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Abstract

We give a 3.5n — o(n) lower bound on the size of Boolean circuits over the By basis
computing an explicit Boolean function F' € P. This improves the best previous lower
bound of 3.1n — o(n) [34].

The proof of the lower bound uses the gate elimination technique, and builds heavily on
ideas in previous works [19, 34]. The main conceptual innovation is to consider substitutions
on an underlying space of independent parameters specifying values of input variables,
rather than on the input variables themselves. This enables us to handle certain bottleneck
situations by reparameterisation rather than substitution. As a consequence, we are also
able to obtain a simpler lower bound proof than in [20, 34].

1 Introduction

1.1 Background and Motivation

One of the main challenges in complexity theory is to prove strong lower bounds against
natural computational models. The model of Boolean circuits [51] is of particular interest for
its simplicity and generality. A circuit C for a Boolean function F' on n bits is a network of
logical gates that computes F' from the base functions xj ... x, representing the n input bits.
The size of a circuit C' is the number of gates in the network. We consider circuits where any
gate has fan-in two; there is no restriction on the fan-out.

It is a standard fact [47] that any computational problem solvable in deterministic time ¢
can be computed by Boolean circuits of size O(tlog(t)). Thus, lower bounds on Boolean circuit
size translate to lower bounds on computation time. This fact underlies Sipser’s influential
circuit lower bound approach [52] to the celebrated NP vs P problem!: show that some problem
in NP does not have polynomial-size circuits.

On the one hand, Sipser’s approach avoided the relativization barrier to complexity lower
bounds [3], which indicated that simulation and diagonalization methods used in uniform
complexity in the 1970s might not in themselves be sufficient to resolve NP vs P and related
complexity lower bound questions. On the other hand, it opened the way to various forms of
combinatorial and algebraic analysis, which resulted in several important lower bound results
for restricted circuit models [1, 22, 59, 27, 42, 43, 54].

However, for unrestricted Boolean circuits, progress has been much slower, and the best
explicit lower bounds known are of the form cn for some small constant c. Here, by an “explicit"
lower bound, we mean a lower bound for a Boolean function in NP. It was shown already by
Shannon [51] that most Boolean functions on n variables require circuit size (2" /n), but it is
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unknown even if there are such functions computable in NP or even in EXP. If we relax the
explicitness requirement to computability in MA with small advice or S2P, lower bounds of
the form n* are known for every fixed k [45, 11, 12]. If we were able to show that for each k
there is a language Lj, € NP requiring circuits of size n*, it would follow that NEXP requires
super-polynomial size circuits, resolving a longstanding conjecture in complexity theory.

In this paper, we are concerned with lower bounds for Boolean functions in NP. Since the
best known lower bounds are linear with a small constant factor, they are sensitive to the
choice of the gate set used in the circuit model. There are two widely-studied circuit models
of general Boolean circuits: Bs circuits, where any Boolean function on at most 2 inputs can
be used as a gate, and Us circuits, where any Boolean function on at most 2 inputs can be
used as a gate, except the XOR function and its complement. Note that any By circuit of size
s can be simulated by a Us circuit of size 3s, as the XOR function and its complement have
Uy circuits of size 3.

The best known circuit size lower bound for explicit functions against Bs circuits is
3.1n — o(n), proved by Li and Yang [34], building on [17, 19, 20]. The best explicit lower
bound against Uy circuits is 5n — o(n) [33, 29].

There are several motivations to attack the question of explicit lower bounds. First, new
lower bounds would represent progress in Sipser’s circuit lower bound approach [52, 53] to
separating P from NP. Second, circuit lower bounds have implications for derandomization,
i.e., non-trivial simulations of randomized algorithms by deterministic or non-deterministic
algorithms. If we could show an explicit lower bound of n* for each k, we would get a simulation
of BPP (probabilistic polynomial time) in non-deterministic sub-exponential time (with a
small amount of non-uniformity) [40, 28]. Currently, no better simulation than the trivial
exponential-time brute-force simulation is known. Third, circuit size lower bounds for natural
functions are interesting in their own right, as a measure of the amount of hardware required to
compute a Boolean function - this has implications for functionalities that can be implemented
feasibly on electronic chips. Fourth, and perhaps most significantly, improved lower bounds
often reflect an improved structural and analytical understanding of circuits, and hence of
computation in its more general form.

1.2 The Main Result

The main result of this paper is an improved lower bound for explicit functions against Bs
circuits. As in previous work showing explicit lower bounds in this setting, our lower bound is
for a Boolean function in P.

Theorem 1.1. There is a Boolean function in P which requires Bs circuits of size 3.5n —

O(log(n)).

Continuing the tradition of previous work on this question [17, 19, 20, 34], we use the
gate elimination technique, and our lower bound is for affine dispersers, for which explicit
constructions with excellent parameters are known [5, 36, 13, 37].

Let F' be a Boolean function (with certain useful properties) for which we wish to prove
a circuit lower bound of the form c¢n — o(n) for some integer ¢, and let C' be a By circuit
computing F. In its simplest form, the gate elimination technique argues iteratively that
we can set one of the input variables of C' to a constant, or more generally to a function of
the remaining variables, so that the induced Boolean function F’ is not trivial (i.e., not a
constant), and can be computed by a simplified Boolean circuit ¢’ where ¢ gates of C' have
been eliminated. If gate elimination can be done iteratively for n — o(n) steps, a lower bound
of en — o(n) immediately follows on the circuit size of C, as ¢(n — o(n)) gates have been
eliminated and the resulting circuit still computes a non-trivial function.



More generally, lower bounds of the form ¢n — o(n) for non-integral ¢ are shown by doing
an amortised analysis of the gains achieved by setting a variable. This is implemented using an
appropriately defined potential function depending on key structural quantities of the circuit,
such as the number of gates and the number of inputs?. The improvements of [17, 19, 34]
depend crucially on the analysis of an appropriate potential function. In this work, we generalise
gate elimination further by setting independent parameters in an underlying parameter space
in terms of which variable assignments are defined; the parameterisation changes dynamically
as the gate elimination proceeds. This idea helps us simplify the analysis of [19, 34] while also
giving us an improved lower bound.

For gate elimination to work, it is important that substituting a variable (or parameter
in our case) does not trivialise the function. To ensure this, the hard function we work with
must have special properties, depending on the class of variable substitutions allowed. In
our case, parameter substitutions will be (for the most part) affine, and the special property
of the hard function F' we need is that it is an affine disperser. A Boolean function on n
bits is an affine disperser for dimension d if it is non-constant on any d-dimensional affine
subspace of {0,1}". An explicit affine disperser for dimension o(n) was given by Ben-Sasson
and Kopparty [5], and since then a sequence of improvements [36, 13] has culminated in a
construction of an explicit disperser for dimension O(log(n)) by Xin Li [37]. Our argument
gives a lower bound of 3.5n — O(d) for any Boolean function that is an affine disperser for
dimension d, and Theorem 1.1 then follows as a corollary of the construction in [37].

1.3 Previous Work

There are several excellent references on Boolean function complexity. We recommend the
books by Wegener [56], Dunne [18] and Jukna [31], and the survey of Boppana and Sipser [9].
On the specific topic of By lower bounds, Golovnev’s thesis [23] and Kulikov’s collection of
open problems [32] are well worth studying.

Here we provide a synoptic and self-contained survey of previous work on lower bounds
against Boolean circuits. We focus on Boolean circuit lower bounds for Boolean functions.
There has also been a lot of work on lower bounds for multi-output functions, and on lower
bounds for more restricted models such as formulas and branching programs, for which we
advise the reader to consult the references above.

By Lower Bounds: We first discuss work on By lower bounds. In the rest of this
discussion, when we refer to “circuits", we mean Bs circuits.

Trivially, any Boolean function on n inputs that depends on all its inputs requires circuits
of size n — 1. The first non-trivial circuit lower bound was shown by Kloss and Malyshev [§],
who gave a 2n — O(1) size lower bound against By circuits. This lower bound was for the
function >>; <, ;<,, i7;, where addition and multiplication are over the field Fy. Schnorr [48]
gave a 2n — O(1) lower bound for the simpler function Mods, where Modsz(z1,...,x,) = 1 iff
the sum of the inputs is 0 mod 3.

Schnorr’s lower bound holds for a more general class of functions, and is a prototypical
example of gate elimination. Consider a circuit C' computing the Modjs function. We wish to
show that we can eliminate 2 gates by setting one of the input variables to a constant, while
preserving the property that the resulting circuit computes Mods. Since the restricted function
is non-constant even when n — 3 variables have been set, it follows that C' must have circuit
size at least 2n — 6.

2Those familiar with the theory of exact exponential algorithms will notice a close analogy to the measure-
and-conquer paradigm for analysis of exact algorithms for NP-hard problems [21].



Consider any minimal gate g of C in the topological ordering on gates. By minimality, the
inputs to g must both be input variables, say z; and ;. We claim that at least one of x; and
x; feeds in to at least one other gate. If not, x; and z; affect the output of C' only through g.
In particular, the output of ¢ must be the same for at least two of the settings (0,0), (0,1)
and (1,1) to (z;,x;). But this is a contradiction to C' computing Mod3 as the sub-functions of
Mods on these three assignments are all distinct, assuming n > 4.

Suppose wlog that x; occurs at least twice in C, and let g; and g be gates for which z;
is an input. By setting x; to 0, both g1 and g2 are eliminated (as in general, any gate that
depends on at most 1 of its inputs can be eliminated), while the induced sub-function is still
Mods3 on the remaining variables. Thus we can perform gate elimination at least n — 3 times
to eliminate at least 2n — 6 gates. Hence the By circuit size of Mod3 is at least 2n — 6.

A straightforward case analysis shows that any gate in the By gate set that depends on
both its inputs is either of AND type, meaning that it is an AND of its inputs modulo negations
at the inputs or output, or of XOR type, meaning that it either computes the XOR function or
its complement. The above argument did not distinguish between XOR-type and AND-type
gates. Restricting the input to an AND-type gate can have additional benefits - if one of
the inputs is set to 0, the gate simplifies to a constant and its successors (which we call its
children) are also eliminated. This phenomenon was exploited in subsequent gate elimination
arguments.

Stockmeyer [55] showed that the circuit complexity of Mods is at least 2.5n—3 by considering
sequences of restrictions and showing that at least 2.5 gates are eliminated on average. However,
it is known that Mods has circuits of size 3n + O(1) [16], and so this method of analysis cannot
hope to establish a 3n 4+ w(1) lower bound.

Paul [41] considered lower bounds for a function closely related to the indezing function,
and showed a 2.5n — o(n) lower bound. By considering a variant of Paul’s hard function and
building on his ideas, Blum [7] gave a 3n — o(n) lower bound for an explicit function.

