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Abstract

A constant-depth circuit consists of AND and OR gates of unbounded fan-in, arranged
in a constant number of layers, that read the input literals; for example, a depth-three
circuit is an OR of CNFs or an AND of DNFs. The classical lower bound of Håstad (1989)
states that every depth-d circuit computing the parity function has 2Ω(n1/(d−1)) gates.
This parity barrier stood for decades: no explicit function was known to require depth-d
circuits of size 2ω(n1/(d−1)) for any constant d. OpenAI (2026) recently announced that
they broke this barrier for depth-three circuits: they gave an explicit function in P that
requires OR–AND–OR circuits of size 2ω(

√
n).

In this paper, we break the parity barrier at every constant depth with a sim-
pler function. We prove that for every fixed d ≥ 3, every depth-d circuit computing
the trilinear function

∑
i,j ai+jxiyj mod 2 for x, y ∈ {0, 1}n and a ∈ {0, 1}2n−1, re-

quires 2Ω((n log n/ log log n)1/(d−1)) gates. Our proof combines the restriction lemma of Ope-
nAI, for which we give a short new proof, with Håstad’s switching lemma and the
sparsification lemma of Calabro, Impagliazzo, and Paturi (2006).

1 Constant-Depth Circuits and the Parity Barrier
Circuits of constant depth with AND and OR gates of unbounded fan-in are one of the few models
of computation for which exponential lower bounds are known. Still, proving stronger lower bounds
for them is one of the central problems in circuit complexity, because of their connection with general
circuits. Valiant [Val77, Val83] showed that every function computed by a circuit of fan-in two,
linear size, and logarithmic depth can be computed by a depth-three circuit of size 2O(n/ log log n),
so a lower bound of 2ω(n/ log log n) for an explicit function would give the first superlinear lower
bound for such circuits. See [Vio09, GKW21] for stronger connections between constant-depth lower
bounds and general circuit lower bounds. Yet, the known lower bounds for explicit functions are far
from this.

The parity barrier. A line of work on constant-depth circuits [Ajt83, FSS84, Yao85] culmi-
nated in Håstad’s switching lemma [Hås89], which gives the bound 2Ω(n1/(d−1)) for depth-d circuits
computing the parity function. Håstad, Jukna, and Pudlák [HJP95] developed a simple top-down
method that improved the constant in the exponent for depth three; Göös, Riazanov, Sofronova,
and Sokolov [GRSS23] extended it to depth four, Korten [Kor26] recently extended it to every
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depth, and Kardeş and Rossman [KR26] gave a different top-down argument. Paturi, Pudlák, and
Zane [PPZ99] proved that parity requires depth-three circuits of size Ω(n1/42

√
n), which is tight

up to a constant factor [KPPY84, PPZ99]. The best depth-three lower bound for an explicit function
was 2(π/

√
6)

√
n−o(

√
n), due to Paturi, Pudlák, Saks, and Zane [PPSZ05]. Håstad’s bound 2Ω(n1/(d−1))

also holds for the majority function [Hås89], which looked promising for breaking the parity barrier,
since no matching upper bound was known for it [Bop86, KPPY84, Ama23], and Håstad, Jukna, and
Pudlák [HJP95] asked whether it requires larger depth-three circuits (see also [LRT22, GPP+24]).
Recently, Lecomte and Ramakrishnan [LR26] constructed depth-d circuits of size 2O(n1/(d−1)) for
every symmetric function and every fixed d, so no symmetric function, and in particular not majority,
can break the barrier.

Multilinear functions. Goldreich and Wigderson [GW20] proposed to study t-linear functions
over F2 as candidates for strong lower bounds for constant-depth circuits. A function F (x(1), . . . , x(t))
of t blocks of input bits is t-linear if it is linear over F2 in each block when the other blocks are fixed;
equivalently, F is the parity of some products x(1)

i1
· · ·x(t)

it
, each with one variable from every block.

For example, the inner product
∑

i xiyi mod 2 is 2-linear, and parity is 1-linear. They also started
a study of canonical depth-three circuits for multilinear functions, because of their connection with
arithmetic circuits [GW20]. As a first step, they asked for an explicit multilinear function that
requires canonical circuits of size 2Ω(nc) for some c > 1/2. Goldreich and Tal [GT18] found one
by proving that random Toeplitz matrices are rigid; in particular, they showed that the trilinear
function

fn(x, y, a) =
n−1∑
i=0

n−1∑
j=0

ai+jxiyj mod 2,

where x, y ∈ {0, 1}n and a ∈ {0, 1}2n−1, requires canonical depth-three circuits of size 2Ω(n3/5);
see also [GT20, Gol22] for further results on canonical circuits. However, for general depth-three
circuits, no lower bound of 2ω(

√
n) was known for any explicit t-linear function.

Beyond the barrier. OpenAI [Ope26] recently announced that they broke the parity barrier for
depth-three circuits. They constructed an explicit function in P that requires OR–AND–OR circuits
of size 2ω(

√
n). Their function hashes a part of the input into the ring F2[Z]/(P ) for a polynomial P

of degree Θ(n2/3) and evaluates a polynomial of degree Θ(n1/6); the hash, P , and the polynomial
are part of the input. Implicitly, their proof gives the lower bound 2Ω(

√
n log log n/ log log log n).

Our results. We show that the trilinear function fn of Goldreich and Tal [GT18] breaks the
barrier at every depth.

Theorem 1.1. For every fixed d ≥ 3, every depth-d circuit that computes fn has

2Ω((n log n/ log log n)1/(d−1))

gates.

To our knowledge, for every fixed d ≥ 4, Theorem 1.1 gives the first lower bound of 2ω(n1/(d−1))

for depth-d circuits computing an explicit function. For d = 3, our exponent is larger than the one
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given by the argument of [Ope26]. Our proof also gives the bound of Theorem 1.1 for their function,
at every depth (Section 4).

In fact, our proof shows that for almost every Toeplitz matrix R, the bilinear form x⊤Ry on 2n
variables requires depth-d circuits of size 2Ω((n log n/ log log n)1/(d−1)). On the other hand, we observe
that fn has depth-d circuits with 2O(n2/d) gates (Theorem 5.1), so its depth-d complexity is 2nΘ(1/d)

for every fixed d ≥ 3. We also give a shorter proof of the main lemma of [Ope26], with better
parameters (Lemma 3.1).

