
Better Binary Tree Codes From MDS Tree Codes

Tal Yankovitz∗

Abstract

Finding good tree code constructions is among the most natural questions in error-
correcting codes over the Hamming channel. Unlike the usual setting, where one encodes
a single message against adversarial errors, tree codes allow a sender to encode and send
a stream, in an online manner, while protecting it from adversarial errors. Moreover,
Schulman (STOC 93) showed that tree codes yield schemes which protect any two-party
communication protocol from adversarial errors. Schulman asked whether there are ex-
plicit tree code families with constant distance and constant rate. While this question
remains open, in a breakthrough, Cohen, Haeupler and Schulman (STOC 2018) con-
structed explicit constant-distance tree codes with rate 1/O(log log n), where n denotes
the message length, improving upon the 1/O(log n) previously known. Subsequently,
Ben-Yaacov, Cohen and Yankovitz (STOC 22) improved the rate-distance tradeoff, con-
structing explicit distance-δ tree codes with rate 1/O(

√
δ log log n).

In this work we construct explicit distance-δ tree codes with rate 1/O(δ log log n). In
particular, this implies explicit tree codes with constant rate and distance 1/O(log log n),
improving upon the previously known 1/O(log2 log n). To achieve this improved rate-
distance tradeoff, new ideas are required. Specifically, we devise a construction whose
key idea relies on MDS tree codes. MDS tree codes were first considered by Pudlák
(Linear Algebra Appl. 16), who gave an F2-linear MDS tree code construction with
alphabet size 2O(n3). As another contribution, we present such a construction with
alphabet size 2O(n2).
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1 Introduction

Constructing tree codes is an important problem in error correcting codes. A vast effort has been
devoted to the classical question of error correcting codes for encoding messages, in order to allow
their decoding amid adversarial, or worst-case, errors. A tree code, on the other hand, deals with
a scenario where one needs to encode a stream, in an online fashion. That is, the encoded message
is not known in full ahead of time; rather, it is revealed to the speaking party bit by bit. On the
other, receiving, end, the requirement is to receive each such bit in a timely manner, promptly after
it is known to the encoder, and before the next bit is revealed. For example, one can think of a
live radio program, transmitted over a broadcast channel, to a multitude of listeners.

The aforementioned scenario corresponds to a one-way communication setting, whereas the
utility of tree codes extends beyond that, to another elementary problem in error correcting codes:
that of protocol-wise error resilience, in contrast to message-wise error resilience. In fact, this was
the original context in which tree codes were introduced, in the seminal work of Schulman [Sch93].

We define tree codes through their encoding procedure, used for processing an input x ∈ {0, 1}n
of length n. Such an encoding procedure is online, and maps each x to a tree-code codeword
T C(x) ∈ Σn. An online encoding cannot guarantee that every two codewords differ on, say, a
constant fraction of locations; indeed, one can consider two messages that differ only on the n-
th bit. What the encoding procedure is required to satisfy is, in a sense, the strongest possible
guarantee. That is, for every two distinct inputs x and x′, the codewords T C(x) and T C(x′) differ
significantly, on a δ-fraction of locations, on every interval which starts at the first divergence of
x, x′, and ends some time after it. We state the formal definition.

Definition 1.1 (binary tree code with distance δ and rate ρ). A tree code of length n and (relative)
distance δ is an online function

T C : {0, 1}n → ({0, 1}r)n

such that the following holds. For every distinct x = (x1, . . . , xn), x
′ = (x′1, . . . , x

′
n) ∈ {0, 1}n, let

s = min{i ∈ [n] : xi ∕= x′i}.

Then for every h ∈ [n− s+ 1],

HammingDist
󰀃
T C(x)s,...,s+h−1, T C(x′)s,...,s+h−1

󰀄
≥ δh.

By online we mean that for every t ∈ [n], the value T C(x)t, denoted T Ct(x1, . . . , xt), depends only
on x1, . . . , xt. We call

ρ :=
1

r

the rate of the tree code. The index s is called the split of x and x′.

As is standard, we are mainly interested in a family of such encodings, for infinitely many
values of n, and we will often use “tree code” as short for “tree code family”. As mentioned,
tree codes were first defined by Schulman [Sch93], who showed that they yield interactive schemes
for achieving error-resilient two-party protocols. A tree code family is called good if its rate and
(relative) distance are constants bounded away from 0. A priori, it is not clear that good tree codes
ever exist. Schulman [Sch93, Sch96] showed that they do, and asked: are there explicit good
tree codes?1

1Here, by explicit we mean that given x ∈ {0, 1}n the codeword T C(x) can be computed in deterministic time
poly(n).
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The question has been open since.

Motivated by Schulman’s application, the problem of finding tree code constructions has at-
tracted significant attention [Sch94, Bra12, MS14, Pud16, GHK+16, CHS18, NW20, BH20, BYCN21,
Pud22, BYCY22, MRR25, CSS25]. Although explicit good tree codes have not been discovered, sig-
nificant progress has been achieved by the aforementioned works. In their surprising breakthrough,
Cohen, Haeupler and Schulman showed the following.

Theorem 1.2 ([CHS18]). For every δ < 0.999,2 there is an explicit tree code family with distance
δ and rate

ρ = ρ(n) ≥ 1

c log log n
,

where c > 1 is a universal constant.

This constituted an exponential improvement over the previously known rate [Sch94], namely
ρ = Ω(1/ log n).

Subsequently, Cohen, Ben-Yaacov and Yankovitz [BYCY22] obtained an improved state-of-the-
art construction.

Theorem 1.3 ([BYCY22]). For every δ < 0.999, there is an explicit tree code family with distance
δ and rate

ρ = ρ(n) ≥ 1

c
√
δ log log n

,

where c > 1 is a universal constant.

In particular, their result yielded an explicit tree code family with rate ρ = Ω(1) and distance

δ =
1

Ω(log2 log n)
.

This was a significant improvement over the prior state-of-the-art distance for constant-rate explicit
tree codes, which was δ = 1/Ω(log n), by the work of Gelles, Haeupler, Kol and Ron-Zewi [GHK+16].

1.1 Our main contribution

Our main result is the following.

Theorem 1.4. For every δ < 0.999, there is an explicit tree code family with distance δ and rate

ρ = ρ(n) ≥ 1

cδ log log n
,

where c > 1 is a universal constant.

In particular, there is an explicit tree code family with rate Ω(1) and distance

δ = Ω(
1

log log n
).

Thus, our result yields an improved state of the art in both regimes: the constant-distance regime
and the constant-rate regime.

20.999 is arbitrary.
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1.1.1 Remarks

Finite vs infinite tree codes. Here, we have defined tree codes as having finite length n.
In an earlier, stronger definition, tree codes encode an infinite stream. However, it was shown
in [BYCY22] that an efficient construction of finite-length tree codes can be transformed into an
infinite construction with almost the same parameters. We refer to [BYCY22] for the details.

Tree codes as an encoding vs a coloring of a binary tree. Here, we have defined tree
codes by the message encoding function. In a more classical definition, in the infinite case, they
are presented as an edge-coloring of the infinite rooted complete binary tree using colors from a
prescribed set of colors; in the finite case, one colors a rooted binary tree of finite length. Under this
definition, one considers any two same-depth vertices of the tree, and requires that the two paths
from their lowest common ancestor are colored differently on at least a δ-fraction of the edges.

The two definitions, tree codes via an encoding function and tree codes as colorings of a binary
tree, are readily verified to be equivalent, as an online encoding function induces a coloring of the
tree, and vice versa. In the tree-coloring language, what we called the “length” of a finite tree code
is referred to as its “depth”, and the output alphabet size 2r, where ρ = 1/r is the rate, is the
“number of colors”. Thus, a good tree code induces a coloring of infinitely many binary trees using
only finitely many colors, while satisfying the aforementioned guarantee with δ = Ω(1).

From this more graph-theoretic viewpoint, the result of [CHS18] gave the first explicit coloring,
admitting constant δ, which uses a number of colors polylogarithmic in the tree depth n. The result

of [BYCY22] achieved a sub-logarithmic construction using logO(
√
δ) n colors; our result yields an

explicit coloring with logO(δ) n colors.

1.2 Our second contribution - large-alphabet MDS tree codes

To state our second contribution, we first extend the definition of tree codes to non-binary alphabets.

Definition 1.5. A (non-binary) tree code of length n and (relative) distance δ over an alphabet Γ
is an online function

T C : Γn → (Γr)n

such that the following holds. For every distinct x = (x1, . . . , xn), x
′ = (x′1, . . . , x

′
n) ∈ Γn, let

s = min{i ∈ [n] : xi ∕= x′i}.

Then for every h ∈ [n− s+ 1],

HammingDist
󰀃
T C(x)s,...,s+h−1, T C(x′)s,...,s+h−1

󰀄
≥ δh.

We call ρ := 1/r the rate of the tree code.

1.2.1 MDS tree codes

In the study of error correcting codes, MDS codes have been an area driving much of the obtained
progress, with Reed-Solomon codes being the most prominent and well-studied example. Since
much is unknown about tree codes, asking questions about MDS tree codes, which are in a sense
perfect, seems like a natural avenue.