Blum'’s lower bound was the record for over 30 years, until a new approach was introduced
by Demenkov and Kulikov [17] to show a 3n — o(n) lower bound for every affine disperser.
This approach was developed further in [19, 20, 34] to obtain c¢n lower bounds for ¢ > 3.
A lower bound of (3 + 1/86)n — o(n) was derived in [19, 20] using several new ideas, and
this lower bound was then improved to 3.1n — o(n) by Li and Yang [34]. All of these lower
bounds are for affine dispersers, for which there are now polynomial-time constructions even
for dimension O(log(n)) [5, 36, 13, 37]. Our result belongs squarely in this tradition, and we
say more about the ideas in Section 1.4.

U; Lower Bounds: Recall that the gates in U, circuits do not have XOR-type gates
- all gates either depend on at most one of the inputs are of AND-type. Because there are
restrictions to AND-type gates g which propagate further, i.e., to all children of g, the gate
elimination method yields stronger lower bounds on Us circuits. In the same paper in which
he proved a 2n — O(1) size lower bound against By circuits [48], Schnorr also gave a tight
3n — 3 lower bound against Uy circuits for the Parity function. Note that this implies that the
simulation of size s B circuits by size 3s Us circuits is tight, as Parity on n inputs does have
a trivial By circuit of size n — 1.

The gate elimination argument of Schnorr is simple. We consider an arbitrary circuit C
for Parity and a minimal gate g in the topological order of gates. Both inputs of g can be
assumed to be input variables without loss of generality - let’s call them z and y. Either x
and y must occur at least twice in the circuit. If not, then there is a constant ¢ such that
restricting x to ¢ fixes the gate g and hence the resulting circuit C’ does not depend on y. But
by assumption C’ must compute Parity on n — 1 variables (or its complement), which is a



contradiction to the fact that C’ does not depend on y.

Assume wlog that x occurs at least twice in the circuit, and that z is an input to gates
g and h. At least one of g and h is not the output gate - let’s say this is g, without loss of
generality. We can assume that ¢ is not an input of any gate h - in such a situation, we can
directly rewire the other input of g to h (while perhaps needing to change h to some other
AND-type gate h') without increasing the size of C'. Thus there is a constant ¢ such that
setting x to c fixes g to a constant and eliminates at least one child of g while also eliminating
h - at least 3 gates in all. The resulting circuit C’ computes Parity or its complement on n — 1
variables. By iterating this elimination process for n — 1 steps, we get that Parity requires U,
size 3n — 3.

This bound is tight for Parity, and therefore further work along this direction considered
other classes of functions, while still using gate elimination techniques. Zwick [61] showed a
4n — O(1) lower bound for certain symmetric functions. The best lower bounds we know are
for k-mixed functions, where a function is called k-mixed if every restriction of a fixed subset
of k variable induces a different subfunction on the remaining variables. There are known
constructions of (n — o(n))-mixed functions in P. Lachish and Raz [33] gave a 4.5n — o(n)
lower bound for (n — o(n))-mixed functions, and this was improved to 5n — o(n) by Iwama
and Morizumi [29]. Amano and Tarui [2] constructed a (n — o(n))-mixed function with
circuit complexity 5n+o(n), so we require new techniques to get a cn size lower bound for ¢ > 5.

The Algorithmic Method and Conditional Lower Bounds: While the gate elimination
approach has produced the strongest unconditional results so far, other approaches have been
proposed and studied. Particularly intriguing is the algorithmic method of Williams [57, 58].
Williams showed that for a circuit class C with appropriate closure properties, non-trivial
satisfiability algorithms for C imply C-circuit lower bounds for NE = NTIME(2O(”)), and then
used this connection to obtain unconditional super-polynomial lower bounds in NE against
ACCP circuits.

Lower bounds in NE seem quite far from explicit lower bounds, but Murray and Williams [39]
later scaled down the connection to derive implications for fixed-polynomial C-circuit lower
bounds for NP from better-than-brute-force C-satisfiability algorithms. In particular, if there
is an € > 0 such that satisfiability for 2 size circuits can be solved in time 2(1=9"  then for

each k, NP requires circuits of size n¥.

However, we currently do not have non-trivial satisfiability algorithms even for linear-size
circuits. The connections of [57, 39] are not optimal with respect to the circuit size parameter,
so it is unclear whether any non-trivial implication for Boolean circuit lower bounds would
follow from non-trivial satisfiability algorithms for c¢n size circuits for constant ¢ > 3. In
the work of [30, 6], the parameters of the connection are optimised, and an explicit constant
d < 2Y/7 is given such that solving 3-SAT in time d” would imply a 3n Bj circuit size lower
bound? for a Boolean function in ENP.

There are also connections going the other way, from circuit lower bounds to algorithmic
results. The second author showed [46] that random restriction arguments used to derive
formula size lower bounds could be exploited algorithmically to get the first non-trivial
satisfiability algorithms for Us formulas. This connection was extended to Bs formulas by
Seto and Tamaki [49]. Chen and Kabanets gave a satisfiability algorithm for By circuits of
size 2.5n — o(n) and also showed a correlation upper bound for an explicit Boolean function
against such circuits [15]. This result was strengthened in [25] to satisfiability algorithms for
Bs circuits of size 2.99n.

There are other approaches to By lower bounds, which currently only give conditional

3The results of [20, 34] postdate [30].



results. In the same paper in which they give a (3 + 1/86)n — o(n) Bs size lower bound for
an explicit function [20], Find et al. show a 3.11n size lower bounds for quadratic dispersers,
which are stronger objects than affine dispersers, and which currently lack polynomial-time
constructions. Golovnev, Kulikov and Williams [26] give an approach to general Boolean
circuit lower bounds via low-depth lower bounds. In particular, they show that any Boolean
function requiring 2"~°(™ depth-3 circuits (over the U, basis with unbounded fan-in) with
bottom fan-in 16 also requires By circuits of size 3.9n — o(n). Currently, no polynomial-time
construction of such a function is known.

1.4 Techniques

Gate Elimination: As in all previous unconditional lower bounds for B circuits [8, 48,
55, 41, 7, 17, 20, 34], we use the gate elimination technique. As discussed previously, gate
elimination aims to simplify the circuit as much as possible by an appropriate substitution
for a variable of the circuit. Here simplification typically means a reduction in the number of
gates, but more generally it can mean a reduction in a strategically designed potential function
W. The potential function is designed so that a reduction in the potential per substitution
step implies as large as possible a reduction in the number of gates per substitution step on
average over the sequence of substitutions. If the function F we are trying to compute is
resilient to the class of substitutions, meaning that each subfunction of ' under the sequence
of chosen substitutions from the class is non-trivial, then a significant reduction in W per
substitution step implies a corresponding lower bound on any circuit computing F. Concretely,
if the function F' remains non-trivial for n — o(n) substitutions of variables, and the analysis
of W gives a reduction of ¢ gates on average per substitution step, we get a lower bound of
en —o(n).

When performing substitutions on Bs gates, we can disregard gates that do not depend on
both of their inputs, as such gates can be eliminated without requiring any substitutions, by
merging them with their children. This means that we only need to analyse XOR-type gates
and AND-type gates. Fixing an input y to an XOR-type gate eliminates that gate but also
all other children of y. If an input y feeds in to an AND-type gate g, we get even more of an
advantage, as by setting y to 0 (assuming wlog that the AND-type gate actually computes an
AND), we eliminate g, the children of g as well as all other children of y.

Thus, if there is an input which feeds into many gates, we can be assured of significant
simplification by setting the input appropriately. This means that in order to get lower bounds
of en — o(n) for an integer ¢, we only need to consider cases where input variables have low
fan-out, i.e., fan-out at most ¢ — 1. In principle, this reduces to a case analysis over a finite
number of “local" configurations involving a low fan-out input and its children - we need to
argue that significant simplification is achievable in each of these cases.

The preliminary analysis above reveals an asymmetry between XOR-type gates and AND-
type gates - we would be able to get stronger lower bounds if we could always consider an
AND-type gate and substitute an input to it. However, there might not be any input variables
feeding directly into AND-type gates at all - all paths from input variables to AND-type gates
might pass through XOR-type gates.

This does create an issue if we insist on variable substitutions to constants, but we could
allow more general affine substitutions which allow us to fix gates feeding into AND-type
gates. Networks of XOR-type gates (possibly with multiple outputs) interposing between input
variables and AND-type gates compute systems of linear equations in the input variables, and
we can use our understanding of linear algebra to manipulate these systems to our advantage.
This is a crucial insight in the line of work initiated by Demenkov and Kulikov [17] giving the
strongest By lower bounds [20, 34].



Lower Bounds for Affine Dispersers: Demenkov and Kulikov [17] give a simple
proof of a 3n — o(n) By lower bound for any affine disperser for dimension o(n). Recall
that an affine disperser for dimension d is a Boolean function that is non-constant on every
affine space of dimension d. The explicitness question for affine dispersers has been very well
studied [5, 36, 13, 37] and there is even a polynomial-time construction known for dimension
O(log(n)) [37].

Suppose that there is a By circuit C’ computing an affine disperser F' for dimension d = o(n).
Demenkov and Kulikov define a potential function W for Bj circuits C: W(C') = s(C) + i(C),
where s(C') is the number of internal gates in the circuit and i(C') is the number of inputs
to the circuit. Crucially, we allow any gate g that computes an affine function of the input
variables to be re-designated as an input to the circuit. Initially, W = s+ n, where s is the size
of C' and n is the number of input variables. We assume without loss of generality that the
circuit has no redundant gates or inputs, i.e., gates that do not have a path to the output or
inputs with out-degree 0. These can be removed as and when they arise in the gate elimination
process, without affecting the functionality of the circuit.

The idea is to pick a minimal AND-gate g, i.e, an AND-gate that is minimal in the
topological ordering of AND-gates, and fix one of its inputs. Such an AND-gate must exist
initially as C does not compute an affine function, and it is not the output gate as otherwise
C would be constant on an affine space of dimension n — 1. The inputs of such an AND-gate
must both be affine functions of input variables. Both of these can be re-designated as inputs
to the circuit without changing the potential W. Call these inputs = and y.

If z and y both have out-degree 1, we can fix x to a constant to eliminate g and at least
one successor of g, since g is not an output gate. Also y does not feed into any gates of the
circuit once z is fixed, and so it can be eliminated too. Thus 2 inputs and 2 gates have been
removed, and W decreases by 4.

Suppose instead that one of the inputs, say x has out-degree at least 2, and feeds into
gates g and ¢/, of which g is not an output gate. We can assume wlog that ¢ is not an input
to ¢’ - if this were the case, we could replace ¢’ with an AND-type gate that has z and y as
inputs. Fixing x to an appropriate constant eliminates g, ¢’ and a successor of g - these are all
distinct gates. Thus 1 input and 3 gates have been removed, and W reduces by 4.

We have not specified what it means to “fix" an input  which is originally an internal
gate of the circuit. When we speak of such a fixing, we simply mean that we consider the
subset of the original input space satisfying all the fixing conditions. Since each fixing is
to an affine function, we restrict attention throughout the argument to affine subspaces of
the original input space. After k fixings, the potential W goes down by at least 4k, and the
resulting subfunction is non-trivial as long as n — k > d. Since the initial potential is s + n
and we can apply the fixing argument n — d times, we get that s + n > 4(n — d), implying
that s > 3n — 4d. Vadhan and Williams (cited as personal communication in [17]) observed
that this is essentially tight, as the Inner Product function has By circuit size n — 1 and is an
affine disperser for d = n/2 + 1.

