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Abstract

We continue to investigate input-oblivious computations and build a map of known and
new complexity classes. In particular,

• We prove a new upper bound for OLP
2 defined by Hirsch and Volkovich (STACS,

2026), which is a natural input-oblivious version of the LP
2 class of Korten and Pitassi

(FOCS, 2024): it is captured by symmetric (shared-witness) input-oblivious unam-
biguous computations with one query to a nondeterministic input-oblivious computa-
tion. We introduce the corresponding class SOUP and prove that it is closed under
polynomial-time Turing reductions.

• We give an equivalent characterization of OLP
2 : a new symmetric input-oblivious class

OMIN. We prove that OMIN contains hard functions against fixed-polynomial size
circuits.

• We prove a number of query aggregation results showing a number of containments
and equivalences between input-oblivious complexity classes. In particular, we prove

that BPPOLP
2 = OLP

2 and OP
2 = ONPprONP. We also characterize a number of

input-oblivious classes using the dot-operator.

• We extract a number of derandomization corollaries from our results: an upper bound
for BPPONP, as well as the new characterization OMA = BP • prONP, and new
upper bounds for MA, OMA, PprMA, POprMA. These improve and extend earlier
bounds of Chakaravarthy and Roy (STACS, 2006) and Hirsch and Volkovich (STACS,
2026).
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1 Introduction

1.1 Motivation

Two types of computational models have been central to complexity theory, which we may
roughly classify as “uniform” models and “non-uniform” models. Uniform models are constant-
sized programs that must compute correctly on every input; non-uniform allow for a separate
“computer” Cn for each input length n. When the size of Cn and its computation time is
poly(n), the decision problems we can capture with such a model is precisely P/poly. As the
choice of computer Cn only depends on the input length n and no further details about the
input, we say that the computational model is “input-oblivious”.

A long line of work has studied the question of what other aspects of computation may be
input-oblivious, such as data movement (namely, oblivious Turing machines and RAMs [PF79,
GO96, BP25]) and the lengths of proofs in various types of proof systems [CR06, Aar07, FSW09,
AD14, GM15, GLV24, HV26]. For example, how feasibly can we give short proofs of statements,
when the proof does not depend on the specific claim being proved, but only the length of the
claim? The class of languages with such proofs is modeled by the class ONP [FSW09], which
is easily seen to be contained in P/poly.

Input-obliviousness provides a useful bridge between uniform and non-uniform models; this
is an important bridge, since non-uniform models are generally incredibly more powerful than
their uniform counterparts.1 We can often restate non-uniform questions purely in terms of
uniform ones, via input-obliviousness: for example, we know NP ⊂ P/poly if and only if
NP = ONP. As a result, input-oblivious classes naturally arise when we consider the following
fundamental question:

What are the minimal uniform complexity classes containing functions that do not
have small non-uniform circuits?

In this paper, we study (and define) a wide range of new input-oblivious complexity classes,
where the modes of computation depend only on input length. As a result, we uncover new
fixed-polynomial circuit lower bounds for uniform classes, and make new connections with (and
between) other well-known complexity classes (oblivious and not).

1.2 Background

Fixed-polynomial lower bounds, Karp–Lipton–style collapses, and symmetric al-
ternation. Kannan [Kan82] proved that for every k, there are languages in the polyno-
mial hierarchy (PH) that cannot be computed by Boolean circuits of size O(nk): in symbols,
Σp
4 ∩ Πp

4 ̸⊆ Size[nk]. This statement was strengthened using a collapse result proved by Karp
and Lipton [KL80]: if NP ⊆ P/poly, then PH = Σp

2 ∩ Πp
2, and thus Σp

2 ∩ Πp
2 ̸⊆ Size[nk]

follows by a “win-win” argument (if NP ⊆ P/poly, then a collapse occurs and the new
bounds follow from Kannan’s theorem, otherwise there is nothing to do). A long chain of works
[BCG+96, KW98, CR06, Cai07, CR11] followed, proving new Karp–Lipton–style collapses and
thus eventually improving these bounds to PprMA [CR11], where prMA is a promise2 version
of the Merlin–Arthur class.

1For instance, non-uniform models can compute certain undecidable languages, by encoding their answers into
the computers Cn.

2A promise problem Π = (ΠYES,ΠNO) is a relaxation of a language where ΠYES ∩ ΠNO = ∅ and one needs to
solve the problem correctly on the inputs in the promise set ΠYES ∪ΠNO. In a promise problem complexity class,
the definition of the computational device has to be respected on the promise set only.
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An important class on that list is SP
2 , defined in [RS98, Can96]. This class captures the

so-called “symmetric alternation”. More specifically, a language L belongs to SP
2 if there exists

a polynomial-time “referee” V (x, y, z) such that every input x has irrefutable certificates. That
is, x ∈ L ⇐⇒ ∃y∗∀z V (x, y∗, z) = 1 and x /∈ L ⇐⇒ ∃z∗∀y V (x, y, z∗) = 0. Note that
the order of quantifiers here is different from that in Σp

2. The class is positioned between
PprMA ⊆ SP

2 ⊆ ZPPNP ⊆ Σp
2 ∩Πp

2.
However, this “win-win” approach could not be extended to input-oblivious classes, since

they typically do not contain NP (as otherwise PH would collapse). Indeed, for about two
decades, there was a gap between the best Karp–Lipton-style collapse and the smallest class
for which fixed-polynomial lower bounds were known. In particular, in [CR06], Chakaravarthy
and Roy defined the class OP

2 as the input-oblivious version of SP
2 . That is, rather than hav-

ing a (potentially different) irrefutable certificate for every input, there is a pair of irrefutable
“yes” and “no” certificates yn, zn for each input length n. In the same paper, it was shown
that the collapse goes all the way to OP

2 ⊆ SP
2 . Yet, for the reason mentioned above, the best

fixed-polynomial lower bound remained at SP
2 until the recent progress on the Range Avoidance

problem (that was originally known under the name the dual weak pigeon-hole principle, dW-
PHP), which eventually led to OP

2 ̸⊆ Size[nk] [GLV24]. More recently, [HV26] deepened the
collapse further to PprOMA ⊆ OP

2 , yet without matching fixed-polynomial lower bounds.
In a related earlier line of work, Santhanam [San09] established fixed-polynomial lower

bounds for prMA. This result is somewhat different in nature, since all the classes discussed
above (including PprMA) consist of languages, whereas prMA is a class of promise problems.
In particular, we note there is no immediate way to transfer a lower bound against prMA to
a seemingly “nearby” language class, such as MA,AM or even PprMA. For further discussion
of promise problems and how they differ from languages, see [GS88, BF99a, Gol06].

Range Avoidance and the Linear Ordering Principle. The Range Avoidance problem
(Avoid for short) is a total search problem, where we are given a Boolean circuit C : {0, 1}n →
{0, 1}m for m > n (one can think about popular parameters m = n + 1 or m = 2n), and we
are interested in finding a (certainly existing) point outside its image. Recently, Avoid has
received much attention [KKMP21, Kor22, CHR24, CHLR23, Li24, CHLR26, GLS26, FGJ+26]
partially rediscovering earlier works in logic (see e.g. [PWW88, Jeř04] and the survey [Kra25]).
A number of important problems have been reduced to it, most notably computing the truth
table of a hard function (given 12

n
, output a truth table of a function {0, 1}n → {0, 1} of circuit

complexity at least 2n/2 logn) and PRG (given 1n, output a pseudorandom generator against
n-input circuits of size n) [Kor22].

Another relevant problem, previously known as MIN in the bounded arithmetic community
[CK98] (find the smallest element of a linear order), has also gained renewed attention recently
following the introduction of the class LP

2 by Korten and Pitassi [KP24], based on the Linear
Ordering Principle (LOP for short). The LOP problem asks to find either the smallest element
or a breach of the linear order axioms in an implicitly described ordering relation, typically given
by a Boolean circuit. This class can be viewed as a particular case of SP

2 : now the “referee”
compares not just a yes-certificate against a no-certificate, but it must be able to compare
any two certificates according to a linear order (a certificate now starts with the answer bit,
certificates of the same polarity are also compared between themselves). As a result, we obtain
that LP

2 ⊆ SP
2 : the irrefutable certificate is the minimum of the linear order. Recently, this class

was shown to lie between two known classes, PprMA ⊆ LP
2 ⊆ PprSBP [HV26], and was placed

on the map of total functions by showing that LP
2 ⊆ UEOPLNP [GGLS25].
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Input-obliviousness and derandomization. One particular significance of LOP and LP
2 is

that Avoid and PRG reduce to them, as was shown by Korten and Pitassi [KP24]. On the other
hand, many prominent applications of Avoid actually require solving the uniform, or input-
oblivious, version of the problem. For instance, a single PRG or a single hard truth table suffices
for all inputs of the same length. In [HV26], it was observed that the above argument carries
over to the oblivious setting. Motivated by this observation, Hirsch and Volkovich defined a
new class OLP

2 as the input-oblivious version of LP
2 . Namely, for each input length n, it requires

two input-oblivious minima yn, zn of the linear order — for positive instances and negative
instances, respectively. They further observed that PRG reduces to OLP

2 . This observation,

in turn, led to new containment results: PprMA ⊆ POLP
2 ,NP and PprOMA ⊆ POLP

2 ,prONP.
They also defined a new class OprMA composed of those promise problems in prOMA that
can still be allowed to violate the bounded-error condition but not the input-oblivious condition
outside the promise set and showed that POprMA ⊆ POLP

2 ,ONP.

Hierarchies, dot-operators, and half-oblivious classes. A number of other input-oblivious
classes have been defined [CR06, FSW09, GM15, Aar07, AD14]. Yet, our understanding of their
computational power remains limited. Even the most basic question — what problems can be
solved in ONP? — remains open. All we know is that ONP contains RP [GM15], as well as
problems arising from computational Ramsey theory [GLV24].

Similarly to the polynomial hierarchy that is based on NP, one can define the random
hierarchy [Zac88] based on RP and the oblivious hierarchy (call it OH) based on ONP:

RH
∆
= RP ∪RPRP ∪RPRPRP

. . . ⊆ BPP,

OH
∆
= ONP ∪ONPONP ∪ONPONPONP

. . . ⊆ OP
2 .

It is unknown whether either hierarchy collapses or is equal to its natural upper bound, BPP
and OP

2 , respectively. These upper bounds follow from the containments RP ⊆ BPP and
ONP ⊆ OP

2 , together with the self-lowness of BPP [Zac82] and OP
2 [CR06].

Partial progress regarding the random hierarchy was made in [BF99a]. They showed that
replacing the RP oracle with an oracle for the corresponding promise problem class, prRP,
suffices to recover BPP. More precisely, a single oracle query suffices: BPP = RPprRP[1]. On
the other hand, they also established an oracle separation between RPRP and BPP. One can
ask the same questions about OH.

