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Abstract

Border complexity captures polynomials that can be approximated arbitrarily well by small alge-
braic circuits, and debordering asks how efficiently such an approximation can be converted into
an exact computation. Debordering lies at the heart of the gap between Valiant’s determinant
versus permanent conjecture and its strengthening by Mulmuley and Sohoni in Geometric Com-
plexity Theory (GCT), which is phrased in terms of border determinantal complexity. However,
efficient debordering results are known only for a few restricted models.

In this paper, we study border depth-3 circuits of top fan-in k, denoted Σ[k]ΠΣ. Dutta, Dwivedi,
and Saxena (FOCS 2021) introduced a recursive technique called DiDIL and used it to show
that every polynomial in the border of size-s Σ[k]ΠΣ circuits has an algebraic branching program
(ABP) of size sexp(k), and that this border class has an explicit hitting set of size sexp(k)·log log s.
Building on DiDIL, Dutta and Saxena (JACM 2026) proved an exponential-gap top-fan-in hi-
erarchy theorem, via a lower bound of the form 2Ω(d/ exp(k)). In all three settings, the bounds
depend exponentially on k.

We bypass DiDIL entirely, replacing it with a single linear differential equation obtained from
a Wronskian, and improve the dependence on k from exponential to polynomial in all three
settings.

1. Every polynomial in the border of depth-3 circuits of size s and top fan-in k has an ABP
of size sO(k2); this is quasipolynomial even for k = poly(log s).

2. There is an explicit hitting set for this border class of size sO(k2).

3. There is an explicit polynomial of degree d that is computed by a depth-3 circuit of size
O(kd) and top fan-in k + 1, but requires border depth-3 circuits of top fan-in k to have
size 2Ω(d/k2).

Finally, we show that the border of sums of k powers of δ-degree polynomials has depth-6
formulas of size spoly(kδ). This resolves a special case of an open question (Open Question 9) of
Dutta and Lysikov’s recent survey on debordering.
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1 Introduction

Multivariate polynomials are fundamental objects in both mathematics and theoretical computer
science: they are central to algebraic geometry, invariant theory and representation theory, and they
play a crucial role in error-correcting codes, pseudorandomness and interactive proofs. Algebraic
complexity theory studies the number of arithmetic operations, namely additions and multiplications
over an underlying field, required to compute multivariate polynomials. Some of the main goals of
the area are to understand the relative power of natural models of algebraic computation, to prove
lower bounds for explicit polynomial families in these models, and to design efficient algorithms for
computational algebraic problems such as polynomial identity testing and factorization.

Basic algebraic models. The most general model in algebraic complexity is the algebraic circuit :
a directed acyclic graph whose leaves are labelled by variables or field constants and whose internal
gates are labelled by + or ×. The size of a circuit is the number of its gates and wires, and its depth
is the length of a longest path from a leaf to the output gate. A formula is a circuit whose underlying
graph is a tree, so that intermediate computations cannot be reused. An algebraic branching program
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(ABP) is a layered directed acyclic graph with a source and a sink, whose edges are labelled by affine
linear polynomials; it computes the sum, over all source-to-sink paths, of the product of the edge
labels along the path. Polynomial-size formulas can be simulated by polynomial-size ABPs, which
in turn can be simulated by polynomial-size circuits. Polynomial families of polynomially bounded
degree that are computable by polynomial-size formulas, ABPs and circuits form the classes VF,
VBP and VP, respectively. We refer the reader to the surveys [SY10, Mah13] for details.

The algebraic P versus NP problem. A central goal of the area is to resolve Valiant’s VP
versus VNP problem. The class VNP consists of polynomial families (fn)n of polynomially bounded
degree and number of variables that can be expressed as

fn(x) =
∑︂

b∈{0,1}p(n)

gn(x,b),

where x denotes the variables x1, . . . , xn, and p : N → N is polynomially bounded and (gn)n ∈
VP. Valiant [Val79] conjectured that VP ̸= VNP, as an algebraic analogue of the P versus NP
problem. The two problems are in fact related: Bürgisser [Bür00] showed that the nonuniform
version of P ̸= NP, namely P/poly ̸= NP/poly implies VP ̸= VNP over every finite field and, further
assuming the generalized Riemann hypothesis, over every field of characteristic zero. Over any field
of characteristic different from two, the permanent family is VNP-complete, so the conjecture is
equivalent to the statement that the permanent cannot be computed by polynomial-size algebraic
circuits [Val79, Mah13].

Border complexity. In this paper, we study these models in a setting where a polynomial is only
required to be approximated arbitrarily well, rather than computed exactly. This notion originated
in the study of fast matrix multiplication [BCRL79, Bin80], and is formalized as follows. Throughout
the introduction, we work over the field C of complex numbers. For a class C of circuits, let C(s)
denote the set of polynomials that are computable by circuits in C of size at most s. Identifying a
polynomial with its vector of coefficients, the border C(s) is the closure of C(s), that is, the set of
polynomials that are limits of polynomials in C(s); for the classes considered here, the Euclidean
and Zariski closures coincide. A simple but well-known example already shows that taking limits
might help:

xd−1y = lim
ϵ→0

(x+ ϵy)d − xd

d ϵ
,

and hence xd−1y is a limit of sums of two d-th powers of linear forms, whereas every exact expression
of it as a sum of d-th powers of linear forms has at least d summands (see, e.g., [DL25]).

The border also has an equivalent algebraic description, which is often more convenient to work
with: f ∈ C(s) if and only if there is a polynomial

fϵ(x) = f(x) + ϵ · g(x, ϵ), g ∈ C[ϵ][x],

that is computable by a circuit in C of size at most s over the field C(ϵ) [Ald84, Bür04, DL25]. We
emphasize that the constants in this circuit can be arbitrary rational functions of ϵ, and that their
degrees and pole orders are not charged to the size. In particular, while the output has a defined
limit as ϵ → 0, the intermediate computations need not (see the example above). At first sight,
border complexity may appear to be a technical variant of exact complexity. It is, however, intrinsic
to the study of algebraic lower bounds, for at least two reasons, which we now discuss.
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Geometric complexity theory. Border complexity is central to geometric complexity theory
(GCT), an approach to algebraic lower bounds via algebraic geometry and representation theory
initiated by Mulmuley and Sohoni [MS01, MS08]. Its starting point is Valiant’s determinant versus
permanent conjecture [Val79]: the permanent pern of an n×nmatrix of variables cannot be expressed
as the determinant of an m ×m matrix of affine linear polynomials unless m is superpolynomial
in n. Since polynomial-size determinantal expressions and polynomial-size ABPs are equivalent in
power, this is precisely the conjecture VBP ̸= VNP. Mulmuley and Sohoni proposed a stronger
conjecture, which asserts that the permanent is not even a limit of determinantal expressions of
polynomial size! In geometric terms, one pads the permanent by a power of a new variable z to
match the degree of the determinant, and the conjecture states that, for m polynomially bounded
in n,

zm−n pern /∈ GLm2 · detm ,

where the right-hand side is the closure of the orbit of the m × m determinant under invertible
linear maps of variables [BLMW11]. The advantage of this formulation is that the orbit closure is
an algebraic variety on which GLm2 acts, so that the noncontainment can be studied through the
representation theory of its coordinate ring. The closure is essential here: a lower bound obtained
in this way is necessarily a lower bound on border complexity.

Lower bounds via polynomial equations. The relevance of border complexity is not confined
to representation-theoretic methods. A common strategy for proving a lower bound against a circuit
class is to exhibit a polynomial equation in the coefficients that is satisfied by every polynomial
computed by the class, but not by the candidate hard polynomial; this template is formalized by
the notion of algebraically natural proofs [FSV18, GKSS17]. A classical example is the discriminant:
a binary quadratic form ax2 + bxy + cy2 is the square of a linear form, that is, has Waring rank at
most one (i.e. it is a perfect square), if and only if b2 − 4ac = 0. More generally, when the entries
of a matrix are polynomial functions of the coefficients, as is the case for the matrix of partial
derivatives, an upper bound on its rank is expressed by the vanishing of minors. By continuity,
every such equation also holds on the closure of the class. Consequently, a lower bound proved
via such equations is automatically a lower bound against the border of the class [Gro15, GMQ16].
Moreover, for classes that are closed under invertible linear changes of variables, after a linear change
of variables these equations may be assumed to be a highest weight vectors, which ties this template
back to the representation-theoretic approach of GCT [BDI21, vdBDG+25]. Understanding which
polynomials are added by taking the closure is therefore part of understanding what these methods
must separate.

VP versus VP. For general circuits, the question is whether taking the closure adds anything at
all. Let VP denote the border analogue of VP, defined using border circuit size in place of circuit
size. Is VP = VP, that is, can a polynomial-size exact one replace every polynomial-size border
computation? This question remains open [GMQ16, DL25]. The geometric goal VNP ̸⊆ VP is
stronger than VP ̸= VNP [GMQ16], and the two are equivalent if VP = VP. This gap between
exact versus approximation is of interest already for restricted models, where the question also has
a quantitative form: what blow-up in size is incurred when a border computation is simulated by an
exact one, and which lower bounds continue to hold under approximation? For several such models,
researchers have exploited structural weaknesses to obtain both hitting sets and lower bounds for
the corresponding border classes [BS21, LST21, AF22, DDS21b, DS26].
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1.1 Our results

We study border depth-3 circuits of top fan-in k, and improve the dependence on k from exponential
([DDS21b, DS26]) to polynomial in three settings: debordering, hitting sets, and lower bounds. We
also deborder sums of powers of bounded-degree polynomials, a restricted class of depth-4 circuits,
thereby resolving open questions from [DDS21b, DL25]. In each case, we first discuss the context
and the previously known results, and then state our results.

Beyond the quantitative improvements, the main takeaway of this work is a simpler Wronskian-
based approach to border depth-3 and depth-4 circuits. Previous results in all three settings rely
on the DiDIL technique of [DDS21b], which reduces the top fan-in recursively, one summand at a
time; the exponential dependence on k is a consequence of this recursion. Our proofs bypass DiDIL
entirely. They handle all k summands in one shot, via a linear differential equation of order at most
k obtained from a Wronskian, and are, in our view, considerably simpler.

1.1.1 Debordering

A debordering result is an upper bound on the exact complexity of a polynomial in terms of its border
complexity; the exact computation is allowed to be in a more general model than the approximating
one. In this language, the question of whether VP = VP asks for a debordering of general circuits
with only a polynomial blow-up in size. The best bound known there is exponential: eliminating ϵ by
interpolation yields exact circuits of size 2poly(s) from approximating circuits of size s [Bür04, Bür20].
Better bounds are known only for restricted models, and even there the gap between exact and
border complexity is nontrivial.

Depth-3 circuits. A depth-3 circuit of top fan-in k computes a sum of k products of affine linear
polynomials:

f(x) =
k∑︂

i=1

Ti(x), Ti(x) =

di∏︂
j=1

ℓij(x).

We denote by ΣΠΣ(k, s) the class of polynomials computed by such circuits of size at most s and
top fan-in at most k. In particular, the formal degree is bounded by the size. This degree bound
is essential in the border setting: Kumar [Kum20] showed that every homogeneous polynomial can
be approximated by depth-3 circuits of top fan-in two, provided that the formal degree is allowed
to be sufficiently large. Thus, a bound on the top fan-in alone does not restrict border complexity.

Dutta, Dwivedi, and Saxena [DDS21b] showed that every polynomial in ΣΠΣ(k, s) can be computed
by an ABP of size sO(k7k). They introduced a technique, called DiDIL (divide, derive, induct,
with limit), that reduces the top fan-in one summand at a time, while controlling the divisions,
derivatives, and limits introduced along the way. The resulting ABP has polynomial size for every
constant k, but the exponent grows exponentially with k. Our first result improves this dependence
to a quadratic one.

Theorem 1.1 (Improved Debordering depth-3 circuits). Let k ≥ 1 and let f ∈ ΣΠΣ(k, s). Then
f can be computed by an algebraic branching program of size sO(k2).

We emphasize that k need not be a constant in Theorem 1.1. For instance, for k = log s the
ABP has size exp

(︁
O(log3 s)

)︁
, so polynomial-size depth-3 circuits of logarithmic top fan-in can be

debordered into quasipolynomial-size ABPs, whereas the bound of [DDS21b] yields an exponential
(thus a trivial) upper bound.
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Sums of powers of bounded-degree polynomials. We next consider a depth-4 model, in
which a polynomial is expressed as a sum of k powers of polynomials of degree at most δ:

k∑︂
i=1

Pi(x)
ei , degPi ≤ δ.

Here, each Pi is given as a sum of monomials, and the size of the expression is
∑︁k

i=1

(︁
size(Pi)+ei

)︁
; in

particular, the exponents contribute to the size. We denote by Σ∧ΣΠ(k, δ, s) the class of polynomials
that have such an expression of size at most s. We also mention that when δ = 1, it is denoted as
Σ ∧ Σ.

Dutta and Lysikov [DL25, Open Question 9] asked whether, for constant δ (but unbounded k), the
border of this model is contained in VBP since this would imply that Σ[k]ΠΣΠ[δ] ⊆ VBP (implicit
in [DDS21b] and explicitly mentioned in [DL25]). Our second debordering answers [DL25, Open
Question 9]when the top fan-in k is constant.

Theorem 1.2 (Debordering powers of bounded-degree polynomials). Let k, δ ≥ 1 and let f ∈
Σ∧ΣΠ(k, δ, s). Then f can be computed by a depth-6 formula of size sO(k3δ).

Remark 1. In hindsight, DiDIL [DDS21b] can also be adapted to this model, giving formulas of
size sδ·exp(k) and depth O(k) (see the Remark in Section 2.2). Theorem 1.2 improves the dependence
on k in the exponent from exponential to polynomial, and also gives a constant depth which is
independent of k.

Remark 2. The same argument gives ABPs of size spoly(k) for Σk ∧ Σ ∧ Σ, and hence containment
in VBP for constant k. We omit the details, as they follow from similar calculations; see Section 2.2.

1.1.2 Polynomial identity testing

Polynomial identity testing (PIT) is the problem of deciding whether a given algebraic circuit
computes the identically zero polynomial. A nonzero polynomial of degree d vanishes on at most a
d/|S| fraction of the points of any finite grid Sn. This classical fact, often referred to as the Ore–
DeMillo–Lipton–Schwartz–Zippel lemma or the Polynomial Identity Lemma [Ore22, DL78, Sch80,
Zip79], immediately gives an efficient randomized algorithm for PIT, and obtaining an efficient
deterministic algorithm is a central open problem in algebraic complexity. In the whitebox setting,
the algorithm is allowed to inspect the circuit, whereas in the blackbox setting it only has query
access to the polynomial. A deterministic blackbox algorithm for a class C amounts to an explicit
hitting set for C: a finite set H ⊆ Cn such that every nonzero f ∈ C is nonzero at some point of H. A
further motivation for constructing such sets is the close connection between PIT and circuit lower
bounds [KI03]. For an overview on PIT and its connections to other areas in theoretical computer
science, we refer the reader to [SY10, Sax14, DG24].

Depth-3 circuits of bounded top fan-in have been a central test case for PIT [DS07, KS07, SS13].
In the border setting, one asks for a hitting set for the closure of the class, that is, a set that also
hits every nonzero polynomial arising as a limit. A hitting set for the exact class need not have
this property: the evaluations of an approximating polynomial at the points of the set may all be
nonzero, and yet vanish in the limit. Dutta, Dwivedi, and Saxena [DDS21b] constructed a hitting
set for ΣΠΣ(k, s) of size sO(k7k log log s), within the same time bound. Our next result significantly
improves the dependence on the top fan-in, thus resolving [DDS21b, Question 3].
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Theorem 1.3 (Improved Border depth-3 hitting set). There is an explicit hitting set for ΣΠΣ(k, s)
of size sO(k2), constructible within the same time bound.

In a very recent breakthrough by Bhardwaj and Saptharishi [BS26], a polynomial-size explicit hitting
set was designed for all polynomials whose space of partial derivatives has small dimension. Σ ∧ Σ
circuits fall into this class, implying a polynomial-size hitting set for the same1. Before [BS26], only
a quasipolynomial-size hitting set was known [FS13, AGKS15, GG20]. In particular, Theorem 1.3
gives a quasipolynomial size hitting set even when k = poly(log s), unlike [DDS21b] which would
yield an exponential-size hitting set.

We remark that Theorem 1.3 does not follow from the ABP simulation of Theorem 1.1 alone, since
efficient hitting sets for general ABPs are not known.

1.1.3 Lower bounds and a top-fan-in hierarchy

Our final result is a lower bound result. The debordering and hitting-set results above show that
border depth-3 circuits of small top fan-in are a weak model; we now ask how their power grows
with the top fan-in, which is a question of hierarchy type. Hierarchy theorems address a basic
question: does more of a computational resource give strictly more computational power? The
classical time hierarchy theorem [HS65] answers this question for time complexity. In algebraic
complexity, Limaye, Srinivasan, and Tavenas [LST25] proved a depth hierarchy theorem: over fields
of characteristic zero, for every fixed ∆ ≥ 2 there are explicit polynomials that have depth-∆ circuits
of size s, but require size sω(1) at depth ∆− 1.

Thus, a finer question is whether such a hierarchy exists within a fixed depth. For depth-3 circuits,
the natural resource is the top fan-in: does increasing the number of summands from k to k + 1
add power? In the exact setting, the answer is yes for a simple reason: it is folklore that the inner
product polynomial

∑︁k+1
i=1 xiyi cannot be computed by a depth-3 circuit of top fan-in k, regardless

of its size (see [Kum20, DS26]). In the border setting, this impossibility breaks down: as mentioned
above, circuits of top fan-in two can already approximate every homogeneous polynomial, at the
cost of a large formal degree [Kum20]. A separation in the border setting must therefore be a lower
bound on size. Dutta and Saxena [DS26] proved such a separation: for every constant k, there is
an exponential gap between circuits of top fan-in k + 1 and border circuits of top fan-in k. Their
explicit family is the sum of k + 1 monomials on disjoint sets of variables,

Pk+1,d(x) :=
k+1∑︂
i=1

d∏︂
j=1

xi,j .

