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Abstract

Proving lower bounds of an explicit function for the class of constant depth circuits with
unbounded fan-in AND and OR gates is a central question in circuit complexity. The celebrated
result of Hastad (1989) gives 22 ") Jower bounds for the parity and majority functions,
which have been asymptotically the best known bounds for decades.

Recently, OpenAl (2026) improved these bounds and gave an explicit function in P that
requires 2°(V") size OR-AND-OR circuits. Soon after, Chukhin (2026) improved OpenAT’s
result and obtained a lower bound of 2%%((nlogn/loglogm)/“"V) yoningt depth-d circuits for every
fixed d > 3. In this paper, we further improve Chukhin’s result and prove a worst-case size
lower bound of 22((n1ogm)/“™D) o1 three explicit functions: inverse trace over binary fields,
the Goldreich—Tal trilinear function, and the polynomial evaluator of OpenAl with its original
parameters. For inverse trace, we also prove a correlation bound under the uniform distribution:

1/(d-1) .
, has correlation at

every depth-at-most-d circuit of size at most S, where n < § < 264"
most 2 Manloglog S/(10g $)™" with the inverse trace function. Here cd,Mq > 0 are constants that
depend only on the depth d. This improves on the classical parity correlation bound given by
Hastad (2014).

Our worst case lower bounds are obtained by combining the techniques in previous works
with a novel short-description decomposition of bounded-width CNFs, and the correlation
bound additionally uses common partial decision trees. We also construct exact nonuniform
AND/OR circuits for inverse trace of size 20(n**) at depth eight and 20(Vnlogn) at depth nine.

More generally, for every fixed integer h > 2, the construction gives depth-(4h 4 1) circuits

of size 20n(n"/"logn)  The upper bounds follow by implementing a finite-field evaluation and
interpolation construction using circuits that enumerate intermediate states.
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1 Introduction

Circuit complexity is one of the most fundamental and well studied areas in theoretical computer
science. Once viewed as a promising approach towards proving NP # P, the ultimate goal is to
find some function in the class NP which requires super-polynomial circuit size. Unfortunately, the
results remain far from satisfactory. For general fan-in-two Boolean circuits over the full binary
basis, Li and Yang [LY22] proved an explicit size lower bound of 3.1n — o(n), and a recent preprint
of Mishra and Santhanam [MS26] reports an improvement to 3.5n — o(n), despite the fact that a
random Boolean function requires exponential circuit size with high probability. On the other hand,
we do have exponential lower bounds for restricted circuit classes, and one of the most extensively
studied cases is the class of AC?, which captures constant depth circuits with AND and OR gates of
unbounded fan-in.

Here, the celebrated result of Hastad [Has89] (see also [Ajt83, FSS84, Yao85, Raz87, Smol87])
shows that the parity and majority functions both require 20 Y) gie depth-d ACP circuits.
Subsequent work has refined these bounds and developed alternative proofs [HJP95, GRSS23, Kor26,
KR26]. For parity, this is well known to be optimal, i.e., there exists a size 20(nt/4=1) depth-d AC°
circuit that computes parity. For majority, this was not known until the recent result of Lecomte
and Ramakrishnan [LR26], which constructed depth-d ACC circuits of size 20 D) for every
symmetric function. Hence, the bound is also optimal for majority, and in particular, no symmetric
function can break this bound.

Breaking this barrier, and proving stronger lower bounds for AC? circuits has since been one of
the central open problems in circuit complexity. This question is important both in its own right
and because of its connections to general circuit lower bounds. For example, Valiant [Val77, Val83]
showed that any function computed by a linear size Boolean circuit of fan-in two and logarithmic
depth can also be computed by a depth-three AC? circuit of size 20(/1081087) g5 an explicit function
with a depth-three AC? lower bound of 2¢(7/10glogn) woyld also give the first superlinear size lower
bound for logarithmic depth general Boolean circuits. We refer the reader to [Vio09, GKW21] for
further discussions of the connections between AC? lower bounds and general circuit lower bounds.

Four decades after Hastad’s result, a recent paper by OpenAl [OAI26] breaks the depth three
barrier, and gives an explicit function that requires OR-AND-OR circuits of size 2¢(V™)_ As observed
by Chukhin [Chu26], their proof implicitly gives the quantitative bound of 9Q(y/nloglogn/logloglogn)
Subsequently, Chukhin [Chu26] improved the result and obtained a lower bound of

QQd((nlogn/loglogn)l/(d’m) (11)

at every fixed depth d > 3 for a particularly simple trilinear function.
In this paper, we further improve Chukhin’s result and obtain stronger lower bounds.

1.1 Results

Without loss of generality, we consider unbounded-fan-in AND/OR circuits with negations only at
the inputs. This at most doubles the size of the AC? circuit. Size counts all AND and OR gates,
including bottom-layer gates; input negations are free. Depth is the largest number of gates on an
input-to-output path. Arbitrary fan-out is allowed, so subcircuits may be shared. We obtain both
worst case and average case hardness results. For average case hardness, we define the correlation of
two Boolean functions F,C on n bits to be

Corr(F,C) = 'Ew(_l)F(m)-&-C(x) ‘




Thus the absolute deviation of the agreement probability from 1/2 is Corr(F,C)/2. All logarithms
are base two unless written In.

Worst-case hardness. For a fixed binary basis of £ = Fyn, let

{:pl, x # 0,

In(7) = Trgf, (invo(z)), invg(z) = 0 0

Thus I is the trace component of the inverse map, with inversion extended by invy(0) = 0. At
N = 27 we use an explicit quadratic tower; at other lengths we pad from the largest such N. Denote
the resulting family by F},. This family is fixed independently of the circuit depth and size.

Theorem 1.1 (Worst-case lower bounds). For every fized d > 3, each of the following polynomial-
time Boolean families requires depth-at-most-d circuits of size

QQd((nlog”)l/(d_l))

)

where n counts all input bits:

1. the padded inverse-trace family F,,;
2. the Goldreich—Tal trilinear function [GT18]

To(z,y,2) = Y zipjriy; (mod2),  n=da—1;
0<¢,5<a

3. the polynomial evaluator of OpenAl [OAI26], defined explicitly in Appendiz D.2, with its
original hash dimension and polynomial degree.

The coeflicient input z in the trilinear function is part of the input. Likewise the evaluator’s
hash, modulus, and polynomial coeflicients are counted. Hard parameter settings can be selected
nonconstructively in a lower-bound proof without changing the uniform algorithm computing the
full function. At depth three the lower bound is 22(vVnlogn),

Average-case hardness. The inverse-trace family has an additional property that permits control
of arbitrary circuit correlation, uniformly from polynomial size to a subexponential size range.

Theorem 1.2 (Correlation under the uniform distribution). For every fized d > 3 there are constants
cd,Na > 0 such that, for every sufficiently large n, every depth-at-most-d circuit C' of size at most S
satisfies

1/(d-1)

n <8 <2 —  Corr(F,,C) < 2 ManloglogS/(log §)*~ (1.2)

This improves the classical correlation benchmark of parity in [Has14] by a factor of log log S in the
exponent. For S = nf, with B > 1 fixed, the exponent in Eqn. (1.2) is Q4 p(nloglogn/(logn)?1).
For S = 2" and fixed 0 < a < 1/(d — 1), it is Qqa(n'"*¢Dlogn). For example, depth-three
circuits of size 27*° have correlation at most 2-n"/*logn),

Tal’s Fourier-tail theorem [Tall7], together with the uniform bound on the Fourier coefficients of
inverse trace, also gives the comparison bound 2-2a(n/(log )*™") for inverse trace. Our bound gains a
factor loglog S in this exponent; the comparison is proved in Appendix F. This comparison concerns
the bound obtained from Tal’s theorem; we do not claim to subsume all previous correlation bounds.
Also, the size range in Theorem 1.2 is smaller than the worst-case threshold in Theorem 1.1. The

latter does not follow by substituting its threshold into Eqn. (1.2).



Explicit upper bounds for inverse trace. The same inverse-trace family also admits
subexponential-size circuits at sufficiently large fixed depths. Write sizey(G) for the minimum
number of AND/OR gates in a depth-at-most-d circuit computing G, with free input negations and
arbitrary sharing. For a triple h = (hq, ha, h3) of positive integers, put

Let Ug(N) be the minimum of N and these quantities over all such triples with hy + ha +hs+1 < d;
if d=2,3, set Ugy(N) = N.

