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1 Introduction

Pseudorandom generators, and hitting set generators, for different classes of functions
have long been objects of study in the theory of complexity, pseudorandomness, and
derandomization. One such important class is that of low-degree polynomials: n-variate
polynomials over a finite field F,, with total degree at most d. They are the focus of
this work, and more specifically the problem of constructing efficient and low-randomness
hitting set generators for their class. The main two regimes under which this problem has
been studied is the small-field regime, and most importantly the binary ¢ = 2 case; and
the large-field regime, in which one assumes g > d. We start by recalling two basic facts

about the number of roots that bounded-degree polynomials may have.

Fact 1.1 (Root bound for the ¢ = 2 case). Let p € Fy[x1,...,x,] be a polynomial of total
degree at most d, such that p mod (x3 — zy,...,22 —x,) Z0. Then

1
Pr a1y...,0,) =0 <1——.
ale(]Fq),...,aan(IFq)[p( ! ) ) 2d

Fact 1.2 (Root bound for the d < ¢ case). Let p € F,lx1,...,x,] be a polynomial of total
degree at most d. Then

Pr aiy...,0,) =0 <
a1~U(]Fq),..,,a"~U(]Fq)[p( ! ) ]

ESJIIESH

The challenge of constructing hitting sets generators for low-degree polynomials con-
cerns attempting to find explicit distributions, with a much smaller support than the
uniform distribution over Fy, which admit a number-of-root bound similar to Fact 1.1 or
Fact 1.2.

Definition 1.3 (Hitting set generator). For a set S, and h : S — Fy, we say that h is a
(d,0)-HSG (hitting set generator) if for every p € Fyz1,...,x,] such that p mod (z] —
T1,..., 28 —x,) 0, Prouys)[p(h(a)) # 0] > 6. We say that h has seed length ¢ to
mean that log |S| < (. The parameter § is called the density of the hitting set generator.

We say that a family {h; : S; — ng}iel of HSGSs, parameterized by infinite set I, is
explicit if on input i € I and given [log|S;|| uniformly random bits, one can output an

element y ~ h;(U(S;)), in time poly(n,d,logq).

We make several remarks. First, in most cases and prior works, one usually considers
values of d much smaller than n. A simple lower bound (see [BV10]) shows in particular
that when d < v/, if h has seed length ¢, then ¢ = Q(dlogn + log(15)).

Second, pseudorandom generators (PRGs) for low degree polynomials are a notion

tightly related to hitting set generators. In their case, one has a small-support distribution
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D on inputs in Fy such that for a low-degree polynomial p, the distribution p(D) is
close in statistical-distance to p(U(F,)). A pseudorandom generator implies a hitting set

generator, where the density 0 depends on the statistical-distance guarantee.

Past constructions. In the large-field regime, Klivans and Spielman [KS01] construed

explicit HSGs with seed length O(dlogn + log(7%5)), assuming that the field size sati-
fies ¢ > (24
with seed length O(dlogn + log(:%5)) assuming ¢ > (dlogn/(1 — §))°". Cohen and
Ta-Shma [CTS13] constructed HSGs for ¢ = Q(d®) with seed length O(d*logn), which
d)

)8. Bogdanov [Bog05] improved upon them by constructing explicit HSGs

(while not explicit per Definition 1.3) are computable in time nP°¥@ . Guruswami and
Xing [GX14] achieved explicit HSGs with seed length O(dlogn +log(%)) mildly assum-
ing ¢ > 2(d/(1—49)). We importantly mention that by the framework devised by [Bog05],
in the large-field case, HSGs yield PRGs. Further works importantly achieved PRGs with
optimal seed length, assuming that the underlying field is large enough [DV22, DGV24,
CDG26].!

In the small field regime, we will focus on past results for the binary case. The
work of Luby, Velickovi¢ and Wigderson [LVW93] yielded a HSG with a seed length
exp(O(d - +/Togn)). Bogdanov [Bog05] described a construction of HSGs with seed length
O(d?logn), with density 6 > n~2%, which is computable in time m©®@). The inde-
pendent works of Viola [Vio09] (building on [BV10, Lov08]) on Fy-PRGs and Dvir and
Shpilka [DS08] on noisy interpolating sets gave similar constructions. The HSGs arising
from the analysis in [Vio09] have seed length O(dlogn + poly(d)2?) (if 6 > 0),? and aris-
ing from [DS08] are explicit HSGs such that, for some constant & < i, have seed length
d(logn + O(1)) and density e? < 4. See also specilized constructions, by Lu [Lul2] - for
sparse polynomials; and, by Doron, Ta-Shma and Tell [DTST22] - for polynomials that

vanish Harley.