This polynomial has degree d and N = (k + 1)d variables, and is computed by a depth-3 circuit of
size O(kd) and top fan-in k + 1.

The lower bound of [DS26] yields a bound of the form 2Ω(d/ exp(k)) on the size of border circuits
of top fan-in k. This is exponential in d for constant k, but the exponential loss in k limits the
separation when the top fan-in grows; in particular, it does not give a superpolynomial separation
throughout the regime k = Θ(log d). We improve this dependence, for the same explicit family.

Theorem 1.4 (Improved border top-fan-in hierarchy). Let d > k ≥ 1 be integers. The polynomial
Pk+1,d has a depth-3 circuit of size O(kd) and top fan-in k + 1. If

Pk+1,d ∈ ΣΠΣ(k, s), then s ≥ 2Ω(d/k2) .

1applying [BS26] in [DDS21b] would yield an sO(k7k)-size explicit hitting set
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We stress that the approximating circuits in Theorem 1.4 are not required to be homogeneous, and
that their formal degree may exceed d; it is only charged to their size. Thus, the theorem is a lower
bound on size, and not merely an obstruction to approximating Pk+1,d by k products of degree d.

For k = Θ(log d), the lower bound is 2Ω(d/(log d)2), which is 2Ω(N/(logN)3) in terms of the number of
variables (denoted as N), whereas the circuit of top fan-in k + 1 has size O(N). More generally,
the separation is superpolynomial whenever d/k2 = ω(log(kd)). Theorem 1.4 thus extends the
exponential-gap hierarchy from constant top fan-in to growing top fan-in. Together with our upper
bounds, it replaces the exponential dependence on k by a polynomial one in both directions: in
simulating border circuits of small top fan-in by exact computations, and in showing that reducing
the top fan-in requires a large blow-up in size.

2 Detailed proof ideas

Dutta, Dwivedi, and Saxena [DDS21b] introduced DiDIL (divide, derive, induct, with limit), which
reduces the top fan-in one summand at a time through divisions, derivatives, and limits. Each step
incurs a polynomial blow-up in size; repeating these steps leads to an exponential dependence on
the top fan-in in the exponent of the final size bound. This technique gave efficient debordering and
PIT results for border depth-3 circuits of bounded top fan-in, and was subsequently used to prove
an exponential-gap top-fan-in hierarchy theorem [DS26]. Our approach captures the elimination
underlying DiDIL in a single differential equation, avoiding the recursive reduction in top fan-in.

In a nutshell, we prove that every polynomial in the border of sums of k products of affine linear
polynomials satisfies, after a change of variables, a linear differential equation of order at most k
whose coefficients are simpler than the products themselves. The same holds when each summand
is a power of a low-degree polynomial. We use the structure of these coefficients and the associated
Wronskians to obtain our debordering, PIT, and lower-bound results. We explain these arguments
primarily for k = 2. Throughout this overview, we work over C.

A quick overview on DiDIL. Suppose,

fϵ(x) = T1(ϵ,x) + T2(ϵ,x) = f(x) +O(ϵ),

where each Ti is a product of at most d affine linear polynomials over C(ϵ), and the total circuit size
over C(ϵ) is at most s. Here O(ϵ) denotes an error of the form ϵg(x, ϵ) with g ∈ C[x, ϵ]. Although
their sum has a limit, the individual summands Ti need not. We focus on the case where f, T1, T2
are all nonzero.

Introduce a tuple y of shift variables and a new variable z, and set

Φy(g)(z,x) := g(y + zx), D := ∂z,

Si := Φy(Ti), Fϵ := Φy(fϵ), F := Φy(f).

Then Fϵ = S1 + S2 and F = Fϵ|ϵ=0. We recover f from F by setting z = 1 and replacing x by
x − y. The variable z behaves like a degree-counter: the coefficient of zj in F is homogeneous of
degree j in x. For debordering, it suffices to eventually set y to a random point α ∈ Cn. For PIT,
however, such a point has to be found deterministically, so there we keep track of how the intrinsic
computation depends on y.
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DiDIL [DDS21b] eliminates a summand by dividing and differentiating:

D

Å
Fϵ

S2

ã
= D

Å
S1
S2

ã
=
S1
S2

Å
DS1
S1

− DS2
S2

ã
. (1)

Division turns the second summand into 1, which differentiation removes. Thus only one summand
remains, although it now belongs to a more general model. The resulting expression involves
logarithmic derivatives2. These turn products into sums: if the shifted factors of Si are denoted by
ℓi,j , then

DSi
Si

=
∑︂
j

Dℓi,j
ℓi,j

. (2)

Each shifted factor has the form c+zL(x), where c ∈ C(ϵ,y) is nonzero and L is homogeneous linear
in x; indeed, an affine factor ℓ becomes ℓ(y+zx) = ℓ(y)+zL(x), where L is the homogeneous linear
part of ℓ. This is the reason for the shift: since the constant term c = ℓ(y) is nonzero, 1/(c + zL)
is a power series in z. In particular, the logarithmic derivative has the expansion

L

c+ zL
≡

d∑︂
j=0

(−1)jzjLj+1

cj+1
(mod zd+1) . (3)

Thus Dℓi,j/ℓi,j , and hence DSi/Si, lies in the power series ring C(ϵ,y)[x]JzK, so truncation modulo
zd+1 is well defined. Up to a scalar in C(ϵ,y), each term in (3) is a product of powers of just
two linear forms, z and L, and hence can be expressed as a small sum of powers of linear forms
by Lemma 3.5. Consequently, the truncation of DS1/S1 −DS2/S2 modulo zd+1 has a polynomial-
size Σ ∧ Σ expression over C(ϵ,y).

Now, multiply each Si by the power of ϵ for which it has a nonzero limit, and denote this limit by
si. Scaling (1) accordingly and taking the limit gives

D

Å
F

s2

ã
≡ s1

s2
Q (mod zd+1),

where Q is the limit of an appropriately rescaled truncation of the logarithmic-derivative difference.
Thus Q has a polynomial-size Σ ∧ Σ representation. Each si is a product of linear factors and
therefore has a small ABP. Since small Σ ∧ Σ circuits admit polynomial-size ABPs, the right-hand
side becomes a quotient of polynomial-size ABPs. Finally, DiDIL reverses the differentiation by
integrating and recovers F and therefore f .

For general k ≥ 3, DiDIL repeats the above step k − 1 times, each time dividing by one summand
and differentiating, until a single summand remains; f is then recovered by undoing these rounds
one by one, taking limits and integrating. Each round incurs a polynomial blow-up, yielding the
size to be sexp(k).

From DiDIL to differential equations. Another way to view the DiDIL step is as finding a
differential equation satisfied by both summands. Consider the matrix3

M :=

Å
S1 DS1 D2S1
S2 DS2 D2S2

ã
.

2The logarithmic derivative of a function g with respect to z is (∂zg)/g, defined wherever g ̸= 0.
3The minor of M formed by its first two columns is S1DS2−S2DS1 = S1S2 (DS2/S2−DS1/S1); compare with (1).
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Pick a nonzero vector c := (c0, c1, c2)
T in its kernel, where ci ∈ C(x,y, z, ϵ); such a vector exists by

the rank–nullity theorem, since rk(M) ≤ 2. That is, c0Si + c1DSi + c2D
2Si = 0 for i = 1, 2. How

does this help? Adding these two equations gives

c0Fϵ + c1D(Fϵ) + c2D
2(Fϵ) = 0 .

Note that limϵ→0 Fϵ = F , and further, limϵ→0D(Fϵ) = D(F ) and limϵ→0D
2(Fϵ) = D2F . Mul-

tiplying both sides by ϵ−m, where m is the least order in ϵ among c0, c1, c2, and taking the limit
gives

b0F + b1D(F ) + b2D
2(F ) = 0 , (main differential equation) (4)

where the bi are ϵ-free and not all zero (although some of them may be zero). A priori, the bi are
merely elements of C(x,y, z). The hope is that they have “small” complexity; if so, (4) may become
useful for debordering, PIT, and lower bounds. A second crucial point is that F should be uniquely
recoverable from (4). We first bound the complexity of the bi, and return to uniqueness in the proof
idea of Theorem 1.1.

The first two columns already recover the expression from DiDIL. Their determinant is the Wron-
skian (Definition 3.1)

W (S1, S2) := S1DS2 − S2DS1, D

Å
S1
S2

ã
= −W (S1, S2)

S2
2

.

The third column lets us turn this elimination step into an equation for Fϵ itself. To bound the
complexity of the bi, we factor Si out of row i. This does not change the kernel, and gives

˜︂M :=

Å
1 a1 r1
1 a2 r2

ã
, ai :=

DSi
Si

, ri :=
D2Si
Si

.

By (2) and (3), the truncation of ai modulo zd+1 has a small Σ∧Σ expression over C(ϵ,y). For ri,
note that every shifted factor ℓi,j is affine in z, so D2ℓi,j = 0, and the product rule gives

ri =
∑︂
j ̸=j′

Dℓi,j
ℓi,j

·
Dℓi,j′

ℓi,j′
.

Expanding both factors by (3), each term becomes a product of powers of three linear forms (z and
the linear parts of ℓi,j and ℓi,j′). Hence, by Lemma 3.5, the truncation of ri modulo zd+1 also has
a small Σ ∧ Σ expression.

We now take the signed two-by-two minors of ˜︂M as our kernel vector. The resulting equation is

(a1r2 − a2r1)⏞ ⏟⏟ ⏞
c0

Fϵ + (r1 − r2)⏞ ⏟⏟ ⏞
c1

DFϵ + (a2 − a1)⏞ ⏟⏟ ⏞
c2

D2Fϵ = 0. (5)

Equivalently, the left-hand side of (5) equals W (S1, S2, Fϵ)/(S1S2), and this Wronskian vanishes
because Fϵ = S1+S2. If a1 ̸= a2, this is a second-order equation. If a1 = a2, that is, if D(S1/S2) = 0
and hence S1, S2 are linearly dependent over C(ϵ,y,x), both summands satisfy DSi − a1Si = 0,
and we use the first-order equation DFϵ − a1Fϵ = 0 instead.

Each cj is obtained from the ai and ri with at most one multiplication, and the product of two
products of powers of a few linear forms is again such a product. Hence the truncation of each cj
modulo zd+1 has a small Σ ∧ Σ expression over C(ϵ,y), and the truncation of their scaled limits
bj modulo zd+1 has a small Σ ∧ Σ representation over C(y). This is the desired low-complexity
property of the bj , as claimed in (4).
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2.1 Proof idea of Theorem 1.1

Suppose that (4) has order two, that is, b2 ̸= 0 (otherwise, the same argument applies to the largest
j with bj ̸= 0), and write F =

∑︁d
i=0 Fi(y,x)z

i. The coefficient of z0 determines F2 from F0, F1; the
coefficient of z1 then determines F3, and so on. More precisely, the equation at zj has the form

(j + 2)(j + 1) b2(y, 0,x)Fj+2 + a linear combination of F0, . . . , Fj+1 = 0.

For this to determine Fj+2, the leading coefficient b2(y, 0,x) must be nonzero; a priori, b2 could
be divisible by z. Here the shift helps once more. We argue it formally. Since, DaSi is the a-th
derivative of Ti in direction x, evaluated at y+zx, every entry of ˜︂M depends on y and z only through
y+zx. Therefore so do the minors and their normalized limits, that is, bj(y, z,x) ≡ bj(y+zx, 0,x)
(mod zd+1). In particular, b2 ̸= 0 implies b2(y, 0,x) ̸= 0.

Thus F is determined by F0, F1, and the coefficients b0, b1, b2. Moreover, F0 = f(y) and F1 have
degree at most one in x, so they are trivially simple.

To compute the remaining coefficients without explicitly unrolling a recursion of length d, we view
their equations as a single linear system in the unknowns F2, . . . , Fd. This system is lower triangular,
and its diagonal entries (j + 2)(j + 1) b2(y, 0,x) are nonzero; hence it has a unique solution.

Cramer’s rule expresses this solution as ratios of determinants whose entries are small ABPs, since
Σ ∧ Σ circuits have small ABPs. Determinant computation and division elimination then give ABPs
of size poly(s). Finally, setting y to a point α at which all denominators remain nonzero, setting
z = 1, and undoing the shift gives an ABP for f .

The strategy for general k is the same. Choose a maximal subset of summands that is linearly
independent over C(ϵ,y,x), say S1, . . . , St with t ≤ k, and form the analogous t× (t+1) matrix M
whose (i, j)-th entry is Dj−1Si. Since S1, . . . , St are linearly independent, the Wronskian criterion
(Lemma 3.2) ensures that the minor obtained by deleting the last column, namely the Wronskian
W (S1, . . . , St), is nonzero. Hence the maximal minors of M give a nonzero equation of order t
satisfied by S1, . . . , St. Every other summand is a linear combination of S1, . . . , St with coefficients
that do not depend on z, so it satisfies the same equation, and hence so does Fϵ. Taking limits as
before, we get

r∑︂
j=0

bj(y, z,x)D
jF ≡ 0 (mod zd+1), br(y, 0,x) ̸= 0, (6)

where r ≤ t ≤ k is the largest index with br ̸= 0; as above, br ̸= 0 implies br(y, 0,x) ̸= 0. As in
the case k = 2, the truncation of each bj modulo zd+1 has a small Σ ∧ Σ representation, now of top
fan-in (kd)O(k2). The exponent k2 can be explained informally as follows. A term of a t× t minor is
a product of t entries DaSi/Si taken from distinct columns, and each DaSi/Si is a sum of products
of a logarithmic derivatives of factors of Si. Hence each term involves at most 1+2+ · · ·+t = O(k2)
logarithmic derivatives, and after the expansion (3) it becomes a product of powers of O(k2) linear
forms, which has a Σ ∧ Σ expression of top fan-in (kd)O(k2) by Lemma 3.5.

An important distinction from [DDS21b] in terms of complexity can be explained in a nutshell here.
The single determinant explained above replaces the k − 1 nested rounds of DiDIL, which is why
the exponent now depends polynomially, rather than exponentially on k.

The initial coefficients F0, . . . , Fr−1 have small Σ ∧ Σ circuits as well. As before, the remaining
Fj form the unique solution of a lower-triangular linear system whose diagonal entries are nonzero
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multiples of br(y, 0,x), and Cramer’s rule with division elimination gives an ABP of size sO(k2). For
a more precise statement regarding (6) and its proof, we refer to Proposition 4.2.

2.2 Proof idea of Theorem 1.2

Now, instead of each Ti being a product of linear polynomials, let Ti = P ei
i with degPi ≤ δ. The

argument above does not apply directly: Pi need not factor into affine linear polynomials, and
Theorem 1.2 asks for a formula of constant depth, whereas the reconstruction above computes large
determinants. The key observation is that, for powers, the differential equation becomes exact, with
coefficients of low degree. Put Gi := Φy(Pi), so that Si = Gei

i . Each entry DaSi/Si in row i of ˜︂M
is a rational function with denominator Ga

i , in which the possibly huge exponent ei appears only
through scalar coefficients; for instance,

DSi
Si

= ei
DGi

Gi
,

D2Si
Si

= ei(ei − 1)
(DGi)

2

G2
i

+ ei
D2Gi

Gi
.

Multiplying row i by Gk
i therefore clears all denominators, and since Gi has degree at most 2δ, the

resulting minors have degree O(k2δ). Taking limits as before, Proposition 6.3 gives

r∑︂
j=0

bjD
jF = 0, br(y, 0,x) ̸= 0, deg bj ≤ 2k2δ.

(In the depth-3 case, clearing denominators would cost degree about d, which is why we used
truncated power series there.)

As in the proof idea of Theorem 1.1, comparing the coefficients of powers of z gives a lower-triangular
linear system for the Taylor coefficients Fj of F . The difference is that this system is now described
by only O(k3δ) polynomials, namely the z-coefficients of the bj and F0, . . . , Fr−1, which we can
think of as parameters and collect in a tuple b. Crucially, the number of parameters and their
degrees in x, which are O(k2δ), do not depend on the exponents ei, and hence not on s. Fix y to a
random point α and put β := br(α, 0,x). Cramer’s rule then gives, for every j,

βN · Fj(α,x) = Qj

(︁
b(α,x)

)︁
,

where N ≤ δs, and Qj is a fixed polynomial in O(k3δ) variables, of degree poly(s), that does not
depend on f (see Proposition 6.3). In other words: βNFj is obtained by evaluating Qj at the
parameters.

Since there are only p = O(k3δ) parameters, a polynomial of degree poly(s) in them has at most
sO(p) monomials, so we can afford to expand everything into monomials. As f(α+x) =

∑︁
j Fj(α,x),

this gives a ΣΠΣΠ formula of size sO(k3δ) for βN · f(α+x): a sum of monomials in the parameters,
with each parameter written as a sum of monomials in x. To divide by βN , we shift x so that
β(0) = c ̸= 0, write β = c(1 − g), and use β−N = c−N

∑︁
j≥0

(︁N+j−1
j

)︁
gj ; since g(0) = 0, the terms

with j > deg f do not affect the monomials of degree at most deg f . Multiplying the two resulting
ΣΠΣΠ formulas, extracting the part of degree at most deg f by interpolation, and undoing the
shifts gives a depth-six formula of size sO(k3δ) for f .

Remark Debordering Σ[k]∧ΣΠ[δ]) DiDIL [DDS21b] can also be adapted to our model of sums of
powers. The idea is to keep the logarithmic derivatives as rational functions during the elimination,
instead of expanding them into power series. In each round, the degrees of their numerators and
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denominators grow by at most a constant factor. Hence these rational functions have degree δ·exp(k)
throughout, and can be written as sums of sδ·exp(k) monomials. Reversing the rounds then gives
formulas of size sδ·exp(k). Each reversed round, an integration followed by a multiplication, adds O(1)
to the depth, so the final depth is O(k). Thus the recursion causes both the exponential dependence
on k and the growing depth. Theorem 1.2 avoids the recursion and gives formulas of size sO(k3δ)

and depth six. Here, we omit the details on how to adapt DiDIL to get such a debordering result.