However the tightness of the argument does not preclude obtaining a lower bound of the
form cn — ¢/d for ¢ > 3 and constant ¢’. Indeed, this was achieved by Find, Golovnev, Hirsch
and Kulikov [20], who obtained as a consequence a (3 + 1/86)n — o(n) lower bound for any
affine disperser F' for dimension o(n).

Several new ideas were introduced in [20], which are also crucial in our argument. While
the argument in [17] used fixings of affine functions occurring within the circuit, [20] use
affine substitutions, which are substitutions of an input variable x by an affine function of the
remaining variables. Such a substitution can be implemented as long as the corresponding affine



function is computed by some gate of the current circuit. The notion of a circuit is generalized
in [20] to fair semi-circuits, where the original circuit C' is factored into an acyclic part which
may contain AND-type gates, and a potentially cyclic part containing only XOR-type gates.
The crucial observation here is that cyclic circuits make sense computationally as long as any
assignment to the input variables yields a unique assignment of the gate variables. Allowing
affine substitutions and considering a fair semi-circuit representation of the circuit makes it
easier to reduce to the minimal-AND case discussed above in the context of the argument in
[17]. In our argument too, we use affine substitutions and a fair semi-circuit representation.

There are a couple of other important new ideas in [20]. They define the notion of a
troubled gate, which is an AND-type gate g of out-degree 1 with inputs x and y of out-degree 2.
Such a gate poses a bottleneck to simplifying the circuit sufficiently to beat the 3n —o(n) lower
bound. In order to deal with such gates, they consider a potential function that incorporates
the number of troubled gates, and allows to control the production of troubled gates during
gate elimination. In addition, a particularly problematic kind of troubled gate is what we
call a bottleneck configuration in this paper. A bottleneck configuration is a troubled gate ¢
(with inputs x and y) which feeds into an XOR-type gate h whose other input is an input
variable z of out-degree 1. To deal with bottleneck configurations, a limited kind of quadratic
substitution to variables is allowed in [20]. Namely, they allow setting z to a quadratic function
of r and y in a way that eliminates g, h and any gates that h feeds into.

However, quadratic substitutions are dangerous because they do not in general preserve the
non-triviality of the function F we are computing, which we only assume is an affine disperser?.
Therefore, they are only allowed in a limited way - when a quadratic substitution is made
in which variables z and y are paired (i.e., occur in a quadratic term), then = and y are not
subject to arbitrary affine substitutions (which might introduce many more quadratic terms)
or quadratic substitutions (which might introduce terms of higher degree in the remaining
variables). Instead, we insist that any fixing of z,y satisfies x = y + ¢ for some constant c,
which causes the pair to disappear. As a consequence of these constraints, quadratic terms
always involve disjoint pairs of variables when they arise. It can be argued that affine dispersers

remain non-trivial under such limited quadratic substitutions.

The final argument in [20] is a complicated case analysis where a lot of effort is taken to
control the number of troubled configurations. Li and Yang [34] introduced several additional
ideas to control the number of troubled configurations in better ways, and showed that these
ideas could be leveraged to get a 3.1n — o(n) lower bound.

The proof in this paper: In this paper too, we prove a lower bound for any affine
disperser F using gate elimination. The main novelty here is that we do not need to control
the number of troubled configurations. The key to this is a conceptual change: instead of
considering substitutions on the space of input variables as done in [20, 34|, we consider
substitutions on a space of independent parameters which can be modified as the gate
elimination argument proceeds. The dependence of input variables on parameters is defined
by an injective map ¢ from the parameter space to the variable space. Each component of ¢
is an affine function plus quadratic terms on disjoint pairs of parameters. We begin with ¢ as
the identity map, and update it as the gate elimination process goes on and the number of
parameters decreases.

In addition to affine substitutions and limited quadratic substitutions on parameters (as

in [20]), we define affine reparameterisation (by introducing a new parameter which is an affine
function of the old ones, and removing an old one, thus preserving the number of parameters)

4There are currently no good explicit constructions of quadratic dispersers, which are dispersers for solution
spaces for sets of quadratic equations.



and quadratic reparameterisation (which again preserves the number of parameters while doing
a quadratic shift).

Affine reparameterisation facilitates the reduction to the case of a minimal AND with
parameters as inputs, and quadratic reparameterisation allows us to handle some kinds of
troubled gates without actually doing a substitution. Indeed, our improvements come from
arguing that in some cases such as bottleneck configurations where gate elimination does not
seem to give significant benefits, we can avoid substitutions while eliminating the bottleneck.

As in [20], we use affine and restricted quadratic substitutions, and represent the circuit
at any stage of the gate elimination process as a fair semi-circuit. Our fair semi-circuit
representation is a bit more general than theirs: rather than decomposing into a cyclic circuit
of XOR-gates and an acyclic part, we decompose into an affine system consisting entirely of
linear equations and an acyclic part. The representation of the affine system does not track
inputs or outputs of gates - instead, each variable in an equation is either a parameter or an
“auxiliary variable". We require that each equation has at most 3 variables (corresponding
to the fact that every XOR-type gate has two inputs and one output), and also that any
assignment to parameters gives a unique assignment to auxiliary variables. This sufficiently
captures the semantics of cyclic circuits for our purposes.

As in several previous works, we use a potential function W for the analysis of the gate
elimination process, however this potential function is defined in a different way than in
preceding works. W is a weighted linear sum of four quantities: the number of gates s in
the current circuit (defined to be the number of gates in the acyclic part plus the number of
equations), the number m of independent parameters, the number ¢ of pairs of parameters
(corresponding to the number of quadratic substitutions at the current point in time) and
the sum of weights of unpaired parameters, where the weight of an unpaired parameter is
defined based on its number of occurrences in the circuit. To optimise the analysis, we set
W = 2s+ 3¢+ Y., w(z), where the sum is over unpaired parameters =, and the weight of
a parameter is defined to be 6 if it is unpaired with a single occurrence in the circuit, 7 if
unpaired with more than one occurrence, and 0 otherwise.

Our gate elimination process progressively reduces the sum s + m of the current circuit
size and number of parameters, with a significant decrease in W per parameter substitution,
while preserving non-triviality of the corresponding sub-function F” of our affine disperser F.
It turns out to be easier to track the change in potential as a function of a = m — ¢, where ¢
is the number of pairs of parameters used in quadratic substitutions. We define an efficient
algorithmic process which reduces a by 1 or 2 at each step, while reducing W by at least 14
times the change in a. We are able to argue non-triviality of the resulting sub-function F’ as
long as a > d, and if we choose an affine disperser F' for dimension O(log(n)), this means that
we can reduce W by 14(n — O(log(n))) before the gate elimination process terminates. Since
W was at most 2s 4+ 7n to begin with, where s is the size of the original circuit C' computing
F, we have that C' must have size at least 3.5n — O(log(n)).

The core of the gate elimination process is to reduce to the case where we have a minimal
AND-gate with parameters feeding into it. We can find substitutions to achieve the required
decrease in potential except in the case of a bottleneck configuration, where we use quadratic
reparameterisation.

Stepping back, there are two broader points we’d like to make. First, though gate
elimination has been used in all previous unconditional lower bounds for By circuits, progress
has typically been achieved by adopting a more general view of gate elimination. Initially,
gate elimination was framed purely in terms of elimination of gates by substituting constants
for variables. Later potential functions were defined to analyse amortised savings, and more
general substitutions for variables were considered. The proof in this paper generalises gate



elimination further by considering substitutions to a dynamically evolving parameter space
rather than the space of variables, and this generalisation might have other applications.

Second, the analysis in this paper not just achieves better parameters, but simplifies the
case analysis considerably compared to [20, 34]. While these previous works need to consider
dozens of cases, the case analysis here only requires 10 cases and fits into a few pages. For
maximum clarity, we have given all details of these cases, including routine calculations -
the proof could be presented much more succinctly for readers who are familiar with gate
elimination arguments.

1.5 Barrier Results and their Relevance

Given that progress on unconditional By lower bounds has been very slow over several decades,
it is worthwhile to investigate barriers on current techniques.

General barriers: The relativization barrier [3] is not relevant to questions about
fixed polynomial circuit lower bounds, because known techniques do take advantage of
the structure of the gate set, and do not work for circuits with oracle gates. The natural
proofs barrier of Razborov and Rudich [44] is potentially more relevant: under standard
cryptographic assumptions, i.e., the existence of sub-exponentially secure one-way functions,
the barrier shows that there are no “natural" proofs of super-polynomial size lower bounds
against Boolean circuits. Here a natural proof is a property of Boolean functions (given by
their truth tables), that is constructive (i.e., decidable in polynomial time), useful (i.e., no
function satisfying the property has small circuits) and dense (i.e., a noticeable fraction of
Boolean functions satisfy the property).

It is unclear if the natural proofs barrier says anything interesting about lower bound
arguments against linear-size circuits. Miles and Viola [38] give candidate constructions of
exponentially secure one-way functions with circuit size n(log(n))°™). Under the assumption
that these constructions are secure, there is a constant ¢ such that there are no natural proofs
against circuit size nlog(n)¢. However, no good candidates are known for such constructions
with circuit size O(n).

It is also unclear if gate elimination proofs yield natural properties. The lower bounds
of [19, 34] and this paper work for any affine disperser. It is true that the property of being
an affine disperser is dense, but it is unclear if it is constructive. The best known algorithm
for checking if a Boolean function on n bits (given by its truth table of size N = 2™) is an
affine disperser for dimension O(log(n)) runs in time NOUog1og(V) by enumerating all affine
subspaces of dimension O(log(n)) and checking that the function is non-constant on all of them.

Barriers for gate elimination: Perhaps we could at least find limitations on gate
elimination as a lower bound technique? Intuitively, analysing “local" configurations of circuits
(i.e., analysing all gates an input feeds into) should not be sufficient for proving super-linear
lower bounds for Bj circuits. Golovnev, Hirsch, Knop and Kulikov [24] formalise this intuition
for certain versions of gate elimination. In particular, they show that it is not possible to prove
a lower bound greater than 5n by simply substituting variables as arbitrary functions of the
remaining variables and arguing that more than 5 gates are eliminated by each substitution.
They then give a more general argument for lower bounds shown via potential functions,
though here the limitation on the largest provable lower bound depends on properties of the
potential function.

It remains unclear what limitations there are on the power of gate elimination as
generalised in this paper. Note that we do not just allow substitutions to variables, but rather
to underlying parameters which are themselves defined during the gate elimination process.
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Barriers on lower bounds for affine dispersers: A way of showing limitations
on the specific methods of [20, 34] and this paper would be to show that the hard functions
considered in these works are actually computable in linear size. It is currently unknown
if affine dispersers are computable by By circuits in linear size, and if so, what the best
linear-size upper bound is.