Recent independent progress. Very recently, exciting breakthrough progress on the
problem of PRGs for low-degree Fo-polynomials has been obtained: Chattopadhyay,
Hatami, Lee, Lovett, Tal and Viola [CHL*26] achieved seed length O(d?log® nlog(1/c))
(where ¢ is the designated statistical-distance); following which, Cohen [Coh26] achieved
seed length O(d*logn) or alternatively O(d3logn) for constant ¢, and the exact depen-
dence on ¢ is by a multiplicative dependence on a factor about linear in log(1/¢). Our

work reported here on HSGs is independent of these recent works. We remark that the

! Another related problem is (randomized or non-randomized) Polynomial Identity Testing, however a
solution for it does not necessarily yield a 6-HSG as there one is allowed more than one sample.
2The analysis in [Vio09] allows with seed length O(d log n+ poly(d)2¢) reaching density § = (1 —a)2~¢

for o exponentially small in d.



HSG seed length in our construction is polynomially shorter compared to what is induced
from these recent PRG results (arising both from the dependence in n or d, and in ¢ the

designated statistical-distance).

1.1 Our results

Our main result is an explicit construction Fy-hitting set generators with a small seed
length (in particular optimal for d = O(logn)) and an almost optimal density compared

to the ideal 2% More formally,

Theorem 1.4. For every n and d, and € > 0 there is a (d,0)-HSG h : S — Fy with
§ = (1- 5)2% and seed length O(dlogn + d*/€).>  Furthermore, given any n,d,e, an
output element y € Fy of their corresponding h can be computed in time poly(n,d,1/e),
giwen [log |S|] uniformly random bits, such that y ~ h(U(S)).

Secondly, we address the large-field regime. The construction by Guruswami and
Xing [GX14] achieved density § = 1 — g — ¢ where € = O(q%); when d and ¢ are small
or constant, this “error” becomes more substantial. They asked (see [GX14], section
VI) if a construction with seed length O(dlogn + log %) and density 6 = 1 — g — £ is
possible for smaller values of £ (notice that § corresponds to the distance of an induced
punctured Reed-Muller code). We show this for e = O((loilﬁ)l/ 3), in particular yielding

a construction in which also for constant d, ¢, the density ¢ (or the induced code distance)

approaches 1 — g. We prove the following.

Theorem 1.5. For any q a prime power, and every d, there is a (d,6)-HSG hq : S — F}
with § = 1—9—¢ and seed length O(dlog n-+log(1%5)), where e = O((lolgolT“?)l/?’ (for a more
general obtained dependance, see Theorem 2.5 in the technical section). Furthermore,
gwen any q,n,d, an outpul element y € Fy of their corresponding hy can be computed in

time poly(n,d,log1/9), given [log|S|| uniformly random bits, such that y ~ hy(U(S)).

Lastly, we also provide a construction of large-field HSGs, which has an optimal (up-to
constant factors) seed length, and density tradeoff - as in the [GX14] construction. This
construction is of elementary nature, and opposed to the [CTS13] and [GX14] HSGs, does
not rely on algebraic geometric codes machinery. See the account in Section 2.4 and the
obtained Theorem 2.11 there for the details.

1.2 Proof Overview

In this section we give an overview of our techniques.

3Notice that the notation ¢ here plays a different part than ¢ in a PRG’s definition.
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1.3 The Fo-Hitting Set Generator

We turn to describe our hitting set generator for the binary setting. Recall that our goal
is to construct a HSG h: S — 7} for degree-d n-variate polynomials over Fy with seed of
length log |S| = O(dlogn + d?) and density 6 = (27%). Our proof shows how to convert
any HSG over a large field into an HSG over a small field with a small seed loss: in fact
we will use the large-field HSG as a tool to reduce the number of variables.

In particular, we will use an instantiation of the large-field HSG with the parameters
obtained by [GX14], h,: S, — Fgl”, for degree-d dn-variate polynomials over F,, which
has seed of length O(dlogn +log¢) and density 6, =1 — %, where ¢ is a power of 2. We
will choose ¢ = O(d) such that ¢, ~ 1/2.

We start with describing our HSG h. For simplicity, we will describe how to sample
from the distribution D(h) induced by h,* rather than the mapping from seed to output
which can easily deduced. To sample 3 ~ D(h):

1. Sample a random seed s < S, for hy. Set o = (aj;)jcidicn) = hq(s), where
Qi € Fq.

2. For every j € [d], sample a uniformly random function ¢; : F, — Fs.

3. Output B = (5;)icpy for f; = Zje[d] ¢;(a;i), where the summation is over Fy.”

First, notice that to sample an output of h, we need to sample a seed for h, together with
the d functions ¢;. Thus the seed length of i is log S = log S, + dg = O(dlogn + d?*). We
are therefore left to bound the density of A.