Remark (Debordering Σk ∧ Σ ∧ Σ). The same comparison holds for Σk ∧ Σ ∧ Σ: adapting
DiDIL [DDS21b] gives ABPs of size sexp(k); this follows by a similar modofied argument as men-
tioned above. Whereas our Wronskian argument gives size spoly(k). After a generic shift, each
z-coefficient of the Wronskian cofactor is a sum of sO(k2) products of O(k2) powers of linear forms.
One can show that the dimension of the derivative-space is at most sO(k2), and this bound also
holds after taking limit. Therefore, the resulting coefficients admit ABPs of this size; Cramer’s rule
and division elimination then give an ABP of size sO(k2) for f .

2.3 Proof idea of Theorem 1.3.

Theorem 1.1 does not directly give a hitting set, since no efficient hitting sets are known for general
ABPs. Instead, we use the differential equation (6) itself. Call a point α ∈ Cn good if every bj(α, z,x)
is defined and br(α, 0,x) ̸= 0. We show that at a good point, a nonzero f is already visible in its
Taylor expansion up to degree k − 1, and that a good point can be found deterministically.

Nonzero solutions cannot vanish to high order. Let α be a good point, and write Fα := f(α+zx) =∑︁d
i=0 Fα,i(x)z

i, so that Fα,i is the degree-i part of the Taylor expansion of f around α. By (6) at
y = α, Fα satisfies a linear differential equation in z whose leading coefficient does not vanish at
z = 0. Classically, a solution of such an equation that vanishes to order r at z = 0 is identically
zero. The algebraic analogue is that if f ̸= 0, then Fα,i ̸= 0 for some i < r ≤ k; see Lemma 5.1.
Indeed, suppose instead that the lowest nonzero coefficient is Fα,m with m ≥ r. Every term bjD

jFα

with j < r involves only the powers zm−j and higher, so the coefficient of zm−r in the equation is
m!

(m−r)! br(α, 0,x)Fα,m ̸= 0. Since m − r ≤ d, this coefficient survives the truncation modulo zd+1,
which contradicts the equation.

Thus, once a good point α is known, it suffices to hit a polynomial of low degree. Fix i < k with
Fα,i ̸= 0. Since Fα,i has degree less than k, it does not vanish at some point v of an explicit hitting
set of size (nk)O(k). Then f(α + zv) =

∑︁
i Fα,i(v) z

i is a nonzero univariate polynomial of degree
at most d, and hence it is nonzero at one of any d+ 1 distinct values of z. It therefore remains to
construct a small explicit set that contains a good point for every nonzero f in the class.

Finding a good point. The low complexity of br over C(y) does not help here, since it says nothing
about how br depends on y. Instead, we use the following structure from Proposition 4.2:

br(y, 0,x) =
pr(y,x)

H(y)
, degy pr ≤ kd,

where H is a nonzero product of at most kd affine linear polynomials. (At z = 0, the logarithmic
derivative of a shifted factor ℓ(y + zx) is L(x)/ℓ(y), so all denominators are products of the ℓ(y),
suitably normalized in ϵ.) Thus α is good whenever H(α) ̸= 0 and pr(α,x) ̸= 0. A point a with
H(a) ̸= 0 is easy to find, using a hitting set for products of affine linear polynomials. To make pr
nonzero as well, we move along a line y = a+ tu whose direction u is yet to be chosen, and expand
br(a+ tu, 0,x) as a power series in t. At this point, we need observations:
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• some coefficient of tv with v ≤ kd is nonzero, as otherwise the nonzero polynomial pr(a+tu,x),
of degree at most kd in t, would be divisible by tkd+1;

• each such coefficient is a simple polynomial in (u,x): every denominator ℓ(a) + tL(u) has a
nonzero constant term, so expanding its reciprocal as in (3) shows, as for the bj , that each
coefficient lies in Σ ∧ Σ, with top fan-in (kd)O(k2) and degree O(kd+ k2).

It remains to hit Σ ∧ Σ circuits, and for this we use a very recent breakthrough of Bhardwaj and
Saptharishi [BS26]: explicit hitting sets of polynomial size for all polynomials whose space of partial
derivatives has small dimension. Σ ∧ Σ circuits fall into this class, since a power Le of a linear
polynomial has at most e + 1 linearly independent partial derivatives, and this bound adds up
under sums and can only decrease under limits. Applying their hitting set (Lemma 3.10) to the
variables (u,x) yields a point (u, ξ) at which some coefficient from the first observation survives.
Then pr(a+ tu, ξ) and H(a+ tu) are nonzero univariate polynomials of degree at most kd, so some
τ among any 2kd+1 values makes both nonzero, and a+ τu is good. Ranging over all choices of a,
(u, ξ), and τ gives sO(k2) candidate points (Lemma 5.2), and hence a hitting set of size sO(k2). Since
the hitting set of [BS26] has size polynomial in the top fan-in, which here is (kd)O(k2), no log log s
factor appears in our exponent, unlike in the hitting set of [DDS21b].

2.4 Proof idea of Theorem 1.4

The lower bound uses the same Wronskians, but in a different way, and under one new constraint:
we may not shift the variables. Our argument needs the entire hard polynomial to sit in the lowest
power of z, and a shift would spread it over many powers of z; this was crucial in [DS26]. Without a
shift, however, the differential equation (4) itself carries no information about the hard polynomial.
Indeed, under x ↦→ zx a homogeneous polynomial f of degree d becomes zdf , and every derivative
Dj(zdf) = d!

(d−j)! z
d−jf is a multiple of f . Hence f factors out of

∑︁
j bjD

j(zdf), and the equation
only constrains the coefficients bj . Instead of annihilating every summand, as in debordering, we
will annihilate only the summands that do not carry f . We follow the template of Dutta and
Saxena [DS26], which we recall first.

The approach of [DS26] Recall that Pk+1,d =
∑︁k+1

i=1

∏︁d
j=1 xi,j , and suppose that

∑︁k
i=1 Ti =

Pk+1,d +O(ϵ), where each Ti is a product of affine linear polynomials over C(ϵ). After scaling each
affine factor ℓ by a power of ϵ, its ϵ-free part ℓ|ϵ=0 is a nonzero affine linear polynomial of one of
two kinds: either it is homogeneous, as for ℓ = x1,1−x2,1+ ϵx1,2, or it has a nonzero constant term,
as for ℓ = 1 + x1,1 + ϵx2,1. [DS26] first reduce to the case in which every factor is of the second
kind, which they call all-non-homogeneous. The non-homogeneity seems to be at the heart of the
power of border depth-3 circuits; for example, Kumar’s universal construction that every f admits
a ΣΠΣ circuit [Kum20] is all-non-homogeneous.

Factors of the first kind are killed [DS26, Claims 3–4]. In the example above, the substitution
x1,1 ↦→ x2,1 − ϵx1,2, makes ℓ = 0; therefore the product containing ℓ vanishes, while it changes
Pk+1,d, up to O(ϵ), only into its restriction to the hyperplane x1,1 = x2,1. As this hyperplane
passes through the origin, the restricted hard polynomial ‹P is still homogeneous of degree d; this
homogeneity is extremely crucial. Moreover, one can argue that ‹P stays nonzero. At the end, every
factor satisfies ℓ(0,0) ̸= 0, so 1/ℓ is a power series around the origin. This is exactly what the
random shift provided in the debordering argument, but now obtained without a shift.

Next, [DS26] substitutes x ↦→ zx, which turns ‹P into zd‹P , so that all of ‹P sits in a single power of
z. They then run up to k − 1 rounds of DiDIL, keeping track of the coefficient of the lowest power
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of z in the ϵ-free part; in every round, it is ‹P times a ratio of border Σ ∧ Σ circuits. After the last
round, this expresses ‹P as a ratio of two Σ ∧ Σ circuits of size sexp(k). Finally, after clearing the
denominator, a nonzero multiple of ‹P has a small border Σ ∧ Σ circuit, and comparing spaces of
partial derivatives (via leading monomials) shows that this forces s ≥ 2Ω(d/ exp(k)).

Our approach in one line after reduction. We follow the same three steps, but replace the
k−1 rounds of DiDIL by a single Wronskian; this is what improves the lower bound from 2Ω(d/ exp(k))

to 2Ω(d/k2).

A new reduction lemma. Essentially, Lemma 7.5 does the same reduction as [DS26], with one further
simplification: instead of the whole restricted polynomial ‹P , we keep only a single monomial. Indeed,
after a linear change of variables, one of the k+1 blocks survives the at most k−1 restrictions, and
setting all other variables to zero turns ‹P into f(x) := x1 · · ·xd; as this substitution is homogeneous
and does not involve ϵ, every factor keeps its nonzero constant term. We could equally keep ‹P ,
as [DS26] do, but the single monomial makes the final count of partial derivatives particularly
simple. By doing this reduction, we obtain

m∑︂
i=1

ϵaiTi(ϵ,x) = ϵMx1 · · ·xd +O(ϵM+1), m ≤ k,

where M,ai ≥ 0, each Ti(ϵ,x) ∈ C[ϵ,x], and Ti(0, 0) ̸= 0.

Removing ϵ-dependence. We consider the C-algebra homomorphism ψ : C[ϵ,x] → C[z,x] defined by
ψ(ϵ) = zd+1 and ψ(x) = zx. Write Vi ∈ C[z,x] for the image of ϵaiTi. Keeping ϵ in the coefficient
field would not suffice for the lowest-z-coefficient argument: after x ↦→ zx, the approximation error
could have z-degree smaller than d. Our substitution ensures the required separation. Since f is
homogeneous of degree d and ϵ gets weight d+1, the term ϵMf becomes z∆f with ∆ :=M(d+1)+d,
while every error term, which carries ϵM+1, has order at least (M + 1)(d+ 1) = ∆+ 1:

m∑︂
i=1

Vi = z∆f +O(z∆+1).

Thus f is the lowest z-coefficient of the sum. Moreover, as every affine factor of Ti has a nonzero
constant term at ϵ = 0, the lowest coefficient of each Vi, that is, the coefficient of its lowest power
of z, is a nonzero constant in C.

Unlike [DS26], where ϵ and z stay separate and the limit ϵ → 0 is taken in every round of DiDIL
before powers of z are compared, we compare powers of z directly in the summands, while the
approximation error is still present (with ϵ kept separate, the error could contain powers zj with
j < d). Merging the two parameters makes this possible: the weight d + 1 is just large enough to
place f strictly below every error term, so a single valuation in z controls both the error and the
Wronskians below, and at the end z also serves as the parameter of the border.

A Wronskian isolates f . Let k = m = 2 for simplicity. Modulo z∆+1, the Vi span a space over
K = C(x) that contains z∆, and that is not spanned by z∆ alone. We argue that r ̸= 1, as every
nonzero Vi mod z∆+1 has valz(Vi) ai(d + 1) < ∆, since ∆ = M(d + 1) + d is not divisible by
d+ 1. Such a Vi is therefore linearly independent of z∆, which already belongs to the span. Hence
r ≥ 2, and m = 2 forces r = 2. Pick U ∈ {V1, V2} such that U and z∆ form a basis, and write
U = czλ +O(zλ+1) with c ∈ C× and λ < ∆. To isolate f , we use the map

L(F ) :=W (U,F ) = U ·DF − F ·DU.
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It has two simple properties: it is linear over K, since elements of K do not depend on z, and it kills
U , that is, L(U) = 0. Modulo z∆+1, every Vi is a combination of the basis elements U and z∆:

Vi = αiU + βiz
∆ + Ei, αi, βi ∈ K, Ei = O(z∆+1).

So L removes the U -part of each Vi and keeps its z∆-part: L(Vi) = βiL(z
∆) + L(Ei). (In the

debordering argument, the differential equation killed every summand; here we keep the z∆-part,
since it carries f .) We now compute the lowest terms. On the one hand,

L(z∆) = U ·∆z∆−1 − z∆ ·DU = (∆− λ) c zν +O(zν+1), ν := ∆ + λ− 1,

and its lowest coefficient h := (∆ − λ) c is nonzero because λ < ∆. On the other hand, if E =
O(z∆+1), then both terms of L(E) = U ·DE − E ·DU have order at least λ + ∆ = ν + 1. Thus
errors of order ∆+1 do not affect the coefficient of zν ; in particular, every L(Vi) has order at least
ν. Now we apply L to both sides of

∑︁
i Vi = z∆f + O(z∆+1). As f ∈ K does not depend on z, we

get ∑︂
i

L(Vi) = f L(z∆) +O(zν+1) = h f zν +O(zν+1).

Comparing the coefficients of zν gives

g = f h, where g :=
∑︂
i

coeffzν (L(Vi))

and coeffzν (A) denotes the coefficient of zν in A. As every L(Vi) has order at least ν, each
coeffzν (L(Vi)) is either zero or the lowest coefficient of the Wronskian W (U, Vi).

For general k, we use the operator W (U1, . . . , Ur−1, · ) for a basis U1, . . . , Ur−1, z
∆ with r ≤ k.

After a change of basis, the Uj have distinct lowest powers of z, so the lowest term of H :=
W (U1, . . . , Ur−1, z

∆) is given by a nonzero Vandermonde determinant (Lemma 7.2), and again
g = fh, where h is now the lowest coefficient of H (Proposition 7.1).

Lowest coefficients of Wronskians are simple. It remains to show that such lowest coefficients
have small Σ ∧ Σ circuits (Lemma 7.3), without paying for ν, which grows with M . As in the
debordering argument, we divide each Wronskian by the product of its columns, which changes its
lowest coefficient only by a nonzero constant. By the product rule, every determinant term is then
a combination, with coefficients in C((z)), of products of O(r2) terms Djℓ/ℓ, where ℓ ranges over
the factors of the columns; as the columns of a nonzero Wronskian are distinct, there are at most
ks such factors. Write ℓ = ℓ0(z) (1+ ℓ̂), where ℓ̂ is a homogeneous linear form in x that vanishes at
z = 0, and expand 1/(1+ ℓ̂) =

∑︁
e≥0(−ℓ̂)e. Since ν is huge, we truncate not in z, as in debordering,

but in the degree in x, which is harmless because the lowest coefficient has degree at most ks in x.
Each term then becomes a sum of products of powers of O(r2) linear forms, so Lemma 3.5 gives
a Σ ∧ Σ expression over C((z)) of top fan-in (ks)O(r2). Its lowest coefficient in z is a normalized
limit z → 0; that is, z now plays the role of ϵ. Hence g and h have Σ ∧ Σ circuits of top fan-in
R := (ks)O(k2) and degree at most ks.

Partial derivatives. As in [DS26], partial derivatives finish the proof. A power of an affine linear
polynomial of degree at most ks has at most ks + 1 linearly independent partial derivatives, and
this bound adds up under sums and can only drop under limits; so g has at most R(ks + 1). On
the other hand, the nonzero multiple g = (x1 · · ·xd)h of x1 · · ·xd has at least 2d: with respect to
any monomial order, differentiating once in each variable of a subset of {x1, . . . , xd} produces 2d

distinct leading monomials. Since k ≤ s, we get 2d ≤ O(R · ks) ≤ sO(k2), that is, s ≥ 2Ω(d/k2); for
details, see Section 7.3).
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3 Preliminaries

Notation.

• Throughout, F denotes a field of characteristic zero. We write [n] := {1, . . . , n}. Bold letters
denote tuples of variables, x = (x1, . . . , xn) and y = (y1, . . . , yn). For γ ∈ Zn

≥0, we write
xγ :=

∏︁
i x

γi
i , |γ| :=

∑︁
i γi, γ! :=

∏︁
i γi! and ∂γ :=

∏︁
i ∂

γi
xi .

• degF denotes the total degree of F , and degy,x F , degz F the degree in the indicated variables.
We write D := ∂z and Di := ∂iz.

• For a commutative ring R, R[[z]] and R((z)) denote the rings of formal power series and
formal Laurent series in z over R. For A =

∑︁
j ajz

j ∈ R((z)), we write coeffzj (A) := aj and
[A]≤d :=

∑︁
j≤d ajz

j . For A ̸= 0, let valz(A) := min{j : aj ̸= 0} and lcz(A) := coeffzvalz(A)(A);
we set valz(0) := ∞, and write A = O(zj) if valz(A) ≥ j.

• We use the same notation with ϵ in place of z, regarding K(ϵ) as a subfield of K((ϵ)) for a
field K. If valϵ(A) ≥ m, we write limϵ→0 ϵ

−mA := coeffϵm(A).

• For f ∈ F[x], ∂=kf denotes the span of all partial derivatives of f of order exactly k, and ∂∗f
the span of all partial derivatives of all orders.

Circuit classes and borders. For a class C of circuits, C(s) denotes the polynomials computed
by circuits in C of size at most s, and C(s) its border: f ∈ C(s) if there is g ∈ F[ϵ][x] such that f+ϵg
is computed by a circuit in C of size at most s over F(ϵ). We write Σ[w] ∧ Σ for the polynomials of
the form

∑︁w
j=1 cjℓ

ej
j with cj ∈ F and ℓj affine linear, and Σ ∧ Σ(w, e) when moreover ej ≤ e for all

j. The classes ΣΠΣ(k, s) and Σ ∧ ΣΠ(k, δ, s) are same as defined in Section 1.

3.1 Wronskian

Definition 3.1 (Wronskian). Let D = ∂
∂z . The Wronskian of f1, . . . , fr, denoted by W (f1, . . . , fr),

is the determinant of the matrix

W (f1, . . . , fr) := det

⎛⎜⎜⎜⎜⎜⎜⎝
f1 D(f1) D2(f1) . . . Dr−1(f1)
f2 D(f2) D2(f2) . . . Dr−1(f2)
...

...
...

...
...

...
...

...
...