AI disclosure. The manuscript of [Ope26] was produced by an internal OpenAI model. The
author tried to understand and simplify their proof in discussions with ChatGPT 6 Astra, and
our improvement for depth three was found in this process. The extension to every depth and the
short proof of the restriction lemma were also found during the writing of this manuscript. This
manuscript was written with the help of Claude Opus 5.5, which helped to find references and
to draft the new proofs. The author takes full responsibility for the correctness of the paper.

Since our results follow a natural route, others may have obtained them as well. Our main goal
is to deepen the understanding of constant-depth circuits, so we follow the example of Lecomte and
Ramakrishnan [LR26]: we would be glad to merge such work into one paper instead of competing.

Acknowledgments. Lower bounds for constant-depth circuits are close to the author’s research
interests, so the author would have read the preprint of OpenAI [Ope26] in any case. The inspiration
to write a paper that explains its result to a human reader, however, came from the preprint
of Lecomte and Ramakrishnan [LR26], whom the author thanks for it. To our pleasant surprise,
the strengthenings of [Ope26] came out of the process of understanding their lower bound.

1.1 Proof Overview

As in [Ope26], we derive the lower bound from an upper bound on the correlation of fn with CNFs,
using random restrictions [Sub61, FSS84, Hås89] and the covering argument of [HJP95]. In this
section, we describe this method in detail, first for OR–AND–OR circuits and then for arbitrary
constant-depth circuits.

Correlation. Throughout, z is a uniform input in {0, 1}n, and E and Pr are over z. For
a function f : {0, 1}n → {0, 1}, let g = 2f − 1: {0, 1}n → {−1, 1} be its sign, that is, g(z) = 1 if f
accepts z, and g(z) = −1 otherwise. The correlation of g with a function H : {0, 1}n → {0, 1} is

E[gH] = Pr[H(z) = 1 and f(z) = 1] − Pr[H(z) = 1 and f(z) = 0].

In other words, it is the fraction of inputs accepted by H times the bias of f on these inputs,
so it is small if H accepts few inputs or if f is nearly balanced on the inputs accepted by H. For
a uniformly random f and a fixed H, the correlation has mean zero and standard deviation at most
2−n/2, so small correlation with every function of a class means that f looks random to this class;
see [O’D14] for more details. We write corrk(g) = maxH |E[gH]| for the largest correlation of g with
a k-CNF, where H ranges over the CNFs whose clauses have at most k literals.
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From circuits to correlations. Consider an OR–AND–OR circuit that computes f as the OR
of the CNFs computed by its middle gates. As in the top-down method of [HJP95], we look at these
CNFs, which are the inputs of the output gate. Every such CNF H accepts only inputs accepted
by f , so E[H] = E[gH]. If a clause of H has width more than k, then the uniform input z violates
it with probability less than 2−k, so deleting such clauses from H changes it only on few inputs.
Now suppose that corrk(g) ≤ ε and that the circuit has s gates. Every CNF H of a middle gate has
at most s clauses, and deleting its clauses of width more than k gives a k-CNF H ′ with H ≤ H ′.
The difference H ′ −H is nonzero only if one of the deleted clauses is violated, so E[H ′ −H] ≤ s2−k,
and hence

E[H] = E[gH] = E[gH ′] − E[g(H ′ −H)] ≤ ε+ s2−k.

Since f is the OR of at most s such CNFs, we get E[f ] ≤ s(ε + s2−k). On the other hand, the
constant CNF 1 has width 0, so |E[g]| ≤ corrk(g) ≤ ε, and therefore E[f ] = (1 +E[g])/2 ≥ (1 − ε)/2.
Thus, to show that every OR–AND–OR circuit for f has more than s gates, it suffices to show that
s(ε+ s2−k) < (1 − ε)/2, which holds, for example, for ε = 1/s2 and k ≈ 4 log s.1

The square-root barrier. The question is how small the correlation of an explicit function with
all k-CNFs with k ≈ 4 log s can be. For exponential s, the width k can be very large, so correlations
with such wide CNFs are hard to bound directly, but correlations with CNFs of small width can
be bounded. So we use random restrictions: fixing most variables at random makes a k-CNF
behave like a CNF of small width. Namely, for a small width b ≪ k, we take a random restriction
ρ ∈ {0, 1, ∗}n that keeps every variable alive with probability p = b/(64k) and fixes it to a random
bit otherwise. The main lemma of [Ope26], for which we give a simpler proof in Section 3, shows
that the restricted CNFs behave like b-CNFs: on average over ρ, the correlation of a restricted
CNF Hρ with the restriction gρ of g is at most about corrb(gρ). Then, since a uniformly random
input z can be obtained by first choosing the random restriction ρ and then the values of the
live variables, the correlation of g with a CNF H is the average of the correlations of gρ and Hρ.
Hence, if corrb(gρ) ≤ 2−κm for every ρ and some κ > 0, where m ≈ pn = nb/(64k) is the number
of live variables, then corrk(g) is also about 2−κm ≈ 2−κnb/(64k). So a larger b gives a better bound
on corrk(g), but makes the bound on corrb(gρ) harder to prove.

Now, we describe what lower bound on depth-three circuits this approach can give. Note that
there are a few limitations on the choice of the width k. On the one side, it must be at least about
4 log s, so that deleting the wide clauses does not change much. On the other side, a larger value
of k decreases the probability p = b/(64k) and leaves fewer live variables and hence gives a weaker
bound on the correlation. With k ≈ 4 log s, the correlation 2−κnb/(64k) is at most 1/s2 when
κnb/(256 log s) ≥ 2 log s, that is, when

log2 s ≈ κnb/512.