Theorem 1.3 (Nonuniform upper bounds). For every fized integer d > 2, inverse trace In in any
fized binary basis has circuits satisfying

sizeq(Iy) < 204(Ua(N)), (1.3)

In particular, t
sizeg(IN) < 2O(N2/3), SiZGg(IN) < 20(\/ﬁlogN)‘ (1.4)

More generally, for every fived integer h > 1,

SiZe4h+1(IN) S 20h(min{N7N1/h ]ogN}). (15)
The same estimates hold when wires are counted, and their constants are independent of the chosen
basis. They also hold for the padded family F,, with n in place of N.

Together with Theorem 1.1, this places the exact circuit complexity of one fixed explicit family
between
9Qa((nlogm) /") < giso () < 20aWatm) g > 3, (1.6)

The upper bound is subexponential at every fixed depth d > 8. There remains a gap with the lower
bound; at depths three and four, this construction gives only the full-DNF exponential estimate.
We do not claim that the upper bounds are optimal or that depth eight is the first depth admitting
subexponential circuits.

The proof uses the evaluation and interpolation approach to finite-field arithmetic of Healy and
Viola [HV05]. We implement three stages directly at constant depth: linear evaluation followed
by logarithm tables, multiplication of the evaluated factors, and a final parity. Each stage can
be viewed as a computation with few state bits, and enumerating intermediate states gives an
adjustable depth—size tradeoff. Choosing the gate orientations at the two stage boundaries saves
two layers. Section 7 gives the construction and its depth accounting. All final gates are ordinary
AND/OR gates, with negations only at the inputs.

1.2 Proof Overview

We prove our lower bounds by establishing the following main technical theorem.

The structural theorem. Given a nonempty list A of points of {0,1}"™, we define its width-b
CNF closure to be

cly(A) ={x: z|v € {a|y : a € A} for every U C [m], |U| < b}. (1.7)

In other words, a string x belongs to cly(A) exactly when every local pattern of size at most b
exhibited by z is exhibited by at least one member of A.



We first note that cly(A) is the set of satisfying assignments of a width b CNF. Indeed, for a
subset I C [m] define the projection 7y : mr(z) = z|r and 77(A) = {a|; : a € A}. Then for any
z € {0,1} such that z ¢ 77(A), any z € cly(A) must satisfy that m;(x) # 2. Hence, let

Crz(w) = \/ (i # 2), (1.8)
el
then
L, a)(7) = /\ Cr(x). (1.9)
Ig[m}v |I|§b
26{071}1\7r[(A)

It is also not hard to see that cly(A) is the smallest satisfying assignment set of any width-b
CNF that contains every string in A. In this sense, we can use a list A to describe a CNF, without
listing its clauses. This is particularly useful because the CNF can have a large number of clauses.

Theorem 1.4 (Point-list decomposition, informal form). For every fized € > 0, every width-b CNF
on m > 1 variables is an exact disjoint union of at most 2°™ sets cly(A;), where

|A;| < 29:®) log(m + 1).
No bound on the number of clauses in a piece, or on the time to find the decomposition, is asserted.

On a high level, our proof of lower bounds follows the same framework as in [Chu26] and
[OAI26], by first reducing the problem to bounding correlations with width-b CNFs for an appropriate
choice of b. The key step in the analysis is to make sure that restrictions of the hard function have
small correlation with all width-b CNFs. However, the number of such CNFs is very large, hence
[Chu26] uses the CNF sparsification results developed by Impagliazzo, Paturi, and Zane [IPZ01],
and refined by Calabro, Impagliazzo, and Paturi [CIP06] to reduce the case to CNFs with few
clauses. The number of such CNFs is much smaller than general width-b CNFs, and therefore a
union bound suffices. However, this approach still results in 5°(®m clauses, which only permits
b= 0©(logn/loglogn) as in [Chu26].

Here, we instead use our point-list decomposition, so that the problem is reduced to bounding
the correlation with all width-b6 CNFs that are described by a short list. The counting of such lists
pays a better price in the union bound, replacing the p9=(0) dependence from clause sparsification
by 29:®) thus allowing b = O(logn) even when the pieces have many clauses. Consequently, our
theorem does not resolve the algorithmic CNF sparsification problem asking for pieces with only
20()m, clauses.

Why short point lists improve the exponent. Let x;(g9) = maxy |E[gH]|, where H ranges
over all width-b CNFs and g is a sign function. The maximum includes the constant-one CNF. Here
H is a {0, 1}-valued indicator: k; measures correlation with CNF indicators, whereas Corr uses the
{—1,1} encodings of both Boolean functions. A decomposition into 2™ pieces gives

<25m E[g1 .
ri(g) < &I@I (911, ()]l
There are fewer than 2™t lists of length at most L when m > 1. The simultaneous moment
argument therefore pays O(mL) description bits. With our theorem, L = 29:(%) log(m 4 1); hence
widths b proportional to logn remain affordable.

Here is the parameter calculation behind the worst-case result. Write £ = log S. Standard
depth reduction leaves a depth-three circuit with bottom fan-in k = ©4(¢) and survival probability



q = O4(4=@=3)). A second restriction of survival p = b/(64k) transfers width &k to width b in
expected signed coefficient mass. The expected number of free variables after both restrictions is

m =0y (;i) . (1.10)

Moment bounds and point-list counting give expected maximum bounded-width CNF correlation
2-90m)  An exact circuit covers a constant fraction of the cube by at most S9! monochro-
matic CNFs, forcing m = Og4(¢). Taking b = Og4(logn) and solving this relation gives ¢ =
Oq((nlogn)!/ 4= 1).

The trilinear function and the evaluator in [OAI26] provide moments through random parameter
inputs. Inverse trace provides them through translations in a binary field, and Weil bounds for
additive character sums. Its rational character sums remain controlled after conditioning on a
coordinate subcube, paying explicitly for its codimension. This robustness is used in the average-case
proof.

From exact computation to small correlation. For an exact circuit with OR output, the
satisfying assignments of every CNF child lie in one level set of the target. Its density is therefore
an absolute correlation. A circuit that makes errors has no such property: the accepting sets of its
CNF children may overlap and contain inputs from both level sets of the target. Bounding each
child alone does not bound the top OR’s correlation.

We instead switch the entire restricted circuit down to depth two. For a circuit with bottom
fan-in O(¥), d — 2 switching stages followed by CNF width reduction leave an expected number of
free variables

nlog E)

m:@d<£d—1

using b = O(log (). The switching lemma gives failure probability only 2~ which is insufficient
when m > ¢. Common partial decision trees allow a much smaller failure probability 2~4(7)

The cost of a common partial decision tree is paid through an exact expansion. At a leaf, let P
indicate its path and let H be a residual CNF. Then PH is still a CNF of the same width: the path
contributes unit clauses, irrespective of the path length. A DNF leaf is written as P — PH. Thus a
tree of depth R gives signed coefficient mass at most 2f+! in bounded-width CNFs. Choosing R as
a sufficiently small depth-dependent fraction of m leaves an exponentially decaying correlation.

Finally, simply replacing bottom gates of large fan-in by their typical values introduces an error
of order S27%, again too large when m > £. We remove it by a signed cofactor recursion. Each
exceptional assignment fixes many coordinates and incurs its full probability. The bounded-width
CNF estimate holds uniformly on large coordinate subcubes, so the recursion can continue until its
residual probability is 27",

(1.11)

Organization and dependencies. Sections 2 to 4 prove the point-list theorem and the inverse-
trace restriction estimate. Section 5 proves the correlation theorem, with detailed switching
parameters and parameter checks in Appendices A to B. Section 6 gives the common worst-case
reduction; Appendix D supplies the two other targets. Section 7 gives the complementary nonuniform
upper bounds for inverse trace. Section 8 compares these bounds and discusses the limits of the
lower-bound method. The external inputs are the switching lemma and multi-switching lemma
of Hastad (the latter in Tal’s formulation), rational additive-character bounds, and the trilinear
restriction moments of Chukhin. Statements and locations are given where used. All other reductions
are proved here.



2 An exact decomposition by lists of satisfying assignments

A clause is a disjunction of literals, and a CNF is a conjunction of clauses. Its width is the maximum
number of variables in a clause. We remove tautological clauses and repeated literals. We identify a
CNF with its Boolean indicator or its set of satisfying assignments, as appropriate. The constant-zero
and constant-one functions are allowed, represented by an empty clause and an empty conjunction,
respectively. The closure in Eqn. (1.7) forbids exactly the coordinate patterns of width at most b
absent from A.

