . . . , Bℓ with

|Bi| = ni := ℓβi, and let si :=
√︁
ni/ℓ = βi/2.

Epochs are indexed backward in time: epoch ℓ comes first and epoch 1 comes last. Under the
distribution D of (S⃗,X), independently:

• each query set Sj , j ∈ [m], consists of si uniformly random elements of each block Bi; write

S
(i)
j := Sj ∩Bi and S⃗ := (S1, . . . , Sm);

• in epoch i, si uniformly random elements of Bi are inserted into X, in increasing order. We write
X(i) := X ∩Bi for the set inserted in epoch i, X(>i) := X ∩ (Bi+1∪ · · ·∪Bℓ), and X(̸=i) := X \Bi.

The query index Q is uniform in [m] and independent of (S⃗,X). We write PrD,Q and ED,Q for

probability and expectation over (S⃗,X) ∼ D and Q. In each block, SQ and X share s2i /ni = 1/ℓ
elements in expectation over D and Q, so they are disjoint with probability at least 1/4 (Claim 3.2(d)
and Fig. 2). The Chronogram epochs are I := {i ∈ [ℓ] : i ≥ 2(ℓ+ 1)/3}; any range of Ω(ℓ) epochs
with si ≥ nΩ(1) would do.

We prove the following useful (counting) facts about the properties of our hard distribution.

12



X
Sq

0 1 0 0 0 0 1 0 0 0 0 0 1 0

0 0 0 1 0 0 0 0 1 0 1 0 0 0

Bℓ (nℓ coordinates)

0 0 1 0 0 0 0 1

1 0 0 0 0 1 0 0

Bℓ−1

· · · 0 0 1 0

0 1 0 0

B1

epoch ℓ first time epoch 1 last

In each block Bi: si ones in each row, placed independently at random; ni = ℓβi, si =
√︁

ni/ℓ.

Figure 2: The hard distribution (not to scale), with X and Sq written as characteristic vectors. The
ones of X in block Bi are inserted during epoch i. Block sizes grow by a factor β = (tuw)

4 going
back in time. In each block, the expected number of common ones is s2i /ni = 1/ℓ, so SQ and X are
disjoint with constant probability.

Claim 3.2 (Parameters). The hard distribution has the following properties.

(a) ℓ = Θ(log n/ log(tuw)) and |I| ≥ ℓ/3− 1. If moreover tuw ≤ n1/95, then ℓ ≥ 20.

(b) For i ∈ I: si ≥ n1/3.

(c) si/si−1 =
√
β = (tuw)

2,
∑︁

j<i sj ≤ 2si−1, and sℓ ≤
√
n.

(d) ED,Q

[︂⃓⃓⃓
S
(i)
Q ∩X(i)

⃓⃓⃓]︂
= s2i /ni = 1/ℓ for every i, and PrD,Q[SQ ∩X = ∅] ≥ (1− 1/ℓ)ℓ ≥ 1/4 for

ℓ ≥ 2.

Proof. These are more-or-less standard calculations.

(a) Since β ≥ 2, ℓβℓ ≤ n ≤ 2ℓβℓ. Hence ℓ ≤ log n and ℓ log β ≤ log n ≤ ℓ log β + log ℓ + 1,
so ℓ = Θ(log n/ log β). Moreover |I| ≥ ℓ − 2(ℓ + 1)/3 = (ℓ − 2)/3. If tuw ≤ n1/95, then
log β ≤ 4

95 log n, so ℓ ≥ (logn− log ℓ− 1)/ log β ≥ 95
4

(︁
1− log logn+1

logn

)︁
≥ 20.

(b) Since w = Θ(log n) and ℓ ≤ log n, β = (tuw)4 ≥ 2ℓ. For i ≥ 2(ℓ+1)/3, si = βi/2 ≥ (βℓ+1)1/3 ≥
(βn/(2ℓ))1/3 ≥ n1/3.

(c) The ratio is immediate;
∑︁

j<i sj ≤ si−1
∑︁

r≥0 β
−r/2 ≤ 2si−1 since β ≥ 4; and s2ℓ = nℓ/ℓ ≤ n.

(d) Each element of Bi lies in S
(i)
Q with probability si/ni and in X(i) with probability si/ni,

independently, so the expectation is ni(si/ni)
2 = 1/ℓ. By Markov, block i is disjoint with

probability at least 1− 1/ℓ, and the blocks are independent.

Setup. As usual, we fix the coins of the data structure by averaging, and we assume that
tuw ≤ n1/95 and tq ≤ log2 n, since otherwise the bound is trivial. So the data structure is
deterministic, with zero error and worst-case update time tu, and the number T (q) of cells read by
a query q ∈ [m] is a function of (S⃗,X) with ED,Q[T (Q)] ≤ tq. By Claim 3.2, ℓ ≥ 20 and si ≥ n1/3

for i ∈ I. Since w = Θ(logn), also tuw ≥ 64/ε, where ε is the constant of Lemma 4.1 (i.e. 1/40).

Epochs. As in all Chronogram-based proofs, the updates are processed in reverse order of the
epoch index, so the larger epochs come first. We follow the notation and the setup of [LY25]. For
i ∈ I, let M>i be the memory after Phase I and epochs ℓ, . . . , i+ 1; it is a function of (S⃗,X(>i)).
For j ∈ [ℓ], let Cj be the set of cells last written in epoch j, and let C<j :=

⋃︁
j′<j Cj′ be the set of
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cells written after epoch j. The sets C1, . . . , Cℓ are pairwise disjoint. Let tj(q) be the number of
cells of Cj probed by query q, so that∑︂

j∈[ℓ]

tj(q) ≤ T (q), and let τj := E
D,Q

[︁
tj(Q)

]︁
.