...
fr D(fr) D2(fr) . . . Dr−1(fr)

⎞⎟⎟⎟⎟⎟⎟⎠
We use the following facts about Wronskians.
Lemma 3.2 (Lemma 2.2, [BS26]). Let F be any field of characteristic 0. Let f1, . . . , fr ∈ F(x)[z]
be non-zero polynomials. Then,

W (f1, . . . , fr) = 0

if and only if f1, . . . , fr are F(x)-linearly dependent, i.e. there exists a1, . . . , ar ∈ F(x) s.t. ∃i ∈
[r], ai ̸= 0 and

∑︁
i∈[r] ai · fi = 0.

Lemma 3.3. Let K = C(x) and let F1, . . . , Fq ∈ K((z)) such that Fb = cbz
µb + O(zµb+1) with

cb ∈ K× for b ∈ [q], and µb are pairwise distinct. Then

valzW (F1, . . . , Fq) =
∑︂
b

µb −
Ç
q

2

å
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where W (F1, . . . , Fq) is the Wronskian wrt z.

Proof. Let D = ∂
∂z . Then

valz(D
jF ) ≥ valz(F )− j,

and hence every term in the expansion of the Wronskian of F1, . . . , Fq wrt z, W (F1, . . . , Fq) has
valuation wrt z is at least

∑︁
b valz(Fb)−

(︁q
2

)︁
, and therefore

valzW (F1, . . . , Fq) ≥
q∑︂

b=1

valz(Fb)−
Ç
q

2

å
. (7)

Since the Wronskian is linear in each column, Equation (7) shows thatW (F1, . . . , Fq) andW (c1z
µ1 , . . . , cqz

µq)
agree up to terms of valuation larger than

∑︁
b µb −

(︁q
2

)︁
. By [BD10, Lemma 1],

W (c1z
µ1 , . . . , cqz

µq) =
(︂ q∏︂
b=1

cb

)︂
V (µ1, . . . , µq) z

∑︁
b µb−(q2),

where V (µ1, . . . , µq) =
∏︁

a<b(µb − µa) denotes the Vandermonde determinant, which is nonzero
since charK = 0. Hence valzW (F1, . . . , Fq) =

∑︁
b µb −

(︁q
2

)︁
.

3.2 Waring Rank

Let f be a homogeneous polynomial of degree d in F[x1, . . . , xn] where F is a field of characteristic
zero. Then there exist homogeneous linear polynomials L1, . . . , Lr and α1, . . . , αr ∈ F such that

f =
r∑︂

i=1

αiL
d
i .

The least integer r such that f admits such a decomposition with r-summands is called the Waring
rank of f. We denote the Waring rank of f as WR(f). By abusing the notation, we also use WR(f)
for non-homogeneous polynomials f , which denotes the minimum top fan-in k such that f can be
computed by a Σk ∧ Σ circuit.

We will use WR(f) to denote the border waring rank of f , or in other words the minimum k, such
that f can be computed by a Σk ∧ Σ circuit.
Lemma 3.4. Let F be a field of characteristic zero. Then the Waring rank of any degree d monomial
in n variables over F is at most dn.

Proof. Let M =
∏︁n

j=1 x
ai
i with

∑︁n
i=1 ai = d and 1 ≤ a1 ≤ · · · ≤ an. By [HM22, Remark 3.22] we

have

WRQ(M) ≤
n∏︂

i=1

(ai + 1),

where WRQ(M) denotes the Waring rank of M over Q. Since each ai ̸= 0, ai + 1 ≤ d for 1 ≤
i ≤ n. Hence we obtain WRQ(M) ≤ dn. Since any field of characteristic zero contains Q, we have
WRF(M) ≤ dn.

Throughout the paper, we write WR(f) to denote the Waring rank of f over an arbitrary field F of
characteristic zero unless otherwise specified.
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Lemma 3.5. Let f be a product of linear forms as
∏︁m

j=1 ℓ
dj
j such that

∑︁m
j=1 dj = d, then WR(f) ≤

dm.

Proof. Consider the monomial M =
∏︁m

j=1 y
dj
j in F[y1, . . . , ym]. From Lemma 3.4 any monomial

over m variables of total degree d, has waring rank dm. Therefore, WR(M) ≤ dm and we have
M =

∑︁dm

i=1 αiLi(y1, . . . , ym)d where Li are linear forms in y1, . . . , ym, αi ∈ F for i ∈ [dm].

Now consider yj = ℓj(x1, . . . , xn) for all j ∈ [m]. Therefore, we have f =
∑︁dm

i=1 αiLi(ℓ1, . . . , ℓm)d.
Since Li are linear forms, Li(ℓ1, . . . , ℓm) are linear forms in x1, . . . , xn.

3.3 Arithmetic Branching Programs

Definition 3.6. [Arithmetic branching Program (ABP),[DDS21a]] ABP is a computational model
which is described using a layered graph with a source vertex s and a sink vertex t. All edges connect
vertices from layer i to i + 1. Further, edges are labelled by linear polynomials. The polynomial
computed by the ABP is defined as

f = Σpathγ:s→twt(γ)

where wt(γ) is product of labels over the edges in path γ. Number of layers (∆) defines the depth
and the maximum number of vertices in any layer (w) defines the width of an ABP. The size (s) of
an ABP is the sum of the graph-size.

It is easy to see from the definition that ABP is closed under both addition and multiplication. We
can also eliminate division in ABPs. Here is an important lemma stated below that we will use.
Lemma 3.7 (Lemma 2.6,[DDS21a]). (Strassen’s division elimination) Let g(x, y) and h(x, y) be
computed by ABPs of size s and degree < d. Further, assume h(x, 0) ̸= 0. Then, g/hmodyd can be
written as Σd−1

i=0Ci · yi, where each Ci is of the form ABP/ABP of size O(sd2). Moreover, in case
g/h is a polynomial, then it has an ABP of size O(sd2).

ABPs can capture all polynomials that can be approximated by Σ ∧ Σ circuits.
Lemma 3.8 (Lemma 52, [DL25]). If f is a n-variate degree d polynomial such that f ∈ Σs ∧ Σ,
then it can be computed by an ABP of size poly(n, d, s).

3.4 Border Waring Rank PIT

In a recent breakthrough, [BS26], the authors gave a poly-sized hitting set for Σ ∧ Σ circuits, by
giving a hitting set for a polynomial f with the dimension of the space of partial derivatives ∂∗f is
small. We use ∂∗f to denote the space spanned by the partial derivatives of f of any order. The
argument works for Σ ∧ Σ circuits as well, as they have a low-dimensional partial derivative space
as well.
Theorem 3.9 (Theorem 1.1, [BS26]). Let F be a field of characteristic zero. For any n, r ≥ 0,
there is an explicit polynomial map (G1(t), . . . , Gn(t)) ∈ F[t]n with deg(Gi) ≤ O(nr2) such that if
f(x1, . . . , xn) is a polynomial such that dim(∂∗f) ≤ r, then

f(x1, . . . , xn) = 0 ⇐⇒ f(G1(t), . . . , Gn(t)) = 0.

Lemma 3.10. Let F be a field of characteristic zero, and let p ∈ F[x1, . . . , xn] of degree ∆. If p
is computable by a Σw ∧ Σ circuits, then there is an explicit hitting set An,∆,w ⊆ Fn for all such
polynomials, of size

|An,∆,w| ≤ poly(n,∆, w), (8)
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constructible within the same asymptotic bound.

Proof. First, we argue that for any polynomial f computed by a Σw ∧ Σ circuit, dim(∂∗f) ≤
w · (∆ + 1). To see that, first observe that taking a limit cannot increase the dimension of the
partial derivative space. For that, consider the partial derivative matrix for partial derivatives of
order k of fϵ. If dim(∂=kfϵ) = r, then the rank of the matrix is r, and all (r + 1)× (r + 1) minors
of the partial derivative matrix vanish. These continue to vanish as we take limϵ→0, and hence the
dim(∂=kf) ≤ r.

To bound dim(∂=kfϵ), write fϵ =
∑︁w

i=1 αiℓ
ei
i with αi ∈ F(ϵ) and each ℓi affine linear over F(ϵ); note

that the exponents ei may exceed ∆. Every partial derivative of order k of ℓeii is a scalar multiple of
ℓei−k
i , or zero if k > ei. Hence ∂=kfϵ is spanned by at most w polynomials, and dim(∂=kfϵ) ≤ w for

every k ≥ 0. Since deg f ≤ ∆, all partial derivatives of f of order larger than ∆ vanish. Combining
this with the previous paragraph, we get

dim(∂∗f) ≤
∆∑︂

k=0

dim(∂=kf) ≤
∆∑︂

k=0

dim(∂=kfϵ) ≤ w(∆ + 1).

Using the map in Theorem 3.9 on f , gives us g = f(G1(t), . . . , Gn(t)) such that g ∈ F[t], deg(g) ≤
O(n∆3w2) and g = 0 iff f = 0. We can check non-zeroness of g by evaluating on deg(g) + 1 points
from F. To obtain the hitting set, evaluate G1, . . . , Gn on all these points, and it is a hitting set for
f . The size of hitting set is deg(g) + 1 = O(n∆3w2).

3.5 Cramer’s rule

Lemma 3.11 (Cramer’s rule). Let A be a matrix in Fn×n of rank n, and a system of n-equations
in n-variables v = [v1 · · · vn]T denoted by

Av = b.

If det(A) ̸= 0, then we obtain

vi =
detAi

det(A)

where Ai denotes the matrix obtained by replacing ith column of A by the vector b.
Lemma 3.12. Let A be a matrix in Fn×(n+1) of rank n and Aj denote the n × n matrix obtained
by removing the jth column. Then, for v ∈ Fn+1 s.t. vj := (−1)j+1det(Aj), we have Av = 0.

Proof. Consider the (n+ 1)× (n+ 1) matrix A(i) where the first row is the i-th row of A and rest
of the rows are same as A. Clearly det(A(i)) = 0 as it has two identical rows. We also know from
definition of determinant that det(A(i)) =

∑︁n+1
j=1 aij(−1)j+1det(Aj).

Now we consider the i-th element ofAv (represented (Av)i), which is equal to
∑︁n+1

j=1 aij(−1)j+1det(Aj).
Therefore, (Av)i = 0 for any i ∈ [n], and thus Av = 0.

4 Debordering Depth 3 circuits

Let y = (y1, . . . , yn) and x = (x1, . . . , xn) be disjoint tuples of variables, and let z be a new variable.
Define

Φy : F(ϵ)[x] −→ F(ϵ)[y,x, z], Φy(g)(z,x) := g(y + zx), D :=
∂

∂z
. (9)
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Let Di(f) := ∂if
∂zi

. The tuple y will be specialized later. Derivatives are always taken before
reduction modulo zd+1. This convention is necessary, since D does not induce a derivation on
F[z]/⟨zd+1⟩.

First, we will start by showing that if a polynomial T is a product of linear forms, then its Da(T )/T
can be computed by a Σ ∧ Σ circuit of size dO(a). This is the equivalent of higher-order dlog
computation by Σ ∧ Σ circuits that has been used in [DDS21a].

Lemma 4.1. If T :=
∏︁d

j=1 ℓj with ℓj ∈ F[x] and ℓj’s are linear polynomials, then Da(Φy(T ))
Φy(T )

mod ⟨zd+1⟩, a polynomial in F(y)[x, z], can be computed by a Σ ∧ Σ circuit of top fan-in O(d3a+1)
for 1 ≤ a ≤ d.

Proof. As Φy(T (x)) = T (y + zx), Φy(T (x)) is a product of polynomials which are linear in z. As
we take the a-th derivative of it, by the product rule of derivatives, we will have terms of product
of derivatives of a linear polynomials along with the not differentiated linear polynomials, summed
over all subsets of [d] of size a. Therefore, we have that

Da(Φy(T )) = a! ·
∑︂

S⊂[d],|S|=a

Ñ∏︂
j∈S

D(Φy(ℓj))

é
·

Ñ ∏︂
j∈([d]\S)

(ℓj)

é
Dividing the above by T gives us:

Da(Φy(T ))

Φy(T )
= a! ·

∑︂
S⊂[d],|S|=a

∏︂
j∈S

D(Φy(ℓj))

Φy(ℓj)

Let ℓj(x) = cj + ℓ̃j(x) where cj is the constant part and ℓ̃j is the homogeneous part of ℓj(x). We
have Φy(ℓj) = ℓj(y) + z · ℓ̃j(x). Therefore, we can write it as a power series as

D(Φy(ℓj))

Φy(ℓj)
=

ℓ̃j(x)

ℓj(y) + z · ℓ̃j(x)
=

Ñ∑︂
i≥0

(−1)izi
(ℓ̃j)

i+1

ℓj(y)i+1

é
Therefore, we have

∏︂
j∈S

D(Φy(ℓj))

Φy(ℓj)
=
∏︂
j∈S

Ñ∑︂
i≥0

(−1)izi
(ℓ̃j)

i+1

ℓj(y)i+1

é
Taking mod ⟨zd+1⟩ gives us

∏︂
j∈S

D(Φy(ℓj))

Φy(ℓj)
=
∏︂
j∈S

(︄
d∑︂

i=0

(−1)izi
(ℓ̃j)

i+1

ℓj(y)i+1

)︄
mod ⟨zd+1⟩

Swapping the sum and products, we get
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∏︂
j∈S

D(Φy(ℓj))

Φy(ℓj)
=

d∑︂
i=0

(−1)izi
∑︂

dj≥0,
∑︁

j∈S dj=i

∏︂
j∈S

(ℓ̃j)
dj+1

ℓj(y)dj+1
mod ⟨zd+1⟩ (10)

Also observe that we have following expression for Da(Φy(T ))
Φy(T )

⃓⃓⃓
z=0

,

Da(Φy(T ))

Φy(T )

⃓⃓⃓
z=0

= a! ·
∑︂

S⊂[d],|S|=a

∏︂
j∈S

(ℓ̃j)

ℓj(y)
= a! ·

∑︁
S⊂[d],|S|=a

Ä∏︁
j∈S ℓ̃j(x)

ä
·
Ä∏︁

j∈[d]\S ℓj(y)
ä

T (y)
(11)

for fixed S, i, the product in Equation (10) is the product of |S|+ 1 = a+ 1 linear forms of degree
2i + a. Using Lemma 3.5, we have that the expression has waring rank at most (2i + a)a+1. The
summation over possibilities of dj adds a da many possibilities. Since we move terms of y into the
function field, we ignore the complexity of 1

ℓj(y)i+1 terms. As i goes upto d, we have

WR

Ñ∏︂
j∈S

D(Φy(ℓj))

Φy(ℓj)
mod ⟨zd+1⟩

é
≤ O(d2a+1).

From Equation (10), we know the degree of the formal expression is 2d + a. Since the number of
subsets of [d] size a, is

(︁d
a

)︁
≈ da, we have

WR

Å
Da(Φy(T ))

Φy(T )
mod ⟨zd+1⟩

ã
≤ O(d3a+1).

In the following key proposition, we develop an identity characterizing the computation performed
by the border depth-3 circuit, which gives us computable polynomials b0, . . . , br such that for F =
f(y + zx)

r∑︂
j=0

bjD
j(F ) = 0 mod ⟨zd+1⟩.

This is also key for the PIT algorithm in Theorem 1.3.
Proposition 4.2 (Truncated differential equation). Let F be a field of characteristic zero, and
suppose that

fϵ(x) =
k∑︂

i=1

Ti(ϵ,x) = f(x) +O(ϵ), Ti =

di∏︂
a=1

ℓia(ϵ,x), di ≤ d, (12)

where f ̸= 0, every Ti is nonzero, and the ℓia ∈ F(ϵ)[x] are affine linear. Let F (y, z,x) :=
Φy(f)(z,x) = f(y + zx).

There exist 1 ≤ r ≤ min{k, d + 1} and polynomials b0, . . . , br ∈ F(y)[z,x], with degz(bj) ≤ d, such
that

r∑︂
j=0

bj(y, z,x)D
jF (y, z,x) ≡ 0 (mod zd+1), (13)
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and
br(y, 0,x) ̸= 0. (14)

Moreover, the coefficients satisfy the following properties.

1. Viewed as polynomials in (z,x) over F(y), each bj has an Σ ∧ Σ circuit of top fan-in

(kd)O(k2) (15)

and formal degree O(d+ k2).

2. There is a nonzero product H(y) of at most kd affine linear polynomials such that, for every
0 ≤ j ≤ r,

βj(y,x) := bj(y, 0,x), pj(y,x) := H(y)βj(y,x)

satisfy pj ∈ F[y,x],
degy(pj) ≤ kd, degx(pj) = O(k2), (16)

and
bj(y, z,x) =

ï
pj(y + zx,x)

H(y + zx)

ò
≤d

=
[︁
βj(y + zx,x)

]︁
≤d
. (17)

Here [ · ]≤d denotes Taylor truncation in z.

In particular, all bj(α, z,x) are defined whenever H(α) ̸= 0, and

br(α, 0,x) ̸= 0 ⇐⇒ pr(α,x) ̸= 0.

Proof. For all i ∈ [k], let Φy(Ti) = Si, and Φy(ℓij) = ℓ′ij . Write ℓ′ij = ℓij(ϵ,y) + z · ℓ̃ij(ϵ,x) where
ℓ̃ij is the homogeneous part of ℓij . Let Φy(fϵ) := Fϵ be computed by the following circuit C.

C := S1 + . . .+ Sk =
k∑︂

i=1

d∏︂
j=1

ℓ′ij .

Consider the maximal linearly independent subset S1, . . . , St of Si’s (linearly independent over
F(ϵ,y,x)) and consider the t× (t+ 1) matrix M defined as follows:

M :=

⎛⎜⎜⎜⎜⎜⎜⎝
S1 D(S1) D2(S1) . . . Dt(S1)
S2 D1(S2) D2(S2) . . . Dt(S2)
...

...
...

...
...

...
...

...
...

...
St D1(St) D2(St) . . . Dt(St)

⎞⎟⎟⎟⎟⎟⎟⎠
As we know for all i ∈ [k], Si ̸= 0, we can divide row i in M with Si and consider ˜︂M as

˜︂M :=

à
1 D1(S1)

S1

D2(S1)
S1

. . . Dt(S1)
S1

1 D1(S2)
S2

D2(S2)
S2

. . . Dt(S2)
S2

...
...