1.6 AI Disclosure Statement

Briefly, the proof of the main result was elicited from Al tools, and our contribution is mainly
in verifying, interpreting, simplifying and presenting the proof.

Initial prompts to Al tools to produce a proof of a lower bound better than 3.1n — o(n)
were unsuccessful, but after several attempts, the tools eventually came up with an improved
bound of 3.125n — o(n). With many more rounds of interaction, the significantly better lower
bound of 3.5n — o(n) was obtained. The original proof of this lower bound was opaque and
rather complicated - the proof was then simplified using a further back-and-forth with the Al
tools.

The paper was rewritten from scratch using just the proof skeleton produced by Al tools
as a guide. We have kept the following three principles in mind when writing the paper. First,
we wanted to present the intellectual genealogy of this work as accurately as possible, and give
adequate credit to previous works. Second, we wanted to make the proof as simple as possible,
and understandable for anyone with a basic complexity-theoretic background. Third, we
wanted to present the material in a way that makes the crucial ideas as transparent as possible,
and enables further progress and understanding of the limitations of current techniques.

1.7 Organisation of the Paper

In Section 2, we define our notation and explain the basic concepts we use. In Section 3, we
explain how deletions and reparameterisations work during the gate elimination process. In
Section 4, we explain how our gate elimination algorithm works, and analyse it to obtain
Theorem 1.1.

2 Preliminaries

2.1 Circuits and Notation

We use the standard model of Boolean circuits over the full binary basis, see Wegener [56]
and Jukna [31] for background, and the papers by Find et al. [19] and Li & Yang [34] for the
conventions closest to ours. A fan-in two Boolean circuit is an acyclic directed graph in which
every vertex has indegree zero or two, and the edges entering a vertex are ordered. Vertices of
indegree zero are called input vertices and are labelled by variables X1, ..., X, or constants
0, 1. Vertices of indegree two are called gates. The fan-out of a vertex is its outdegree. We call
the edges wires. Both wires entering a gate may exit from the same vertex. The fan-out of a
vertex is unrestricted. Each gate is labelled by a Boolean function g : {0,1} x {0,1} — {0,1};
the set of all sixteen such functions is denoted by Bs. One gate of outdegree zero is designated
as the output. The size of a circuit C, denoted by |C|, is its number of gates. A circuit
corresponds to a simple program for computing a Boolean function: each instruction of the
program is a binary Boolean operation whose inputs are either input variables or the results
of the previous instructions.

11



We call the functions labelling gates operations in order to distinguish them from functions
of n variables computed in the gates. A gate is constant if its operation ignores both inputs, and
unary if its operation depends on exactly one of the inputs, in which case the gate computes
that input or its negation. Of the sixteen operations, two are constant, four are unary, and the
remaining ten depend on both inputs. The remaining ten operations consist of two XOR-type
and eight AND-type operations: up to negating the inputs and the output, every XOR-type
operation is XOR and every AND-type operation is AND. We call a gate constant, unary,
XOR-type, or AND-type according to its operation.

We identify {0, 1} with the field Fy of two elements, so that addition is XOR, multiplication
is AND, and negation is addition of 1. Every operation h: F3 — Fy has a unique multilinear
expression h(ty,t2) = ¢ + bity + bata + biatita, where ¢, by, by, b12 € Fo. In particular, the
XOR-type operations have the form ¢; + t9 4+ ¢, and the AND-type operations have the form
(t1 + a)(te + B) + v, where ¢,«, 3,7 € Fo. Thus, XOR-type operations are polynomials of
degree one, and AND-type operations are polynomials of degree two. More generally, an affine
operation has the form bit; + bato + ¢, where either coefficient by, by € Fy may vanish. We call
all gates labelled with an affine operation as affine gates.

A literal of a value t is either ¢ or ¢t + 1. We allow the output to be a constant or a literal,
and we allow negations on wires at no cost by absorbing them into the operations of the gates
that read those wires.

2.2 Parameters

We write X = (X1,...,X,) to denote the input variables of the affine disperser f : Fy — Fa.
During gate elimination, we maintain an injective map ® : F}* — FZ, whose variables
U= (u1,...,un) we call parameters, together with a circuit C that reads the parameters (in
place of the original inputs), which on evaluation at the parameter @, computes the value
f(®(@)). In other words, ®() is the input to f, and the main invariant of gate elimination is
that, at every step, C(u) = f(®(u)) for every parameter assignment @. By injectivity, distinct
parameter assignments u describe distinct assignments X = ® (1) of f. Initially, ® is the
identity and m = n, so the parameters @ are just the original inputs X.

More precisely, we maintain the map ® : F5* — F4 in the form

O(@)=b+Li+ Y. Epr, (1)
{p,r}epP

where b € F3, L € F5*™, P is a set of disjoint pairs of parameters, and ¢, € F4 for each pair
{p,r} € P. We say that a parameter that belongs to a pair in P is paired, the other member of
its pair is its partner, and all other parameters are unpaired. A pair in P records that its two
parameters may occur together in a quadratic term. Since the term pr becomes affine once
either p or r is fixed to a constant, or p is identified with a literal of r, the pair {p,r} provides
only one degree of freedom. Therefore, we consider p and r together during gate elimination,
rather than working with only one member of the pair. Paired parameters may also occur in
the affine part L, and we allow ¢, = 0.

2.3 Fair semi-circuits and the affine system

We work with fair semi-circuits, which are a generalization of circuits introduced by Find et
al. [19]. A fair semi-circuit consists of an affine system of equations followed by an acyclic part
that is an ordinary circuit whose gates read the parameters and the values determined by the
affine system.
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Fair semi-circuits. Let @ = (uy,...,uy) be the parameters. A fair semi-circuit on  is the
composition of an affine system and an acyclic part, together with an output, described below.

(i) The affine system consists of > 0 equations over Fy in the parameters and in r further
variables ¥ = (v1,...,v,), which we call auziliary variables. We write it as AT = N4 + ¢,
where A € F3*" and N € FL*™ contain the coefficients of the auxiliary variables and of
the parameters, respectively, and ¢ € F5 contains all the constant terms. We call A the
auxiliary matriz, and N the parameter matriz. Each equation contains at most three
nonconstant terms, that is, every row of the matrix (A | N) has at most three nonzero
entries. Moreover, we require fairness, that the affine system has a unique solution v for
every parameter assignment v, this is equivalent to A being invertible.

(ii) The acyclic part is an ordinary circuit whose gates are listed in a topological order. Each
gate is labelled by an operation from Bj, and each of its two inputs is a constant, a
parameter, an auxiliary variable, or an earlier gate. There are no wires going back from
the acyclic part to the affine system.

(iii) The output is a constant or a literal of a parameter, an auxiliary variable, or a gate.

Note that no variable of an equation in the affine system of a fair semi-circuit is designated
as an output, this will later allow us to exchange the roles of auxiliary variables and parameters.

We refer to parameters, auxiliary variables, and gates as internal values. By the fairness
condition, every parameter assignment @ extends uniquely to an assignment to all internal
values that satisfies every equation in the affine system and gives every gate of the acyclic
part the value of its operation on its inputs. In particular, every auxiliary variable is an affine
function of the parameters, which is given by ¥ = A"'N% + A~'¢ Figure 1 shows an example
of a fair semi-circuit.

parameters

Figure 1: A fair semi-circuit. The affine system consists of r = 3 equations over Fs in the
parameters @ = (z,y, z,w) and the auxiliary variables ¢ = (v1,v2,v3), and each equation
contains three nonconstant terms. The auxiliary matrix A is lower triangular with ones on
the diagonal, and hence invertible, so the fairness condition holds. The acyclic part consists
of the gates G1 = v1vg, Go = vsw, Gz = G1 + Go, G4 = Gz, and G5 = G3 + Gy, listed in a
topological order, and the output is the gate G5.

Since these equations are solved simultaneously rather than evaluated one at a time, they
may depend on each other cyclically. We allow cyclic dependencies, while requiring that the
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system has a unique solution. For example, the system
V1 + v =, vy + U3 =y, v1+vy+wv3=0 (2)

over Fy (where x,y are parameters), has the auxiliary matrix

A=

— o
—
—_ = O

and a unique solution (vi,v2,v3) = (y,z + y,z) for the auxiliary variables. Rewriting the
system as v; = x + v2, v2 = y + v3, and v3 = v; + v creates a cycle in the dependency graph
for the auxiliary variables, yet the matrix is invertible, refer to Figure 2 for an illustration.

output variable, invertibility of A im-
plies every auxiliary variable a unique

@ solution.

Figure 2: Cyclic dependencies in the affine system allow unique solvability.

@v@ The system doesn’t have a designated

Throughout gate elimination, s denotes the size of the current fair semi-circuit, that is, the
number 7 of equations plus the number of gates in the acyclic part. Initially, the affine system
is empty and the acyclic part is the original circuit C, so that s = |C|. As the algorithm
proceeds, affine gates are moved from the acyclic part into the affine system, as described in
more detail below.

Moving new gates into the affine system. Suppose that a gate J of the acyclic part is
labelled by an affine operation h(ty,t2) = b1ty + bate + ¢, where by, ba, ¢ € Fy, and that each of
its inputs t1, t2 is a constant, a parameter, or an auxiliary variable. Replace the gate J by the
equation

J+ b1t + bato = ¢

and regard J as a new auxiliary variable. Observe that this new equation has at most three
nonconstant terms, and that the auxiliary matrix of the new affine system has the form

, (A0
A._<* 1),

which is invertible. Moreover, for every parameter assignment, the solution of the old system
extends uniquely to a solution of the new system, in which auxiliary variable J takes the value
previously computed by the gate J. Every use of J now refers to the auxiliary variable J, so
the function computed by the fair semi-circuit is unchanged. Since one gate has been replaced
by one equation, the size s of the fair semi-circuit is preserved. Applying this step to the gates
in topological order, we move every gate with an affine operation and no AND-type ancestor
into the affine system, while all gates with an affine operation and an AND-type ancestor stay
in the acyclic part.

Comparison with Find et al [19]. Our fair semi-circuits differ only slightly from those of
Find et al. [19], but the difference allows us to perform affine substitutions without changing
the circuit. In their setting, the acyclic part is also an ordinary circuit, but the role of the
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affine system is played by a cyclic circuit of affine gates. Written as a system of equations,
this has the form A7 = N# + ¢ with an invertible matrix A, where the unknowns are the
values of its gates and the input variables play the role of the parameters. However, their
equations have additional structure: each equation in the cyclic part also has a designated
output, that is, each equation corresponds to a gate and defines the value of this gate in terms
of its two inputs. Find et al. also record the substitutions made so far by a map from their
free variables to all input variables, similar to our map ®. However, their free variables are the
input variables themselves, and their circuits read the input variables directly. Therefore, an
affine substitution for a free variable has to be implemented directly in the circuit, which Find
et al. do by rewiring its linear part without adding new gates, and this rewiring is the reason
why cycles may appear in their circuits. In our setting, the circuit reads the parameters 4, and
the input to f is ®(u), so the map ® “decouples” the circuit from the input variables, which
are related to the circuit only through the main invariant C(@) = f(®(@)). In our setting, no
variable of an equation is designated as an output. This allows us to exchange the role of an
auxiliary variable and a parameter, and thus perform an affine substitution only in the map ®,
leaving the circuit unchanged upto renaming, as explained in detail in Section 3.2.