3.2 Simulation theorem

First, we show the following simulation theorem, which argues that a too-good-to-be-true data
structure yields a too-good-to-be-true protocol for the 2.5-round game of Protocol 1 (cf. [Ko26,
Protocol 3]), in which Bob verifies Alice’s simulation of the query against the actual memory. Our
protocol is a variant and a tightening of the simulation protocol of [Ko26, Protocol 4], and its
analysis follows [Ko26, Theorem III.2]. The main difference is Bob’s output when the simulation
fails: in [Ko26], he outputs FAIL together with an independent random guess, while here he outputs
only FAIL. In addition, the epoch i is fixed in advance (Section 3.3.4) rather than chosen by Merlin,
Merlin’s message lists only the cells written in epochs i, . . . , 1 rather than all updates, Bob sends
Alice all elements of X outside Bi, and, since tq bounds the query time only on average, Alice stops
her simulation after 8tq probes.

Let U consist of two lists, of the cells of Ci and of the cells of C<i, each cell with its final content,
that is, its content after Phase II. Let p := ε/(32 tuw). Bob’s private randomness RBob consists of
an independent bit Ra with Pr[Ra = 1] = p for every cell a, and (S⃗,X), Q and RBob are mutually
independent. The length |·| of a message is measured in bits, padded to a fixed length, so that a
message of length λ takes at most 2λ values.

Theorem 3.3 (Simulation theorem). For every i ∈ I there is a 2.5-round protocol Gi for the
game of Protocol 1, in which Merlin sends U and Bob’s message has the form Φ = (X(̸=i),Ψ),
with the following properties, where BQ is the indicator that Bob outputs “disjoint” and ρ1 :=
PrD,RBob,Q[BQ = 1].

(a) (Zero error) If Bob does not output FAIL, his output is the correct answer. In particular,
BQ = 1 implies SQ ∩X = ∅.

(b) (Lengths of U and Ψ) |U | ≤ 5 tuw si and |Ψ| ≤ εsi/4.

(c) (Length of Alice’s messages) |Aq| ≤ 17 tqw for every q ∈ [m].

(d) (Advantage) ρ1 ≥ 1
8 p

8τi − e−n1/4/3.

(e) (Structure) Ψ is a function of (U,RBob), each Aq is a function of (S⃗,Φ), and BQ is a function
of (Ψ, AQ, U).

Proof. We simulate the data structure by the 2.5-round protocol Gi of Protocol 2. Part (e) is
immediate from Protocol 2: Bob computes Ψ from U and RBob, Alice computes Aq from S⃗ and Φ,
and Bob’s decision reads only Ψ, which records whether he aborted, AQ, which records whether the
run finished and its output, and the final contents listed in U .

Cost of the protocol. The following analysis of the cost is straightforward from Protocol 2.
Each cell in a message is sent as an address and a content, 2w bits. Merlin’s message U lists the
cells of Ci and of C<i. Here |Ci| ≤ tusi, since each of the si insertions of epoch i writes at most tu

14



• Alice holds S⃗. Bob holds X and RBob. Merlin holds S⃗ and X.

• Merlin sends U to Bob.

• As the 0.5-round message, Bob lets ˜︁Ci := {a ∈ Ci : Ra = 1}. If
⃓⃓⃓ ˜︁Ci

⃓⃓⃓
> 2p tusi, Bob aborts: he

sets Ψ := ⊥, and outputs FAIL at the end. Otherwise Ψ lists the cells of C<i ∪ ˜︁Ci with their
final contents. Bob sends Φ := (X(̸=i),Ψ) to Alice. It is crucial that the message depends on
U , X and RBob, but not on the query Q.

• The query Q ∈ [m] is then revealed to Alice. Alice computes M>i from S⃗ and X(>i), and runs
the query algorithm on Q. She answers a probe to a cell listed in Ψ with its listed content,
and a probe to any other cell with its content in M>i. She stops the run if it has not finished
after 8tq probes. She sends the transcript

AQ :=
(︁
(a1, c1), . . . , (ar, cr), zout

)︁
, r ≤ 8tq,

where ak is the k-th probed cell, ck the content she used, and zout the output, or a mark that
the run was stopped.

• Bob accepts AQ if (i) he did not abort, (ii) the run recorded in AQ finished, and (iii) ck is the
final content of ak for every k with ak ∈ Ci ∪ C<i; he reads these final contents off U . If Bob
accepts, he outputs zout; otherwise he outputs FAIL.

Protocol 2: Simulation protocol Gi (cf. [Ko26, Protocol 4])

cells, and similarly |C<i| ≤ tu
∑︁

j<i sj ≤ 2tusi−1 by Claim 3.2(c), the property of the Chronogram

epochs. Bob’s list Ψ has at most |C<i|+ 2p tusi cells. Since si−1 = si/(tuw)
2 and tuw ≥ 64/ε,

|U | ≤ 2w
(︁
|Ci|+ |C<i|

)︁
+ 2 ≤ 2w

(︁
tusi + 2tusi−1

)︁
+ 2 ≤ 5 tuw si,

|Ψ| ≤ 2w
(︁
2tusi−1 + 2p tusi

)︁
+ 2 =

4si
tuw

+
εsi
8

+ 2 ≤ εsi
4
.

Alice’s transcript records at most 8tq probes, together with the number of probes and the output or
the stop mark, so

|Aq| ≤ 16 tqw + log(8tq + 1) + 2 ≤ 17 tqw.

This proves (b) and (c).

Advantage. We now prove (a) and (d), using the following claim. It is the same argument as in
[Ko26]: Bob accepts only the true execution of the query, and he accepts it whenever his sample
contains every cell of Ci that the query probes.

Claim 3.4 (Acceptance). Fix (S⃗,X) and q ∈ [m]. In (b) and (c), the probability is over RBob.

(a) If Bob accepts Aq, then Aq is the true execution of query q. In particular, its output is
DISJ(Sq, X).

(b) PrRBob
[Bob aborts] ≤ e−n1/4/3.

(c) If T (q) ≤ 8tq, then PrRBob
[Bob accepts Aq] ≥ pti(q) − e−n1/4/3.
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Proof. (a) If Bob accepts Aq, then every content Alice used is the final content. For a cell of Ci∪C<i,
Bob checked this. Any other cell is not listed in Ψ and is not written during epochs i, . . . , 1, so
Alice used its content in M>i, which is final. Hence her run is the true execution of query q, and its
output is DISJ(Sq, X).