This is why the lower bound we get is only about 2
√

κnb/512. Note that κ ≤ 1, because the AND of one
literal for each of the m live variables is a 1-CNF that accepts a single point and thus has correlation
±2−m. Hence, for constant b, this gives only the square-root bound 2Θ(

√
n), so the gain over the

square root must come from a width b that grows with n. For example, for parity, Håstad’s switching
lemma [Hås89] gives correlation ε = 2−Ω(n/k) with every k-CNF (see also [IMP12, Hås14]). Similarly,

1Actually, it suffices to take ε = 1/(8s) and k = 2 log s + 3, but this changes only the constant in the exponent
of the lower bound, so we use a stronger choice of ε and k to make the calculations simpler.
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[Ope26] proves the bound 2A
√

n for every constant A > 0 with a constant width b = Θ(A2); letting b
grow with n, their argument gives b ≈ log logn/ log log logn, whereas ours gives b ≈ logn/ log logn,
as we explain below.

It remains to explain how to find an explicit function whose restrictions have small correlation
with all b-CNFs for b as large as possible.

Random slices of fn. Now, we are ready to explain why fn is hard against constant-depth
circuits. If we view x and y as the polynomials x(Z) =

∑
i xiZ

i and y(Z) =
∑

j yjZ
j over F2, then

fn(x, y, a) is the inner product of a with the coefficient vector of the product x(Z)y(Z). For the
lower bound, we fix a at random, and we call the resulting function fa

n(x, y) = fn(x, y, a) a slice.
As shown above, it suffices to bound corrb(ga

ρ), where ga is the sign of fa
n and ρ is the random

restriction. For a fixed ρ and one fixed b-CNF J on the m variables of ga
ρ , we bound the u-th

moment of the correlation of ga
ρ with J over the random a for some even number u, that is,

Ea

[(
Ez[ga

ρ(z)J(z)]
)u]

,

where z is a uniform assignment to these m variables. Since u is even, the u-th power of the
correlation is nonnegative, so Markov’s inequality gives, for every δ > 0,

Pr
a

[∣∣∣Ez[ga
ρ(z)J(z)]

∣∣∣ ≥ δ
]

≤ δ−u Ea

[(
Ez[ga

ρ(z)J(z)]
)u]

.

That is, bounding the u-th moment of the correlation means bounding the probability over a that
the correlation of ga

ρ with J is at least δ. Expanding the u-th power shows that, since fn is linear
in a, the moment is at most the probability that u independent random inputs (x(ℓ), y(ℓ)) for ℓ ∈ [u]
that agree with ρ satisfy

∑
ℓ x

(ℓ)(Z)y(ℓ)(Z) = 0, so it suffices to show that this equation is unlikely.
Lemmas 4.2 and 4.3 do that and show |Ez[ga

ρ(z)J(z)]| ≤ 2−Ω(m) with probability 1 − 2−Ω(um) over a.
A larger u makes this probability smaller. However, fa

n must have small correlation with all b-CNFs
at once, and there are more than 2(m/b)b

b-CNFs, far more than the 2O(um) that the union bound
can afford, so we need a sparsification argument to make the number of CNFs smaller.

Sparsification. The union bound argument above works for CNFs with few clauses: there are
only 2O(Mmb log m) b-CNFs with at most M ·m clauses over m variables, which is less than 2Ω(um)

if Mb logm ≪ u. The sparsification lemma of Impagliazzo, Paturi, and Zane [IPZ01] reduces all
b-CNFs to sparse ones: for every fixed κ > 0, every b-CNF on m variables is an OR of at most
2κm b-CNFs with at most M · m clauses each, where M depends only on b and κ. For technical
reasons, our proof needs to add up the correlations of those sparse b-CNFs, so the OR of the sparse
CNFs to be their sum, that is, the sparse CNFs must have disjoint sets of satisfying assignments,
and [DHM+14] observed that the argument of [IPZ01] can be modified to guarantee this. Hence,
if every sparse CNF has correlation at most 2−2κm with ga

ρ , then corrb(ga
ρ) ≤ 2κm · 2−2κm = 2−κm.

Thus, b can grow until the density M = M(b) reaches about u/(b logm), and since κ is a constant,
the lower bound 2

√
κnb/512 derived above has exponent about

√
nb for the largest such b. The

original proof of [IPZ01] gives a density M that is doubly exponential in b, that is, logM = 2O(b),
which gives only b ≈ log logn. [Ope26] reproves the disjoint version using the sunflower lemma
of Erdős and Rado [ER60], but with an even larger density: logM grows like a factorial of b,
which gives only b ≈ log logn/ log log logn. We instead use the sparsification lemma of Calabro,
Impagliazzo, and Paturi [CIP06, Cal09], whose density is bO(b), that is, logM = O(b log b); this
gives b ≈ logn/ log logn and Theorem 1.1 for d = 3.
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Arbitrary depth-d circuits. The argument above works for OR–AND–OR circuits. In general,
such a lower bound does not extend to all depth-three circuits: Håstad, Jukna, and Pudlák [HJP95]
gave a function that requires OR–AND–OR circuits of size 2Ω(

√
n), but has AND–OR–AND circuits

of linear size. For fn, however, the complement of fa
n has sign −ga, and our correlation bounds hold

for it as well, so the argument applies to circuits with either output gate.
For a depth-d circuit with s gates and d > 3, we reduce it to a depth-three circuit using Håstad’s

switching lemma [Hås89]: after d− 3 switching steps, we get a depth-three circuit of size sO(1) with
bottom fan-in O(log s) on about n/O(log s)d−3 live variables, and the argument for depth three
with this number of variables in place of n gives the lower bound 2Ω((nb)1/(d−1)). See Section 4 for
more details.

Why the method stops at (n logn)1/(d−1). As explained above, the exponent is determined
by how fast the density M grows with b. If every b-CNF on m variables could be expressed as, say,
a disjoint sum of at most 2m/128 b-CNFs with 2O(b) ·m clauses each, the same proof would allow
b ≈ logn and give the lower bound 2Ω((n log n)1/(d−1)) for depth-d circuits. Calabro [Cal09] asked
whether such a sparsification exists.

