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UNIVERSAL ABELIAN EMBEDDING AND AFFINE RELAXATION FOR CSP

SIU ON CHAN* AND HIU TSUN NG

ABSTRACT. Bhangale, Khot, and Minzer (TheoretiCS 2026) proposed a hybrid approximation
algorithm for certain satisfiable CSPs to exploit their abelian embeddings. We propose BasicSDP A
CSinglAIP to simplify and generalize their hybrid algorithm. We do so by introducing two concepts:
(1) universal embedding, which simplifies and generalizes their master embedding, and (2) affine
relaxation in an abelian group.

We prove that our algorithm is not simulated by SDP+AIP, providing the first linear-level
SDP+AIP lower bound for a tractable CSP. We also prove the first lower bounds for their hybrid
algorithm, by turning our algorithm into a hierarchy and proving linear-level lower bounds, while
achieving the optimal gap for large-arity CSPs.

A deeper understanding of our algorithms’ power may lead to progress on uniform CSP algorithms
and the optimal approximability of satisfiable CSPs.

1. INTRODUCTION

The Dichotomy Theorem for Constraint Satisfaction Problems (CSPs), proved independently by
Bulatov [Bull7] and Zhuk [Zhu20], has motivated new open problems and lines of research. We
focus on two of these problems.

One central open problem is the existence of uniform CSP algorithms (e.g. [Zhu20, Problem 1],
[Zhu26, BW26, BHZ26]). It asks for an algorithm that, given both a template R and a CSP(R)
instance I as input, and with the promise that CSP(R) is in P, decides in polynomial time whether
I has a satisfying assignment. Note that the template R is also part of the input; each relation in
R is given as a list of tuples. Neither Bulatov’s nor Zhuk’s algorithm is uniform, as they both take
super-polynomial time in the size of R.

Another challenging open problem is the optimal approximability of satisfiable CSPs (e.g. [Bha25,
Questions 1 to 3], [BKM26, Conjecture 1.1]), assuming the Rich 2-to-1 Games Conjecture [BKM21].
The goal is to extend Raghavendra’s algorithm and its inapproximability results for (unsatisfiable)
CSPs [Rag08] to satisfiable CSPs. [Rag08] cannot handle satisfiable CSPs due to the use of “uniform
noise” in both the hardness reduction and the algorithm.

So far, these two lines of work have often (though not always) used disjoint techniques: the
former using universal algebra, and the latter Fourier analysis. Their high-level intersection lies
in the fact that, since both must solve tractable CSPs as a special case, they both combine
two families of algorithmic techniques: (1) local consistency and its stronger variants, such as
semidefinite programming (SDP), which is indispensable in approximation algorithms; and (2)
Gaussian elimination and its generalizations, to solve linear equations over abelian groups.

1.1. Hybrid Algorithm. To design approximation algorithms for satisfiable CSPs, the latter line
looks for specific solutions to “abelian embedding” equations, a technique pioneered in the “hybrid
algorithm” of Bhangale, Khot, and Minzer [BKM26].

Abelian embedding is a concept central to the latter line of work:

*sochan@gmail.com.
Thtng0@1link. cuhk.edu.hk.

ISSN 1433-8092


sochan@gmail.com
htng0@link.cuhk.edu.hk

2 CHAN AND NG

Definition 1.1 (Abelian Embedding). A k-tuple of maps o; : D — G from a domain D to an
abelian group G is an embedding of a relation R C D* if there exists g € G such that for every
a € R,

(1) > oia:) =g.

1€[k]

Denote such an embedding by (o, g) or (G, 0,g), where o & (01)ick)- An embedding is trivial if o;
are all constant functions.

To see why this concept is useful, consider the following CSPs.

Example 1.2. The 3-XOR odd-parity constraint R < {fwe {0,133 | w(l) +w(2) + w(3) = 1
(mod 2)} has an embedding to Zs with ¢;(0) = 0z, and 0;(1) = 1z,, and g = 1z,. This embedding

is the natural (or identity) embedding of a 3-XOR constraint to Zy. As another example, the

monotone 1-in-3-SAT constraint B’ & {w € {0,1}3 | w(1) + w(2) + w(3) = 1} also has the same

embedding to Zs, since R’ C R.

Using abelian embeddings, one can construct a system of abelian linear equations that provides
a one-sided test for whether a CSP instance is satisfiable. For 3-XOR (with both odd and even
parity constraints), the system is the traditional system of equations over Zs. For (non-monotone)
1-in-3 SAT, one can again consider the corresponding equations over Zg to reject some (but not all)
unsatisfiable instances. Even though the actual equations in [BKM26] are much more complicated,
these simple examples illustrate why abelian embeddings may be useful. Outside of approximation
of satisfiable CSPs, abelian embeddings have also inspired related results in additive combinatorics
[BKLM25] and hardness of approximation [BBK™26].

The hybrid algorithm [BKM26, Algorithm 4] works only for certain 3-CSPs and aborts unless
certain conditions are met. In particular, it aborts if any CSP constraint non-trivially embeds to Z.
It is interesting to go beyond this barrier and generalize the hybrid algorithm further. Bhanagle
[Bha25, Section 5.1.2] mentioned their hybrid algorithm “can be viewed as a general algorithm
that captures the abelian embedding property of the predicates when designing approximation
algorithms.” [Bha25, Question 5] also asked:

Question 1.3. How powerful is the hybrid algorithm [..] towards approximating Max-P-CSPs on
satisfiable instances in general?

1.2. Uniform CSP Algorithms. Meanwhile, the pursuit of uniform CSP algorithms has a vastly
different focus in solution approaches. While a major innovation in [BKM26]’s hybrid algorithm is
the ingredient — the Gaussian elimination subroutine defined using abelian embeddings, this is
usually not the case for the former line.

To design uniform CSP algorithms, the ingredients in the solutions proposed are often simply
the four standard relaxations: (1) arc consistency; (2) linear programming (LP); (3) semidefinite
programming (SDP); and (4) affine integer programming (AIP). When these “basic” relaxations are
not strong enough, there is also a standard, systematic technique to strengthen these relaxations
into a progressively stronger “hierarchy” of relaxations, by enforcing constraints on small subsets of
variables. The hierarchy version of arc consistency is known as local consistency or bounded width
(BW). BW, LP, and SDP may be seen as increasingly stronger versions of local consistency, while
ATP mimics Gaussian elimination: it solves linear equations over the integers Z instead of a field.

The main focus, instead, is to cleverly combine these two families of relaxation algorithms in
hopes of solving all tractable CSPs. Many different combination approaches have been proposed in
the literature. For example, in terms of LP and AIP,

e Simply run both algorithms independently. This is known as the LP A AIP algorithm
[Zhu26].
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e Run the LP algorithm first. Then, augment the AIP algorithm by banning all partial
assignments that are not used in any solution of the former algorithm. This is known as
the LP + AIP algorithm. [BGWZ20] introduced LP + AIP. The SDP + AIP version was
proposed concurrently by [CZ25] (known as “SDA™) and [CNP24] (as a hierarchy).

e Iteratively run the above algorithms. Each time, we enforce some additional restriction onto
the relaxations, which is a one-sided test to check whether a partial assignment is a part of
some satisfying assignment. We ban the partial assignments that fail the test.

The most common test is to simply force the partial assignment onto a constraint or a
subset of variables. This is known in the literature under many different names, such as
CLAP [C722], C(BLP+AIP) [C722], and cohomological consistency (hierarchy) [OC22]. We
follow the notations in [Zhu26] and refer to this approach using CSingl or Singl (respectively).
The algorithms mentioned above are equivalent to CSinglLP 4+ AIP, CSingl(LP A AIP), and
Singl(BW A AIP) (hierarchy) respectively.