(b)
⃓⃓⃓ ˜︁Ci

⃓⃓⃓
is a sum of |Ci| ≤ tusi independent indicators with mean p each. By the Chernoff bound,

applied with the upper bound p tusi on the mean,

Pr
RBob

[︁ ⃓⃓⃓ ˜︁Ci

⃓⃓⃓
> 2p tusi

]︁
≤ e−p tusi/3,

and p tusi = εsi/(32w) ≥ n1/4.
(c) Let Pq ⊆ Ci be the set of the ti(q) cells of Ci probed by the true execution of query q. If

Bob does not abort and Pq ⊆ ˜︁Ci, then every cell that the true execution probes is either listed in Ψ
or outside Ci ∪C<i, so Alice reproduces the true execution, which finishes within T (q) ≤ 8tq probes,

and Bob accepts. Since PrRBob
[Pq ⊆ ˜︁Ci] = pti(q), a union bound with (b) gives (c).

Part (a) of the theorem follows from Claim 3.4(a), since Bob outputs FAIL unless he accepts
AQ. It remains to show (d). Let F be the event that SQ ∩ X = ∅ and T (Q) ≤ 8tq; it is

determined by (S⃗,X,Q). By Markov’s inequality, PrD,Q[T (Q) > 8tq] ≤ 1/8, and by Claim 3.2(d),
PrD,Q[SQ ∩X = ∅] ≥ 1/4, so PrD,Q[F ] ≥ 1/8. If F holds and Bob accepts AQ, then the recorded

output is “disjoint” by Claim 3.4(a), so BQ = 1. Since RBob is independent of (S⃗,X,Q), Claim 3.4(c),

applied for each fixed (S⃗,X,Q), and then the convexity of x ↦→ px (with Jensen’s inequality) give

ρ1 ≥ E
D,Q

[︂
1F ·

(︁
pti(Q) − e−n1/4/3

)︁]︂
≥ Pr

D,Q
[F ] · pED,Q[ti(Q)|F ] − e−n1/4/3.

Since ti ≥ 0, ED,Q[ti(Q)|F ] ≤ τi/PrD,Q[F ] ≤ 8τi, which gives (d).

As in [Ko26, Remark III.4], the protocol errs only on an event the players detect: whenever Bob
does not output FAIL, he has verified Alice’s transcript against U , and his output is correct. Here
we do not need Bob’s output on the remaining runs at all: Steps 2–4 use only the event BQ = 1, on
which the answer is “disjoint” with certainty.

We now choose the parameters so that the protocol is too good: Bob accepts a correct “disjoint”
answer with probability n−o(1).

Corollary 3.5 (Choice of parameters). If τi = o
(︁
log n/ log(tuw)

)︁
, then ρ1 ≥ n−o(1).

Proof. Since tuw ≥ 64/ε, log(1/p) = log(32 tuw/ε) ≤ 2 log(tuw), so p8τi ≥ 2−16τi log(tuw) = n−o(1).

By Theorem 3.3(d), ρ1 ≥ 1
8n

−o(1) − e−n1/4/3 ≥ n−o(1).

3.3 Communication lower bound

The goal of this section is to show that such a protocol is impossible, by showing that ρ1 < n−1/6

for every i ∈ I (Lemma 3.13). As in [Ko26], and going back to [KW20], the key idea is to extract
from the protocol a random variable Z that contains Bob’s output BQ, such that for some value z
of Z with BQ = 1,

(i) H∞
(︁
S
(i)
Q

⃓⃓
Z = z

)︁
and H∞

(︁
X(i)

⃓⃓
Z = z

)︁
are both large, and

(ii) I
(︁
S
(i)
Q ;X(i)

⃓⃓
Z = z

)︁
is small.

16



In [Ko26], a discrepancy bound for Inner Product then shows that Bob’s output is nearly uncorrelated

with the answer. Here, by Theorem 3.3(a), the distribution of (S
(i)
Q , X(i)) given Z = z is supported

on disjoint pairs. Together with (i) and (ii), it is a monochromatic near-rectangle (Definition 2.13),
and the corruption bound shows that no such near-rectangle exists.

Fix i ∈ I with ρ1 > 0. Following [Ko26], we take

Z :=
(︁
Zalice, BQ

)︁
, Zalice :=

(︁
Φ, Aall, Q, S<Q

)︁
,

where S<Q := (S1, . . . , SQ−1), and Aall := (A1, . . . , Am) with Aq the transcript that Alice sends
when the query is q. As in [Ko26], Z contains Alice’s messages for all queries, which lets us apply
direct-sum arguments, but not Merlin’s message U . By Theorem 3.3(e), Aall is a function of (S⃗,Φ),
and BQ is a function of (Zalice, U), since Ψ is part of Φ and AQ is determined by Aall and Q. We
only consider values of Z with BQ = 1, and write them as (z, 1), where z is a value of Zalice.

We use two facts throughout. First, Merlin’s message is short compared to the number m = n
of query sets: by Theorem 3.3(b) and Fact 2.2(a),

H(U) ≤ 5 tuw si ≤ n3/5, (1)

since si ≤ sℓ ≤
√
n (Claim 3.2(c)) and tuw ≤ n1/95. Second, the following standard direct-sum

identity holds.

Claim 3.6 (Direct sum). For any random variables V and W that are functions of (S⃗,X,RBob),

I
(︁
SQ;W

⃓⃓
V,Q, S<Q

)︁
=

1

m
I
(︁
S⃗;W

⃓⃓
V
)︁
.

Proof. Since Q is uniform and independent of (S⃗,X,RBob), Fact 2.2(c) and the chain rule
(Fact 2.3(a)) give

I
(︁
SQ;W

⃓⃓
V,Q, S<Q

)︁
=

1

m

∑︂
q∈[m]

I
(︁
Sq;W

⃓⃓
V, S<q

)︁
=

1

m
I
(︁
S⃗;W

⃓⃓
V
)︁
.

3.3.1 Small information on SQ

First, we would like to show that the min-entropy of S
(i)
Q conditioned on Z = (z, 1) is large. Here

Zalice contains Alice’s messages for all m queries, which are long, but they carry only O(tqw) bits
about a random SQ on average. This is a bound on divergence rather than on min-entropy, so, as in

[Ko26], we pass to min-entropy by smoothing, which requires conditioning S
(i)
Q on a likely event E.