In his important work, Pudlák [Pud16] initiated the study of linear MDS tree codes. He proved
a lower bound showing that, over any input alphabet, a tree code of length n and rate 1/2 can have
distance at most 1/2 + 1/(2n).
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Pudlák asked: are there families of tree codes achieving the same rate and distance,
most desirably while being over a small alphabet Γ? We stress that this question concerns
the information-theoretic level, even prior to efficiency considerations.

Pudlák showed that the answer is affirmative, for finite but not constant alphabets Γ.

Theorem 1.6 ([Pud16]). For every n, ℓ ∈ N such that ℓ > n(n − 1)2 = Θ(n3) there exists an
explicit linear tree code T C :

󰀃
{0, 1}ℓ

󰀄n →
󰀃
{0, 1}ℓ × {0, 1}ℓ

󰀄n
with distance 1

2 + 1
2n .

That is, he showed that there are infinitely many MDS tree codes, with alphabet size 2Θ(n3).
Here and throughout, linearity means F2-linearity.

Pudlák’s construction, which is explicit and linear, is based on algebraic idea that requires the
underlying finite field to be large enough. We remark that constructions which are MDS over
an infinite alphabet are also known [Pud16, CHS18, NW19]. Moreover, [CHS18] show how to
transform a specific such construction which is over Z into a tree code over an alphabet of size 2n

(where n is the length of the tree code); however, the resulting tree code is no longer MDS.

Given the importance of finding constructions of MDS tree codes with smaller alphabets, our
second contribution is a construction of infinitely many MDS tree codes with alphabets of size
at most 2n

2
, improving upon [Pud16], with one caveat. The caveat is that our construction is

variable-alphabet: the i-th input symbol may come from its own alphabet Γi. However, every Γi

satisfies the stated bound.

Definition 1.7. A (variable-alphabet) tree code of length n and (relative) distance δ, over alphabets
Γ1, . . . ,Γn, is an online function

T C : Γ1 × · · ·× Γn → Γr
1 × · · ·× Γr

n

such that the following holds. For every distinct x = (x1, . . . , xn), x
′ = (x′1, . . . , x

′
n) ∈ Γ1× · · ·×Γn,

let
s = min{i ∈ [n] : xi ∕= x′i}.

Then for every h ∈ [n− s+ 1],

HammingDist
󰀃
T C(x)s,...,s+h−1, T C(x′)s,...,s+h−1

󰀄
≥ δh.

We call ρ := 1/r the rate of the tree code.

Our second contribution is as follows.

Theorem 1.8 (See Theorem 3.1). For every n ∈ N≥3, there exist alphabets

Γi = {0, 1}ci , i ∈ [n],

with |Γi| < 2n
2
for every i ∈ [n], and an explicit linear (variable-alphabet) tree code

T Cn : Γ1 × · · ·× Γn → (Γ1 × Γ1)× · · ·× (Γn × Γn)

with rate 1/2 and distance 1/2 + 1/(2n).3

Beyond being MDS and F2-linear, the construction is of an elementary nature, which we view
as an advantage: it consists only of shifting binary vectors and taking their sum. More generally,
since further reducing the alphabet size of explicit tree codes is an important direction, simple ideas
may be advantageous in pursuing this goal.

3An earlier version of the construction used to prove Theorem 1.8 appeared in [Yan25], which is subsumed by this
report.
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1.3 Prior work

Before giving a technical overview of our contribution, we give technical details on prior work.

1.3.1 [CHS18]

The result of [CHS18] is achieved through a two-step construction. The first step is to construct a
large-alphabet tree code, and the second step is to incorporate it within an alphabet-reduction frame-
work. A large-alphabet tree code has input alphabet {0, 1}ℓ instead of {0, 1}, as in Definition 1.1,
where ℓ may be a function of the length n.

First, to obtain their large-alphabet tree code, [CHS18] encode a given message as a polynomial
p ∈ R[x] over the Newton basis, which is

󰀋󰀃
x
i

󰀄󰀌
i∈N∪{0}, rather than the standard basis {xi}i∈N∪{0},

usually used in polynomial-based error correcting codes. To bound the distance of these tree codes,
[CHS18] show that, for polynomials expressed in the Newton basis over the reals, the Gessel-Viennot
Lemma can be employed to bound the number of integral roots in terms of the number of nonzero
coefficients, i.e., the sparsity. This establishes that their large-alphabet tree code has constant
distance.

Second, we describe the alphabet-reduction step of [CHS18]. The main concept used in this
step is their notion of a lagged tree code. A lagged tree code, with lag L, is required to satisfy the
distance guarantee only for intervals of length at least L. They observe that the large-alphabet
tree code, concatenated with a standard error correcting code, can be used to construct a tree code
of length n and lag O(

√
n). Their final tree code then writes down, in parallel, the outputs of

O(log log n) such lagged tree codes, of decreasing lengths.

1.3.2 [BYCY22]

To achieve their result, [BYCY22] take a more refined approach compared to the alphabet-reduction
framework of [CHS18]. While still relying on the Newton basis as a large-alphabet tree code, as
in [CHS18], they observe that, under a careful analysis, its rate can be viewed as a parametrized
function depending on the alphabet size and the tree code length, where initially the dependence
on the length is unfavorable. They then seek to improve this length dependence. Towards that,
they devise a transformation which takes a tree code admitting such a parametrization, and yields
a tree code whose rate’s dependence on the length is improved. Repeating their transformation
O(log log n) times produces their result.

The aforementioned length-dependence reducing transformation of [BYCY22] is reminiscent of
code tensoring, though it is significantly more involved. It consists of several encoding steps. It
works by writing down the input to a given tree code as the rows of a matrix. To each row, one
applies the tree code which is given as input. To encode the columns, one uses a large-alphabet
tree code, where every row is viewed as a single large symbol. These two parts of the encoding
do not suffice by themselves, and there are further nuances which are handled in [BYCY22]. In
particular, one must work with systematic tree codes, as otherwise the steps above would already
blow up the rate if performed O(log log n) times.

One issue which arises in the transformation is the case of a split near the end of a row. In this
case, the tree code applied to each row cannot guarantee distance soon after the split, at points
in time after the row ends. To overcome this issue, [BYCY22] incorporate several ideas which
work together. One of these is that when encoding every row, one also outputs a Reed–Solomon-
like encoding of its preceding row, while making sure that if the split was close to the end of the
preceding row, the Reed-Solomon code has higher distance, to make up for that.
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1.4 Technical overview: improved tree codes

The challenge. Both [CHS18] and [BYCY22] work by outputting, at each point in time, symbols
which are the result of O(log log n) tree codes simulated in parallel. At a high level, [BYCY22]
achieve a saving, and are able to have only O(

√
δ log log n) bits of redundancy, by having the

different-level tree codes share a common systematic part, and by maintaining that every redun-
dancy symbol corresponding to one of the levels is of size an O(

√
δ)-fraction of the input-symbol

length. However, the framework of [BYCY22] inherently cannot achieve redundancy O(δ log log n),
even by attempting to further optimize its parameters.

The inherent reason is that, in every step there, at least part of the redundancy comes from
applying a large-alphabet tree code and concatenating its output with an error correcting code.
This concatenation is crucial because the distance needs to hold at the symbol level. However, as is
the case with concatenation schemes, if the large-alphabet tree code has distance δ1 and the error
correcting code has distance δ2, then, at best, the concatenated code has rate approximately

(1− δ1)(1− δ2)

and distance δ1δ2. Here, rate is the ratio between the input length of the code k, to its output
length n. It follows that code rate (1− δ1)(1− δ2) corresponds to redundancy rate

n− k

n
=

1

(1− δ1)(1− δ2)
− 1 =

δ1 + δ2 − δ1δ2
(1− δ1)(1− δ2)

≥ δ1 + δ2 − δ1δ2 ≥
1

2
(δ1 + δ2),

since δ1, δ2 ∈ [0, 1]. Thus, to achieve redundancy rate at most α, it must be that δ1, δ2 ≤ 2α, and
therefore the distance δ1δ2 is at most 4α2. This explains why, to beat the O(

√
δ log log n) rate, new

ideas are needed.

Moreover, this barrier applies to a core element of the [CHS18] framework itself, namely that
at each level a large-alphabet tree code is concatenated with an error correcting code, and not only
to the later framework of [BYCY22]. Thus, the fact that a higher rate can be achieved was not at
all clear a priori.

1.4.1 The “multi-scale tree code”

As mentioned, previous constructions wrote down, in parallel, L = O(log log n) copies of different
tree codes. The idea in this approach is that, no matter how far one is from the split s, one of the
levels is effective. That is, the tree codes of the different levels have increasing block sizes

ℓ1 < · · · < ℓL.

The high-level idea, sweeping certain key points under the rug, is that given an interval of length
h,

I = [s, s+ h− 1] := {s, . . . , s+ h− 1},

if one considers the highest level a ∈ [L] such that ℓa ≤ h, then the a-th level tree code assures
distance in the I-part of the output, T C(x)I .