More generally, without being specific on the test itself, we shall simply refer to this
approach as an iterative algorithm. This iterative approach is used in the hybrid algorithm
in [BKM26].

1.3. Our Results. We study the power of the generalized hybrid algorithm for satisfiable CSPs
in general, beyond the technical restrictions of [BKM26]. We also substantially simplify the
algorithm, using techniques from uniform CSP algorithms. We propose a new algorithm, (iterative)
BasicSDP A CSinglAIP!, which combines basic SDP with the constraint-singleton variant of AIP.

Theorem 1.4 (Section 3.6). BasicSDP A CSinglAIP subsumes the [BKM26] hybrid algorithm.

In this paper, we only consider decision algorithms A that accept every satisfiable CSP instance,
but may erroneously accept unsatisfiable instances. Algorithm A subsumes algorithm B if A rejects
every instance that B rejects. Algorithm A solves some CSP if A rejects every unsatisfiable instance.

BasicSDP A CSinglAIP has a number of advantages over the hybrid algorithm. First, it applies
immediately to all CSPs, whereas the hybrid algorithm is restricted to certain CSPs mentioned above.
In particular, substantial changes to the hybrid algorithm are required to deal with CSPs that non-
trivially embed to Z. Second, BasicSDP A CSinglAIP is a candidate uniform CSP algorithm, subject
to the caveat about SDP in Theorem 1.5 (the same caveat also applies to the hybrid algorithm).
The hybrid algorithm is not a polynomial-time uniform algorithm, as it requires super-polynomial
time in the size of the template R to search for certain abelian embeddings, known as “master
embeddings”, and it also aborts under certain conditions [BKM26, Algorithm 4].

Remark 1.5. Tt is currently unknown how to decide in polynomial time whether the basic SDP
relaxation of a CSP instance has an exact solution. Following [BKM26], we will ignore this issue in
this paper. When we consider the SDP hierarchy, we will further assume there is a (n|D|)°@-time
algorithm that decides whether a CSP (D, R) instance on n variables has an exact SDP hierarchy
solution of level d. The existence of such algorithms is left as open questions for future work.

BasicSDP A CSinglAIP strengthens the basic SDP-+AIP relaxation proposed in [CZ25] (“SDA”)
and its hierarchy proposed concurrently in [CNP24]. We further show that our generalized hybrid
algorithm is strictly stronger than these algorithms, because they fail to solve mod-2 and mod-3
equations on disjoint subdomains, known as CSP(Za U Z3) [Zhu26]:

Theorem 1.6 (Theorems 3.8, 3.11, 4.5 and 5.20). BasicSDP A CSinglAIP solves CSP(Zy U Zs), but
neither SDA nor level-Q2(n) SDP + AIP hierarchy solves CSP(Zy U Zs3), where n is the number of
variables of an instance.

INote that this algorithm is iterative. We will always consider the iterative version, and henceforth omit the
adjective “iterative” when referring to this algorithm.
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During Bhangale’s talk in a Dagstuhl CSP seminar in May 2025, it was asked if the [BKM26]
hybrid algorithm can be implemented using SDP+AIP. Theorems 1.4 and 1.6 rule out this possibility,
at least for our generalization of the hybrid algorithm. As we will see, SDP+AIP fails because AIP
can only check whether the abelian equations have any solution. However, for the hybrid algorithm
to solve CSP(Zy U Z3), it must check whether the equations have specific solutions corresponding to
partial assignments of the CSP instance. The latter task needs CSinglAIP.

Theorem 1.6 is also interesting in the context of uniform CSP algorithms, because CSP(Zy U Z3)
is tractable. Numerous candidate uniform CSP algorithms have been considered [BGW720, C7Z22,
D024, OC22, €725, CNP24], and many have been ruled out as candidates [LP25, Zhu26]. Our
Theorem 1.6 further rules out SDA and its SDP+AIP hierarchy, resolving a remark in [CGP26]
about SDA’s candidacy. Theorem 1.6 provides the first SDA and SDP+AIP lower bounds for a
tractable CSP; no CSPs in previous such lower bounds [CNP24, CZ25, CdX26] are known to be
tractable.

Remark 1.7. AIP is not the only generalization of Gaussian elimination. Polynomial calculus is
another, and popular in proof complexity. Conneryd, Ghannane, and Pang [CGP26] showed that
the standard lower bound technique for polynomial calculus implies lower bounds to cohomological
consistency. However, to efficiently certify mod-p equations to have no solutions, one needs to
use polynomial calculus proof over a field of characteristic p [ARO1]. The need for a matching
characteristic makes polynomial calculus less convenient to use than AIP as a uniform algorithm.

The connection between the hybrid algorithm and BasicSDP A CSinglAIP in Theorem 1.4 has
another application: translate lower bounds of the latter to those of the former. We will prove
BasicSDP A CSinglAIP (and hence hybrid algorithm) lower bounds for CSPs that are “pairwise
independent” [CdX26] and “lax” [CN25], as defined in Section 6. In fact we prove lower bounds
not just for BasicSDP A CSinglAIP, but also for its hierarchy version introduced in this paper:
Singl(SDP A AIP).

Below opt(I) denotes the maximum fraction of constraints satisfied by an assignment to I. Also,
given a distribution p over k-ary relations on D, let

def
opt = max E P €ER
pti(p) VEA(D) Rep e a ]

be the maximum expected fraction of constraints satisfied by i.i.d. distributions, when the constraints
are drawn from the distribution p.

Theorem 1.8 (Theorem 6.4). Suppose a k-CSP (D, R) is pairwise v-independent and lax for some
distribution v with supp(v) = D. Fore > 0 and sufficiently large n, some instance I of the CSP onn
variables has a Singl(SDP A AIP) hierarchy solution of level (n) and opt(I) < min,ca(r) optg(p) +e.

The level lower bound (n) is optimal up to a constant factor. Theorem 1.8 strengthens previous
C(BLP+AIP) lower bounds [CdX26, Theorems 7.15]. [Bha25] remarked “[i]t would be interesting
to show the limitation of the hybrid approximation algorithm”, and “[iJt would also be interesting
to define the hierarchies of this hybrid algorithm and understand their limitations”. Theorem 1.8 is
our answer to these remarks, and forms the first lower bounds to the [BKM26] hybrid algorithm
as well as its hierarchy version. As explained in Section 1.4, Theorem 1.8 provides evidence, in
the form of an unconditional Singl(SDP A AIP) gap, that large-arity k-CSP with domain D may
be hard to approximate beyond O(|D|k/|D|¥), matching the approximation ratio of [MM14] when
k = Q(log|D]).

The BasicSDP A CSinglAIP algorithm and Singl(SDP A AIP) hierarchy are currently candidate
algorithms for both tractable CSPs and the Approximation Dichotomy Conjecture [BKM26, Con-
jecture 1.1]. Understanding their power may lead to simultaneous progress on both lines of work.
An obvious open problem is to investigate whether BasicSDP A CSinglAIP solves the coset-CSP on
the dihedral group of order 8 that fools C(BLP+AIP) introduced in [Zhu26].
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[C725] showed SDA lower bounds for approximate graph homomorphism (AGH), which may be
seen as evidence for Brakensiek—-Guruswami conjecture [BG21] on the NP-hardness of this problem.
Now that SDA is known to not solve some tractable CSP (Theorem 5.20), better evidence is needed.
To resurrect these SDA lower bounds for AGH, we upgrade them to BasicSDP A CSinglAIP lower
bounds in Theorem 7.8.