Towards this, fix a non-zero degree d n-variate polynomial p over Fy. For the sake of
this overview, we will assume that the degree of p is exactly d. In the technical part we
show that this assumption is without loss of generality, due to a simple argument. Our
proof has two steps. First, will identify a property of a vector a, such that given this
property, the probability over random choice of ¢, ..., ¢4 that p(3) is non-zero is at least
274 We will say that a vector a that has this property is good for p. Next, we show that

h, must output good a with probability at least ¢, ~ 1/2, which concludes our proof.

4Namely, D(h) is the output distribution of A on a random input sampled from S.
®We note that taking the sum of d elements is reminiscent of [Vio09] and [DS08] (though the sum is

used differently in those works, and the constructions are otherwise different).



Defining “good” a. Fix a vector a = (;;)je(dic[n), and consider a polynomial 7*(y)

over dq variables ¥y = (;.4);c[d,acF,, defined by

=D Zyjayl Zy]oz(gn)

JEld] jEld]

We are interested in identifying a criterion under which, for a random assignment y <+ ]ng,
r*(y) # 0 with probability at least 27¢. Recalling that

Z¢] agl Zd)] a]n )

JEld]

and since a random choice of the functions ¢, ..., ¢4 corresponds exactly to a random
assignment for y, we have that under the same criterion, and conditioned on the particular
choice of e, p(B) has probability at least 27¢ to be non-zero — what we aspire towards.

We say that a is good for p if r® is not the zero polynomial modulo the ideal I :=
(U5 a—Yja | 7 € [d], € Fy). To see why this definition is useful, observe that modulo I the
polynomial r* is a degree-d multilinear polynomial over dq variables. Thus, if r* mod I is
not the zero polynomial, then it has probability at least 2% to be non-zero over a random

assignment y « F9.

Bounding the probability for “good” a. We next want to show that a random «
sampled from h, is good for p with probability at least d,. For this, we will rely on the
fact that h, is a HSG. In particular, we will construct a non-zero degree-d polynomial g
over dn variables, such that whenever g(a) is non-zero, e is good for p, which is enough
to conclude the proof.

To define g, we first consider a polynomial h over dn variables z = (z;;)jc(dicin]s

defined by h(z) =p(>_; 2j1,- -+, 2jn). Writing

- Y eIl

SCln] €S
|S|<d

we have that

hz) = Z CSH Z Zjis

SC[n] i€S jeld]
|S|<d

which, by opening the summation can be written as

=2 2 es]]zws

SCln] f:S—[d)  i€S
1S|<d



We next separate the above sum into two parts: the first, that have | f(5)| exactly d, and
the other summands. That is, we write

- Z Cs Z l—IZf(i),i+ ZCS Z Hzf(z‘),i

SCln]  f:S—[d] i€S SCln]  f:S—[d] i€S
1Sl=d  if(S)|=d IsiEd [f(s)l<d )
::hd-(;;ors(z) =h< d?(;)lors(z)

Finally, we set g(z) = h%°°"(2), and observe that since p is a degree-d polynomial, g is
indeed non-zero (see the proof in the technical parts for more details). We thus left to
show that a is good for p whenever g(a) # 0. We proceed with a few observations.

First, observe that for every a € F’(;d, r*(y) is equal to the polynomial h(z) under
the projection which for every j € [d] and i € [n] sets 2;; = Y a(j), Which we denote by
hlzji < Yja@n)-® Thus, e is good for p if

hECOS 255 4 YiaGa] + P T2 = Yjaga) 0 (mod ).

Next, we show in the proof that the polynomials A%<™s and A< ¢c0lors have disjoint sets
of monomials (and this is true also modulo ), which implies that they cannot cancel each

other. Thus, to show that a is good for p it is enough to show that
RS i = Yiag] 0 (mod ).

Since h?<°l°rs is already a multi-linear polynomial, we can equivalently show that

hd_colors[zﬂ — yj’a(j,i)] # 0 )

for which it is enough to observe any assignment y on which A%z, ; < v, ;.0 ](y) # 0.
We construct such an assignment y from a by setting y;.,, = a(j,4) for every j € [d]
and 7 € [n]. We observe that for this assignment, it holds that

hd—colors [Zj,i — ija(j’i)](y) = g(a),

since we set zj; = Yja(i) = @j; and by the choice of g = h%®°s. This in particular
implies that a is good whenever g(a) # 0, as we wanted to show.
1.3.1 On the large-field constructions

We briefly overview our two large-field constructions - the one which improves upon the

obtained density, and the one which reproduces the [GX14] result. They are achieved using

Note that h[z;; < Yj.a(j) is a polynomial in the variables y.



similar techniques, with some additions. The construction improving the density works
in a similar way to the described binary construction, by first increasing the underlying
field, and then performing a step that can be viewed as reducing the number of variables
— this is done by using a hitting set generator for the larger field; the fact that this field is
larger allows the better density. The elementary construction of optimal-density hitting
set generators starts with a hitting set generator for large fields (however with non-optimal
density, negatively affected by n), due to [Bog05], and observers that it can be made to
work on field sizes polynomially smaller compared to the [Bog05] requirement.” After
reducing the field size requirement by using this transformation, we further observe that
in the case of fields which are large enough, one gets a density that is close to optimal. It
remains to handle fields of intermediate size, which we do in a way similar to the other two
constructions — by increasing the field size, and then reducing the number of variables.
We refer to Section 2.3 and Section 2.4 for the details.