While defining a hierarchy based on a self-low class would be pointless, as such a hierarchy
would collapse, Chakaravarthy and Roy [CR06] introduced the oblivious symmetric alternation
hierarchy (OSH), based on a “half-oblivious” class NOP

2 that they defined. In NOP
2 , the

obliviousness property is required to hold only for negative instances, while the yes-certificates
may be arbitrary. They also proved that MA ⊆ NOP

2 .
In fact, [CR06] introduces OP

2 and NOP
2 using dot-operators OP

2
• and NOP

2
•. The history

of dot-operators started with classical nondeterministic computation. Classes of the (classical)
polynomial hierarchy have complete problems that completely characterize them in terms of
quantifiers. Wagner [Wag86] defined the first dot-operators as “quantifiers for classes”: for
example, for a class of languages C, one can define a new class ∃ • C consisting of languages
{x : ∃w ∈ {0, 1}p(|x|) (x,w) ∈ R} for some language R ∈ C and a polynomial p. In particular,
all oracle queries in a class of the polynomial hierarchy can be aggregated into a single query
of the polarity opposite to the polarity of the basic machine, for example, NPNP = ∃ • co-NP.
Later a number of dot-operators for different types of computations have been defined [ZF87,
Zac88, BS01, BGM06, CR06].
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Untrusted advice and two-stage computations. Aaronson and Drucker [Aar07, AD14]
studied the notion of “untrusted” advice. To this end, they defined the class “Yaroslav–Percival”
YP, consisting of languages L decided by a “zero-error” algorithm with advice. That is, for
every input length n, there exists an advice string sn such that, given sn, the algorithm outputs
the correct answer on all inputs of length n (both positive and negative). Yet, for any advice
string, the algorithm either outputs the correct answer or returns “I don’t know”. It is not hard
to see that this class is equal to ONP ∩ co-ONP. In particular, sn will serve as an oblivious
witness for both L and its complement! They also defined YP∗, a subclass of YP in which a
purported advice string s can be verified efficiently and obviously, that is, without access to the
input x; then the second stage gives the final answer using both s and x.

1.3 Our contribution

In this paper, we continue to investigate input-oblivious classes, with the goal of identifying and
mapping the classes within the second level of the polynomial hierarchy and, in particular, the
exact position of OLP

2 . Our contribution is threefold:

• We give a new equivalent definition to OLP
2 , identify this new class OMIN = OLP

2 as the
currently smallest (input-oblivious) class possessing fixed-polynomial lower bounds, and
investigate its structural properties.

• We define a new symmetric witness-sharing class SOUP, investigate it and use it for
proving an upper bound OLP

2 ⊆ SOUPONP[1] and similar-spirit upper bounds for several
other previously known classes.

• Last but not least, we give new characterizations and containment results for a number
of input-oblivious classes and also for a few related half-oblivious (such as NOP

2) and
non-oblivious (such as MA) classes.

(See the overview of class containments in Fig. 1, and a more detailed overview for classes based
on ONP and NP is given later in Fig. 2.)

Input-oblivious class(es) based on the Linear Ordering Principle (LOP) and their
new upper bound class. We begin by proposing a stricter yet equivalent reformulation for
the class OLP

2 introduced in [HV26]. We denote this class by OMIN (Theorem 3.4). As our
first result, we establish fixed-polynomial lower bounds for this class (Theorem 3.3).

More broadly, this new reformulation helps characterizing this class in terms of symmetric
input-oblivious unambiguous computations equipped with nondeterministic input-oblivious or-
acles. To this end, we introduce the class of input-oblivious unambiguous computations (OUP)
by requiring a nondeterministic polynomial-time machine to have the same unique witness for
all positive instances of the same length (thus, for each input length, there can only be one
witness that this machine accepts). Since OLP

2 = OMIN is a symmetric class, the upper
bounds we consider naturally take the form of intersections with their complements, such as
(OUP∩ co-OUP)ONP to begin with. We then show that the unique oblivious witness can be
made the same for both positive and negative instances: we introduce the class SOUP as a
same-witness version of OUP∩ co-OUP and prove that OLP

2 ⊆ SOUPONP[1] (Theorem 5.2).
Observe that the newly introduced class OMIN and the class YP∗ of [AD14] share a

common feature: the computation is divided into two stages: first, an input-oblivious procedure
verifies a witness/minimum (forOMIN, a comparison algorithm that depends only on the input
length identifies the minimum, whereas in YP∗, the validity of the advice string is verified based
only on the input length). The verified witness/minimum is then used to produce the answer.
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Figure 1: Overview of containments. Legend: solid arrow or equivalence — interesting contain-
ment, dashed arrow — this containment is trivial or follows from other results, dotted arrow —
not discussed in the paper, shown to give a better perspective. The full version contains more
details.

Additionally, one can also view SOUP as an unambiguous version of YP and, in fact, of YP∗.
To see this, consider a variant of YP in which, for each input length n, there is a unique correct
advice string sn. By uniqueness, a purported advice string s can be verified without access to
the input x: simply run the procedure on x = 0n. The output will be different from “I don’t
know” if and only if s is the correct advice string. Indeed, since there is only one correct advice
string for each input length, any advice string that passes this verification must be that unique
string.

Further structural properties of OLP
2 and SOUP and their applications to deran-

domization. We begin by proving that OLP
2 and SOUPA are closed under polynomial-time

Turing reductions (Theorems 4.1 and 4.3), where the latter holds for any oracle A. It im-
plies upper bounds for two intermediate classes that appear in several derandomization results:
POLP

2 ,ONP ⊆ SOUPONP and POLP
2 ,NP ⊆ SOUPNP.

Subsequently, in Corollary 6.13 we prove that OLP
2 is also closed under randomized re-

ductions, that is, BPPOLP
2 = OLP

2 . Note that prior to our work, it was known that LP
2 is

closed under deterministic polynomial-time Turing reductions [KP24], but whether the anal-
ogous closure property holds for OLP

2 was open. Indeed, establishing the stronger statement

BPPLP
2 = LP

2 would imply thatAM ⊆ Σp
2, thereby resolving a longstanding open problem. Go-

ing back to our results, we actually prove a stronger statement: BPPA,OLP
2 = PA,OLP

2 for every
oracle A ∈ P/poly. In particular, this implies that BPPOLP

2 ,ONP = POLP
2 ,ONP. Therefore,

SOUPONP contains BPPOLP
2 ,ONP and POprMA, while SOUPNP contains PprMA.
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Symmetric input-oblivious and half-oblivious classes and the power of
input-oblivious promise oracles. To understand better the relative position of SOUPONP

(and thus OLP
2) in the complexity landscape, we introduce the input-oblivious hierarchy OH

by replacing the role of NP in the polynomial hierarchy with ONP. Note that it is not even
clear whether OP

2 , defined in [CR06] as the input-oblivious version of SP
2 , is contained in OH.

Motivated by these questions, we investigate some of the natural complexity classes that sit at
the second level of OH and their relationships with “half-oblivious” classes.

Our results characterize the classes OP
2 and NOP

2 by proving that OP
2 = ONPprONP (The-

orem 4.7) and NOP
2 = NPprONP (Theorem 4.8). Along the way, we recover a lowness result

that is interesting in its own right: prOP
2 is low for OP

2 , NOP
2 , and SP

2 (Theorem 4.6).
We also prove several dot-operator versions of our results. In particular, we show that

oracle queries to ONP, and even to prONP, can be aggregated, provided that the base class
is “sufficiently powerful”. It is worth noting that while query aggregation within the levels
of the polynomial hierarchy is a classical result, it does not immediately carry over to input-
oblivious setting. Finally, we establish the containment NOP

2 = NPprONP ⊆ co-ONPNP (and
an even stronger containment in the dot-operator notation), which demonstrates a surprising
quantifier-swapping phenomenon for the input-oblivious universal quantifier (dot operator).

Tighter containments for Merlin-Arthur classes. Even though OLP
2 helps derandomize

large classes, such as PprMA, we can obtain tighter results for MA and OMA. Chakaravarthy
and Roy [CR06] showed that MA ⊆ NOP

2 and OMA ⊆ OP
2 . In Theorem 6.4, we strengthen the

former containment in two incomparable ways. First, we show that MA ⊆ NPOLP
2 ⊆ NPONP

(recall that we already establishedNOP
2 = NPprONP). Second, we show thatMA ⊆ NPOLP

2 ⊆
NOLP

2 , where NOLP
2 = ∃ • OLP

2 ⊆ NOP
2 is a half-oblivious analogue of OLP

2 , introduced in a
similar fashion to NOP

2 .
For the oblivious class OMA, we characterize it as OMA = BP • prONP. This stands in

sharp contrast with the non-oblivious case where AM = BP • NP [ZF87, Sch89]. Even though
our result that POprMA ⊆ SOUPONP already puts OMA in OUPONP, we prove a tighter
containment in terms of the dot-operator (Theorem 6.5). This, in turn, leads to a surprising
outcome (Corollary 6.8): when applied to promise co-ONP problems, the randomized dot-
operator BP• can be replaced by the universal unambiguous input-oblivious operator!

1.4 Overview of our paper

1.4.1 The Korten–Pitassi linear order and a new single-minimum class

Korten and Pitassi [KP24] defined a polynomial-time decidable linear ordering such that its
minimum contains a solution to Avoid. Since [Li24, Kor22] reduced the problem of finding a
hard truth table to Avoid, we can take the relevant instance of Avoid and then its solution will
be the minimum; one can easily extract the hard truth table from this string (for our purpose
of lower bounds of size-nk circuits, this truth table will list the answers for the first n2k inputs,
so it won’t be too large). We want our language to correspond to a specific hard function, thus
this truth table is the same for every input of the same length n, so the Avoid instance and
the minimum of the linear order are input-oblivious. It gives rise to the following class OMIN:
its computational model consists of

1. A polynomial-time decidable linear order that depends on the length of the input (but
not on the input itself).

2. A polynomial-time deterministic “decoder” that, given both the input and the minimum
of this linear order, outputs the accept/reject decision.
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Formalizing the above argument shows fixed-polynomial lower bounds for OMIN:

Theorem (Theorem 3.3). For every k ≥ 1, there is an Lk ∈ OMIN that does not have circuits
of size knk.

We further prove that this class is in fact an equivalent simplified definition of OLP
2 :

Theorem (Theorem 3.4). OMIN = OLP
2 .

The difference between the two definitions is that in OLP
2 only the minimum is input-

oblivious, while the ordering may depend on the input; moreover, there are two different input-
oblivious minima: the minimum for yes- and the minimum for no-instances. We then set up
a single linear ordering in which the minimum will contain both minima; more exactly it will
contain the minimum Rn for the input 0n and the minimum Sn for inputs that have the answer
opposite to that for 0n.

A subtle difficulty is that OLP
2 uses the input in order to compare the elements; it would

be OK to use a different distinguished input of the same polarity (thus making the comparison
input-oblivious), but what if it does not exist? We overcome this obstacle by including a
possible input string y (this is not our real input string) to the elements that we compare (thus,
we compare triples: a candidate Rn, a possible input y, and a candidate Sn), and the order will
prefer lexicographically smaller possible inputs. As a result, in the case where the language has
the same answer for every input of length n, our minimum will still contain Rn.

We prove that this class has a useful property: it is polynomial-time Turing-closed.

Theorem (Theorem 4.1). POMIN = OMIN.