1.4. Gap Instance, Dictator Test, and Inapproximability. A theme of [Rag08] is the equiv-
alence between gap instances, dictator tests, and inapproximability for CSPs without perfect
completeness. Let us discuss how our Theorem 1.8 fits in this picture for CSPs with perfect
completeness, especially in the context of k-CSP [Bha25, Question 3].

Using the k-CSP from Theorem 6.5, Theorem 1.8 yields an unconditional linear-level Singl(SDP A
AIP) gap. This is evidence that satisfiable large-arity k-CSP may be hard to approximate beyond
O(|D|k/|D|¥). This matches the inapproximability ratio (assuming P # NP) of almost satisfiable
k-CSP, up to a constant factor [Chal6]. It also coincides with the approximation ratio of any k-CSP
when k > Q(log|D|) [MM14]. See also alternative evidence in the form of dictator tests with perfect
completeness [TY15, BKT18]. The current best NP-hardness for satisfiable boolean k-CSP has an
inapproximability ratio of 20"/ /2% [Hual4].

A goal of [BKM26] is to convert gap instances (with certain restrictions) of their hybrid algorithms
to dictator tests with perfect completeness. Our Theorem 1.8 yields a rich source of such gap
instances to their hybrid algorithm, and might become similar dictator tests in the future, when a
less restrictive conversion is found.

A potential approach towards inapproximability of satisfiable CSPs is to compose dictator tests
with Rich 2-to-1 Games [BKM21]. Inapproximability in turn yields gap instances, because hierarchy
lower bounds for 3-SAT go through hardness reduction (see [CNP24, Section C] for the special
case of SDP+AIP hierarchy). However, this approach cannot lead to our linear-level lower bound
in Theorem 1.8, even assuming Rich 2-to-1 Games Conjecture and Exponential Time Hypothesis
(ETH): The sublinear-level SDP upper bounds for Unique Games [BRS11] (which built on [ABS15])
lead to the same upper bounds for Rich 2-to-1 Games, because the reduction from Rich 2-to-1 Games
to Unique Games [BKM21] is 2-local [CNP24, Lemma C.1]. Eventually, we will be confronted with
the approximability of the CSPs in Theorem 1.8 in the subexponential-time regime: Is there a
hardness reduction without using Rich 2-to-1 Games that achieves fully exponential-time hardness
(under ETH)? Or is there a subexponential-time algorithm beating linear-level Singl(SDP A AIP)?

1.5. Proof Overview. Our generalization and simplification of the [BKM26] hybrid algorithm is
based on four simple ideas, discussed in the next four subsubsections.

1.5.1. Universal Embedding. Consider the mod-4 constraint. R” % {w € {0,1,2,3}3 | w(1) + w(2) +
w(3) =0 (mod 4)}. R” has an embedding to Zg4, but it also has a coarser embedding into Zs.
Intuitively, embedding into Z, is more precise than into Zsg, which in turn is more precise than (the
trivial embedding) into Z;. We should look for the “finest” embedding of R. Therefore the authors
of [BKM26] define a single embedding, called master embedding, “that encapsulates within it all of
the Abelian embeddings” of R [BKM24, Section 1.4.1]. Their definition of master embedding, as
well as their hybrid algorithm, requires R to have no non-trivial embedding to Z (Section A).

In this work, we introduce universal embedding (Theorem 2.2), which generalizes and simplifies
the master embedding of [BKM24, BKM?26] (Section A). Our definition works regardless of whether
R has any non-trivial embedding to Z. While it is easy to come up with similar generalizations, our
definition is optimized for ease of use when working with concrete relations R (i.e. specific CSPs).
We will show that, for example, the universal embedding for 3-XOR is the natural embedding to Zo
(Section 2.2). We will also identify a relatively simple universal embedding for CSP(Zs U Zs3), with
a short proof (Section 2.3). The brevity of our proofs stems from, and signifies the usefulness of,
the choice of our Theorem 2.2.
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1.5.2. Affine Relazation. The [BKM26] hybrid algorithm involves a system of abelian linear equations,
called the GE System. Given a constraint C' in an instance I, consider the master embedding
(Ge,0%, go) of the set of satisfying assignments Ac of C. Let us call such G¢ a master group for
C. If the CSP is 3-XOR, then the master group is Zs, and the master embedding is the natural

“identity” embedding (Theorem 2.9). In this GE System, each variable v of I should take a value

z(v) that, intuitively, belongs to the product group G" e G of all “master groups” G¢
cec, Cov

over all constraints C' containing v. z(v,C') is meant to be v’s opinion about its embedded value in
the master group G¢.

Equations are added to the GE System, to ensure the values {z(v, C) },ev (c) across the k different
variables v € V(C') of any constraint C satisfy the embedding equation in Eq. (1). But these are
not the only equations. The GE System must also be consistent with the SDP (Theorem 3.2). To
express this consistency requirement, the GE System is rewritten so that instead of variables z(v),

it has variables y(v) taking values in the double dual group G?. Since GV is naturally isomorphic to
G via Pontryagin duality, the GE System is conceptually equivalent to a relaxation in terms of the
hypothetical variables z(v). But now the GE System becomes much more complicated and difficult
to reason about [BKM?26, Sections 7.2, 7.3].

We simplify the GE System by considering a relaxation involving affine hulls in an abelian group
(Theorem 3.1). We give an affine relaxation (Eq. (7)) that is equivalent to the GE System whenever
the hybrid algorithm applies. Our affine relaxation (together with our definition of universal
embedding) readily generalizes to any CSP, even those non-trivially embeddable to Z, a situation
where the GE System and the hybrid algorithm break down.

1.5.3. Affine Integer Programming. It is not clear how to solve the affine relaxation Eq. (7) in
polynomial time, especially for CSPs non-trivially embeddable to Z (and hence having infinite
master /universal groups by Theorem 2.4). We bypass this issue altogether with the next idea.

In the GE System, if a variable v gives an honest opinion that its relaxed value z(v) corresponds
to some assignment a € D, then z(v, C) equals ¢f (v) for every constraint C' containing v, where
(Ge, 0%, go) is the universal embedding for the relation Ac on C, and i is the position of v in the
scope of C. As such, the GE System depends on the choice of the embedding (G¢, o, gc)-

What if we modify Eq. (7), so that the honest encoding of a value a € D does not depend on any
embedding? A natural choice is to encode a € D as the indicator vector 1, € Z”. This encoding
is used in the most well-studied affine relaxation: affine integer program. We will also change the
second constraint in Eq. (7) similarly, to remove any dependency on embedding. With these changes,
we get yet another affine relaxation (Eq. (11)). Eq. (11) subsumes the original Eq. (7) (Theorem 3.9).
It turns out Eq. (11) is equivalent to the basic AIP relaxation (Theorem 3.10), despite not being
identical to it. Our reformulation of basic AIP as Eq. (11) may be of independent interest.

By transforming Eq. (7) into the basic AIP relaxation (which may be stronger than Eq. (7)), we
get a polynomial-time algorithm to solve (a potentially stronger version of) Eq. (7). As a bonus,
ATIP has a polynomial-time uniform algorithm, whose running time is polynomial in the size of the
instance I and the template R. By contrast, there is no known polynomial-time uniform algorithm
that constructs Eq. (7) or GE System, because it takes super-polynomial time in the size of R to
find master/universal embeddings.

1.5.4. Constraint Singleton AIP. The previous subsubsection ignores an important issue: It is not
enough to know whether the affine relaxation in Eq. (7) has any solution. The hybrid algorithm
needs to know, for each constraint C' and each partial assignment b to C, whether Eq. (7) has a
solution corresponding to the partial assignment b. In other words, it looks for a solution of Eq. (7)
whose restriction to C' is the honest encoding of b; see Theorems 3.2 and 3.4.