2 Technical part

2.1 Preliminaries

Notation. N = {1,2 ...} is the set of natural numbers. All logarithms are taken base 2.

[F, denotes a field of size q. Fy[z1, ..., z,] is the ring of polynomials in variables z1, ..., x,.
For a set A, U(A) is the uniform distribution on A. We use bold letters to distinguish
between vectors and values, for example = (z1,...,z,).

A polynomial is multi-linear if the individual degree of each variable is at most 1.

For a function h : A — B we denote by D(h) its corresponding distribution, obtained
by sampling a uniformly random @ € A and outputting h(a), that is A(U(A)). Any
construction of a hitting set generator h : S — Fy will be described through a procedure
for sampling an element 5 ~ h(U(S)), from which a definition of an appropriate S and h
will naturally follows. We will say, for short, that h is computable in time t to mean that
sampling an element 5 ~ h(U(S)) can be done in time ¢, given access to [|S|] random
bits.

2.2 The F5,-HSG construction

We state our main result.

"In this part we make use of a trick whose inspiration we drew after considering the [CDG26] PRG

construction.



Theorem 2.1. Let q be a power of 2. For every n and d there is a (d,0)-HSG h : S — F}

with § == (1 — %d) . 2% and seed length O(dlogn + dq). Furthermore, h can be computed

in time poly(n,d, q).
Before proving Theorem 2.1 we conclude the following corollary of it.

Corollary 2.2. For every n and d, and € > 0 there is a (d,6)-HSG h : S — F4 with
6 := (1 —¢)57 and seed length O(dlogn+ d?/e). Furthermore, h can be computed in time
poly(n,d, 1/e).

Proof. Follows immediately from Theorem 2.1 by letting ¢ be the minimal power of 2

larger than Q?d. O

Next, we move to prove Theorem 2.1. We will need hitting set generators for large
fields.

Theorem 2.3 ([GX14]; See also Theorem 2.11). For any q a prime power, and every d,
there is a (d,6)-HSG hy : S — Fy with 6 =1 — Qq—d and seed length O(dlogn + log(q/d)).

Furthermore, hy can be computed in time poly(n,d,logq).

Prior to describing in full the proof for Theorem 2.1, we start by presenting the specific
construction of our Fo-HSG, h.



Construction of h, a (d,0)-HSG for n-variate polynomials over Fy;

assuming h, is a (d,9,)-HSG for dn-variate polynomials over F,.

To sample 3 ~ D(h):
1. Sample o = (j;)jea,icin) ~ P(hq), where a;; € .
2. For every j € [d], sample a uniformly random function

¢j ZFq — .

3. Output B = (5;)ic[y) such that

= dilaga),

J€ld]

where the summation is over Fs.

Figure 1: The construction of the HSG h. We describe h in the language of how to sample
from its corresponding distribution D(h) (without explicitly referring to the seed set S,
such an equivalent description naturally follows). The seed length is what is required by
hg plus additional dg bits.

We now proceed with the proof for the main theorem.

Proof for Theorem 2.1. Let h, be a (d, §,)-HSG for dn-variate polynomials over F,, guar-

anteed by Theorem 2.3, with ¢, := 1 — %d. We take h, our supposed (d, d)-HSG, to be the

function defined in Figure 1. Observe that the seed length for it is bounded by the seed
length for h, together with the seed needed in order to sample ¢y, ..., ¢,, that is, at most

O(dlog(dn) + log(q/d)) + dg = O(dlogn + dq),

where used the fact that without loss of generality, d < n.

We turn to show the correctness of h. We fix a non-zero polynomial

p= Z cSHxZ-.

SC[n] €S
|S|<d
We claim that
Pr 0] > 6, 2.1
JPr [0(8) 201 > 2.

)
q
d. Later, we will show how to handle lower degree polynomials. To show the above, we

where recall, § := (1 — . 2%. We start with assuming that the degree of p is exactly
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start by identifying a condition on the a chosen by the sampling process of h, Figure 1,
conditioned upon which, the probability that p(3) # 0 is at least 1/2¢.