Proposition 3.7 (The query side). If ρ1 ≥ n−1/6, then

Pr
z∼Zalice|BQ=1

⎡⎢⎢⎣∃E ⊆
(︃
Bi

si

)︃
:

Pr
[︁
S
(i)
Q ∈ E

⃓⃓
Z = (z, 1)

]︁
≥ 3

4
and

H∞
(︁
S
(i)
Q

⃓⃓
Z = (z, 1), S

(i)
Q ∈ E

)︁
≥ log

(︃
ni

si

)︃
− 32n1/5

⎤⎥⎥⎦ ≥ 3

4
.

Proof. First we upper bound I
(︁
S
(i)
Q ;Zalice, BQ

)︁
. Since S

(i)
Q is part of SQ, and SQ is independent of

(Q,S<Q), the chain rule (Fact 2.3) gives

I
(︁
S
(i)
Q ;Zalice, BQ

)︁
≤ I

(︁
SQ; Φ, Aall, Q, S<Q, BQ

)︁
= I

(︁
SQ; Φ, Aall, BQ

⃓⃓
Q,S<Q

)︁
.
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Since BQ is a function of (Φ, Aall, Q, U), the chain rule and Claim 3.6 (with V constant) give

I
(︁
SQ; Φ, Aall, BQ

⃓⃓
Q,S<Q

)︁
≤ I

(︁
SQ; Φ, Aall, U

⃓⃓
Q,S<Q

)︁
=

1

m
I
(︁
S⃗; Φ, Aall, U

)︁
.

By the chain rule and Fact 2.2,

I
(︁
S⃗; Φ, Aall, U

)︁
= I

(︁
S⃗; Φ, U

)︁
+ I
(︁
S⃗;Aall

⃓⃓
Φ, U

)︁
≤ H(U) +H(Aall),

where I(S⃗; Φ, U) ≤ I(S⃗;X(̸=i), RBob, U) = I(S⃗;U |X(̸=i), RBob) ≤ H(U) by Fact 2.2(e) and the chain
rule, since Ψ is a function of (U,RBob) (Theorem 3.3(e)) and S⃗ is independent of (X(̸=i), RBob). By
(1) and m = n, H(U)/m ≤ n−2/5, and by Theorem 3.3(c) and Fact 2.2(a), H(Aall)/m ≤ 17tqw.
Since tq ≤ log2 n and w = Θ(log n),

I
(︁
S
(i)
Q ;Zalice, BQ

)︁
≤ n−2/5 + 17tqw = O(log3 n).

Next we condition on BQ = 1, an event of probability ρ1. Let U be the uniform distribution on
(︁
Bi
si

)︁
,

which is the distribution of S
(i)
Q . By Fact 2.5, and since divergence is nonnegative (Fact 2.2(d)),

I
(︁
S
(i)
Q ;Zalice, BQ

)︁
= E

(z,b)∼(Zalice,BQ)

[︂
D
(︁
S
(i)
Q |Z=(z,b)

⃦⃦
U
)︁]︂

≥ ρ1 · E
z∼Zalice|BQ=1

[︂
D
(︁
S
(i)
Q |Z=(z,1)

⃦⃦
U
)︁]︂
.

Hence, since ρ1 ≥ n−1/6,

E
z∼Zalice|BQ=1

[︂
D
(︁
S
(i)
Q |Z=(z,1)

⃦⃦
U
)︁]︂

≤ O(log3 n)

ρ1
≤ n1/5.

Finally, by Markov’s inequality, D
(︁
S
(i)
Q |Z=(z,1) ∥U

)︁
≤ 4n1/5 with probability at least 3/4 over

z ∼ Zalice|BQ=1. For such z, Fact 2.11, applied to the distribution of S
(i)
Q given Z = (z, 1) with

S =
(︁
Bi
si

)︁
, t = 4n1/5 and α = 4, gives the desired set E.

3.3.2 Small information on X

Next, we show that conditioning on Z = (z, 1) costs little min-entropy of X(i). The only information
about X(i) in Zalice is Bob’s message Ψ, which is short, and conditioning on BQ = 1 costs log(1/ρ1)
more bits.

Proposition 3.8 (The update side).

Pr
z∼Zalice|BQ=1

[︃
H∞

(︁
X(i)

⃓⃓
Z = (z, 1)

)︁
≥ log

(︃
ni

si

)︃
− εsi

4
− log

1

ρ1
− 2

]︃
≥ 3

4
.

Proof. First we lower bound ˜︁H∞
(︁
X(i)

⃓⃓
Zalice

)︁
. The set X(i) is uniform on

(︁
Bi
si

)︁
and independent of

(S⃗,X(̸=i), Q), and Zalice is a function of (Ψ, S⃗,X(̸=i), Q) by Theorem 3.3(e). By Fact 2.7(c), and
then (a) with |Ψ| ≤ εsi/4 (Theorem 3.3(b)),

˜︁H∞
(︁
X(i)

⃓⃓
Zalice

)︁
≥ ˜︁H∞

(︁
X(i)

⃓⃓
Ψ, S⃗,X(̸=i), Q

)︁
≥ log

(︃
ni

si

)︃
− εsi

4
.
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Next we condition on BQ = 1, an event of probability ρ1. By Fact 2.8,

˜︁H∞
(︁
X(i)

⃓⃓
Zalice, BQ=1

)︁
≥ ˜︁H∞

(︁
X(i)

⃓⃓
Zalice

)︁
− log

1

ρ1
≥ log

(︃
ni

si

)︃
− εsi

4
− log

1

ρ1
,

where the left side is the average min-entropy with respect to the distribution conditioned on
BQ = 1: ˜︁H∞

(︁
X(i)

⃓⃓
Zalice, BQ=1

)︁
= − log E

z∼Zalice|BQ=1

[︂
2−H∞(X(i) |Z=(z,1))

]︂
.

Finally, by Fact 2.7(b) with r = 2, applied to this distribution, H∞(X(i)|Z = (z, 1)) is at least the
left side minus 2 with probability at least 1− 2−2 = 3/4 over z ∼ Zalice|BQ=1.