Even with the best possible sparsification, our method cannot go much further, for the following
reason. We check the sparse b-CNFs one by one and then use a union bound, and our bound
on the probability that a fixed one of them fails is 2−Θ(um), where u ≤ n, so the union bound can
afford at most 2O(um) of them. Also, we know that any b-CNF on m variables can be expressed
as a sum of at most 2κm sparse b-CNFs for some κ < 1

2 . But every family with this property has
at least exp

(
(m/b)2Ω(b)

)
members: a product of m/b independent random ±1 functions on disjoint

blocks of b variables has correlation at least 2−m/b in absolute value with some b-CNF, while by the
Bonami’s [Bon70] (see [O’D14, Theorem 9.23]), its correlation with a fixed function is at least
2−m/b2−κm in absolute value only with probability exp

(
−(m/b)2Ω(b)

)
. So for a smaller family,

by a union bound, some product would have correlation less than 2−m/b2−κm in absolute value with
every member, and hence less than 2−m/b with every b-CNF, which is impossible. Comparing the
two sizes gives 2Ω(b) ≤ O(bu), that is, b = O(logn), so our method cannot go beyond

√
n logn for

depth three, or beyond (n logn)1/(d−1) for depth d. See also [SS12], which builds on [MRW05], for
limits of sparsification.

2 Preliminaries
All logarithms in our paper are base two. Unless stated otherwise, the expected value E and
probability Pr are taken over the uniform distribution on the Boolean cube {0, 1}V . The sign
of a function f : {0, 1}V → {0, 1} is the function 2f − 1: {0, 1}V → {−1, 1}, which is +1 on accepted
inputs and −1 on rejected inputs.

Circuits. Circuits in this paper consist of AND and OR gates of unbounded fan-in and fan-out.
They read literals, that is, variables and their negations, and constants, and the size of a circuit
is the number of its AND and OR gates. An OR–AND–OR circuit has three layers: bottom OR gates
read literals and constants, middle AND gates read bottom gates, and the output OR gate reads
middle gates. Thus every middle gate computes a CNF, and the circuit computes the OR of these
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CNFs. An AND–OR–AND circuit is defined analogously. A depth-d circuit is a circuit in which
every path from an input to the output passes through at most d gates.

CNFs and correlation. A clause is an OR of literals, a CNF is an AND of clauses, a term
is an AND of literals, and a DNF is an OR of terms. We always remove tautological clauses
and repeated literals, so the width of a clause is the number of variables in it, and the width
of a CNF is the maximum width of its clauses; a b-CNF is a CNF of width at most b, and
b-DNFs are defined similarly. For a function F : {0, 1}V → R, let sizeb(F ) be the smallest sum∑

j |cj | over all ways to write F =
∑

j cjJj with numbers cj ∈ R and b-CNFs Jj on {0, 1}V . For
a function ψ : {0, 1}V → R, let corrb(ψ) = maxJ |E[ψJ ]|, where J ranges over the b-CNFs on {0, 1}V .
By linearity, for all functions ψ,F : {0, 1}V → R,

|E[ψF ]| ≤ sizeb(F ) corrb(ψ). (1)

Random restrictions. For 0 < p ≤ 1 and a set V of variables, a p-random restriction of V
is a random ρ ∈ {0, 1, ∗}V with independent coordinates, each equal to ∗ with probability p, and to 0
and to 1 with probability (1 − p)/2 each. We write live(ρ) = ρ−1(∗) for the set of live coordinates
of ρ. For a function ψ : {0, 1}V → R, we write ψρ : {0, 1}live(ρ) → R for the function obtained
by fixing the coordinates outside live(ρ) according to ρ. Filling the live coordinates with uniform
bits produces a uniform point of {0, 1}V , so for all functions ψ,H : {0, 1}V → R,

E[ψH] = Eρ Ez [ψρ(z)Hρ(z)] , (2)

where z is uniform in {0, 1}live(ρ).

Sparsification. The sparsification lemma of Impagliazzo, Paturi, and Zane [IPZ01] writes, for
every fixed κ > 0, every b-CNF on m variables as an OR of at most 2κm b-CNFs, each with linearly
many clauses. We use its version due to Calabro, Impagliazzo, and Paturi [CIP06, Cal09] (see
also [LSX26] for a shorter proof), together with the observation of Dell, Husfeldt, Marx, Taslaman,
and Wahlén [DHM+14] that these CNFs can be made to have disjoint sets of satisfying assignments,
so that their OR is their sum.

Lemma 2.1 ([Cal09, DHM+14]). For every integer b ≥ 2 and every 0 < κ ≤ 1, every b-CNF H
on m variables is a sum of at most 2κm b-CNFs with pairwise disjoint sets of satisfying assignments,
each having at most (b/κ)O(b) ·m clauses.

The switching lemma. Håstad’s switching lemma states that a random restriction is likely
to turn a CNF of small width into a DNF of small width, and vice versa.

Lemma 2.2 ([Hås89], see [O’D14, Section 4.4]). Let H be a k-CNF or a k-DNF on {0, 1}V , let
k′ ≥ 1 be an integer, and let ρ be a p-random restriction of V . Then, except with probability at most
(5pk)k′, the function Hρ is both a k′-CNF with at most 2k′ clauses and a k′-DNF with at most 2k′

terms.

Applying the switching lemma repeatedly gives Håstad’s depth reduction, which turns a depth-d
circuit into an OR of k-CNFs.
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Lemma 2.3 ([Hås89], see [O’D14, Lemma 4.28]). Let d ≥ 3 be an integer, let V be a set of at least
two variables, and let s ≥ |V | ≥ 2. There are numbers k = Θ(log s) and q with 1/q = Θ(logd−3 s),
such that for every function F : {0, 1}V → {0, 1} computed by a depth-d circuit with at most s gates
and an OR output gate, it follows that for a q-random restriction φ, the function Fφ is the OR
of at most sO(1) k-CNFs with probability at least 3

4 .

3 Wide CNFs under Random Restrictions
The restriction lemma of OpenAI [Ope26, Lemma 3.1] shows that a restricted k-CNF Hρ has
bounded expected sizeb(Hρ), so by (1), it correlates with any function at most about as much
as b-CNFs do, no matter how many clauses the CNF has. Below, we explain why this is not
straightforward, compare the proof of [Ope26] with ours, and then give our proof, which is shorter
and gives a better bound.