Theorem 2.1 (Quantitative point-list partition). Let m > 1, b > 1 be integers and C > 2 a real
number. Put

ec = ho(1/C)+1/C,  Le(m,b) = {206 [bIn(2m + 1) + 1]] :

where ho(u) = —ulogu—(1—u)log(1—u). Every width-b CNF H has an exact disjoint decomposition
R

1 =Y La,(a R < 28¢™ 1 < |A;| < Le(m,b). (2.1)
i=1

FEach A; is a list of satisfying assignments of H. The empty set has the empty decomposition. For
m = 0 the assertion holds with one singleton list for the nonempty cube.

Proof. Fix a deterministic order of partial assignments on at most b coordinates. At a nonempty
current set S, query the first pattern p with

0 < Pry.ys[X extends p] < 27,

if one exists. Split S into the true child SN[p] and the false child S\ [p]. Both children are nonempty
and smaller than S. The true child adds unit clauses; the false child adds the clause forbidding p.
Every state remains a width-b CNF on the original m coordinates. The process terminates and its
leaves partition H.

Every true branch decreases log |S| by more than Cb. Hence a nonempty terminal path has at
most m/(Cb) true branches. Let o be the union of their partial assignments. It is consistent, every
terminal satisfying assignment extends it, and | dom o| < m/C. Here dom o means the domain of
the partial assignment o.

Distinct leaves have distinct o. At their first divergence, one takes the true branch of a pattern p.
Its fingerprint o extends p. If the other leaf had the same fingerprint, all its satisfying assignments
would extend p, contrary to its false branch. Thus one partial assignment records enough information
to distinguish the leaves; neither query order nor negative answers need be stored. The leaf count is

at most
Z DY <m> < 9m/C+mha(1/C).
j<lm/c)  \J

We used the binomial entropy estimate ngr (Z”) < gmha(r/m) fop integer 0 < r < m/2 and
monotonicity of hy on [0,1/2].

At a terminal set J, every occurring pattern on at most b coordinates has probability at least
0 = 2=C%. There are at most (2m + 1)® such patterns: encode the sorted literals and pad the
remaining slots. With L = Lg(m, b) independent uniform samples from J, the probability of missing
any occurring pattern is at most

2m+1)Pe 1 <e ! <1,



Therefore we can choose a covering list A with |A| < L. Every local pattern of a point of J is in
A, so J C cly(A). Conversely, a point outside J violates one of its width-b clauses. That falsifying
pattern occurs in no satisfying assignment of J, hence in no row of A, and the point is outside
cly(A). Thus J = clp(A) exactly. O

Since ec — 0, the theorem implies Theorem 1.4. We will use
€512 < 1/32, 9048 < 1/128, (2.2)

which follow from ho(u) < ulog(e/u). Lists of lengths one through L define fewer than 2™5+! tests
for m > 1, regardless of their clause counts.

A small example. For b = 1, the closure retains exactly the coordinate values present in the
rows. The list A = {000,110} has closure {000,010, 100,110}: the first two bits are unrestricted
and the last is zero. For b = 2, the same list has closure {000, 110}, since the first two bits must
agree. The width parameter specifies which local patterns a list must preserve.

The decomposition also adapts to the number of satisfying assignments.

Corollary 2.2 (Density refinement). If H # @ and h = log |H|, the partition can be chosen with

h h
| < Be(h) :=mhoy | — —.
og R < Be(h) mg(cm)-i-c

If every allowed point-list test J satisfies |ElgJ]| < B\/fs, where py = EJ, then

[ElgH]| < 52502 /.

Proof. The logarithmic cardinality budget starts at h, so each fingerprint has at most h/C' fixed
coordinates. Count as above. Disjointness and Cauchy—Schwarz give >, /7, < vV Rpm. O

3 Restriction transfer without a clause-count loss

For a real function G define

7

Massy(G) = inf {Z leil : G =Y ¢ii,  J; width-b CNFS} :

Equivalently, Mass;(G) is the minimum ¢; norm of the coefficient vector over all exact expansions
into width-b CNFs. It is the quantity denoted sizey(G) by Chukhin [Chu26, Section 2]. Then
|E[gG]| < Mass,(G)rp(g). Multiplication by a conjunction of unit clauses does not increase this
mass. A p-random restriction independently keeps a variable free with probability p and otherwise
fixes it to a fair bit. Composition of independent ¢- and p-restrictions has the gp product distribution.

Lemma 3.1 (Expected CNF mass, Chukhin [Chu26]). If H is a width-k CNF, k> b> 1, and
9 J
0= (1) (72) <1
> \J -P

then E,Massy(H,) < 1. In particular this holds for p = b/(64k).



Proof. We include the mass argument to make its independence of the clause count explicit. Order
the clauses, and let H; be the conjunction of the first 7. For the next clause D, call it wide if no
literal is fixed true and more than b variables remain free. Let vp be the conjunction falsifying the
remaining literals, and let pp extend p by these assignments. On a wide restriction,

(Hi)p = (Hi-1)p — vp(Hi-1)pp-

The last cofactor is extended to the original cube of free variables by ignoring its additional fixed
coordinates. The mass is at most the sum of the two previous masses. If p falsifies D, the new mass
is zero. In every other nonwide case, adding D, to each summand does not increase mass.

Each preimage of a restriction o falsifying D is obtained by freeing 7 > b of its at most k clause
variables. Its product probability is (2p/(1 — p))’ times that of o. Summing the extra wide-case
mass therefore costs at most ¢} times the previous mass on restrictions falsifying D, precisely the
mass removed in that case. Expected mass cannot increase as clauses are added. It starts at one for
Hy=1.

For p = b/(64k), 2p/(1 — p) < 4p, and each summand with j > b is at most (eb/(165))? < 477.
Their sum is below one. O

Lemma 3.2 (A simultaneous good event). Let k > b > 1 be integers and let v, A > 0. Let ¢
have any distribution on outer restrictions, and conditional on ¢ let p be a fresh p-restriction with
p=0b/(64k). If |g| <1 and ryp(gep) < v outside a joint event of probability at most A, then

Eyrr(ge) < v+ A

Proof. Fix ¢ and a width-k CNF H before drawing p. Averaging a restriction and filling its free
variables reproduces the uniform input distribution. Thus

[ElgsH]| < Ey[Elgg, H,|
< ~vE,Massy(H,) + Pr,[bad | ¢]
< v+ Pr,[bad | ).

On a bad restriction we use |E[gg,H,]| < 1. The right side is independent of H, so we can maximize
over H and then average ¢. O

The order matters: the resulting CNF may depend on all outer circuit restrictions. It is selected
before the fresh inner restriction used in Lemma 3.2. We never assume independence between the
good event and coefficient mass.

4 Inverse trace against every restricted CNF

Let E = Fon with a fixed binary basis, 1(z) = (—1)™®) and f(z) = 9 (cinvo(x)) for ¢ # 0. Inverse
trace corresponds to ¢ = 1. A coordinate subcube V = zg + W fixes some basis coordinates; its
codimension by is the number fixed. Expectations on subcubes are normalized.

Lemma 4.1 (Additive-character sums for products of shifts). For distinct uy,...,up € E, h > 1,
and every a € F,
h
E.cpt(az) [[ fz +w)| < 8h2™N/2 (4.1)
i=1



If u; € W and V =xq9+ W has codimension by, then

h
’EIEV [T £+ wi)| < 8h 2%~ /2, (4.2)

=1

Proof. Off its poles the summand in Eqn. (4.1) is ¥(r(z)) for

h
c
r(X)=aX + )
(X) ;X—Fui

Its finite poles are simple with nonzero residues. It cannot be R? — R over the algebraic closure, since
every pole of such a nonconstant expression has even order. Apply the rational additive-character
estimate, for example Fu-Wan [F'W25, Theorem 4.6, version 3], with extension degree one, trivial
multiplicative character on [];(X + u;), and additive argument r. In their notation D; = D3 = h,
Dy =0, and Dy < 1, giving an unnormalized bound at most 2h 2¥/2 off the poles. Restoring the at
most h values at the poles under our convention invy(0) = 0 proves Eqn. (4.1) with slack.