Our main idea is the following: instead of separately writing L outputs corresponding to the
different tree codes, we obtain a single construction which provides, simultaneously, a distance
guarantee for all L levels, while being as economical in rate as possible. We do so by using linear
MDS tree codes and a recursive composition trick. We now explain the central ideas of this
construction.
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A linear MDS tree code. We represent a linear MDS tree code with block length ℓa by an
online linear map

R : Fn
2ℓa → Fn

2ℓa ,

where the map Rt corresponding to the t-th output of R, namely R(x)t = Rt(x≤t), depends only
on x≤t. The induced tree code encodes x = (x1, . . . , xn) by outputting, at each time t,

(xt, Rt(x≤t)).

The MDS guarantee is that for every nonzero x = (x1, . . . , xn) ∈ (F2ℓa )
n, if i = min{t : xt ∕= 0},

then for every suffix length h,

|{t ∈ [i, i+ h− 1] : xt ∕= 0}|+ |{t ∈ [i, i+ h− 1] : Rt(x≤t) ∕= 0}| > h. (1.1)

The induced tree code has rate 1/2 (recalling that the encoding is linear). By arguments given
in [Pud16], such a representation is without loss of generality.

A “normal” tree code. We will call a linear MDS tree code, given by a linear map

R : Fn
2ℓa → Fn

2ℓa ,

normal if, writing
R(x)t = Rt(x1, . . . , xt),

for a linear map
Rt : Ft

2ℓa → F2ℓa ,

we have, for every t ∈ [n],

Rt(x1, . . . , xt) = xt +

t−1󰁛

j=1

γt,jxj

for some γt,j ∈ F2ℓa , j ∈ [t−1]. That is, the way Rt depends on the current, t-th input is by adding
it with coefficient 1. We show, by a simple linear-algebra argument, that a linear MDS tree code
can be made normal, so assuming that one is at hand is without loss of generality.

The multi-scale tree code. For any ℓ ∈ N, we will implicitly interchange, whenever needed,
between elements of Fℓ

2 and of F2ℓ , by fixing some F2-linear isomorphism between them. We describe
the multi-scale construction idea for two levels; the full construction follows inductively.

Assume that an MDS linear normal tree code over alphabet F2ℓa and length na = n/ℓa, is given
by

y 󰀁→ (y,R(y)), R : Fna

2ℓa
→ Fna

2ℓa
.

Assume further that a second MDS linear normal tree code over the smaller alphabet F2ℓa−1 and
length na−1 = ℓa/ℓa−1 is given by

z 󰀁→ (z,R′(z)), R′ : Fna−1

2ℓa−1
→ Fna−1

2ℓa−1
.

We define the induced two-level encoding. For an input x = (x1, . . . , xn) ∈ Fn
2 , decompose [n]

into consecutive blocks of size ℓa,
[n] = Q1 ∪ · · · ∪Qn/ℓa ,
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and further decompose each ℓa-block into consecutive subblocks of size ℓa−1,

[ℓa] = Q′
1 ∪ · · · ∪Q′

ℓa/ℓa−1
.

The encoding is

x 󰀁→
󰀕
x,R

󰀕
R′󰀃(xQ1)Q′

1
, . . . , (xQ1)Q′

ℓa/ℓa−1

󰀄
,

· · · ,

R′󰀃(xQn/ℓa
)Q′

1
, . . . , (xQn/ℓa

)Q′
ℓa/ℓa−1

󰀄󰀖󰀖
.

That is, instead of having the redundancy map of the higher-level tree code act on the blocks of
the input, xQ1 , . . . , xQn/ℓa

, it acts on the result of applying the smaller-level redundancy map to
each block. Observe that this composition does not affect the rate, which remains 1/2.

Why does the above work? The question is well placed, as one may observe that nowhere in
the described encoding is a complete output of the higher-level tree code embedded. Indeed, the
systematic part is the same as that of the given higher-level tree code, while the redundancy map
has been altered. However, the correctness of the construction stems from the properties of normal
MDS tree codes. As usual, since the construction is linear, to show that a distance guarantee holds,
it suffices to bound the number of nonzero outputs given a nonzero input, where the split is the
index of its first nonzero element. We make two points.

• We argue that an output of the smaller-level tree code is embedded in the output, though
not at every time, but rather at the one time at which it is needed. The output of the
smaller-level tree code is only needed in order to provide distance at times which are close to
the split s. For intervals starting from s and having length h > ℓa, the larger-level tree code
is in effect. However, since we assumed that the larger-level tree code is normal, the way its
t-th redundancy, Rt, depends on the current input is by addition with coefficient 1. At the
time of the split, all earlier inputs are 0. Therefore, at the time of the split s, Rs is in fact the
identity map on xs. Since in our construction we set the smaller-level tree code redundancy
map as the input to the larger-level tree code redundancy map, it follows that a valid copy
of the smaller-level redundancy map is output at the time of the split. The same is not true
for later times.

• While the smaller-level tree code is not needed after its first use following the split, this does
not a priori mean that applying the larger-level redundancy map to it, rather than to the input
itself, does not hurt the larger-level tree code guarantee, which is needed for those later times.
However, we argue that the larger-level tree code distance guarantee does in fact manifest in
the two-level construction, and more specifically, the MDS guarantee Equation (1.1).

The reason is that the redundancy map R′ of the smaller-level tree code must be invertible,
an observation following from it being MDS. Moreover, the number of nonzero redundancy
outputs assured by Equation (1.1) depends only on the number of nonzero elements among
x1, . . . , xt: the fewer nonzero elements there are among them, the more nonzero redundancy
outputs there must be. Applying an invertible linear map to each element of (x1, . . . , xt)
does not change its pattern of nonzero entries. Therefore, applying the larger-level tree code
redundancy map to the output produced by the smaller-level tree code, rather than to the
input itself, maintains the same guarantee as in Equation (1.1).
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The two-level construction above, and the accompanying reasoning, can be extended inductively
to the case of L levels, by setting appropriate scales

ℓ1 | · · · | ℓL | n.

The exact details and argument appear in the technical section.

1.4.2 From the multi-scale tree code to the final construction

The multi-scale tree code construction assures distance, after the time of the split, on growing
scales. We view it as an interesting question whether this combinatorial object may have direct
applications. To use it in our construction, we need to translate the growing-scale distance guaran-
tee, which concerns the number of nonzero blocks, to binary distance. Here, a block is considered
nonzero if it is nonzero somewhere. This will require applying an error correcting code. How-
ever, since the multi-scale construction is a single construction for all levels together, we evade the
composition barrier described above.

Despite ending up with a more favorable rate tradeoff, we still have to pay proportionally to
the number of levels when applying these error correcting codes. As in [CHS18, BYCY22], an error
correcting code applied to an output block can only be applied after that block has been computed.
However, as in [BYCY22], the way in which we output each such error correcting code following the
block completion must be chosen carefully, to avoid having points in time where all levels produce
such an output.

The work of [BYCY22] solves this issue by working through alphabets of moderate size as
a precursor to achieving a binary alphabet, and by employing an idea of “spreading” the extra
information that is output in a balanced, averaged manner. We take a slightly different approach
here, which we view as clean within the context of our construction: using a schedule. The
schedule decides, at each point in time, which of the preceding blocks “get to” output a bit of their
error correcting code information. It turns out that there is a way to compute such a schedule
which assures that, at any point in time, at most O(δL) preceding blocks “speak”, while satisfying
the guarantee that for every block, before its succeeding block terminates, all of its error correcting
code information has been output.

One more point we need to handle is that, by relying on distance guarantees that arise from
different scales, smaller tree codes have not only smaller block length, but also shorter length. This
is a problem in cases where the split is close to such a tree code’s end, as its distance guarantee stops
holding once this end is reached. In fact, this is a problem handled in the construction of [CHS18],
and a similar issue arises in [BYCY22], which solves it using a different mechanism.

We overcome this issue with an approach more similar to [CHS18], with an important change.
The idea of [CHS18] is, at each level, to have two instances of the encoding, where the blocks of one
instance are shifted compared to the blocks of the other. This assures that one of the two instances
is always far away from a tree code’s end. If we were to employ such a shift at every level, it would
be too costly in information bits. We show that, in fact, it is possible to have only two shifted
instances for all levels altogether: for every one of the L scales, at any point in time, at least one
of the two instances is far away from the next end.

We mention that there may be other solutions to this issue, such as an approach similar to the
more involved one taken by [BYCY22], which is tailored to their needs.
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1.5 Technical overview: F2-linear MDS tree codes over a smaller alphabet

t = 1

x1 ∈ {0, 1}c1 y1 = x1

x2 ∈ {0, 1}c2
x3 ∈ {0, 1}c3

...

later time t

x1

x2

x3
...

xt ∈ {0, 1}ct
xt+1

sum
yt ∈ {0, 1}ct

row i ≤ t is shifted left by (i− 1)(t− i)

Figure 1: Visualization of the shift-and-sum operation. At time t, only shifts of rows x1, . . . , xt
participate; future rows are dashed. The result yt is the column-wise binary sum, where empty
entries are considered to be 0. The length ct is chosen so that yt ∈ {0, 1}ct.

We now give a brief overview of the construction behind Theorem 1.8. The input is

x = (x1, . . . , xn),

where xt ∈ Γt = {0, 1}ct is a binary vector. The encoding in our construction is systematic. That
is, at time t we output

(xt, yt),

where yt ∈ Γt is a redundancy symbol.