3.3.3 Small correlation between SQ and X

Finally, we show that S
(i)
Q and X(i) are weakly correlated after conditioning on Z = (z, 1). Merlin’s

message U is long, but it is shared by all m query sets, so it reveals little about the random query
set SQ. Since BQ is a function of (Zalice, U), conditioning on it adds no correlation beyond what U
already carries. This is again a standard technique from [KW20] and [Ko26].

Proposition 3.9 (Correlation on accepted runs).

E
z∼Zalice|BQ=1

[︂
I
(︁
S
(i)
Q ;X(i)

⃓⃓
Z = (z, 1)

)︁]︂
≤ n−2/5

ρ1
.

Proof. We first bound the correlation before conditioning on BQ. Since S
(i)
Q is part of SQ, the chain

rule (Fact 2.3) and Claim 3.6 give

I
(︁
S
(i)
Q ;X(i), U

⃓⃓
Zalice

)︁
≤ I

(︁
SQ;X

(i), U
⃓⃓
Φ, Aall, Q, S<Q

)︁
=

1

m
I
(︁
S⃗;X(i), U

⃓⃓
Φ, Aall

)︁
.

Since Aall is a function of (S⃗,Φ), Fact 2.4 lets us drop it from the conditioning:

I
(︁
S⃗;X(i), U

⃓⃓
Φ, Aall

)︁
≤ I

(︁
S⃗;X(i), U

⃓⃓
Φ
)︁
.

Recall that Φ = (X(̸=i),Ψ), where Ψ is a function of (U,RBob) (Theorem 3.3(e)). Since S⃗ is
independent of X, and RBob is independent of (S⃗,X), the chain rule and Fact 2.2(e) and (f) give

I
(︁
S⃗;X(i), U

⃓⃓
X(̸=i),Ψ

)︁
≤ I

(︁
S⃗;X(i), U,RBob

⃓⃓
X(̸=i)

)︁
= I

(︁
S⃗;U

⃓⃓
X(i), X(̸=i)

)︁
≤ H(U).

By (1), we conclude that I(S
(i)
Q ;X(i), U |Zalice) ≤ H(U)/m ≤ n−2/5, since m = n. Next we condition

on BQ. Since BQ is a function of (Zalice, U), the chain rule gives

I
(︁
S
(i)
Q ;X(i)

⃓⃓
Zalice, BQ

)︁
≤ I

(︁
S
(i)
Q ;X(i), U,BQ

⃓⃓
Zalice

)︁
= I

(︁
S
(i)
Q ;X(i), U

⃓⃓
Zalice

)︁
≤ n−2/5.

Finally, by Fact 2.2(b) and (c),

I
(︁
S
(i)
Q ;X(i)

⃓⃓
Zalice, BQ

)︁
= E

(z,b)∼(Zalice,BQ)

[︂
I
(︁
S
(i)
Q ;X(i)

⃓⃓
Z = (z, b)

)︁]︂
≥ ρ1 · E

z∼Zalice|BQ=1

[︂
I
(︁
S
(i)
Q ;X(i)

⃓⃓
Z = (z, 1)

)︁]︂
.
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3.3.4 The main contradiction

We now show that these bounds lead to a contradiction. First, they give a monochromatic near-

rectangle, after conditioning S
(i)
Q on a likely event.

Lemma 3.10 (A monochromatic near-rectangle). If ρ1 ≥ n−1/6, then there are a value (z, 1) of

Z and a set E ⊆
(︁
Bi
si

)︁
with Pr

[︁
S
(i)
Q ∈ E

⃓⃓
Z = (z, 1)

]︁
≥ 3/4 such that, writing E for the event that

Z = (z, 1) and S
(i)
Q ∈ E,

(i) H∞
(︁
S
(i)
Q

⃓⃓
E
)︁

≥ log

(︃
ni

si

)︃
− εsi

2
and H∞

(︁
X(i)

⃓⃓
E
)︁

≥ log

(︃
ni

si

)︃
− εsi

2
, and

(ii) I
(︁
S
(i)
Q ;X(i)

⃓⃓
E
)︁

≤ n−1/5.

In particular, the distribution of (S
(i)
Q , X(i)) given E is a monochromatic (εsi/2, n

−1/5)-near-rectangle

on
(︁
Bi
si

)︁
×
(︁
Bi
si

)︁
.

Proof. Draw z ∼ Zalice|BQ=1. Each of the following fails with probability at most 1/4:

(a) there is a set E as in Proposition 3.7;

(b) H∞(X(i)|Z = (z, 1)) ≥ log
(︁
ni
si

)︁
− εsi/4− log(1/ρ1)− 2, by Proposition 3.8;

(c) I(S
(i)
Q ;X(i)|Z = (z, 1)) ≤ 4n−2/5/ρ1 ≤ 4n−7/30, by Proposition 3.9 and Markov’s inequality.

So some z satisfies all three. Fix such z and E, and let E be the event that Z = (z, 1) and S
(i)
Q ∈ E.

Given Z = (z, 1), the event S
(i)
Q ∈ E is a function of S

(i)
Q and has probability at least 3/4, so Fact 2.9

applies to it.

• Min-entropy of S
(i)
Q . By (a), H∞(S

(i)
Q |E) ≥ log

(︁
ni
si

)︁
−32n1/5 ≥ log

(︁
ni
si

)︁
− εsi/2, since si ≥ n1/3.

• Min-entropy of X(i). By (b) and Fact 2.9, H∞(X(i)|E) ≥ log
(︁
ni
si

)︁
− εsi/4− log(1/ρ1)− 3 ≥

log
(︁
ni
si

)︁
− εsi/2, since log(1/ρ1) ≤ (log n)/6.

• Correlation. By (c) and Fact 2.9, I(S
(i)
Q ;X(i)|E) ≤ 4

3 · 4n−7/30 ≤ n−1/5.

Finally, by Theorem 3.3(a), SQ ∩X = ∅ whenever BQ = 1, so the distribution of (S
(i)
Q , X(i)) given

E is supported on disjoint pairs.