Let W+ be the annihilator of W under the nondegenerate trace pairing. Orthogonality gives

Ly(z) =27" > (alz —x0)).

acWt

Normalized conditioning is therefore a sum of 2% twisted full-field expectations. Apply Eqn. (4.1)
to each. O

Lemma 4.2 (Even moments under random translation). Let Lg : F§ — W be injective and let J be
a Boolean indicator of density p. For every integert > 1,

Eavy [E.f(A+ Loz)J(2)[* < (2t — D)M(u27°)! + 16¢ 200~ V/2,2¢ (4.3)

Proof. Expand over 2t independent uniform points z. Tuples in which each point has even multiplicity
are covered by the (2t — 1)!! pairings of positions. Each pairing has total J-weight (u27)!. Every
other tuple leaves a nonempty set of at most 2¢ distinct shifts of odd multiplicity. Apply Eqn. (4.2);
all tuple weights are nonnegative and their total is u?’. O

The paired term behaves like a moment bound for limited independence. The second term is
the character-sum error term. Our list count must fit within the exponential bound supplied by the
latter.

Proposition 4.3 (Expected maximum CNF correlation on large subcubes). Fiz a coordinate
subcube V' of codimension by < N/4 and dimension vo = N —by. Let 0 < g < 1 be deterministic
and let k > b > 2 be integers. Set

b

_ _ 512b
ap m=va, L= (22 [bIn(4m +1) +1]] . (4.4)

p:

If
m>2b,  m>16log(8L), mL < N/64, (4.5)
then for a g-random restriction ¢ of V,
Egrin(fug) <2790 4 A, (4.6)
A <2.27m/8 4 ol=3mL/4 | 1987, 9=3N/16

The mazimum over every width-k CNF is taken before averaging ¢.



Proof. Draw a fresh inner p-restriction p. The number v of free variables under ¢ = ¢p has
expect&/xtion m. Chernoff bounds give v € [m/2,2m] except with probability at most 2e~™M/8 <
2.27m/8,

Fix a restriction whose number of free variables lies in this interval. First translate the target by
a uniform element of W its offset becomes uniform in V. In Lemma 4.2 take ¢ = 4L and threshold
B = 27Y/8. Union over fewer than 2VLF1 list tests and use (2t — 1)!! < (2t)f. Their simultaneous
failure probability is at most

9l—2vL+4Llog(8L) 4 19gJ, obo—N/2+2vL < 91-3vL/2 4 jog obo—N/2+2vL (4.7)

because v > 8log(8L). The list-length bound L dominates Lsi2(v,b). On success, Theorem 2.1 and
Eqn. (2.2) imply
#p(f on this subcube) < 29/325 = 973v/32 < 9=3m/64

The second term of Eqn. (4.7) is at most 128L2_3N/16, since by < N/4 and 2vL < 4mL < N/16.
The first is at most 21-3mL/4,

We now remove the translation average. Translation within W flips the unfixed binary coordinates
of V. It preserves the product distribution of random restrictions and maps the class of all width-b
CNFs on the surviving bits to itself. Thus the bad-event probability just bounded is the same for
each fixed translate of the target. Its average bound holds for the untranslated target as well. This
does not say that every small subcube is good. It gives a joint good event for (¢, p) under their
unconditional product distribution. Apply Lemma 3.2. O

The case V = E will suffice for worst-case hardness. The uniformity over initial subcubes of
codimension up to N/4 is needed to remove the restriction on bottom fan-in in the correlation
argument.

5 Controlling the whole circuit

We first work at a tower length N with f = (—1)/~. Since inversion permutes E and trace is a
nonzero linear functional, Ef = 0. Consequently, for Boolean C,

Corr(Iy, C) = 2E[£C]|. (5.1)

We prove bounds on the right, including bounds on subcubes where f need not be balanced.

5.1 Guarded CNFs and common trees

Lemma 5.1 (Guarding leaves preserves width). If a Boolean function G has a restriction tree of
depth at most R, with each residual leaf a width-k CNF or DNF, then

Massy,(G) < 281, IE[gG]| < 2B kL(g).

Proof. Let Py be the conjunction of literals specifying the root-to-leaf path. We call the product
P\H) a guarded CNF. A CNF leaf contributes PyH). For a DNF leaf write its value as 1 — H) with
H)y a CNF, and contribute Py — P\H). Extend residual functions by ignoring path coordinates. All
atoms are width-k CNFs, since a path is a conjunction of units. Paths partition the cube and each
of at most 2% leaves contributes at most two atoms. O
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We use the following switching inputs. A width-k CNF or DNF under a p-restriction has a
decision tree of depth at most ¢ except with probability (5pk)! [Has89]. It then has both width-¢
forms with at most 2¢ terms or clauses. Hastad’s multi-switching lemma [H#s14], in the formulation
of Tal [Tall7, Definition 14 and Lemma 15], states that a family of M depth-two circuits of bottom
fan-in at most k has, except with probability M (24pk)”, a common [log(2M)]-partial decision tree
of depth at most D. At each leaf, each member has an ordinary decision tree of the stated residual
depth. We use the constant 24 from the cited formulation.

Here and below, circuits are initially alternating and layered. Constants and unary gates are
retained, and original layer labels are retained under cofactors. These conventions keep the circuit
class closed under the operations in the proof. Appendix C normalizes general circuits at polynomial
size cost.

Proposition 5.2 (Two switching estimates). Fiz d > 3, S > N, { =logS, and s = d — 2. For
layered alternating circuits of depth at most d, size at most S, and bottom fan-in at most

ko = [4log(25)],

there are deterministic parameters k = ©4(¢) and g = ©4(£~*) with the following properties. For
every initial subcube V and |g| <1,

[Ev[9C]| < s27% + 2Egri(gv,6)- (5.2)
Also, for any positive integer Dy, with Ry = (25 — 1)Dy and A = 67,
[Ev[9C]| < 524720 4+ 25T E i (gv6). (5.3)

Here ¢ has the g-random restriction distribution. It is drawn even after simplification failures;
neither g nor k depends on a successful path.

The full construction is in Appendix A. Its key feature is that s switching stages use fixed
survival probabilities ©4(1/¢). With common trees the depth bound at stage i pays for all previous
leaves, yet the final tree depth stays at most (2° — 1)Dy. Lemma 5.1 then gives Eqn. (5.3). At no
point do we assert a product distribution of random restrictions after conditioning on a successful
leaf.

5.2 Circuits with bounded bottom fan-in
Define

Nlog/t

R=—a1

Take b = |log k/2048| and p = b/(64k). On any initial subcube of codimension less than N/4, the
expected number of free variables in Proposition 4.3 is

m = (dim V)gp = 04(R).
For a sufficiently small ¢, > 0, uniformly in

log N < ¢ < ¢, NV, (5.4)
the hypotheses in Eqn. (4.5) hold and

Egrk(frg) < 5-275m/04, (5.5)

11



Indeed the list-length bound is L = Od(ﬁl/ 4logllog N), m is at least a sufficiently large multiple of
log ¢, and mL = o(N) even at £ = log N. Appendix B checks this uniformly, including both size
endpoints.

When m is at most a sufficiently large depth-dependent multiple of ¢, use Eqn. (5.2). Both its
terms are 2~%(™)_ For larger m, choose Dy = |m/J| with J a sufficiently large depth constant.
Then R, < m/4096 and the failure term in Eqn. (5.3) is also 27%¢(™), Combining the cases proves:

Proposition 5.3 (Correlation for circuits with bounded bottom fan-in). There are constants
Cx,0q > 0 such that, throughout the range in Eqn. (5.4), every circuit in Proposition 5.2 satisfies

[Ev[fC]| <T:=270%R

on every coordinate subcube V' of codimension less than N/4.

5.3 Removing the restriction on bottom fan-in

The following lemma replaces an additive truncation error by recursion through cofactors. It is
useful precisely because Proposition 5.3 holds on every large initial subcube.

Lemma 5.4 (Signed cofactor transfer). Let |g| <1 on N coordinates. Suppose all layered circuits
of depth at most d, size at most S, and bottom fan-in at most k satisfy |Ey[gC]| < T on every
coordinate subcube V' of codimension less than an integer B < N. If

ap = 2527F < 1, 2527k/2 < 1,

then the same circuits with unrestricted bottom fan-in satisfy

+27B/2

r

[ElgCll = = o

Proof. Let By be the maximum of |Ey [¢gC]| over all subcubes V' with b fixed coordinates and all

circuits C' in the class with unrestricted bottom fan-in. On a subcube with b < B, list its bottom

gates whose fan-ins w; exceed k, removing repetitions and simplifying contradictory literals first.

