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Parameterized Uniformity Testing in the Huge Object Model
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Abstract

We continue the study of distribution testing in the Huge Object Model (Goldreich and Ron,
2023), focusing on the flagship question of parameterized uniformity testing: given access to data
in {0,1}", is its underlying probability distribution uniform on a small subset of size m? The
focus here is on both the number of data points required (sample complexity) and the number
of bits from these data points one needs to observe (query complexity). While previous work
fully characterized both of these in the “tiny support” regime m < n, very little was understood
in the “medium-to-large” support one (n < m < 2"). Our work remedies this state of affairs,
establishing the existence of a sample-query complexity tradeoff and showing that (in contrast to
the tiny-support regime) adaptive algorithms can significantly outperform non-adaptive ones.

1 Introduction

Distribution testing, defined by Goldreich, Goldwasser, and Ron [GGR98]| as a special case of
property testing, and implicitly by Goldreich and Ron [GRO00] in the context of graph property
testing, was systematically started a field of study with the work of Batu, Fortnow, Rubinfeld, Smith,
and White [BFRSWO00]. Over the past decades, it has then become a vibrant area of research,
witnessing a flurry of results and new techniques, and with connections to other areas of computer
science and statistics.

Along the way, many different properties of distributions have been studied, some quite ex-
tensively: among those, most relevant to this work, are uniformity (is the data coming from the
uniform distribution over the whole domain Q7?), generalized uniformity [BC17] (is the underlying
data distribution a uniform distribution over some subset of the domain?), and parameterized
uniformity [GR23b] (is the data distribution a uniform distribution over some fized-size subset of
the domain?), as well as grainedness (is this distribution consistent with the empirical distribution
over an m-size dataset?) [Gol16; GR23a].

Another fruitful line of research focused on the data access model, in order to capture the type
of queries to the samples available to the algorithms in various settings, beyond the standard i.i.d.
sampling model, as data structures and types of data evolved. One such model was recently proposed
by Goldreich and Ron [GR23b], to model data distributions over very large objects — settings where
a sample is only implicitly provided, and querying the specific value comes at additional cost. Seeing
these objects as n-bit strings for n > 1, the algorithms now not only “pay” to obtain a sample
s € {0,1}", but also incur a cost for each of the n bits of s they choose to read. (For detailed
definitions, see Section 2.) Parameterized uniformity testing and grainedness were two of the flagship
properties whose study was well-motivated in this new Distribution over Huge Objects (DoHO)
model. Yet, in spite of this rather extensive study by Goldreich and Ron, there remains a large gap

*University of Sydney. Email: clement.canonne@sydney.edu.au.
fCentre for Quantum Technologies, National University of Singapore. Email: sayantan789@gmail.com.
¥University of Sydney. Email: qyan6238@uni.sydney.edu.au.

ISSN 1433-8092



in our understanding of the former, as we elaborate below. Narrowing this gap is the main objective
of this paper.
The gap, and our focus. For m < n, it is known that testing parameterized uniformity in the
DoHO model (over a domain of size {0, 1}", with support size parameter m, henceforth m-uniformity)
has both sample and query complexity O(m) [GR23b] and Qogm) [CSY25]. However, for m > n,
only the upper bound holds, and the best known lower bound is an Q(m?/?) sample complexity
lower bound lifted from the “standard” testing setting, which in particular implies this sample and
query complexity lower bound in the DoHO model. In addition, Canonne, Sen, and Yang [CSY25]
established an alternative query complexity upper bound of O(mz/ 3n) (for all values of m,n), which
implies that the O(m) upper bound cannot be tight in all parameter regimes (as it is suboptimal
whenever m > n?).

Thus, while for m < n the sample and query complexities of m-uniformity are well understood,
for m > n the picture is much less clear, and the known results hint that one can somehow “trade”
sample and query complexities:

e use O(m) samples (much more than the required Q(m?/3)!) but only O(m) queries; or

e use O(m?/3) samples but at the cost of O(m?/®n) queries.

This intriguing state of affairs in the m > n regime is the main focus of our work:

What are the sample and query complexities of testing m-uniformity in the DoHO model, and
can one trade one for the other?

Interestingly, both known algorithms mentioned above are non-adaptive, in that they decide which
coordinates to query prior to observing the samples themselves. One could consider a broader class
of algorithms proceeding in rounds, first querying some coordinates of the samples, before, based on
the information obtained, querying additional coordinates of a carefully chosen subset of samples.

Can adaptive testers achieve a better sample-query complexity tradeoff than non-adaptive ones?

We make significant progress on these questions in two aspects: first, we design an adaptive
algorithm achieving a much improved upper bound, with both sample and query complexities
O(mQ/ 3pl/ 3) — and, moreover, able to interpolate between the two, answering the first question in
the positive. Second, we complement this upper bound with a new Q(y/mn) query complexity lower
bound against non-adaptive testers, thereby settling the second question as well: yes, adaptivity helps.
Finally, to complement our adaptive algorithm, we provide a more involved lower bound that holds
against adaptive algorithms, and establishes a similar (though quantitatively weaker) statement,
allowing a further tradeoff between samples and queries in the lower bound. We emphasize that
these results, which hold in the m > n regime, are quite surprising: as it was known that, for m < n,
there is no such trade-off, and adaptivity does not help.

1.1 Our results and techniques

We here state our main results, before providing a high-level overview of the algorithm and proof.

Theorem 1.1 (Upper bound (Informal; see Theorem 3.1)). There is an m-uniformity adaptive
tester in the DoHO model with sample and query complezities Q(m2/3n1/3). More generally, one can
achieve sample complexity O(t + m?/3) with query complexity O(t +m?n/t?), for any 1 < t < O(m).



Theorem 1.2 (Non-adaptive lower bound (Informal; see Theorem 4.1)). Any non-adaptive tester
for m-uniformity in the DoHO model must either have sample complexity Q(m) or query complexity

Theorem 1.3 (Adaptive Lower bound (Informal; see Theorem 5.1)). Any (possibly adaptive) tester
for m-uniformity in the DoHO model that takes s < O(m3/4) samples, must have query complexity
Q™). In particular, any algorithm taking s = O(m?/3) samples must make Q(m'/3n) queries.

In particular, while the second one is for a restricted regime of parameters and is quantitatively
weaker, it applies to a broader range of algorithms, including the one behind our upper bound, The-
orem 1.1. We emphasize that while these two lower bounds apply more generally, in light of the
previous discussion, they are only meaningful for m > n.

Existing sample and query complexity bounds
Adaptiviey | N B | oo
Bounds g < O(m) g<m?3.n q> Q(n)
Conditions s =0(m) s = O0(m?/3) s < O(m)

Our sample-query complexity bounds
Adaptivity Adaptive UB Non-adaptive LB | Adaptive LB
Bounds sq < O(m*/3n) q = Q(y/mn) sq = Q(mn)
Conditions | O(q) > s > Q(m?/?3) s < O(m) s < O(m?/*)

Table 1: A table of the sample-query complexity bounds for ¢ = ©(1), where s denotes the sample
complexity, and ¢ is the query complexity. To derive the adaptive upper bound tradeoff, we set in our
upper bound s = O(t) > m?/3, from which ¢ < O (s + m2n/52), which implies ¢ — s < O (an/SQ),
so that ¢s?> < O(m?n); and since s > Q(m?/3), we get gsm?? < O(gs?) < O(m?n), implying
qs < O(m*3n).

1.2 The adaptive m-uniformity tester
At a high level, our adaptive tester leverages two key insights:

(i) It is actually unnecessary to check elements with large masses — we will show that these “big”
elements combined (which we denote as the set S = S(7), where 7 is the threshold chosen for
an element to be considered big!) will only contribute little to the distance from m-uniform
(see Lemma 3.6). This means that in order to be far from m-uniform in EMD, the small
elements combined need to be far from m-uniform. More formally, we show that the pseudo-
distribution’® induced by the small elements needs to be far from m-uniform. Thus, we can
ignore the heavy elements altogether and avoid fully querying them. (To do so, algorithmically,
we will first identify every string in S, by taking O(1/7) samples and only querying O(1/¢)
bits from each of them.)

(ii) The set of small elements (i.e., any string with mass smaller than 7, in S) create few collisions:
that is, altogether induce a pseudodistribution with small f2-norm (and also small €3-norm;

'For a different chosen threshold 7, our tester provides a different sample-query tradeoff.
2For a probability distribution D over a (discrete) domain Q and a set S C Q, we define the pseudo-distribution Dg
by Ds(xz) = D(z) for every x € S (note that Ds may not be normalized). See Section 2.



see fact 3.8 for more details). Therefore, the number of pairwise collisions when taking O(m'/?)
samples, bounded by m - || Dg||3 in expectation, will be small. As a result, we can afford to
fully query every sample from S participating in a pairwise collision, as this only costs a total
of O(m - || Dgl|3 - n) queries. Which is great news for us, as obtaining good estimates of the f5
and ¢3 norms suffices for testing m-uniformity [BC17; CSY25] in the standard model, and we
show this still holds in the DoHO one.

Accordingly, our tester has two main steps: (i) first, identify strings (clusters) with mass more
than 1/7 (the heavy elements), and then (ii) estimate the true ¢ and ¢3 norm on what remains
by querying all n-bit sample strings with mass smaller than 1/7. This second step is the source of
adaptivity in our algorithm as it depends on the first; moreover, querying every bit of the sample
strings that participate in collisions in this second step guarantees that the resulting estimates are
accurate (since the algorithm learns the exact “identity” of each string in this step, and thus will
not not conflate two distinct strings as one, which could lead to a wrong collision count).

Algorithm 1 HicH LEVEL OVERVIEW OF THE ADAPTIVE m-UNIFORMITY TESTER

Require: Sample and query access to an unknown distribution D, parameters m,n,7,&

Ensure: Return accept if D is m-uniform and reject if D is e-far from m-uniform, with probability
at least 2/3
> Query O(1/¢) bits per sample.

1: § «+ FINDHEAVYELEMENTS(D, 7)
> Adaptively based on S: query all n bits of each sample.
HﬁgH%, ||l§§]\§ + Estimate /3 and /3 over low mass region (S)

if ||D<|3,|D<3 looks m-uniform then
return accept

else
return reject

However, this is only true for the second step, and these spurious collisions could happen in the
first step. Indeed, since in that step we are only performing O(l /€) queries for each sample to detect
the heavy elements, a naive implementation could be tricked by “fake” collisions, for instance if two
strings are equal on the majority of the n bits, but differ on some tiny fraction of the bits (which
with high probability will not be detected in few queries). Consider the following example:

Example 1.4. Let D be a uniform distribution over m strings which, pairwise, only differ by O(1)
bits: so that every two strings’ relative Hamming distance is at most O(1/n) < € = O(1). Suppose
we take O(y/m) samples (sufficient for 5 norm estimation) but only query O(1/¢)-bits from each
sample string. Based on these queries, D is indistinguishable from a distribution supported on a
single string (as all samples are identical, with overwhelming probability, on the set of bits queried).
As a result, the algorithm will reject, as a point mass distribution is far for m-uniform.

This issue can arise as, by querying only 0(1 /€) bits for some elements, the algorithm can
be misled into believing it is observing samples from a completely different distribution than D.
Unfortunately, the obvious fix (querying more bits from these samples) is not an option, as this
would blow up the query complexity. And indeed, one of the key technical contributions of our
algorithm is to understand and conduct inference on this “new” distribution (obtained after querying
only few bits), the partial “view” of D, which we denote D’ and will describe in detail below.

Key construct D’: a typical O(l /€)-bit view of D. We introduce a surrogate distribution D’
to analyze the O(1/¢) view of D, which (the analysis of) our algorithm will use to identify elements



with masses greater than our chosen threshold 7. Fortunately, Goldreich and Ron [GR23b] have
already laid the groundwork when considering this viewpoint for m-grainedness testing. We first
recall some key notions from their work, along with notions their analysis (and ours) hinges upon.
These definitions are then used to construct a “clustered” version of the probability distribution D.
Throughout, we denote by s the overall sample complexity.

Definition 1.5 (Heavy strings and good sequences). For any fixed ¢-subset J C [n], we say that
o € {0,1} is J-heavy (w.r.t. D) if Prx.p[X; = o] > 1/(100s%). For a fixed f-subset J C [n],
a sequence of s = Q(s% - ¢) strings (w®, ..., w®)) e ({0,1}")¥ is then J-good (w.r.t. D) if its
J-restrictions hit all J-heavy strings, i.e., for every J-heavy string o, there exists i € [s'] such that
wy) = 0. Finally, a sequence (w®, ..., w®")) is good (w.r.t. D) if it is J-good for a 1 —o(1) fraction
of all /-subsets J.