...
...

...
1 D1(St)

St

D2(St)
St

. . . Dt(St)
St

í
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From Lemma 3.12, we also know vector v ∈ F(ϵ,y, z,x)t+1 with vj = (−1)j+1det(Mj) is such
that ˜︂Mv = 0, where Mj is the matrix ˜︂M after removing the j-th column. These vi’s are rational
functions in F(ϵ,y,x, z) and are determinants of t× t matrices whose entries are Dj(Si)

Si
.

Note that these vi’s are not all zero, if and only if rk(M) = t as rk(M) = rk(˜︂M). Note that

vt+1 = (−1)t+2det(Mt+1) = (−1)t+2W (S1, . . . , St)

S1 · · ·St

where W (S1, . . . , St) is the Wronskian wrt z of S1, . . . , St. If rk(M) < t, then we have

W (S1, . . . , St) = 0.

This implies that Si’s are not linearly independent, as their Wronskian vanishes, which contradicts
our choice of S1, . . . , St. Therefore, we have that rk(M) = t and vi’s are not all zero.

Therefore, for all i ∈ [t], we have

v1Si +
t∑︂

j=1

vj+1 ·Dj(Si) = 0

For any t < i ≤ k, we can write Si =
∑︁t

j=1 cijSj for some cij ∈ F(ϵ,y,x). As cij ’s are independent
of z, we have for any t < i ≤ k,

t∑︂
j=0

vj+1D
j(Si) =

t∑︂
j=0

vj+1

t∑︂
a=1

ciaD
j(Sa)

=
t∑︂

a=1

cia ·

Ñ
t∑︂

j=0

vj+1D
j(Sa)

é
= 0

Set vt+2 = . . . = vk+1 = 0. Therefore, for all i ∈ [k], we have

k∑︂
j=0

vj+1D
j(Si) = 0

Summing the equation for all i, gives us

v1 · Fϵ +
k∑︂

j=1

vj+1 ·Dj(Fϵ) = 0

Now, we consider the equation mod ⟨zd+1⟩. From Lemma 4.1, we know each of the vj mod ⟨zd+1⟩ ∈
F(ϵ,y)[x, z] are determinants of t × t (t ≤ k) matrices whose entries can be computed by Σ ∧ Σ
circuits of top fan-in d3k+1 and degree 2d+ k. In each monomial of this determinant, we multiply
the respective Σ ∧ Σ expressions, leaving us with a sum of d3k2 terms, each of which is a product
of powers of k linear forms of degree at most k · (k + 2d). From Lemma 3.5, we know each of these
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terms has a (kd)k top fan-in Σ ∧ Σ expression. Analysing (10) shows us that after truncation, the
resulting degree is at most O(d+k2).Therefore, each monomial of the determinant can be computed
by a Σ ∧ Σ circuit of top fan-in (kd)O(k2). Since, there are k! monomials of the determinant, we
have that each of the vj ’s mod ⟨zd+1⟩ can be computed by Σ ∧ Σ circuits of top fan-in (kd)O(k2).

Let m be the minimum value of valϵ(vi) for all non-zero vi’s. For all 0 ≤ i ≤ k, define

bi := lim
ϵ→0

ϵ−m[vi+1]≤d

where [vi+1]≤d denotes the truncation of vi+1 upto degree d terms of z. Since [vi+1]≤d’s are com-
putable by Σ ∧ Σ circuits of top fan-in (kd)O(k2), we have bi’s are computable by Σ ∧ Σ circuits of
top fan-in (kd)O(k2).

Let u be a new tuple of variables u1, . . . , un. By the chain rule, for every a ≥ 0, we can translate
the derivatives of Si into derivatives of Ti as

Da(Si)

Si
(y, z,x) =

1

Ti(ϵ,u)
·

(︄(︄
n∑︂

l=1

xl
∂

∂ul

)︄a

Ti(ϵ,u)

)︄⃓⃓⃓⃓
⃓
u=y+zx

Therefore, each entry of M(y, z,x) is obtained from the corresponding entry of M(u, 0,x) by
substituting u = y + zx. Since each vi is a minor of M , we have

vi(y, z,x) = vi(u, 0,x)|u=y+zx = vi(y + zx, 0,x).

As we discussed earlier, the vi’s are not all zero and therefore, at least one of the vi(y, 0,x)’s
is non-zero. Consider the set E ⊆ [k + 1] of all i such that vi(y, 0,x) are non-zero and have
valϵ(vi) = m. Divide all the terms in the equation by ϵm, and take the limit as ϵ −→ 0. We have
that at least one of the bi(y, 0,x)’s is non-zero. Let the largest index in E be r + 1. Therefore, we
have

∑︁r
j=0 bj ·Dj(F ) = 0 mod ⟨zd+1⟩ and br(y, 0,x) is non-zero.

This finishes proof of part 1.

For part 2, we first normalize the linear forms with appropriate powers of ϵ. For all i ∈ [t] and
a ∈ [di], let

ˆ︁ℓia := ϵ−valϵ(ℓia)ℓia and ˆ︁Ti := di∏︂
a=1

ˆ︁ℓia
Each ˆ︁ℓia has a nonzero limit as ϵ −→ 0. Since this normalization only multiplies Ti by a scalar in
F(ϵ), the ratios Da(Si)

Si
remain unchanged.

From Equation (11), we know that after setting z = 0, all entries in row i have common denominatorˆ︁Ti(ϵ,y). Since each term of a determinant uses one entry from every row, multiplying vj+1(y, 0,x)

by
∏︁t

i=1
ˆ︁Ti(ϵ,y) clears its denominators. We will think of H(y) as the common denominator of all

vj+1(y, 0,x)’s, and pj(y,x) as the numerator of vj+1(y, 0,x) after clearing denominators.

Therefore, define

H(y) :=

t∏︂
i=1

di∏︂
a=1

(︂
lim
ϵ−→0

ˆ︁ℓia(ϵ,y))︂
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and

pj(y,x) := lim
ϵ−→0

ϵ−m

(︄
t∏︂

i=1

ˆ︁Ti(ϵ,y))︄ vj+1(y, 0,x)

These limits exist by the normalization in part 1. The expression defining pj is polynomial in y,x
before taking the limit, as its denominators have been cleared. Thus pj ∈ F[y,x], and we have

pj(y,x) = H(y)βj(y,x)

Also, H is a nonzero product of at most td ≤ kd linear forms.

After clearing the denominators, each entry in row i has degree at most di in y and at most t in x.
This is easy to see from Equation (11). Therefore, taking the determinant and then the normalized
limit gives

degy(pj) ≤
t∑︂

i=1

di ≤ kd, degx(pj) ≤ t2 ≤ k2

As we showed above,
vj+1(y, z,x) = vj+1(y + zx, 0,x)

The common denominator on the right is
∏︁t

i=1
ˆ︁Ti(ϵ,y+ zx), whose value at ϵ = z = 0 is H(y) ̸= 0.

Therefore, over F(y), we can take the normalized limit and truncate in z to obtain

bj(y, z,x) = [βj(y + zx,x)]≤d =

ï
pj(y + zx,x)

H(y + zx)

ò
≤d

.

For any α such that H(α) ̸= 0, these expressions are defined, and

br(α, 0,x) =
pr(α,x)

H(α)
̸= 0 ⇐⇒ pr(α,x) ̸= 0.

Now, we have all the tools required to finish the proof of Theorem 1.1.

4.1 Proof of Theorem 1.1

We now show that any polynomial f in Σ ∧ Σ(k, s) can be computed by an ABP of size sO(k2).

Proof of Theorem 1.1. Let f ∈ ΣΠΣ(k, s) be computed by circuit C in ΣΠΣ(k, s). From Proposi-
tion 4.2, there exists non-zero polynomials b0, . . . , br such that

r∑︂
j=0

bj(y, z,x)D
jF (y, z,x) ≡ 0 (mod zd+1),

Define Fi as the coefficient of zi in f(y + zx). Therefore, We have F (y, z,x) :=
∑︁d

i=0 z
iFi. Also,

Dj(F ) =
∑︁d−j

i=0
(i+j)!

i! ziFi+j .

Let bj(y, z,x) :=
∑︁d

i=0 z
ibj,i(y,x) where bj,i(y,x) are polynomials in F(y)[x] corresponding to the

coefficients of zi in bj(y, z,x). Therefore, we have for all q ∈ [d],
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r∑︂
j=0

q∑︂
i=0

(i+ j)!

i!
bj,(q−i)(y,x)Fi+j = 0

We first obtain ABP circuits for F0, . . . , Fr−1. We know r ≤ min k, d+ 1. For i ≥ 1, taking the
coefficient of zi in C gives a sum of at most k

(︁d
i

)︁
terms, each being a scalar times a product of i

linear forms. From Lemma 3.5, we have

WR(Fi) ≤ k

Ç
d

i

å
ii

For i < r ≤ k, this is (kd)O(k). Also, f0 is a scalar over F(y). Therefore, these initial coefficients
have ABPs of size (nkd)O(k) = sO(k) from Lemma 3.8. If r = d+1, we are done. Otherwise, assume
r ≤ d. As bi’s can be computed by Σ ∧ Σ circuits of top fan-in (kd)O(k2), we have bi and bi,j can be
computed by ABPs over F(y) of size (nkd)O(k2) = sO(k2) from Lemma 3.8.

Now, we move the terms of F0, . . . , Fr−1 to the right-hand side of the equation and consider the
coefficient of zd in the equations we obtained above. Therefore, we have for all 0 ≤ q ≤ d− r,

r∑︂
j=0

q∑︂
i=0

(i+ j)!

i!
bj,q−i(y,x)Fi+j = 0

This creates a square system of linear equations in Fr, . . . , Fd. Let this system be characterised by
matrix A. Equation q contains no Fi with i > q + r, and the coefficient of Fq+r is (q+r)!

q! br,0(y,x).
Therefore, A is lower triangular and

det(A) =

Ñ
d−r∏︂
q=0

(q + r)!

q!

é
br(y, 0,x)

d−r+1 ̸= 0

All entries of A and of the right-hand side have ABPs of size sO(k2), since they are sums and products
of the coefficients already computed. This gives us an invertible square system in Fr, . . . , Fd with
coefficients all of which are computable by ABPs of size sO(k2). Since the linear system is invertible
and full rank, it also gives a unique solution for Fr, . . . , Fd.

Therefore, we can solve this system by Lemma 3.11 and obtain Fr, . . . , Fd as ratios of determinants
with entries of bj,i’s and F0, . . . , Fr−1. Using the ABPs for them and the determinant along with
division elimination, we can obtain ABP circuits for Fr, . . . , Fd of size sO(k2). Thus, we combine
these to get an ABP computing F (y, z,x) with coefficients over F(y). Recall F (z,x) = f(y + zx).
So, we substitute z = 1, and y = α such that H(α) ̸= 0 and br(α, 0,x) ̸= 0 which exists as
H(y), br(y, 0,x) ̸= 0 and ensures all the denominator terms of the ABP are non-zero. This gives
us an ABP for f(α+ x), from which we can obtain an ABP for f by substituting x− α in all the
occurrences of x. Thus, we have an ABP computing f of size sO(k2).

5 PIT for border depth-3

Next, we prove a crucial identity lemma that leads to an efficient hitting set.
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Lemma 5.1 (Identity Lemma). Let f and b0, . . . , br be as defined in Proposition 4.2. Let y = α ∈
Fn such that each bj is defined and further,

br(α, 0,x) ̸= 0. (18)

Write

Fα(z,x) := f(α+ zx) =

d∑︂
i=0

Fα,i(x)z
i. (19)

For notational convenience, set Fα,i := 0 for i > d. Then

Fα,0 = Fα,1 = · · · = Fα,r−1 = 0 ⇐⇒ f = 0.

Proof. ⇐ is obvious. For ⇒, if r > d, the hypothesis already implies Fα = 0, and hence f = 0.
Assume that r ≤ d and, towards a contradiction, that f ̸= 0. Choose z = 1, then Fα(1,x) =
f(α+ x) ̸= 0, so Fα ̸= 0. Let

m := min{i : Fα,i ̸= 0}.

By hypothesis, m ≥ r. For every j < r, the z-valuation of bj(α, z,x)DjFα is at least m−j > m−r.
On the other hand, the coefficient of zm−r in br(α, z,x)DrFα is

br(α, 0,x)
m!

(m− r)!
Fα,m(x), (20)

which is nonzero by Equation (18), the choice of m, and the characteristic-zero assumption. Thus
the coefficient of zm−r in the left-hand side of Equation (13) is nonzero. Since m − r ≤ d, this
contradicts the congruence modulo zd+1.

In particular, if f ̸= 0 and α satisfies Equation (18), then for some i ∈ {0, . . . , r − 1}, we have

Fα,i ̸= 0. (21)

Moreover, Fα,i is homogeneous of degree i in x; indeed, Taylor’s formula gives

Fα,i(x) =
∑︂
|γ|=i

∂γf(α)

γ!
xγ .

Thus the only condition that must be enforced when choosing α is that the leading constant coeffi-
cient br(α, 0,x) is non-zero and the coefficients bj ’s are defined. Once this condition holds, Equation
(21) follows automatically for every nonzero f .

In the lemma below, we construct a hitting set that simultaneously hits both H(y) and br(y, 0,x).

Lemma 5.2. Let n, d, k ≤ s. There is an explicit set S ⊆ Fn of size sO(k2) such that, for every
nonzero polynomial f satisfying the hypotheses of Proposition 4.2, we have the coefficients b0, . . . , br
constructed in the proposition’s proof and a point α ∈ S at which every bj(α, z,x) is defined and

br(α, 0,x) ̸= 0.

The set depends only on n, d, k, s and is constructible within the same time bound.
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Proof. By Proposition 4.2, it suffices to find α such that

H(α) ̸= 0 and pr(α,x) ̸= 0.

Let H1 be an explicit hitting set of size (nkd)O(1) for products of at most kd affine linear polynomials.
Choose a ∈ H1 with H(a) ̸= 0, and write

βr(a+ tu,x) =
∑︂
v≥0

βr,v(u,x)t
v, βr =

pr
H
.

Since pr(a+ tu,x) is nonzero and has t-degree at most kd, while H(a+ tu) has nonzero constant
term, some βr,v with v ≤ kd is nonzero.

We know βr = br(y, 0,x) is equal to limϵ→0 of a t×t determinant of matrix with entries Da(Φy(Ti))
Φy(Ti)

⃓⃓⃓
z=0

as a ∈ [t] and i ∈ [t] for t ≤ k as defined in Proposition 4.2. Before taking the limit, we also normalise
it with ϵ−m as done in Proposition 4.2. As the complexity increases with increasing a, we focus on
case being a = k. From (11), we know for Ti =

∏︁di
j=1 ℓij , and Φy(ℓij) = ℓij(y) + z · ℓ̃ij(x)

Dk(Φy(Ti))

Φy(Ti)

⃓⃓⃓
z=0

= k! ·
∑︂

S⊂[d],|S|=k

∏︂
j∈S

(ℓ̃ij)

ℓij(y)

Substituting y = a+ tu into the above expression, gives us

Dk(Φy(Ti))

Φy(Ti)

⃓⃓⃓⃓
⃓
z=0

⃓⃓⃓⃓
⃓
y=a+tu

= k! ·
∑︂

S⊂[d],|S|=k

∏︂
j∈S

(ℓ̃ij(x))

ℓij(a+ tu)

Consider the coefficient of tw in the above expression. As H(a) ̸= 0, we know ℓij(a) ̸= 0. Therefore,
similar to (10), and ignoring constants, we get

Dk(Φy(Ti))

Φy(Ti)

⃓⃓⃓⃓
⃓
z=0

⃓⃓⃓⃓
⃓
y=a+tu

=
∑︂
w≥0

tw ·

Ñ ∑︂
S⊂[d],|S|=k

∑︂
dj≥0,

∑︁
j∈S dj=w

∏︂
j∈S

ℓ̃ij(x) · ℓ̃ij(u)dj

é
In this the product is a product of 2k linear forms of degree w+ k. From Lemma 3.5, we have that
they can be computed by Σ∧Σ circuits with top fan-in (w+k)2k. Therefore, we get that coefficient
of tw has waring rank at most dk ·

(︁w+k
k

)︁
· (w + k)2k = (d · (w + k))O(k).

In βr(a + tu,x) = br(a + tu, 0,x), we have limit of determinant of at most k sized matrix with
entries as above. As done in Proposition 4.2, we multiply these Σ ∧ Σ expressions and then use
Lemma 3.5 to obtain that the coefficient of tv (as v goes upto kd) in βr(a+ tu,x) can be computed
by a Σ ∧ Σ circuit of top fan-in (dk)O(k2) and degree O(kd + k2). To observe the degree, observe
that the expression will have degree of u as v and degree of x as at most O(k2).

We claim that every such βr,v has degree O(kd + k2) and is computable by a Σ ∧ Σ circuit of top
fan-in (dk)O(k2). As we have v ≤ kd and d ≤ s, if we pick u from a hitting set that hits all Σ ∧ Σ
circuits of top fan-in (k · s)O(k2), we have βr,v ̸= 0.
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We use the explicit hitting set, as stated in Lemma 3.10. Let w = sO(k2). Let H2 ⊆ F2n be an
explicit hitting set for polynomials in (u,x) of total degree O(kd + k2) that are computable by
Σw ∧ Σ circuits. Its size is

|H2| ≤ poly
(︁
n, (kd+ k2), w

)︁
≤ poly(s, w).

Every βr,v with v ≤ kd belongs to this class. Since at least one such βr,v is nonzero, there are i ≤ kd
and (u, ξ) ∈ H2 such that

βr,v(u, ξ) ̸= 0.

Consequently, βr(a+ tu, ξ) is a nonzero rational function of t.

Since H(a) ̸= 0, the polynomial H(a+ tu) is nonzero. As βr = pr/H, it follows that pr(a+ tu, ξ)
is also nonzero.