Replace each OR by one and each AND by zero, in sequence. The final circuit has bottom fan-in at

most k. Gate ¢ differs from its replacement only on the coordinate subcube on which all its literals
are false (for an OR gate) or all are true (for an AND gate), of relative measure 27",

On that subcube the circuit difference is a difference of two Boolean cofactor circuits, each of

depth at most d and size at most S. Sharing the replaced gate among several parents does not

duplicate either cofactor circuit. Telescoping therefore gives

By, <T+sup2) 27" By iy, (5.6)
¢

There is no first-exception prefix condition in this identity.
Descending induction on b gives

| 9= (B=b)/2,

T
By, <
1—@0

For b > B the right side is at least one. For b < B, the constant contribution from Eqn. (5.6) is at
most I' + apI'/(1 — ap). The remaining contribution is at most

2—(B—b)/2 2 Z 2—’[1]1/2 S 2—(B—b)/2

)

Each recursive call fixes fresh coordinates, so the induction is well founded. Set b = 0. O

12



Apply the lemma with & = kg and B = | N/4|. Then ag < 1/2 and the second hypothesis holds.
Proposition 5.3 yields
IE[fC]| < 2-27%R 4 o7 IN/4J/2 < 9=0uR,

Here R = o(N) uniformly over the range in Eqn. (5.4), and its minimum in that range tends
to infinity. This proves the correlation estimate for layered circuits at tower lengths. Circuit
normalization costs O4(S3) gates, which we absorb using budget S = S3. Eqn. (5.1) and padding
from N to n < 2N change only depth-dependent constants. The uniform field construction,
normalization, and padding details are in Appendix C; they complete Theorem 1.2.

6 Worst-case hardness through monochromatic covers

For exact computation we can stop depth reduction one layer earlier. We use Hastad’s depth
reduction in the form stated by Chukhin [Chu26, Lemma 2.3]: for fixed d > 3 and S > M > 2,
there are common parameters

k=0,40og8), ¢=04(ogs) )

such that a g-restriction of a size-S, depth-at-most-d circuit with OR output is an OR of at most
S44 width-k CNFs with probability at least 3/4. The same parameters work for all such circuits on
M bits.

A CNF is monochromatic for a target if the target is constant on its set of satisfying assignments.

Lemma 6.1 (Covering by monochromatic CNFs). Let G be Boolean, g = (—1)¢, and suppose both
level sets of G have density at least §. If a size-S, depth-at-most-d circuit computes G, then for the
parameters above,

1
0=+ SHEgrL(g9)-
Proof. Complement all gates and literals if needed to give an OR output computing G or 1 — G. On
a successful depth reduction, the satisfying assignments of each top CNF lie in the corresponding
level set of G. Its density equals its absolute correlation with g4. Sum these densities over the

at most S4¢ children. On failure use one, then average ¢. Restriction averaging preserves the
unconditional output density. O

Inverse trace. At a tower length N, put £ = ¢(N log N)l/(d_l), S =2¢ and

_{ log N J _L m— N
T ls192d-1n) P e TP

Then
m = O4(c" @D (Nlog N)V@-Dy [ < NYISE=DI0,((log N)?).

Thus mL = o(N), m > log L, and m > b. Proposition 4.3 with V' = E gives
Egr(fy) <5-275m/64

eventually. Since Iy is balanced, Lemma 6.1 would imply

1 1
274 +

But m/f = O4(c~(4"1), so0 a sufficiently small ¢ makes the last term tend to zero. Padding proves
the claim for Fj,.
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The other two targets. For the trilinear function, choose one coefficient slice using Chukhin’s
restriction moments and union over our point-list tests. For the evaluator, fix an irreducible modulus
for the analysis, use the original linear hash, and obtain ¢-wise independent signs by polynomial
interpolation, where ¢ is the number of polynomial coefficients. In both cases the slice is selected
before the circuit is chosen, and its two level sets each have density at least 1/3. The common
point-list transfer gives Egrx(gs) < 5-27U™) at the scale in Eqn. (1.10). Lemma 6.1 finishes with
0 =1/3. Appendix D gives the full moments, list counts, and input accounting. This completes
Theorem 1.1.

7 Explicit upper bounds for inverse trace

We prove Theorem 1.3 by evaluating a product of Frobenius maps over an auxiliary field of polynomial
size. Evaluation and interpolation over smaller fields are standard tools in constant-depth finite-field
arithmetic [HV05]. The calculation below implements the arithmetic directly at the required Boolean
depth, rather than first constructing a logarithmic-depth circuit and then compressing it. The
qualitative existence of subexponential-size circuits at some fixed depth also follows from [HV05] for
its explicit field representation; the depth allocations below are supplied here.

All circuits in this section are nonuniform. Field presentations, changes of basis, evaluation
points, and lookup tables are fixed circuit data. The final circuits contain only unbounded-fan-in
AND/OR gates and input negations. We count both gates and wires.

7.1 Enumerating intermediate states

Lemma 7.1 (Computations with a bounded number of state bits). Consider a deterministic
computation that reads T consecutive input blocks of b bits each and maintains a w-bit state, where
T,b,w > 1. Its initial state is fized, each transition is an arbitrary fixed function of the state and
the current block, and its output is an arbitrary fived predicate of the final state. Put L =Tb. For
every fized integer k > 1, the output has a depth-at-most-(k + 1) AND/OR circuit of size

9Ok (L *owt =1/ Lbtw-tlog(T+2)) (7.1)

Both an AND-top and an OR-top circuit are available, for the output and its complement. The
same bound holds for the number of wires.

Proof. For k =1, use a full CNF or DNF on the L input bits. Suppose k > 2 and 1 <w < L. Set
g= [(L/w)l/k-‘, and first assume g < T

Split the block sequence into at most g consecutive intervals of nearly equal length, and repeat
this splitting for £ — 1 levels. To test a segment with a prescribed initial state and a prescribed
final-state predicate, enumerate the states at its interval boundaries. For each boundary-state tuple,
conjoin the corresponding interval tests; then take the OR over tuples. There are at most 29* tuples
at a node. At a leaf, the segment has at most [T/gk_q blocks, so its test has a full CNF on at

most L/g*¥~' + b input bits.

Each interval test is again a computation of the same kind. Complementing its final-state
predicate complements the test, so De Morgan’s law gives an AND-top implementation whenever
an OR-top implementation is available, and conversely. At each internal node, choose AND-top
circuits for the interval tests and merge their top gates with the conjunction for a boundary-state
tuple. Each recursion level therefore adds one layer. Starting from depth two at the leaves gives
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total depth k£ + 1. Complementing the final predicate and applying De Morgan also gives both root
types for both output polarities.

The number of levels is fixed. Counting copies, boundary tuples, and leaf truth tables bounds
the logarithm of the size by

L
Ok, <gw +log(g+1) + = + b+ log(T + 2)> .

Here gw = Op(LY*w'=1/% 4 w) and L/gF~' < LY/*w'=1/*_ Leaf literal wires add only their input-
length factor, and internal conjunctions add at most g wires per tuple, so the same estimate covers
wires.

For completeness, if w > L or T = 1, the full truth table suffices. If g > T, then (L/w)"/* >
T, which gives Tw < b for k > 2. A single split into individual blocks has logarithmic size
O(Tw + b+ log(T + 2)) and depth three, within the claimed bounds. This covers the rounding
cases. O

7.2 Representing inverse trace by evaluations

Let E = Fynv, with N > 2, in any fixed binary basis. Fix a polynomial presentation E = Fo[Z]/(p),
where p is irreducible of degree N. For 1 < j < N—1, let fj(Z) be the degree-below-N representative
of 2% . Tts coefficients are binary linear functions of the original input bits. Define

P(Z) = 1] £i(2).

This polynomial has degree at most D = (N — 1)2, and
P, mod p = invg(x),

because Zj-v:_ll 27 = 2N — 2. The identity also holds at zero. Reduction modulo p followed by trace
is a fixed binary linear functional of the coefficients of P,; denote it by A.

Put M = D + 1 and choose an auxiliary field K = Fys with s = [log M|. Choose M distinct
points ay,...,ap € K. The auxiliary field need not embed in E. Interpolation determines P, from
the values

(o) = Pofer) = T fi(a)

To extend A to the coefficients obtained by interpolation over K, choose a binary linear map
m: K — Fy with (1) = 1 and apply it to each coefficient before applying A. This agrees with A
on the actual polynomial, whose coefficients lie in Fy. The resulting map from K™ to Fy is binary
linear, so there are fixed binary linear functionals Ay : K — F2 such that

M
In(z) = @ Ae(ve()). (7.2)
/=1
In particular, the final parity has M = O(N?) scalar inputs.