Remark 1.6. Goldreich and Ron [GR23b] provided a non-adaptive query tester for m-uniformity
using m-grainedness® as a prozy, which takes O(m) samples and queries the same (randomly chosen)
O(log m/e)-size subset J of coordinates for each sample. It is natural to try to bypass this prozy step
of testing m-grainedness, as it costs significantly more samples than parameterized uniformity testing
(O(m/logm) for the former, compared to O(m?/3) for the latter). We also emphasize that our
approach significantly differs from that of [GR23b]: namely, our approach crucially uses adaptivity
while their m-grainedness tester of is intrinsically non-adaptive. However, we first briefly describe
their approach, as we draw upon the insights from their work will be to obtain our improved adaptive
tester.

The above definition, which underlies the analysis of the algorithm of Goldreich and Ron in the
context of testing m-grainedness, captures a typical distribution that one would most likely observe
when looking only at the f-subset J positions of the samples. Since two strings x and y are then
indistinguishable if x; = y;, we will (have to) treat them as the same string. Indeed, given a set of
J-good strings w = (w(l), o wl )) we can construct a distribution D’ from D by merging multiple
strings that are the same under the J-restriction, thus creating a “clustered” version of D. In more
detail, let I = I(J) be a minimal set of indices i € [s'] such that {wy) |iel} = {wy) | i€ [s]}
From D, we define D’ by the following mapping f .z

— @7 e (D) .
Prx.p[X;=w;’] ifx=w" foriel;
D'(x) =40 iije{w)MGI}butxgé{w |iel};. (1)
Pry.plX =a]  ifay¢ {w)|iecr}.

Clearly, if one takes samples X ~ D and X’ ~ D’ but only queries the set of indices .J, then X ; and
X', are identical (w.h.p.). Goldreich and Ron then base the analysis of their m-grainedness tester
on X' instead, showing the following: i) if D is m-grained, then so is D’ (as this property is closed
under mapping); ii) When D is far from m-grained, then D’ is also far from m-grained (because,
as they argue, D' is close to D in EMD distance). The final ingredient is then showing that, when
drawing s samples, X’ and X', will, with high probability, have the same collision pattern (i.e., the
empirical frequencies defined by these s samples will be identical). Thus, even though the algorithm
samples from D and not D', since it restricts its attention on a subset of indices J of the s samples,

3A distribution D is called m-grained if all probability values under D are an integer multiple of the “granularity”

1/m. As detailed in [GR23b], the property of being m-grained is closely related to that of being m-uniform — yet
not equivalent. However, one observation which we will rely on is that, if 1“% < g, then any distribution e-close to
m-grained is also e-close to m-uniform (both in EMD). This is because, as observed in [GR23b, Corollary 2.3], any
m-grained distribution can be turned into m-uniform by modifying the first O(log m)-bits in each support string.



analyzing its behavior under D’ is sufficient. This is crucial: If D’ has a small chance of collisions in
set S/, then D will also see fewer collisions in the corresponding area under J-restriction.

We let &’ be the subset of “heavy” elements of the domain (defined below, as a function of the
aforementioned threshold 7; see also (2)):

§'i={zef{0,1}" | D'(z) > 1/7};

which are those we will avoid performing additional queries on (so we will only query additional bits
on strings in its complement &'; or, as a technicality, we are in fact querying S and thus we need a
way to relate elements between &’ and S. This is detailed in Section 3 and illustrated in Fig. 1).

The O(n) view of D. Recall that in step (ii), we will fully query a subset of samples that are
unlikely to cause many collisions, i.e., the set of elements with relatively low mass. So when we
choose a set of these “not much queried” samples from the original multiset of samples (those of D)
and perform additional queries (we query the full n bits in these samples), the illusion that these are
samples from D’ will be broken. However, by doing this, we can obtain the actual norm estimates
of D (over S) rather than D’ (over §’) with very few queries,* leading to the final distinguishing
argument below.

Distinguishing with S (low mass elements). Our main argument, focusing on the low-mass
elements, is as follows: (1) When D is m-uniform, then Dg will remain m-uniform as a pseudo-
distribution on S (meaning that every z € S satisfies D(z) = 1); (2) When D is far from m-uniform,
we will show two things: First, DY, and Ds will be close in EMD (Lemma 3.4). Second, DY,
will be close to some m-uniform (pseudo)-distribution in EMD (Lemma 3.6). With these two
points combined, we have that Dg will be close to some m-uniform (pseudo)-distribution in EMD
(Lemma A.3). Thus, as D is overall far from m-uniform in EMD, D5 must be far from any m-
uniform (pseudo)-distribution (Lemma 3.7). Thereafter, we can then focus on checking farness from
m-uniform of the (pseudo)-distribution, which involves estimation of /5 and ¢3 norms (counting
pairwise and three-wise collisions suffices). A careful analysis shows that taking O(m!/?/ poly(e)) and
O(mQ/ 3/ poly(g)) samples to perform these two norm estimations, respectively, suffices to distinguish
the two cases. One can further save on query budget by focusing on samples that collide, whose
number in expectation, are bounded by the two-norm (and three-norm) of D’g. The query complexity

for this check is thus O((m1/2)2||D’§||% ‘n)+ O((m2/3)3\|D’§H§ -m): as discussed above, the (expected)
values of the quantities HDlg”% and ||D’§H§ can be tuned by the choice of 7, leading to the sample
and query complexity tradeoff in our upper bound.

1.3 A non-adaptive lower bound

To establish our non-adaptive lower bound, a natural idea is to define two families of probability
distributions, one comprised of m-uniform distributions (yes-instances) and the other of distributions
far from m-uniform (no-instances), before proving that distinguishing a (randomly chosen) yes-
instance from a (randomly chosen) no-instance requires either many samples, or many queries.
Unfortunately, this approach comes with significant hurdles, as one needs to both create distance
between yes- and no-instances, while also arguing indistinguishability: but most natural ways to
create distance in EMD lead to distributions supported on strings pairwise far in Hamming distance —
then easy to distinguish given very few queries! One fix would be to start with distributions far in
TV distance, then create EMD distance through the application of suitable types of error-correcting,

4The key idea to guarantee low collisions when querying D over S is that we can upper bound the number of
collisions via D’ — since D has strictly fewer collisions than to D’ and thus analyzing the projection on J over &’ would
suffice.



with additional “indistinguishability properties for low-query algorithms.” Again unfortunately,
finding a type of construction and codes meeting all the requirements seemed arduous, if not
impossible: instead, we take another route. Namely, we define three families of instances: yes-,
no-, and maybe-instances, such that (1) yes-instances are m-uniform, (2) no-instances are far from
m-uniform, (3) no- and maybe-instances are indistinguishable with 6(m) samples, and (4) yes- and
maybe-instances are indistinguishable with 6(y/mn) non-adaptive queries. (Proving (4) is our main
technical contribution.) Now, a valid tester must be able to consistently distinguish yes- and
no-instances: it could say anything on maybe-instances, but still needs to say something. This
implies it must also be able to either distinguish yes- and maybe-instances, or distinguish no- and
maybe-instances. We do not know which of the two, but this is fine: either way, this requires either
high sample complexity (by (3)) or high query complexity (by (4)), yielding our lower bound.

1.4 An adaptive lower bound

Our adaptive lower bound draws from the same idea, again defining three families of distributions,
yes-, no-, and maybe-instances, but with considerably more technical difficulties to “foil” adaptive
algorithms. The first step is to again start with “superdistributions”® over m well-separated clusters,
and embed hard instances for m-grainedness into these cluster distributions to obtain Dmaype and
Dyo. However, we now modify the m-grainedness hard instance to get a new “type of cluster”,
with larger total mass than the other clusters (namely, 1/t, for some suitable parameter t), while
preserving the indistinguishability between Dpmnaybe and Dpo. The reason for this type of “heavy
clusters” is to generate spurious collisions, inspired by the way our upper bound (algorithm) works:
indeed, an algorithm, to distinguish between Dyes and Dmaybe, Will need to find “secret” (and light)
clusters in which we hide the difference between yes-instances (which are m-uniform, and so in which
these clusters contain several very close but distinct points) and maybe-instances (which are only
m-grained, and in which these clusters consist of a single point). To “win”, an algorithm must
thus obtain collisions in one of these “secret” clusters, and query at least Q(n) coordinates of the
corresponding colliding samples to figure out if they are the same, or different points within that
cluster. Yet, intuitively, the algorithm will not be able to only query a few of these “candidate secret
clusters” as it will see many clusters with the same number of collisions thanks to these “spurious
added clusters”, and cannot a priori know which ones to focus on: so the algorithm is forced to query
Q(n) bits from many cluster-colliding samples to have a chance to win. Of course, this intuition is
quite intricate to formalize: in order to do so, we reduce the question to a problem reminiscent of
list-decoding, in which we are able to prove the lower bound against a kind of (weakly) adaptive
algorithms, before lifting the argument to general adaptive algorithms.

1.5 Related work.

Several new models of distribution testing, such as the dual access model [RS09; CR14] conditional
sampling [CRS15; CFGM16], subcube conditioning [BC18], and very recently, the Distribution over
Huge Objects (DoHO) model [GR23b] have been introduced over the past two decades. See the
surveys ([Can20; Can22; BW18]) and the book by [Gol17, Chapter 11] for detailed references.

The DoHO model has raised significant interest over the past few years. Chakraborty, Fischer,
Ghosh, Mishra, and Sen [CFGMS23] studied the notion of indez-invariant properties (i.e., properties

5Formally, consider two clusters C; = {z1,z2,23} and Co = {x4, 25,26} such that C; and C> are centered at x1
and x4, respectively. While the distribution is defined over, say all the points in {z1,...,z¢}, due to clustering, we can
think a distribution, called a super-distribution defined only over {z1, 22}, where the total mass of all the points inside
a cluster is moved to its center.



which are invariant under the permutation of the indices, in contrast to the usual notion of label-
invariant properties) and showed that any index-invariant property whose support set has bounded
VC-dimension can be learned using a constant number of queries. That paper also established tight
separations of adaptive and non-adaptive testers for index-invariant properties. Later, Chakraborty,
Fischer, Ghosh, Levi, Mishra, and Sen [CFGLMS25] extended these results, and proved that any
index-invariant property that can be tested using constant queries, can also be estimated using
constant number of queries. Adar and Fischer [AF24] defined various notions of adaptivity in this
model and studied separation results among them. Finally, Adar, Fischer, and Levi [AFL24] studied
the problem of support size testing in the DoHO model, and explicitly ask about trade-offs between
sample and query complexities as an open question in the context of this task.

2 Preliminaries

Throughout, for an integer k£ > 1 we denote by [k] the set {1,...,k}. We will use the standard
asymptotic notation O(-), (), Q(-),0(-) as well as the (slightly) less standard O(-), Q(-) and ©(-),
which omit polylogarithmic dependencies in the parameters. For a probability distribution D over a
(discrete) domain € and a set S C Q, we write Dg for the pseudo-distribution where Dg(z) = D(x)
for every x € S, and D(S) = > .4 D(x) € [0, 1] for its probability mass (note that Dg may not be
normalized). Often, our algorithms will rely on the Poissonization technique, whereby instead of
taking a fixed number s of samples from a distribution D, they instead take s’ ~ Poi(s) samples:
this simplifies some of the analysis, and is essentially without loss of generality (see, e.g., [Can20,
Fact D.10] for more on Poissonization). Finally, we write “w.h.p.” to denote an outcome occurring
with sufficiently high (constant) probability. We first recall the definition of Earth Mover distance
(EMD) with respect to Hamming distance. For an n-bit string x € {0,1}", and a subset J C [n], we
denote by z; the sub-string obtained by concatenating every bit obtained from {x;};cs; we say that
zy € {0,1}V1 is a J-restriction of x.

Definition 2.1 (EMD with respect to Hamming distance). The FEarth Mover Distance (EMD)
between distributions Dy and Dz over {0,1}" is dem(D1, D2) = infrer(p, Do) E(ey)~rldu(z, y)],
where T (D1, D2) denotes the set of all coupling between D; and Ds, and du(z,y) the (normalized)
Hamming distance between z,y € {0, 1}".

We will require an equivalent characterization of EMD, which extends to (pseudo)-distributions:

Fact 2.2. Let Q ={0,1}" and fir S C Q, 8’ C Q. Given two distributions D, D’: Q — [0,1] and
D(S) = D'(S'), the earth mover distance between two (pseudo)-distributions Ds and D', is the
optimal value of the following linear program:

dEM (DS, D:g/) = min Z Wy y * dH(JT, y)

VyeQ:Y cqWey =D'(y)
Va,y € Q:wgy > 0.