Fix a time t ∈ [n]. The output yt is computed in the following manner, where we will only use
the symbols x1, . . . , xt, which we think of as positioned in a matrix-like structure (see Figure 1).
Specifically, each vector xi, for i ≤ t, is placed in a row of length ct, initially aligned to the right.
We then shift this row

(i− 1)(t− i)

places to the left, filling the blank coordinates with zeroes. We set the output vector yt to be the
F2-sum of these shifted rows.

In the technical part, the lengths c1, . . . , cn are chosen so that the number of columns at time t,
after the row shifts, which corresponds to the length of yt, is exactly equal to ct, and additionally
so that ct < n2, yielding the claimed alphabet sizes.

As the construction is evidently (bitwise) linear, it only remains to explain why this satisfies
the MDS tree code distance guarantee. Fix a nonzero input x and let

s = min{i ∈ [n] | xi ∕= 0̄}

be its split. For the systematic encoding xt 󰀁→ (xt, yt), the MDS guarantee amounts to showing
that, on every interval beginning at s, the number of zero redundancy symbols is strictly smaller
than the number of nonzero input symbols.

We prove this by induction on the number of nonzero input symbols among x1, . . . , xn. The
crux of the induction step is to understand what happens at a time t for which the redundancy
symbol vanishes, namely yt = 0̄. Look at the matrix formed by the shifted copies of x1, . . . , xt at
this time. Among all columns which contain a nonzero entry, take the left-most one. Let i be the
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smallest row index which is nonzero in this column. Since the column sum is zero, there must be
another row j > i which is also nonzero in the same column.

Now compare the future shifts of rows i and j. When time increases, row r gains further leftward
shift at speed r − 1. Since j > i, row j moves left faster than row i. Therefore, after time t, row
i can no longer participate in canceling the left-most nonzero shifted column, as row j is further
to its left. So, as xi is “out of the game”, there is one less nonzero row at play, and the induction
hypothesis can be employed. A formal account appears in Section 3.

1.6 A remark on the applicability of the rate-immediacy [CSS25] barrier

Recently, [CSS25] proved a lower bound relating the achievable rate of tree codes to what they
call the “rate-immediacy” property. This bound applies, in particular, to tree codes obtained
through the frameworks of [CHS18] and [BYCY22]. Similarly, our improved-rate binary construc-
tion has a code-composition part, and therefore also satisfies the relevant immediacy property. The
work of [CSS25] establishes that, to improve the 1/ log log n factor in the rate, such an immedi-
acy property needs to be surpassed. Indeed, our construction features the fact that the composed
error-correcting-code bits constitute the only significant blow-up.

We add that the rate-immediacy barrier is not applicable to the multi-scale (non-binary distance)
tree code construction or to our large-alphabet MDS tree code construction.

2 Tree codes with better rate

2.1 Preliminaries

We write N = {1, 2, . . .} for the set of natural numbers. All logarithms are taken to base 2. For
n ∈ N, we write [n] := {1, . . . , n}. For integers i ≤ j, we write [i, j] := {i, i + 1, . . . , j}. For two
vectors or strings u, v ∈ Σn, we use Dist(u, v) to denote their absolute Hamming distance, and
u ◦ v to denote their concatenation. Given u ∈ Σn and i ≤ j, we use ui,...,j to denote the substring
(ui, . . . , uj). We write 0̄ for the all-zero vector, with its length clear from context. For a binary
string z, we write HammingWeight(z) for the number of nonzero entries of z.

2.2 The construction

We now turn to the construction of tree codes with improved rate. For simplicity, we first prove The-
orem 2.8, which gives a slightly weaker binary construction, with rate Ω(1/(H(δ) log log n)) instead
of Ω(1/(δ log log n)). In Remark 2.10, we explain how to extend this to the stated parameters.

We start by defining MDS tree codes, which were considered by [Pud16]. The definition below
is specialized to the case of rate-1/2 linear MDS tree codes; throughout this section, we will simply
write “MDS tree code” to mean this case.

Definition 2.1 (MDS tree code). Let n, ℓ ∈ N. We say that a systematic online linear map

T :
󰀃
{0, 1}ℓ

󰀄n −→
󰀃
{0, 1}ℓ × {0, 1}ℓ

󰀄n

is an MDS tree code if, writing
T (x)t = (xt, Rt(x≤t)),

for linear maps
Rt : ({0, 1}ℓ)t → {0, 1}ℓ, t ∈ [n],

11



the following holds. For every nonzero x = (x1, . . . , xn) ∈ ({0, 1}ℓ)n, let

i = min{t ∈ [n] | xt ∕= 0̄}.

Then for every h ∈ [n− i+ 1],

|{j ∈ [i, i+ h− 1] : xj ∕= 0̄}|+ |{j ∈ [i, i+ h− 1] : Rj(x≤j) ∕= 0̄}| > h. (2.1)

The construction of Pudlák [Pud16] implies the following. For completeness, we give a proof
sketch following [Pud16] for the binary case in Appendix A.

Theorem 2.2 ([Pud16]). For every n, ℓ ∈ N such that ℓ ≥ n3, there exists an explicit linear MDS
tree code

T :
󰀃
{0, 1}ℓ

󰀄n →
󰀃
{0, 1}ℓ × {0, 1}ℓ

󰀄n
.

We call an MDS tree code normal if, writing

T (x)t = (xt, Rt(x≤t)),

we have, for every t ∈ [n],
Rt(x≤t) = xt + Ft(x<t)

for some F2-linear map Ft. Any linear systematic MDS tree code can be made normal.

Claim 2.3. For every n ∈ N, there exists an explicit normal linear MDS tree code

T :
󰀃
{0, 1}ℓ

󰀄n →
󰀃
{0, 1}ℓ × {0, 1}ℓ

󰀄n

with ℓ = n3. That is, writing
T (x)t = (xt, Rt(x≤t)),

we have, for every t ∈ [n],
Rt(x≤t) = xt + Ft(x<t)

for some F2-linear map Ft.

Proof. Start with the code from Theorem 2.2, and write

T (x)t = (xt, 󰁨Rt(x≤t)).

Since 󰁨Rt : ({0, 1}ℓ)t → {0, 1}ℓ is linear, we can write

󰁨Rt(x≤t) = At(xt) +Gt(x<t),

where
At : {0, 1}ℓ → {0, 1}ℓ, Gt : ({0, 1}ℓ)t−1 → {0, 1}ℓ

are F2-linear maps.

The map At is invertible. Indeed, if At(u) = 0̄ for some u ∕= 0̄, then the input with xt = u and
xj = 0̄ for all j ∕= t contradicts the MDS condition on the length-one interval [t, t].

Define a new redundancy coordinate by

Rt(x≤t) := A−1
t

󰀃 󰁨Rt(x≤t)
󰀄
= xt +A−1

t

󰀃
Gt(x<t)

󰀄
.

Thus Rt(x≤t) = xt + Ft(x<t), for the linear map Ft = A−1
t ◦Gt. Since A−1

t is invertible, replacing
󰁨Rt by Rt does not change which redundancy symbols are zero. Therefore the MDS property is
preserved.

12



output
stream

n

∗

ℓa

∗ denotes the first nonzero

(zoom in) ∗ a tree code of length ℓa/ℓa−1 over alphabet {0, 1}ℓa−1

ℓa−1

(zoom in) ∗ a tree code of length ℓa−1/ℓa−2 over alphabet {0, 1}ℓa−2

ℓa−2

Figure 2: Schematic view of the multi-scale guarantee, for some a ∈ [L]. The symbol ∗ marks the
location of the first nonzero input. The first nonzero ℓa-block contains a smaller tree code.

2.2.1 A multi-scale MDS tree code

We now construct the central object used in the binary construction. The goal is to build a single
online linear map

R : {0, 1}n → {0, 1}n

which simultaneously behaves like an MDS tree code at several block scales. At scale a, the input
is viewed as blocks of length ℓa+1, each consisting of ma = ℓa+1/ℓa subblocks of length ℓa. The
guarantee is that, within the first ℓa+1-block where the input is nonzero, the pair

(x,R(x))

satisfies the MDS guarantee with respect to its ℓa-subblocks.

Proposition 2.4 (A tree code which is MDS at many scales altogether). Let

ℓ0 < ℓ1 < · · · < ℓL < ℓL+1 = n

be integers such that ℓa | ℓa+1 for every a ∈ {0, . . . , L}. For every a ∈ {0, . . . , L}, write

ma =
ℓa+1

ℓa
.

Assume that for every a ∈ {0, . . . , L} we are given the redundancy map

Ra :
󰀃
{0, 1}ℓa

󰀄ma →
󰀃
{0, 1}ℓa

󰀄ma

of a normal F2-linear MDS tree code of length ma over alphabet {0, 1}ℓa .
Then there exists an explicit online F2-linear map

R : {0, 1}n → {0, 1}n

with the following property. Fix a scale a ∈ {0, . . . , L}. Decompose [n] into n/ℓa+1 consecutive
blocks of length ℓa+1,

[n] = Qa
1 ∪ · · · ∪Qa

n/ℓa+1
.
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Write
Qa

u = P a
u,1 ∪ P a

u,2 ∪ · · · ∪ P a
u,ma

,

where P a
u,1, . . . , P

a
u,ma

are the consecutive ℓa-subblocks of Qa
u.