7.3 Three stages at adjustable depths

Fix positive integers hq, ho, h3 and a generator v of K*. For y # 0, represent log, y by s bits; assign
logarithm zero to y = 0 and keep a separate zero flag. All logarithm and exponentiation tables are
on O(log N) bits, so their descriptions have polynomial size.
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Evaluation and logarithm tables. For every j, /¢, the map x — f;(oy) is a fixed binary linear
map into K. A computation reading the N raw input bits can accumulate its value in an s-bit
state. Any chosen bit of its logarithm, or its zero flag, is a predicate of the final state. Applying
Lemma 7.1 with L =T = N and b =1 gives depth h; + 1 and logarithmic size

On, (N (log N)!=1/™ 4 1og N ) . (7.3)

The polynomial number of required output bits adds only O(log N) to the logarithmic size. This
stage includes all Frobenius maps and basis changes.

Multiplication at each evaluation point. For each ¢, read the N — 1 logarithms and zero flags
as blocks of s + 1 bits. Maintain their logarithm sum modulo |K| — 1 and the OR of the zero flags,
using s + 1 state bits. If a zero flag has occurred, output zero; otherwise the terminal predicate
outputs Ag(y%), where a is the accumulated sum. The transitions may be defined arbitrarily on
invalid logarithm encodings, which do not arise from the first stage. Here L = (N — 1)(s 4+ 1) and
b=w = s+ 1. Thus Lemma 7.1 gives depth ho + 1 and logarithmic size

On, (N'/"log N +log N ) . (7.4)

There are only M parallel computations. Although their formal inputs are correlated outputs of the
first stage, the circuit is exact on every assignment to those formal inputs, so substitution is valid.

The final parity. Apply Lemma 7.1 to parity on the M scalar outputs in Eqn. (7.2), using one
state bit. This gives depth h3 4+ 1 and logarithmic size

O, (N2/ hs 4 log N) . (7.5)

Proof of Theorem 1.3. Each stage has alternating gate layers and is available with either root type,
for both output polarities. At a stage boundary, implement each input literal of the next stage
by a circuit whose root type agrees with that next stage’s bottom gate. Merge the adjacent gates
of the same type. Both polarities are available, so this introduces no internal negation. The two
boundaries save one layer each, giving depth

(h1+1)+ (ha+1)+ (ha+1) —2=hy + hy + h3 + 1.

Combining Eqns. (7.3)—(7.5) gives logarithmic size Oy (®L(N)). Gate sharing is allowed. Even if
merging increases the wire count, the total number of distinct wires is at most quadratic in the
number of gates and inputs before merging, which preserves this estimate.

The full DNF gives size 20(Y) and depth two. Taking the best construction among the finitely
many triples allowed at a fixed depth d proves Eqn. (1.3). The allocations (hq, ha, h3) = (2,2, 3) and
(2,2,4) give Eqn. (1.4); choosing (h, h,2h) gives Eqn. (1.5). The case N =1 is immediate. Finally,
F, ignores all but its first N bits, where N < n < 2N, so the same circuits give the asserted bounds
in n. O

Thus inverse trace has exact circuits of size 2°(" at each fixed depth d > 8. For every fixed
£ > 0, choosing an integer h > 1/ in Eqn. (1.5) gives size 20=("") at depth 4h + 1. These estimates
give sufficient depths and sizes; they do not establish optimality or exclude exponential hardness at
depths three through seven.
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8 Consequences and limits of the representation

The point-list theorem concerns descriptions of sets. It allows an exponential number of pieces, can
require exact counts of satisfying assignments to find them, and permits many clauses per piece. Its
use here is to make simultaneous probabilistic estimates possible. Appendix E derives a bound on
the correlation of inverse trace with width-k CNFs.

There is an intrinsic list-length cost. If J = cly(A) # @, 1 < b < m, and |A| < L, then every
b-coordinate projection of J has at most L values. Shearer’s entropy inequality gives

|J] < L™°,
Consequently any exact signed representation 1y = >, ¢;1¢,(4,) With |4;] < L satisfies

S eg| > 2hm(m/DlesL -y = Jog | H|. (8.1)

Appendix E proves both statements. For high-entropy H, coefficient mass 2" forces log L >
b(h/m — ¢). Exponential dependence on width is therefore unavoidable for this dictionary.

In the inverse-trace union bound, the character-sum error term requires mL = O(NN). Together
with Eqn. (8.1), this limits the useful width to logarithmic size. The worst-case proof also needs
m = Qg4(log S). At depth three these constraints yield log S of order /N log N; changing a constant
in the partition cannot turn this argument into an exponential lower bound.

There is a separate higher-depth limitation of this covering route. If the outer restriction keeps
each bit with probability ¢, then on any cube of free variables of dimension v a singleton is a
width-one CNF of absolute correlation 27Y with any sign function. Hence

Eski(94) > Eg27" = (1 — q/2)N — 9—O(Nq).

To make this smaller than S~4¢ with ¢ = ©4((log S)~(¢=3)) requires (log )42 = Oy4(N). This is a
restriction on the method, not a general upper bound on circuit complexity. For the trilinear function
a specific upper bound 204(n*%) is known [Chu26, Theorem 5.1], precluding truly exponential lower
bounds at fixed d > 3 for that target. For inverse trace, Theorem 1.3 rules out a size lower bound
282(n) ot every fixed depth d > 8. It leaves open the corresponding question at depths three through
seven, and its upper bounds remain above the lower-bound scale of Theorem 1.1. Distinguishing
these upper bounds on the functions from limitations of the proof method is essential when assessing
the remaining gap in Eqn. (1.6).
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A Deterministic switching parameters

We prove Proposition 5.2, including its handling of shared gates and shallow leaves. Put s = d — 2,
Up = S, and recursively set

1

ti = [log(2Ui1)], ki = max{ki_1,t:}, pi= 96k;_1’

Uy =270,  1<i<s. (A1)

These quantities depend only on S, d. Since 2% < 4U;_1,
U <16U2,<US,, U <S%. (A.2)

In particular U; < 24¢ for A = 6<.

At an active leaf of depth at least three, consider each second-layer subcircuit. Switching it to
the opposite depth-two form permits its outer gate to merge with its parent, decreasing the whole
circuit depth by one. An ordinary decision tree of depth at most ¢; supplies both forms with at
most 2% terms or clauses. Replacing all at most U;_1 second-layer gates fits the size bound U;. If a
gate has several parents, all use the same replacement; only wires are duplicated. Each individual
residual circuit therefore stays within U; gates.

A leaf already at depth at most two is frozen. It retains its current CNF or DNF under later
random restrictions, without new tree queries. The maximum in the definition of k; ensures that
this width remains allowed, including when ko > #;.

At every stage draw one fresh global p;-restriction on all currently free coordinates, including
variables absent from the simplified circuit. Continue drawing after any failure. The unconditional
composition ¢ has restriction parameter

g=Ip, k=ks (A.3)
i=1
For fixed d, both k = ©4(¢) and ¢ = ©4(¢~°) follow directly from these parameters.

A.1 The switching lemma

Condition on any successful prior history. At stage ¢, union over at most U;_; active second-layer
functions. Its conditional failure probability is at most

Ui—1(5/96)" < U;_1167% < 271U;3 < 273

After s successful stages the output is a width-k CNF or DNF. A CNF has correlation at most xy.
A DNF equals 1 — H with H a width-k CNF, and therefore has correlation at most 2k, because
the constant-one test is also included. The restricted target need not be balanced. Use the Boolean
bound one on failure and enlarge the successful expectation to the unconditional expectation over ¢.
This proves Eqn. (5.2).

A.2 Common partial decision trees

Fix a positive integer Dg. Define

Ry =0, D; =R;_1+ Dy, R,=R, 1+ D; = (Qi — 1)D0. (A4)
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After stage 7 — 1, maintain a restriction tree of depth at most R;_;. Every active leaf has depth
reduced by ¢ — 1, size at most U;_1, and bottom fan-in at most k; 1. Frozen leaves satisfy the same
bounds.

Condition on earlier randomness. An old leaf has a fixed path restriction 7. On coordinates
outside dom 7, the next global random restriction is an independent p;-random restriction. Apply
the multi-switching lemma to the at most U;_; second-layer functions of that cofactor, requesting
depth D; and residual depth at most ¢;. Require this to succeed for every old leaf, even those that
the new random restriction will make incompatible. A union bound over at most 271 leaves gives
conditional failure at most

2Ri71Ui_1(24piki_1)Di < 2R"71UZ‘_147D"L = UZ‘_127R17172D0. (A5)

Frozen leaves need no call.