Since we have transformed Eq. (7) into a basic AIP relaxation, this requirement turns out to be
fulfilled by constraint singleton AIP (Theorem 3.11). We have therefore justified how constraint
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singleton AIP naturally arises as a replacement for the Gaussian Elimination step GaussElim in the
hybrid algorithm.

We also prove that this constraint singleton AIP step cannot be implemented by (non-singleton)
AIP, even when combined with SDP. We prove that SDA and even linear-level SDP+AIP hierarchy
fail to solve CSP(Za UZ3) (Theorem 5.20). That the LP4+AIP hierarchy fails to solve CSP(Zy U Z3)
was claimed without proof in [Zhu26] (which built on [BG17, LP25]). Here we make the proof explicit,
and also prove that SDP+AIP does not help, either. This result is hardly surprising; our simple
observation is that the claimed LP+AIP lower bound can be strengthened to SDP+AIP, because both
LP and SDP average-case lower bounds are due to pairwise independence [KMOW17, CdX26], and
the mixing LP weight idea also works for SDP. On the other hand, we prove that our generalization of
GaussElim based on Eq. (7) (and hence CSinglAIP) solves CSP(Z2UZs3) (Theorem 3.8), by exploiting
its universal embedding (Theorem 2.10). This parallels Zhuk’s [Zhu26] proof that SinglAIP solves
CSP(Z2 U Z3), even though the details diverge.

1.5.5. Singl(SDP A AIP) Hierarchy. Having strengthened and simplified the hybrid algorithm as
BasicSDP A CSinglAIP, the next step is to consider its hierarchy version. Since both Singl(BW A
ATP) (known as cohomological consistency [O0C22]) and Singl(LP A AIP) (known as C(BLP+AIP)
[C7Z22, CN25]) hierarchies have been considered before, it is natural to consider the Singl(SDP A ATP)
hierarchy. This appears in Section 4.

Our Singl(SDP A AIP) lower bound (Theorem 6.3) shares many high-level ideas with the Singl(LP A
AIP) lower bound in [CN25]. There is one subtle difference: When proving the Singl(LP A AIP)
lower bound, [CN25] worked exclusively with the BW closure, and directly constructed an LP
solution with full support with respect to the BW closure. Here for our Singl(SDP A AIP) lower
bound, in order to reuse the SDP solution with full support from [CNP24, CdX26], we have to relate
the BW closure and the 7-wise closure somewhat differently than [CN25]. See Section 6 for details.

1.5.6. Approzimate Graph Homomorphism. In Section 7, we strengthen the SDA lower bounds for
approximate graph homomorphism (AGH) by Ciardo and Zivny [CZ25] to BasicSDP A CSinglAIP
lower bounds. As is well known, it suffices to find a graph I with arbitrarily large chromatic number,
and to construct a BasicSDP A CSinglAIP solution for I for CSP(C}) where h is odd, i.e. the CSP
on an arbitrary odd cycle Cf,.

For the SDP solution, we just use the same SDP solution as [CZ25], and make explicit that the
solution has full support. For the CSinglAIP solution, we prove a stronger property: For every odd
h > 3, every instance I of CSP(C}) has a CSinglAIP solution (Theorem 7.5). This implies CSinglAIP
accepts every instance of CSP(C},) and hence of AGH. Thus CSinglAIP is completely useless for
these two problems. This property has not appeared in the literature.

1.6. Preliminaries. A set is t-small if its cardinality is at most . N e {0,1,2,...} denotes the

set of natural numbers, and [k] & {1,2,...,k}.

An event E, happens with uniformly positive probability if there is ¢ > 0 such that P[E,] > ¢
for all sufficiently large n.

Given a function a : S — D, ap : T'— D denotes its restriction to T' C S.

The notation f : (x € X) — Y, means that f is a dependent function mapping every = € X
to f(x) € Yy, where the codomain Y, varies with z. Given Z C X, f|z : (z € Z) — Y, is the

restriction of f to Z, given by f|z(2) &f f(z) for z € Z.

Given a subset S C V and assignment a € D°, denote by 1, : DV — Z the indicator function of
a, defined as 1,(b) =1 if bg = ag, and 1,(b) = 0 otherwise.

For simplicity, we consider only constraint satisfaction problems with k distinct variables per
constraint (k-CSP). A constraint satisfaction problem CSP(R) is a pair (D, R). Its domain D is a
nonempty finite set. R is a nonempty family of k-ary relations over D, i.e. R C D¥ for every R € R.
An instance I = (V,C) of the CSP (D, R) consists of a finite set V' of variables and a finite set C of
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constraints over V. Every constraint C' € C is of the form C' = (S, R), where the scope S € V* of C
is a sequence of k distinct variables, and R € R is the set of accepting assignments of C'. Write
V(C) for the set of variables in the scope of C. In other words, an instance I is a hypergraph, where
each hyperedge C' is associated with (S, R).

A partial assignment a € DV(©) on a constraint C' = (S, R) with scope S = (vq,...,v;) € V¥
naturally corresponds to an assignment ' € D¥ via o’ & a0 S, that is, a' (i) = a(S(i)) = a(v;) for
i € [k]. The set of satisfying assignments for C' is A¢ 2t {a e DV |ago0Se R}. An assignment

a € DV satisfies a constraint C' = (S, R) if ay(c) € Ac; otherwise a violates C. An assignment

a € DV satisfies a constraint set C or an instance I = (V,C) if a satisfies every constraint C € C;
otherwise a violates C and 1.

2. ABELIAN EMBEDDING

In this section, we define universal embedding, which simplifies and generalizes the master
embedding of [BKM24, BKM26]. We also compute the universal embedding for linear equations
over Z, and CSP(Za U Zs).

Remark 2.1. Our Theorem 1.1 of abelian embedding allows g to be nonzero, differing from [BKM24,
Definition 1.1] and [BKM26, Definition 1.2]. Allowing nonzero g does not affect the existence of
embeddings for a relation R, because one can always shift one of the ¢; to accommodate the change
in definitions, as mentioned in [BKM26, after Definition 7.2]. However, when abelian embeddings
are used in the [BKM26] hybrid algorithm, it will be crucial to allow nonzero g. This is because the
hybrid algorithm involves a system of abelian linear equations based on these embeddings. When
the CSP is 3-XOR, the corresponding linear equations are equivalent to the natural equations over
Zs, with the right-hand-side being g. For the same reason, [BKM26] also allows nonzero g in their
[BKM26, Definition 7.2] when they consider their hybrid algorithm.

2.1. Universal Embedding.

Definition 2.2 (Universal Embedding). An embedding (G, 0, g) of R C D is universal if for every
embedding (H, 7, h) of R, there are affine shifts f; of a common homomorphism ¢ : G — H such
that 7, = f; o o; for ¢ € [k]. That is, there are b; € H such that fi(a) = ¢(a) + b; for a € G,i € [k].

This definition allows affine shifts f;, and not just homomorphisms, because it is possible that
oi(a) = 0 while 7;(a) # Op, and it is easy to come up with examples of such embeddings of 3-XOR
to Zs.

Remark 2.3 (Tight Embedding). All useful information about an embedding (G,o,g) of R is
contained inside the coset g + A, in G, where A, denotes the difference subgroup

Ar = ({oi(a) — oi(b) | a,b € D,i € [K]})
and (T') denotes the subgroup generated by the subset 7. We can therefore shift every o; to obtained
an equivalent embedding to A, as follows. Fix any w € D. (G, 0, g) yields an equivalent embedding

(Ay, T, h), where 7; e — oi(w), and h Ly >icik oi(w). Call such (A,,7,h) a tightening of
(G,0,g). Also call an embedding (G, o, g) tight if A, = G.