We later repeat this proof idea for other input-oblivious classes: a witness (an element of the
order) for the new machine will include all potential oblivious witnesses for the oracle machine
(since the basic machine is polynomial time, it can make queries for a polynomial number of
lengths, thus a polynomial number of witnesses suffices). Since by definition of OMIN the
linear order is input-oblivious, we do not need actual queries in order to compare each pair of
the respective witnesses, thus the new order will be oblivious as well, and its minimum will
provide the minima for the oracle for every potential query length.

We will strengthen this theorem to randomized reductions later (but the new proof will use
this theorem as “the basic case”).

1.4.2 Dot-operators, query aggregation, and the oblivious hierarchy

Let us take a small detour before proceeding to the applications of OMIN and our character-
izations of other input-oblivious classes. We first settle several structural questions inside OP

2 ,
NOP

2 , and the oblivious hierarchy classes contained in OP
2 .

We show that OP
2 = ONPprONP[1]! In fact, we prove a stronger result generalizing the

lowness of the class of languages OP
2 for OP

2 and SP
2 [CR06]. Our proof builds on and extends

a result of [HV26], which shows that PprOP
2 = OP

2 :

Theorem (Theorem 4.6). prOP
2 is low for OP

2 , NOP
2 , and SP

2 .

This theorem helps us to characterize not only OP
2 as OP

2 = ONPprONP but also NOP
2 as

NOP
2 = NPprONP. Moreover, we prove that, similarly to the classical polynomial hierarchy,

queries to oblivious classes can be aggregated and formulated using the corresponding dot
operator. To this end, we introduce the oblivious dot-operators ∃o• and ∀o• by requiring that
the witness be input-oblivious. In addition to proving the aggregation results, we observe a

9



somewhat surprising phenomenon: given two alternating “quantifiers” ∃y ∀oz, where the second
quantifier is oblivious and the first one is not, one can swap them, yielding a class of the opposite
polarity (one can find here also an analogy with MA ⊆ AM). We prove:

Theorem (Theorems 4.4, 4.7, 4.8).

• ONPONP = ∃o • co-ONP and ONPprONP = ∃o • pr co-ONP = OP
2 .

• NPONP = ∃ • co-ONP and NPprONP = ∃ • pr co-ONP = NOP
2 ⊆ ∀o • NP.

We remark that since ONP ⊆ NP and NP is a “syntactic” class, any promise problem in
prONP can be “completed” to an NP language and, as a result, an prONP oracle can be
replaced with an NP oracle.

This is where our detour ends and we return to the applications of OMIN.

1.4.3 Same-witness symmetric input-oblivious unambiguous classes and deran-
domization

The minimum element m of a linear order (see Section 1.4.1) is uniquely determined and can
therefore serve as an unambiguous witness. To verify that m is indeed the minimum element, it
suffices to check that there is no smaller element, which is a co-NP query. Furthermore, m itself
can serve as an oblivious proof that a different element m′ is not the minimum. This allows us
to turn the query into a co-ONP query. This results in OLP

2 = OMIN ⊆ OUPONP[1]. (Note
that while one might hope to strengthen this further to OUPOUP, there is no immediate way
to achieve it: if m′ is not the minimum, then any element smaller than m′ can serve as a witness
to its non-minimality and there is no obvious way to select a single distinguished witness.)

Since the classes we are dealing with are symmetric (i.e., closed under complement), we
actually end up in (OUP ∩ co-OUP)ONP[1]. However, there is more to it: since our class
OMIN has the same minimum for both positive and negative instances, we can assume that
the unambiguous witness is the same single witness on both sides. This is where our SOUP
(same-witness oblivious unique) class comes into play. It also has a useful property: it is closed
under polynomial-time Turing reductions, and this closure property relativizes.

Theorem (Theorem 4.3). For any oracle A, PSOUPA
= SOUPA.

The reason is that one can test a candidate unambiguous witness of length i on the input
x = 0i: either the OUP or the co-OUP computation must accept this input. In total,

Theorem (Theorem 5.2 (part)). OMIN ⊆ SOUPONP[1].

Even though in this same theorem we put OMIN even deeper by formulating this upper
bound using an appropriate dot-operator, the classes SOUPONP and SOUPNP turn out to
be useful because of the Turing-closure property. We substitute our upper bound for OMIN =
OLP

2 into the intermediate classes POLP
2 ,ONP and POLP

2 ,NP that were used in [HV26] for
derandomizing POprMA and PprMA, respectively. Thus we get

POprMA ⊆ POLP
2 ,ONP ⊆ PSOUPONP,ONP = PSOUPONP

= SOUPONP,

and similarly PprMA ⊆ SOUPNP.
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1.4.4 Trading OLP
2 for ONP, and tighter upper bounds for MA and OMA

The SOUPONP upper bound for OLP
2 and the closure properties of our classes result in a

possibility to replace an OLP
2 oracle by an ONP oracle in many cases:

Corollary (Corollary 5.3 (part)). COLP
2 ⊆ CONP, where C = NP, ONP, UP, or OUP.

The derandomization results of [HV26] mentioned above were obtained by observing that
Korten’s PRG is input-oblivious and thus can be constructed by querying OLP

2 :

Lemma (Lemma 6.2 ([HV26, Proposition 5.5])). PRG can be computed in deterministic poly-
nomial time, given oracle access to OLP

2 .

By using it we obtain an upper bound MA ⊆ NPOLP
2 . Then by the oracle replacement

corollary above, we continue to MA ⊆ NPONP and MA ⊆ NOLP
2 , which gives two incompa-

rable ways of improving the MA ⊆ NOP
2 bound of [CR06].

Similar upper bounds for OMA follow from our more general derandomization results for
POprMA. However, we can get a tighter derandomization. By following the same idea of
replacing the minimum of the oblivious version of the Korten–Pitassi linear order by oblivious
unambiguous computations with subsequent co-ONP verification (and thus using Korten’s
PRG in this framework), we prove a tighter upper bound for co-OMA. The reason is that
another oracle query is to a promise problem in co-ONP for the derandomized version, and
since both oracle queries are of the same polarity (co-ONP), we can aggregate them into a
single query and subsequently replace this oracle by a special dot-operator. To this end we
introduce one more dot-operator ∃ou• (along with its complementary dot-operator ∀ou•): its
witnesses are both oblivious and unambiguous (i.e. for all the positive inputs of the same
length there exist a unique witness).

Theorem (Theorem 6.5). co-OMA ⊆ ∃ou • pr co-ONP.

On the other hand, we fully characterize OMA by observing that switching to promise
problems is enough to define it via the BP• operator (in contrast to AM = BP • NP!).

Lemma (Lemma 6.7). OMA = BP • prONP.

Thus we can trade BP• for ∃ou• in this case: BP • pr co-ONP ⊆ ∃ou • pr co-ONP!

1.4.5 Derandomization of BPP-based classes

By definition, PRGs are designed to “fool” computations performed by small circuits (and,
consequently, by polynomial-time Turing machines). However, their guarantees may no longer
hold when we allow oracle queries or oracle gates in our circuits or computations. On the other
hand, if the oracle itself can be implemented by small circuits, then the entire computation can
be simulated by small, oracle-free circuits.

In [HV26], it was shown that a PRG can be computed in polynomial time with oracle access
to OLP

2 . The above observation allows us to extend this argument to BPP-based classes with
oracles computable in P/poly. Formally, we prove the following:

Lemma (Lemma 6.12). Suppose A ∈ P/poly. Then BPPA ⊆ PA,OLP
2 .

The proof idea is first to use the OLP
2 oracle access in order to construct a PRG and then

use the PRG to derandomize BPPA. As a consequence, we obtain that OLP
2 is closed under

randomized reductions: BPPOLP
2 = OLP

2 . It also follows that for such oracles, BPPA,OLP
2 =

PA,OLP
2 , thus by using A = ONP we prove that the important intermediate class mentioned

before is closed under randomized reductions: BPPONP,OLP
2 = PONP,OLP

2 .
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2 Definitions and Basics

2.1 Notation agreement and a technical lemma about linear orders

We assume that all nondeterministic witnesses for the same input length are of the same length
either, therefore even when a computation requires more than a single witness, we switch freely
between concatenations like xuv (i.e., x◦u◦v) and tuples like (x, u, v), because know the length
of each element of the tuple. We assume that witness length is a monotone function of the input
length growing at least as fast as f(n) = n, thus we never hit a length collision (if |x1| ̸= |x2|,
then |(x1, w1)| ̸= |(x2, w2)|).

In what follows, we denote by <lex the lexicographic order on {0, 1}∗. The following simple
lemma will be useful in some of our proofs.

Lemma 2.1. Let ϕ : X → Y be an injective map such that <Y is a strict linear order on Y .
Then the relation a <X b ⇐⇒ ϕ(a) <Y ϕ(b) forms a strict linear order on X.

2.2 Input-oblivious nondeterministic and symmetric computations

We remind the definitions of ONP and OMA [FSW09] (the input-oblivious versions of NP
and MA), as well as of OP

2 [CR06] (the input-oblivious version of SP
2). We define the promise

versions of these classes; the classes of languages are defined as particular cases of the respective
promise classes.

Definition 2.2 (prONP, ONP). A promise problem (ΠYES,ΠNO) belongs to prONP if there
is a polynomial p, a deterministic polynomial-time verifier V computing a binary relation in
{0, 1}n × {0, 1}p(n), and a sequence of p(n)-bit strings (yn)n∈N such that

• ∀x ∈ ΠYES ∩ {0, 1}n V (x, yn) = 1,

• ∀x ∈ ΠNO ∀y V (x, y) = 0.

The class of languages ONP corresponds to languages in prONP (i.e., ΠYES = ΠNO).

Remark 2.3. By definition, ONP ⊆ NP. Moreover, since ONP is a “semantic” class, a
prONP machine may behave arbitrarily outside the promise set. This is not the case for NP,
since every NP machine decides some language. Consequently, any promise problem in prONP
can be “completed” to an NP language. In particular, this means that an prONP oracle can
be replaced with an NP oracle.

A promise problem equivalent of OMA comes in two versions, a more general version
prOMA and a restricted version OprMA [HV26]:

Definition 2.4 (prOMA,OprMA,OMA). A promise problem (ΠYES,ΠNO) belongs to prOMA
if there is a polynomial p, a deterministic polynomial-time Turing machine V computing a
ternary relation in {0, 1}n × {0, 1}p(n) × {0, 1}p(n), and a sequence of p(n)-bit strings (yn)n∈N
such that

• ∀x ∈ ΠYES ∩ {0, 1}n ∀r ∈ {0, 1}p(n) V (x, yn) = 1,

• ∀x ∈ ΠNO ∀y Prr{V (x, y, r) = 1} < 1
4 .

The problem belongs to OprMA if additionally yn is oblivious even beyond the promise set,
i.e.,

• If x /∈ ΠYES, then ∀y Prr[V (x, y, r) = 1] < 1.
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The class of languages OMA corresponds to languages in prOMA (i.e., ΠYES = ΠNO).

One can also define a two-sided version of OMA, which is equivalent to the one-sided
version similarly to the non-oblivious case.