Next, as in [Ko26], we replace this distribution by the product of its two marginals, and apply
Lemma 2.15.

Corollary 3.11 (A nearly monochromatic rectangle). If ρ1 ≥ n−1/6, let E be the event of
Lemma 3.10. Then

R := S
(i)
Q |E ⊗X(i)|E

is an (εsi/2)-rectangle on
(︁
Bi
si

)︁
×
(︁
Bi
si

)︁
, and

Pr
(S,X)∼R

[︁
S ∩X ̸= ∅

]︁
≤ n−1/10.
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Proof. By Lemma 3.10, the distribution of (S
(i)
Q , X(i)) given E is a monochromatic (εsi/2, n

−1/5)-

near-rectangle, and its marginals are S
(i)
Q |E and X(i)|E . By Lemma 2.15 with δ = 0, R is an

(εsi/2)-rectangle with

Pr
(S,X)∼R

[︁
S ∩X ̸= ∅

]︁
≤
√︃

ln 2

2
n−1/5 ≤ n−1/10.

Finally, a corruption bound shows that no such rectangle exists: two independent sparse sets with
high min-entropy intersect with noticeable probability. For sets of size

√
N in a universe of size N ,

this is the rectangle bound of Babai, Frankl and Simon [BFS86]. We need it for sparser sets, and
prove it in Section 4.

Corollary 3.12 (High min-entropy rectangles are not monochromatic). Let ε := 1/40 and c := 1/100.
Let s ≥ 200, let N be a multiple of s2, let S :=

(︁
[N ]
s

)︁
, and let νA, νB be distributions on S with

H∞(νA), H∞(νB) ≥ log |S| − (εs− 1).

Then Pra∼νA, b∼νB [a ∩ b ̸= ∅] ≥ cs2/N .

The following lemma completes the proof of the communication lower bound.

Lemma 3.13 (Communication lower bound). For every i ∈ I, the protocol Gi of Theorem 3.3 has
ρ1 < n−1/6.

Proof. Suppose, for contradiction, that ρ1 ≥ n−1/6. By Corollary 3.11, R is an (εsi/2)-rectangle
on
(︁
Bi
si

)︁
×
(︁
Bi
si

)︁
that puts mass at most n−1/10 on intersecting pairs. On the other hand, apply

Corollary 3.12 with N := ni and s := si, identifying Bi with [ni]; this is allowed since ni = ℓs2i ,
si ≥ n1/3 ≥ 200 and εsi/2 ≤ εsi − 1. So R puts mass at least cs2i /ni = c/ℓ ≥ c/ logn > n−1/10 on
intersecting pairs, a contradiction.

To see how Lemma 3.13 completes the proof of Theorem 3.1, recall that ℓ = Θ(log n/ log(tuw))
by Claim 3.2(a), and suppose that tq = o(ℓ2). Since

∑︁
i∈I τi ≤ ED,Q[T (Q)] ≤ tq and |I| ≥ ℓ/3− 1,

some i ∈ I has τi ≤ tq/ |I| = o(ℓ). For this i, Corollary 3.5 gives ρ1 ≥ n−o(1) ≥ n−1/6, whereas
Lemma 3.13 shows that ρ1 < n−1/6. This gives the claimed lower bound on tq.

4 A corruption bound for sparse sets

This section is purely combinatorial and independent of the data structure. Its goal is to show
that large rectangles of sparse sets, under the uniform distribution over them, are not nearly
monochromatic for the answer “disjoint”. For sets of size

√
N in a universe of size N , this is exactly

the rectangle bound in the seminal work of Babai, Frankl and Simon [BFS86]. We adapt their
argument to sparser regimes, at the cost of a smaller error tolerance.

To state the bound in generality, we consider a universe of size N and sets of size s, where N is
a multiple of s2, and write S :=

(︁
[N ]
s

)︁
for the family of s-subsets of [N ]. The bound of Babai, Frankl

and Simon is exactly the case N = s2. In this section, a and b denote sets of size s, and A and B
families of such sets. We write UA and UB for the uniform distributions on A and B, and U for the
uniform distribution on S. The key lemma of this section is the following corruption bound.
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Lemma 4.1 (Corruption for sparse sets). Let ε := 1/40 and c := 1/100. Let s ≥ 200, and let N be
a multiple of s2. If A,B ⊆ S satisfy |A| , |B| ≥ 2−εs |S|, then

Pr
a∼UA
b∼UB

[a ∩ b ̸= ∅] ≥ c · s
2

N

Before we delve into the proof of Lemma 4.1, we derive from it the corruption bound in terms of
min-entropy that we used in Step 4 (Section 3.3.4), by a simple application of Corollary 2.14. We
restate it for convenience.

Corollary 3.12. Let s ≥ 200, let N be a multiple of s2, and let νA, νB be distributions on S with

H∞(νA), H∞(νB) ≥ log |S| − (εs− 1).

Then Pra∼νA, b∼νB [a ∩ b ̸= ∅] ≥ cs2/N .

Proof. The product νA ⊗ νB is an (εs − 1)-rectangle. Since |S| ≥ 2εs, some integer K satisfies
2−εs |S| ≤ K ≤ 21−εs |S|. By Corollary 2.14 with this K, the product is a convex combination
of uniform distributions on combinatorial rectangles A × B with |A| = |B| = K ≥ 2−εs |S|. By
Lemma 4.1, each of them puts mass at least cs2/N on intersecting pairs. The mass on a fixed set of
pairs is linear in the distribution, so νA ⊗ νB does too.

The bound is one-sided: the analogous bound for disjoint pairs is false, by the classic example
showing that Disjointness has large discrepancy. If log(N/s) ≤ εs, as in our application, then the
family A of sets that contain a fixed element has |A| = (s/N) |S| ≥ 2−εs |S|, but all pairs in A×A
intersect. This is why the main proof uses only runs whose answer is “disjoint”.

4.1 Counting facts

Just like in the proof of [BFS86], we list some counting facts for the proof. Write Hb(α) :=
−α logα− (1− α) log(1− α) for the binary entropy function.