Then for every nonzero x ∈ {0, 1}n, the following holds. Let

(u, s) ∈
󰀗

n

ℓa+1

󰀘
× [ma]

be minimal in lexicographic order such that

xPa
u,s

∕= 0̄.

Then for every suffix length h ∈ [ma − s+ 1],

󰀏󰀏󰀏
󰁱
j ∈ [s, s+ h− 1] : xPa

u,j
∕= 0̄

󰁲󰀏󰀏󰀏+
󰀏󰀏󰀏
󰁱
j ∈ [s, s+ h− 1] : R(x)Pa

u,j
∕= 0̄

󰁲󰀏󰀏󰀏 > h. (2.2)

Proof. Given the maps R0, . . . ,RL, we define new maps

R(a) : ({0, 1}ℓa)ma → ({0, 1}ℓa)ma

recursively, as follows. For a = 0, set
R(0) = R0.

For a > 0, on input
y = (y1, . . . , yma) ∈ ({0, 1}ℓa)ma ,

where each yj ∈ {0, 1}ℓa is viewed as a word over {0, 1}ℓa−1 , define

R(a)(y) := Ra
󰀃
R(a−1)(y1), . . . ,R(a−1)(yma)

󰀄
.

Finally, to define the desired map R, view each x ∈ {0, 1}n as an element of ({0, 1}ℓL)mL , and set

R(x) := R(L)(x).

The recursive definition is bitwise online: this follows from the normality of the maps Ra, together
with the induction hypothesis that R(a−1) is bitwise online. Hence R is online.

It remains to see that Equation (2.2) is satisfied. We prove the following stronger statement
by induction on a: the map R(a) satisfies Equation (2.2) at every scale 0, . . . , a inside its ℓa+1-bit
input.

For a = 0, this is exactly the MDS property of R0. Assume the claim for a− 1, and let

y = (y1, . . . , yma) ∈ ({0, 1}ℓa)ma .

For every j ∈ [ma], the induction hypothesis applied to yj and to a suffix of length 1 implies that

yj ∕= 0̄ ⇐⇒ R(a−1)(yj) ∕= 0̄.

Thus the word
z :=

󰀃
R(a−1)(y1), . . . ,R(a−1)(yma)

󰀄

has the same zero pattern as y. Applying the MDS property ofRa to z therefore gives Equation (2.2)
at scale a.

14



It remains only to note that the smaller scales are preserved. Let s be the first index with
ys ∕= 0̄. Since zj = 0̄ for all j < s, and since Ra is normal, its s-th output block on input z is
exactly

zs = R(a−1)(ys).

Thus, inside the first nonzero ℓa-block ys, the final output of R(a) coincides with the output of
R(a−1). Therefore all guarantees at scales 0, . . . , a− 1 follow from the induction hypothesis inside
ys. This completes the induction. Taking a = L proves Equation (2.2) for R.

2.2.2 A ρ-schedule

The binary construction will need to schedule error correcting code information which is output by
different scales. We formalize the scheduling object that we will use.

We make the following a definition, of a ρ-schedule for ρ ∈ (0, 1), which is a way to allocate the
n time-points of S work-slots, such that for every task a ∈ {0, . . . , L} associated with a time-length
ℓa ∈ N, on each time between every two consequative multiples of ℓa, the schedule allocates ρℓa
work-points indexed by {1, . . . , ρℓa}, for a, on some slot; the schedule never allocates work for a on
more than slot at a time. More formally,

Definition 2.5. Given integers 0 < ℓ0 < . . . < ℓL, and S ∈ N, we say that a function π : [n]×[S] →
({0, . . . , L}× N) ∪ {⊥} is a ρ-schedule if the following holds.

1. For every a ∈ {0, . . . , L} and t ∈ [n] there is at most one r ∈ [S] such that π(t, r) = (a, ·).

2. For every a ∈ {0, . . . , L} and t ∈ [ℓa], for every r ∈ [S], π(t, r) ∕= (a, ·).

3. For every a ∈ {0, . . . , L} and f ∈ [ nℓa − 1], {π(t, r) | t ∈ {fℓa + 1, . . . , (f + 1)ℓa}, r ∈
[S]} ∩ ({a}× N) = {a}× [ρℓa].

The next lemma shows that such a schedule exists with few slots.

Lemma 2.6. Let
0 < ℓ0 | ℓ1 | · · · | ℓL

be integers, and let 0 < ρ ≤ 1/2 be such that ρℓa ∈ N for every a ∈ {0, . . . , L}. Then there is an
explicit ρ-schedule with

S =

󰀛
L+ 1

⌊1/ρ⌋

󰀜
≤ ⌈2ρ(L+ 1)⌉.

Proof. Let

k =

󰀙
1

ρ

󰀚
.

Partition the scales 0, . . . , L into consecutive groups of size at most k, and assign one slot to each
group. Thus the number of slots is

S =

󰀛
L+ 1

k

󰀜
=

󰀛
L+ 1

⌊1/ρ⌋

󰀜
.

We identify [n] with the time steps of the schedule. For each a ∈ {0, . . . , L} and each f ∈
[n/ℓa − 1], a task of scale a becomes available at time fℓa + 1. This task consists of ρℓa units,
indexed by

1, . . . , ρℓa,
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and must be processed during the interval

{fℓa + 1, . . . , (f + 1)ℓa}.

Within each group, at every time t ∈ [n], the corresponding slot processes one unit from an available
unfinished task of smallest scale index a in the group.4 If there is no available unfinished task in
the group, the slot is idle.

We define π(t, r) = (a, i) if at time t, slot r processes the i-th unit of a task of scale a, and
define π(t, r) =⊥ if the slot is idle. By construction, the schedule never allocates work for the same
scale on more than one slot at the same time.

It remains to prove that every task is completed by the end of its interval. Fix a group and
consider a task J of scale a, becoming available at time

T + 1, where T = qℓa,

and with deadline T + ℓa. During the interval

I = {T + 1, . . . , T + ℓa},

only tasks of smaller-index scales in the same group can be processed before J , assuming the claim
has already been proved for earlier tasks.

For each smaller-index scale b in the group, the divisibility ℓb | ℓa implies that scale b has exactly
ℓa/ℓb tasks whose intervals are contained in I. These tasks contain in total

ℓa
ℓb

· ρℓb = ρℓa

units of work. Since there are at most k − 1 such smaller-index scales, the total amount of work
that can be processed before J in I is at most

(k − 1)ρℓa ≤ (1− ρ)ℓa,

where the last inequality uses k ≤ 1/ρ. Therefore at least ρℓa time steps of the group’s slot remain
for J , which is enough to complete all its units. Thus every task is completed by the end of its
interval.

2.2.3 The main construction

We will use the following standard fact about explicit binary linear codes.

Fact 2.7. For every 0 < ∆ < 1/2, there exists ρ = ρ(∆) = O(H(∆)) such that, for every k ∈ N,
there is an explicit systematic binary linear code of dimension k, length at most (1 + ρ)k, and
relative distance at least ∆. Equivalently, the encoding has the form

x 󰀁→ (x,Rbin
k (x)),

where
Rbin

k : {0, 1}k → {0, 1}rk

is linear and rk ≤ ρk.

4A naive greedy construction which always chooses the smallest available scale globally, without partitioning into
groups, fails.
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With this we are ready to prove the theorem of this section.

Theorem 2.8 (A binary tree code with improved parameters). For every 0 < ∆ < 1/2 and every
n′ ∈ N, there is ñ ≥ n′ such that there is an explicit F2-linear binary tree code

󰁩T C : {0, 1}ñ → ({0, 1}r)ñ

with distance Ω(∆), where
r = O

󰀃
H(∆) log log ñ

󰀄
.

Before proving the theorem, we describe the encoding of the claimed tree code. We first describe
an intermediate encoder T C in Figure 3, and state the key lemma used in its analysis, Lemma 2.9.
We then describe the final encoder 󰁩T C in Figure 4, which consists of two relatively shifted copies
of the intermediate encoder. We conclude with the proof of the theorem.
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Algorithm 1: the encoder T C.
Parameters.

• Let 0 < ℓ0 < ℓ1 < · · · < ℓL < ℓL+1 = n be integers such that ℓa | ℓa+1.

• Let ρ ∈ (0, 1) be such that for every a, ρℓa ∈ N.

Building Blocks.

• Let R : {0, 1}n → {0, 1}n be the (redundancy map of the) multi-scale block tree-code from
Proposition 2.4.

• π : [n]× [S] → ({0, . . . , L}× N) ∪ {⊥} the ρ-schedule from Lemma 2.6 with S =
󰁯

L+1
⌊1/ρ⌋

󰁰
.

• For every a ∈ {0, . . . , L}, let Rbin
ℓa

: {0, 1}ℓa → {0, 1}ρℓa be the map from Fact 2.7.

The Encoding.
On input x ∈ {0, 1}n, the encoding T C : {0, 1}n → ({0, 1}2+2S)n is defined as follows.