Let Γ be an explicit univariate hitting set for degree O(kd), of size O(kd). The product

H(a+ tu) pr(a+ tu, ξ)

is nonzero and has degree O(kd). Thus some τ ∈ Γ makes both factors nonzero. For α = a+ τu,
all bj(α, z,x) are defined and br(α, 0,x) ̸= 0.

We may therefore take

S := {a+ τu : a ∈ H1, (u, ξ) ∈ H2, τ ∈ Γ} .

Its size is at most
sO(1)poly(s, w) = poly(s, w).

All constituent hitting sets are explicit and constructible within the stated bounds.

5.1 Proof of Theorem 1.3

Finally, we combine the tools, to get a sO(k2) time PIT algorithm for polynomials in Σ ∧ Σ(k, s).

Proof of Theorem 1.3. Let S be the set supplied by Lemma 5.2. Let H3 ⊆ Fn be an explicit hitting
set of size (nk)O(k) for polynomials of total degree less than k, and let ∆ ⊆ F be a univariate hitting
set of size O(d) for degree at most d. We claim that

H := {α+ ζv : α ∈ S, v ∈ H3, ζ ∈ ∆}

hits every nonzero polynomial admitting a degeneration as in (12).

Fix such an f . By Lemma 5.2, some α ∈ S makes every bj(α, z,x) defined and satisfies br(α, 0,x) ̸=
0. Write

f(α+ zx) =
d∑︂

i=0

Fα,i(x)z
i.

Lemma 5.1 gives Fα,i ̸= 0 for some i < r ≤ k. Since Fα,i is homogeneous of degree i, there is
v ∈ H3 such that Fα,i(v) ̸= 0. Hence f(α + zv) is a nonzero univariate polynomial of degree at
most d, and some ζ ∈ ∆ satisfies

f(α+ ζv) ̸= 0.

Finally, using n, d, k ≤ s,
|H| ≤ |S| |H3| |∆| ≤ sO(k2) ≤ sO(k2).

This finishes the proof.
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6 Debordering Σ∧ΣΠ(k, δ, s)

In this section, we deborder the sum of powers of bounded-degree polynomials using the Wronskian
approach. Recall that

Σ∧ΣΠ(k, δ, s) =

{︄
k∑︂

i=1

P ei
i : deg(Pi) ≤ δ, and

∑︂
i

(︁
size(Pi) + ei

)︁
≤ s

}︄
.

For i ∈ [k], let Ti = P ei
i . The proof is analogous to that in Section 4, except that we do not expand

the entries DaSi/Si as power series in z; instead, we keep them as rational functions and clear
denominators.

The following lemma shows that out of all the size-r submatrices of M , the Wronskian has the least
valuation wrt ϵ.

Lemma 6.1. Let S1, . . . , Sr ∈ F(ϵ)[y, z,x], and M be the matrix given by

M :=

á
S1 D1(S1) D2(S1) . . . Dr(S1)
S2 D1(S2) D2(S2) . . . Dr(S2)
...

...
...

...
Sr D1(Sr) D2(Sr) . . . Dr(Sr)

ë
where D = ∂z, partial derivative wrt z. Let Mi denote the matrix obtained by deleting the ith column
of M . Denote Ai = (−1)idet(Mi+1) for 0 ≤ i ≤ r. If S1, . . . , Sr are linearly independent set over
F(ϵ,y,x), then

valϵ(Ai) ≥ valϵ(Ar) = valϵ(W (S1, . . . , Sr)).

Proof. Let qi := valϵ(Si) and q = min{qi | 1 ≤ i ≤ r}. Since valϵ(D
jSi) ≥ valϵ(Si) ≥ q, we have

valuation of every term of M is at least q. Hence the determinant of any r × r sub matrix of has
valuation at least rq. Hence we have

valϵ(Ai) ≥ rq

for all 0 ≤ i ≤ r. In particular,

valϵ(Ar) = valϵ(W (S1, . . . , Sr)) ≥ rq.

Let m := valϵ(W (S1, . . . , Sr)). If m = rq, then we are done.

Suppose valϵ(W (S1, . . . , Sr)) = m > rq. Say m = rq+N Write Si = ϵq(ti+ ϵri) where ti ∈ F[y, z,x]
for 1 ≤ i ≤ r. Since determinant is linear in each row, we obtain

W (S1, . . . , Sr) = ϵrq(W (t1, . . . , tr) + ϵR). (22)

Since valϵ(W (S1, . . . , Sr)) > rq we obtain W (t1, . . . , tr) = 0. Note that ti ∈ F[y, z,x] for 1 ≤ i ≤ r,
and hence t1, . . . , tr are linearly dependent over F(y,x). Therefore, there exists λi ∈ F(y,x), not
all zeros, such that

tj =
∑︂
i̸=j

λiti

for some 1 ≤ j ≤ r. Now apply the row operation jth row Rj changes to ϵ−1(Rj −
∑︁

i̸=j λiRi) in M ,
and denote it by M ′. Note that

valϵ(ϵ
−1(Sj −

∑︂
i̸=j

λiSi)) ≥ q.
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Therefore valϵ of each entry of M ′ is at least q, hence valϵ(A
′
i) ≥ rq. For every submatrix of size

r × r obtained by deleting ith column of M ′,

A′
i = (−1)idet(M ′

i+1) = ϵ−1Ai

for 0 ≤ i ≤ r. Therefore
rq ≤ valϵ(A

′
i) ≤ valϵ(Ai)− 1. (23)

By inductively repeating this process, we obtain

rq ≤ valϵ(A
′
i) ≤ valϵ(Ai)−N.

Hence valϵ(W (S1, . . . , Sr)) = m = rq +N ≤ valϵ(Ai) for every 0 ≤ i ≤ r.

We now show that the least degree coefficient of ϵ in the Wronskian evaluated at z = 0 is non-zero.
This is useful to reconstruct each degree piece of f .

Lemma 6.2. Let T1, . . . , Tr ∈ F(ϵ)[x] and Si(y, z,x) := Φy(Ti) for i ∈ [r]. Suppose that W (S1, . . . , Sr) ̸=
0, let m := valϵ

(︁
W (S1, . . . , Sr)

)︁
, and write

W (S1, . . . , Sr) = ϵm
(︁
W0(y, z,x) + ϵW ′)︁,

where W0 ∈ F[y, z,x] is ϵ-free and W ′ ∈ F(ϵ)[y, z,x] satisfies valϵ(W
′) ≥ 0; in particular, W0 ̸= 0.

Then W0(y, 0,x) ̸= 0.

Proof. Let θ be a new variable. For every i ∈ [r],

Si(y, z + θ,x) = Ti
(︁
y + (z + θ)x

)︁
= Si(y + zx, θ,x).

Write W (y, z,x) := W (S1, . . . , Sr). Taking the Wronskian of both sides with respect to θ gives
W (y, z+ θ,x) =W (y+ zx, θ,x), since ∂θ acts on the left-hand side as D = ∂z does. Setting θ = 0,
we obtain

W (y, z,x) =W (y + zx, 0,x). (24)

The substitution (y, z) ↦→ (y + zx, 0) does not involve ϵ, so the right-hand side of (24) equals
ϵm
(︁
W0(y + zx, 0,x) + ϵW ′(y + zx, 0,x)

)︁
, and W ′(y + zx, 0,x) still has nonnegative ϵ-valuation.

Dividing (24) by ϵm and setting ϵ = 0, we get

W0(y, z,x) =W0(y + zx, 0,x). (25)

If W0(y, 0,x) = 0, then the right-hand side of (25) vanishes, and hence W0 = 0, a contradiction.
Therefore W0(y, 0,x) ̸= 0.

Together with the lemmas proved above, we now recover the polynomial from a differential equation.
Moreover, we obtain each higher degree piece of f as a quotient of two polynomials in O(k3δ)-
variables.

Proposition 6.3. Let F be a field of characteristic zero. Suppose that 0 ̸= f ∈ F[x] such that
f ∈ Σ∧ΣΠ(k, δ, s). i.e.,

fϵ(x) :=

k∑︂
i=1

Ti(ϵ,x) = f(x) +O(ϵ), (26)
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where 0 ̸= Ti, with Ti = P ei
i and degPi ≤ δ, 0 ≤ ei ≤ e for 1 ≤ i ≤ k. Let F (y, z,x) :=

Φy(f)(z,x) = f(y + zx). Then there exist 1 ≤ r ≤ k and polynomials b0, . . . , br ∈ F[y, z,x] with

deg bj(y, z,x) ≤ 2k2δ

for 0 ≤ j ≤ r such that
r∑︂

j=0

bj(y, z,x)D
jF (y, z,x) = 0,

and
br(y, 0,x) ̸= 0.

Moreover, we have bj(y, z,x) =
∑︁2k2δ

i=0 bji(y,x)z
i where bji(y,x) ∈ F[y,x]. Write

F (y, z,x) =
δe∑︂
j=0

Fj(y,x)z
j .

By considering F0, . . . , Fr−1 and bji(y,x) for 0 ≤ j ≤ r, 0 ≤ i ≤ 2k2δ as parameters, there
exist polynomials Ql(w) in (r + 1)(2k2δ + 1) + r variables w, one for each parameter, such that
degQl ≤ δe− r + 2 and

Fr−1+l(y,x) · br0(y,x)δe−r+1 = Ql(b) (27)

for 1 ≤ l ≤ δe− r + 1, where b denotes the tuple of parameters

b := (b00, . . . , b0,2k2δ, . . . , br0, . . . , br,2k2δ, F0, . . . , Fr−1).

Proof. Let Φy(Pi) = Gi, and Φy(Ti)(x) = Si. Hence Φy(P
ei
i ) = Gei

i = Si for i ∈ [k]. Let S1, . . . , Sr
be a maximal linearly independent set over F(ϵ,y,x) for some r ≤ k. Consider the following
r × (r + 1) matrix given by

M ′ :=

á
S1 D1(S1) D2(S1) . . . Dr(S1)
S2 D1(S2) D2(S2) . . . Dr(S2)
...

...
...

...
Sr D1(Sr) D2(Sr) . . . Dr(Sr)

ë
Since Si = Gei

i (y, z,x) and by applying chain rule of differentiation, we have

D1(Si) = eiG
ei−1
i D1(Gi(y, z,x)) = Gei−1

i Q
(1)
i ,

D2(Si) = D1(Gei−1
i Q

(1)
i )

= (ei − 1)Gei−2
i D1(Gi(y, z,x))Q

(1)
i +Gei−1

i D1(Q
(1)
i )

= Gei−2
i Q

(2)
i ,

where Q(1)
i is a polynomial such that degz Q

(1)
i ≤ δ − 1, and total degree in y,x, degy,xQ

(1)
i ≤ δ

and Q(2)
i is a polynomial with degz Q

(2)
i ≤ 2(δ − 1), and degy,xQ

(2)
i ≤ 2δ. Inductively, we write

Dj(Si) = Gei−j
i Q

(j)
i (28)
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where Q(j)
i is a polynomial such that degz Q

(j)
i ≤ j(δ − 1), and degy,xQ

(j)
i ≤ jδ for 1 ≤ j ≤ r.

Hence we have
M ′ = P ′M

where P ′ = diag(Ge1−r
1 , Ge2−r

2 , · · · , Ger−r
r ) an invertible diagonal matrix of size r and, and

M =

à
Gr

1 Gr−1
1 Q

(1)
1 · · · G1Q

(r−1)
1 Q

(r)
1

Gr
2 Gr−1

2 Q
(1)
2 · · · G2Q

(r−1)
2 Q

(r)
2

...
... · · ·

...
...

Gr
r Gr−1

r Q
(1)
r · · · GrQ

(r−1)
r Q

(r)
r

í
where the degree of each entry of M is bounded above by 2kδ. Moreover, for any vector A, we
have M ′A = 0 if and only if MA = 0, since P ′ is invertible. By Lemma 3.12, applied over the field
F(ϵ,y, z,x), we have MA = 0 where A = (A0, . . . , Ar) ∈ F(ϵ)[y, z,x]r+1 with Aj = (−1)jdet(Mj+1)
where Mj denotes the matrix obtained by removing jth-column of the matrix M for 0 ≤ j ≤ r.
Note that

Ar = (−1)rdet(Mr+1) =
(−1)r

det(P ′)
·W (S1, . . . , Sr).

Since S1, . . . , Sr are linearly independent set over F(ϵ,y,x), we get W (S1, . . . , Sr) ̸= 0. Moreover,
det(P ′) ̸= 0. Thus A ̸= 0. Since each entry of M has degree at most 2kδ, each Aj is a polynomial
of degree at most 2k2δ. By considering M ′A = 0, we obtain

∑︁r
j=0AjD

j(Si) = 0 for 1 ≤ i ≤ r. For
r < i ≤ k, we can write Si =

∑︁r
a=1 ciaSa with cia ∈ F(ϵ,y,x); as the cia do not depend on z, the

polynomial Si satisfies the same equation. Summing over all i ∈ [k], we obtain

r∑︂
j=0

Aj(y, ϵ, z,x)D
j(Φy(fϵ)) = 0. (29)

By Lemma 6.1, applied to S1, . . . , Sr, the minor W (S1, . . . , Sr) has the least ϵ-valuation among the
maximal minors ofM ′. AsM ′ = P ′M , each maximal minor ofM ′ is det(P ′) times the corresponding
maximal minor of M . Hence

m := min{valϵ(Aj) | 0 ≤ j ≤ r} = valϵ(Ar).

Hence limϵ→0 ϵ
−mAr ̸= 0, and limϵ→0 ϵ

−mAj exists for 0 ≤ j ≤ r. Normalize Equation (29) by
multiplying ϵ−m and further taking limϵ→0 we obtain

r∑︂
j=0

bj(y, z,x)D
jF (y, z,x) = 0, (30)

where bj(y, z,x) = limϵ→0 ϵ
−mAj for 0 ≤ j ≤ r. Write

W (S1, . . . , Sr) = ϵm
′
(W0(y, z,x) + ϵW ′)

for some ϵ-free polynomial W0(y, z,x) ̸= 0 and some W ′ with valϵ(W
′) ≥ 0. Similarly, write Pi =

ϵvi
(︁
P̄i + O(ϵ)

)︁
with 0 ̸= P̄i ∈ F[x]. Since Ar = (−1)rW (S1, . . . , Sr)

∏︁r
i=1G

r−ei
i and Gi = Φy(Pi),

comparing the lowest powers of ϵ gives

br(y, z,x) = (−1)rW0(y, z,x)
r∏︂

i=1

Φy(P̄i)
r−ei ̸= 0. (31)
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Since degAj(y, ϵ, z,x) ≤ 2k2δ, we have deg bj(y, z,x) ≤ 2k2δ. For 0 ≤ j ≤ r, write

bj(y, z,x) =

2k2δ∑︂
i=0

bji(y,x)z
i

as a polynomial in z, where bji(y,x) ∈ F[y,x]. Since deg f ≤ δe, we can write F (y, z,x) =∑︁δe
j=0 Fj(y,x)z

j . If δe < r, there is nothing more to prove, so assume that δe ≥ r. By comparing
the coefficients of z0, . . . , zδe−r in Equation (30) we obtain

B(y,x)
[︁
Fr Fr+1 . . . Fδe

]︁T
= R(y,x)

where B(y,x) = [Bpq]1≤p,q≤δe−r+1 is a matrix of size δe− r + 1 with

Bpq =

{︄
(r+p−1)!
(p−1)! br0(y,x) if p = q

0 if p < q,

and if p > q, Bpq is a linear polynomial in variables bji(y,x), and each entry of R(y,x) is a quadratic
polynomial in variables F0, . . . , Fr−1 and bji(y,x) for 0 ≤ j ≤ r and 0 ≤ i ≤ 2k2δ. By Equation
(31) we have W0(y, z,x) ̸= 0, hence W0(y, 0,x) ̸= 0 by Lemma 6.2. As Φy(P̄i) becomes P̄i(y) ̸= 0
at z = 0, Equation (31) gives

br0 = br(y, 0,x) = (−1)rW0(y, 0,x)
r∏︂

i=1

P̄i(y)
r−ei ̸= 0.

Therefore
det(B(y,x)) = cbr0(y,x)

δe−r+1 ̸= 0,

for some c ∈ F \ {0}. Let Hl be the matrix obtained by replacing lth-column of B(y,x) by R(y,x).
By Cramer’s rule Lemma 3.11 we obtain

Fr−1+l(y,x) =
c−1det(Hl)

br0(y,x)δe−r+1

for 1 ≤ l ≤ δe− r + 1.

Moreover, if we consider bji for 0 ≤ j ≤ r, and 0 ≤ i ≤ 2k2δ and F0, . . . , Fr−1 as parameters,
then c−1det(Hl) is a polynomial of degree at most δe− r + 2 in them, since the entries of B(y,x)
are linear and those of R(y,x) are quadratic in the parameters. Hence there exists a polynomial
Ql(w) in (r + 1)(2k2δ + 1) + r variables w such that, after substituting all bji for 0 ≤ j ≤ r, and
0 ≤ i ≤ 2k2δ and F0, . . . , Fr−1, we obtain

Ql(b) = c−1det(Hl),

where b denotes the tuple of parameters b := (b00, . . . , b0,2k2δ, . . . , br0, . . . , br,2k2δ, F0, . . . , Fr−1).
Hence

Fr−1+l(y,x) · br0(y,x)δe−r+1 = Ql(b),

for 1 ≤ l ≤ δe− r + 1.

We now prove the main result of this section.
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Theorem 6.4 (Debordering powers of bounded-degree polynomials). Let k, δ ≥ 1 and let f ∈
Σ∧ΣΠ(k, δ, s). Then f can be computed by a depth-6 formula of size sO(k3δ).

Proof. We may assume that f ̸= 0. Write fϵ =
∑︁k

i=1 P
ei
i = f + O(ϵ) as in Proposition 6.3, with

degPi ≤ δ, total size at most s, and every P ei
i nonzero. Let e := maxi ei and d := deg f ; then e ≤ s

and d ≤ δe. We may assume that n ≤ s. Recall that there are
(︁a+b

b

)︁
monomials of degree at most a

in b variables, and that
(︁a+b

b

)︁
≤ (a+ b)b/b! ≤

(︁
3(a+ b)/b

)︁b for b ≥ 1. In particular, as n ≤ s, every
polynomial of degree at most 2k2δ in x has sparsity at most

σ :=

Ç
n+ 2k2δ

2k2δ

å
≤ sO(k2δ).