In what follows, we abuse notation by using the word “circuit” to mean a fair semicircuit.

2.4 States and substitutions

At every step of gate elimination, the state consists of the current circuit C, the injective
map P, and the set of disjoint pairs of parameters P. We keep track of it through four
quantities: the size s = |C| of the current circuit, the number m of parameters, the number
q = |P| of pairs, and the difference a = m — ¢. Often we allow parameters to remain in ¢ even
when C no longer reads them, so m counts them as well.

Changes of parameters and restrictions. We simplify the circuit C' using four kinds of
change to the parameters in ®: two reparameterisations, (AR) and (QR), and two restrictions,
(UF) and (PF). We describe them below, using #_, to denote all parameters other than z,
and w to denote a fresh parameter not occurring in the map &.

Affine reparameterisation (AR). For an unpaired parameter x and an affine map ¢,
substitute x <— w + p(t_;). This reparameterisation does not change the values m, ¢, a,
as all the paired parameters are unaffected, and the new parameter w replaces the old
parameter x.

Quadratic reparameterisation (QR). For distinct unpaired parameters z,y, z and con-
stants «, 3,y € Fa, substitute

z—w+ (x+a)(ly+ B)+7, (3)

and add the pair {z,y} to P. This reparameterisation does not change m, increases ¢
by one as the pair {x,y} is added to P. Hence, a decreases by one.

Fixing an unpaired parameter (UF). For an unpaired parameter x and an affine map 1,
impose © = ¥ (@_,). Since ¥ may be the constant map, this includes fixing an unpaired
parameter x to a constant. This restriction decreases m by one and leaves ¢ unchanged,
so a decreases by one.

Fixing a paired parameter (PF). For a pair {p,r} € P, either fix p to a constant or
impose p = 1 + ¢ for some ¢ € Fg, and then remove p and the pair {p,r}. The same can
be done for r, the other parameter of the pair. This restriction decreases both m and q
by one, so a is unchanged.
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Each operation replaces the map ® by ® o7, where 7 expresses the old parameters in terms
of the new ones. In (AR) and (QR), 7 is a bijection, whose inverse is obtained by solving
the substitution for w, so im ® is unchanged. In (UF) and (PF), 7 fixes one parameter as a
function of the others, so it is injective and im ® can only shrink. In all four cases, ® o 7 is
injective as both ® and 7 are injective, and it again has the form in (1).

We make the same change in the circuit C, so that the new circuit computes Cor = fo(®Por),
and the main invariant is preserved. The gate elimination algorithm uses (UF) only to fix a
parameter to a constant or to impose x = y+c¢. Thus, in each application of (UF) or (PF), each
occurrence of the restricted parameter becomes a constant, or a literal of another parameter.
This adds no new gates to the circuit, and all the gates and equations that it simplifies are
counted in s until they are deleted. Substituting the expressions for the relevant parameter
directly into the circuit in (AR) or (QR) could add new gates, so these are implemented
differently, which we explain in more detail in Section 3.2. Each application of (AR) in gate
elimination leaves the circuit unchanged up to renaming, and (QR) is used only where it allows
two gates to be deleted.

2.5 Affine dispersers
An affine subspace of I} is a translate b+ V' of a linear subspace V' C F3, for some b € Fy.

Definition 2.1 (Affine dispersers). A function f: F5 — Fg is an affine disperser for dimension
d if it is nonconstant on every affine subspace of dimension d.

Explicit constructions of affine dispersers over Fo have been studied extensively. The first
constructions gave polynomial-time computable affine dispersers for linear dimension d = én for
any constant § > 0 [4, 10], and later ones reached sublinear dimension [5, 60, 35, 50, 36, 13, 14].
The best known construction was obtained by Li [37] for dimension d = O(logn), which is
optimal up to the constant factor.

The image of the injective map @ in a state need not be affine, but the next proposition
shows that it contains an affine subspace of dimension a.

Proposition 2.2. The image of every injective map of the form (1) contains an affine subspace
of dimension a = m — q. Consequently, f o ® is nonconstant whenever a > d.

Proof. We choose one parameter from each pair in P and fix its value to a constant. Since
the pairs are disjoint, this fixes exactly ¢ parameters, and every quadratic term in ¢ then
becomes affine in the remaining m — g parameters. Moreover, this restricted map is injective,
as @ is. Therefore, its image is an affine subspace of dimension a = m — ¢q. If a > d, then f is
nonconstant on im ®, as f is an affine disperser of dimension d. O

2.6 Degrees, the potential, and valid simplifications

Parents, children, and isolated parameters. We say that the parents of a gate are its
inputs, which may be constants or internal values, and that the gate is a child of each internal
value it reads. Similarly, we say that an equation is a child of each internal value that appears
in it with a nonzero coefficient, and we call the internal values appearing in an equation the
parents of that equation. If a gate reads the same internal value twice, it counts as one child
of that internal value. In particular, the children of a parameter x are exactly the equations
that mention x and the gates that read =x.

The degree deg(t) of an internal value ¢ is its number of distinct children. We say that a
parameter is unused if its degree is zero and isolated if its degree is one. The notion of degree
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is syntactic: it counts only direct occurrences. For instance, once the affine system is solved,
an auxiliary variable v may depend on a parameter z even if no equation contains both v and
x, such a dependence does not contribute to deg(x).

Rerouting. When a gate or auxiliary variable becomes a constant or a literal of another
internal value, we replace all of its occurrences by that constant or literal, we call this rerouting.
Rerouting can increase the degree of a parameter that was a parent of a replaced gate, in
particular, it can turn an isolated parameter into one of degree at least two.

The potential function. We define the weight of an unpaired parameter = by

0, deg(xz)=0,
wt(z) =146, deg(z)=1, (4)
7, deg(z) > 2,
and the potential by
W=2s+3¢+ >  wiz). (5)

x unpaired

Note that paired parameters only contribute through the 3¢ term in the potential, they have
no individual weight. The potential is always nonnegative.

For any quantity X, including m, s, ¢, a, W, we write X for its value before an operation
and X' for its value afterwards, and we set

AX =X - X. (6)

In the analysis that follows, we may group several operations into one step, A compares the
value of the quantity at the beginning and end of the whole step.

Preserving the representation. We now briefly explain why the various simplifications
introduced above preserve the two main invariants during gate elimination: every equation
has at most three nonconstant terms, and the auxiliary matrix is invertible.

For any parameter z, fixing it to a constant ¢y deletes the column corresponding to x in
the parameter matrix N, updates the constant vector ¢, and does not change the auxiliary
matrix A. Similiarly, for distinct parameters x and y, setting * = y + ¢¢ does not change the
auxiliary matrix A, and does not increase the number of nonconstant terms in any equation.

A general affine substitution for a parameter into the system AY = Nu + € could expand
one term into many, and thus violate the bound of three nonconstant terms per equation.
Therefore, we implement (AR) by exchanging the roles of a parameter and an auxiliary variable,
and only performing the affine substitution in the map ®. In more detail, suppose that an
auxiliary variable @) has the solved expression Q = = + ¢(@_;) in terms of the parameters,
where x is unpaired and ¢ is affine. We substitute z <— w + ¢(@_5) in ®, rename @ as the
new parameter w, and regard x as an auxiliary variable. This does not change the set of
equations, and only changes the role of x and @ in the system. More concretely, we exchange
the column corresponding to x in N with the column corresponding to ) in A in the affine
system. Hence, every equation keeps exactly the same terms. To see that the new auxiliary
matrix A’ is invertible, let j be the column index of @, let N, be the column of z in N, and
let t = A71N,. The coefficient of x in the expression @ = z + ¢(i_;) is t; = 1 (as Q depends
on parameter x). Since A’ is obtained from A by replacing its jth column with N,, we have
A" = AB, where B is the identity matrix with its jth column replaced by t. As det B =t; = 1,
the matrix A’ is invertible.
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Similarly, we apply (QR) only to a isolated parameter z whose single use is as an input of
an XOR-type gate D, where the other input of D computes (x + a)(y + ) + o, for parameters
x and y. After an application of (QR), D computes a literal of w, so we reroute D to that
literal of w and delete it. As z does not occur in any equation, the affine system is unchanged.

Finally, we show that rerouting preserves both invariants. First, note that rerouting a gate
in the acyclic part does not change the affine system, as there are no wires going back from
the acyclic part to the affine system. Now, let v be an auxiliary variable that occurs in an
equation with at most two nonconstant terms, which we can write as v = U + ¢y, where U
is a parameter or an auxiliary variable. To reroute v, we replace every occurrence of v by
U + ¢p, and delete v together with the equation v = U + ¢g. Observe that replacing a term by
a constant, or by a literal of another single term, cannot increase the number of nonconstant
terms in any equation. To see that the new auxiliary matrix is invertible, let v be the kth
auxiliary variable, and let v = U + ¢g be the ith equation. Replacing v by U + ¢y in another
equation is the same as adding the ith row of (A | N | ¢) to the row corresponding to that
equation. Restricted to A, these are elementary row operations, so they preserve det A. After
substituting v = U + ¢ in every valid equation, the kth column of A has a single nonzero entry
in row ¢. Expanding the determinant along this column, we see that deleting row ¢ and column
k from A leaves a matrix whose determinant equals det A up to sign. Hence, the auxiliary
matrix of the new system is invertible.

The same argument applies when we delete an auxiliary variable v whose only use is in
a single equation in the affine system, together with the equation v occurs in. Every other
equation is unchanged by this deletion, so only invertibility of auxiliary matrix remains to be
verified. The column of v in A already has a single nonzero entry, so the determinant expansion
above applies directly, showing that the auxiliary matrix of the new system is invertible.

The next lemma shows that, as long as a > d, the output cannot take certain simple forms.
We use it later to rule out several degenerate cases in the gate elimination algorithm.

Lemma 2.3. Let a > d. Then the output of the circuit cannot be an affine function of the
parameters, or a literal of an AND-type gate whose two parents are unpaired parameters.

Proof. First, note that a constant output would contradict Proposition 2.2. Suppose that
the output is a nonconstant affine function of the parameters, choose a parameter x with
nonzero coefficient. If x is a paired parameter, let y denote its partner. Fix y to a constant,
this does not change a = m — ¢, and makes x unpaired. Now that x is unpaired, substitute for
x an affine expression in terms of the other parameters, chosen so that the output becomes
constant. This (UF) restriction decreases a by one, so the restricted image still contains an
affine subspace of dimension at least a — 1 > d, a contradiction.