1. For every a ∈ {0, . . . , L} and j ∈ [ nℓa ], define

Ea,j := Rbin
ℓa (x(j−1)ℓa+1,...,jℓa) ∈ {0, 1}ρℓa ,

Oa,j := Rbin
ℓa (R(x)(j−1)ℓa+1,...,jℓa) ∈ {0, 1}ρℓa .

(In words: Ea,j is the binary-redundancy of the j-th block of x, within the scale a; Oa,j is the
binary-redundancy of the j-th block of R(x), within the scale a.)

2. For each slot number r ∈ [S] define two strings er = (er1, . . . , e
r
n) ∈ {0, 1}n and or =

(or1, . . . , o
r
n) ∈ {0, 1}n, as follows. For t ∈ [n],

ert =

󰀫
0 if π(t, r) =⊥,

(Ea,⌈ t
ℓa

⌉−1)h if π(t, r) = (a, h),

ort =

󰀫
0 if π(t, r) =⊥,

(Oa,⌈ t
ℓa

⌉−1)h if π(t, r) = (a, h).

(I.e., er and or are the ordering of the redundancy-blocks {Ea,j} and {Oa,j} according to the
r-th slot of the schedule π: if π(t, r) = (a, h), where t is within the j-th ℓa-sized interval of [n],
then we set the t-th location in er and or to be the h-th element of Ea,j−1 and the h-th element
of Oa,j−1, accordingly.)

3. At each time t ∈ [n], set the t-th output to

T C(x)t =
󰀃
xt, R(x)t, e1t , . . . , e

S
t , o

1
t , . . . , o

S
t

󰀄
.

(That is, each output symbol is composed of the current bit of x, the current bit of R(x), and
one bit for each of the 2S binary-redundancy strings {er}r∈[S], {or}r∈[S].)

Figure 3: An intermediate encoder T C, used by the final encoder 󰁩T C described next.

The following lemma is for a specific scale a∗. It shows that in case that a suffix starting from
the split s is contained in an interval which ends before the next time that an ℓa∗+1-block of the
multi-scale tree-code is reached, then the described encoding T C assures high-distance, proportional
to the suffix length.

Lemma 2.9. Let T C be the encoder defined in Figure 3, and fix a∗ ∈ {0, . . . , L}. Let x ∈ {0, 1}n
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be non-zero, and let s := min{t ∈ [n] | xt ∕= 0}. Further assume that h ∈ [n − s + 1] is such that
h ≥ 2ℓa∗ , and moreover, for some d ∈ N, I := [s, s + h − 1] ⊆ [(d − 1)ℓa∗+1 + 1, dℓa∗+1]. Then
HammingWeight(T C(x)I) ≥ Ω(∆h).

Proof. Let J1, . . . , Jq be the consecutive ℓa∗ blocks whose right endpoints are contained in I, that
is {J1, . . . , Jq} = {[(f − 1)ℓa∗ + 1, fℓa∗ ] | f ∈ N, fℓa∗ ∈ I}. Note that

q ≥ ⌊ h

ℓa∗
⌋, (2.3)

and therefore by the assumption h ≥ 2ℓa∗ , q ≥ 2. Recall that the t-th output, T C(x)t, is a tuple of
2+2S elements, the first two being xt and R(x)t, and then êt := (e1t , . . . , e

S
t ) and ôt := (o1t , . . . , o

S
t )

which consist of the remaining 2S elements of the output. We have, by Proposition 2.4, that

󰀏󰀏󰀋j ∈ [q − 1] : xJj ∕= 0
󰀌󰀏󰀏+

󰀏󰀏󰀋j ∈ [q − 1] : R(x)Jj ∕= 0
󰀌󰀏󰀏 > q − 1.

Therefore either

󰀏󰀏󰀋j ∈ [q − 1] : xJj ∕= 0
󰀌󰀏󰀏 ≥ q − 1

2
or

󰀏󰀏󰀋j ∈ [q − 1] : R(x)Jj ∕= 0
󰀌󰀏󰀏 ≥ q − 1

2
.

Assume the first. Observe that for every Jj = [(f − 1)ℓa∗ + 1, fℓa∗ ] for j ∈ [q − 1], Rbin
ℓa∗

(xJj ) is
embedded in êJj+1 where Jj+1 ⊆ I. Therefore, if xJj ∕= 0, then

|{t ∈ [|Jj |] | (xJj )t ∕= 0}|+ |{t ∈ [|Jj+1|] | (êJj+1)t ∕= 0}| ≥ ∆ℓa∗ ,

by the Rbin
ℓa∗

distance guarantee in Fact 2.7. We conclude that

|{t ∈ I | xt ∕= 0}|+ |{t ∈ I | êt ∕= 0}| ≥ q − 1

2
·∆ℓa∗ ,

and thus that

HammingWeight(T C(x)I) ≥
q − 1

4
·∆ℓa∗ = Ω(q∆ℓa∗),

recalling that q ≥ 2. Plugging in Equation (2.3) we get that HammingWeight(T C(x)I) ≥ Ω(h∆),
as desired. The second case, that

󰀏󰀏󰀋j ∈ [q − 1] : R(x)Jj ∕= 0
󰀌󰀏󰀏 ≥ q−1

2 , has an identical analysis,
considering R(x) instead of x and ô instead of ê.

We now state the final encoding used, followed by the proof for Theorem 2.8.
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Algorithm 2: the encoder 󰁩T C.
Parameters.

• Let 0 < ℓ0 < ℓ1 < · · · < ℓL < ℓL+1 = n be integers such that ℓa | ℓa+1, and such that

σ =

L󰁛

a=1

ℓa
2

∈ N. (2.4)

• Let ρ ∈ (0, 1) be such that for every a, ρℓa ∈ N.

Building Blocks.

• Let T C : {0, 1}n → ({0, 1}2+2S)n be the encoding defined in Figure 3, by the same parameters,

where S =
󰁯

L+1
⌊1/ρ⌋

󰁰
.

The Encoding.
On input x ∈ {0, 1}n−σ, the encoding 󰁩T C : {0, 1}n−σ → ({0, 1}4+4S)n−σ is defined as follows.

• At each time t ∈ [n− σ], set the t-th output to

󰁩T C(x)t =
󰀃
T C(x ◦ 0σ)t, T C(0σ ◦ x)t+σ

󰀄
,

where 0σ := (0, . . . , 0)󰁿 󰁾󰁽 󰂀
σ times

.

Figure 4: The main encoder 󰁩T C, used for proving Theorem 2.8.

Proof for Theorem 2.8.

Setting parameters. Our aim is to construct 󰁩T C by relying on Proposition 2.4, which, re-
call, constructs a “multi-scale” tree code, of different alphabet sizes, corresponding to the scales
ℓ0, . . . , ℓL+1 ∈ N. Before invoking Proposition 2.4, we start the proof by choosing these scales.
Towards, we first set intermediate values e0, . . . , eL+1 by setting e0 = 9, and defining recursively
ea+1 = ea +

󰀇
ea
3

󰀈
. Then, we set for every a, ℓa = 2ea . We set L to be the smallest integer for which

ℓL+1 ≥ 2n′.

Observe that for every a ∈ {0, . . . , L}
ℓa+1 ≥ 8ℓa (2.5)

and ℓa | ℓa+1, as both are powers of two. The a-th level depth is

ma =
ℓa+1

ℓa
= 2ea+1−ea ; =⇒ m3

a = 23(ea+1−ea) = 23⌊ea/3⌋ ≤ 2ea = ℓa,

that is, the alphabet length ℓa is large enough to apply Pudlák’s MDS Theorem 1.6 tree code of
length ma at scale a.

Further, we define

n := ℓL+1,

σ :=

L󰁛

a=1

ℓa
2
, (2.6)

ñ := n− σ
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where ñ is to be the constructed code length. Observe that σ < n
4 and so

ñ >
3

4
n ≥ 6

4
n′ > n′. (2.7)

Finally, as the sequence ea grows exponentially in a, L = O(log eL+1) = O(log log ñ), since eL+1 =
log n = O(log ñ) by Equation (2.7).

The encoding. Let ρ = ρ(∆) = O(H(∆)) be as in fact Fact 2.7. By decreasing ∆ by a constant

factor, we may assume that ρ ≤ 1/2, and that ρ = 2−b for some b ∈ N.5 Let 󰁩T C be the encoder
described in Figure 4. We argue that this encoder satisfies the desired properties.

Correctness. The encoder is online since R is online by Proposition 2.4, and every error correct-
ing code bit, a result of Rbin

ℓa
, is used only after its input block has been fully read. It is F2-linear

since R and the maps Rbin
ℓa

are linear.

Rate analysis. By the definition of the encoder, the output alphabet is {0, 1}r, where

r = 2(2 + 2S) = 4 + 4S,

where by Lemma 2.6,

S =

󰀛
L+ 1

⌊1/ρ⌋

󰀜
= O(ρL).

Since L = O(log log ñ) and ρ = O(H(∆)), the rate is

Ω

󰀕
1

H(∆) log log ñ

󰀖
.