Fact 4.2 (Binomial estimates). For all integers u ≥ 0 and k ≥ 1,
(︁
u
k

)︁
≤
(︁
eu
k

)︁k
. For every integer

g ≥ 1 and every 0 < α ≤ 1/2, ∑︂
0≤h≤αg

(︃
g

h

)︃
≤ 2Hb(α)g.

For a ∼ U , the probability that a contains a fixed set or avoids a fixed set can be read off binomial
coefficients. For T, V ⊆ [N ] with |T | = k ≤ s,

Pr
a∼U

[T ⊆ a] =

(︃
N − k

s− k

)︃/︂(︃N
s

)︃
=

k−1∏︂
h=0

s− h

N − h
≤
(︂ s

N

)︂k
,

Pr
a∼U

[a ∩ V = ∅] =

(︃
N − |V |

s

)︃/︂(︃N
s

)︃
=

s−1∏︂
h=0

N − |V | − h

N − h
≤
(︂
1− |V |

N

)︂s
,

and Pr[T ⊆ a] = 0 if |T | > s. We use the following two consequences.

Claim 4.3 (Two counting facts). Let 1 ≤ s ≤ N .

(a) For every P ⊆ [N ] and every integer k ≥ 1, Pra∼U
[︁
|a ∩ P | ≥ k

]︁
≤
(︁|P |

k

)︁(︁
s
N

)︁k ≤
(︁ e|P |s

kN

)︁k
.
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(b) For every V ⊆ [N ], Pra∼U [a ∩ V = ∅] ≤
(︁
1− |V |

N

)︁s ≤ e−s|V |/N .

Proof. (a) If |a ∩ P | ≥ k, then a contains some T ⊆ P with |T | = k. By a union bound over the(︁|P |
k

)︁
choices of T , the bound Pr[T ⊆ a] ≤ (s/N)k, and Fact 4.2,

Pr
a∼U

[︁
|a ∩ P | ≥ k

]︁
≤ Pr

a∼U

[︁
∃T ⊆ P with |T | = k and T ⊆ a

]︁
≤

∑︂
T⊆P
|T |=k

Pr
a∼U

[T ⊆ a]

≤
(︃
|P |
k

)︃(︂ s

N

)︂k
≤
(︂e |P | s

kN

)︂k
.

(b) By the second display above, and since each factor satisfies N−|V |−h
N−h ≤ 1− |V |

N and 1− x ≤ e−x,

Pr
a∼U

[a ∩ V = ∅] =

(︃
N − |V |

s

)︃/︂(︃N
s

)︃
=

s−1∏︂
h=0

N − |V | − h

N − h

≤
(︂
1− |V |

N

)︂s
≤ e−s|V |/N .

4.2 Proof of the corruption bound

For N = s2, Lemma 4.1 is the rectangle bound behind the Ω(
√
N) lower bound for Disjointness of

[BFS86] (see also [CP10, Section 3.2, proof of Theorem 6]). Our proof generalizes their argument,
so we first summarize the high-level argument of [BFS86]. Suppose that A× B is large and nearly
disjoint.

• A disjoint chain in A: Since A is large, it contains rows a1, . . . , at with t = Θ(s), each of which
has s/2 elements outside the earlier rows. These pieces of new elements are pairwise disjoint and
together cover a constant fraction of [N ].

• Columns of B avoid the chain: A typical row meets few columns of B, so a typical column of B
meets few of the pieces. That is, it lies in the complement of all but a few of the pieces.

• Few sets avoid the chain: A uniform s-set meets each piece with constant probability. A union
bound over which pieces it meets shows that only a 2−Ω(s) fraction of all s-sets meet so few pieces.
Hence B is small, a contradiction.

For sparser sets, i.e. when N is a multiple of s2, we make two changes.

• A longer chain: We take t = N/(6s) rows instead of Θ(s); the two agree up to a constant factor
when N = s2. The t rows still cover at most N/6 elements, so the next row with many new
elements can still be found, and the pieces cover N/12 elements.

• Grouping the pieces: We group the t pieces into g = s/6 groups of N/s2 pieces each, and apply
the union bound to groups instead of pieces. A group has N/(2s) elements, so a uniform s-set
meets it with constant probability, just as it meets a single piece when N = s2. For N = s2, every
group is a single piece.
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Proof of Lemma 4.1. For brevity set δ := cs2/N . Recall that |A| , |B| ≥ 2−εs |S|. Suppose, for
contradiction, that

Pr
a∼UA, b∼UB

[a ∩ b ̸= ∅] < δ.

We show that |B| < 2−εs |S|.
Good rows. Let A′ := {a ∈ A : Prb∼UB [a∩ b ̸= ∅] ≤ 2δ}. By Markov’s inequality, |A′| ≥ |A| /2 ≥

2−εs−1 |S|.
A chain of rows with new elements. Let t := N/(6s). We select a chain of t rows in A′, each of

which brings s/2 new elements.

Claim 4.4 (A chain of rows with new elements). There are a1, . . . , at ∈ A′ and sets D1, . . . , Dt

such that, for every j ∈ [t],

Dj ⊆ aj \ (a1 ∪ · · · ∪ aj−1) and |Dj | = s/2.

In particular, D1, . . . , Dt are pairwise disjoint.

Proof. We choose a1, a2, . . . greedily, one at a time. Let 1 ≤ j ≤ t, suppose that a1, . . . , aj−1 have
been chosen, and let Pj := a1∪· · ·∪aj−1 (so P1 = ∅). It suffices to find aj ∈ A′ with |aj ∩ Pj | < s/2:
then |aj \ Pj | > s/2, and we let Dj be any s/2 elements of aj \ Pj .

Each earlier row has s elements, so |Pj | ≤ (j − 1)s < ts = N/6. Hence only few sets have s/2 or
more elements in Pj : by Claim 4.3(a) with k = s/2,

Pr
a∼U

[︁
|a ∩ Pj | ≥ s/2

]︁
≤
(︂ e |Pj | s
(s/2)N

)︂s/2
≤
(︂e
3

)︂s/2
≤ 2−0.071s.