Let r, F0, . . . , Fδe, b00, . . . , br,2k2δ, b and Q1, . . . , Qδe−r+1 be as defined in Proposition 6.3. If δe < r,
then deg f < k, so f is a sum of at most σ monomials, and we are done. Hence assume that δe ≥ r,
and put N := δe− r + 1, so that 1 ≤ N ≤ δs. Then Proposition 6.3 gives

Fr−1+l · bNr0 = Ql(b) for 1 ≤ l ≤ N, (32)

where each Ql is a polynomial of degree at most N + 1 in p variables, one for each entry of b, and

p := (r + 1)(2k2δ + 1) + r ≤ O(k3δ) .

Since N + 1 ≤ δe+ 1 ≤ ep (as p > δ and e ≥ 1), the sparsity of each Ql is at mostÇ
(N + 1) + p

p

å
≤
(︁
3(e+ 1)

)︁p ≤ sO(p).

We will substitute sparse representations of the entries of b into these monomials, to obtain a ΣΠΣΠ
formula over x. To obtain coefficients in F rather than in F[y], we first fix y.

Fixing y. Since br0 = br(y, 0,x) is nonzero and F is infinite, there are α,a ∈ Fn with br0(α,a) ̸= 0.
Put

β(x) := br0(α,x) and c := β(a) ̸= 0.

As F (α, 1,x) = f(α+x), we have f(α+x) =
∑︁δe

j=0 Fj(α,x). Substituting y = α in (32) therefore
gives

Γ(x) := β(x)Nf(α+ x) =

r−1∑︂
j=0

β(x)NFj(α,x) +

N∑︂
l=1

Ql

(︁
b(α,x)

)︁
. (33)

From Proposition 6.3, we have deg(bji) ≤ 2k2δ. We also have f(y + zx) =
∑︁δe

j=0 Fj(y,x)z
j , and

therefore Fj is homogeneous of degree j in x; in particular, F0, . . . , Fr−1 have degree less than k
in x. Hence every entry of b(α,x) has degree at most 2k2δ, and this remains true after any affine
linear substitution x ↦→ π(x). So every entry of b(α, π(x)) has sparsity at most σ, and thus a ΣΠ
formula of size O(k2δ σ). We combine these. Substituting π(x) for x in (33) and writing each Ql as
a sum of monomials, we obtain a ΣΠΣΠ formula for Γ(π(x)) with top fan-in at most r +NsO(p),
in which every summand is a constant times a product of at most N + 1 entries of b(α, π(x)). Its
size is

O
(︁
(r +NsO(p))(N + 1) k2δ σ

)︁
.
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Division by βN . Let g(x) := 1 − c−1β(x + a), so that β(x + a) = c
(︁
1 − g(x)

)︁
and g(0) = 0.

Truncating the binomial series (1−Y )−N =
∑︁

u≥0

(︁N+u−1
u

)︁
Y u after Y d gives a polynomial η ∈ F[Y ]

with

(1− Y )N
d∑︂

u=0

Ç
N + u− 1

u

å
Y u = 1 + Y d+1η(Y ).

We substitute Y = g and multiply by f(α+ a+x). Since Γ(x+ a) = cN (1− g)Nf(α+ a+x), this
gives

Ψ(x) := c−N Γ(x+ a)

d∑︂
u=0

Ç
N + u− 1

u

å
g(x)u = f(α+ a+ x)

(︂
1 + g(x)d+1η

(︁
g(x)

)︁)︂
.

As g(0) = 0, every monomial of gd+1η(g) f(α + a + x) has degree larger than d. Since deg f = d,
the polynomial f(α + a + x) is therefore the sum of the homogeneous components of Ψ of degree
at most d.

Interpolation. Let κ := degΨ, let Ψi be the homogeneous component of Ψ of degree i, and fix
distinct λ0, . . . , λκ ∈ F. Since Ψ(λtx) =

∑︁κ
i=0 λ

i
tΨi(x) and the Vandermonde matrix (λit)t,i is

invertible, there are γ0, . . . , γκ ∈ F with
∑︁d

i=0Ψi =
∑︁κ

t=0 γtΨ(λtx). Substituting x − α − a for x
undoes the shifts, and we obtain

f(x) =

κ∑︂
t=0

γt c
−N Γ

(︁
πt(x)

)︁
·

d∑︂
u=0

Ç
N + u− 1

u

å(︂
1− c−1β

(︁
πt(x)

)︁)︂u
, (34)

where πt(x) := λt(x− α− a) + a.

The formula. As shown above, Γ(πt(x)) has a ΣΠΣΠ formula of size O
(︁
(r+NsO(p))(N +1) k2δ σ

)︁
.

As deg β ≤ 2k2δ, the second factor in (34) has a ΣΠΣΠ formula of size O
(︁
(d+1)2k2δ σ

)︁
. Hence (34)

is a ΣΠΣΠΣΠ formula for f , that is, a formula of depth six. Finally, r ≤ k, N, d ≤ δs, and
κ ≤ deg Γ + d deg g ≤ 2k2δ(N + d) + d ≤ O(k2δ2s). So the size of this formula is at most

poly(k, δ, s) · sO(p) σ ≤ poly(k, δ, s) · sO(k3δ)+O(k2δ) = sO(k3δ).

7 An improved lower bound for border depth-3 circuits

For concreteness, we work over C in this section; the argument only uses that the field has char-
acteristic zero, so Theorem 1.4 holds over every such field. Write Σ ∧ Σ(r, e) for the polynomials
of the form

∑︁r
j=1 cjℓ

ej
j , where the ℓj are affine linear, cj ∈ C, and 0 ≤ ej ≤ e. Thus r bounds the

top fan-in and e the formal degree; in particular, such an expression has size O(n · e · r). We write
Σ ∧ Σ(r, e) for its border: a polynomial g ∈ C[x] lies in Σ ∧ Σ(r, e) if, for some S ∈ C[ϵ,x], the
polynomial g + ϵS has an expression as above with cj ∈ C(ϵ) and ℓj affine linear over C(ϵ).

7.1 Structural Results for Border Depth-3 circuits

In this section, we will develop the structural ideas for homogeneous polynomials in ΣmΠΣ. The
next proposition shows that if a homogeneous polynomial f is written as a border presentation using
the sum of products of linear polynomials, with each linear polynomial having a non-zero constant
term, then the following result shows that such f is a quotient of two polynomials of small border
circuits.
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Proposition 7.1 (A quotient of border diagonal circuits). Let 0 ̸= f ∈ C[x] be homogeneous of
degree d ≥ 1. Suppose that, for integers m ≥ 1 and M,ai, di ≥ 0,

m∑︂
i=1

ϵaiTi(ϵ,x) = ϵMf(x) + ϵM+1E(ϵ,x), (35)

where E ∈ C[ϵ,x] and

Ti =

di∏︂
a=1

ℓia(ϵ,x).

Each ℓia ∈ C[ϵ,x] is affine linear in x, and Ti(0,0) ̸= 0. Let d̂ :=
∑︁

i di. Then there are nonzero
g, h ∈ C[x] such that

g = fh, g, h ∈ Σ ∧ Σ(R, d̂), R := md̂O(m2).

Notation. We use D := ∂
∂z

and

W (A1, . . . , Ar) := det
(︁
Da−1Ab

)︁
a,b∈[r].

For a Laurent series A in z, with coefficients in a field or in C[x], we write coeffzj (A) for the
coefficient of zj in A. For A ̸= 0, let valz(A) be its least exponent and let lcz(A) := coeffzvalz(A)(A).
Set valz(0) := ∞, and write A = O(zj) if valz(A) ≥ j.

Proof. Consider the C-algebra homomorphism ψ : C[ϵ,x] −→ C[z,x] given by ϵ ↦→ zd+1 and
xj ↦→ zxj . Define

Vi(z,x) := ψ(ϵaiTi(ϵ,x)) = zai(d+1)Ti(z
d+1, zx), ∆ :=M(d+ 1) + d.

Applying ψ to Equation (35) gives

m∑︂
i=1

Vi = z∆f(x) + z∆+1E(zd+1, zx). (36)

Indeed, ψ(ϵMf) = zM(d+1)f(zx) = z∆f , since f is homogeneous of degree d, and ψ(ϵM+1E(ϵ,x)) =
z(M+1)(d+1)E(zd+1, zx), where (M + 1)(d+ 1) = ∆+ 1 and E(zd+1, zx) ∈ C[z,x]. Hence the error
term in (36) has z-valuation at least ∆ + 1. Comparing the coefficients of ϵM in (35) also shows
that d = deg f ≤ maxi di ≤ d̂; in particular, d̂ ≥ 1.

Moreover, the map ψ preserves the number of affine factors in x. Indeed, a factor b0(ϵ)+
∑︁

j bj(ϵ)xj
becomes

b0(z
d+1) +

∑︂
j

z bj(z
d+1)xj .

Its value at z = 0 is the scalar b0(0), which is nonzero since Ti(0,0) ̸= 0. Below, z plays two roles.
In Lemma 7.2, we regard the Vi as polynomials in z over the field K := C(x). In Lemma 7.3, we
regard them as products of affine linear polynomials in x whose coefficients are polynomials in z,
and z serves as the parameter of the border.

For 1 ≤ i ≤ m, let ‹Vi denote the image of Vi in K[z]/(z∆+1). By (36),
∑︁

i
‹Vi = f ˜︂z∆ with f ∈ K×,

so the span of ‹V1, . . . ,‹Vm contains ˜︂z∆. Let r be the dimension of this span, so that 1 ≤ r ≤
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m. Extending {˜︂z∆} to a basis by elements of the spanning set, we can choose {U1, . . . , Ur−1} ⊆
{V1, . . . , Vm} such that {‹U1, . . . ,‹Ur−1,

˜︂z∆} is a basis of the span of {‹V1, . . . ,‹Vm}. Define

H :=W (U1, . . . , Ur−1, z
∆), Wi :=W (U1, . . . , Ur−1, Vi).

Lemma 7.2 proves that H ̸= 0 and, for ν := valz(H), that valz(Wi) ≥ ν for all i ∈ [m] and

m∑︂
i=1

Wi = fH +O(zν+1). (37)

Since Vi ∈ C[x][z], the Wronskians H and Wi lie in C[x][z]. Let

gi := coeffzν (Wi) , g :=

m∑︂
i=1

gi, h := coeffzν (H) = lcz(H).

Then gi, h ∈ C[x] and h ̸= 0. Comparing the coefficients of zν in (37), and using that f does not
depend on z, we obtain

g = fh;

hence g ̸= 0. Moreover, as valz(Wi) ≥ ν, each gi is either zero or equal to lcz(Wi).

It remains to bound the complexity of h and of the nonzero gi. Each Vi has the form required in
Lemma 7.3, with ci(z) = zai(d+1) and the factors ℓia(zd+1, zx); so does z∆, with no affine factors. If
Wi ̸= 0, its columns are pairwise distinct, since a repeated column makes the determinant vanish;
hence they are r distinct products among V1, . . . , Vm, which together contain at most d̂ affine factors.
The same bound applies to H, whose last column z∆ has no affine factors. As d̂ ≥ 1, Lemma 7.3
now gives

h, lcz(Wi) ∈ Σ ∧ Σ
(︁
d̂O(r2), d̂

)︁
(Wi ̸= 0).

Since g is a sum of at most m such leading coefficients and r ≤ m, we obtain g, h ∈ Σ ∧ Σ(R, d̂)
with R = m(d̂+ 1)O(m2).

We now justify the Wronskian arguments used in the preceding proof. The following is useful to
trace back f as a leading coefficient in a sum of Wronskians.

Lemma 7.2 (Truncated independence and Wronskians). Let K be a field of characteristic zero, let
∆ ≥ 1, and let V1, . . . , Vm ∈ K[z] satisfy∑︂

i

Vi = z∆f +O(z∆+1), f ∈ K×.

For F ∈ K[z], let ‹F denote its image in K[z]/(z∆+1). Suppose that {U1, . . . , Ur−1} ⊆ {V1, . . . , Vm}
is such that {‹U1, . . . ,‹Ur−1,

˜︂z∆} is a basis of the span of {‹V1, . . . ,‹Vm} in K[z]/(z∆+1). If H :=
W (U1, . . . , Ur−1, z

∆), then H ̸= 0 in K[z]. Moreover, if Wi := W (U1, . . . , Ur−1, Vi) and ν :=
valz(H), then

valz(Wi) ≥ ν (i ∈ [m]),
∑︂
i

Wi = fH +O(zν+1).

Consequently, (37) holds.

39



Proof. If r = 1, then H = z∆, ν = ∆, and every ‹Vi is a multiple of ˜︂z∆, so all claims are immediate.
Therefore, assume that r ≥ 2. Since ‹U1, . . . ,‹Ur−1,

˜︂z∆ are linearly independent, so are the images
of U1, . . . , Ur−1 in K[z]/(z∆): if

∑︁
j γjUj ≡ 0 (mod z∆) with γj ∈ K, then

∑︁
j γj
‹Uj is a multiple of˜︂z∆, and hence all γj = 0. Let A be the (r − 1)×∆ matrix whose j-th row is the coefficient vector

of Uj with respect to z0, . . . , z∆−1; thus rank(A) = r − 1. Using Gaussian elimination, obtain the
row echelon form A′ = BA of A, where B = (bjl) ∈ GLr−1(K). All rows of A′ are nonzero, and
their pivots, that is, their leftmost nonzero entries, lie in strictly increasing columns, indexed by
λ1 < · · · < λr−1.

Let Aj :=
∑︁

l bjlUl ∈ K[z]; its coefficients of z0, . . . , z∆−1 form the j-th row of A′. Hence the span
of A1, . . . , Ar−1 equals the span of U1, . . . , Ur−1, and

Aj = cjz
λj +O(zλj+1), cj ∈ K×, 0 ≤ λ1 < · · · < λr−1 < ∆.

Let (µ1, . . . , µr) := (λ1, . . . , λr−1,∆); these are pairwise distinct. Since the Wronskian is linear in
each column and the entries of B do not depend on z,

W (A1, . . . , Ar−1, F ) = det(B)W (U1, . . . , Ur−1, F ) for every F ∈ K[z].

Lemma 3.3 applied to A1, . . . , Ar−1, z
∆ we obtain

W (A1, . . . , Ar−1, z
∆) =

(︂r−1∏︂
j=1

cj

)︂
V (µ1, . . . , µr) z

∑︁
b µb−(r2) +O

(︁
z
∑︁

b µb−(r2)+1
)︁
,

and the leading coefficient is nonzero. Thus H = det(B)−1W (A1, . . . , Ar−1, z
∆) ̸= 0, and ν =

valz(H) satisfies

ν = ∆+
r−1∑︂
j=1

λj −
Ç
r

2

å
. (38)

Since ‹Vi ∈ span(‹U1, . . . ,‹Ur−1,
˜︂z∆) for all 1 ≤ i ≤ m, we can write‹Vi = r−1∑︂

j=1

αij
‹Uj + βi

˜︂z∆
for some αij , βi ∈ K. Hence

Vi =

r−1∑︂
j=1

αijUj + βiz
∆ + Ei, αij , βi ∈ K, Ei = O(z∆+1). (39)

We now show that valz(Wi) ≥ ν. Since the determinant is an alternating multilinear function of
the columns, Equation (39) gives

Wi =W (U1, . . . , Ur−1, Vi) =W (U1, . . . , Ur−1, βiz
∆ + Ei)

= βiH +W (U1, . . . , Ur−1, Ei).

By Equation (7), applied to A1, . . . , Ar−1, Ei, and since valz(Ei) ≥ ∆+ 1,

valzW (U1, . . . , Ur−1, Ei) = valzW (A1, . . . , Ar−1, Ei) ≥ ∆+ 1 +

r−1∑︂
j=1

λj −
Ç
r

2

å
= ν + 1.
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Hence valz(Wi) ≥ ν for 1 ≤ i ≤ m.

Finally, write
∑︁

i Vi = z∆f + E′ with E′ = O(z∆+1). By linearity in the last column,

m∑︂
i=1

Wi =W
(︂
U1, . . . , Ur−1,

m∑︂
i=1

Vi

)︂
=W (U1, . . . , Ur−1, z

∆f + E′)

= fW (U1, . . . , Ur−1, z
∆) +W (U1, . . . , Ur−1, E

′).

As above, valzW (U1, . . . , Ur−1, E
′) ≥ ν + 1. Therefore

m∑︂
i=1

Wi = fH +O(zν+1).

After we obtain f as a leading coefficient of the sum of Wronskians in Lemma 7.2, we now show
that the leading coefficient of the Wronskian has a small border circuit.

Lemma 7.3 (Leading coefficients of Wronskians). Let

Vi = ci(z)

di∏︂
p=1

ℓip(z,x), i ∈ [r],

where ci ∈ C(z)×. Each ℓip is affine linear in x, its coefficients are rational functions of z that are
regular at z = 0, and ℓip(0,x) ∈ C×. Let d̂ ≥ 1 be an integer with d̂ ≥

∑︁
i di. If W (V1, . . . , Vr) ̸= 0,

then, regarding W (V1, . . . , Vr) as a Laurent series in z with coefficients in C[x],

lczW (V1, . . . , Vr) ∈ Σ ∧ Σ
(︁
d̂O(r2), d̂

)︁
,

where the border is taken with respect to the parameter z. The bound does not depend on the degrees
or valuations in z of the ci and of the coefficients of the ℓip.

Proof. We expand rational functions of z at z = 0 and work in the ring C[x]((z)) of Laurent series
in z with coefficients in C[x], on which D acts termwise.