Assume o = (a(7],1))jeld,icln] € ]ng has been sampled by h in Step 1. In order
to inspect the output of p as a function of the sampled ¢4, ..., ¢4, we define for every
j € [d] and a € F, the random variable y;, := ¢;(«), and also denote the tuple y :=
(Yj.a)jeld),ack,- 1t is immediate from the definition of & that in this case, the output value

p(B) is given by the polynomial r*(y),

’I“Of(y) =P (Z Yia(1), - - - ,Z ija(]}n)) .

jed jed
Since (Yj,a)jeld),ack, take uniformly random independent values in Iy, then by Fact 1.1, if

the following property of p, a

e Condition C(a): r* is not the zero polynomial modulo the ideal I := (47, — Yja |
jeld,aelF,)

holds, then
Pr[r(y) # 0] > 1/2¢,
y

and p(B3) # 0 with the same probability.
Thus, our goal is to bound from below the probability that h samples an a for which
Condition C(ea) holds. Towards that, we first inspect the following polynomial h(z), this

time over variables z = (2;;)je[dic[n]»

h(z)=p (Z 21, - szn) (2.2)

jed jed
It is immediate that for every o € F?, r*(y) (which is a polynomial in dg variables) is
equal to the polynomial h(z) (which is a polynomial in dn variables) under the projec-
tion which sets Vj € [d],i € [n] : 2j; = Yja(), Which we denote by h(zj; < ¥ja@))-
Furthermore, we have that, by the definition of h and p,

h(z) = Z cs H Z Zji

SCln] i€S jeld]
|1S|<d

= Z Cs Z Hzf(i),z‘

SC[n]  f:S—[d] i€S

[S]<d
=2 e 2, Hzwi+ 2o 3 Tz
SCln] f:S—1[d] i€S SCln] f:S—|d] i€S
1SI=d  i£(S)=d Jslzd ifS)l<d
::hd—;)rlors(z) =h< d?crolors(z)
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Recall that we wish to show that 7*(y) mod I # 0 with a high probability, or equivalently

hd-COIOrS(Zj7i — yj,a(j,i)) + h< d-colors(zjﬂ, — yj,a(j,i)) 7£ 0 (mod I)

We start with the observation that the set of monomials of h®colors(

Zji 4 YjaGa) 18
disjoint of the set of monomials of A=< (2, <y ,(;;)), which means the first cannot
be canceled out by the latter. Indeed, by the definition of A%’ each monomial in the
support of A0 (2, «— y; ;) 1s indexed by aset S = {i1,...,iq} C [n], and a function
f S — [d] where we assume without loss of generality that f(i;) = 1,..., f(iq) = d. In
this case, the monomial is of the form vy o(1,4,) " * Yd,a(d,,), and has degree exactly d. In
contrast, every (8" = {7, ..., g}, f')-monomial in the support of h= deolors (i = Yia(ii))
is of the form Yra) s Y ) where {f'(i1),..., f'(ijg))} # [d], since |f(S')| < d.
Thus every monomial of h®¢°™(z;; < y; () is not supported on the monomials of
R deoloms (54— y2 aiiy)» Which means the first cannot be canceled out by the latter.

Moreover, observe that this disjoint-monomial-support fact is preserved when taking
modulo 7, and that h*(2;; + y; 4j.)) mod I = RS2, < y. 4), since every
variable in each monomial of h®™¢°™(z;; < y; .(;)) has degree at most 1 (that is, it is
multi-linear).

From the above, we conclude that it suffices to show that with a high probability over
the choice of a, hd‘c"lors(zjyi  Yja(ii) s not the zero polynomial, as in which case it is
implied that r®(y) mod I is not the zero polynomial.

Towards showing that, we first observe that h4<°s(z) (as is, prior to being projected
Zji 4 Yja()) is not the zero polynomial. Indeed, by the assumption that degp = d,
there is some monomial S = {iy,...,iq} where iy < --- < i4, such that cg # 0, and so
the monomial 2y, - - z4,, which corresponds to f : S — [d] such that f(i;) = j, appears
in the definition of h%°™(2) with coefficient cg # 0. Moreover, it cannot be canceled
out by monomials arising from S’ # S, or monomials with the same S but a different
mapping [’ # f, since they are of different form. Therefore indeed h%<oo™s(z) # 0.
Secondly, observe that if there is some evaluation (to y) on which A% (2 « y; 1)
is non-zero, then it follows that h%™(z;; <= y; o(;.1)) is not the zero polynomial (even if
the evaluation point comes from an extension field). Thus, it is enough to observe such

an evaluation. For this, given some «, consider a point in Fg¢ such that

Vield,i€n]: yjagi < alii).

RACOlOTS (2 14— s (i) 1S equal to A0 (). However, ar chosen

Evaluated on this point,
by h is sampled by an F,-HSG, while h*!"(2) is a degree-d non-zero polynomial. So,

with probability at least (1— %i)? h-eolers (qr) £ 0. We conclude that h®¢00™ (2, yi 4(.0))
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is not the zero polynomial with probability at least the same, in which case Condition
C(a) holds. This establishes the claimed bound on the density, Equation (2.1).