On the other hand, |A′| ≥ 2−εs−1 |S| > 2−0.071s |S|. So A′ is not contained in the family of sets with
s/2 or more elements in Pj , and some aj ∈ A′ has |aj ∩ Pj | < s/2. Finally, Dj ⊆ aj \ Pj is disjoint
from D1, . . . , Dj−1 ⊆ Pj .

Grouping the pieces. Let g := s/6, and partition [t] into g sets Γ1, . . . ,Γg, each of size t/g = N/s2.
For u ∈ [g], let

Eu :=
⋃︂
j∈Γu

Dj .

The sets E1, . . . , Eg are pairwise disjoint, and each has t
g · s

2 = N
2s elements.

Most columns miss most of the groups. Since every aj lies in A′,

E
b∼UB

[︁
|{j ∈ [t] : aj ∩ b ̸= ∅}|

]︁
=

t∑︂
j=1

Pr
b∼UB

[aj ∩ b ̸= ∅] ≤ 2δt,

so by Markov’s inequality the set B′ of b ∈ B that meet at most 4δt of the rows aj satisfies
|B′| ≥ |B| /2. If b meets Eu, then it meets aj ⊇ Dj for some j ∈ Γu, and the sets Γu are disjoint. So
every b ∈ B′ meets at most 4δt of the sets Eu, and by our choice of parameters

4δt = 4 · cs
2

N
· N
6s

=
2cs

3
=

s

150
=

g

25
.

Counting B′. Every b ∈ B′ is determined by the set of h ≤ g/25 groups it meets, together with
an s-set that avoids the union V of the remaining g − h groups. This union has |V | = (g − h)N2s
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elements, so s |V | /N = g−h
2 ≥ 24

25 · g
2 = 2s

25 . Hence, by Claim 4.3(b) and Fact 4.2,

⃓⃓
B′⃓⃓ ≤

∑︂
h≤g/25

(︃
g

h

)︃(︃
N − (g − h)N2s

s

)︃
≤

∑︂
h≤g/25

(︃
g

h

)︃
e−2s/25 |S|

≤ 2Hb(1/25) g · e−2s/25 |S| ≤ 20.0404s · 2−0.1154s |S| = 2−0.075s |S| ,

where we used Hb(1/25) ≤ 0.2423 and g = s/6. Finally, |B| ≤ 2 |B′| ≤ 2−0.075s+1 |S| < 2−εs |S|.
This contradicts |B| ≥ 2−εs |S|. □

AI methodology

The proof of the technical Lemma 4.1 (Section 4.2) was developed with the assistance of an AI model
(Claude Opus 5.5), starting from the author’s prompt to adapt the corruption argument of Babai,
Frankl and Simon [BFS86] by changing its parameters. The underlying argument is essentially
[BFS86]; the modifications are a longer chain of rows and a union bound over groups of pieces
rather than individual pieces. The author has verified the proof in full and takes responsibility for
its correctness.
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A Reductions to dynamic graph problems

In this appendix, we derive lower bounds for dynamic graph problems from Theorem 3.1, by a
reduction of Pătraşcu [Pat10]. A single reduction works for all of the following problems. In each, a
data structure maintains a graph on a fixed set of N vertices.

• Incremental directed reachability. The graph is directed and initially has no edges. An update
inserts an edge, and a query asks whether b is reachable from a.

• Incremental undirected shortest paths. The graph is undirected and initially has no edges. An
update inserts an edge, and a query asks for the distance between a and b, or an approximation
of it within a factor smaller than 2.

• Incremental subgraph connectivity. An undirected graph is fixed in advance, and every vertex is
on or off. An update turns a vertex on, and a query asks whether a and b are connected in the
subgraph induced by the vertices that are on.

The reduction. Given sets S1, . . . , Sn ⊆ [n] and X ⊆ [n], let G be the graph with vertices
u1, . . . , un, v1, . . . , vn and t, and with the edges {uq, vj} for j ∈ Sq and {vj , t} for j ∈ X; for directed
reachability, the edges are directed from uq to vj and from vj to t. The three phases of multiphase
Disjointness become the following operations.

(i) Phase I. Insert the edges {uq, vj} for j ∈ Sq. For subgraph connectivity, the fixed graph has
these edges and the edges {vj , t} for all j ∈ [n], and initially only u1, . . . , un and t are on.

(ii) Phase II. When j is inserted into X, insert the edge {vj , t}, or, for subgraph connectivity,
turn vj on.

(iii) Phase III. On query q, ask about the pair (uq, t).

In all three problems, the answer determines whether Sq ∩X = ∅. Every neighbour of uq is some vj
with j ∈ Sq, and vj is adjacent to t (or on) exactly when j ∈ X. Hence t is reachable from uq, and
the distance between uq and t is 2, exactly when Sq ∩X ≠ ∅; otherwise the distance is at least 4,
since G is bipartite with uq and t on the same side. In the subgraph of the vertices that are on,
every neighbour vj of uq has j ∈ X and is adjacent to t, so uq and t are connected exactly when
Sq ∩X ̸= ∅.

Phase I is preprocessing, which the multiphase model does not charge. Each insertion into X is
a single update, and the query is a single query, whose writes can be kept locally since it is the last
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operation. So a dynamic data structure with worst-case update time tu and expected query time tq
yields a data structure for insert-only multiphase Disjointness with the same word size, worst-case
update time and expected query time, and Theorem 3.1 gives the following.

Theorem A.1 (Dynamic graph problems). Every zero-error cell-probe data structure for incremental
directed reachability, incremental undirected shortest paths or incremental subgraph connectivity on
N vertices, with word size w = Θ(logN), worst-case update time tu and expected query time tq, has

tq ≥ Ω

(︄(︃
logN

log(tuw)

)︃2
)︄
, and in particular max(tu, tq) ≥ Ω

(︄(︃
logN

log logN

)︃2
)︄
.

For directed reachability, this holds already on depth-2 DAGs whose queries ask whether a fixed sink
is reachable.

Proof. Let n := (N − 1)/2, so that G has N vertices, and log n = Θ(logN). The first bound follows
from the reduction and Theorem 3.1. For the second, if tu ≥ log2N there is nothing to prove, and
otherwise log(tuw) = O(log logN).
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