Let b ≥ 1 be an integer, let H be a k-CNF on {0, 1}V with N clauses, and let ρ be a p-random
restriction of V . A restriction ρ falsifies a clause C if it sets all literals of C to zero, and C is wide
under ρ if ρ sets no literal of C to one and leaves more than b variables of C alive. Let K be the AND
of the restricted clauses that are not wide, which is a b-CNF; then Hρ is the AND of K and the wide
restricted clauses, so Hρ differs from K only at points where some wide clause is violated. We first
compute how likely a clause is to be wide. Consider a clause C of width k. Then, ρ falsifies C with
probability ((1 − p)/2)k, while C is wide under ρ if and only if some ℓ > b of its variables are live
and the other k − ℓ are fixed so that their literals are false, which happens with probability

k∑
ℓ=b+1

(
k

ℓ

)
pℓ
(1 − p

2

)k−ℓ

= θ

(1 − p

2

)k

, where θ =
k∑

ℓ=b+1

(
k

ℓ

)( 2p
1 − p

)ℓ

.

So θ is the ratio of the probability that C is wide to the probability that ρ falsifies C. Hence, θ
is small if pk ≪ b, since then a clause of width at most k keeps on average only pk live variables,
while being wide requires more than b. For our choice of p ≤ b/(64k), it follows that θ ≤ 4−b. One
issue is that under ρ some of the clauses can still remain wide, we will express them as a sum
of b-CNFs (recall sizeb).

One can use the inclusion–exclusion trick to convert all wide clauses using only clauses of width
b. For a wide clause C, let vC be the indicator that the live variables of C falsify C, so Cρ = 1 − vC ,
and vC is an AND of unit clauses. Inclusion–exclusion over the wide clauses gives

Hρ = K
∏

C - wide
(1 − vC) =

∑
S

(−1)|S|K
∏

C∈S

vC ,

where S ranges over the sets of wide clauses. Every summand in this expression is a b-CNF, and this
sum has 2w summands with coefficients ±1, where w is the number of wide clauses, so sizeb(Hρ) ≤ 2w;
but 2w can be huge, for example, if all N clauses share the same k − 1 variables, then with positive
probability more than b of these variables are live and the literals of the others are false, and then
every clause is wide unless ρ sets its remaining literal to one, so E 2w grows exponentially with N .

The proof of [Ope26] uses ideas similar to the Razborov’s proof [Raz09] of Bazzi’s theorem [Baz09]
and gives the bound E sizeb(Hρ) ≤ 1/(1 − θ) for θ < 1, whatever N is. We give a simplified proof
which gives a better bound, our argument is similar as in Wigderson’s simplification of Razborov’s
proof [Raz09, Remark]; this gives E sizeb(Hρ) ≤ 1 for θ ≤ 1.
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Lemma 3.1. Let k ≥ 0 and b ≥ 1 be integers, let H be a k-CNF on {0, 1}V , and let 0 < p < 1
satisfy

θ =
k∑

ℓ=b+1

(
k

ℓ

)( 2p
1 − p

)ℓ

≤ 1.

Then, for a p-random restriction ρ of V ,

Eρ sizeb(Hρ) ≤ 1.

Proof. Let C1, . . . , CN be the clauses of H, and let Hj = C1 ∧ · · · ∧Cj , so that H0 = 1 and HN = H.
If a clause C is wide under ρ, denote ρC to be the restriction that agrees with ρ and also sets the
live literals of C to zero, so that it falsifies C, and let vC be as above.

We bound Eρ sizeb((Hj)ρ) by induction on j. For j = 0, the function (H0)ρ = 1 is a b-CNF,
so sizeb((H0)ρ) ≤ 1. Now let j ≥ 1 and let C = Cj . If ρ falsifies C, then (Hj)ρ = 0, and
sizeb((Hj)ρ) = 0. If ρ does not falsify C and C is not wide under ρ, then Cρ is the constant 1
or a clause of width at most b, and adding it to every b-CNF of an expansion of (Hj−1)ρ gives
sizeb((Hj)ρ) ≤ sizeb((Hj−1)ρ).

Otherwise, C is wide under ρ. Then Cρ = 1 − vC , and vC · (Hj−1)ρ = vC · (Hj−1)ρC , because
ρ(z) = ρC(z) for every z such that vC(z) = 1, so

(Hj)ρ = (Hj−1)ρ · Cρ = (Hj−1)ρ − vC · (Hj−1)ρ = (Hj−1)ρ − vC · (Hj−1)ρC .

Since vC ∧J is a b-CNF for every b-CNF J , multiplying every summand of an expansion of (Hj−1)ρC

by vC gives an expansion of vC · (Hj−1)ρC with the same coefficients, so

sizeb((Hj)ρ) ≤ sizeb((Hj−1)ρ) + sizeb((Hj−1)ρC ).

Every ρ under which C is wide arises from a restriction ρC that falsifies C by making a set
of ℓ > b variables of C live, which multiplies its probability by (2p/(1 − p))ℓ, since each of these
variables is live with probability p instead of being fixed to its value in ρC with probability (1 − p)/2,
and there are at most

(k
ℓ

)
such sets, so, by the definition of θ,

E
[
sizeb((Hj−1)ρC ) 1C is wide under ρ

]
≤ θE [sizeb((Hj−1)ρ) 1ρ falsifies C ] .

Taking the expectation of the three cases, we get

E sizeb((Hj)ρ) ≤ E [sizeb((Hj−1)ρ) 1ρ does not falsify C ] + E
[
sizeb((Hj−1)ρC ) 1C is wide under ρ

]
≤ E [sizeb((Hj−1)ρ) 1ρ does not falsify C ] + θE [sizeb((Hj−1)ρ) 1ρ falsifies C ]
≤ E sizeb((Hj−1)ρ),

and by induction on j, E sizeb(Hρ) ≤ E sizeb((H0)ρ) ≤ 1.

4 Lower Bound
We now prove Theorem 1.1. We first find a slice fa

n whose restrictions have small correlation with
all k-CNFs. Then we reduce the depth to three by random restrictions and the switching lemma,
which turns the restricted circuit into an OR of few k-CNFs.

Our hard function is the following trilinear function, studied by Goldreich and Tal [GT18].