Chakaravarthy and Roy defined OP
2 [CR06]. We give this definition in the promise version:

Definition 2.5 (prOP
2 , OP

2). A promise problem (ΠYES,ΠNO) belongs to prOP
2 if there is a

polynomial p, a polynomial-time deterministic Turing machine V computing a ternary predicate
{0, 1}n × {0, 1}p(n) × {0, 1}p(n) (we use the notation Vx(u,w) to denote its result), and two
sequences of p(n)-bit strings (yn)n∈N, (zn)n∈N such that

• ∀x ∈ ΠYES ∩ {0, 1}n ∀z Vx(yn, z) = 1,

• ∀x ∈ ΠNO ∩ {0, 1}n ∀y Vx(y, zn) = 0.

These strings yn and zn are called input-oblivious irrefutable certificates of the yes- and no-
answer, respectively.

The class of languages OP
2 corresponds to languages in prOP

2 (i.e., ΠYES = ΠNO).

2.3 Input-oblivious unambiguous computations

We define the input-oblivious version of UP (Unambiguous Polynomial-Time), the class intro-
duced by Valiant [Val76]. Recall that UP is a subclass of NP in which every “yes” input x
has a unique accepting witness. However, this witness may depend on the input. We define an
oblivious variant by requiring that, for every input length, the unique accepting witness is the
same for all “yes” inputs of a given length.

Definition 2.6 (OUP). A language L belongs to OUP if there is a polynomial p, polynomial-
time deterministic Turing machine M computing a binary relation in {0, 1}n × {0, 1}p(n), and
a sequence of p(n)-bit strings (wn)n∈N (oblivious unambiguous witnesses) such that:

• (uniqueness) for every x ∈ {0, 1}n, for every u ̸= wn, M(x, u) = 0.

• ∀x ∈ L ∩ {0, 1}n M(x,wn) = 1,

• ∀x ∈ L ∩ {0, 1}n ∀u ∈ {0, 1}p(n) M(x, u) = 0.

Note that if L ∩ {0, 1}n = ∅, then any wn would do the job, in particular wn = 0p(n).
We also introduce a symmetric version of the unambiguous oblivious computations. It is

similar to OUP ∩ co-OUP, but the two unique witnesses must be equal.

Definition 2.7 (SOUP). A language L belongs to SOUP if there is a polynomial p, polynomial-
time deterministic Turing machines Y and Z computing binary relations in {0, 1}n×{0, 1}p(n),
and a sequence of p(n)-bit strings (wn)n∈N such that:

• (uniqueness) for every x ∈ {0, 1}n, for every u ̸= wn, Y (x, u) = 0 and Z(x, u) = 0.

• ∀x ∈ L ∩ {0, 1}n Y (x,wn) = 1,

• ∀x ∈ L ∩ {0, 1}n ∀u ∈ {0, 1}p(n) Y (x, u) = 0,

• ∀x ∈ L ∩ {0, 1}n Z(x,wn) = 1,

• ∀x ∈ L ∩ {0, 1}n ∀u ∈ {0, 1}p(n) Z(x, u) = 0.

Obviously, SOUP ⊆ OUP ∩ co-OUP.
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2.4 Dot operators

The first dot-operator was introduced by Wagner [Wag86], and then more of them were defined
by by Zachos and Fürer [ZF87, Zac88] and then by Schöning [Sch89] and Böhler, Glaßer, and
Meister [BGM06]. They have been used extensively in the literature afterwards, sometimes
applied to promise problems as well; Borchert and Silvestri [BS01] wrote on a general notion of
such and operator. To avoid ambiguity, in this section we give formal definitions in this context
(dot-operators for languages are a particular case of these definitions).

Definition 2.8 (dot operators).

1. We define the dot-operator ∃• for promise classes as follows: L ∈ ∃ • pr C if there is a
promise problem (ΠYES,ΠNO) ∈ C and a polynomial p such that for every x ∈ {0, 1}∗,

x ∈ L ⇒ ∃w ∈ {0, 1}p(|x|) (x,w) ∈ ΠYES,

x /∈ L ⇒ ∀w ∈ {0, 1}p(|x|) (x,w) ∈ ΠNO.

We remark that “queries” that are made outside the promise set (that is, by the quantified
∃w when w is unsuccessful) do not influence the answer, thus it intuitively corresponds to
“loose” oracle access (like, for example, the model used in [CR11]). We will also use the
notation L = ∃ • Π.

The dot-operator ∀• for promise classes is defined analogously. These generalize the cor-
responding notations for languages.

2. The dot-operators ∃o•, ∃u•, and ∃ou• are defined similarly, when the corresponding witness
w must be input-oblivious, unique, or unique and input-oblivious, respectively.

For instance, in the latter case there is a single witness for each and every positive input
of the same length, and this is the same witness for all of them.)

3. The four opposite dot-operators ∀•, ∀o•, ∀u•, and ∀ou• are defined by symmetry:

x ∈ L ⇒ ∀w ∈ {0, 1}p(|x|) (x,w) ∈ ΠYES,

x /∈ L ⇒ ∃w ∈ {0, 1}p(|x|) (x,w) ∈ ΠNO.

Witnesses (that need to be input-oblivious or unique) are now for the negative instances.

In particular, ∃ • (ΠYES,ΠNO) = ∀(ΠNO,ΠYES) (thus, co-∃ • C = ∀ • co- C, where co- for
promise problems exchanges ΠYES and ΠNO sets) and the same holds for the other three
pairs.

4. Let Π = (ΠYES,ΠNO) be a promise problem. We say that L ∈ BP • Π, if there exists a
polynomial p(n) such that:

• x ∈ L =⇒ Pr
r∈{0,1}p(|x|) [(x, r) ∈ ΠYES] ≥ 3/4.

• x /∈ L =⇒ Pr
r∈{0,1}p(|x|) [(x, r) ∈ ΠNO] ≥ 3/4.

Dot-operators for languages are particular cases of dot-operators for promise classes. There-
fore, in particular, ONP = ∃o • P and OUP = ∃ou • P. Additionally, we define a special
restricted version of second-order co-cap classes:

Definition 2.9 (SOUON, SOUprON). Define SOUON as a restricted version of ∃ou •

co-ONP∩∀ou•ONP where the two unique oblivious witnesses (for “yes” and for “no”) coincide.
Define similarly SOUprON based on ∃ou • pr co-ONP ∩ ∀ou • prONP.
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2.5 Computations based on the Linear Ordering Principle

2.5.1 Known classes (basic and input-oblivious)

We begin by recalling the definitions of the regular and the input-oblivious versions of LP
2 .

Definition 2.10 (LP
2 [KP24]). A language L belongs to LP

2 if there is a polynomial p, polynomial-
time deterministic Turing machine V computing a ternary predicate {0, 1}n × {0, 1}p(n) ×
{0, 1}p(n) (we use the notation Vx(u,w) to denote its result) such that:

• for every x, Vx is a strict linear order (define u <x w iff Vx(u,w) = 1),

• ∀x ∈ L ∩ {0, 1}n min <x starts with 1,

• ∀x ∈ L ∩ {0, 1}n min <x starts with 0.

The following lemma generalizes NP ⊆ LP
2 [KP24] and states specific features of the con-

structed linear ordering that will be used later:

Lemma 2.11. Let L ∈ NP and let M(x,w) be the corresponding polynomial-time verifier
with |w| = p(|x|) for some polynomial p. Consider the following relation on strings bw when

b ∈ {0, 1} and w ∈ {0, 1}p(n):

bw <x b′w′ ⇐⇒
(
b⊕M(x,w), b̄, w

)
<ℓex

(
b′ ⊕M(x,w′), b̄′, w′

)
.

Then for every x, the relation <x forms a strict linear order. Furthermore,

• If x ∈ L then min <x = 1wx-min, when wx-min = min<ℓex

{
w ∈ {0, 1}p(|x|) | M(x,w) = 1

}
.

• If x ∈ L then min <x = 0p(|x|)+1.

Proof. Since the map ϕ(b, w) =
(
b⊕M(x,w), b̄, w

)
is injective, by Lemma 2.1, the relation <x

forms a strict linear order. We now establish the claim about the respective minima.

• Let x ∈ L. Assume for a contradiction that b′w′ <x 1wx-min. Since ϕ(1, wx-min) =
(0, 0, wx-min), it must be the case that b′ ⊕ M(x,w′) = 0, b̄′ = 0 and w′ <ℓex wx-min.
However, this in turn implies that M(x,w′) = 1, contradicting the definition of wx-min.

• Let x ∈ L. As before, assume for a contradiction that b′w′ <x 0p(n)+1. Since ϕ(0, 0p(n)) =
(0, 1, 0p(n)), it must be the case that b′ ⊕ M(x,w′) = 0 and b̄′ = 0. Consequently,
M(x,w′) = 1. However, recall that by definition in this case ∀w M(x,w) = 0.

Definition 2.12 (OLP
2 [HV26]). A language L belongs to OLP

2 if there is a polynomial p,
polynomial-time deterministic Turing machine V computing a ternary predicate {0, 1}n ×
{0, 1}p(n) × {0, 1}p(n) (we use the notation Vx(u,w) to denote its result), and two sequences
of p(n)-bit strings (yn)n∈N, (zn)n∈N such that:

• for every x, Vx is a strict linear order (define u <x w iff Vx(u,w) = 1),

• ∀x ∈ L ∩ {0, 1}n min <x = 1yn,

• ∀x ∈ L ∩ {0, 1}n min <x = 0zn.

Despite NP ⊆ LP
2 (and even PNP ⊆ LP

2) [KP24], it is unclear whether ONP ⊆ OLP
2 .

However, we can at least prove that OUP ⊆ OLP
2 .

Theorem 2.13. OUP ⊆ OLP
2 .
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Proof. Consider a polynomial-time verifier M(x,w) with input-oblivious and unique witnesses
(wn)n∈N. Consider the linear order <x given by Lemma 2.11.

We now show that the minima of this order are input-oblivious. For x ∈ L ∩ {0, 1}n this is
trivial as the minimum is 0p(n)+1. For x ∈ L ∩ {0, 1}n, we claim that min <x = 1wn. Assume
for a contradiction that b′w′ <x 1wn. Since ϕ(1, wn) = (0, 0, wn), it must be the case that
b′ ⊕M(x,w′) = 0, b̄′ = 0 and w <ℓex w′. However, this in turn implies that M(x,w′) = 1. Yet,
by uniqueness w′ = wn.

2.5.2 “Half-oblivious” linear ordering

Chakaravarthy and Roy [CR06] defined a “half-oblivious” class NOP
2 where witnesses are input-

oblivious on one side only (thus this class contains NP). We do the same for a similar class
based on the Linear Order Principle.

Definition 2.14 (NOP
2 [CR06]). A language L belongs to NOP

2 if there is a polynomial p,
a polynomial-time deterministic Turing machine V computing a ternary predicate {0, 1}n ×
{0, 1}p(n) × {0, 1}p(n) (we use the notation Vx(u,w) to denote its result), and a sequence of
p(n)-bit strings (zn)n∈N such that

• ∀x ∈ L ∃y ∀z Vx(y, z) = 1,

• ∀x ∈ L ∩ {0, 1}n ∀y Vx(y, zn) = 0.