The terminology “universal” comes from category theory. Given R C D, one can define a
category of tight embeddings of R to abelian groups. Its objects are tight embeddings (G, o, g) of
R C D to abelian groups G. A morphism in this category from (G, o, g) to (H,o,h) is a k-tuple of
affine shifts f; : G — H of a common homomorphism such that 7; = f; o o; for i € [k]. Theorem 2.2
is an initial (also called universal) object in this category, meaning a tight embedding (G, o, g)
having a unique morphism to any embedding (H,7,h) (Theorem 2.7).
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As an initial object, a universal embedding is essentially unique: If X = (G,0,9) and Y = (H, T, h)
are both universal embeddings of R, then there are morphisms f = (f;);cy) from X to Y and
1= (fi_l)ie[k] from Y to X, such that idy = f~' o f and idy = f o f~1.? In other words, for all
practical purposes, a tight universal embedding is unique.

When R does not admit any non-trivial embedding to Z, [BKM?24, Definition 3.6] implies that
R has a master, and hence universal (Theorem A.5), embedding into a finite abelian group. We
give a shorter algebraic proof in Theorems 2.4 and 2.5, without relying on the analytic proof of
[BKM24, Lemmas 3.2, 3.3, 3.4]. Theorem 2.5 also generalizes this result without assuming absence
of non-trivial embedding to Z, but now the target group is finitely generated.

Lemma 2.4. A relation R C D* has an embedding (Z,7,h) to Z where 7; are not all constants if
and only if the tight universal embedding (G, o,g) of R has an infinite target G.

Proof. Let (G, 0,g) be a universal embedding of R, and (Z, 7, h) be any embedding of R where 7
are not all constants. Universality of (G, o, g) implies there are homomorphism ¢ : G — Z and shifts
¢i € Z such that 7;(a) = ¢(0i(a)) + ¢; for a € D, i € [k]. Therefore 7;(a) — 7:(b) = ¢(0i(a) — oi(b))
for a,b € D,i € [k]. Since 7; is non-constant for some ¢ € [k|, 7;(a) # 7;(b) for some a,b € D. Then
0 # t(1i(a) — 7:(b)) = @(t(oi(a) — 0i(b))) for every nonzero t € Z, and hence t(o;(a) — 0;(b)) # Og.
Therefore the subgroup of G' generated by o;(a) — 0;(b) is infinite.

Conversely, suppose the tight universal embedding (G, o, g) of R has an infinite G. Since G is tight,
G is finitely generated by o;(a) — 0;(b) for a,b € D,i € [k]. The fundamental theorem of finitely
generated abelian groups implies G = F' @ H for some finite abelian group H, and F' = Z* for some
natural number s > 1. We will construct an embedding (Z, 7, h) of R by mapping F' = Z° to Z via
weighted coordinate-wise addition and then dropping H. Since (G, 0, g) is tight, G is generated by
oir(a)—o; p(b) for a,b € D,i € [k], where 0; p denotes the F-coordinates of ;. Therefore o; (a) #

oi r(b) for some a,b € D,i € [k]. Let w gef i, r(a) — o, p (D), so that 3=y wi(oir(a); — oy r(b);) #
0. Define 7(c) & Yjels) wiorr(c)j for ¢ € D¢ € [k], and h & > jels) wi(gr);- In particular

Ti(a) # 7i(b). Then for r € R, 3 Zicpy Ti(r:) = Xich) 2ojefs) WiTi,F(Ti); © > jels) wi(gr); = h, where
(*) uses the fact that (G, o, g) is an embedding of R and thus } ;e 0i(ri) = g. O

Lemma 2.5. Every k-ary relation R C D* over a finite domain D has a tight universal embedding
to a finitely generated abelian group that has at most |D| x k generators.

Proof. Denote by £ the countable® collection of tight embeddings (H, 7, h) of R to abelian groups
H. Define (G, 0, g) to be the direct product of these embeddings:

e H H, O'Z‘dIEf H 7; for i € [k], gd:ef H h.
(H,,h)eE (H,m,h)eE (H,,h)eE

Then (G, 0, g) is universal, because for any embedding (H, 7, h) of R, the projection 7 : G — H
to the (H, 7, h)-coordinate is a homomorphism, such that 7, = w0 o; for i € [k]. A tightening of
(G, 0,9) is also universal (Theorem 2.6), and is generated by o;(a) — o;(w) over a € D,i € [k]. O

Lemma 2.6. If an embedding (G,o,g) of R C D* is universal, so is its tightening (Ay, T, h) from
Theorem 2.3.

Proof. Consider any embedding (M, u,m) of R C D¥. Universality of (G,0,g) (Theorem 2.2)
implies there are homomorphism ¢ : G — M and shifts b; € M such that p;(a) = ¢(0;(a)) + b; for
a € D,i € [k]. Fix any w € D and consider the tightening (A, 7, h) of (G, 0,g) as in Theorem 2.3,

where 7; . o; — o;(w) for ¢ € [k]. The restriction ¢|a, of ¢ to A, is a homomorphism from A,

def
2fog = (fi © gi)iek) Whenever f = (fi)icix) and g = (9:)icqx)-
3There are countably many finitely generated abelian groups.
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to M. Then pi(a) = ¢|a,(1i(a)) + bi + ¢(0i(w)) for a € D,i € [k]. Therefore u; = f; o 0, where
fi(9) = ¢la,(9) +bi + p(oi(w)) for g € A, O

We also show uniqueness of morphism from a tight universal embedding to any other embedding:

Lemma 2.7. Let (G,0,9) and (H,7,h) be tight embeddings of R C D*. Suppose (€i)iei) and
(fi)iew) are morphisms from (G,0,g) to (H,7,h). Then e; = f; fori € [K].

Proof. Since (e;)ie[x] is a morphism, there are homomorphism ¢ : G — H and shifts 7; € H such
that 7;(a) = ei(0i(a)) = ¢(oi(a)) +r; for a € D,i € [k]. Since (f;);cx) is @ morphism, there are
also homomorphism ¢ : G — H and shifts s; € H such that 7;,(a) = fi(oi(a)) = ¢¥(0i(a)) + s; for
a € D,i € [k]. Therefore ¢(o;(a))—1(0i(a)) = r;—s; fora € D,i € [k], and (¢—1)(oi(a)—0i(b)) =0
for a,b € D,i € [k]. Since G is tight, G is generated by such o;(a) — o;(b), implying ¢(g) = ¢(g) for
g € G. This in turn implies r; = s; for i € [k]. O

Existence of non-trivial embeddings is equivalent to the tight universal embedding having a
non-trivial target:

Lemma 2.8. A relation R C D* has an embedding (H,T,h) where the 7; : D — H are not all
constants if and only if the tight universal embedding (G,o,g) of R has a non-trivial target G.

Proof. Suppose G in the tight universal embedding (G, o, g) of R is non-trivial (i.e. |G| > 1).
Tightness says G is generated by o;(a) — 0;(b) over a,b € D,i € [k]. Therefore o;(a) # 0;(b) for
some a,b € D,i € [k]. Then (G, 0,g) is an embedding of R where o; : D — G are not all constants.

Conversely, suppose G in the tight universal embedding (G, 0, ¢g) of R is trivial. Consider any
embedding (H, 7, h) of R. Universality of (G,o,g) implies there are homomorphism ¢ : G — H
and shifts ¢; € H such that 7(a) = ¢(04(a)) + ¢; for a € D,i € [k]. Therefore 7;(a) — 7(b) =
p(oi(a) —oi(b)) = 0y for a,b € D,i € [k], where the last equality uses |G| =1 and ¢(0g) =0y. O

2.2. Identity Embedding is Universal. Given m,k € N, consider a k-ary mod-m constraint
Rimp & {a € ZE, | > icf) @ = b} for some b € Zp,. It has the identity embedding (,b) to Zp,
def

given by o; = idg,, for i € [k].
Theorem 2.9. For any k > 3, m > 1, b € Zy,, the identity embedding for Ry, is universal.