9



Definition 4.1. For x, y ∈ {0, 1}n and a ∈ {0, 1}2n−1, with coordinates numbered from zero, let

fn(x, y, a) =
n−1∑
i=0

n−1∑
j=0

ai+jxiyj mod 2.

The function fn has 4n− 1 input bits and can be computed by a circuit with one parity gate
on top of n2 AND gates of fan-in three.

It is convenient to view x and y as the polynomials x(Z) =
∑

i xiZ
i and y(Z) =

∑
j yjZ

j over F2.
The coefficient of Zℓ in their product is

∑
i+j=ℓ xiyj mod 2, so fn is the inner product of a with the

coefficient vector of the product:

fn(x, y, a) =
2n−2∑
ℓ=0

aℓ · [Zℓ] (x(Z)y(Z)) mod 2,

where [Zℓ]x(Z)y(Z) is the coefficient of Zℓ in the polynomial x(Z)y(Z).
Fixing a gives the function fa

n : {0, 1}n × {0, 1}n → {0, 1} defined by fa
n(x, y) = fn(x, y, a), which

we call a slice. It is the bilinear form x⊤Ry over F2 given by the Hankel matrix R = (ai+j)i,j , which
is constant along every antidiagonal. Reversing the order of y0, . . . , yn−1 turns R into a Toeplitz
matrix, which is constant along every diagonal.

For a restriction ρ of the 2n variables x0, . . . , xn−1, y0, . . . , yn−1, let Tx, Ty ⊆ {0, . . . , n−1} be the
sets of indices i such that xi is live and j such that yj is live, so that | live(ρ)| = |Tx| + |Ty|. For sets
A,B ⊆ Z and an integer j, we write A+B = {α+ β : α ∈ A, β ∈ B} and A+ j = A+ {j}.

We start with a lower bound on the sumset of a small set and a random set.

Lemma 4.2. Let T ⊆ {0, . . . , n− 1} be a random set that contains every element independently
with probability p, where pn ≤ n3/5 is sufficiently large, and let u ≤ (pn)1/4 be a positive integer.
Then, except with probability n−Ω(pn), every set A ⊆ {0, . . . , n− 1} of at most u elements satisfies

|A+ T | ≥ |A| (|T | − pn/4).

Proof. Fix a set A ⊆ {0, . . . , n − 1} such that |A| ≤ u, and call two distinct integers j and j′

intersecting if (A + j) ∩ (A + j′) ̸= ∅, that is, if j − j′ is a difference of two elements of A.
So, fewer than nu2/2 pairs of elements of {0, . . . , n − 1} are intersecting. Choose intersecting
pairs of elements of T one by one, each disjoint from the pairs chosen before, until no such pair
is left. Then no two of the remaining elements j of T are intersecting, so their sets A + j are
pairwise disjoint. Hence, if fewer than pn/8 pairs are chosen, then |A + T | ≥ |A| (|T | − pn/4).
Otherwise, T contains h pairwise disjoint intersecting pairs for some h = ⌈pn/8⌉ . There are at most(⌊nu2/2⌋

h

)
≤
(
enu2/(2h)

)h choices of such pairs, and their 2h elements all lie in T with probability p2h.
Since 4eu2p ≤ 4e(pn)3/2/n ≤ 4en−1/10 ≤ n−1/20 for large n, this happens with probability at most(

enu2p2

2h

)h

≤ (4eu2p)h ≤ n−pn/160.

A union bound over the at most (n+ 1)u ≤ n2(pn)1/4 sets A completes the proof.

Next, we bound the u-th moment of the correlation.
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Lemma 4.3. Let u ≥ 2 be even, and let ρ be a restriction of x and y such that |Tx| ≥ 2u and every set
A ⊆ {0, . . . , n−1} of at most u elements satisfies |A+Ty| ≥ |A| |Ty|/2. Let J : {0, 1}live(ρ) → [−1, 1].
If a is uniform in {0, 1}2n−1 and ga is the sign of fa

n , then

Ea

[(
Ez[ga

ρ(z)J(z)]
)u]

≤ 2−u|Tx|/4 + 2−u|Ty |/4.

The worst case is when J ≡ 1, so it is convenient to keep in mind while reading the proof.

Proof. We first reduce the moment to the probability of an equation. Let z(1), . . . , z(u) be independent
uniform points of {0, 1}live(ρ), and let x(ℓ) and y(ℓ) be the values of x and y given by ρ and z(ℓ).
Since u is even, the product ga

ρ(z(1)) · · · ga
ρ(z(u)) is 1 if the inner product of a with the coefficient

vector of the polynomial
∑

ℓ x
(ℓ)(Z)y(ℓ)(Z) is zero, and −1 otherwise. Hence, expanding the u-th

power and using |J | ≤ 1, we get

Ea

[(
Ez[ga

ρ(z)J(z)]
)u]

= E
[
J(z(1)) · · · J(z(u))Ea

[
ga

ρ(z(1)) · · · ga
ρ(z(u))

]]
≤ Pr

[
u∑

ℓ=1
x(ℓ)(Z)y(ℓ)(Z) = 0

]
.

Now fix x(1), . . . , x(u). For every ℓ ∈ [u], split

y(ℓ)(Z) = c(Z) +
∑

j∈Ty

y
(ℓ)
j Zj , where c(Z) =

∑
j /∈Ty

y
(ℓ)
j Zj

is the same for all ℓ, since ρ fixes the variables yj with j /∈ Ty. Hence

u∑
ℓ=1

x(ℓ)(Z)y(ℓ)(Z) = c(Z)
u∑

ℓ=1
x(ℓ)(Z) +

u∑
ℓ=1

∑
j∈Ty

y
(ℓ)
j Zjx(ℓ)(Z),

where the first summand is a fixed polynomial, and the second summand is a uniform polynomial
on the space S spanned by the polynomials Zjx(ℓ)(Z) with j ∈ Ty and ℓ ∈ [u]. So the second
summand equals the first one with probability at most 2− dim S , and this bounds the probability
that the sum is zero.