We then define the Huge Object Model, and what adaptivity means in this model.

Definition 2.3 (DoHO model). In the Distribution over Huge Objects (DoHO) model, the algorithm
is provided access to an unknown probability distribution D over {0,1}" through a sampling and a
query oracles. The sampling oracle provides i.i.d. samples from D, whose bits are not revealed to
the algorithm. For any such sample = € {0,1}", the algorithm can then use the query oracle which,
on query j € [n], returns the bit ; € {0,1}. The goal is to minimize the total sample and query
complexities, i.e., the number of calls the algorithm makes to the sampling and query oracles.



Definition 2.4 (Non-adaptive DoHO algorithms). An algorithm in the DoHO model with sample
complexity s is said to be non-adaptive if the sets of queries Q1,...,Qs C [n] made to the query
oracle are determined prior to seeing the result of any query; i.e., the indices queried for each of the
s samples are chosen ahead of time. In contrast, an adaptive algorithm is allowed to choose the t-th
query to the query oracle as a function of the t — 1 bits returned in the previous queries it made.

We now define our main object of study, parameterized uniformity testing. Recall that, for a
given integer m > 1, a probability distribution D over a domain 2 is said to be m-uniform if there
exists a set S C € of size |S| = m such that D(xz) = 1/m for each x € S.

Definition 2.5 (Parameterized uniformity testing). Let n,m > 1 be positive integers. The task
of parameterized uniformity testing (or m-uniformity testing) requires, given DoHO access to an
unknown distribution D over {0,1}" and a parameter ¢ € (0, 1], to distinguish, with probability at
least 2/3, between the cases (i) D is a m-uniform distribution and (ii) D is e-far in EMD distance
from all m-uniform distributions D’ (i.e., dgm(D, D) > ¢).

3 An adaptive tester for m-uniformity testing

In this section, we prove our main result, stated below:

Theorem 3.1. For every m > 1 > 1, there exists a testing algorithm for m-uniformity (Algorithm 2)
ml/2 m2/3

with sample complexity O (7‘ + o T EIT/J) and query complexity O (g + Q% . %), where 1 > € >

Q(7/m) is the distance parameter.
For constant € > 0, by optimizing over 7 this implies the following:

Corollary 3.2. There is a testing algorithm for m-uniformity with sample complezity O(m2/3n1/3)
and query complexity O (m2/3n1/3), where ¢ = O(1) is the distance parameter.

Moreover, as discussed in the introduction, Theorem 3.1 provides a smooth tradeoff between
sample and query complexities. For instance, seeing € as a constant for simplicity, setting 7 = @(mQ/ 3)
retrieves, up to logarithmic factors, the result of Canonne, Sen, and Yang [CSY25] (O(mQ/ 3) samples,
O(m?*®n) queries), while at the other extreme, choosing 7 = ©(m) yields the result of Goldreich
and Ron [GR23b] (O(m) samples, O(m) queries).

To implement the strategy discussed in the introduction and analyze Algorithm 2 (thus prov-
ing Theorem 3.1), we will require a few technical lemmas, which we provide below. All proofs
can be found in Section A. Our main algorithm for m-uniformity testing (Algorithm 2) uses four
subroutines:

o FINDHEAVYELEMENTS (Algorithm 3), which identifies the set of heavy elements S, based on
a given threshold 7

e SANITYCHECKNORMS (Algorithm 4), which, given a set, run a sanity check to ensure that the
pseudodistribution on this set has ¢2 and ¢35 norms which are not too small (and, in particular,
at least not obviously inconsistent with an m-uniform distribution)

e DRAWFILTERED (Algorithm 5), which, from a multiset of samples, only keeps the small mass
ones, filtering out the heavy strings; and

e REALNORMEST (Algorithm 6), which, given a set, estimates the f3 and ¢3 norms of the
pseudodistribution on this set to high accuracy (with a query complexity related to the value
of the norms being estimated).



Algorithm 2 The m-uniformity tester
Require: Sample and query access to an unknown distribution D, parameters m,n, 7, e

Ensure: Return accept if D is m-uniform and reject if D is e-far from m-uniform, with probability
at least 2/3.

1 Set g<_0<w), 51 eO(%), S2 <—O(’;91//22 +g}%§§)

£

2: Choose a set of indices J C [n] of size ¢ uniformly at random.
> Identify large mass region L, which costs O(7log7) samples and O({-TlogT) queries.
3: L < FINDHEAVYELEMENTS(D, J, T)
4: Take O(E%l) samples from D to estimate D’(L), under the J restriction.
5: if D'(£) < O(¢) then return accept

> Accept only if {2 and {3 norms looks m-uniform over the small mass region: L.

6: if SANITYCHECKNORMS(D, J, L) returns reject, then return reject.
7. 81 + DRAWFILTERED(s1, £, J); Cy < REALNORMEST(S;, J, 2)

> Note that D'(L) = D(L).
C1
D(£)
9: S + DRAWFILTERED(s2, £, J)
10: Cy < REALNORMEST(Sy, J,2); Ca < REALNORMEST(Ss, J, 3)
11: if ’C’Q — f)C%‘ > Q(e?) - DC(%
12: else return accept.

8 if

1 € .
H‘ > 155 then return reject.

then return reject.

Our first claim, which shows that most of the choices of the uniformly random subset of
coordinates J to inspect are good, is implicit in the proof of Goldreich and Ron [GR23b, Claim
2.2.2).

Claim 3.3. With probability 1 — o(1) — ﬁ over the choice of J and randomness over the sampling
of X ~ D, with up to s samples, X; will have the same empirical histogram as X'.

Similarly, by a direct adaptation from the proof of Goldreich and Ron [GR23b, Claim 2.2.1], we
obtain the following Lemma 3.4 (we defer its proof to Section A):

Lemma 3.4 (D and D’ are close on S). Given a sequence of good strings (w™™, w®, ... w®)), a
random projection J (and thus X' ~ D’), along with a subset " C Q = {0,1}", one can apply f}tlg
on every ' € S8’ to find S (see (2)). Moreover, we have that with probability 1 — o(1) over the choice
Of J, dEM(DS, D{S’) < 1%

For our argument, we will assume that we have sample access to D'.® First, let us define a set
that would contain most of the collisions of X', parameterized by some threshold 7. Abusing the
notation, we set the default S’ without any parameters below:

Syp={xe{0,1}" | D'(x)>1/7};S8 =8, and S = {fJ_}E(:n) €{0,1}"z €S}, (2)

Mapping elements between D and D’. Recall that in applying Algorithm 6, we will fully query
a subset of samples that are unlikely to cause many collisions, i.e., the set of elements with relatively

5Technically, to D’ up to a permutation of the domain elements: since we are only querying an {-bit subset of
coordinates, the D’ in question is only defined up to a permutation (which leaves the ¢-dimensional subcube queried
invariant). This does not affect the argument, however, as parameterized uniformity is a label-invariant property.
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Algorithm 3 FINDHEAVYELEMENTS(D, J, 7)
Require: Sample access to D, index set J C [n], threshold 7
Ensure: Find £: elements whose restriction on J has empirical weight > 31; It takes O(rlog 1)
samples and O(7log T - |J|) queries.
1: 81,82 < O(7logT)
> Every heavy element will appear in Si, w.h.p.
2: Draw multisets S = {m(i)}ie[sl], Sy = {y(i)}z‘e[sﬂ from D
3 foralli€{l,...,s1} do ‘
D@y « L5722 1[0 = 2] )
5 L0
> Use the empirical weight of S2 to confirm that it is indeed heavy
for allie {1,...,s1} do
if D'(2];) >3 -1 then
L LU{z®}

return £

Algorithm 4 SANITYCHECKNORMS(D, J, £, D(L))
Require: Sample access to D, index set J C [n], and the empirical large mass set £
L D(L)

D(L) . N . ( . .
1600 » otherwise reject; £3 norm is at least {45577, otherwise reject.

This procedure will cost O(y/ + 7?12//33) samples and O (% : ||D’Z||% + %2 o D/ZH§) queries.

) m . il m2/3 . m2/3
I, ( m)) =0 (/), 5+ O (7[;(2)1/3 =0 (=2
> Try to estimate /> norm over the set L, and reject early if /> norm is too small.

2: 81 + DRAWFILTERED(s1, £, J); Cy < REALNORMEST(S;, J, 2)
3: if 52 . C; < 1, then return reject

Ensure: ||Dz||3 norm is at least

D> Try to estimate {3 norm over the set L, and reject early if /2 norm is too small.
4: S < DRAWFILTERED(S2, £, J); Co < REALNORMEST(Sy, J, 3)
5. if s3-Cy < 1, then return reject.

low mass. So when we choose a set of these “not much queried” samples from the original multiset
of samples of D and perform additional queries (we query the full n bits in these samples), the
illusion that these are samples from D’ will be broken. One observation is that each 2’ € Supp(D’)
will correspond to one or multiple = € Supp(D), i.e., we can reverse the mapping defined in (1) via
its preimage {y : (z/,y) = f;z(y)}. Therefore, if we have a partition &’ and &’ for X', then it will
correspond to a partition of S and S for X (here, by correspondence, we mean that no 2’ € &' will
be mapped to some x € S).

Here one can think of the mapping function fjz: {0,1}" — {0,1}" x {0,1}" in (1): it maps
one input to two outputs (see Fig. 1 for an illustration). i) For the first output, if its input z’s
restriction to J matches with any element in @, then it will be mapped to the corresponding w® in
W, otherwise we simply output z (this is exact the procedure behind (1), and it reflects the O(1/e)
view). ii) For the second output, it maps x to itself, with the caveat that this output is hidden to
our tester (this remains hidden until we perform additional queries on z).”

Our next claim shows one can efficiently identify (a good proxy for) &', the set of heavy elements:

"One can easily implement fJ_i*; by mapping the second hidden output back to itself.

11



Algorithm 5 DRAWFILTERED(S, L, J)

Require: Multiset S (samples), sets £ C {0,1}" (uninterested region) and J C [n] (query positions)

Ensure: The multiset obtained from S by removing all strings consistent (on J) with one string in
L

> For every z, we will query its J positions and check against strings in L.

1: for all z € S do

2 if 25 € {z;:x € L} then
3: S<—S\{z}
4

: return S

Algorithm 6 REALNORMEST(S, J, k)
Require: A multiset S (samples), J previously queried positions, integer k € {2,3}
Ensure: Return an estimate of HDZHﬁ, {; norm of the small mass region, by querying

@ <(|‘Z‘) : HD%H@ bits overall.

> The information of L is implicitly passed through S, as we have previously filtered samples

before running this estimation procedure.
1: H' + HashTable({0,1}* — poly(s))
H < HashTable({0, 1}" — poly(s))
D> Reusing queries in previous steps. So this step is query-free.
for all z € S do
H'(z)) < H'(z)) + 1
C+0
for all z € S do
D> Adaptive query of full bits.
if H'(z5) > k then
8: Query all n bits of z
9: H(z)+ H(z)+1
10: for all (e,v) € H do
1n:  C«C+(})

12: return C/("Z‘)

0

Xt

Claim 3.5. There is an algorithm (Algorithm 3) which takes O(t) i.i.d. samples from D' and
returns, with probability 1 — o(1), a set L' such that

i/’>/7' - L - 81/7’

Moreover, ”leng <3D(L)/T and ||D’£—,||§ < 9D(L')/72. Further, if D’(Si/T) > Q(e) then D'(L') >
Qe).

Afterwards, we will draw a fresh set of O(1/ %) samples, to get an empirical estimate D'(L) of
the probability mass D'(L£). If D'(£) > 1 — 155, our algorithm will accept — as this implies that
D'(L£) < O(e), and thus, by Lemma 3.6 below that, D’ is O(7/m + ¢)-close to m-uniform in EMD.®

Lemma 3.6 (DY, is close to m-grained). Assume m > %. With probability 1 — o(1) over the choice

of J, we can transport W > D'(S') — O(L) mass of D, into a (pseudo)-distribution Q that is

m-grained, costing at most O (%) Moreover, (Q’s mass is equal to W.

8Recall that by Footnote 3, closeness to m-grained implies closeness to m-uniform in the parameter regime 1 /m <L €.

12



w®, oz = wsi),for 1el
T, otherwise

Yvis = {

fr,w first outp

fr,w second o

D Yha=T
Hidden from the tester until fully queried ; yniqa € {0,1}"

Figure 1: An illustration of the fjz: yvis gives the clustered view (D’) of the tester which queries
only O(1/e) bits per sample (technically, it sees only the J-restriction, so (yyis)s € {0, 1}¢; but their
empirical histogram will be the same) and yp;q captures the full view — what the tester might see if
it later performs additional queries on x.