Proof. Consider any embedding (H, 7, h) of Ry . Our goal is to show that 7; are affine shifts of a
common homomorphism h : Z,, — H. Then the maps f; def 7; satisfy 7; = f; oidg,, for i € [k].
Given any tuple t € ZF | denote by 3" 7(t) & >icik Ti(ti)-
Given distinct 4, j € [k], fix an arbitrary tuple s € Ry, such that s; = s; = 0 (for example, s
may be all-zeros, except an entry b at some position different from i and j.). Further given ¢ € Z,,,

define the tuple ¢ that is the same as s, except t; of s; +c¢ = c and t; = sj —c = —c. Since R
contains both s and ¢, Y 7(¢t) — > 7(s) = 0g, so
(2) 7i(¢) + 7j(=¢) = 7:(0) + 7;(0).
For a,b € Z, and r € [k] \ {4, ]}, define the tuples u, v, w that are the same as s, except
u; = s; +a Ur = Sr — @
v, =8 +b vj=38;—0b
w; =8 +a+b wj=5; —b Wy = 8 — a

Since R contains s, u, v, and w, we have > 7(u) + > 7(v) — > 7(w) — > 7(s) = 0g. Thus
(3) 7i(a) + 7;(b) = 7;(a + b) + 7;(0).



UNIVERSAL ABELIAN EMBEDDING AND AFFINE RELAXATION FOR CSP 11

Therefore h; & a — 7i(a) — 7(0) is a homomorphism from Z,, to H. Eq. (2) further implies

7;(c) —7;(0) = 7j(c) —7;(0) for ¢ € Z,, and distinct 7, j € [k]. That is, the maps f; & i Z — H are
affine shifts of a common homomorphism. And for any ¢ € Zy,,i € [k], ficidz, (¢) = fi(c) = 1i(c). O

2.3. Universal Embedding for CSP(Z3 U Z3). We will define CSP(Z2 U Z3) and compute its
universal embedding.

The domain of this k-CSP is the disjoint union of Zs and Z3, denoted D & {0,1,0/,1,2'}. Each
CSP(Z2UZs) combines a Zg constraint and a Zs constraint. Therefore each CSP(Z2UZ3) constraint
is of the form

{a € {0,1}* ‘ Yiewai =y (mod 2)} U {a e {0,121k ‘ Yie @i =2z (mod 3)}

where y € {0,1},z € {0,1,2}. Note that this definition is slightly different from that in [Zhu26],
whose constraint is either a Zs constraint or a Zg constraint. We choose to define the CSP this way
only for simplicity.

Take any instance of CSP(ZaUZs). For variables in the same connected component, any satisfying
assignment must assign to these variables only the values in Zs, or only the values in Zs. Therefore,
a connected component is satisfiable if and only if it is satisfiable after restricting to the Zs part, or
after restricting to the Z3 part. In either case, the constraints form a system of linear equations
over Zs or Zs, which can be efficiently solved by Gaussian elimination. Thus the CSP is tractable.

The k-CSP CSP(Zy U Z3) has three embeddings to an abelian group:*

(1) (Za,0%,y). Each o? is the identity function on Zy. Also, pick a satisfying assignment to the
Zo part of the constraint, i.e. a € Z§ such that 3, a; = y in Zs. Then 02 maps Z3 to the
constant a;.

(2) (Z3,03,2). (Same as before, reversing the roles of Zy and Z3) Each o3 is the identity function
on Zs. Also, pick a satisfying assignment to the Zg part of the constraint, i.e. a € Z’§ such
that >, a; = z in Z3. Then 0',23 maps Zs to the constant a;.

(3) (Z*=1,0’,0). Each o} maps Zy to 0 € Z¥~1. Also, each o} maps Z3 to the i-th standard
basis vector for i € [k — 1], while o}, maps Zs3 to the all-(—1) vector.

Theorem 2.10. For any k > 3, the direct product of the above three embeddings, as an embedding
of a CSP(Zy U 7Z3) constraint R to 7o x Z3 x ZF~1, is universal.

Proof. Consider any embedding (H, 7, h) of R. Consider the subgroup Hy of H generated by 7;(a)
over all a € {0,1},7 € [k]. Restricted to the subdomain {0,1}, (H, 7, k) induces an embedding
(Hs, 72, hs) of Ry 2,4, where 72 :{0,1} — Hy agrees with 7. Theorem 2.9 implies (Ha, 72, ha) is
the affine shifts of the embedding (Zs,idy,,y): there are affine shifts f? : Zy — Hs of a common
homomorphism (? such that 7; = 72 = f2 o 02 on {0,1} for i € [k]. In particular,

7i(1) = 75(0) = ff o 07 (1) — f7 0 57(0)
= fi2(122) - fiQ(OZQ)
= 902(122) - 902(022) = ‘102(122)

“In this subsection, superscripts -> and - are labels and do not mean the second or third power. However,
superscripts Foor *71 are the corresponding powers.
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is a constant p € Hy C H independent of i € [k]. Further,
2p=2f} 0 0{(1) = 2f7 0 07 (0)
= f7 0 (207(1)) — f? o (207(0))
= [ (12, + 1z,) — f7(0z, + 0z,)
= f7(0z,) — f7(0z,)

= 0p.

Apply the same argument to the subdomain {0’,1,2'} and Ry 3 ., we have 7;(1") — 7;(0') equals
some constant ¢ € H independent of ¢ € [k]. Further, 3¢ = 0y, and 7(2") — 7;(0/) = 2¢ for i € [k].

Denote by o; &' (02,03,0%) : D — ZoxZ3xZF~! the product embedding. Define a homomorphism

19717
def

01 Ty x Ty x ZF1 = H by ¢(1,0,0) % p, 0(0,1,0) & ¢, and ¢(0:(0) — 04(0)) & 7,(0) — 7;(0)

for i € [k —1]. ¢ being a homomorphism implies the last identity holds for i = k as well. Let

fi def v —o0;(0)+ 7;(0) for ¢ € [k]. It is now a mechanical check that 7; = f; o 0; as claimed: for

each i € [k],

3. HYBRID ALGORITHM

In this section, we present the hybrid algorithm of [BKM26]. We will represent the system of
equations in the hybrid algorithm as an affine relaxation, significantly simplifying the equations
and generalizing them to CSPs embeddable into Z. We then present our BasicSDP A CSinglAIP
algorithm, which subsumes the hybrid algorithm.

We now state the hybrid algorithm of [BKM26] using our notation (where the input instance is
= (V,0)):

Algorithm 1 [BKM26] Hybrid Algorithm

1: repeat

2 for all constraint C' € C, assignment b € Ac do

3: if not (BasicSDP(C, b) and GaussElim(C, b)) then
4: C < ReplaceConstraint(C,C, Ac \ {b})

5: until no change to C

6: Accept if Ag # () for every C € C

Recall that Ac € DY(©) denotes the set of satisfying assignments to the constraint C.
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On line 3, BasicSDP(C, b) and GaussElim(C, b) test whether the partial assignment b of constraint
C may extend to a global satisfying assignment, using the basic SDP relaxation and Gaussian
Elimination, respectively. The subroutine GaussElim will be discussed in Section 3.1, and BasicSDP
in Section 4.2.

On line 4, ReplaceConstraint replaces constraint C' with a stronger constraint C’ that further
forbids b:

def

ReplaceConstraint(C,C, R) = (C \ {C}) U {constraint C’ with relation R} .