For fixed x(1), . . . , x(u), the span of x(1)(Z), . . . , x(u)(Z) has a basis of polynomials with distinct
degrees; let A be the set of these degrees, so that |A| is the dimension of the span. The product
of Zj and the basis polynomial of degree α lies in S and has degree α+ j. Polynomials with distinct
degrees are linearly independent, so dimS ≥ |A+ Ty| ≥ |A||Ty|/2, where the last inequality follows
from the statement.

It remains to show that |A| is likely to be large. The coefficients of the polynomials x(ℓ)(Z) at the
positions in Tx are independent uniform bits, so |A| is at least the rank of a uniform random |Tx| ×u
matrix over F2. If this rank is less than u/2, then the u columns of the matrix lie in a subspace of FTx

2
of dimension u/2. There are at most 2|Tx|u/2 such subspaces, and all u columns lie in a fixed one
with probability 2−(|Tx|−u/2)u. Hence |A| < u/2 with probability at most 2−u(|Tx|−u)/2 ≤ 2−u|Tx|/4,
since |Tx| ≥ 2u from the statement.

If |A| ≥ u/2, then dimS ≥ |A| |Ty|/2 ≥ u|Ty|/4 by the previous paragraph, so for these
x(1), . . . , x(u), the sum is zero with probability at most 2−u|Ty |/4 over the y(ℓ). Adding the two cases,
the sum is zero with probability at most 2−u|Tx|/4 + 2−u|Ty |/4, as claimed.
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In our proof we use two random restrictions. The first one, φ, of density q, comes from the depth
reduction (Lemma 2.3), which uses the switching Lemma 2.2 to turn a depth-d circuit into an OR
of k-CNFs, and the next lemma shows that the slice function fa

n stays hard after this restriction.
The second restriction, ρ, of density p, appears only in the proof of Lemma 4.4 and turns k-CNFs
into b-CNFs as in the overview, so m = qpn in Lemma 4.4 is the expected number of live variables
of x after both restrictions.

Lemma 4.4. For an integer b ≥ 2, let M be such that every b-CNF on t variables is a sum
of at most 2t/128 b-CNFs with at most Mt clauses each and with pairwise disjoint sets of satisfying
assignments. Let k ≥ b be an integer and 0 < q ≤ 1, let p = b/(64k), and suppose that m = qpn
is sufficiently large and satisfies m ≤ n3/5 and bM ≤ m1/8.

Then there is a ∈ {0, 1}2n−1 such that the sign ga of fa
n satisfies Eφ corrk(ga

φ) ≤ 2−Ω(m), where
φ is a q-random restriction of x and y.

Proof. Let ε = 2−m/32, and given φ, let ρ be a p-random restriction of its live variables. Then the
composition φρ, which fixes the coordinates fixed by φ or by ρ, is a qp-random restriction of x
and y, so on average it leaves m variables of x and m variables of y alive. Let u be the largest even
integer with u ≤ m1/4, and let Tx = {i : xi ∈ live(φρ)} and Ty = {j : yj ∈ live(φρ)} be the sets
of indices of the live variables of x and of y. We call φρ good for a if |Tx|, |Ty| ∈ [m/2, 2m], every set
A ⊆ {0, . . . , n− 1} of at most u elements satisfies |A+Ty| ≥ |A| |Ty|/2, and corrb(ga

φρ) ≤ ε. We first
find a for which φρ is not good with probability at most 4ε.

Choose a ∈ {0, 1}2n−1 uniformly at random. A binomial random variable with mean µ is less
than µ/2 with probability at most e−µ/8 and more than 2µ with probability at most e−µ/3, so |Tx|
or |Ty| lies outside [m/2, 2m] with probability at most 4 · 2−m/8 ≤ 2ε. Hence, by Lemma 4.2 for the
set Ty of φρ, which contains every index independently with probability qp, where qpn = m ≤ n3/5

and u ≤ m1/4, except with probability n−Ω(m) ≤ ε, every set A, such that |A| ≤ u satisfies
|A+ Ty| ≥ |A| (|Ty| −m/4) ≥ |A| |Ty|/2 if |Ty| ≥ m/2.

Now fix φ and ρ that satisfy these two conditions, and let t = | live(φρ)|, so that t ≤ 4m. Since
|Tx| ≥ m/2 ≥ 2u, Lemma 4.3 and Markov’s inequality show that, for every J : {0, 1}live(φρ) → {0, 1},

Pr
a

[∣∣∣E[ga
φρJ ]

∣∣∣ > 2−m/16
]

≤ 2um/16
(
2−u|Tx|/4 + 2−u|Ty |/4

)
≤ 21−um/16.

A clause of width at most b is given by b slots, each holding one of the 2t literals or nothing, so there
are at most (2t+ 1)b such clauses. Hence the number of b-CNFs with at most Mt clauses is bounded
by (

(2t+ 1)b + 1
)Mt

≤ 2O(bMt log t) ≤ 2O(m9/8 log m),

since t ≤ 4m and bM ≤ m1/8. By the union bound, the probability that some of them, say J , has
|E[ga

φρJ ]| > 2−m/16 is at most

2O(m9/8 log m) · 21−um/16 ≤ 2−um/32 ≤ ε,

where the first inequality holds because u ≥ m1/4/2 and m is large. If none of them fails, then every
b-CNF J on {0, 1}live(φρ) is a sum of at most 2t/128 ≤ 2m/32 such CNFs Ji by Lemma 2.1, so∣∣∣E[ga

φρJ ]
∣∣∣ ≤

∑
i

∣∣∣E[ga
φρJi]

∣∣∣ ≤ 2m/32 · 2−m/16 = ε.
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Thus φρ is not good with probability at most 2ε+ ε+ ε = 4ε.
Since k ≥ b, we have p ≤ 1/64, so every summand of θ in Lemma 3.1 is at most (4pk)ℓ/ℓ! ≤

(b/16)ℓ/ℓ! ≤ (eb/(16ℓ))ℓ ≤ 4−ℓ, and θ < 1. Now fix φ, and let H be a k-CNF on its live coordinates.
By Lemma 3.1, applied to H and ρ with the live coordinates of φ in place of V , we have Eρ sizeb(Hρ) ≤
1. By (2) for ρ, the correlation |E[ga

φH]| is at most the average over ρ of |E[ga
φρHρ]|, which is at most

sizeb(Hρ) ε by (1) if φρ is good, and at most one otherwise. Hence∣∣∣E[ga
φH]

∣∣∣ ≤ Eρ [sizeb(Hρ)] · ε+ Pr
ρ

[φρ is not good] ≤ ε+ Pr
ρ

[φρ is not good].