Lemma 3.7 (dgy implies dty Farness). Suppose 17%—0 < e. If we cannot transport at least D(S) — 160

of the mass of Dz into any m-uniform with cost at most €, then for any m-uniform distribution U,
I1Ds = Uzl = 155-

The next claim shows we can efficiently check the ¢5 and ¢3 norms, crucial to Steps 3 and 5 in
Algorithm 4:

Fact 3.8 (Sanity checks). Suppose |D(L)—D(L)| < O(e) and D(L) > Q(e). Then we have the follow-

ing: i) It takes O(m!/? /e'/?) samples to distinguish between HDZH; < D (£)(1600m) and HDZH; >

D (L)/m. ii) It takes O(m?/3/Y/3) samples to distinguish between HDzHg < D (£)/(1600m?) and
3 —

1Dzl = D (£) /m?.

Building on Lemma A.1, we will also show the following, allowing us to get, in our algorithm a
good estimate of the ¢ norm of a pseudo-distribution:

Corollary 3.9. Fiz a set S C Q. Suppose D(S) > Q(e), || Dsl3 > 145 - @ and we are given

D(8) such that |D(S) — D(S)| < O(e). Then, with O (v/m/e%/%) samples from D, one can return

. ~ ~ b 2 Dall2
an estimate D such that |||Ds||3 — || Ds||3] < O(¢) - || Ds||3. Moreover, ”D(i*”)Q — ”D(SS”)Q < 160

The next two results focus on the relation between /» and /3 norms of pseudodistributions,
relating them to closeness to uniformity, and providing an operational way to check this relation.
While this was known for bona fide distributions, the extension to pseudo-distributions (and its
“right” formulation) turns out to be quite involved, and is an important ingredient of our analysis:

Lemma 3.10. Fiz any set S such that D(S) = Q(e), | Ds||3 > 145 - % and | Dsl|3 > 15 - %.

Assume |D(S) — D(S)| < O(¢%- D(S)). Then, given s = O (m'/2/e%% + m?/3 /13/3) samples from

D, we can distinguish w.h.p. between

Dsl3 I Dsll3 IDsll3
Dell3 — D52 Delld — 2502 2 )
H SHB D(S) and H S||3 D(S) € DQ(S

13



Claim 3.11. Fiz any subset S C {0,1}". Then: (i) If D is m-uniform, then

IDsl3 _ 1 [2511E;
D(S)2 = and [ Dslls - D(S)2 -
.. . |Ds]|2 14¢/200
(i1) IfU mr_r};%ormHDS —Usll1 = 155 and D(SS)2 € [=—L==], then

D514 D53
1Dslls = Dgy 2 (€2<D<s>§2>'

Our final technical lemma will allow us to relate the distance of D from m-uniformity to that of
Dg, thus “localizing” enough distance in the pseudo-distribution considered by the algorithm:

Lemma 3.12. Suppose 17())10 <€ and 100> <e. If D is e-far from any m-uniform distribution in
EMD, then, with probability 1 — o(1) over the choice of J, one cannot transport W' mass from Dg
to any m-uniform pseudo-distribution Q such that Q(S') = W' without a cost at least £/2, where
W' = £ > D(8) —¢/100 for some integer k.

With all these building blocks in hand, we are ready to prove our main theorem:

Proof of Theorem 3.1. Throughout the analysis, we will assume that the random query projection
J is J-good for some @ = (w), ..., w*)), which happens with probability 1 — o(1) and gives us a
distribution D’. In view of Claim 3.3, we will further assume sample access (up to relabeling) to D’
via Xy, where X ~ D.

7 _ ().

Dglls = LTJ =

Completeness. Assume D is m-uniform: note that, then,
1. If D (L) = D' (L) < O(e), then Algorithm 2 will accept w.h.p. in Step 5.

2. If D (L) = D' (L) > Q(e), then we obtain an estimate of D' (L) s.t. )f)’ (L) - D' (L)

O(e). By Fact 3.8, if HDZH; = %, w.h.p. we will not reject in Step 3 in Algorithm 4.

D~ D=||? D-||?
e 122k e 128 2 <
500, Which means that w.h.p. we will not reject in Step 8 of Algorithm 2. For the final check
in Step 11 of Algorithm 2, by Claim 3.11 item i) and Claim 3.10, w.h.p., we will not reject. By
a union bound, over the events, we have that w.h.p., we will not reject and thus the tester will

return accept.

<

Furthermore, by Corollary 3.9, we have that

Soundness. Suppose D is e-far from m-uniform, which implies that D’ is Q(e)-far from m-uniform
by [GR23Db][Claim 2.2.1]. By Lemma 3.6, D’ is O (% + %)—close to m-uniform on &’. Suppose
D' (8") < O(e) for contradiction, then we will have that D’ is O (Z + 1 + ¢)-close to m-uniform in
EMD, which contradicts the premise: thus, D’ (@) > Q(e).

By Claim 3.5, we will locate a set £’ such that Sé/T C L' C &'; and we have that D’ (?) >
D’ (?) > Q(e). This implies that w.h.p. Algorithm 2 will not accept in Step 5.

After obtaining £', the algorithm fully queries (all n bits of) the samples that fall in £’. This
allows it to compute the corresponding set £ = { qulﬁ(x) | x € L'}. Since £’ O &, we have that
L D S. Now by Lemma 3.12 and Lemma 3.7 (note that as £ is a superset of S, it is costlier to
transport from D7 to any m-uniform pseudo-distribution @), for any m-uniform distribution U,

HDZ - UZH1 > HD§ - Ung > 1%)0. We then consider two cases.

14



D— A 12 P A 12
L. If ‘ 1Dgll, 1] 5 < ipen |1 — L] > |15ek - k| - | D2k - 1P2] > 55 by Corollary 3.9.
Thus Algouthm 2 will reject w.h.p. in Step 8 (if it has not done so already at Step 3 in Algorithm 4).
1ozl; 3 [ 2 1ozl
2. If ‘ D(%)Q — | < 555, then by Claim 3.11, we have that HDL‘Hs D(%)Q > Qe DQEZ)Q .In

this case, Algorithm 2 in Step 11 will reject w.h.p. via Claim 3.10.

We conclude via a union bound that the algorithm will overall output reject w.h.p.

Sample complexity. We can compute the sample complexity by summing samples used in
Algorithms 2 to 4, which would lead to a total sample complexity of

ol ml/2  2/3
TogT—i—W%-ngB .

Query complexity. For every sample, we will always query on J, which costs
1/2 2/3\
m m og(mn/e)
O((Tlogr—i- 972 +513/3>~ 5 )

queries. On the other hand, when we compute the actual 2-norm and 3-norm estimates as done
by Algorithm 6, we will pay O(n) per sample that is involved in 2-wise and 3-wise collisions and

in expectation there are (82/) . HD,Z”% and (53,) : ||D’ZH§ number of samples that fits the criteria
(respectively), where s’ denotes the number of samples we use in that batch. By Claim 3.5, we can
upper bound the 2-norm and 3-norm on £/, i.e., the number of collisions would be limited even for
the “clustered” version D’. Combining all these, we can compute an upper bound for the expected
number of queries (before, by Markov inequality, converting it to a worst-case query complexity, at
the cost of a small additional failure probability) for samples used for estimating 2-wise collisions:

o(((3)+ (5)+ ) Ioelzon) <0 (52,

Similarly, for 3-wise collisions, the number of queries is

o(((3) ) Ioels o) <o (25 %),

Combining all, we have that the query complexity is bounded by

1/2 2/3\ 1 2
O<<710g7+m +m ) og(mn/e)+m'n>’

29/2 T 133 e o137 2

where we restrict 7 < O(m) (otherwise the stated sample and query complexities are worse than
that of [GR23b, Corollary 2.3]), which implies ™5 - % > ™ . 2, O

T2 e T

4 A non-adaptive lower bound for m-uniformity testing

In this section, we prove the following theorem, which shows that non-adaptive testers for
m-~uniformity either must take many samples, or make many queries—and, in light of Corollary 3.2
establishes a separation between adaptive and non-adaptive testers:
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Theorem 4.1 (Non-adaptive lower bound). Let m,n > 1 be sufficiently large integers with m < nOW,

Any non-adaptive eg-tester for m-uniformity in the DoHO model must either have sample complexity

m . / v/ mn /
§ > Ciogry OT query complezity q > ¢ TogZm’ where ¢, c’,e9 > 0 are absolute constants.

Proof. By a standard application of (the easy direction of) Yao’s minimax principle, it is enough
to design two distributions Dyes, Dy, over instances such that (1) Dyes is supported on m-uniform
distributions, (2) Dpe is supported on distributions eg-far from m-uniform (in EMD distance), and

m
logm

queries. As discussed in Section 1.1, the key idea of our proof is to actually define three distributions
of instances, Dyes, Dno, and Dmaybe, such that

(3) any deterministic non-adaptive tester which takes s = o

) samples must make Q(y/mn)

1. Dyes is supported on m-uniform distributions;

2. Dy, is supported on distributions eg-far from m-uniform;

3. Dmaybe is supported on some distributions, not guaranteed to be m-uniform; yet
4

m
logm

. Dno and Dpaybe are hard to distinguish given o ( ) samples, and

5. Dyes and Dpmaybe are hard to distinguish given o (1@2) non-adaptive queries.

Assuming the above, fix any honest-to-goodness non-adaptive tester A for m-uniformity. By definition,
A needs to output accept on (distributions from) Dyes with probability at least 2/3, and reject on
(distributions from) Dy, with probability at least 2/3; it is, of course, completely off the hook on
(distributions from) Dmaybe, since they do not necessarily satisfy either the uniformity nor farness
promise. Yet A does need to output something on these as well: denote by p the probability it
outputs accept when run on a distribution from Dpyaybe: p = Prp~p AP = accept] . Clearly, we
must either have p > 1/2 or p < 1/2.

maybe [

o If p > 1/2, then A is a valid distinguisher between Do and Dmaybe: and so it must have sample
complexity s = () ( s );

logm

o If p < 1/2, then A is a valid distinguisher between Dyes and Dmaybe: and so it must have query

log? m

complexity g = 2 (

which then establishes the conclusion of Theorem 4.1. So our goal is to design distributions Dyes,
Dhno, and Dpaybe over probability distributions satisfying the desired properties. To do so, we will
rely on a result of Canonne, Sen, and Yang [CSY25] on testing m-grainedness, restated below:

Theorem 4.2 (Canonne, Sen, and Yang [CSY25, Theorem 1.1]). Let N be a sufficiently large
integer, and m = O(N). Then, there exists a constant gy € (0,1) such that eg-testing (in the
standard setting) m-grainedness of distributions over [N] requires Q(%) samples. Specifically,
there exist two families D1, Dy of probability distributions over [N] such that (1) distributions in
Dy are m-grained, (2) distributions in Dy are go-far from m-grained in TV distance; and (3) any
algorithm distinguishing a randomly chosen distribution from Dy from a randomly chosen one from

Do with probability of success at least .51 must take c - %, where ¢ > 0 is an absolute constant.

(Moreover, as a technical point, by inspection of their proof one can check that probability
distributions in D9 have support size at most 2m, while these in D; have by definition support size at
most m. Further, || D1]|co, | D2l|co < C”- @ for every Dy, Dg from D; and Dy, where C’ > 0 is an
absolute constant.) We will take N = 2™ there, and embed the families D1, Do into {0,1}" in a way
which “creates EMD distance” from TV distance. Specifically, choosing any good linear-distance
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error-correcting code C C {0,1}" 9, we fix a set A = {z(), @) 2™} C C of 2m points at
constant pairwise distance: dH(x(i),x(j)) >1/4forall 1 <i < j<m.'" Then, our distribution Dy,
is defined by drawing a distribution Dy (over [N]) from Ds, and mapping its support to A; while
our distribution Dmaype is similarly obtained by drawing a distribution D; (over [N]) from Dy, and
mapping its support to A. (Nearly) finally, Dyes is defined similarly, but with an extra step:

1. draw an m-grained distribution Dy (over [N]) from Dj;

2. map its support to A, obtaining an m-grained distribution D, over A, such that, for each
1 <i < 2m, Dh(z®) = L;/m for some integer L; € {0,1,...,m};

3. for each 1 <14 < 2m, define D{j by dividing the probability mass of 2 equally over L; distinct

points 2@ 2L 3]l within small Hamming distance of 2 that is,
) . 1
D// (Z,l) T D/l (Z,Li) ——
o(z™) o(x ) m

and dg(z®, 250) < O(1)/n for all 1 <i < 2m and 1 < ¢ < L; (this is possible as m < n®W).