Normalization. Write ℓip(z,x) = ℓip(z,0)
(︁
1 + ˆ︁ℓip)︁. Since ℓip(0,0) ̸= 0, the scalar ℓip(z,0) is a unit

of C[[z]]; and since ℓip(0,x) is constant, ˆ︁ℓip is a homogeneous linear form in x with coefficients in
zC[[z]]. Absorbing the scalars ℓip(z,0) into ci, we write Vi = ci(z)Pi, where now ci ∈ C((z))× and
Pi :=

∏︁
p(1 +

ˆ︁ℓip). As the coefficients of ˆ︁ℓip have positive z-valuation, (1 + ˆ︁ℓip)−1 =
∑︁

e≥0(−ˆ︁ℓip)e in
C[x][[z]]. Consider

Q :=
W (V1, . . . , Vr)∏︁

i Vi
= det

Å
Da−1Vb
Vb

ã
a,b∈[r]

∈ C[x]((z)).

Entries. By the Leibniz rule, for every a ≥ 0,

DaVb
Vb

=
a∑︂

j=0

Ç
a

j

å
Da−jcb
cb

· D
jPb

Pb
and

DjPb

Pb
=

∑︂
j1+···+jdb=j

Ç
j

j1, . . . , jdb

å ∏︂
{p: jp≥1}

Djpˆ︁ℓbp
1 + ˆ︁ℓbp .

Here Da−jcb/cb ∈ C((z)), and each Djpˆ︁ℓbp is a homogeneous linear form in x with coefficients in
C[[z]]. For db ≥ 1, the number of tuples (j1, . . . , jdb) with sum j is

(︁j+db−1
j

)︁
≤ d j

b . Hence, also when
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db = 0, the entry DaVb/Vb is a C((z))-linear combination of at most
∑︁

j≤a d
j
b ≤ (db + 1)a products

of the form
q∏︂

t=1

Lt

1 + ˆ︁ℓt , q ≤ a, (40)

where each Lt is a homogeneous linear form in x with coefficients in C[[z]], and each ˆ︁ℓt is one of theˆ︁ℓbp.
Determinant. Each of the r! terms of the determinant Q is a product of entries Da−1Vb/Vb, one
from each column b ∈ [r], whose derivative orders a−1 are distinct and add up to

(︁r
2

)︁
. Since db ≤ d̂,

the previous step shows that Q is a C((z))-linear combination of at most r! (d̂ + 1)(
r
2) products of

the form (40) with q ≤
(︁r
2

)︁
.

Truncation in x. Expanding the factors (1 + ˆ︁ℓbp)−1 produces monomials in x of arbitrarily high
degree, so we have to truncate. In Proposition 4.2, we truncated in z. This is not possible here: we
need the coefficient of zw, where w := valz(Q), and w is not bounded in terms of d̂ (in the proof of
Proposition 7.1, it can grow with the exponent M in (35)), so a truncation in z would give a bound
depending on w. Instead, we truncate in the degree in x. For A ∈ C[x]((z)), let τ(A) be obtained
from A by deleting, in every coefficient, the monomials in x of degree larger than d̂. Thus τ(A) is
a polynomial in x of degree at most d̂ with coefficients in C((z)), and τ is C((z))-linear.

This truncation does not change the coefficient we need. Indeed, since D does not increase the
degree in x, every coefficient of W (V1, . . . , Vr) has degree at most

∑︁
i di ≤ d̂ in x. Moreover,

Pb = 1 + O(z), so the leading coefficient of
∏︁

b Vb =
∏︁

b cb ·
∏︁

b Pb is a nonzero constant. As
W (V1, . . . , Vr) = Q

∏︁
b Vb is nonzero, lczW (V1, . . . , Vr) is a nonzero constant multiple of lcz(Q);

in particular, lcz(Q) has degree at most d̂ in x. Since τ acts coefficientwise, valz(τ(Q)) = w and
lcz(τ(Q)) = lcz(Q).

Expansion. Fix a product of the form (40). Expanding each factor (1 + ˆ︁ℓt)−1 as a geometric series,
we write the product as the sum, over all (e1, . . . , eq) ∈ Zq

≥0, of the products
∏︁

t Lt (−ˆ︁ℓt)et . Since the
Lt and ˆ︁ℓt are homogeneous linear forms in x, the product indexed by (e1, . . . , eq) is homogeneous
of degree q + e1 + · · ·+ eq in x. Hence τ keeps exactly the products of degree at most d̂:

τ
(︂ q∏︂
t=1

Lt

1 + ˆ︁ℓt
)︂
=

∑︂
e1,...,eq≥0

q+e1+···+eq≤d̂

q∏︂
t=1

Lt (−ˆ︁ℓt)et .
This sum has at most (d̂ + 1)q terms, and each term is a product of powers of at most 2q linear
forms, of total degree at most d̂.

Sums of powers. All coefficients that occur so far are rational functions of z: they are obtained
from the rational functions in the statement of the lemma by field operations and by D. Hence, by
Lemma 3.5 over the field C(z), each term in the expansion above is a C(z)-linear combination of at
most (d̂+1)2q powers of linear forms over C(z), with exponents at most d̂. Since τ is C((z))-linear,
combining this with the determinant step, and using q ≤

(︁r
2

)︁
and r! ≤ 2r

2 , we find that τ(Q) is a
C(z)-linear combination of d̂O(r2) powers of linear forms over C(z), with exponents at most d̂.

Taking the limit. Now think of τ(Q) as a polynomial in x over C((z)). By the previous step, its
coefficients are rational functions of z, and by the truncation step, valz(τ(Q)) = w and lcz(τ(Q)) =
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lcz(Q). Hence z−wτ(Q) is a polynomial in x whose coefficients have no pole at z = 0, and setting
z = 0 in it gives lcz(Q). That is,

lcz(Q) = lim
z→0

z−w τ(Q),

where z−wτ(Q) is a C(z)-linear combination of d̂O(r2) powers of linear forms with exponents at most
d̂; the individual summands need not have a limit. This is exactly membership in the border, with
z as the parameter. (The definition asks for lcz(Q) + zS with S ∈ C[z,x]; we obtain this form by
multiplying z−wτ(Q) by a common denominator of its coefficients that equals 1 at z = 0.) Hence
lcz(Q), and therefore its constant multiple lczW (V1, . . . , Vr), lies in Σ ∧ Σ

(︁
d̂O(r2), d̂

)︁
.

7.2 Nonhomogeneous reduction

We now have the tools to prove the lower bound for the sum of k + 1 disjoint degree-d monomials.

Theorem 7.4. Let d > k ≥ 1, N := (k + 1)d and

Pk+1,d(x) :=
k+1∑︂
i=1

d∏︂
j=1

xi,j .

If Pk+1,d ∈ ΣΠΣ(k, s), then
s ≥ 2Ω(d/k2).

For constant k, this was proved in [DS26], for a larger family of polynomials, with a bound of the
form 2Ω(d/ exp(k)). We give a self-contained proof, which is shorter and improves the dependence on
k.

Before proving the lower bound, we reduce it to the setting of Proposition 7.1: at most k products
whose affine factors all have nonzero constant terms, approximating a single monomial. This re-
duction is essentially that of [DS26, Claims 3–4]. The only simplification is that, instead of keeping
the whole restricted hard polynomial, we keep a single block of variables and set all other vari-
ables to zero, which leaves the monomial x1 · · ·xd. This makes the final count of partial derivatives
particularly simple.

Lemma 7.5 (Reduction Lemma). Let d > k ≥ 1 and

Pk+1,d :=
k+1∑︂
i=1

d∏︂
j=1

xi,j .

Suppose that Pk+1,d ∈ ΣΠΣ(k, s) and let x = (x1, . . . , xd) be new variables. Then there exist integers
1 ≤ m ≤ k and M,a1, . . . , am ≥ 0, and products

Ti(ϵ,x) =

di∏︂
j=1

ℓij(ϵ,x), 1 ≤ i ≤ m,

where each ℓij ∈ C[ϵ,x] is affine linear in x, such that Ti(0,0) ̸= 0 for every i, and

m∑︂
i=1

ϵaiTi(ϵ,x) = ϵMx1 · · ·xd + ϵM+1E(ϵ,x)

for some E ∈ C[ϵ,x]. Moreover,
∑︁m

i=1 di ≤ ks.
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Proof. Let N = (k+1)d. Throughout the proof, O(ϵ) denotes a polynomial in the current variables
whose coefficients lie in ϵC[[ϵ]].

Step 1: Linear restrictions of Pk+1,d. Let 0 ≤ t ≤ k, and let L : CN−t → CN be an injective
linear map. We claim that a suitable linear restriction turns Pk+1,d ◦ L into x1 · · ·xd; in particular,
Pk+1,d ◦ L ̸= 0. Indeed, the N coordinates of L are linear forms on CN−t and, since L is injective,
they span the space of all such forms. Choose N − t of them that form a basis, and use them as
coordinates on CN−t. Exactly t coordinate forms are left out of the basis. Since there are k+1 > t
blocks, some block has all of its d forms in the basis. Rename these forms x1, . . . , xd, and set all
other basis forms to zero. Every other block has at most t forms outside the basis, and hence at
least d − t > 0 forms in the basis, all of which are set to zero; its product therefore vanishes. The
product of the chosen block becomes x1 · · ·xd, which proves the claim.

Step 2: Normalization. By assumption, there are products ˆ︁T1, . . . , ˆ︁Tk of affine linear polynomials
over C(ϵ), each with at most s factors, such that

k∑︂
i=1

ˆ︁Ti = Pk+1,d +O(ϵ).

We discard the products that are zero. Viewing C(ϵ) as a subfield of the field C((ϵ)) of formal
Laurent series in ϵ, we multiply each affine factor by the power of ϵ for which its coefficients lie in
C[[ϵ]] and its reduction modulo ϵ is nonzero; we call such a factor normalized. For each product, the
extracted powers of ϵ are collected into a single factor.

Step 3: Eliminating factors without a constant term. We maintain the following invariant. After t
steps, the current variables are y = (y1, . . . , yN−t), and there is an injective linear map Lt : CN−t →
CN such that at most k− t nonzero products of normalized affine factors, with their prefactors, sum
to Pk+1,d ◦ Lt +O(ϵ). For t = 0 this holds with L0 the identity.

Suppose that some normalized factor A has zero constant term at ϵ = 0. With q = N − t, let

A = a0(ϵ) +

q∑︂
j=1

aj(ϵ)yj , a0, . . . , aq ∈ C[[ϵ]].

Then a0(0) = 0 and, since A is normalized, aj(0) ̸= 0 for some j ≥ 1. We substitute

yj = −
a0(ϵ) +

∑︁
h̸=j ah(ϵ)yh

aj(ϵ)
.

As aj(ϵ) is a unit of C[[ϵ]], this substitution is valid in ϵ, and as a0(0) = 0, it specializes at ϵ = 0
to an injective homogeneous linear map from Cq−1 to Cq. Hence the right-hand side becomes
Pk+1,d ◦Lt+1 +O(ϵ), where Lt+1 is the composition of Lt with this map. On the left-hand side, the
product containing A vanishes. We discard all products that have become zero and normalize the
factors of the remaining ones again. This gives the invariant for t+ 1.

Step 4: Termination. Each step removes at least one product. If no product survived after t steps,
then t ≤ k and Pk+1,d ◦ Lt = O(ϵ), that is, Pk+1,d ◦ Lt = 0, contradicting Step 1. Hence the
procedure stops after t ≤ k − 1 steps with m products, where 1 ≤ m ≤ k − t, and at that point
every normalized factor has a nonzero constant term at ϵ = 0.
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Step 5: Restriction to one block. We now apply to Pk+1,d ◦ Lt the restriction from Step 1. It is a
homogeneous linear substitution that does not involve ϵ, so it preserves the constant term of every
factor, and it turns Pk+1,d ◦ Lt into x1 · · ·xd. We obtain

m∑︂
i=1

ϵvi
di∏︂
j=1

ˆ︁ℓij(ϵ,x) = x1 · · ·xd +O(ϵ),

where vi ∈ Z, each ˆ︁ℓij ∈ C[[ϵ]][x] is affine linear in x, and ˆ︁ℓij(0,0) ̸= 0.

Step 6: Passing to polynomials in ϵ. Choose M ≥ 0 such that ai := M + vi ≥ 0 for all i, and
multiply the identity above by ϵM . Let ℓij ∈ C[ϵ,x] be the truncation of ˆ︁ℓij modulo ϵM+1, and
let Ti =

∏︁
j ℓij . Since ai ≥ 0, replacing each ˆ︁ℓij by ℓij changes ϵai

∏︁
j
ˆ︁ℓij by a multiple of ϵM+1.

Therefore,
m∑︂
i=1

ϵaiTi(ϵ,x) = ϵMx1 · · ·xd + ϵM+1E(ϵ,x)

for some E ∈ C[[ϵ]][x]; as the left-hand side is a polynomial in ϵ, so is E. Moreover, Ti(0,0) =∏︁
j
ˆ︁ℓij(0,0) ̸= 0.

Size bound. None of the substitutions, normalizations and truncations increases the number of
factors of a product. Each of the original products has at most s factors and m ≤ k, so

∑︁m
i=1 di ≤

ks.

Finally, we put together all the pieces and finish the proof of Theorem 1.4 below.

7.3 Proof of Theorem 1.4

Proof of Theorem 1.4. Apply Lemma 7.5, and put d̂ :=
∑︁

i di ≤ ks. Proposition 7.1, with f =
x1 · · ·xd, gives nonzero g, h ∈ C[x] such that

g = (x1 · · ·xd)h, g ∈ Σ ∧ Σ(R, d̂), R = md̂O(m2).

Let ∂∗g denote the span of all partial derivatives of g, of all orders. All partial derivatives of a power
ℓe of an affine linear polynomial are scalar multiples of ℓe, ℓe−1, . . . , 1; hence, for e ≤ d̂, they span a
space of dimension at most d̂ + 1. Therefore every polynomial in Σ ∧ Σ(R, d̂) has derivative-space
dimension at most R(d̂ + 1). This bound also holds in the border, since it is expressed by the
vanishing of minors of the coefficient matrix of the partial derivatives. Hence

dimC(∂
∗g) ≤ R(d̂+ 1).

Fix a monomial order and write LM(g) = xγ . Since x1 · · ·xd divides g, we have γj ≥ 1 for every j.
Differentiation with respect to xj multiplies the coefficient of a monomial xβ by βj , and it preserves
the order among the monomials with βj ≥ 1. Hence, for each α ∈ {0, 1}d, the derivative ∂αg has
leading monomial xγ−α. These leading monomials are distinct, so the corresponding 2d derivatives
are linearly independent. Consequently,

2d ≤ dimC(∂
∗g) ≤ R(d̂+ 1).
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The formal degree is bounded by the circuit size, so k < d ≤ s. Together with d̂ ≤ ks and m ≤ k,
this gives

2d ≤ R(d̂+ 1) ≤ k (ks+ 1)O(k2) ≤ sO(k2).

Thus s ≥ 2Ω(d/k2).

8 Conclusion

We replaced the recursive DiDIL technique of [DDS21b] by a single linear differential equation
obtained from a Wronskian. After a shift, every polynomial in the border of depth-3 circuits of
top fan-in k satisfies an equation of order at most k whose coefficients have low complexity and
whose leading coefficient does not vanish at the origin. This one equation drives all our results: it
determines f from its first few Taylor coefficients (debordering), it forces a nonzero f to be visible in
these coefficients (PIT), and its Wronskian structure yields the lower bound. Since the equation is
obtained in one step, rather than by recursion on the top fan-in, all our bounds depend polynomially,
rather than exponentially, on k. We conclude with some open questions.

1. Large top fan-in. Theorem 1.1 gives quasipolynomial-size ABPs as long as k = poly(log s),
but it becomes trivial when k is polynomially large in s. Is ΣΠΣ ⊆ VBP, where the top fan-in
may be polynomially large (and the formal degree is bounded by the size)? We do not even
know whether ΣΠΣ ⊆ VNP. Recall that some bound on the formal degree is necessary, since
border depth-3 circuits of top fan-in two and unbounded formal degree can approximate every
homogeneous polynomial [Kum20].

2. Sums of powers. Theorem 1.2 answers the question of Dutta and Lysikov [DL25] for constants
k and δ. What happens when k is polynomially large? For δ = 1, border Σ ∧ Σ circuits have
small ABPs for every top fan-in Lemma 3.8. Is the border of Σ[k] ∧ ΣΠ[δ] contained in VBP
for δ ≥ 2 (already for δ = 2, that is, for sums of powers of quadratics) when k is polynomially
large?

3. Dependence on k. The exponent O(k2) in Theorem 1.1 and Theorem 1.3 comes from the size
of the Wronskian determinants. Can it be improved to O(k)? Similarly, can the lower bound
of Theorem 1.4 be improved to 2Ω(d/k)?

4. Other models. The differential-equation viewpoint only uses the fact that each summand has
a simple logarithmic derivative. Does it yield debordering, PIT, or lower bounds for other
border models, for instance border depth-4 circuits Σ[k]ΠΣΠ[δ], whose factors are low-degree
polynomials rather than affine linear polynomials?
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depth-3 circuits, the very setting for which DiDIL was designed; this yields our debordering result
in Theorem 1.1. Given PD’s earlier experience with [DDS21b], PIT (Theorem 1.3) then followed
almost immediately.

For the lower bound (Theorem 1.4), however, the authors initially did not expect (4) to help. The
approach of [DS26] reduces to the case where every affine factor has a nonzero constant term, applies
DiDIL, and compares the lowest powers of z to write f as a ratio of two Σ ∧ Σ circuits. This keeps
the homogeneous polynomial f intact and allows no shift, and then f simply cancels out of (4)
(see the proof idea of the lower bound in Section 2.4). The authors first asked an AI model for a
lower-bound proof without suggesting the Wronskian approach; it did not produce anything fruitful.
After the authors supplied the Wronskian idea together with the reduction of [DS26, Claims 3–4],
the model produced the key argument (Lemma 7.2), including the substitution ϵ ↦→ zd+1 and the
use of Gaussian elimination to analyze the Wronskian. The authors then spent considerable time
simplifying the argument before writing it down.
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