Distance analysis. It remains to prove the distance guarantee. Since 󰁩T C is linear, it suffices to
consider a single non-zero input x ∈ {0, 1}ñ. Let

s := min{t ∈ [ñ] | xt ∕= 0}

be the split, and fix a suffix length h ∈ [ñ − s + 1]. We will lower bound the number of non-zero
output symbols in the interval

I := [s, s+ h− 1].

Towards that, we first observe that if h < 2ℓ0 then the fraction of non-zeroes within the interval is
larger than 1

2ℓ0
= Ω(1), and so we proceed by assuming that h ≥ 2ℓ0. We define

a∗ := max{a ∈ {0, . . . , L} | 2ℓa ≤ h}.

Note that this choice guarantees that within the output stream of a multi-scale tree code, at least
two ℓa∗-size blocks end within I. We further notate

m∗ :=
ℓa∗+1

ℓa∗
,

5We use this only to ensure that ρℓa ∈ N whenever there is binary redundancy to schedule: ρℓa is the length of
the additional binary redundancy scheduled at scale a. If ρℓa < 1, then there is no such redundancy to schedule.
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the length of a tree-code with block size ℓa∗ .

Consider the two parts of 󰁩T C(x). The first corresponds to first ñ locations of T C(x◦0σ) := y(0),
and the second corresponds to T C(0σ ◦x){σ+1,...,n} := y(1). We consider two points in y(0) and y(1),

r(0) := ℓa∗+1 · ⌈
s

ℓa∗+1
⌉ ∈ [n] and r(1) := ℓa∗+1 · ⌈

σ + s

ℓa∗+1
⌉ − σ ∈ [ñ].

Observe that r(0) is the point in y(0) where the tree code with block length ℓa∗ , which contains s,
ends. Similarly, r(1) is the point in y(1) where the tree code with block length ℓa∗ , which contains s,
ends. Between y(0) and y(1), let η ∈ {0, 1} correspond to the one for which r(η) − s+ 1 is maximal;
observe that r(η) − s+ 1 is the time length from the split to the tree code end within y(η), and we
claim that it must be large. To show that, we write σ = σ′ℓa∗+1 + (σ mod ℓa∗+1) for an integer σ′

and observe that r(1) = ℓa∗+1 · ⌈
(σ mod ℓa∗+1)+s

ℓa∗+1
⌉ − (σ mod ℓa∗+1) and that adding (σ mod ℓa∗+1)

in the numerator increases the ceiling by at most 1. Therefore,

|r(1) − r(0)| =
󰀏󰀏󰀏󰀏ℓa∗+1

󰀕
⌈(σ mod ℓa∗+1) + s

ℓa∗+1
⌉ − ⌈ s

ℓa∗+1
⌉
󰀖
− (σ mod ℓa∗+1)

󰀏󰀏󰀏󰀏

≥ min((σ mod ℓa∗+1), ℓa∗+1 − (σ mod ℓa∗+1)).

It follows that r(η) − s+ 1 ≥ min((σ mod ℓa∗+1), ℓa∗+1 − (σ mod ℓa∗+1)). Now, by σ’s definition
in Equation (2.6), and using the fact that for every a, ℓa < ℓa+1 are powers of 2, then if a∗ < L

σ mod ℓa∗+1 =

󰀣
a∗+1󰁛

a=1

ℓa
2

󰀤
mod ℓa∗+1.

Note that
󰁓a∗

a=1 ℓa < 1
2ℓa∗+1 by Equation (2.5), and therefore

󰁓a∗+1
a=1

ℓa
2 < 3

4ℓa∗+1. We conclude
that if a∗ < L

r(η) − s+ 1 >
1

4
ℓa∗+1, (2.8)

and so we have successfully bounded the time length from the split to the tree code end within
y(η).

In order to bound the non-zeroes in T C(x), we will only consider the non-zeroes within y(η),
and so we proceed by bounding the latter. Towards that, we split into cases.

1. The first case is that r(η) ≥ s+h−1. In this case, by Lemma 2.9 with regard to a suffix of length
h starting from the split, applied on T C(x◦0σ) in case that η = 0, or on T C(0σ◦x) in case η = 1

(in either case both outputs are included in 󰁩T C(x)), yields HammingWeight(󰁩T C(x)I) = Ω(∆h).

2. The second case is that r(η) < s + h − 1. In this case we define h′ := r(η) − s + 1, and
consider the interval I ′ := [s, s+ h′ − 1] = [s, r(η)] ⊆ I. We again apply Lemma 2.9, this time
with regards to the suffix of length h′ starting from the split (again on either T C(x ◦ 0σ) or
on T C(0σ ◦ x), dependent on η). Notice that by Equation (2.8) and Equation (2.5), indeed
we have h′ ≥ 2ℓa∗ as required to apply the lemma. Observe that to use Equation (2.5) we
need that a∗ < L. If it was the case that a∗ = L then r(η) ≥ ñ, and thus since we are
in the case that r(η) < s + h − 1, this cannot be. Hence, applying Lemma 2.9 yields that
HammingWeight(󰁩T C(x)I′) = Ω(∆h′) = Ω(∆ℓa∗+1). Now, by the definition of a∗, 2ℓa∗+1 > h.

Thus we conclude that HammingWeight(󰁩T C(x)I) ≥ HammingWeight(󰁩T C(x)I′) = Ω(∆h) in
this case as well.
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This proves the tree distance lower bound.

Remark 2.10 (Removing the entropy loss). As stated, the H(∆) factor in Theorem 2.8 can be
replaced by ∆. The only place where the construction above loses a factor O(H(∆)), rather than
O(∆), is in the use of the binary error-correcting codes from Fact 2.7. This loss can be removed by
first carrying out the construction over a polynomial-size alphabet.

Indeed, take the basic alphabet to be {0, 1}a0, with a0 = O(log n), rather than a constant-size
alphabet. The construction is otherwise the same, except that the auxiliary error-correcting codes
are now applied over the alphabet {0, 1}a0. Over such alphabets, one can use standard systematic
codes whose redundancy has alphabet exponent O(∆), rather than O(H(∆)). The same argument
as in the proof of Theorem 2.8 then applies with ρ = O(∆). Since the final rate obtained there is
Ω(1/(ρ log log n)), this gives rate

Ω

󰀕
1

∆ log log n

󰀖

and distance Ω(∆).

Finally, applying the standard reduction from polynomial-size alphabets to the binary alphabet,
as in Fact 3.11 of [BYCY22], loses only constant factors in the distance and rate. This gives the
stated binary construction.

3 MDS tree codes over a smaller alphabet

In this part we prove the following (variable-alphabet) MDS tree code theorem.

Theorem 3.1. For every ℓ ∈ N≥3, there exist alphabets

Γ1, . . . ,Γℓ

with |Γt| ≤ 2ℓ
2
for every t ∈ [ℓ], and an explicit linear tree code

T Cℓ : Γ1 × · · ·× Γℓ → (Γ1 × Γ1)× · · ·× (Γℓ × Γℓ)

which is MDS. Namely, for every nonzero

x = (x1, . . . , xℓ) ∈ Γ1 × · · ·× Γℓ,

if
s = min{t ∈ [ℓ] : xt ∕= 0},

then for every h ∈ [ℓ− s+ 1],

|{t ∈ [s, s+ h− 1] : xt ∕= 0}|+ |{t ∈ [s, s+ h− 1] : (T Cℓ(x)t)2 ∕= 0}| > h, (3.1)

where (T Cℓ(x)t)2 denotes the second coordinate of T Cℓ(x)t ∈ Γt × Γt. In particular, T Cℓ has rate
1/2 and distance larger than 1/2.

The construction is based on shifted sums of the input symbols, and we will prove its correctness
by an inductive argument. The lengths of the alphabets are chosen so that, at time t, the newly
read symbol xt has exactly the same length as each one of the two entries of the t-th output pair;
this length is determined by how far the previous input symbols have been shifted up to time t.

Before presenting the construction, we define the alphabet lengths and the shifted-sum operation
used by the encoder. We then state the inductive lemma used to prove the distance guarantee.

Definition 3.2. Given ℓ ∈ N≥3 we define:
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Alphabets Γ1, . . . ,Γℓ. Set

n1 :=

󰀕
ℓ− 1

2

󰀖
,

and for every t ≥ 2, define
nt := nt−1 + t− 2.

Equivalently,

nt =

󰀕
ℓ− 1

2

󰀖
+

󰀕
t− 1

2

󰀖
.

For every t ∈ [ℓ], set
Γt := {0, 1}nt .

The shift operator. Given v = (v1, . . . , vn) ∈ {0, 1}n, q ≥ 0, and r ≥ n+ q, define

shiftr(v, q) ∈ {0, 1}r

by
shiftr(v, q) := ( 0, . . . , 0󰁿 󰁾󰁽 󰂀

r−n−q times

, v1, . . . , vn, 0, . . . , 0󰁿 󰁾󰁽 󰂀
q times

).

That is, shiftr(v, q) shifts v q places to the left and pads by zeroes on both sides so that the resulting
vector has length r.