Finally, in both the yes and maybe cases we apply a uniformly random permutation to each
cluster, that is, for every 1 < i < 2m, we independently apply a uniformly random partition to
{x(i), A ,x(i’Li)} (this shuffling is so that no algorithm has a priori knowledge of which point is
the cluster center). It is easy to see that, by the above, (1) Dy, is supported on distributions that are
go/4-far from m-grained in EMD (for the value of ¢ from Theorem 4.2) and thus a fortiori ¢ /4-far
from m-uniform; (2) Dyes is supported on m-uniform distributions, and (3) Dmaybe is supported
on m-uniform distributions, and inherits the lower bound from Theorem j.2: it takes c - & to
distinguish Dmaybe from Dy, with success probability at least .51.

This gives Items 1 to 4 of our above desiderata: to conclude, it only remains to establish Item 5.

Item 5: distinguishing Dyes from Dpaype. First, we fix some notation: we refer to the points
in A = {x(l),x(2),...,x(2m)} C {0,1}™ as cluster centers, and, for a given 1 < i < 2m, to the
(up to m + 1) points 2@ @D g6l ag a cluster C;. We will also implicitly use a coupling
argument when considering Dyes ~ Dyes and Dmaybe ~ Dmaybe, specifically drawing Dmaybe ~ Dmaybe
and constructing (as defined above) the corresponding Dyes, so that our instances are generated by
pairs (Dyes, Dmaybe). This allows us to argue about the overall probability mass of each cluster under
each such Dyes and Dmaype: i-€., Dyes(C;) = Dmaybe(Ci) for all 1 < < 2m.

Fix any deterministic non-adaptive algorithm A with sample complexity s and query complexity
/ l;gﬁ%
C > 0. Indeed, otherwise A will, with probability at least 9/10 over the s samples it obtains from
the distribution D, “hit” each of the 2m clusters at most once, regardless of whether D = Dyes or
D = Dmaybe. But since by construction each cluster has exactly the same total probability under
both and the uniformly random permutations implies that elements within a given cluster all appear
interchangeable, the algorithm is unable to distinguish between the two.

Define r = s/(C/m) > 1. The average number of queries A makes to each of the s samples is
then ¢/s < ¢ - (v/mn/log?m)/(Cry/m) < n/(100rlog® m), the last inequality holds for a suitable
choice of ¢ > 0. An averaging argument then shows that, for at least s(1 — m) of the samples
it obtains, A queries at most m coordinates: denote the subset of these “little-queried samples”

g<c . Observe that we can assume s > C' - \/m for some (sufficiently small) absolute constant

9Existence of such codes is well known in the literature: see, e.g., [BSGHSV06].
10This is always possible as long as, say, m < 20-°7,
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L C [s], and the “heavily-queried” ones H = [s] \ L.!' For the samples indexed by L, by a union
bound over the s < O(m) samples and given the O(1/n) Hamming distance between same-cluster
points, we get that, with probability at least 9/10, A is not able to detect whether samples falling
within a same cluster are the same point (as in Dyes) or distinct (as in Dmaybe)-

The heavily-queried set of samples H could allow A to distinguish between Dyes and Dmaybe,
if they included a collision (i.e., if at least two samples from H fell in the same cluster). But the
expected number of cluster collisions within H can be bounded as

(|H|> Linax _ s C'log®m C?*-C" 1

2 ) m " 200le@Zm m 200 " 107

where Lpax = maxij<;<om L; (with the notation above), which is at most C’ log? m by the discussion
after Theorem 4.2; and the last inequality follows from a suitable choice of the small constant C' > 0.
By Markov’s inequality, this in turn implies that the probability to observe any cluster collision
among the samples in H is at most 1/10. However, by a union bound, with probability at least
8/10 we have that (1) samples from L reveal no information, as even collisions within clusters are
not detected; and (2) samples from H involve no collisions within clusters, and so also reveal no
information. This implies that A cannot distinguish between Dyes and Dmaybe, as claimed. This
concludes the proof of Item 5 and, by the foregoing discussion, of Theorem 4.1. O

5 An adaptive lower bound for m-uniformity testing

The goal of this section is to prove the following adaptive lower bound for m-uniformity testing:

Theorem 5.1 (Full adaptive lower bound). Consider any full adaptive algorithm A for m-uniformity

testing that takes s samples and performs q queries, and fix e = Q(1). If s < O (%), then A

mn

Spolylogm m) queries.

must perform q = Q) (
For our lower bound, we will restrict our attention to cluster distributions (i.e., the support of
the distribution can be clustered into m Hamming balls of diameter O(logm/n), where balls are at
pairwise distance ¢ = (1) from each other). Furthermore, we will first focus on an adaptive model
that is more restrictive, which we term the weakly-adaptive setting, then later we will generalize it
to adaptive algorithms without any restriction. An algorithm is given s samples from a distribution
D, and, for each sample, the algorithm is provided “for free” with some extra information, namely
the index 4 of the cluster the sample belongs to.'? Based on this cluster information, the algorithm
can build a frequency histogram for the s samples. We restrict the adaptiveness of the algorithm as
follows: the algorithm A must decide which strings (and how many bits) to query, upon seeing this
frequency histogram of the cluster distribution. This is captured by the following definition:

Definition 5.2 (weakly-adaptive for cluster distributions). An algorithm is called a weakly-adaptive
algorithm if it fixes its query set after seeing the frequency histogram (Y7,...,Y,,) of cluster
distribution given by the cluster oracle, where Y; is the number of samples from cluster i.

171t is worth highlighting that this is where the assumption that A is non-adaptive comes in play, as L and H then
are fully specified by the index of the samples themselves. An adaptive algorithm, in contrast, could define L and H
“on-the-fly” based on the values of earlier samples: and indeed, it is not hard to see that an adaptive algorithm can
distinguish Dyes from Dmaybe wWith only O(y/m + n)) queries.

12This is to capture the fact, upon 16) (1) queries to each sample (and this is constant if € is constant), the algorithm

€
will know whether each pair of sample strings are far or not.
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Note that this is exactly the adaptiveness used to design our upper bound algorithm. Also note that
we restrict the number of clusters in the cluster distribution to be m, and thus one can think of the
frequency histogram as being generated by a discrete distribution over [m].

Now we are ready to state our lower bound theorem for the weakly adaptive setting.

Lemma 5.3 (Lower bound for weakly adaptive setting). Consider any weakly adaptive algorithm
A for m-uniformity testing that takes s samples and performs q queries and € = Q(1). If s <

0 (%) , then A must perform q = Q) (%) queries.
Assume m > n, the regime of interest for this lower bound. Let s = o(m/logm) (otherwise, we
have an upper bound), and s = Q(mQ/ 3), as otherwise we already have a lower bound (regardless of
the number of queries q).
We first construct a new pair of hard instances variables ((X;)icpm], (X])ic[m)) obtained by suitable
modification to the m-grainedness hard instances ((U;)ic[m], (V)icm)) over [m]: for i € [m], recall
that

{1/m} w.p. (1)
(1/(2m)} wp. Q1)
) 0 w.p. Q(1 - 5
TN o) ) e {r) enemy 1
Then, let
U wp. 2/3 Vi wp. 2/3
XZ—{ Ut wp. t/3m) © G —{ 1/t w.p. t/(3m)

where m > ¢ > 1 is an integer dividing m, which we will choose momentarily (see discussion after
the proof of Lemma 5.7). We assume that s = O(t) throughout.
We first show that ((X;)icpm]s (X{)ic[m)) is @ hard instance for m-grainedness testing. We follow

the moment-matching technique ', similar to [CSY25].

Claim 5.4. ((Xi)igm]> (X})iejm)) remains a hard instance of testing m-grainedness and has lower

bound of §2 (% samples.

Proof. There are two things to check: E[X;], E[X/] < O (1), and the first L moments match like
they did for U;, V;, i.e., E[X!] = E[(X})!] for 1 < ¢ < L. The first item can be verified by noting that
E[X;] = % E[U;] + 1. 7= <0 (1). As for the second item, we have that, for every 1 < ¢ < L

l l
Bix) =5 B0 + 5 (3) =5 B+ g (3) =Bl

O]

Similar to our non-adaptive lower bound, we have a distribution over triples of distributions
(Dyes, Dmaybe; Dno), each defined over m well-separated clusters in {0, 1}" obtained from a modified
hard instance ((X;)iepm]; (X')igjm)) for m-grainedness on [m] as follows:

1. Pick z1,...,zy uniformly at random from {0, 1}"; with high probability all their pairwise
(relative) Hamming distances are ©(1);

13The moment-matching technique roughly says that if the moments of two instances (one yes-instance and one
no-instance) match up to a suitable threshold, the instances are hard to distinguish w.r.t. a number of i.i.d. samples,
which depends on the threshold.
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2. Dyes and Dmaybe share the same cluster distribution over [m], with cluster probabilities defined

3. Dyo has cluster distribution defined by (X7)cfm)-

4. For every cluster ¢ such that X; = % (resp. X, = %), divide the total probability mass % under

Dyes and Dmaybe (resp. Dpo) of the cluster over 7t (uniformly random) points within radius
@) (log (%) /n) of z;.
5. For every cluster 7 such that X; # %, set Dmaybe(2i) = X; (no dividing needed), and
o If X; = %, set Dyes(x;) = % (no dividing needed);
o If X; = % for some 2 < k < O(log2 m), divide equally under Dyes the probability mass
X; of the cluster over k (uniformly random) points within radius O (loglogm/n) of ;.

6. For every cluster ¢ such that X] # 1, set Dno(z;) = X/ (no dividing needed).
It is easy to verify that these three distributions satisfy the following;:

® Dyes is m-uniform;

® Diaybe is not m-uniform but m-grained;

o D, is far from m-uniform.

m
logm

Moreover, we note that {2 ( ) samples are still required to distinguish between Dyaype and

Dno: the changes made to 1/t masses are the same on all three distributions (Dyes, Dmaybe and Dyo)
and we did not modify any other masses; their moments remain matched following the proof idea
of claim 5.4. Since A takes s = o(m/logm) samples, it thus cannot distinguish between the two
with constant advantage; thus, by the same argument as in Theorem 4.1, it must be the case that it
distinguishes between Dyes and Dmaybe-

Outline of the proof. We thus turn to the distinguishability between Dyes and Dmaybe: by our
construction, the only way to tell the difference between Dyes and Dpaybe is to first find a cluster
collision (i.e., Y; > 2) in a cluster with probability mass in {%, cee %} — as this is the only
segment where they differ. We will refer to them as the secret clusters.

The outline of the argument is as follows: after looking over the frequency histogram of the
cluster distribution, the algorithm is given some number T" of chances to retrieve an index i such
that Xi € {k/m}c(o,  10g2 m}- One can see this as a list-decoding task, where the algorithm must
return a small list of candidates containing at least one witnessing a “hidden secret”. We will argue

that it can only “win” if X; € {k/m}c(o 1052} 15 among the T' choices it selected, and it queries

each of the T corresponding samples in at least €2 Wg(m» coordinates.

Indeed, suppose the algorithm only spends o(—--j-—) queries on the potential candidate strings
polylogm

cluster, then with high probability (via a multiplicative Chernoff bound and a union bound), it
cannot find the “hidden secret” (here, the coordinates witnessing whether the string is x; or a nearby
point in the Hamming ball) even if there is a secret to find; and thus cannot distinguish between the
Dyes and Dmaybe. On the other hand, we will show later that unless 7' = Q(poly(m)) (by setting
s = poly(m) and ¢t = poly(m)), the algorithm cannot find a secret cluster. While the algorithm can
choose not to query some candidate strings cluster, that would imply that those strings clusters can
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be removed from the candidate set, and thus suggesting that strictly less than T" candidates suffice
for the list-decoding task, contradicting the lower bound we will establish later.

Therefore, it has to spend 2 (m) queries per sample, and for T samples, this gives a query
bound of (m : T) — Q(poly(m) - n).

Remark 5.5 (Weak and full adaptivity). While this lower bound setting is not fully adaptive, it
18 “nearly there,” considering the invariant that we could maintain for any fully adaptive algorithm:
suppose we have a lower bound on this weaker adaptive setting, we consider every bit that we query
on each string from one cluster, they will be random strings generated independently of strings from
other clusters. Thus, intuitively, information gathered from queries of one cluster will not help in
identifying (secret) bits hidden in other clusters. Therefore, we obtain no further useful information
(conditioned on the histogram already obtained) that can be used adaptively to detect them.

Formalizing the argument. To simplify the argument, we will use the standard Poissonization
technique, and assume the algorithm, instead of s samples, is given Poi(s) samples. Below, we will
look at the task of finding secret collisions given the frequency histogram. Under the Poissonized
setting, the hard instances’ generation for the frequency histogram is a two-step process: first draw
(Xi)ig[m); then return Y; ~ Poi(s - X;) for i € [m].