It remains only to address the efficiency of h: besides sampling an element of h,, which
is done in time poly(n,d,log(q)), sampling ¢4, ..., ¢4 can be done in time poly(dq), thus

h has the claimed time complexity. Thus the theorem follows.

Handling lower degrees. Finally, we explain how the proof can be generalized to
handle the case that the degree of p is d" < d. In this case, let m = x;, ---x;, be any

maximal-degree monomial in the support of p. Let z;,,, ., %;, be any d — d’ variables

IEEE

that do not appear in m. Consider the polynomial

~

p($) = Lyt Lig p(x)

It is of degree exactly d, and therefore by the proof, is non-zero on the output of A with
probability at least 6. Moreover, on any evaluation on which p is zero, so is p. The

generalized claim follows. O

2.3 A large-field construction with improved density

In this section we improve the density guarantee for large-field HSGs. We first state the
HSGs achieved by [GX14] with a more exact density expression.

Theorem 2.4 ([GX14]). For any q a prime power, and every d, there is a (d,0)-HSG
hg: S — Fy withd =1~ g — ¢ and seed length O(dlogn + log(q/d)), where ¢ = O((;%).

Furthermore, h, can be computed in time poly(n,d,logq).

In this part we prove the following.

Theorem 2.5. For any q a prime power, and every d, there is a (d,6)-HSG hy : S — Fy
with 6 =1 — g — ¢ and seed length O(dlogn + log(q/d)), where ¢ = O(min(/%o24 )

logn ? ¢

(in particular, if d < q, ¢ = O((X2E28™)1/3)  Pyrthermore, hy can be computed in time

logn
poly(n,d,logq).
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Construction of h,, a (d,0)-HSG for n-variate polynomials over F,,.

dlogn

e Let ¢’ be the minimal power of ¢, such that ¢ > ony -

e Let hy be a (d,d,)-HSG for n-variate polynomials over F .
To sample 5 ~ D(h,):

1. Sample a ~ D(h,), where o; € F, for i € [n].

2. Sample a uniformly random function

¢:Fy —F,

3. Output 8 such that

Bi = ¢(Oéi)-

Figure 2: The construction of the HSG h,. We describe h, in terms of how to sample

from its corresponding distribution D(h,).

Proof. First, if ¢ > dli)oﬁ, the we can directly use Theorem 2.4, and get ¢ = O(lloﬂ).
g4q ogn

dlogn
loggq
hg given in Figure 2, where we take hy to be a hitting set generator from Theorem 2.4

for n variables and field F,/, with density §;, = 1 — O(%). Observe that ¢ as defined in

hg must satisfy
dl dl
g <gey|loen o dlosn (2.3)
log g log g

The seed length needed for the described construction is that of h, plus additional ¢’ log g
bits, that is

We thus proceed under the assumption that g < . We analyze the construction of

O(dlog(n)+log(q'/d))+q [log q] = O(dlog(n)+log(logn/log q))+0(dlogn) = O(dlog(n))

many bits, by Equation (2.3).

We analyze the success probability. We fix a polynomial p € Fy[z1, ..., x,| with total
degree at most d.

Assume o = ((i))icin) € F; has been sampled by h, in Step 1. We define for every
v € Fy the variable y,, and also denote the tuple y := (yv)vequ/- We consider the
polynomial

r(Y) = PWars - - Yan)-

13



We first observe that the probability that »*(y) is not the zero polynomial high. Indeed,
on the event that p(a) # 0, it must be that 7*(y) is not the zero polynomial, since if let

r*(y, < 7) denote the value of 7* under the evaluation which sets ever each y, to 7, then

r(yy < 7) = ().

We thus see that as p(a) is non-zero with probability at least d,, 7 is not the zero-

polynomial with at least the same probability.

If 7*(y) is not the zero-polynomial, then it is an immediate implication of Fact 1.2

that over a uniformly random ¢ : F, — IF,, the probability that r"‘((¢(fy))7€wq/) =

p(¢(r), ..., d(ay)) is non-zero at least 1 — <. We conclude that the success probability

7
of h, is bounded below by

by the choice of ¢'.

It remains to address the efficiency of h,: the step it performs consist of find-
ing ¢’, sampling from h,, finding and applying ¢. Sampling from h, is done in time
poly(n,d,logq") = poly(n,d) and rest of the steps can evidently be performed in time
poly(n,d,q') = poly(n,d), by Equation (2.3). Hence h, has the claimed efficiency. In the
large ¢ case, the efficiency bound poly(n, d,log ¢) from Theorem 2.4 applies. The theorem
follows. O

2.4 Elementary large-field HSGs

As mentioned, [GX14] constructed large-filed HSGs with close to optimal seed and density,
based on algebraic codes machinery. In this section we do the same, but based on an
elementary construction. The conclusion of this part will be given in Theorem 2.11 below,
which will correspond to Theorem 2.3 quoted above (and also in the improvement following
it, Theorem 2.12, which will correspond to Theorem 2.4 quoted above), but prior to

describing the construction, we will require a few perquisites.