Every time line 4 is executed, one can imagine replacing the current instance with a reduced
instance. When presented in the above way, many steps in [BKM26, Sections 7.2 and 7.3] that
involve supp(uc) for some SDP solution p will be replaced in this paper with just Ac (the set of
satisfying assignments of the constraint C' in the current reduced instance).

3.1. New Affine Relaxation. The GaussElim subroutine from the hybrid algorithm (Algorithm 1)
uses Gaussian Elimination to find specific solutions to a system of abelian linear equations, called
the “GE System” in [BKM26]. The “GE System” of equations has a complex definition [BKM?26,
Sections 7.2, 7.3]. Rather than presenting the original definition, we give a new affine relaxation
that is significantly simpler. Whenever [BKM26, Algorithm 4] does not abort, our affine relaxation
is equivalent to the GE System (see Section 3.3). Our new affine relaxation can also handle CSPs
non-trivially embeddable into Z, whereas the GE System cannot.
Our simplification hinges on relaxations involving affine hulls in an abelian group:

Definition 3.1 (Affine hull). The affine hull of a subset S of an abelian group G is
aff($) €' S+ ({a—b|abe S},
where (T') denotes the subgroup generated by 7' in the abelian group G. Equivalently,

aff(S) = {Zsesw(s)s ‘ w € 2%, Y cqw(s) = 1, finite supp(w)} ,

which contains all affine integer combinations of S with finite support. When S is nonempty, aff(.5)
coincides with the intersection of cosets containing S, i.e., aff(S) is the coset generated by S.°

The above definition is the abelian algebraic analog of the well-studied concept from Euclidean
space. Though simple, this concept is absent from [BIKM26].

Fix an instance I = (V,C). For every variable v € V, let C,, be the collection of constraints C' € C
containing v, and define the group

(4) = ] Ge,
Cely

where G¢ is a the target group of the universal embedding (Theorem 2.2) of the set Ac € DY) of
satisfying assignments for the constraint C'. Further, for every b € D, we define the embedded tuple

(5) = (6§ (b)) cec, € GY,

where ((Jic)ie[k],gc) is the universal embedding of A¢ into G¢, and o¢ & ajc with j € [k] being

the position of v in (the scope of) the constraint C'. We extend the definition of the embedded tuple
to partial assignments a € DV(®) for a constraint C:

def
(6) rg = (rhwveviey € [ GY
veV(C)
Our new affine relaxation in Eq. (7) consists of solutions z such that:
(1) For each variable v, z(v) lies in the affine hull of the embedded tuples 7 over a € D.

OIf S is empty, then so is aff(.S), which cannot be a coset, since cosets are nonempty by definition.
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(2) For each constraint C', the tuple 2y () = (2(v))vev(c) lies in the affine hull of the embedded
tuples rg over satisfying partial assignments a of C.

z:(veV)—aff{r!|ae D}
subject to  zy(¢) € aff{rC | a € Ac} for CeC

(7)

The goal of the GE System is to achieve consistent solutions [BKM26, Definition 7.7]:

Definition 3.2. (A¢)cec is consistent with the coset T of solutions of the affine relaxation in
Eq. (7) if for every C € C,

(8) aff{r¢ |a € AcY =Tlc,
where
(9) Tle = {(z(0)evic) | 2 €T} .

Remark 3.3. [BKM26, Definition 7.6] contains a small mistake: It considers the subgroup, rather
than the coset, generated by a subset. However, T |¢ is a coset, not necessarily a subgroup; thus,
equating it with a subgroup in [BKM26, Definition 7.7] is incorrect. Concretely, for odd-parity
3-XOR (Theorem 1.2), the identity embedding is a master/universal embedding (Theorem 2.9).

When the whole instance consists of only a single such constraint C, T |¢ is the coset Y oo {a € Z}|
Zie[s] a; = 1} of odd-parity assignments. The generated subgroup is Z3 # Y, violating [BKM26,
Definition 7.7], even though Eq. (8) holds. The simple fix is to change [BKM26, Definition 7.6] to
be “the affine hull of a subset”.

Definition 3.4. The subroutine GaussElim(C,b) accepts precisely when rbc € Tlc, where
b€ Ac and T is the coset of solutions of Eq. (7).

3.2. Tightness from Universality. Note that the affine constraints in FEq. (7) depend on the
embeddings in Egs. (4) and (5).

As an extreme example, if the trivial embedding were used, i.e., if G¢ in Eq. (4) were replaced by
the trivial group (consisting only of the identity element), then all the constraints zy(¢) € aff{re |

a € Ac¢} in Eq. (7) would be satisfied trivially. Therefore “finer” embeddings (G, (¢¢ )ie[k]» 9c) in
Eqgs. (4) and (5) are preferred. Theorem 3.6 below shows that if the affine relaxation Eq. (7) has
solutions under the universal embedding, then it also has solutions under any abelian embedding.
Of course, the converse may not hold. Therefore the affine constraints in Eq. (7) are as tight as

possible among all abelian embeddings.

Given any function f: X — Y any subset S C X, let f(.5) o {f(s) | s € S} be its image under
f. The next result says that given any subset S of an abelian group, the image of its affine hull
under an affine map f equals the affine hull of its image under f. Put differently, an affine map
commutes with taking the affine hull. This result is the abelian algebraic analog of a well-known
fact in Euclidean space.

Lemma 3.5. Let S be a subset of an abelian group G. Let f : G — H be an affine map from G to
another group H, i.e., there is a homomorphism ¢ : G — H and ¢ € H such that f(g) = ¢(g) + ¢
for g € G. Then

(10) f(aff(5)) = aff(f(5)) -

Proof. Let T'={a—"b|a,be S}.
f(aff(5)) = ¢ + p(aff(5)) = ¢+ (S + (1) = ¢+ »(S) + ¢((T))
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since ¢ is a homomorphism. Now

p((T) = p(({a—bfa,be S})) = {pla) — @) [ a,b € §}) = {p(T))

again because ¢ is a homomorphism. On the other hand,

afi(£(S)) = £(S) + ({a—b| a,b € F(S)})
— e+ o(S) + ({p(a) — p(b) | a,b € 5)
— e+ 9(S) + (p(T)) = f(afi(S)). O

We now prove the main result of this subsection.

Theorem 3.6. If the affine relaxzation Eq. (7) has a solution (under the universal embedding), then
it also has a solution when the universal embeddings (Gc,0%, he) in Egs. (4) and (5) are replaced
with any embedding (Ho, 7%, he) of Ac.

Proof. Let z be a solution to Eq. (7) under the universal embeddings (G¢,0, gc) of Ac. For
any constraint C, any embedding (Hc, 7%, he) of Ac, there are maps f€ : Go — He such that
¢ = fC 00 for i € [k]. Define a map y by y(v,C) o fE(2(v,C)) for v € V,C € C,, where i is
the position of v in C. Then y = f(z) under some affine map f : [[,cv.cec, Go — [lvev.cec, Hos
whose (v, C)-coordinate is fC as in the previous sentence.

Since z is a solution to Eq. (7), z(v) € aff{r} | a € D} for v € V. Equivalently, f,(z(v)) €

fo(aff{ry | a € D}) 1 aff{ fu(ry) | a € D}, where f, : [[cee, Go — Iloee, Ho corresponds to the
coordinates of f associated with v. Now f,(r?) = (€ (o (a)))cec, = (7€ (a))cec, = sU, where s¥ is
defined as in Eq. (5) but using the embeddings (Hc, 7¢, he) instead. Then y(v) € aff{s? | a € D}.