Definition 5.6 (Two truncated Poissons). Let py be the truncated Poisson Poi(s/t) at count 2 and
p1,k be the truncated Poisson Poi(%) at count 2, i.e., po(j) =Pr[Y; =7 |Y; > 2andY; ~ Poi(s/t)];
further, p; x(j) = Pr[Y; =7 | Y; > 2and Y; ~ Poi(sk/m)] for some k € {2,...,log?m}. We will
abbreviate p; ; as p; in the remainder of the section (as our proof will show that py and p; j are
indistinguishable for any k € {2,...,log? m}).

The next lemma then bounds the number of clusters of each type in which at least 2 distinct
samples fall (i.e., witnessing at least one collision among the s samples).

Lemma 5.7 (Much more pg than p1). Given Poi(s) samples over the pseudo-distributions formed
by (Xi)icm), there are at least Q(s*/t) truncated Poissons from py and at most O(s® polylog(m)/m)
truncated Poissons from pi, with probability at least 99/100.

Proof. From the description, we note that with probability ¢/(3m) the mass will be 1/t. By the
independence of (X;);c|, and an application of Chernoff bound, we have that w.h.p. ©(t) out of
the m positions will have mass 1/t.

On the other hand, we also have that with probability ©(1), the mass will be one in {%, - %}
By independence over (X;);c|,,) and applying Chernoff bound, we have that w.h.p. ©(m) out of the
m positions will have mass from {%, e %}

Conditioned on the above event happening (otherwise we simply say that the algorithm wins
by being lucky, which happens with small probability), we look at the expected number of random
variables that have a collision, i.e., having Y; > 2 where Y; ~ Poi(s - X;). Recall that we are in the
Poissonized setting, so we look at the following.

Conditioned on X; = }, we have that for ¥; ~ Poi(s - X;); A = s/t,

2 2 2
Pr[}/;:2]:e’\-)\2x(l—o(l))‘)\229<t2>.

And since there are at least €(t) elements with 1/t masses, the expected number of Poisson random
variables with count at least 2 resulting from 1/¢ masses is at least
m Q) 2
ZE [1{y;>2andy;~Poi(s-X,)}] = ZE[]I{Yez}] =) (1—e - (1+X)=Q@ - \)=0Q <8t> :

i=1 i=1
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On the other hand, let X; = k/m for some k € {2 ,

@)
most O(m) elements with masses from {%, bg Ul },

(log?m)}. Let A = sk/m. There are at

the expected number of Poisson random

variables with count at least 2, resulting from masses in {%, . Olog” m)} is at most
m O(m)

ZE [11{1/i>2aninNPoi(in)ﬂ < Z E[Ly;>2;]=0(m) - (1 — e (14+1)=0 (

i=1 i=1

s2log* m>

m

By a Chernoff bound we conclude that w.h.p., there are at least €2 (52 / t) Poissons generated from
Poi(s/t) and at most O <%) Poissons generated from { (Poi ( ke { 10g2m}}. O

We now define the list-decoding task alluded to in the overview, setting K = Q(s2/t),n =
0 (tpolylogm)z

m
Definition 5.8 ((n, K)-List decodable index identification ((n, K)-LDII)). Given at least K samples
from py and at most K -7 from p; (and applying a uniformly random permutation to them), as well
as an integer 7', the LDII task asks to return a list of at most 7' candidate indices such that at least
one of the indices ¢ is from p;.

We have the following guarantee about (n, K)-LDIIL.

Lemma 5.9. Assume that 1/n3 > Q(K). No algorithm can solve the LDII task from Definition 5.8
with probability at least 2/3, unless T' = Q(min(Kn, 1/n)).

Now we argue that no algorithm can find collisions resulted from the secret clusters

Poi (Sk)

with T trials and we do so via a reduction: the proof of Lemma 5.9 follows from Lemma 5.14
described below. We construct the following problem:

Definition 5.10 ((n, K)-List decodable index identification from sampling). The (7, K)-LDIIS
problem is defined as follows: with probability n, draw a sample from p;, otherwise, draw a sample
from pg. Suppose an algorithm is given K number of draws and needs to identify one draw that
comes from p;. After looking at all samples, the algorithm can decide to keep a subset of the samples,
and wins if, among these samples, at least one was drawn from p;. The complexity of the algorithm
is the number T” of samples it keeps.

Remark 5.11. While the proof below is in the more restrictive setting where each decision is made
only on the current sample, the algorithm “intuitively” cannot really use adaptivity to increase its
chances: every sample is drawn independently from the same mizture of two truncated Poissons. So
looking at other samples will not increase the distinguishing power, and thus cannot reduce the length
of T'. We make this “intuition” formal in Section B.

Lemma 5.12. Assume that s = O(t). When distinguishing between py and p1, let o be the Type 1
error (i.e., returning 1 when seeing a sample from po), and B be the Type II error (returning 0 when
seeing a sample from py). Then, either a > Q(1) or a+ 5 > 1.
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Proof. Let A be an algorithm for distinguishing the truncated Poisson distributions pg and p; as
defined in Definition 5.6. Denote by S4 r the accepting region, i.e., the algorithm A will return
1if Y € Sa gr, where R is the internal randomness of the algorithm. With this notation, we have
a = po(Sa,r) and B =1—p1(Sa,Rr).

Suppose S4 g is not an empty set, otherwise p1(Sa,r) = 0 (the algorithm does not accept
anything, and so 8 = 1 (implying the conclusion of the lemma). We show that if 2 € S4 g then
a > Q(1), and otherwise av + 3 > 1.

To do so, we first observe that, if S4 r to be {2}, i.e., the algorithm accepts if X = 2, then

e—o . A3
@ = Epo rlAX, B) = 1] = po(Sar) = XPVI]‘?O(X =2)= (1—e 0. (12+ o))
N2 _
Tl 1 —©(Ag) = Q(1),

the last two equalities for A\g = O(1), i.e., for t = Q(s). Thus, if 2 € S g, then the above is a lower
bound on «, and so a = §(1). Turning to the case when 2 ¢ S4 g, observe that for j > 2 we have
that po(X = j) = p1(X = j). This means that if 2 ¢ S4 r then po(Sa r) = p1(Sa,r), and since
a=po(Sar)and B =1—-pi(Sar), weget « >1—f3,ie, a+ > 1. This concludes the proof. [

Lemma 5.13. Assuming that s = O(m/log?>m) and s = O(t), the (n, K)-LDIIS (Definition 5.10)
problem needs to retain at least T' > Q(min(Kn,1/n)) (assuming that 1/n®> > O(K)) in order to
succeed with probability at least 2/3.

Sketch proof. We consider for each of the K samples, a separate distinguisher (4;);c(x]- Using
Lemma 5.12, we have two cases to consider: i) suppose that at least half of them satisfy that
a; = (1), where «; is the Type I error of A;. In this case, in expectation we will retain at least
o - K- % > Q(K) in our list. ii) Suppose we are in the opposite case, then at least half of them
satisfy that «; + B; > 1. In this case, we will either retain «a; - K samples or since there are K - 7
samples from p;, we will keep (1 — f3;) - K - ) samples from p;. Now, we need that a; - K < T' and
(1 =p5;)- K -n > 0.5 in order to break the lower bound. In other words, we want

a; <T'/Kand05< (1—-3;)-K-n<a;-K-n.
Solving inequalities gives us that T > 0.5/n. Over both cases, T’ > Q(min(Kn, 1/1)).!* O

Lemma 5.14. The LDIIS (Definition 5.10) problem with T retaining samples can be reduced to the
LDII (Definition 5.8) problem.

Proof. We describe the reduction. Suppose we have an algorithm A that can pick up one sample

from p; in a candidate set of size at most T', given at least a = 2 samples from o and at most
p g ; p p

2
b= % = an samples from p;, then we can solve the previous problem. The reduction is

straightforward: first, draw ©(a) samples from the (g, ©(a))-LDIIS problem (setting K = ©(a),n =
g); with high probability, there will be at least a samples of py and at most b samples from p;.
Let T" be the lower bound of the (£, ©(a))-LDIIS problem. Now algorithm A will choose a set of
samples with size at most T'= T" as the retained set of sampling problem. If no algorithm for LDIIS
can find a sample from p; if the retained set has size at most 7, no algorithm for LDII can identify
any sample from py if T =T". O

14Gee formal proof in Section B for more details (regarding the limitation of 1/n® <« O(K) and the Q(K7) lower
bound instead of Q(K)).
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Remark 5.15 (On the parameter t). At a high level, the hardness of our hard instance construction
parameterized by t comes first from the fact that no algorithm with the frequency histogram of the
clusters can reliably distinguish between the histograms of the clusters with mass 1/t vs. that of
{%}k6{2,...710g2 m} (made formal by Lemma 5.12 and the proof in Section B). On the other hand, to
“win”, any algorithm needs to locate samples from (k/m)-mass clusters that have a collision. But
the magjority of collisions are produced by samples from elements with mass 1/t, rather than from
elements with mass k/m, and so the algorithm has to guess a lot before reaching one sample from
k/m. Now, tuning t allows us to obtain a trade-off: we set s = O(t) as this is the extremal point:
with more samples than this, we can distinguish 1/t and k/m just by the frequency histogram. Setting
t higher means that we can use more samples; as 1/t becomes closer to k/m, the (1/t)-mass clusters
will produce fewer collisions compared to the k/m ones, and thus the algorithm needs fewer guesses
to take over all collisions.

Given the hardness result of our list decoding problem from a mixture of pg and p1, we can prove
the lower bound on the weakly-adaptive setting:

logm

Proof of Lemma 5.3. We first recall our regime of interest: Q(m?/3) < s < O( m ) We set

K =Q(s%/t) and n = O (%) and apply Lemma 5.9, which requires the following condition:

Lok o Lt <o _m" 3
— > ") ol S
3~ (K) & (tpolylogm) - ( t ) IS t polylog m (3)

We collect all the constraints for the setting of s, t:
5/3 m m3/2
m/gsgou)g()(m),ng(>,s-t<0 — . (4)

polylog m polylog m

From Lemma 5.9 and the fact that any weakly-adaptive algorithm needs to query each of its guesses
at least Q(n/ polylogm), we obtain that any weakly-adaptive algorithm has query complexity to
distinguish Dyes and Dpaybe:

1 n
Q(mindK.-n=V). — 2
< { ! 77}) polylog(m)
[ s® polylogm m n
= Q| min ,
m t polylogm | polylog(m)

o(m___ "
t polylog(m) /’

where the right hand side of the min is always smaller: s?t > 5% > Q(m?), and thus SQPOI% >
& 5%t > Q(m?) = m?/ polylog m.

m3/2
t-polylogm

)
WV

m
t polylogm

This means that for any s < O (
setting ¢ = O(s) such that this setting of s,¢ satisfy the constraint in (4), and thus

m n
qz2Q(— — .
s polylogm

To conclude, as s = O(y/st) < O (%), no algorithm can distinguish between Dpmaype and

), there exists a construction of hard instances by

Dyo; and also the algorithm needs g > €2 (% . polyﬁ)gm) queries to distinguish Dyes and Dmaybe, and

so the algorithm cannot distinguish Dyes and Dy, with probability at least 2/3. 0
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We are now able to conclude with the main theorem of this section:

Proof of Theorem 5.1. To generalize the lower bound from weakly-adaptive to full-adaptive, we
prove by reducing the full-adaptive setting to the LDII task over the course of an algorithm’s adaptive
state. We first describe the view of the adaptive algorithm A at every step.

In the beginning, it sees the frequency histogram and picks a guess to query. In the i-th step, A
sees the frequency histogram, and also knows the value of X1,..., X;_1, its previous queries. A then
needs to choose the i-th X; to query. For each query, A sees the value of X;, given the hardness
of LDII, most likely, X; = % or X; = % After knowing the value of X;, A can simulate the query
string on its own (after paying O (Wg(m)) bits to figure out the value of X;): if it is X; = %,
then generate a uniform random strings; otherwise, generate a uniform random string with the
log (%) secret bits. Clearly, these extra strings will not help in reducing the complexity of solving
LDII (otherwise any algorithm for LDII can generate these random strings: generate sufficiently
many of them, and upon seeing X;’s value, choose an appropriate random string; and it can break
the lower bound with the extra randomness).