Restrict the old tree by the global random restriction and delete incompatible paths. At each
surviving active leaf splice in its new common tree, which queries only coordinates outside that old
path. The resulting tree has depth at most R;. Switching the residual depth-two functions to their
opposite forms reduces circuit depth by one at each new leaf. The size and bottom fan-in bounds
follow from Eqn. (A.1). This proves the induction.

Crucially, the 2%1 factor is charged only to failure probability. It does not multiply the size of an
individual leaf circuit or its bottom fan-in. We use a product distribution only for the unconditional
composition of the global random restrictions in Eqn. (A.3).

Summing Eqn. (A.5) over s stages bounds total failure by s24/=2P0. On success, Lemma 5.1
bounds the final correlation by 2RS+1/1k(gV7¢), even though its atoms depend on the full history.
Enlarge to the unconditional expectation to obtain Eqn. (5.3).

B Uniform parameter checks for average-case hardness

We give explicit depth constants to substantiate the uniform size range, rather than hide endpoint
conditions in asymptotic notation. Let

s=d—2, K=9-6% A =64,
s Q
Q = (96K) s a = W’ J = 2d+10,
1
M;=4JA = . = (a/128)1/(d-1),
d J ) C 16Md7 & (CL/ 8)

The symbol My here is a depth constant, not an input dimension. For all sufficiently large N, the
deterministic bounds in Eqn. (A.1) satisfy

(<k <Kl(, QU*<q<(960)°  (<k<KL. (B.1)

Assume Eqn. (5.4). For any subcube of codimension less than N/4, set

_ |logk b o _ Nlog/t
- \‘2048J ’ p= 64]{37 m = (dlmv>qp7 R_ Ed_l
Uniformly in this range, eventually
log ¢ log ¢ R
<b< <m< ——. B.2
1096 =" 102 PSS Gingg (B2)
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The lower bound uses dim V' > 3N /4 and Eqn. (B.1); the upper bound uses dim V' < N and k > /.
In particular £ > b > 2 eventually, and the upper-size constant ensures m > 128log¢.

For the list-length bound in Eqn. (4.4), 2512 < k1/4 gives

L= 04(¢"*logllog N),  log(8L) < Llog¢+loglogl +loglog N + O4(1) < 2logt.  (B.3)
The last estimate uses ¢ > log N. Hence m > 161og(8L) and m > 2b. Also

mL
mL —(d—5/4) 2
N = Oq4 (6 (log ¢)*log N)
< 04 (€7D (10g 0)%) = o(1).
This is uniform down to polynomial-size circuits: at ¢ = log N and d = 3 the upper bound is
O4((loglog N)?/(log N)3/4). Thus mL < N/64 eventually. Furthermore m = o(N) uniformly, and
L is polynomially bounded in N.

All terms in A in Eqn. (4.6) are eventually bounded by a constant multiple of v = 273™/64: the
two dimension-tail contributions and the paired term have stronger exponents in m, and 128273, /16
is exponentially smaller since m = o(N). In particular Eqn. (5.5) follows.

If m < Mgl, Eqns. (5.2) and (5.5) give

|Ey[fO]] < s273m/Ma 0. 273m/64,
If m> Mgl =4JAL, set Dy = [m/J|. For large N, m > 2J and
Al —2Dg < —m/J,  Rs<29%m/J =m/4096.
The multi-switching estimate gives
IEv[fO]| < s27™/7 410 . 2~(8/64-1/4096)m

Since m — oo uniformly and ¢ = 1/(16My) is smaller than the displayed decay constants, both
cases are at most 27¢ eventually. Using m > aR proves Proposition 5.3 with 84 = (a.

Finally, R/N = log¢/¢%~' — 0 uniformly. For large ¢ the function log¢/¢4~" decreases, so its
minimum over the range in Eqn. (5.4) is at the upper endpoint, where R > ¢, (d-1) logl — oo.
This justifies absorbing fixed factors and the cofactor-recursion remainder into a smaller exponent
constant.

C Uniform fields, general circuits, and padding

C.1 A deterministic field tower
Start with Ey = Fo and «y = 1. Recursively define
2
Ej=FE;j1[0;]/(0; +6; +vj-1), v =7j-10;-
Inductively ;_1 has absolute trace one. In a binary field, z + 22 + 2z has kernel {0, 1} and its image
is the trace-zero subspace. Indeed trace vanishes on its image, and both spaces have codimension
one. Therefore the displayed quadratic is irreducible. Its roots differ by one, so Trg,, Ej,l(ej) =1.
It follows that
Trg, k. (v5) = Trg,_y yr, (j—1) = 1.
Thus E; has binary dimension N = 27, The recursive pair basis is deterministic. Multiplication
uses at most five multiplications in the previous field and a linear number of bit additions, so its
complexity is polynomial in N. Inversion by 22 =2 for # 0, and trace by N Frobenius iterates,

are also polynomial time. No search for irreducible polynomials is needed. The finitely many small
input lengths can be defined by the same inverse-trace rule.
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C.2 Layering a circuit without increasing its depth

Let a general circuit have size Sy > N and depth at most d. First bypass paths of consecutive
same-type gates by connecting each parent directly to its same-type descendants’ frontier inputs.
Retain a shared gate when it is still used by an opposite-type parent. This preserves the Boolean
function without adding gates or increasing depth. Every remaining internal wire joins opposite
gate types.

All gate-to-output path lengths from a given gate have parity determined by its type. Assign
that gate its longest such path level. An internal wire skips a positive odd number of levels. Fill
the skipped levels with alternating unary gates; similarly pad literal-to-gate wires. There are
O((So + N)?) distinct wires and d is fixed, so this adds O4(S?) gates and does not increase depth.
Unused layers, constants, and unary gates may be retained. This representation supports the fixed
layer labels used in cofactor recursion.

For sufficiently large Sy, the deterministic budget S = S§ dominates the normalized size. With
¢ = 3log Sy, the previous estimates apply for

N < SO < 2(0*/3)N1/(d—1)‘
Changing log Sy to 3log Sy alters N loglog Sy/(log Sp)?~! by depth-dependent constant factors.
Eqn. (5.1) absorbs the factor two in passing to sign correlation.

C.3 A single family at all lengths

For arbitrary n, let N be the largest power of two at most n, and define F;, to evaluate Iy on
its first IV input bits. Ignore the remaining bits. Then N < n < 2N, and this is one uniform
polynomial-time family, independent of d, S.

Fixing the ignored bits of an n-input circuit leaves a circuit on IV bits of no larger size or depth.
The tower-length bound holds for every such fixing, so average and use the triangle inequality. Since
S >n> N and N > n/2, reducing the size constant by a factor 2!/(¢=1) and reducing the exponent
constant by an absolute factor proves Theorem 1.2. For worst-case hardness, any exact circuit
restricts to an exact circuit for Iy; moreover N log N = ©(nlogn). This proves the padded part of
Theorem 1.1. No pseudorandomness under translations in ignored directions is asserted or needed.

D The two parameterized worst-case targets

D.1 The trilinear function

Write g, = (—1)%2(+2), We use the following two results of Chukhin [Chu26, Lemmas 4.2 and 4.3].

If T, € {0,...,a — 1} includes each index independently with probability m/a, where m < a3/5 and
u < mY/%, then except with probability a~$m),
|B +Ty,| > |B|(|T,| —m/4) forall BC{0,...,a—1}, |B| <wu. (D.1)

If a fixed data restriction has |T;| > 2u, u even, and |B +T| > |B||T,|/2 for those B, then for every
fixed Boolean indicator .J on the cube of free variables,

E. [Elg. ,J][* < 277/ 4 g-ulmil/a, (D.2)

The indicator can be arbitrary; a clause description is not needed for this moment input.
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Proposition D.1 (A hard trilinear slice). Let k >b>2,0<¢q <1, p=15b/(64k), and m = gpa.
Let u be the largest even integer at most m'/* and set

L. =22 [bIn(sm + 1) +1]|.

If m is sufficiently large, m < a®/®, and L, < u/128, then some fized z satisfies
Egrin(g0) <5-27%,
where ¢ is a q-restriction of the 2a data bits.