Definition 2.15 (NOLP
2). A language L belongs to NOLP

2 if there is a polynomial p, a
polynomial-time deterministic Turing machine V computing a ternary predicate {0, 1}n ×
{0, 1}p(n) × {0, 1}p(n) (we use the notation Vx(u,w) to denote its result), and a sequence of
p(n)-bit strings (zn)n∈N such that:

• for every x, Vx is a strict linear order (define u <x w iff Vx(u,w) = 1),

• ∀x ∈ L min <x starts with 1,

• ∀x ∈ L ∩ {0, 1}n min <x = 0zn.

Even though the following proposition is strengthened in what follows, it is very natural and
it is good to note it now for its simplicity:

Proposition 2.16. NP ⊆ NOLP
2 .

Proof. Observe that in Lemma 2.11 the “no”-minimum of <x is 0n+1 and thus input-oblivious.

2.5.3 A new input-oblivious linear order class

We define a class of languages such that acceptance and rejection can be determined in poly-
nomial time from the minimum of a polynomial-time linear order, in which the linear order is
oblivious: it is a function only of the input length.

Definition 2.17. We say that L ∈ OMIN if there is a polynomial p, a deterministic polynomial-
time Turing machine D, and a deterministic Turing machine V (1n, y, z) working in time poly-
nomial in n that, for every n ∈ N, computes a linear order <n on p(n)-bit strings such that, for
every x ∈ {0, 1}n, we have

x ∈ L ⇐⇒ D
(
x,min<n

)
= 1

where min<n is the unique minimum of the order. That is, every input of length n can be
determined in polynomial time once we have access to the minimum element of this oblivious
linear ordering.
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3 OLP

2 = OMIN and contains hard functions

In this section, we show that OLP
2 has a simplified “normal form”, as the class OMIN. We

will need the following theorem of Korten and Pitassi.

Lemma 3.1 ([KP24, Theorem 1]). There is a polynomial p(n) and a polynomial-time algorithm
V (C, u, v) that defines a linear ordering u <C v ⇐⇒ V (C, u, v) = 1, where u, v ∈ {0, 1}p(|C|)
and C is a Boolean circuit that outputs twice as many bits as its input bits, and there is a
polynomial-time algorithm D(1n, C,m) that outputs y ̸∈ Im (C), given the minimum element m
of the ordering <C .

We will also need the following simple “truth table generator” [Kor21].

Proposition 3.2. For every positive k, there is a polynomial time algorithm Ek which expects
an input C of length N = ⌊n2k/2⌋ (for some parameter n), interprets C as the encoding of a
circuit of size knk with 2k log n input bits, and outputs the n2k-bit truth table of C: the outputs
of C over all possible inputs.

This algorithm can be seen as an instance of Range Avoidance (as defined in the introduc-
tion), as its output lengths always exceed its input lengths.

Theorem 3.3. For every k ≥ 1, there is an Lk ∈ OMIN that does not have circuits of size
knk.

In fact, the hard language only ever accepts on the lexicographically first n2k inputs of length
n (it is sparse) and the lower bound holds almost everywhere.

Proof. Fix a constant k. Let Ek
n be the truth table generator (from Proposition 3.2) that takes

in an input of length n2k/2, construes it as a circuit of size at most knk with 2k logn input bits,
then outputs a n2k-bit truth table (the values of the circuit on the lexicographically first n2k

inputs). As in prior works (e.g. [Kor21]), we note that since the length of the output of Ek is
greater than the length of its input, we have that for all n there is a string of length n2k that
is not in the range of Ek. Our task is to construct such a string, as it will not have knk-size
circuits.

We start with the linear ordering of Korten and Pitassi [KP24] given by Lemma 3.1; since
Ek

n can be generated in time polynomial in n this lemma gives a polynomial-time algorithm
D(1n,mn) that outputs yn = D(1n,mn) not in Im(Ek

n), where mn is the minimum element of
their ordering. By construction, yn is the truth table of a function that does not have knk-size
circuits. For simplicity let |yn| = q(n) and |mn| = p(n) in the following. We set up an input-
oblivious polynomial-time computable linear ordering <n on q(n) + p(n) length strings with
minimum element ynmn.

In particular, we define the ordering as follows: given yz and y′z′, we say yz <n y′z′ iff
either

• z < z′ according to the Korten–Pitassi order, or

• z = z′ and y = D(1n, z) and y′ ̸= D(1n, z), or

• z = z′, y ̸= D(1n, z), y′ ̸= D(1n, z), and y is less than y′ in the lexicographic order.

We observe that the minimum element of this linear ordering is precisely ynmn. Since yn is
the truth table of a hard function, our polynomial-time decoder D(x, yn) can just index into
the bits of yn (i.e., D(x, yn) outputs the x-th bit of yn if x is sufficiently small, else D(x, yn)
outputs 0). We have therefore constructed a language L ∈ OMIN that does not have knk-size
circuits.
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Our next result shows that the newly defined class OMIN coincides with the class based
on the oblivious linear ordering principle introduced in [HV26]. In particular, this equivalence
shows that requiring the same oblivious minima is equivalent to requiring the same oblivious
linear order.

Theorem 3.4. OMIN = OLP
2 .

Proof. First we show OMIN ⊆ OLP
2 . Let L ∈ OMIN, and let D be its decoder. For x ∈

{0, 1}n, we define a linear ordering <x as follows on strings of length p(n)+1. For bits a, a′ and
bit strings u, u′ of length p(n), we define au <x a′u′ if and only if either (u <n u′) or (u = u′

and a = D(x, u) and a′ ̸= D(x, u)). We observe that the minimum of <x is L(x)min<n . This
construction works on both yes and no inputs; therefore L ∈ OLP

2 .
Next we show the harder direction, OLP

2 ⊆ OMIN. Let L ∈ OLP
2 . On every input x of

length n, there is a polynomial-time computable linear ordering <x on (t(n) + 1)-bit strings,
with two possible minima: 1yn and 0zn for yes- and no-instances of length n, respectively, where
yn and zn are t(n)-bit strings.

Fix an input length n. We will design a single oblivious linear ordering that will include yn
and zn in the minimum, thus we will be able to decide L(x) on all strings of length n.

First, let Rn = bnrn be the minimum with respect to the input 0n. By definition of OLP
2 ,

either Rn = 1yn or Rn = 0zn. Also by definition, L(0n) = bn.
Let Sn = (1 − bn)sn be the other possible minimum, namely the string distinct from Rn.

Observe that
L(x) ̸= bn ⇐⇒ Sn <x Rn.

Consequently,
L(x) = bn ⊕

[
Sn <x Rn

]
.

Thus, if we could set up a linear ordering in which we have access to both Rn and Sn in the
minimum element of that ordering, we could decide L(x) with some decoder D.

Our goal is to construct an oblivious order such that:

1. If some input of length n has an answer different from L(0n) = bn, then the minimum
element contains both Rn and Sn, and

2. If all inputs of length n have the same answer, then the minimum contains Rn = L(0n)rn.
In this case, the answer L(0n) already suffices.

This will allow us to decode the answer L(x) for all x, from the minimum element.
The new ordering is over triples (r′, y, s′), where y is an n-bit string and r′, s′ are (t(n)+1)-

bit strings. To compare two triples, we first compare their r′ strings with respect to <0n , and
prefer the triple with smaller r′ wrt this ordering. Thus, the minimum triple must have r′ = Rn.
Among those triples with the same component r′, the ordering then prefers triples such that
s′ <y r′ (over triples for which this property does not hold). If a pair of triples either both
satisfy s′ <y r′ or both fail to satisfy it, then the ordering prefers the triple with the smaller
y in lex order. Finally, for those remaining pairs of triples whose ordering has not yet been
determined, the ordering prefers the triple with the smaller s′ under <y (they have the same
y).

If L(x) = L(0n) for every x of length n, then we claim that the minimum of the ordering
is (Rn, 0

n, Rn). Indeed, in this case, the string Rn is the minimum element for <y over all y.
Hence there is no y such that s′ <y r′, so the ordering prefers y = 0n and then s′ = Rn.

If L(x) ̸= L(0n) for some x of length n, then the minimum is (Rn, y, Sn) where y is the
lexicographically minimum string such that L(y) ̸= L(0n). Indeed, in this case there is a y and
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s′ such that s′ <y Rn; our ordering selects the lexicographically first such y, and the minimum
s′ under <y which is Sn.

In either case, the correct value of L(x) can be easily decoded from the minimum element.
We conclude that OLP

2 ⊆ OMIN.

Corollary 3.5. ∃ • OLP
2 ⊆ NOLP

2 .

Proof. By Theorem 3.4 we can use the definition of OMIN for the OLP
2 language L, let us stay

in the notation of Definition 2.17.
Then our language K ∈ ∃ • OLP

2 can be defined as K = {(x,w) | (x,w) ∈ L}, where
|w| = p(|x|) for some polynomial p (w.l.o.g., the same polynomial as in Definition 2.17).

Similarly to the first part of the theorem proof, for x ∈ {0, 1}n, we define a linear ordering
<x as follows. Let m = |(x,w)|. For bits a, a′, bit strings w,w′ of length p(n), and bit strings
u, u′ of length p(m), we define auw ≺x a′u′w′ as

auw ≺x a′u′w′ ⇐⇒
(
b⊕D((x,w), u), u, b̄, w

)
<lex+m

(
b′ ⊕D((x,w′), u′), u′, b̄′, w′

)
,

where <lex+m compares tuples lexicographically, all their components are also compared lexico-
graphically except for the comparison u <m u′. Since the map ϕ(auw) =

(
b⊕D((x,w), u), u, b̄, w

)
is injective and <lex+m is a linear order, by Lemma 2.1 ≺x is a linear order.

Denote u∗ = min<m .
If x ∈ K, then the minimum of ≺x is 1u∗w∗, where w∗ is the lexicographically smallest

witness w such that (x,w) ∈ L. (Indeed, all the components of ϕ(1w∗u∗) are the minimums of
the respective orders.)

If x /∈ K, then the minimum of ≺x is 0u∗0
p(n) (and thus it is input-oblivious). Indeed, the

only string buw that could have a chance to beat it must use u = u∗, but then D((x,w), u) = 0
since (x,w) /∈ L, and the xor component dictates b = 0, thus only the last component w could
be different, but it’s already all-zero in our case.

4 Query aggregation

In this section we consider replacing multiple oracle queries by a single query, which either
collapses the class or leads to a definition using a certain version of the dot-operator.

In Sections 4.1 and 4.2 we prove that POLP
2 = OLP

2 and PSOUP = SOUP.

In the remaining Sections 4.3, 4.4 we deal with ONP and prONP queries, the resulting
diagram is given in Fig. 2 (implied containments not shown, as well as trivial containments
replacing prONP by NP).

4.1 OLP
2 is polynomial-time Turing-closed

Korten and Pitassi [KP24] prove that PLP
2 = LP

2 . It turns out that similarly to LP
2 queries,

oblivious (OLP
2) queries can be aggregated and, moreover, OLP

2 is closed under polynomial-time
Turing reductions. We use the equivalent definition (OMIN) due to Theorem 3.4.

Theorem 4.1 (OMIN query aggregation). POMIN = OMIN.