We first recall the following result of [Bog05] (in itself proved in an elementary way).

14



Theorem 2.6 ([Bog05]). For any n,d, and ¢ > (dlogn/(1 — 6))3* a prime power, there
is an efficient (d, q,0)-HSG hg : S — F7 with seed length O(dlogn + log(t=5)).®

Using a trick, we will deduce from Theorem 2.6 an improvement of it, reducing the
required field size.” We do so in Lemma 2.8, but prior to describing it, we will require the

following fact.

Fact 2.7 (See also [Sho90, CDG26]). Let F, be a field. There is a randomized algorithm
which finds a degree 2 irreducible polynomial r(y) € F,ly| with probability at least 1 — q%,

or outputs “fail”, and runs in time poly(logq) and by using O(log q) random bits. '°

Lemma 2.8. Assume that for some functions f,s, for any n,d,0 and q > f(n,d,?)
a prime power, there is an efficient (d,)-HSG for n-variate polynomials over F,, with
seed length s(q,n,d). Then, for any n,d,d > 0 and q > +/f(n,d,0) a prime power,
there is an efficient (d,§ — %)—HSG for n-variate polynomials over F,, with seed length
s(¢*,n,d) + O(logq).

Proof. Let
q >/ f(n,d,é)

be a prime power. We describe how (sampling from) a (d,d — g)—HSG for n-variate
polynomials over [F, proceeds.
Set

¢ =¢ > f(n,d,o) (2.4)

Use Fact 2.7 to find an irreducible polynomial 7(y) € F,[y] of degree 2, or if the algorithm
for finding one fails, halt and output (0, ...,0) € F;. Use the polynomial r(y) to represent
F, =2 F,lyl/(r(y)); and so we represent every element v € F, as y1y + 72 for 71,72 € F,.
Use the HSGs for n-variate degree at most d polynomials over Fy of the hypothesis to
sample oy, ..., o, € Fy; we can do so by Equation (2.4). For every i € [n] let a;(y)

8[Bog05] does not specify the explicit constant in the exponent of the field expression, but it can be
seen to be at most 18, which we rounded to the next power of 2. We note that [Bog05] also has a theorem
where this exponent is just 2, but there the seed dependence on d is non-optimal.

90ur inspiration for this trick came after we read the [CDG26] PRG construction.

10Proof sketch: an easy counting shows that a random degree 2 polynomial is irreducible with proba-

bility at least 1/4; moreover, one can efficiently and deterministically check if such a sampled polynomial
r(y) is irreducible, by checking its GCD with (y?—y) mod r(y). Repeating this with O(log ¢) independent
samples gives the desired success probability, but costs O(log2 q) random bits. To achieve the same with
O(log q) random bits, one can instead iterate over poly(log ) dependent samples - sampled by invoking
a Randomness Sampler - for example the one by [Zuc97], requiring only O(log ¢) random bits the achieve
the desired success probability. There are also other, more direct, ways to achieve the same, see [Sho90].
See also a discussion in [CDG26].
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denote the polynomial representing a;. The defined HSG’s sampling process concludes
by sampling 3 ~ U(F,), and outputting (a1(8), ..., a,(B)) € Fy.

For the correctness, assume that an irreducible 7(y) was successfully obtained, and let
p € Fylz1,...,z,) be of degree at most d. With probability at least 0, p(ai(y), ..., an(y))
is not the zero polynomial: otherwise Fy > p(aq,...,0;,) = 0. In which case it also
follows, as ai(y),...,a,(y) are linear univariate polynomials, that p(a;(y),...,a,(y)) is
a non-zero univariate polynomial of degree at most d. Thus when evaluated on a uniformly
random 3 € [F, it is non-zero with probability at least 1 — %. The success probability is
thus at least 6 — g — q%, also accounting for the probability that r(y) was not successfully
found. The seed length is that required by the hypothesis’s HSG, plus the number of
random bits required in order to sample r(y): O(logq) bits, and additional log ¢ bits are
used in order to sample 3 ~ U(F,), and so s(¢*,n,d) + O(logq) in total. The lemma
follows. O

We conclude the following theorem, whose proof is by starting from Theorem 2.6, and

applying Lemma 2.8 8 times.

Theorem 2.9. For any n,d, and q¢ > (dlogn/(1 — §))'/® a prime power, there is an
efficient (d,q,d — %d — 5)-HSG hy : S — F} with seed length O(dlogn + log(115)).

q2
We also obtain the following corollary.