If the output is a literal of an AND-type gate on two unpaired parameters  and y, fix y
to a constant such that the AND-gate becomes constant. Again, the output becomes constant
while a decreases by only one, contradicting Proposition 2.2. O

3 Deletion and reparameterisation
We now describe in more detail the deletion and reparametrisation operations used by the

gate elimination algorithm, and record how each operation changes the quantities s, m, g, a,
and the potential .
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3.1 Deletions

We characterize deletions as gate deletions (D1-D3) and variable deletions (D4). Each gate
deletion removes a gate or an equation without changing the map ®, whereas each variable
deletion removes an equation that is the child of an unpaired, isolated parameter z, after
exchanging x with an auxiliary variable.

D1: deleting a gate that depends on at most one input. Suppose that a gate J in
the acyclic part computes a constant or a literal of one of its inputs. This is the case for every
constant or unary gate, for every gate with a constant input, for every gate whose two inputs
are identical, and for an AND-type gate whose two inputs are parameters or auxiliary variables
with dependent linear parts (as affine functions of the parameters). We reroute every use of J
to the constant or literal of its input, and delete J.

This deletion does not change the affine system, and every gate that was a child of J
now reads a constant, or a literal of an input of J. We have Am = Ag = Aa = 0 since the
parameters and the pairs are unchanged, and As = —1, as gate J is deleted. An unpaired
parameter that was a parent of J increases its weight from 6 to 7, if and only if, it was
isolated (that is, its only child was J), and has at least two children after rerouting. Thus,
AW < —2—6+47 = —1, in this case. If J is rerouted to a constant, then no unpaired parameter
can increase its weight, and so AW < —2.

D2: deleting an unused gate. A gate that has no children and is not the designated output
can be deleted without changing the computed function. In this case, Am = Aq = Aa = 0,
and As = —1 as one gate is deleted. Thus, AW < —2.

D3: deleting an equation with at most two nonconstant terms. Let E be an equation
in the affine system with at most two nonconstant terms. It must contain an auxiliary variable,
otherwise the row corresponding to F in the auxiliary matrix would be zero, contradicting its
invertibility. Therefore, we can write the equation F as v = U + ¢, where v is an auxiliary
variable and U is either a parameter, an auxiliary variable, or U = 0. We substitute v =U + ¢
for all occurrences of v, and delete both v and the equation v = U + ¢ from the affine system.

As in (D1), an unpaired, isolated parameter can increase its weight from 6 to 7, if its only
child was E and it has at least two children after the substitution. We have Am = Aq =
Aa = 0 as no parameters or pairs are removed, As = —1 as equation F is deleted, and thus,
AW < —-2—-647 = —1. If no unpaired parameter increases its weight after substitution, then
the stronger bound AW < —2 holds.

D4: unit parameter deletion. Consider an unpaired, isolated parameter x whose unique
child is an equation E. We exchange = with a suitable auxiliary variable ) using the (AR)
operation, and then delete x, which is now an auxiliary variable, together with equation E.

To find a suitable auxiliary variable @ for applying (AR) operation, write the affine system
as AU = N1+ ¢. Since parameter x only occurs in equation F, the column N, (corresponding
to ) in the matrix N has a single non-zero entry in the row corresponding to F, so A~ N, # 0.
Choose an auxiliary variable ) whose coordinate in A~'N,, is 1, in other words, we choose any
auxiliary variable @ that depends on x (after expressing auxiliary variables as affine functions
of the parameters). Then Q = x + ¢(i_,), for some affine map ¢. Now we apply the (AR)
operation with this choice of auxiliary variable Q. After exchanging the roles of parameter x
and auxiliary variable () in the affine system, no equations are changed, so the new auxiliary
variable x still occurs only in equation E.
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The old parameter x of weight 6 is removed by the operation, and is replaced by the new
parameter (), whose weight is at most 7, and no other unpaired parameter increases its weight.
As @ replaces x as a parameter and no pairs are changed, we have Am = Aq = Aa = 0.
Moreover, As = —1 because equation F is deleted, so AW < -2 —-6+7= —1.

3.2 Affine and quadratic reparameterisation

Recall from Section 2.5 that both reparameterisations (AR) and (QR) are bijective changes of
parameters that preserve both the image and the form of map ®. Then, Section 2.6 explains
how they are implemented in the circuit so that every equation has at most three nonconstant
terms and the auxiliary matrix remains invertible. We now describe the implementation of
these reparametrisations in more detail, in the form used by the gate elimination algorithm,
and record their effect on the quantities m, ¢, a, s, and the potential W.

AR: exchanging a parameter and an auxiliary variable. Let ) be an auxiliary variable
which depends on an unpaired parameter = (as an affine function of the parameters), that is
Q = v+ ¢(ii_;) for some affine map ¢. Note that @ and x may not occur in a common equation,
but z must occur in some equation of the affine system, as otherwise the column corresponding
to x in the parameter matrix N, and hence in A~'N, would be zero, contradicting that @
depends on z. We substitute x +— w + ¢(@_;) in the map ®, regard @ as the new parameter w
and = as an auxiliary variable. Note that this does not change any equation or gate of the
circuit. In particular, every parameter other than z and w has the same set of children as
before.

As the new parameter w replaces parameter x, x replaces auxiliary variable ), and all
pairs, equations, and gates of the circuit are unchanged, we obtain Am = Aqg = Aa = As = 0.
Hence AW is the change in the total weight of the unpaired parameters, to which only z
and w contribute, that is, AW = wt/(w) — wt(z). The new parameter w has exactly the same
set of children as @, so deg/(w) = deg(Q). Moreover, w occurs in at least one equation, since
the column corresponding to ) in the invertible matrix A is nonzero. If auxiliary variable @
has at least one other child in the old circuit, then deg'(w) > 2. If, in addition, deg(z) > 2
in the old circuit, then both weights equal 7, and so AW = 0. We apply (AR) in only two
situations: in (D4), where z is isolated and the possible increase of one is offset by the deletion
of an equation, and in Section 4.2, where deg(z) > 2 and @ is an input of the minimal AND,
so that deg’(w) > 2 and AW = 0.

Unlike an affine substitution in the setting of [19], which always reduces the number of free
variables, (AR) keeps the number of parameters, the circuit, and im ® unchanged. Therefore,
we can apply (AR) whenever it brings the circuit into a more convenient form, for instance to
turn both inputs of a minimal AND into parameters before applying a restriction, as we do in
Section 4.2. This extra freedom is one of the main sources of our improved lower bound.

QR: a quadratic change of parameters. We apply (QR) only to a specific configuration,
which we describe below. Let x,y, z be distinct unpaired parameters, and suppose that, for
some constants «, 3,7, ¢ € Fy, the circuit contains the AND-type gate G = (z 4+ «)(y + 3) + 7,
and XOR-type gate D = G + z + ¢, where z is a isolated parameter whose only child is D,
and the only child of gate G is D. We perform the following quadratic substitution on the
parameter z,

z—w+ (r+a)ly+pB)+v+c

in the map ®, and add the pair {x, y} to P. Under this substitution, D = G+(w+G+c)+c = w,
so we reroute every use of D to the new parameter w, and delete D. Since the unpaired,
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isolated parameter z had only gate D as its child, the (QR) substitution does not change the
rest of the circuit. The gate G becomes unused after substitution, so we delete it using (D2).

Since new parameter w replaces parameter z, one pair {x,y} is added and two gates are
deleted, we have Am =0, Ag =1, Aa = —1, and As = —2. For the potential W, the two
gate deletions contribute —4, the new pair {z,y} contributes 43, while the parameters = and
y lose their weights since they are now paired. The new parameter w, whose children are
exactly those of D in the previous circuit, has weight at most 7 and replaces unpaired, isolated
parameter z of weight 6. No other unpaired parameter of the system gets a new child after
applying (QR). So, we have

AW < —4+347—-6—wt(x) —wt(y) = — wt(z) — wt(y).

We apply (QR) only when deg(z),deg(y) > 2, so both weights equal 7 and AW < —14.

4 The gate elimination algorithm

Theorem 4.1. For every affine disperser f:{0,1}"™ — {0,1} for dimension d, any Ba-circuit
C computing f has size at least 3.5n — 7d.

The proof of Theorem 4.1 is via a gate elimination algorithm, and is given at the end of
this section. We obtain Theorem 1.1 as a corollary by using Li’s result [37] on an explicit
affine disperser for dimension O(log(n)).

Most of this section will be used to describe the gate elimination algorithm. The algorithm
runs until a < d, and it terminates because each step decreases m + s. The key property of
the algorithm is captured in the following lemma, which states that as long as a > d, we can
decrease the potential W by at least 14 per unit of decrease in quantity a.

Lemma 4.2. Suppose that a > d. Then, in polynomial time, the gate elimination algorithm
transforms the current state into a new state such that m+s strictly decreases, Aa € {0, —1, -2},

and AW < 14Aa.

Each iteration performs the first applicable reduction from the cases below, possibly after
several preparatory operations (moving affine gates into the affine system, affine reparameteri-
sations, and reroutings) that leave m, s, and a unchanged, and do not increase W.

4.1 Preliminary reductions

First, we move every gate with an affine operation and no AND-type ancestor into the affine
system, as described in Section 2.3. Each such move replaces one gate by one equation, and
does not increase the degree of any parameter, so it satisfies Am = Ag = Aa = As =0 and
thus, AW < 0. We then check the following six cases in order, and perform the reduction of
the first case that is applicable. Therefore, for each case that applies, we may assume that all
earlier cases are inapplicable.

Case 1: a deletion is available. We repeatedly apply all of the deletions from (D1)-(D4), in
order, until none of them are applicable. Recall that each deletion satisfies Am = Aq = Aa = 0,
As=—1,and AW < —1.

If no deletion applies, then the circuit has the following properties. Since (D1) does not
apply, every gate is XOR-type or AND-type and has two distinct inputs, neither of which is a
constant. Moreover, if both inputs of an AND-type gate are parameters or auxiliary variables,
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then they must have independent linear parts. Since (D2) and (D3) do not apply, every gate
other than the output has a child, and every equation in the affine system has exactly three
nonconstant terms. Finally, since (D4) does not apply, no unpaired isolated parameter occurs
in the affine system.

Case 2: an AND-type gate on parameters has an unpaired, isolated input. Let G
be an AND-type gate whose inputs are parameters z and w, where z is an unpaired, isolated
parameter. We fix w to a constant such that the AND-type gate G becomes constant, delete
gate G using deletion (D1), and reroute all occurrences of G to that constant. As G was the
only child of z, the parameter z is now unused in the circuit. Note that the degree of all other
parameters in the circuit is unchanged, as G is rerouted to a constant.

If parameter w is unpaired, we use the (UF) restriction to fix w to a constant. Note that
both unpaired parameters z and w had weights at least 6 before they are removed. Thus, we
have Am = -1, As=—-1, A¢g=0, Aa=—1,and so AW < —-6—-6—2 = —14.