Note that the right side does not depend on H, so it bounds corrk(ga
φ), and averaging over φ gives

Eφ corrk(ga
φ) ≤ ε+ 4ε = 5ε, which is 2−Ω(m).

Now we are ready to prove the main theorem.

Proof of Theorem 1.1. Fix d ≥ 3. By Lemma 2.1 with κ = 1/128, the number of clauses per
variable is M = bO(b), so log(bM) = O(b log b). Hence we can choose b = Θ(logn/ log logn) such
that bM ≤ n1/(8d). We will show that, for all sufficiently large n, every depth-d circuit for fn has
more than s gates, where log s = c(n logn/ log logn)1/(d−1) for a small constant c = c(d) > 0. Also,
all the constants in the O- and Θ-notation below depend only on d.

Applying Lemma 2.3 for functions of the 2n variables x and y gives k = Θ(log s) and q with
1/q = Θ(logd−3 s). Let p = b/(64k), as in Lemma 4.4, and let

m = qpn = qbn

64k = Θ
(

bn

logd−2 s

)
= Θ

(
(bn)1/(d−1)

cd−2

)
.

For large n, we have n1/(d−1) ≤ m ≤ n3/5, and bM ≤ n1/(8d) ≤ m1/8. Hence Lemma 4.4 gives
a ∈ {0, 1}2n−1 such that the sign ga of fa

n satisfies Eφ corrk(ga
φ) ≤ 2−Ω(m), where φ is a q-random

restriction of x and y. The constant 1 is a k-CNF, so |E[ga
φ]| ≤ corrk(ga

φ), and by (2), |Ega| ≤
2−Ω(m) ≤ 1/3 for large n, so both fa

n and 1 − fa
n have expectation at least 1/3.

Suppose that a depth-d circuit with at most s gates computes fn. We fix its inputs a as above
and get a depth-d circuit on the 2n variables x and y with at most s gates that computes fa

n . If its
output gate is an AND gate, we exchange AND and OR gates and negate all literals and constants;
by De Morgan’s laws, this gives a circuit of the same size and depth with an OR output gate
that computes 1 − fa

n . As shown above, both fa
n and 1 − fa

n have expectation at least 1/3, and
their signs ga and −ga have the same correlations with k-CNFs, so the two cases are symmetric,
and we assume that the circuit has an OR output gate and computes fa

n . By Lemma 2.3, with
probability at least 3/4 over φ, the function (fa

n)φ is the OR of at most sO(1) k-CNFs. Each of them,
say H, accepts only inputs accepted by (fa

n)φ, so ga
φH = H and EH = E[ga

φH] ≤ corrk(ga
φ); hence

E(fa
n)φ ≤ sO(1) corrk(ga

φ). For the other restrictions, we use E(fa
n)φ ≤ 1. Averaging over φ by (2),

we get
1
3 ≤ Efa

n ≤ 1
4 + sO(1)Eφ corrk(ga

φ) ≤ 1
4 + sO(1)2−Ω(m),

so 1/12 ≤ sO(1)2−Ω(m). However, by the bounds on log s and m above, m/ log s = Θ(c−(d−1)).
Hence, if c is small enough, then sO(1)2−Ω(m) tends to zero as n grows, contradiction. Thus every
depth-d circuit for fn has more than s gates.
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One can observe that proof above shows that for every fixed d ≥ 3, the slice fa
n of a uni-

formly random a requires depth-d circuits of size 2Ω((n log n/ log log n)1/(d−1)), except with probability
2−Ω((n log n/ log log n)1/(d−1)). Since the slices are the bilinear forms x⊤Ry given by Hankel matrices R,
or equivalently by Toeplitz matrices, this shows that for almost every n × n Toeplitz matrix R
over F2, the bilinear form x⊤Ry requires depth-d circuits of this size.

Also, the proof uses fn only in Lemma 4.4, so it gives the same bound for every function with
a linear number of input bits that has a slice for which Lemma 4.4 holds and the function of [Ope26]
also has this property. Hence Theorem 1.1 also holds for their function; for depth three, this
improves the exponent

√
n log logn/ log log logn given by their argument to

√
n logn/ log logn.

5 Upper Bound
Recall that

fn(x, y, a) =
n−1∑
i=0

n−1∑
j=0

ai+jxiyj mod 2.

Theorem 5.1. For every fixed d ≥ 3, the function fn is computed by a depth-d circuit with 2O(n2/d)

gates.

Together with Theorem 1.1, this shows that for every fixed d ≥ 3, the depth-d complexity of fn

is 2nΘ(1/d) .

Proof. Let r = ⌈n2/d⌉, and split {0, . . . , n − 1} into ℓ = ⌈n/r⌉ intervals I1, . . . , Iℓ of at most r
consecutive integers. For β, γ ∈ [ℓ], let fβ,γ be the sum modulo 2 of the summands ai+jxiyj of fn

with i ∈ Iβ and j ∈ Iγ , so that fn is the parity of the ℓ2 functions fβ,γ . The function fβ,γ depends
on fewer than 4r input bits, and both fβ,γ and its negation are computed by CNFs with at most 24r

clauses and by DNFs with at most 24r terms.
Now take a depth-(d− 1) circuit with 2O(ℓ2/(d−2)) gates that computes the parity of ℓ2 bits, one

for each pair (β, γ) [Hås89]. We replace each of its input literals by the corresponding function fβ,γ

or its negation: an AND gate that reads this literal reads the clauses of a CNF for this function
instead, and an OR gate reads the terms of a DNF. Then every gate computes the same function
of the values of the fβ,γ as before, so the output gate computes fn and add at most 4ℓ2 · 24r gates.
Since ℓ ≤ 2n/r ≤ 2n1−2/d, we have ℓ2/(d−2) ≤ 4n2/d, and since r = O(n2/d), the circuit has 2O(n2/d)

gates.
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