Proof. Let A ∈ POMIN be defined by a deterministic knk-time oracle Turing machine ML with
an oracle L ∈ OMIN. We assume the notation like in Definition 2.17, and the verifier VL for
the linear ordering <n is also knk-time.
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2
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∃ • pr co-ONP

T4.8

T4.8

∀o • NP

co-ONPNP

T4.8

Figure 2: Diagram of equivalences and containments for classes with ONP and prONP oracles

Our new OMIN verifier will use witnesses in the format w = w1 ◦ . . . ◦wknk , where wℓ is a
kℓk-length candidate witness (the intention is that wℓ is the VL-minimum for length-ℓ queries).

Our new linear ordering w ≺n w′ will compare each witness wi against w
′
i w.r.t. <i, starting

from i = 1. As soon as it finds wi ̸= w′i, it returns the result of comparison. Thus ≺n is a
linear order (it is a lexicographic order over the answers of <i, it is oblivious, and its minimum
contains exactly the minimum elements w.r.t. the old order.

To decode the answer from w, we simulate M• without using the oracle L. When this
machine needs to query q ∈ L, it uses D(q, w|q|) instead of the oracle’s answer.

Corollary 4.2. NPOLP
2 = ∃ •OLP

2 . Moreover, the same is true for ONP, UP, OUP and the
respective dot-operators.

Proof. Observe that for any oracle O, NPO = ∃ • PO (and similarly for ONP, UP, OUP).

However, POLP
2 = OLP

2 by Theorem 4.1.

4.2 SOUP is polynomial-time Turing-closed

It turns out that symmetric input-oblivious unambiguous computations are closed under poly-
nomial-time Turing reductions. This statement is relativizable (it will be useful later when these
classes will naturally as oracles).

Theorem 4.3. For any oracle A, PSOUPA
= SOUPA.

Proof. Let us guess all the unique oblivious witnesses wi for the oracle for all relevant input
lengths i. We can test them on the input 0i: wi must work either for the positive or for the
negative part of the SOUPA language definition. If any of the checks fail, we reject (both in
the positive and in the negative part of our new computation). Then we can simulate our oracle
machine replacing the oracle using these witnesses and get the same result as the original oracle
machine.

4.3 Aggregating ONP queries using the dot-operator

It is known that the two classical definitions of the polynomial hierarchy (using oracles and
using quantifiers) are equivalent, for example, NPNP = ∃ • co-NP. It matches the fact that
respective versions of the language of true quantified Boolean formulas with the corresponding
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quantifiers is complete for these classes. It turns out that even though ONP is not known to
have complete problems, with some effort one can aggregate queries to a specific ONP oracle
into a single ONP query and then reformulate the use of an oracle using the corresponding
dot-operator.

We first prove it for ONP queries made by NP- and ONP-type computations and then
continue to prONP queries. In particular, it turns out that ONP-type computations with a
prONP oracle capture exactly theOP

2 class, which gives it also a characterization in terms of the
oblivious existential dot-operator: OP

2 = ∃o • pr co-ONP. We then prove (in Section 4.4) that
NOP

2 defined by [CR06] has a similar characterization in terms of the non-oblivious existential
dot-operator: NOP

2 = ∃ • pr co-ONP. It leads to a surprising phenomenon: the non-oblivious
existential and the oblivious universal dot-operators can be swapped, that is, ∃ •pr co-ONP ⊆
∀o • NP.

Theorem 4.4 (ONP query aggregation).

1. ONPONP = ∃o • co-ONP.

2. NPONP = ∃ • co-ONP.

Proof. 1. We prove the first claim; the second claim is similar, the difference is that in the
second claim the “external” witnesses are not input-oblivious.

Let L ∈ ONPONP be accepted by an input-oblivious polynomial-time oracle machine M•

with an input-oblivious oracle O (defined by a polynomial-time deterministic machine MO(q, u)
so that O = {q | ∃u MO(q, u) = 1}). Suppose that both machines make at most nk queries,
given an input of length n, and each query is of size at most nk. Denote by zm and om the
corresponding oblivious witnesses of M and MO at length m, respectively. Assume w.l.o.g. that
|zm| = |om| = mk and ε /∈ L.

Consider an execution of M• on an input of size n. Let a witness w be parsed as follows:
w = (w[0], w[1], . . . , w[nk]). In particular, we define a new witness wn as wn = (zn, o1, . . . , onk).
Here, for each n, the length ℓ(n) of w is defined so that |(x,w|x|)| ̸= |(y, w|y|)| if |x| ̸= |y|.

Given that, denote by M∗(x,w) be the result of the execution of M• on x with w[0] used
as the witness (i.e. the original witness of M•) and where each oracle query q is answered
as MO(q, w[|q|]) (instead of calling the oracle). Define W to be the language consisting (for
all n ∈ N) of all pairs (x,w) ∈ {0, 1}n × {0, 1}ℓ(n) satisfying either M∗(x,w) = 0 or ∃w′ =
(w′[1], w′[2], . . . , w′[nk]) s.t.∨

1≤j≤nk

MO(qj , w[|qj |]) = 0 ∧MO(qj , w
′[|qj |]) = 1, (4.1)

where q1, . . . , qnk is the list of queries made by M∗(x,w). (The latter condition means that
some w[i] in w is “bad”: by using it we miss a correct witness w′[i] for one of the queries.)

We first prove that W ∈ ONP and then that L = {x | ∃w (x,w) ∈ W} with the oblivious
witness wn, thus completing the poor of our claim.

Proof that W ∈ ONP. Indeed, let w′n[i] = oi for every 1 ≤ i ≤ nk. We prove that it is an
oblivious witness for W . Let (x,w) ∈ W . We have two cases to consider:

• M∗(x,w) = 0. In this case w′n (as well as any witness) leads to acceptance.

• ∃w′ satisfying (4.1). Let j be the smallest index s.t. MO(qj , w[|qj |]) = 0 ∧ MO(qj , w
′[|qj |]) =

1. We obtain that qj ∈ O and hence MO(qj , w
′
n[|qj |]) = MO(qj , o|qj |) = 1. Consequently,

w′n leads to acceptance as well.
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Proof that L = {x | ∃w (x,w) ∈ W} with the oblivious witness wn. Note that an error in
the execution of M∗(x,w) might occur only when the machine makes a query q such that
MO(q, w[|q|]) = 0, yet q ∈ O. The purpose of W is to ensure that this kind of an error never
occurs. In particular, if (x,w) /∈ W , then M∗(x,w) = 1 and all queries are answered correctly
((4.1) is false for every w′ including w′n). If (x,w) ∈ W , then either M∗(x,w) = 0 or there is
an error in answering the queries.

Therefore, more formally:

• If x ∈ L, then by definition MO(x) = 1 and M∗(x,wn) = 1. At the same time, Condition
(4.1) is false since wn[i] = w′n[i] for all 1 ≤ i ≤ nk. As a result, (x,wn) /∈ W .

• If x /∈ L, then no w would do: if the simulation computation accepts while MO would
not accept, it means that at least one query was answered as 0 instead of 1, but then the
second condition will be satisfied for w′n (because of this query), thus (x,w) ∈ W . If the
simulated computation rejects, then also (x,w) ∈ W .

2. For NPONP, the same proof works: note that the oblivious witness w′n in (4.1) consists
of oblivious witnesses for every possible query length. The only place where the existence of
oblivious zn is used is the obliviousness of wn; we do not need it for our claim in this part of
the theorem.

Remark 4.5. Note that we use here the fact that the basic machine is powerful enough to sim-
ulate the oracle machine. For example, for computations that cannot simulate NP themselves,
even aggregating NP queries may not be possible: if PNP[1] = PNP[2] or OP

2
NP[1] = OP

2
NP[2],

then PH collapses [BF99b, CR06].

4.4 Aggregating prONP queries, OP
2 and NOP

2 characterization, and quanti-
fier swapping

Theorem 4.6. prOP
2 is low for OP

2 , NOP
2 , and SP

2 .

Proof. Let Γ ∈ {OP
2 ,NOP

2 ,S
P
2} and let L ∈ ΓprOP

2 . Let p be a polynomial and M•(x, y, z) be
a p(n)-time deterministic Turing machine that correctly decides L according to the definition
of the respective class Γ•, given loose oracle access to Π ∈ prOP

2 , and let A be a verifier for Π.
We construct a new verifier A′

(
x, (y, U), (z, V )

)
that shows that L ∈ Γ.

For n ∈ N, let 1, . . . , p(n) be all possible lengths of oracle queries that could be made by M• on
inputs of length n. Define

Wn
∆
=

(
w

(0)
1 , . . . , w

(0)
p(n), w

(1)
1 , . . . , w

(1)
p(n)

)
.

Theorem 4.3 in [HV26, ECCC version] shows that PprOP
2 ⊆ OP

2 . Its proof shows specifically
that there is a deterministic polynomial-time procedure S(q, U, V ) that correctly computes the
label (yes/no) of a query q in the promise set (i.e., q ∈ ΠYES ∪ΠNO) made on input x, as long as
either U = W|x| or V = W|x|, regardless of the value of the other variable (this is simply because

the corresponding irrefutable certificate w
(b)
|q| will win the game judged by A over any possible

certificate supplied for the answer 1− b, whether in the same string or the other one). It must
be enough for M• to do its job: loose oracle access guarantees that its answer (according to
the definition of the respective class! for these classes it means that a certain [oblivious, where
applicable] irrefutable certificate remains irrefutable) will be correct irrespectively of the oracle
answers outside the promise set. Given this, we consider two cases:
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• Suppose x ∈ L. There exists an irrefutable yes-certificate y∗ for x in MΠ. Consequently,
(y∗,W|x|) is an irrefutable yes-certificate for x in A, which is oblivious if y∗ is.

• Suppose x /∈ L. There exists an irrefutable no-certificate z∗ for x in MΠ. Consequently,
(z∗,W|x|) is an irrefutable no-certificate for x in A, which is oblivious if z∗ is.

Theorem 4.7. ∃o • pr co-ONP = ONPprONP = OP
2
prOP

2 = OP
2 .

Proof. The first three containments follow trivially from the definitions and the last equality
from Theorem 4.6:

∃o • pr co-ONP ⊆ ONPprONP ⊆ OP
2
prOP

2 = OP
2 .

We now show the remaining containment.

OP
2 ⊆ ∃o • pr co-ONP. Consider L ∈ OP

2 and let V (x, y, z) be its verifier with oblivious wit-

nesses yn and zn (in what follows we denote n = |x|). We will guess y with the existential
quantifier and then query the following promise problem Π:

ΠYES = {(x, y) : x /∈ L ∧ ∃z V (x, y, z) = 0},
ΠNO = {(x, y) : x ∈ L ∧ ∀z V (x, y, z) = 1}.

This problem Π ∈ prONP with oblivious witnesses zn and the verification procedure “guess z;
if V (x, y, z) = 0, then accept, otherwise reject”.

Observe that L = ∃o • (ΠNO,ΠYES):

• ∀x ∈ L ∃y (namely, the oblivious witness yn that remains oblivious) that beats every z
for V , that is, (x, y) ∈ ΠNO;

• ∀x /∈ L every witness y must be beaten by the oblivious witness zn for V , that is, (x, y) ∈
ΠYES.

In the same vein, we can also characterize NOP
2 in terms of the dot-operator and observe

that it provides quantifier swapping, namely, ∃ • co-ONP ⊆ ∀o • NP (actually, even a slightly
stronger statement about promise co-ONP “oracles” follows).