If w is a paired parameter, we use the (PF) restriction to fix w to a constant. Let r
be the partner of w. After the (PF) restriction, the pair (r,w) is removed, and r becomes
an unpaired parameter with weight at most 7. Consequently, we have Am = —1 (as w is
fixed to a constant), As = —1 (as gate G is deleted), Ag = —1 (as pair (r,w) is removed),
Aa = Am — Ag = 0. For the potential W, removing the pair (r, w) contributes —3, losing the
weight of z contributes —6, deleting G' contributes —2, and the weight of parameter r (after it
is unpaired) contributes at most +7. Thus, we have AW < -3 -6 -2+ 7= —4.

We now record the consequence of inapplicability of Case 1 and Case 2. For every isolated,
unpaired parameter z, it is not the output (by Lemma 2.3), and does not occur in the affine
system (by inapplicability of Case 1). So, the unique child of z must be a gate G in the acyclic
part of the circuit. The other input of gate G cannot be a parameter. We show this by taking
cases on gate GG being XOR-type or AND-type. If G is a XOR-type gate with both of its
inputs being parameters, it would already have been moved into the affine system. If G is an
AND-type gate, this would make Case 2 applicable. Thus, no gate or equation in the circuit
has both an isolated unpaired parameter and a different parameter as its parents.

Case 3: a paired parameter has degree zero or at least two. Let p be a paired
parameter with partner r. If deg(p) = 0, we use (PF) to fix r to a constant. The pair (p,r) is
removed, and p becomes an unpaired parameter, which does not contribute to the potential
W as deg(p) = 0. Consequently, we have Am = —1 (as r is fixed to a constant), As =0 (as
no gates are deleted), Aqg = —1 (as pair (p,r) is removed), Aa = Am — Ag = 0. This gives,
AW < -3.

If deg(p) > 2, we fix p to a constant using (PF), and delete two of its children, using the
deletions (D1)—(D4). Observe that these two deletions of p’s children does not increase the
weight of any parameter which was unpaired initially. Only the parameter r, which becomes
newly unpaired after the pair (p,r) is removed, can increase its weight to at most 7. Note that
Am = —1 (as p is fixed to a constant), As = —2 (as two children of p are deleted), Ag = —1
(as the pair (p,r) is removed), and Aa = Am — Ag = 0. Thus, we have AW < -3 —-4+7=0.

If Case 3 is inapplicable, then every paired parameter is isolated, and has exactly one child.

Case 4: two partners have the same child. Let p be a paired parameter with partner r
such that p and r have a common child H. If H is an equation, we can write it asv+p+r =c¢
for an auxiliary variable v. If H is a gate, its two inputs are p and r. Use the (PF) restriction
to impose p = r + ¢/, choosing the constant ¢’ such that H becomes constant. Any choice

22



of ¢ works if H is an equation or a XOR-type gate. If H is an AND-type gate of the form
(p+ a)(r+ B) + v (where a, 8,7 € Fy are constants), we choose ¢ = a + 3+ 1.

After H becomes constant, we delete H, and reroute the occurrences of H to its constant
value. The parameter r survives, but is now unused, since H was its only child. Note that
Am = —1 (as p is restricted), As = —1 (as H is deleted), Ag = —1 (as pair (p,r) is removed),
and Aa = Am — Ag = 0. Thus, we have AW < -3 -2 = —5.

Case 5: a paired parameter occurs in the affine system. Let p be a paired parameter
that occurs in the affine system, and let r be its partner. Since Case 3 does not apply, the
paired parameter p must have a unique child H),, which must be an equation since p occurs
in the affine system. Similarly, » has a unique child H,, and H, # H, since Case 4 does not
apply.

We fix parameter r to a constant using (PF) restriction and delete H,, which is now
deletable by (D1) if it is a gate and by (D3) if it is an equation. Since parameter r is a parent
of H,, and both Case 1 and Case 2 do not apply, H, does not have any isolated unpaired
parameter as its parent. Therefore, deleting H, does not increase the weight of any parameter
which was unpaired initially. After r is fixed to a constant, p becomes an unpaired parameter
whose unique child is H,, so it gets a weight of 6. So far, removing the pair (p,r) contributes
—3, deleting H, contributes —2, and the new weight of p contributes 6, so the potential W
has increased by at most AW < -3 —-246=1.

Now, we apply (D4) to parameter p and equation H,, this is applicable as p is an unpaired,
isolated parameter whose only child is equation H,. As explained in Section 3.1, this decreases
the potential W by at least one, that is, AW < —1. Altogether, we have Am = —1 (as
parameter r is fixed to a constant), As = —2 (as H, and H) are deleted), Ag = —1 (as pair
(p,r) is removed), and Aa = Am — Ag = 0. Finally, we have AW < +1—-1=0.

Case 6: an AND-type gate on parameters has a paired input. Let G be an AND-type
gate whose inputs are parameters p and w, where p is a paired parameter with partner r. As
Case 3 does not apply, G must be the unique child of paired parameter p. Moreover, the
paired parameter r has a unique child H,. Since Case 5 does not apply, r does not occur in
the affine system, so H, is a gate. Since Case 4 does not apply, we must have H, # G, and
w # r. Further, w # p, as Case 1 does not apply. Since Case 2 does not apply, we must have
that w is not an unpaired isolated parameter. Therefore, w is either an unpaired parameter of
degree at least two, or a paired parameter.

We fix r to a constant using (PF) restriction, and then fix parameter w to a constant so
that gate G becomes constant, this is by a (UF) restriction if w is unpaired and by a (PF)
restriction if w is paired. Then we delete the gates G and H, using (D1). After r is restricted,
the parameter p becomes unpaired and unused, as it was isolated initially (the only child of p
was gate GG). Observe that the weight of any parameter that was initially unpaired cannot
increase: G is rerouted to a constant after deletion, and since r is a parent of H, and both
Case 1 and Case 2 do not apply, H, has no unpaired isolated parameter as a parent.

If w was an unpaired parameter initially, its degree was at least 2, and its weight was
contributing 47 to the potential W. After w is restricted, it loses its contribution of +7 to W.
In this case, we have Am = —2 (as parameters r and w are restricted), As = —2 (as G and
H, are deleted), Ag = —1 (as pair (p,r) is removed), and Aa = Am — Agq = —1. This gives
AW < —-7-3—-4=-14.

If w was a paired parameter initially (with partner r’), two pairs (p,r) and (w,r’) are
removed after the restriction of » and w. The parameter p becomes unpaired and unused as
its only child was G. Thus, only parameter 7’ is the newly unpaired parameter that can have
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positive weight, and its weight is at most 7. In this case, we have Am = —2 (as two parameters
r and w are restricted), As = —2 (as G and H, are deleted), Aqg = —2 (as two pairs (p,r) and
(w,r") are removed), and Aa = Am — Ag = 0. Thus, we have, AW < —6—4+7 = —3.

If none of the Cases 1-6 applies to a state, then every parameter that occurs in the affine system
is unpaired and has degree at least two, and for every AND-type gate G with parameters z
and y as its inputs, both z and y must be unpaired parameters, and deg(x), deg(y) > 2.

4.2 Restructuring the minimal AND

Suppose that a > d, and that none of the preliminary reductions applies to the current state.
Then, the acyclic part has at least one gate, otherwise the output would be an affine function
of the parameters, contradicting Lemma 2.3. We choose the first gate G in the acyclic part
according to the topological order. Observe that G must be an AND-type gate, as all the
affine gates, both of whose inputs are in the affine system, have already been moved into the
affine system at the start of the preliminary reductions. We call the gate G a minimal AND.
Moreover, as Case 1 does not apply, both inputs of G are parameters or auxiliary variables,
and their linear parts, as affine functions of the parameters, are independent.

Transforming the inputs to parameters. Suppose that one input of G is an auxiliary
variable (). As the affine system has a unique solution, the auxiliary variable () is an affine
function of the parameters, given by the row corresponding to @ in ¥ = A™'Nué + A71¢. As
the inputs of gate G have independent linear parts, the auxiliary variable @) is nonconstant,
and depends on some parameter x. The parameter  must occur in some equation of the affine
system. To see this, observe that if z did not occur in any equation, the column corresponding
to z in the parameter matrix N would be zero, which implies that the column corresponding
to z in AN would be zero. This would contradict the dependence of @) on z.

Since no case of the preliminary reductions applies to the current state, every parameter
that occurs in the affine system is unpaired and has degree at least 2. In particular, z is an
unpaired parameter, and deg(x) > 2.

We apply (AR) to exchange @ and z, as explained in Section 3.2. The new parameter w
that replaces auxiliary variable ) has degree at least two, because () occurs in an equation
(the column corresponding to @ in the invertible auxiliary matrix is nonzero), and is also a
parent of gate G. As deg(z) > 2, both = and w have weight 7, so we have Am = As = Aq =
Aa =AW =0.

We move all affine gates into the affine system again if applicable, and then inspect all the
cases in the preliminary reductions, in order. If one of the Cases 1-6 applies, we perform it,
and end the current iteration of restructuring the minimal AND. If no preliminary reduction
applies, we proceed with the current iteration of restructuring the minimal AND G.

If the other input of G is also an auxiliary variable, we repeat the above step again, to
exchange the auxiliary variable with a parameter on which it depends (other than w). Such a
parameter exists because the two inputs of G were linearly independent before the application
of (AR), and an invertible affine change of parameters preserves the linear independence of
the two inputs of G. Thus, after at most two applications of (AR), both inputs of G are
parameters, which we denote by z and y from now on. Since Case 2 and Case 6 do not apply,
x and y are unpaired parameters, and deg(x), deg(y) > 2.

Rerouting to ensure that no child of G reads x or y. Suppose that a child J of minimal
AND G also has parameter = as a parent. Note that J must be a gate in the acyclic part
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of the circuit, as there are no wires going back from the acyclic part to the affine system.
The value computed at gate J has the form h(x, G(z,y)), where h € By depends only on the
two parameters « and y. We relabel J by the operation (z,y) — h(z,G(z,y)), and reroute
its inputs to  and y. Observe that the function computed by the circuit is not changed
by this rerouting. After the rerouting, J is no longer a child of G but is still a child of =z,
and y is the only parameter that can obtain new occurrences. Since deg(y) > 2 initially, the
weight of y after rerouting still remains 7. Moreover, the same operation can be applied with
the roles of x and y interchanged. As no parameters, gates or pairs are removed, we have
Am = As = Aqg = Aa = 0, and as no unpaired parameter increases its weight, AW < 0.

After each rerouting, we move affine gates into the system, and inspect the cases of the
preliminary reductions in order, ending the current iteration if one case applies. Each rerouting
removes a child of GG, and none of the preparatory operations creates a new child of G, so
the rerouting process terminates after finitely many steps. If the rerouting ends in a state
where no preliminary reduction is applicable, then no child of G has x or y as an input. By
Lemma 2.3, the gate G is not the output, and has at least one child, as Case 1 does not apply.

4.3 Eliminating the minimal AND

We may assume that deg(z) > deg(y) > 2 by swapping x and y if necessary, and let k£ > 1 be
the number of children of G. We first work with the case in which both parameters x and y
have degree 2, and share a common second child.