Proof. Put e = 27™/32 and draw the fresh inner p-restriction. The numbers of free variables in the
two blocks are in [m/2,2m] except with probability at most 2¢ eventually. Eqn. (D.1) fails with
probability at most €. Outside these events, the total number of free variables v lies in [m, 4m], the
sumset hypothesis of Eqn. (D.2) holds, and |T;| > 2u.

Markov’s inequality at threshold 2=/16 hounds the failure probability for any fixed list test by
21=um/16  Unjon over fewer than 2vE++1 tests to get

24mL*+2—um/16 S 22—um/32 S c
eventually. On success, Theorem 2.1 with C' = 2048 gives for every width-b CNF H
‘E[gz,QﬁpH” < 2v/1282—m/16 <e.

The joint failure probability over z, ¢, p is at most 4e. Averaging fixes one z with failure probability
at most 4e. Lemma 3.2 then gives 5e. O

To finish the lower bound, fix d > 3 and let

1
©32.2048(d — 1)’

n b= [nlogal, £=cqlaloga)/@V —§=2f

Use the worst-case depth-reduction parameters k, ¢ from Section 6. For small fixed ¢4 > 0, k > b
eventually, and

m =0y (ncg(d_m (alog a)l/(d_l)) )

Then m < a3/ and

L, < a*/BA4=D0,((log a)?) = o(m*/?).
Proposition D.1 applies. The constant-one CNF and restriction averaging give |Eg,| <5 - 9—m/32

so both level sets of the selected slice have density at least 1/3. Lemma 6.1 would imply

Y

< = 4 584a9—m/32,

W =
N

Since m/{ = O4(nc, (d_l)), sufficiently small ¢, gives a contradiction. The total input length is
4a — 1, proving the trilinear part of Theorem 1.1.
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D.2 The original polynomial evaluator

We spell out the family to avoid changing its input accounting or hiding its parameter inputs. At
total input length n, let a = |n/5], r = {aQ/ 3}, and let ¢ be the largest nonnegative even integer at

most a'/®. Reject if a < 64 or if the following blocks do not fit. Otherwise parse:

e a data bits x1,...,2, and a + r — 1 hash bits uy, ..., ugtr—1;
o 1 bits specifying the monic modulus P(2) = Z" + ¥, piZ";
o tr coeflicient bits specifying Sy, ..., -1 in Rp = Fo[Z]/(P).
Their total is 2a + (t 4+ 2)r — 1 < n for all sufficiently large lengths. Ignore unused bits. Form

hi(x) = ZuHs,lws (mod 2) (1<i<r), h(z) = Zhi(x)Zi_l € Rp.
s=1 i=1

Let A select the degree-zero coefficient. The evaluator accepts exactly when

A (Z ﬁjh(x)j) =0.

j<t

This is the original family of [OAI26]. Ring operations are defined for every monic input modulus,
whether reducible or not, and the algorithm runs in polynomial time. No irreducibility search is
part of computing the function.

For hardness analysis choose one irreducible modulus of degree r. For every nonzero difference
w of data inputs, the hash h(w) is uniform over F; when w is uniform. To see this, let s be the
largest coordinate with ws = 1. Row ¢ has the fresh pivot w;4s—1, with all other indices smaller,
so the r rows are independent linear forms in u. A v-dimensional coordinate subcube has at most
2Y — 1 nonzero differences; the hash fails to be injective on it with probability at most 27",

Conditioned on an injective hash, evaluation at any at most ¢ distinct hashes maps uniform
coefficients to independent uniform field values. This follows from Lagrange interpolation with
polynomials of degree at most t — 1. Applying the nonzero coordinate functional A gives unbiased
t-wise independent signs g on the cube of free variables. For any fixed indicator J, expand the
even tth moment of Y = ", g(z)J(2). A tuple with a singly occurring point contributes zero. The
remaining tuples have at most ¢/2 distinct points and are covered by at most 2vt/2¢ descriptions.
Therefore

Prs[|E[gJ]| > 27V/4] < tt27vt/4, (D.3)

This argument derives the moment directly for arbitrary indicators; it does not invoke a source
proposition outside its fixed-width quantifiers.
For an expected number of free variables m, set
L.=[2"[bIn(4m + 1) +1]].
For v € [m/2,2m], union over fewer than 2°%*1 tests. By Eqn. (D.3), failure is at most 27¢/8
whenever log ¢ )
0g
L./t <1/32, —2 <1/32, —— <1/32.
[t m/2 — / (m/2)t — /

Indeed these bounds leave the total positive exponent at most 3vt/32 < vt/8. On success, the
C = 512 point-list partition gives ry(g) < 29/3227v/4 < 27v/8_If + > (2 + 1/16)m, the hash error is
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at most 27/16, Each dimension tail is also at most 27™/16. Thus joint failure is at most 4 - 2=/16
eventually. Averaging fixes all non-data inputs before selecting any circuit or test, and Lemma 3.2
gives a slice with

Egkr(gs) < 5-27™/16,

Finally choose b = [loga/(64 -512)|, £ = c4(aloga)'/@1) and the worst-case parameters k, g,
p = b/(64k). Then

m = @d(c;(dﬂ) (aloga)/@=D) L, <a'/%0((loga)?) = o(t), logt=o(m), r/m — .

All preceding conditions hold. The constant-one test gives output densities at least 1/3. Lemma 6.1
contradicts exact computation by size 2¢ when ¢g is sufficiently small. Since a = |n/5], this proves
the evaluator part of Theorem 1.1 in total input length, with its original parameters unchanged.

E Further consequences of the decomposition

E.1 Bounded-width CNFs and monochromatic sets for inverse trace

Corollary E.1. For all sufficiently large tower lengths N, set Co = 512 and let

N log k
log N> <k < —— = :
(log )" <k < fog6c," {4COJ
For f = (—1)'~ and every width-k CNF H,
‘E[fHH <5. 2—3Nb/(4096k:)'
If H # @ is monochromatic for Iy, then
3Nb

ClogPr[H =1]> 22 _log5 = :
log Pr[H 1]_409614: log5 = Q(N logk/k)

Proof. Use Proposition 4.3 with ¢ =1 and V = E, so m = Nb/(64k). Its list-length bound obeys
L=0(k"Y"logklogN),  bL = O(k"*(logk)?*log N) = o(k)

uniformly in the stated range. This gives mL < N/64 eventually. For k > V/N, the upper endpoint
gives m > 64Cob, while log(8L) < 2Cyb eventually. For k < v/N, m > +/Nb/64 > log L. Thus the
remaining hypotheses hold. The terms of A are bounded by four times 273"/64 eventually. For a
monochromatic CNF H, we have |E[fH]|| = Pr[H = 1]. O

E.2 The intrinsic list-length requirement
Proposition E.2. Let 1 <b<m. A nonempty J = cly(A) with |A| < L has |J| < L™ If H #+ @
has an ezxact signed representation by such tests, then Eqn. (8.1) holds.

Proof. For X uniform on J, each projection Xy, |U| = b, has entropy at most log L. Expand every
H(Xy) in coordinate order. Conditioning on only U N [i — 1] cannot reduce the conditional entropy

below H(X; | X [i,l]). Each coordinate appears in (72__11) subsets, whence
1
log|J| = H(X) < oo > H(Xy) < 5-log L.
(5=1) |U|=b

For a signed representation, sum its pointwise absolute upper bound over the cube:

|H| < Z leil | clp(As)| < Lm/bz |cil.
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F Comparison with the Fourier-tail bound

For a binary character y¢(z) = (1) nondegeneracy of the trace pairing supplies a € E with
Xe(x) = (ax). The case h =1 of Lemma 4.1 gives

max | f(¢)| <827V,

For a sign-valued depth-d circuit G of size S, Tal’s Fourier-tail theorem [Tall7, Theorem 1] gives,
for a depth constant Ag,

S GUu)Yr<e. 9—k/(Aa(log $)4~1)
U=k

Take k = | N/100]. The Fourier mass of f below k is at most
_N <N) —(1—h2(1/100))N+O(1)
64-27N > [ <27t :
j<k \J

Split Parseval’s identity at & and apply Cauchy—Schwarz to each part. Using the fact that each sign
function has total Fourier mass one gives

[E[fG]| < 9= QN) 4 /9 9 k/(244(10g S)471)

This is 2-2(V/102)™™") when that exponent tends to infinity, with the displayed estimate valid
also outside that regime. Padding works as in Appendix C. The higher shift moments, point-list
decomposition, and guarded-CNF argument supply the additional loglog .S factor in Theorem 1.2.
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