Theorem 4.8. ∃ • pr co-ONP = NPprONP = NOP
2
prOP

2 = NOP
2 ⊆ ∀o • NP.

Proof. As before, the first three containments follow trivially from the definitions and the last
equality from Theorem 4.6:

∃ • pr co-ONP ⊆ NPprONP ⊆ NOP
2
prOP

2 = NOP
2 .

We now show the remaining containments.

NOP
2 ⊆ ∃ • pr co-ONP. The same proof as in Theorem 4.7 works, but the dot-operator will

be non-oblivious.

NOP
2 ⊆ ∀o • NP. To prove the last containment, consider a language L in NOP

2 with a verifier

V (x, y, z) and oblivious witnesses zn. Then define

O = {(x, z) : ∃y V (x, y, z) = 1} ∈ NP.

Then L = ∃o • O, where zn is still playing the role of an oblivious witness for ∃o•.
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5 Unique witnesses with an NP (or ONP) oracle capture the
Linear Ordering Principle

The classes LP
2 and OLP

2 certainly belong to the second level of the polynomial hierarchy (and
its input-oblivious analogue, respectively). In this section we show tighter bounds by observing
that the witness for the basic machine can be made unique. Furthermore, we characterize
LOP-based classes using the dot-operators with unique witnesses (input-oblivious or not).

We start with proving an upper bound on OMIN = OLP
2 using symmetric unambiguous

input-oblivious computations with an input-oblivious nondeterministic oracle. We also reformu-
late it using the dot-operator, which implies thatNP, ONP, UP, OUP can use anONP oracle
instead of an OLP

2 oracle. Another corollary is an upper bound for POLP
2 ,ONP and POLP

2 ,NP

classes, which we will later use to characterize multiple classes using symmetric unambiguous
input-oblivious computations with an oracle.

We start, however, with a warm-up for the non-oblivious case (LP
2).

5.1 Warm-up: The non-oblivious case

Theorem 5.1. LP
2 ⊆ ∃u • co-NP ∩ ∀u • NP.

Proof. Consider L ∈ LP
2 defined by a linear order <x computable by a polynomial-time function

Vx(y, z) on bit strings of a certain polynomial length ℓ(n). Consider

O = {(x,w) : ∃u, u′ (0u <x 1w ∨ 1u′ <x 1w)}

Obviously, O ∈ NP.
For every x, there exists a unique minimal element of the order <x. In the case x ∈ L this is

some string 1wx, and it is the only w such that (x,w) /∈ O, because u′ = wx will beat all other
candidates. In the case x /∈ L there is no w such that (x,w) ∈ O, because the corresponding
minimal element 0u will beat them all.

Thus LP
2 ∈ ∃u • co-NP. The theorem statement follows by the symmetry of LP

2 .

5.2 Symmetric input-oblivious unambiguous computations

5.2.1 Input-oblivious unique witnesses: the main theorem

Theorem 5.2. OMIN ⊆ SOUPONP[1]. Moreover, OMIN ⊆ SOUON.

Proof. Consider L ∈ OMIN. Let (mn)n∈N be the oblivious minima of the corresponding linear
order. Define

O = {(x,w) : ∃w′ w′ <|x| w} (5.1)

answering the question that w is not the minimum of <|x|. Observe that O ∈ ONP, because
w′ = m|x| serves as an oblivious witness.

Also in terms of Definition 2.17

x ∈ L ⇐⇒ D(x,mn) = 1 ⇐⇒ ∃w ((x,w) /∈ O ∧ D(x,w) = 1)

and by symmetry

x /∈ L ⇐⇒ D(x,mn) = 0 ⇐⇒ ∃w ((x,w) /∈ O ∧ D(x,w) = 0) .

Note that w = mn serves as an oblivious witness for all positive instances and also serves as an
oblivious witness for all negative instances. It is unique, because if (x,w) /∈ O, then w is the
minimum of <|x|.
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This proves OMIN ⊆ SOUPONP[1]. In order to prove OMIN ⊆ SOUON, one needs
to incorporate the condition D(x,w) = 1 into the “oracle” language while keeping the same
(identical) witnesses for “yes” and “no” answers. The price for it is two different oracles instead
of just one. Define

Ob = {(x,w) : ∃w′
(
w′ <|x| w ∨ D(x,w) = 1− b

)
}.

Note that O0, O1 ∈ ONP, because their difference from O ∈ ONP is in the case where
D(x,w) = 1− b, but in this case any witness w′ does the job (including w′ = mn).

Observe that L = ∃ou • O1 ∩ ∀ou • O0. Indeed, if x ∈ L, then (x,mn) /∈ O1, because
D(x,mn) = 1 and there is no w′ <n mn. No other w can do the job for any y of the same
length: if (x,w) /∈ O1, then in particular there is no w′ <n w, but it means w = mn. The same
thing happens for the second part.

5.2.2 Corollaries for OLP
2 and ONP oracles

In what follows we will use two simple corollaries of Theorem 5.2.
We start with observing that it now follows that an OLP

2 oracle is no more powerful than
ONP if the base machine can manage at least a little bit of nondeterminism.

Corollary 5.3. COLP
2 ⊆ CONP, where C = NP, ONP, UP, or OUP. Moreover, this class is

contained in ∃∗ • co-ONP, where ∃∗• is the corresponding dot-operator.

Proof. By Corollary 4.2 and Theorem 5.2, NPOLP
2 = ∃•OLP

2 ⊆ ∃•∃ou •co-ONP∩∀ou •ONP ⊆
∃•∃ou•co-ONP = ∃•co-ONP and similarly for other classes (replacing ∃• with the corresponding
dot-operator).

The following classes have been used in [HV26], upper bounds for them are now simple
corollaries of Theorem 5.2.

Corollary 5.4.

1. POLP
2 ,ONP ⊆ SOUPONP.

2. POLP
2 ,NP ⊆ SOUPNP.

Proof. By Theorem 5.2, POLP
2 ,ONP ⊆ PSOUPONP[1],ONP. Then for L ∈ SOUPONP[1] and

L′ ∈ ONP one can use 0 · L ∪ 1 · L′ as an SOUPONP oracle instead (the unique witness for
1 ·L′ can be set to 1t for appropriate t and then the query to L′ can be answered by the oracle).

Then PSOUPONP
= SOUPONP by Theorem 4.3.

One can do the same with the NP oracle.

6 New upper bounds for MA- and BPP-based classes

The results we proved in previous sections yield several new upper bounds.
In this section we will recall the derandomization scheme used in [HV26] (and based on

[Kor22, KP24]) and extend it to derandomizing probabilistic oracle machines, which will also

allow us to strengthen Theorem 4.1 to BPPOLP
2 = OLP

2 .
As we advance on these matters, we discuss new upper bounds for MA, OMA, PprMA,

POprMA, and another related class BPPONP,OLP
2 .
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6.1 Basic containments of MA

Chakaravarthy and Roy [CR06] prove that MA ⊆ NOP
2 and OMA ⊆ OP

2 . We now strengthen
these containments.

Definition 6.1 ([Kor22, Definitions 6, 7], [Kor21, Definitions 7, 8]). PRG is the following
search problem: given 1n, output a pseudorandom generator3 R = (x1, . . . , xm), that is, an
array of strings xi ∈ {0, 1}n such that for every n-input circuit C of size n:∣∣∣∣ Pr

x←U(R)
{C(x) = 1} − Pr

y←U({0,1}n)
{C(y) = 1}

∣∣∣∣ ≤ 1

n
.

In [HV26], it was observed that such a generator can be computed in deterministic polyno-
mial time, given oracle access to OLP

2 .

Lemma 6.2 ([HV26, Proposition 5.5]). PRG can be computed in deterministic polynomial
time, given oracle access to OLP

2 .

Proof (Sketch). Korten [Kor22] constructs aPRG using a single (and, of course, input-oblivious)
query to Avoid. Korten and Pitassi [KP24] construct a deterministic polynomial-time truth-
table reduction of Avoid to a language in LP

2 . More details in the input-oblivious setting are
given in [HV26, Proposition 5.5].

While we know that PprMA ⊆ LP
2 [HV26], using this lemma one can give a tighter deran-

domization for MA and OMA.

Lemma 6.3. MA ⊆ NPOLP
2 and OMA ⊆ ONPOLP

2 .

Proof. The nondeterministic machine will guess Merlin’s witness and then derandomize Arthur’s
circuit using a PRG computed using the OLP

2 oracle by Lemma 6.2.
Given such a PRG, the final result of the computation can be as follows:

1. The input is a negative instance, all guesses are bad, then PRG forces the circuit to reject.

2. The input is a positive instance, and the guess is good, then PRG forces the circuit to
accept.

3. The input is a positive instance and the guess is not good, but then we do not care about
the answer, because the NPOLP

2 machine will accept for the good guess (case 2 above)
and that’s enough.

The upper bound for OMA is analogous.

In the following theorem the containment OMA ⊆ ONPONP is superseded by a stronger
upper bound for POprMA we prove in what follows, but the other two containments are in-
comparable to our further upper bound for PprMA (the latter bound has NP as the oracle
class).

3Korten does not say that m has a polynomial dependence on n though we think it is assumed, and anyway
his theorem provides a construction with m = n6.
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Theorem 6.4.

1. MA ⊆ NPONP and OMA ⊆ ONPONP.

2. MA ⊆ NOLP
2 .

Proof. 1. By Lemma 6.3 and Corollary 5.3, MA ⊆ NPOLP
2 ⊆ NPONP and OMA ⊆

ONPOLP
2 ⊆ ONPONP.

2. By Lemma 6.3, MA ⊆ NPOLP
2 , then by Corollary 4.2 NPOLP

2 = ∃ • OLP
2 . Finally, by

Corollary 3.5 ∃ • OLP
2 ⊆ NOLP

2 .

The next statement is also incomparable to our further upper bound for POprMA, because
for co-OMA we can formulate it with the dot-operator (yet at the price of using a promise
version of co-ONP). The reason we can use the dot-operator is that both queries to ONP
have the same polarity and thus can be merged. For OMA (instead of co-OMA) the two
oracle queries would have opposite polarities, which prevents us from strengthening the upper
bound SOUPONP[2] that we could potentially obtain to an unambiguous oblivious dot-operator
applied to an oblivious nondeterministic class.

Theorem 6.5. co-OMA ⊆ ∃ou • pr co-ONP.

Proof.

Proof plan and our linear order <n. Our plan is as follows. Lemma 6.2 computes PRG using an
OLP

2(= OMIN) oracle; thus similarly to Theorem 4.1 there is a deterministic polynomial-time
procedure D that can extract this PRG from the minimum mn of a polynomial-time decidable
input-oblivious linear order <n (given 1n on the input). Since the queries to the oracle in
Lemma 6.2 are solving Avoid instances generated on input 1n in polynomial time, D even does
not need to know them, it can construct them itself if needed. Similarly to Theorem 5.2, we
observe that the minimality of this unique string mn can be verified using a single co-ONP
query to the language (5.1).