Case 7: deg(z) = deg(y) = 2 and there is a common second child for x and y. Suppose
that deg(z) = deg(y) = 2 and that x and y have the same second child B # G. If B is an
equation, then it has exactly three nonconstant terms, since Case 1 does not apply, and at
least one of the terms is an auxiliary variable (as the auxiliary matrix is invertible). Hence, B
is of the form v + x + y = ¢, where v is an auxiliary variable, and ¢ € 9 is a constant. If B is
not an equation, it must be a gate in the acyclic part with inputs « and y. Set h(z,y) =z +y
(if B is an equation), or set h to be the operation of B (if B is a gate).

As a function of r and y, the AND-type gate G takes the same value at three points of
2, and at least two of these points have the same value under h (as the range of h is Fa).
These two points form a line of the form ax + By = v in F3 (where o, 3,7 € Fy are constants,
and («, ) # (0,0)) such that both G and h are constant on this line. We restrict to this
line by a single application of (UF): we fix z = v if § = 0, or fix y = 7 if @ = 0, or impose
r=y+vif a = = 1. After restricting to the line, G computes a constant, and so does B if
it is a gate. If B is an equation, it reduces to the form v = ¢y (for some constant ¢y € Fy). We
delete G by (D1) and B by (D1) or (D3), rerouting G and B (or v, if B is an equation) to the
respective constant value they compute. The restriction removes one of x and y, and the other
becomes unused, since all occurrences of  and y were in G and B. Thus, z and y both lose
their weight contribution of 7 to W, and no other unpaired parameter increases its weight, as
we rerouted only to constants. We have Am = —1 (as (UF) is applied once), As = —2 (as
G and B are deleted), Ag = 0 (as no pairs are removed), and Aa = Am — Ag = —1. Hence,
AW < —7-7—-4=-18.

From now on, we may assume that this case is not applicable for x and y. In particular, if
deg(z) = deg(y) = 2, then the second children of 2 and y (which we denote by B, and B,
respectively) are distinct.

Case 8: deg(x) > 3, or G has at least two children, or its unique child has no
unpaired, isolated input. Let k; be the number of children of G whose other parent is
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an unpaired isolated parameter. Observe that we have 0 < k1 < k. We fix parameter z to a
constant such that G becomes constant, this is a (UF) restriction (as = is unpaired). We then
delete all the deg(x) children of z, starting with G, and then, all the k children of G. These
deg(z) + k internal values are distinct, as no child of G has = as a parent. Once parameter z
is fixed, every child of = is deletable, by (D1) if it is a gate and by (D3) if it is an equation.
Once G is rerouted to its constant value, every child of G is a gate of the acyclic part, and is
deletable by (D1).

As the unpaired parameter z initially has deg(z) > 2, it loses its initial weight of 7 after
restriction. Each of the deg(x) + k deletions decreases the potential W by —2. Now we
bound the increase in weights of other unpaired parameters. An unpaired parameter whose
degree is at least two already has the maximum weight 7, so its weight cannot increase after
rerouting. For every unpaired parameter which was initially unused, it still remains unused
after rerouting. For every unpaired parameter z which was isolated initially, it can increase
its weight after rerouting only if the unique child of z is deleted, and rerouted to a literal of
z. Since Case 1 and Case 2 do not apply, no gate or equation has both an unpaired, isolated
parameter and another parameter among its parents, so the unique child of z is not a child of
x. Therefore, the unique child of z must be a child of G. That is, the child of z must be one
of the k; children of G whose other parent is an unpaired, isolated parameter. Hence, at most
k1 unpaired parameters can increase their weight after rerouting, each by at most one, from 6
to 7. Therefore, Am = —1, As = —(deg(z) + k), Ag =0, Aa = —1, and

AW < —7 —2(deg(z) + k) + k1.

If deg(xz) = 2, then we must also have deg(y) = 2, as deg(x) > deg(y) > 2. There is an
additional decrease in the potential W in this case, by a careful accounting of the weight of
unpaired parameter y.

The children of y are G and By, in particular, y is not a parent of B, since B, # B,.
Moreover, no child of G has y as a parent. As G is rerouted to a constant, y does not obtain
a new child during this step, and it loses the child G, so it becomes an isolated parameter.
Hence, the weight of y drops from 7 to at most 6, after rerouting G to a constant.

Combining all the estimates gives,

—7 —2deg(z) — k < —14, deg(z) > 3,
AW << —12 -2k + Kk < —14, deg(z) =2, k> 2,
—14 + ky, deg(z) =2, k=1.

Since Aa = —1, Case 8 satisfies AW < 14Aaq, as required by Lemma 4.2, unless deg(z) =
deg(y) =2 and k =k = 1.

We call the case where deg(z) = deg(y) = 2 and k = k1 = 1 the bottleneck configuration: here
G has a unique child D, whose other parent is an unpaired, isolated parameter z, see Figure 3
for an illustration. Since Case 1 does not apply, D is either AND-type or XOR-type. We
check for this configuration in the circuit before applying Case 8, and, if it occurs, apply the
corresponding one of the following two cases instead.

Case 9: The bottleneck configuration where D is AND-type. Since D is AND-type,
we can write it in the form

D=(G+6)(z+n)+6

for some constants 9,7,0 € Fy. Since G is nonconstant, we can choose xg,y9 € Fo with
G(xo,y0) = 0. We fix z = z¢p and y = yo, which are two (UF) restrictions, as x and y are
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deg(z) = deg(y) =2, deg(z) =1,
B, # By, G has only the child D.

Figure 3: The bottleneck configuration.

unpaired. Then G computes the constant §, and hence D computes the constant 6. We delete
G and D by (D1), rerouting them to their respective constant values. We also delete B, and
By, each by (D1) if it is a gate and by (D3) if it is an equation, which is possible since  and y
have been fixed. These four gates and equations are distinct: B, and B, are distinct second
children of x and y, and neither of them equals D, since no child of G has x or y as a parent.

The only child of z was D, which is rerouted to a constant, so z becomes unused. As in the
general restriction, an unpaired parameter can increase its weight only if it is initially isolated
and its unique child is deleted and rerouted to a literal of it. This does not happen here: G
and D are rerouted to constants, and neither B, nor By, has an unpaired, isolated parameter
as a parent, since z is a parent of B, y is a parent of B,, and both Case 1, Case 2 do not
apply. Thus z, y, and z lose their weights 7, 7, and 6, and the four deletions contribute —8 to
AW . Altogether, Am = -2, As = —4, Aq =0, Aa = —2, and

AW < —7—-T7—-6—-8=—-28 = 14Aa.

Case 10: The bottleneck configuration where D is XOR-type. Since D is XOR-type,
we can write D = G + z + ¢ for some constant ¢ € Fy. Recall that this is precisely the
configuration in which we apply (QR): z, y, and z are distinct unpaired parameters, G is an
AND-type gate on = and y whose only child is D, and z is isolated with the only child D. We
apply (QR) with the substitution

z+—w+ G(z,y) + ¢

where w is a fresh parameter and G(z,y) is the quadratic polynomial computed by the AND-
type gate G. This change of parameters is bijective, it adds the pair {x,y} to P, and gate D
now computes G + (w + G + ¢) + ¢ = w. We reroute every use of D to w, and delete D. Then
G has no child and is not the output of the circuit, so we delete it using (D2). As the only
child of z was gate D before substitution, no equation of the affine system, and no other gate
of the acyclic part is affected by this (QR) application.

As two gates G and D are deleted, this contributes —4 to potential W. The parameters x
and y become paired, so each of them lose their individual weight of 7, while the new pair
(x,y) contributes +3 to W. The new parameter w replaces z, and the children of w are exactly
the former children of D. So the weight z, which was 6 before substitution, is replaced by
the weight of new parameter w, which is at most 7. Note that no other unpaired parameter
increases its weight, as D is rerouted to fresh parameter w, and G is deleted without rerouting.
Altogether, Am =0, As = -2, Ag =1, Aa = —1, and

AW < —4-T7T-7-6+34+7=—-14 = 14Aa.
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Proof of Lemma 4.2. Since a > d, the case analysis above shows that each iteration performs
one of the reductions, possibly after some preparatory operations. The preparatory operations,
which are moves of affine gates into the affine system, affine reparametrisations, and reroutings,
preserve m, s, and a, and do not increase W. We have shown in each case that the reduction
satisfies Aa € {0,—1,—2} and AW < 14Aa, so the same holds for the whole iteration.
Moreover, the deletions (D1)-(D4) and (QR) decrease s and leave m unchanged, every other
reduction decreases m, and no reduction increases s. Therefore, each iteration strictly decreases
m+ S.

An iteration of the procedure above performs at most s moves of affine gates into the affine
system, at most two affine exchanges, and at most one rerouting per child of the minimal AND.
We use Gaussian elimination over Fy to express the auxiliary variables as affine functions of
the parameters, which allows us to test linear dependence and to perform (AR). All remaining
tests and updates only involve the lists of gates and equations and Boolean truth tables of
constant size. Hence each iteration runs in polynomial time, which completes the proof. [

Now, we complete the proof of Theorem 4.1, and observe that no reweighting of the
potential function can improve the leading coefficient of 3.5 in our analysis.

Proof of Theorem /4.1. We initialise the state with ® (i) = #, no pairs, an empty affine system,
and C as the acyclic part. Then m = a =n, ¢ =0, and s = |C|. Since ¢ = 0 and every input
is an unpaired parameter of weight at most 7, the initial potential satisfies Wy < 2|C| 4 Tn.

While a > d, we apply Lemma 4.2: we first try the preliminary reductions and, if none
of them applies, follow the restructuring and elimination procedures of Sections 4.2 and 4.3.
By Lemma 4.2, each iteration strictly decreases m + s. Since m + s = n + |C| initially and
m + s > 0 throughout, the algorithm stops with a < d after at most n + |C| iterations.

We store ® through the vector 5, the matrix L, the set P, and the vectors ¢, , in (1), all of
which can be updated in polynomial time after each operation. Together with Lemma 4.2,
and since m < n and s < |C| throughout, each iteration takes time polynomial in n and |C|,
so the algorithm runs in polynomial time.

Let T denote the number of iterations of the algorithm, so that ar < d. Summing the
bound AW < 14Aa of Lemma 4.2 over all iterations gives

Wr — Wy < 14(ap — n).
Since W > 0 and ar < d, it follows that
2‘0’ +™m > Wy > Wr+ 14(n — CLT) > 14(71 — d)

Rearranging gives
|C| > 3.5n — 7d,
which proves the theorem.
O

Theorem 1.1 follows from Theorem 4.1 by using the result of Li [37] that there is an affine
disperser f € P for dimension O(log(n)).

Remark 4.3 (Why this analysis gives 7/2). Consider any potential of the form
V=s+p¢+al -0,

where [ is the number of used unpaired parameters, ¢ is the number of unpaired, isolated
parameters, and the weights satisfy o > o > 0 and 8 > 0. A tedious but straightforward check
of our estimates shows that the weights chosen in our proof, a = 7/2, 5 = 3/2, and 0 = 1/2,
are optimal, that is, no other choice of weights can improve the coefficient 7/2.
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