Finally, we note that in the hardness proof of LDIIS (see Remark B.1), the lower bound holds
even if you know values of other X; for j # j when making decision for the i-th sample. Therefore,
knowing the configurations of Xi,..., X;_1, will not break the lower bound of LDII (as LDIIS
reduces to LDII). The full adaptive lower bound then follows from the proof of Lemma 5.3. O
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A Deferred proofs from Section 3

We will rely on the following result on estimating moments of (pseudo)-distributions:

Lemma A.1 (Adapted from [DKS18, Lemma 2.2]). Let 7 > 1 and fir S C Q2. We have the following:
i) There is an algorithm that, given a parameter 0 < 6 < 1 and sample access to a distribution D
on Q, draws O(1/(6%||Ds||») samples in expectation and outputs an estimate ¥, such that, w.h.p.,
|9 — || Dsllv] < 0 - ||Dgllr. ii) For any ¢ > 1, there is an algorithm which, given Poi(O(s)) samples
from a distribution D on Q, distinguishes w.h.p. between s” - || Dgl|;. = 20c and s" - || Dgl|;. < ¢/20.
Fact 3.8 (Sanity checks). Suppose |D(L)—D(L)| < O(e) and D(L) > Q(e). Then we have the follow-
ing: i) It takes O(m!/?/e'/?) samples to distinguish between HDZH; < D (£)(1600m) and HDfH; >
D (L)/m. ii) It takes O(m?/3/eY/3) samples to distinguish between HDzHg < D (£)/(1600m?) and
3 S—
1Dzl = D (£) /m?.
Proof of Fact 3.8 item i). We use the same algorithm as in Lemma A.1 in [DKS18], i.e., draw

e
Poi(O(s)) samples and check if s HD*H > c. Let s2 = 40c - %, note that 20c - % <s? <

80c - (Z) By Lemma A.1 item 2, we look at the two cases: when HD L”Q llgéOZgw then we have
that (7)
m 1 PL c
* <1zl < 80c- D(£) 1600 m S 950
When HDﬁHz L) , then we have that
5 m  D(L
s>+ || Dzl|; = 20c- D@ n(l) = 20c.
And s < O(/). O
Proof of Fact 3.8 item ii). We use the same algorithm as in Lemma A.1l in [DKS18], i.e., draw
Poi(O(s)) samples and check if s3 HD—H >c. Let s = 40c- (L) we have that 20c - D(Z) <s3 <
2
80c - % B
Suppose || D[} < 1o + 2oz, then
) _

3 Dol <s0e- . L D) _ e

s*-[|Dzlly < 80c- 5 (£) 1600 m2 ~ 20°
Suppose HDLH3 n(z2)7 then

3 m? D (Z)
s* - || Dz = 20c- D@ w - 20c.
m2 1/3 m2/3

And s = 4OCD ) éO(ﬁ). O

Corollary 3.9. Fiz a set S C Q. Suppose D(S) = Q(e), || Dsl3 > 145 % and we are given

D(8) such that |D(S) — D(S)| < O(¢). Then, with O (v/m/<%?) samples from D, one can return

. A~ A~ 2 D 2
an estimate D such that |||Dg||3 — || Dsl||3] < O(e) - || Ds||3. Moreover, 55 ”D(SS||)2 < 15
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Proof of Corollary 3.9. By Lemma A.1, setting § = O(e), then we have that || Dg||3 — ||Ds|3| <

O(e) - || Ds||3 using O (%) <0 <€2\/%) <0 (%) samples. Also |[D(S) — D(S)| < O(e)

holds from premise. This implies that

I1Ds[3/1Ds 13 — 1] < O(e) and | D(S)/D(S) — 1] < O(e).
and therefore,

_1-0() _ |Ds|3/IDs]3 _ 1+0()
1+0() ~ D(9)/D(S) ~ 1-0(e)

1-0(e) =14 0O(e).

Noting that,

1Dsll3 _ 1Dsll3

~

_ ‘HDSH%/HDSH% _ 1‘ 1Dsl3

D(S)  D(S) D(S)/D(S) D(S)
IDs |13
<
= (6) D(S) = O(E)a
where the last inequality we use ||Dgll2 < ||Dg|l1 < 1. O

Lemma 3.10. Fiz any set S such that D(S) > Q(e), | Ds||3 > 145 - % and || D3 > 155 - Dngf).
Assume |D(S) — D(S)| < O(2- D(S)). Then, given s = O (m1/2/59/2 +m?/3/13/3) samples from

D, we can distinguish w.h.p. between

D 4 D 4 D 4
HDSH§:|| 5”2 and HDS‘@_H 5”2 >Q(62H SH2>.

D(S) D(S) ~ D2(S)
Proof of Lemma 3.10. Given the lower bounds: ||Ds||3 > 1555 - % and ||Dg |13 > 145 - Dn(g), we
™ ml/2 m2/3 m2/3
can sample s;1 = O <52\/%> <0 (W) and sy = O <W) <0 (W) samples from

D (respectively) to obtain
I1Dsl13 = 1 Dsl3] < 6]l Dsll3 and [| Ds |3 — || DslI5] < ol Ds]l3,

respectively by Lemma A.1. We will set § later in the proof.

|1 Dsll3
D(S)Q, then

Completeness. When ||Ds||3 =

15l ~ ‘5 1Dsl
— RLAL
% | Dsll3/D(S)
_ 14+ IDsli} |
S (1-0)/(1+0(?)) | Ds||3/D(S)
_ 1+96 1-1
(1-10)/(1+0(£?))
(1+28)(1+0(%) -1
2

<
< 26+ 0(%) < O(e?)

where we use the | Dg||3 = Ilg(fgll)% for the third line and we set § = O(£?) for the last inequality.
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4 4
Soundness. When || Dg||3 — IDsl3 > (52 ”DS”2), then we have

D(S) D2(S)
3 _ IDsll3
IDsli3/D(S)  [IDsll3/D(S) D(S)
we look at its empirical estimates:
A 3 IDsli R
1Pslls ~ Besy ___ubslly
1Ds13 IDsli3/D(S)
D(S)
N 1 IDslg |
(144)/(1=0(e)) |Dsll2/D(S)
(1-0)(1-0(?) 2
> 14+ Q(2) -1
Ao o)
> (1-20)(1-0()1+2e?)) -1
> 1-25-0(?) +Q(?) —1
> Qe

where the third line uses (5) and we set § = O(e?) for the last inequality.

We conclude that with O ( ’:91//22 + :}jﬁ) samples from D, we can distinguish the two cases with
high constant probability. O
Lemma 3.4 (D and D’ are close on S). Given a sequence of good strings (w, w® ... w)), a

random projection J (and thus X' ~ D’), along with a subset " C Q = {0,1}", one can apply f}tlﬁ
on every x' € 8’ to find S (see (2)). Moreover, we have that with probability 1 — o(1) over the choice
Of J7 dEM(DS>D:S’) < %

Proof of Lemma 3./. We will adapt our proof from [GR23b, Claim 2.2.1]. The issue with the original
proof is that it does not specify the transport scheme they would use is exactly as X — X’ (where
X ~ D and X’ ~ D’). Note that for our proof to work, we need a “local” transport scheme, as
specified by how we construct X’. Our transport scheme will follow how we construct X’ via f; z:
We move z to w® if wy) = xj otherwise z is unchanged. So the only case that costs us is when
z # w® but their J-restriction are equal. Under this transport scheme, any string in S of X will
only be moved to &’ of X’.

We will first upper bound the probability that z is (¢/20)-far in Hamming distance from w(®
in this case. Let Bad,(J) denote the event that Jw(® where wf,i) = 27 but dg(w®,z) > 50- In
addition, let F.(S) = {z € Q|Vy € S,du(x,y) > €} denote the set of strings that are far from all
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strings in S. We look at the following:

xNP)aJ[BadI(J)] = E,.x [}?]r[Badx(J)]]
< Euox ZPr [$J:w(i)/\dH(x w(i))>£]
S J J )
i€[s]
= D Eux |Pr [iUJ = w') Adu(z,w®) > i}
J J Y 20

1€[s’]

Z (i)
s max Priz; =w

i€[s] xeFe/zo({w<i>})[ J [ bl

< s (1—(¢/20))"

This is upper bounded by o(e) when ¢ = O (%) as s’ = Poly(s/e). For the purpose of

contradition, we assume that

&
i Py Bads ()] > 5 > o)

( )[Badx(J )] = Q(g), which contradicts the probability upper bound

n
4

This would imply that Pr
of o(¢). So we have that

z~X,J€E

g
b Py [Bad ()] < 5] = 1- o)

With the above probability, we can upper bound the EMD between X and X’: The strings that
are moved at most /20 distance will contribute at most /20 in EMD (worst case we move all of
them by £/20 in Hamming distance, which has probability mass 1); with probability 1 — o(1) over J,
the probability mass that requires transporting more than /20 in Hamming distance is bounded
by €/20 (worst case we move them by 1 in Hamming distance, but the probability mass is at most
€/20). Therefore, it takes at most /10 to transport from Dg to DY,, thus concluding the proof. [

Claim 3.5. There is an algorithm (Algorithm 3) which takes O(t) i.i.d. samples from D' and
returns, with probability 1 — o(1), a set L' such that

SZIS/T - ﬁl - Si/T
Moreover, HD’E—,Hg <3D(L')/T and ||D’£—,||§ < 9D(L')/7%. Further, if D’(Si/T) > Q) then D'(L') >
Q(e).

Proof of Claim 3.5. There are at most 7/3 elements in Sé/T. Draw s; = O(7log7) samples from D’
and denote them X} = {x1,..., x5 }.

S1
Pr|z € 3:;/7 and = ¢ Xl} < Z (1 - ) < 3 &XP <—31> = o(1).
T T

:cESé/T

Draw another multi-set of so = O(7log s1) = O(7log 7) samples (denote as X») from D’. Then check
every sample in Xy against every x € X} to estimate its probability mass. Note that we can estimate
every |D'(z) — D'(z)| < 14= accuracy (by a Chernoff bound followed by a union bound over X;). If
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ﬁ’(w) > %, then we add it in a list £. Otherwise, it goes to £ (implicitly). We have the following
high probability events (after a union bound over X):

(i) If z € Ay and D'(z) > 2 then D'(Ball(z,¢)) > 22, and thus x € £ 7.

(ii) Any = € X, and D’'(z) < 1, then ﬁ(Ball(:c,a)) < 1 and therefore, = ¢ L.

By 83/7 C A and item (i), we have that Sé/T C L.

Because of item (ii), any z € X1 but D'(x) < % will be excluded from the target set £. This
means that if x € £ then D’( ) = l , which implies that £ C S{ Also, if = ¢ L, due to item (i), it
would mean that D'(z) < 2, i.e., HD’ oo < 2.

Combining the above, We can conclude that with probability 1 —o(1), S} /7 CLCS] = We note
that

3-D'(L) 9-D'(L)
IDZI3 < [1DZlloo - IDZIIT < and || D3 < | Dlloo - |1 DZ3 < —2 (6)
Finally, by £ C ‘91/ , we have that D'(L£) < D’(S’/ ) which implies that D’ (£) > D' (S’ 1/)- Thus
if D' (8'1/;) = Q(e) then D’ (L) > Q(e) holds. O

Claim A.2. Fiz a set of interest S and a distribution D. Suppose for any m-uniform distribution
U, ||[Ds — Usll1 = €/100 holds. Then Vz € [1 5/200, 14e/2001 pe have that

m

> “min{D(i), |z — D(i)|} > &/200.

€S

Proof. Denote H the set of i such that D(i) > x/2. Then § = ), ¢min{D(i), |z — D(i)[} =
|Ds — ¢z mll1, where ¢, g is the (pseudo)-distribution that assigns z to elements on H and 0
otherwise. Let Qp be the (pseudo)-distribution that assigns 1/m to a set of strings H. We have that

1Qn — el = 3| — ) <

14€/200 .
where we use z = —

in the premise for the last inequality. Since ||[Dg — Qul[1 = /100 from
our premise, we have

Qe — co,rrllt + [|Ds — co,ullt = |Ds — Qully = 0 = ||[Ds — co,mll1 > ||Ds—QHH1—% > £/200.

O

Lemma 3.6 (D, is close to m-grained). Assume m > 5. With probability 1 — o(1) over the choice
of J, we can transport W > D'(S') — O(L) mass of D, into a (pseudo)-distribution Q that is
m-grained, costing at most O (%) Moreover, QQ’s mass is equal to W.

Proof of Lemma 5.6. If 8’ = @, then it trivially holds. Suppose D'(S’) is m-grained and S’ # @,
otherwise, we can remove at most 1/m of its mass to make it W = k/m for some integer k. In other
words, we will not consider that 1/m mass in the following transport scheme.