We then use this PRG to derandomize co-OMA to pr co-ONP (namely, we guess oblivi-
ously Merlin’s proof and then use Arthur on every string in PRG to verify it by computing the
probability of acceptance). This is a query to a promise problem, because it is conditioned on
the success of the first query. In total, we have two co-ONP-type queries; it remains to merge
them into a single one while preserving the unambiguous obliviousness of mn on the promise
set that we are about to define. Further details follow.

The definition of our promise problem Q. Let theOMA language L be defined by a polynomial-
time verifier A(x, y, r) with perfect completeness, random string r, and oblivious witnesses
(yn)n∈N. We can assume that it’s error probability is less than 1/4. We define the following
promise problem Q = (QYES, QNO), where u, u′ are elements of the order <n:

(x, u) ∈ QNO ⇐⇒ x ∈ L ∧ ∃u′ ∃y (u′ <n u ∨ Pr
r←D(u)

A(x, y, r) = 1 > 1/2).

(x, u) ∈ QYES ⇐⇒ ∀u′ ∀y ((u <n u′ ∨ u = u′) ∧ Pr
r←D(u)

A(x, y, r) = 1 ≤ 1/2).

The defining condition of the set QNO says that, for x ∈ L, (x, u) must be rejected if a wrong
minimum u is supplied as well as if A has a witness y with a good acceptance probability (> 1/2)
on the PRG strings (and thus overall). Informally it means that there is no supporting evidence
for x /∈ L.

27



Such a supporting evidence exists if u = mn and for every witness y, A has a small acceptance
probability (≤ 1/2) on the PRG strings (and thus overall the probability is not 1, which implies
x /∈ L by the perfect completeness of A). This is exactly the condition defining the set QYES. In
particular, QYES ∩QNO = ∅ (as (x, u) ∈ QNO ⇒ x /∈ L).

The promise problem is useful: L ∈ ∃ou • (QYES, QNO). If x ∈ L, then there exists u (namely,
u = mn, thus it is oblivious) such that (x, u) ∈ QYES. No other u would do, because it would
fail the minimality check ∀u′((u <n u′) ∨ (u = u′)); thus u = mn is the unique solution.

On the other hand, if x ∈ L, then for every u, (x, u) ∈ QNO. Indeed, if u ̸= mn, then there
exists u′ < u (namely, u′ = mn), and if u = mn, then the PRG will force the probability of
acceptance to be close to 1.

Overall, our language L ∈ co-MA is defined by the existence of the oblivious unambiguous
witness u = mn that satisfies (q, u) ∈ QYES, that is, a query to (QYES, QNO).

Our promise problem is in pr co-ONP. It remains to check that the complement of our promise
problem, (QNO, QYES), is in prONP. We define the verification procedure as the machine that
on input ((x, u), (u′, y)) outputs “u′ <n u or Pr > 1/2”, where the probability is checked by
running A(x, y, r) on every r in the PRG and counting the answers.

We prove that queries to QNO are answered correctly and, moreover, (u′, y) = (un, yn) is an
oblivious witness. Indeed, if (x, u) ∈ QNO, then either u is not the minimum and then u′ = un
makes the condition u′ <n u true, or u = un and then, for y = yn, by the pseudorandomness
property the condition x ∈ L gurantees that the probability of acceptance must be much more
than 1/2. There may be other witnesses that the verification procedure accepts (if u ̸= un or
Merlin has another proof y ̸= yn), but it does not matter as no uniqueness is required from
(u′, y).

If (x, u) ∈ QYES, then the verification procedure cannot accept any (u′, y): by the definition
of QYES, u = un, so there is no u′ <n un; the second possibility is Pr > 1/2, but by the definition
of QYES the probability is at most 1/2.

The last two theorems yield:

Corollary 6.6. OMA ∩ co-OMA ⊆ SOUprON.

Note that in contrast to BP • NP = AM [ZF87, Sch89], it is not difficult to see that the
input-oblivious version BP •ONP is contained in OMA; more precisely, BP •prONP = MA.

Lemma 6.7. OMA = BP • prONP.

Proof. BP • prONP ⊆ OMA. Let L ∈ BP • Π for some Π ∈ prONP and let A(x, r, w)

(formally, A((x, r), w)) be the corresponding deterministic polynomial-time machine for Π with
input-oblivious witnesses (wm)m∈N (we are interested in m = |(x, r)| and can assume that this
mapping of the input lengths is injective). That is:

• (x, r) ∈ ΠYES =⇒ A(x, r, w|(x,r)|) = 1,

• (x, r) ∈ ΠNO =⇒ ∀w A(x, r, w) = 0.

We will now show that L ∈ OMA and w′n = w|(x,r)| will serve as input-oblivious Merlin’s proofs
for x ∈ {0, 1}n ∩ L. Indeed,

• x ∈ {0, 1}n ∩ L =⇒ Prr[A(x, r, w
′
n) = 1] ≥ Prr[(x, r) ∈ ΠYES] ≥ 3/4,

• x ∈ {0, 1}n ∩ L̄ =⇒ Prr[∀w A(x, r, w) = 0] ≥ Prr[(x, r) ∈ ΠNO] ≥ 3/4, therefore
∀w Prr[A(x, r, w) = 1] ≤ Prr[∃u A(x, r, u) = 1] ≤ 1/4.
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OMA ⊆ BP • prONP. Now, suppose that L ∈ OMA with perfect completeness (one-sided

error). By definition, there exists a deterministic polynomial-time verification machineM(x, r, w)
and (wn)n∈N such that:

• x ∈ {0, 1}n ∩ L =⇒ ∀r M(x, r, wn) = 1,

• x ∈ {0, 1}n ∩ L̄ =⇒ ∀w Prr[M(x, r, w) = 1] ≤ 1/4.

Let q(n) = |wn|. Consider the following promise problem Π = (ΠYES,ΠNO) :

ΠYES =
{
(x, r1, r2, . . . , rq(|x|)) | ∀i M(x, ri, wn) = 1

}
.

ΠNO =
{
(x, r1, r2, . . . , rq(|x|)) | ∀w ∃i M(x, ri, w) = 0

}
.

Then, we have the following for every x ∈ {0, 1}n and every r̄ = (r1, r2, . . . , rq(|x|)):

• x ∈ L =⇒ ∀r̄ M(x, ri, wn) = 1 =⇒ ∀r̄ (x, r̄) ∈ ΠYES.

• x /∈ L =⇒ Prr̄[∃w ∀i M(x, ri, w) = 1] ≤ 2q(n) · 1
4q(n) ≪ 1/4. Thus Prr̄[(x, r̄) ∈ ΠNO] ≥ 3/4.

The ONP algorithm for Π has witness w and simply checks
∧q(|x|)

i=1 M(x, ri, w) on input (x, r̄).
This check returns true for (x, r̄) ∈ ΠYES (with witness w = wn) and false for (x, r̄) ∈ ΠNO (with
any witness). By definition of wn, is an oblivious witness for ΠYES, thus indeed Π ∈ prONP.

To finish the proof we observe that OMA with two-sided error is equal to OMA with
one-sided error.

Since BP • pr co-ONP = co-(BP • prONP)
L6.7
==== co-OMA

T6.5
⊆ ∃ou • pr co-ONP, we get

Corollary 6.8. BP • pr co-ONP ⊆ ∃ou • pr co-ONP.

That is, the two-sided bounded probability dot-operator can be replaced here by an input-
oblivious unambiguous dot-operator!

6.2 Corollaries for classes that use Merlin–Arthur oracles

PprOMA and PprMA classes are currently the smallest Karp–Lipton collapse classes for input-
oblivious and non-input-oblivious classes, respectively; it is conjectured that the [CR11] collapse
proof goes through for POprMA ⊆ PprOMA. Previous containments from [HV26] together with
Corollary 5.4 put them into the corresponding classes of symmetric unambiguous oblivious
computations with an oracle.

Proposition 6.9 ([HV26]).

1. PprMA ⊆ POLP
2 ,NP.

2. POprMA ⊆ POLP
2 ,ONP.

Corollary 6.10.

1. PprMA ⊆ SOUPNP.

2. POprMA ⊆ SOUPONP.
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6.3 Corollaries for probabilistic oracle computations

We now proceed to derandomizing computations based on probabilistic oracle machines.
First, observe that, as any deterministic Turing machine can be transformed into a Boolean

circuit, one can use a PRG to derandomize BPP algorithms. We observe that this derandom-
ization can be extended to BPP algorithms with oracle access to problems that admit small
(i.e., polynomial-size) circuits. An A-oracle circuit is a Boolean circuit that has additionally
gates or arbitrary arity that query A. We begin with the following observation:

Observation 6.11. Let language A be computed by Boolean circuits of size sA(n) and let
C(y1, . . . , yt) be an A-oracle circuit of size sC ≥ n. Then there exists a (non-oracle) Boolean
circuit C ′(y1, . . . , yt) of size at most sA(sC) such that for all y ∈ {0, 1}t : C ′(y) = C(y).

Given this observation, we can use an OLP
2 oracle to construct a PRG and thereby derandomize

BPPA, extending the previous results.

Lemma 6.12. Suppose A ∈ P/poly. Then BPPA ⊆ PA,OLP
2 .

The proof goes along the lines of Theorem 5.4 and Corollary 5.6 from [HV26].

Proof. Let L ∈ BPPA, and let MA(x, r) be the corresponding deterministic Turing machine
that runs in time p(|x|) for some polynomial p(n) and uses random string r. Given an input
x of size n, let C(y) = MA(x, y). That is, C is an A-oracle circuit obtained by hard-coding x
into the machine MA(x, y) and subsequently converting it into a circuit. By Observation 6.11,
there exists a non-oracle circuit C ′(y) that computes the same function as C(y). Since the size
of C(y) is poly(n), the size of C ′(y) is also poly(n), perhaps with a different polynomial degree.
Let h(n) denote the size of C ′(y).

We now invoke Lemma 6.2 with 1h(n) to construct the appropriate pseudorandom strings
g1, . . . , gm ∈ {0, 1}h(n). Finally, for every i ∈ [m], we run MA(x, gi) deterministically, using the
oracle A to answer its queries, and accept if and only if MA(x, gi) accepts for at least half of
the gi’s.

Corollary 6.13.

1. For any A ∈ P/poly, BPPA,OLP
2 = PA,OLP

2 .

2. BPPOLP
2 = OLP

2 .

3. BPPONP,OLP
2 = PONP,OLP

2 ⊆ SOUPONP.

Proof. We first prove claim 1 and then use it to prove claims 2 and 3.

1. Let A ∈ P/poly and L ∈ OLP
2 . Define A′ = 0 · A ∪ 1 · L′. Observe that A′ ∈ P/poly.

By Lemma 6.12,

BPPA,L = BPPA′ ⊆ PA′,OLP
2 = PA,L,OLP

2 = PA,OLP
2 ⊆ BPPA,OLP

2 .

Note that we are relying on the fact that OLP
2 = OMIN is closed under union, thus two oracles

L,L′ ∈ OLP
2 can be replaced by 0 · L ∪ 1 · L′.

2. BPPOLP
2

claim 1
====== POLP

2
T4.1
==== OLP

2 .

3. BPPONP,OLP
2

claim 1
====== PONP,OLP

2

C5.4
⊆ SOUPONP.
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