The Eval operator. For t ∈ [ℓ], define

Evalt : Γ1 × · · ·× Γℓ → Γt

by

Evalt(x1, . . . , xℓ) :=
t󰁛

i=1

shiftnt

󰀃
xi, (i− 1)(t− i)

󰀄
,

where the sum is over F2.
6

The proof of distance of the construction is based on the following lemma.

Lemma 3.3. Let x1, . . . , xℓ, with xi ∈ Γi, be not all zero, and set

ν := |{i ∈ [ℓ] | xi ∕= 0̄}| , s := min{i ∈ [ℓ] | xi ∕= 0̄}.

Then
|{t ∈ [s, ℓ] | Evalt(x1, . . . , xℓ) = 0̄}| < ν.

Before proving Lemma 3.3, we use it to define the tree code and prove Theorem 3.1.

6The operator Evalt is well-defined. Indeed, in the i-th summand, the vector xi has length ni and is shifted by
q = (i− 1)(t− i). Thus we need ni + q ≤ nt. For i < t, the quantity ni + (i− 1)(t− i) is maximized at i = t− 1, and
hence ni + (i− 1)(t− i) ≤ nt−1 + t− 2 = nt.

24



Proof of Theorem 3.1. Let ℓ ∈ N≥3, and let Γ1, . . . ,Γℓ be the alphabets from Definition 3.2. Define

T Cℓ : Γ1 × · · ·× Γℓ → (Γ1 × Γ1)× · · ·× (Γℓ × Γℓ)

by
T Cℓ(x1, . . . , xℓ)t :=

󰀃
xt,Evalt(x1, . . . , xℓ)

󰀄
.

By an easy inspection of the Eval operator, this gives an online linear encoding. Moreover, for
every t ∈ [ℓ],

nt =

󰀕
ℓ− 1

2

󰀖
+

󰀕
t− 1

2

󰀖
≤ 2

󰀕
ℓ− 1

2

󰀖
< ℓ2,

and therefore
|Γt| = 2nt < 2ℓ

2
.

The MDS guarantee Equation (3.1) follows immediately from Lemma 3.3. As for the “in
particular” part, by the MDS guarantee, on every relevant interval of length h, strictly more than
h nonzero output entries out of 2h, thus the distance is larger than 1/2.

It remains to prove Lemma 3.3. We prove a stronger statement, Lemma 3.6, which implies it,
by induction. We first introduce two definitions.

Definition 3.4. For every n ∈ N and every nonzero x ∈ {0, 1}n, define

LeftMostNonzero(x) := min{i ∈ [n] | xi ∕= 0}.

Definition 3.5. For every not-all-zero x1, . . . , xℓ, with xi ∈ Γi, we define, for every t ≥ min{i ∈
[ℓ] | xi ∕= 0̄},

LeftMostNonzeroColumnt(x1, . . . , xℓ) := min
i≤t :xi ∕=0̄

LeftMostNonzero
󰀃
shiftnt

󰀃
xi, (i− 1)(t− i)

󰀄󰀄
.

With these definitions in place, we now state and prove the stronger lemma.

Lemma 3.6. Let x1, . . . , xℓ, with xi ∈ Γi, be not all zero, and set

I(x1, . . . , xℓ) := {i ∈ [ℓ] | xi ∕= 0̄}, ν := |I(x1, . . . , xℓ)|.

Then the set

T (x1, . . . , xℓ) :=
󰀋
t ∈ [ℓ]

󰀏󰀏 t ≥ min I(x1, . . . , xℓ) ∧ Evalt(x1, . . . , xℓ)LeftMostNonzeroColumnt(x1,...,xℓ) = 0
󰀌

has size less than ν.

Proof. The proof is by induction on ν.

If ν = 1, let i∗ be the unique index such that xi∗ ∕= 0̄. Then for every t ≥ i∗,

Evalt(x1, . . . , xℓ) = shiftnt

󰀃
xi∗ , (i

∗ − 1)(t− i∗)
󰀄
.

Therefore the entry of Evalt(x1, . . . , xℓ) at LeftMostNonzeroColumnt(x1, . . . , xℓ) is nonzero. Hence
T (x1, . . . , xℓ) = ∅, as desired.

Assume now that ν > 1, and assume towards contradiction that |T (x1, . . . , xℓ)| ≥ ν. Let

t∗ := minT (x1, . . . , xℓ), C∗ := LeftMostNonzeroColumnt∗(x1, . . . , xℓ).
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Define
S :=

󰀋
i ≤ t∗

󰀏󰀏 shiftnt∗

󰀃
xi, (i− 1)(t∗ − i)

󰀄
C∗ ∕= 0

󰀌
.

The set S is nonempty by the definition of C∗. Since t∗ ∈ T (x1, . . . , xℓ), we have

0 = Evalt∗(x1, . . . , xℓ)C∗ =
󰁛

i∈S
shiftnt∗

󰀃
xi, (i− 1)(t∗ − i)

󰀄
C∗ .

The sum is over F2, and every summand is 1. Hence S has even size, so in particular |S| ≥ 2. Let

i∗ := minS, i∗∗ := min(S \ {i∗}).

Then i∗ < i∗∗ ≤ t∗. Moreover,

LeftMostNonzero
󰀃
shiftnt∗

󰀃
xi∗ , (i

∗ − 1)(t∗ − i∗)
󰀄󰀄

=

LeftMostNonzero
󰀃
shiftnt∗

󰀃
xi∗∗ , (i

∗∗ − 1)(t∗ − i∗∗)
󰀄󰀄

= C∗.

For every t > t∗, the row i∗∗ moves farther to the left than the row i∗, since

(i∗∗ − 1)(t− t∗) > (i∗ − 1)(t− t∗).

Therefore

LeftMostNonzero
󰀃
shiftnt

󰀃
xi∗ , (i

∗ − 1)(t− i∗)
󰀄󰀄

> LeftMostNonzero
󰀃
shiftnt

󰀃
xi∗∗ , (i

∗∗ − 1)(t− i∗∗)
󰀄󰀄

≥ LeftMostNonzeroColumnt(x1, . . . , xℓ).

In particular,

LeftMostNonzero
󰀃
shiftnt

󰀃
xi∗ , (i

∗ − 1)(t− i∗)
󰀄󰀄

∕= LeftMostNonzeroColumnt(x1, . . . , xℓ) (3.2)

for every t > t∗.

Now define x′1, . . . , x
′
ℓ by setting x′i∗ = 0̄ and x′i = xi for every i ∕= i∗. Then x′1, . . . , x

′
ℓ has

exactly ν − 1 nonzero entries. We claim that

T (x1, . . . , xℓ) \ {t∗} ⊆ T (x′1, . . . , x
′
ℓ).

Indeed, let t ∈ T (x1, . . . , xℓ)\{t∗}. Since t∗ = minT (x1, . . . , xℓ), we have t > t∗. By Equation (3.2),
removing xi∗ does not change the left-most nonzero column at time t. Hence

LeftMostNonzeroColumnt(x
′
1, . . . , x

′
ℓ) = LeftMostNonzeroColumnt(x1, . . . , xℓ).

At this column, the contribution of xi∗ is zero, again by Equation (3.2). Therefore

Evalt(x
′
1, . . . , x

′
ℓ)LeftMostNonzeroColumnt(x′

1,...,x
′
ℓ)
= Evalt(x1, . . . , xℓ)LeftMostNonzeroColumnt(x1,...,xℓ) = 0.

Also min I(x′1, . . . , x
′
ℓ) ≤ i∗∗ ≤ t∗ < t, so t ∈ T (x′1, . . . , x

′
ℓ).

Thus
|T (x′1, . . . , x′ℓ)| ≥ |T (x1, . . . , xℓ)|− 1 ≥ ν − 1,

contradicting the induction hypothesis. This completes the proof.
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A Auxiliary proofs

Proof sketch for Theorem 2.2. Pudlák [Pud16, Section 6] constructs a lower-triangular matrix

Wn(x) ∈ F2[x]
n×n

whose entries are

(Wn(x))i,j =

󰀫
x(n−i+j−1)2 , i ≥ j,

0, i < j.

He proves that every square submatrix of Wn(x) whose diagonal lies in the lower triangle has
determinant equal to a nonzero polynomial in x. Every such determinant has degree at most

n(n− 1)2.

Indeed, each entry has degree at most (n − 1)2, and every determinant monomial is a product of
at most n entries. Let

d = n(n− 1)2 + 1

and choose an irreducible polynomial f(x) ∈ F2[x] of degree d. Such a polynomial can be found
deterministically in polynomial time [Sho90]. Working over

F2d
∼= F2[x]/(f(x)),

and writing α = x mod f(x), we obtain the lower-triangular matrix

Ai,j =

󰀫
α(n−i+j−1)2 , i ≥ j,

0, i < j.

Since no nonzero polynomial of degree smaller than d can vanish at α, every relevant minor of A is
nonsingular. The arguments in [Pud16] then readily imply that the systematic encoding induced
by A is an MDS tree code over F2d .
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Finally, fix an F2-linear identification

F2d
∼= Fd

2.

Under this identification, multiplication by each field element is an F2-linear map, so the code
becomes an F2-linear map 󰀃

{0, 1}d
󰀄n →

󰀃
{0, 1}d × {0, 1}d

󰀄n
.

Taking ℓ = d gives the claimed code.
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