Since Vz € &', D'(z) > 2, we know that ¢ = | Supp(D’) NS'| < 7/3. Suppose Supp(D') NS’ =
{z1,..., 25}, then for every D'(z;), one can move at most % mass to make it m-grained (since from
the premise: % < %) We fix some arbitrary point 2/, and move every such residual mass from z; to

Y5For a sample x € {0,1}™ and a parameter ¢, a ball around x or radius ¢ is defined as Ball(z,¢) = {y € {0,1}" :
du(z,y) < e}
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2/, costing us dy(z;, ') < 1. Indeed, this procedure will give us a new (pseudo)-distribution @ that

is m-grained, i.e., @ is supported on {z1,...,zs, 2'}, where Q(z;) is m-grained for i € [s] and as a
result Q(2') = (% - Zie[s] D’(x;)) must also be m-grained. In total, we moved W mass of D7,
into Q, with a cost of < 5~ x 1= O(7/m). O

Lemma A.3. Assume m > 3. With probability 1 — o(1) over the choice of J, we can transport at
least (D(S) — O(L)) mass of Ds into a (pseudo)-distribution @ that is m-grained costing at most
0(%) + 4

Proof of Lemma A.3. By Lemma 3.4, we can transport from Ds into DY, with a cost at most
£/10. By Lemma 3.6, we can transport at least D'(S') — 1 = D(S) — L mass of D}, into a
pseudo-distribution @) costing at most O(7/m). Chaining the two transports, we can transport

D(S) — X mass of D into Q costing at most O(r/m) + /10. O
Lemma 3.12. Suppose % <e and 100, <e. If D is e-far from any m-uniform distribution in

EMD, then, with probability 1 — o(1) over the choice OU, one cannot transport W' mass from D
to any m-uniform pseudo-distribution Q such that Q(S’) = W' without a cost at least £/2, where
W' =% > D(8) —¢/100 for some integer k.

Proof of Lemma 3.12. Suppose we are in the regime where m-uniform is equivalent to m-grained
(to figure out the corner case later). By Lemma A.3, we can transport at least (D(S) — L) mass
of Ds into a (pseudo)-distribution @ that is m-grained paying at most O(.- +¢). Fix a reverse
string zp € Q = {0,1}". For the sake of contradiction, we assume that we can also move mass
(D(g) —¢/ 100)) of Dy into a pseudo-distribution Q that is m-grained paying at most £/2. Then we
could combine the two transport schemes by moving the last < O(%) mass into xg, with a combined
cost of Z + 2 + £/10. Note that since Q and Q are both m-grained, the remaining O(2/m) moved
into xp must also be m-grained. In effect, we obtain a transport scheme that serves as evidence
that the EMD distance between D and some m-uniform is at most - + % + 15 + 5 < &. This will
contradict with our premise that D is e-far from any m-uniform distribution in EMD. Therefore, it

will at least cost us /2 to move most mass of Dz to a m-uniform distribution. O
Lemma 3.7 (dgm implies dy Farness). Suppose 1% < e. If we cannot transport at least D(S) — 100

of the mass of Dz into any m-uniform with cost at most €, then for any m-uniform distribution U,

D5 — Usllh > 155

Proof of Lemma 3.7. Suppose for the sake of contradiction, there exists a m-uniform distribution U
such that
1D — Uslli < €/100.

For our proof, we want to find a way to make D(S) and U(S) “equal” in mass.

Suppose we are in the case U(S) < D(S) < U(S) + 1gg- Let D(x) = D(z)+ A(x), where D(S) >
< 16

D(S) — 155 and D©S)=U(S) = £ for some integer k; note that A(z) >0 and Y, s A(z) < 5.1

5The tricky thing is that we might not find a set where D(L) = % for some integer k; and there is a solution for
this program since |[D(S) — U(S)| < ||Dg — Usglh < 155-
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Fix a D and A satisfying the constraints. We have that,

ID~Uslh = ) ID(z)+A(z) - Alz) — Us(2)]

z€S
< S IDG@) - Ust) + 3 Aw)
€S €S
g
= [[Dz—Uslh + 100°

Since D(S) contains a mass of at least D(S) — &5 of D(S), we can applying Lemma 3.12, and we
have that .

dEM(D, Ug) > 9(5)
We can scale D and Usg such that their sum is 1, ie., let Q1(z) = D(x)/D(S) and Q2(x) =
U(x)/U(S) = % We note that now both @ and @2 are bona fide distributions (albeit they might
not be m-grained any more):

€ dEM(DaU)
Q) (D(S)) < D(E) = em(Q1,Q2) < *HQl Q211

Scaling back everything, we can show that

1 1 -
€ < D(5)§HQ1 — Q2|1 = §HD - Usll1.

Therefore, || Dg — Uslli + 155 = 1D = Usli > 2¢ = [|Ds — Usll > 22 — 155 > 150
If U(S) — 155 < D(S) < U(S), we can solve a program U (r) = U(x) 4+ A (x), where Aj(z) >0,

U(S) > D(S) is % for some integer &’ and >°, 5 A(z) < 155 + . Note that we still have
IUs—Dgli = ) |Us(x) + Ax) = A(z) — Dg(z)|
€S
< DU~ Ds(@)|+ Y Alw)
zeS zeS
€ 1 3¢
< [[Dg—Uz — < ——
D5 = Usll + 00+ 100

Now U(S) < D(S) < U(S) + L. We apply the argument derived from the other case: Find a Dy
such that it contains more than (D(S) — L) mass of D (with equal mass to D1(S) = U(S)), which
implies that

- - 1 1
D 2 Dz — =22 ——212——
1D~ Ol > 2 = [Ds ~ Ol > 26 - - < )

which contradicts with previous derivation that ||Ug Dslli € &, O

Claim 3.11. Fiz any subset S C {0,1}". Then: (i) If D is m-uniform, then

IDs |13 I Dsll3
D(S5) D(S)

1
= — and | Ds - =0,
m

(it) If ~min ||Ds—Us|1 > 155 and ”D(S”)2 € [HE=L297 ypen

U m-uniform
| Ds||3 ( 2 IDsll3 >
Dg||3 — >0 (212802 )
1Dslls = p(s) (D(S))?
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Proof of Claim 3.11. We have

o (D@~ IDsIE)* _ _op@IDsl g (1DsIEY
;D()@() D(S)> _ZEZSD 2D(i D(S)+D()<D(S)>
TR Des)

(i) Note that when |[Dg — Us|y = 0, which means that when D(i) = L for every i € S, then

indeed,
IS| _ IDslly _ [S1?/m* _ |S|

D(S) — [Sl/m — m?

IDs13 =

D 4
Thus || Dg]|3 — ”D(SS")z = 0 holds.

£/100 and 17%200 < IDs I3 < HE/QOO , by Claim A.2, we have that

(i) When ||Dg — Ugl|1 > D) S
. IDs]i3
Zmln{ D(i) — D(S) > ¢/200.

Denote S; == <i € [S]|D(i) < ”5&”2/2} and Sp, = S\ S;. We know one of the sum (over S; or
Sp) will be greater than £/400. Suppose
D 2
Zmin{D i), |D(i) — ”D(SS|)2 } > /400,

€S
which implies that >, ¢ D(i) > £/200. We have that

o0 (- 5> - (8 (B

1€85] €S
, - : ~ _ IDsl3
Suppose » ;5 min § D(i), |D() DL [ = €/400, we have that
HDst IDsll3 1 1]Dsl3
S)=2Y D(i Sh, > : 7
220> 3 sy =By 7 s 2 2 0as) @)
Moreover,
o IDsIBN IDs |3 - IDsI3N?
D(i) { D(i) — > 2) (D) -
by CICORE= > (5 72) (P00~ s

D(S) |l

2
10513 o IDsI3\ ) 110513
> (52) (ZS (20 D(S))) 2 D7(5)
_ (IDsll3 |Dslls  €?
- < D(s) 2) 2D2(S) " (A00)°
2 |Dsld
64 x 107 D3(S)’

(155 ) (Sies, (060 - 52) )
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where we use Cauchy-Schwarz inequality for the second inequality and (7) for the third
inequality. Overall, we have that

4 2 2 2 4 9 4
st~ 10812 gy (2 (1DsT0)" e IDslla) = IDsl
D(S) 2D(S)) * 64 x 104 D3(S) ) ~ 64 x 10* D%(S)

400

B Deferred proofs from Section 5

Lemma 5.13. Assuming that s = O(m/log?>m) and s = O(t), the (n, K)-LDIIS (Definition 5.10)
problem needs to retain at least T' > Q(min(Kn,1/n)) (assuming that 1/n3 > O(K)) in order to
succeed with probability at least 2/3.

Full proof for Lemma 5.13. Assume that s = O(m/log? m) and s = O(t). Fix any fully adaptive
algorithm for keeping or dropping one sample: it can look at all {Y7,..., Yk} at the same time, where
K is the total number of samples. Let us focus on the i-th sample. Denote by 51(41,)}2(8’51(42,)}2@' . -®S’1(4[2

the accept region for the i-th sample, i.e., if Y; € SX)R for all j € [K], then we say that the algorithm

will accept the i-th sample. We calculate a, the Type I error:

a = Eyi . viepovie,RIAY1, ..., YK, R) = 1]

K
= Evi,..Yi~po. v RIYL € SS)R Ao ANYE € 551,1%]

= EglVi € SYpl - [TElY; € S5 (8)
j#i

where o; =[], ,; E[Y; € Sﬁlj) |. For Type II, we have

B = Ev, _ viepvie,R[AY1, ..., YK, R) = 0]
= Evi,. Yi~po..vic Y1 ¢ 5&11,)3 Ve VY ¢ 5%{1%]

= (1B e s T B € sl ©
J#i
= 1-E[Y; e SV o

= 1- p1(SX?R) - 0.

~—

As in the proof of Lemma 5.12, we will consider two cases: case i), first, we consider the case where
{2} = SX)R. Following the proof of Lemma 5.12, we have that po(SX)R) -0; = Q(0;) and recalling
that p; has parameter £, similarly pl(SX?R) =1-0O(£) = 9(1), as long as sk = O(m), from which

1-pi(SYp) 0i=1—(1-0()) - 0;=1-0(0y)

Suppose that o; > 1—(1)0 -m, then a > Q(n). If 0; < ﬁ -, then a+ 5 > Q(0;) +1—-0(0;) > 1 — % 1.
)

For the general case that 2 € SS > we first note that o > Q(0;) as accepting more means that false
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positive will only increase. So for o; > 100 -, } Q( ). We then look at the case that o; < 1—(1)0 -n.

Given that po(j) > p1(j), when j > 2. Using pg(SAR \ {2}) > pl(S & \ {2}), we have that

G+ fi > 1+<po<s£:” )~ p1(SPR)) -

= 1+ (po(2) +po(STR\{21) - 00 — (1(2) + p1(SPR \ {2D)) - 0
> 14 (po(2) — pr(2)) - o

This thus reduces back to the case when {2} = S A)R, and thus we conclude that either a; > Q(n) or
a;+ 6 >1— 50 -1 for case i).
In case ii), where 2 ¢ Sg 'r» We have that

a+ﬂ:p0(SX?R)'Ui+1—p1(SX)R)-Ui2p1(SX?R) 01+1—p1(5()) o= 1.

Overall, we have that for our i-th distinguisher A;: either o; > Q(n) or a; + 8; > 1 — %n. If at
least half of them satisfy that a; > Q(n), then over all 4;, we at least retain a; - K - 3 > Q(K - n)
samples. In the opposite case, if at least half of them satisfy that o; + 8; > 1 — ©(n), then we need
a;- K <T' and (1—4;)- K -n > 0.25 to break the lower bound. Solving the inequalities, we have

!/

T 1
aiggand0.25<(1—ﬁi)-K~77< <ai+50-n>-K-n.

Solving the inequalities, we have that % Z o2 [)Kﬁ — % =T > % — & . K -n%. Over both
cases, we have that 77 > min(K - 7, %) if1/n>K 772

From expectation to high probability: we first note that one can use Markov’s inequality for
the false negatives: if E[(1 — ;) - K - n] < 0.25, then with high constant probability, the algorithm
will return strictly less than 1 sample from p;.

Second, for the false positives, we note that even conditioning on the extra information (observa-
tions of (Y;);-; or even labels of (X;);-; (see Remark B.1)), the probability of error remains bounded

below: «; > min {?, 77}. Therefore, we can couple each executation of A; over py, i.e., Bern(a;)

with the output of min {Bern ( K) Bern(n)}, noting that the latter Bernoullis are fully independent
across 1. An application of Chernoff bound suffices to give high probability error bound. O

Remark B.1. Notice in (8) and (9), we can replace the accept region to be, e.g., X; = 1/t or
X; =1/m. Using the same independence argument, one can still get the “same” o; in the following
equality. In other words, even if one is provided the extra information regarding other configurations,
when making a decision for the i-th sample, the complexity lower bound still applies.
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