Corollary 2.10. For any n,d, if ¢ > (logn)'" is a prime power, there is an efficient
(d,q,6 :=1—2% - 2).[HSG h,: S — [y with seed length O(dlogn + log(l—is)),

q q?

Proof. Define §' :=1 — g > 0 (without loss of generality, d < ¢). Notice that

1/8
(dlogn> — (qlogn)"/®,

1—¢

therefore ¢ > (dlogn/(1 — 0'))'/® <= ¢ > (logn)'/7. Since we assume the right hand
side, we can apply Theorem 2.9 with respect to ¢’. We therefore get that there is an
efficient (d, ¢, — % — £)-HSG h, : S — F? with seed length O(dlogn + log(1%5)). It

q q? 1-¢’

remains to notice that ¢’ — %d - q% =1- %d - q12 = 6, and that log(25) = log(155) + O(1),

and the corollary follows. O

We turn to state and prove the main theorem of this part. Following it, we will also

discuss an improvement.

Theorem 2.11. For any n,d, 6 and q > 17d/(1 — 0) there is an efficient (d,q,d)-HSG
hg : S — F} with seed length O(dlogn + log(1%5)).
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Construction of h,, a (d,0)-HSG for n-variate polynomials over F,.
e Let ¢ be the minimal power of ¢ such that ¢’ > (logn)"/7.
o Let hy bea (d,1— O(%))—HSG for n-variate polynomials over F.
To sample 5 ~ D(h,):
1. Sample a ~ D(hy), where o; € Fy for i € [n].

2. Sample a uniformly random function

¢:Fy —F,

3. Output 8 such that

Bi = ¢(Oéi)-

Figure 3: The construction of the HSG h,. We describe h, in the language of how to

sample from its corresponding distribution D(h,).

Proof. First, if already ¢ > (logn)'/7, the theorem immediately follows by Corollary 2.10.

We therefore proceed under the assumption that
q < (logn)"". (2.5)

We analyze the construction of h, given in Figure 3, where we take hy to be a hitting set

generator from Corollary 2.10 for n variables over the larger field, of size ¢'.

Observe that ¢’ found by h, must satisfy
¢ < q-(logn)"/" < (logn)*".

The seed length needed for the described construction is that of hy plus additional ¢’ log ¢
bits, that is

O (dlog(n) + log(q'/d)) + ¢'[log q]
many bits. Observe that ¢'[log q] = O((logn)*"loglogn), and that log(¢’/d) < log(q') =
O(loglogn). Hence, the total seed length (in our case, assuming Equation (2.5)) is
O(dlogn).

We analyze the success probability. Fix a polynomial p € F,[zy,...,x,] of degree at
most d. Assume a = (a(7))icin) € Fy, has been sampled by h, in Step 1. We define for
every v € Iy the variable y,, and also denote the tuple y := (yfy),ye]}?q,. We consider the
polynomial

r*(Y) == DWars - - -+ Yan)-
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We first observe that the probability that r*(y) is not the zero polynomial is high. Indeed,
on the event that p(a) # 0, it must be that 7*(y) is not the zero polynomial, since if let

r*(y, < ) denote the value of * under the evaluation which sets ever each y., to v, then

r(yy <) = pla).

We thus see that as p(a) is non-zero with probability at least 1 — ?]—‘,i — q%, r® is not the

zero-polynomial with at least the same probability.

Finally if r® is not the zero-polynomial, then it is an immediate implication of Fact 1.2
that over a uniformly random ¢ : Fy — Fy, the probability that r*((¢(v)),er,) =
p(p(r), ..., d(ay)) is non-zero at least 1 — <. We conclude that the success probability

7
of h, is bounded below by

(1M 8) (1) T
q q q q

as required. |

In Theorem 2.11 the achieved density tradeoff we get isd > 1— %1 with an optimal seed
length, while in [GX14] the guarantee 6 > 1 — %, and more precisely, § > 1 — g — O(q%).
However, we can also obtain the same.

Theorem 2.12. For any n,d, and q > d there is an efficient (d,q,0 = 1—%—0((}%))-HSG
hg : S — F with seed length O(dlogn + log(15)).

Proof. Apply Lemma 2.8 with the function

17d

f(n7d76) = T{S/’

and with the HSGs of Theorem 2.11. We get for any n,d, ¢’ and g > +/ f(n,d, ") there is
an efficient (d, o' — Cé)-HSGr for n-variate polynomials over F,, with seed length O(dlogn+

logq) = O(dlogn + logq — logd) = O(dlogn + log(l%é)). Notice that

e 17d
q> f(/n'7d75/): 1_5/

holds if and only if

17d
¥ <1-— —
q
Hence, if we set §' = 1— 184 we get for any n, ¢, d there is an efficient (d, 1 — 152 — 4)-HSG,
q 2 g
with the argued seed length. As desired. O
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