Similarly, zy ¢y € aff{r® | a € Ac} for C € C. Equivalently, fe(zve)) € fo(aff{r$ | a €
Ac}) (g) aﬁ{fC(Tg) |a € Ac}. Now fC(Tg> = (fv(rg(v)))veV(C) = (SZ(U)>veV(C) = Saca where Sac is
defined as in Eq. (6) but using the embeddings (H¢, 7%, h¢) instead. Then Yv(c) € aff{sC | a € Ac}.
Thus y is a solution to Eq. (7) under the embeddings (H¢c, 7€, ho). O

The previous proof further shows that if Eq. (7) (under universal embeddings) has a solution z
with zy(c) = rbc, then the same holds under any abelian embedding. Equivalently, if GaussElim(C, b)
rejects under any embedding, it also does under the universal embedding.

3.3. Equivalence to the GE System. Whenever [BKM26, Algorithm 4] does not abort, our affine
relaxation in Eq. (7) is equivalent to the GE System in [BKM26]. Our G in Eq. (4) is essentially

the same as their G}, e, because master embeddings are universal (Theorem A.5). The GE System

works with assignments y mapping v € V' to the double dual group Gv (in our terminology). But

G is naturally isomorphic to GY by Pontryagin duality, which says that any homomorphism ¢ from
G to the multiplicative circle group T of complex numbers of unit magnitude is an evaluation map
X € GV X(h) for some h € G¥. Therefore, the GE System indirectly specifies an affine relaxation
with solutions of the form z : (v € V') — G". That affine relaxation, implicit in [BKM26], is made
explicit in Eq. (7).
The GE System consists of three types of constraints:
(1) “Valid character constraints” [BKM26, Section 7.2.2]
(2) “Valid satisfying assignments constraints” [BKM26, Section 7.2.2]
(3) Character constraints enforcing aff{r{ | a € Ac} 2 Tle, to partially achieve Eq. (8)
[BKM26, Claim 7.9 and Algorithm 2].
Type 1 constraints mffely force the y variables in the GE System to correspond to character

evaluations, i.e., y(v) € GV forv e V.



16 CHAN AND NG

Type 2 constraints are subsumed by Type 3. Indeed, for any C' € C, 2y (¢ € aff{rl | b € Ac}
implies there is w € ZA, Y beap w(b) = 1 such that zy (o) = Ypea, w(b)ry. Then

S 20,0 2 ST we) 3 oCow) Y Y wib)ge = g0,

VeV (C) beAc veV (C) beAc

where (%) uses the fact that (¢, g¢) is an embedding of Ac. The previous equation is precisely a
Type 2 character constraint via Pontryagin duality (Theorem B.1).

For Type 3, applying Pontryagin duality (Theorem B.2) yields the zy (¢ € aff{r® | a € Ac}
constraints in Eq. (7). These constraints further imply the other constraint z(v) € aff{r} | a € D} in
Eq. (7) for every non-isolated variable v. Therefore Eq. (7) is equivalent to the GE System (isolated
variables that do not participate in any constraint can be ignored and removed).

The next claim summarizes this subsection.

Claim 3.7. If a CSP instance I has no isolated variable and [BKM26, Algorithm 4] does not abort,
then solutions y to the GE System [BKM26, Sections 7.2, 7.3] are bijective with solutions z to Eq. (7)
via Pontryagin duality.

3.4. Hybrid Algorithm Solves CSP(Zs U Zs3). In this subsection, we prove that our generalized
hybrid algorithm (Section 3.1) solves CSP(Za U Zs3). In fact, it does so using only its Gaussian
Elimination step GaussElim, while SDP plays no role. Recall that GaussElim(C, b) accepts precisely
when ¢ € T|c, where b € Ac and T is the coset of solutions of Eq. (7). The key observation is
that 7“1? € Tle for every C € C implies the existence of a satisfying assignment for CSP(Zs U Z3).
Our next result exploits the universal embedding of CSP(Zs U Z3) from Theorem 2.10.

Theorem 3.8. Consider a CSP(Zy U Z3) instance I = (V,C). Suppose for every C € C, there is
b € Ac such that Tbc € Tl|c. Then I is satisfiable.

Proof. Consider the universal embedding (G, o,g) of CSP(Zy U Z3) into Zs x Z3 x ZF~! from
Theorem 2.10. For i € [k],b € D, the Z*-coordinate of o;(b) is of the form po;(0'), where
p=1if b e {0,1,2'} and p = 0 otherwise. Therefore, for any s; € aff{o;(b) | b € D} so that
5i = > pep Wi(b)o;(b) with w; € D oo {weZP | ¥ epwla) =1}, the Z*~!-coordinate of s; is of the
form g;0;(0'), where ¢; = 3 pe (0,17 213 wi(b). Further, for any (s;)sc(x) such that s; € aff{o;(b) | b € D}
for i € [k] and > icik) Si = g, we have ¢; = g; for i,j € [k] by considering the Z*~!-coordinate of the
universal embedding.

Consider a CSP(Zg U Z3) instance I = (V,C) and any solution z of Eq. (7). For v € V, there
is wy, € D such that z(v) = X ycp wy(b)ry. Define g : V' — Z by q(v) = Xpeqor 17,213 wo(b). Then
the Z*~'-coordinate of z(v, C) is of the form g(v)o,(0") for v € V,C € C,. Further, ¢(v) = q(u) if
variables u and v are both contained in some constraint C' € C, implying ¢(u) = ¢(v) if u and v
belong to the same connected component.

Suppose there are C' € C,a € Ac such that r¢ € T|c. Then some solution z to Eq. (7)
satisfies z(v) = ry ) for v € V(C). Fix any vo € V(C). Then g(vo) € {0,1}. The last sentence
of the preceding paragraph implies ¢(u) = ¢(vo) for every variable u in the same connected
component K as vg. If ¢(u) = 0, the Zy-coordinate of z is a satisfying assignment for the Zs part of
CSP(Z2 UZs3) on K. More precisely, let ¢(u) = 3>z, w(b)b € Za. Then 3-, oy () t(v) =y for every
Zy-constraint {a € Z3 | >iclk] @ = y} in K, because t(v) equals the Zs-coordinate of z(v, C) for
every v € K,C € C,.

Similarly, if g(u) = 1, the Zs-coordinate of z is a satisfying assignment for the Zg part on this
connected component, using the fact that 3 yc1o13 wy(b) = 1 — g(v) = 0 for variable v in this

connected component. Therefore, if for every C € C, there is a € A¢ such that rac € Tlc, then the
CSP(Z2 U Z3) instance is satisfiable. O
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3.5. Yet Another Affine Relaxation and AIP. The constraints in FEq. (7) depend on the
embeddings. To avoid such a dependence, we propose the following affine relaxation for any CSP
(D,R) (not necessarily embeddable into abelian groups):

an y:V —aff{1, € Z" | a € D}
subject to  yy () € aff{(1o))vev(c) € ZPV ) a4 e Ac} for C eC

A merit of this relaxation is that Eq. (11) is a stronger relaxation than Eq. (7):
Lemma 3.9. If Fq. (11) has a solution, then so does Fq. (7).
Proof. Let y : V — D be a solution to Eq. (11). For v € V, define a homomorphism h,, : Z” — GV
by 1, + 7Y for a € D. Define a solution z : (v € V) — GY for Eq. (7) by z(v) E hyo y(v) for v € V.
Then z(v) = Y ,epy(v,a)ry € aff{ry | a € D}, because Y ,cpy(v,a) = 1.

For each constraint C' € C, yy () € aff{(14())vev(c) | @ € Ac}, so there is w(C) € ZA¢ such that

(12) Z w(C, a) =1 and (y(v))veV(C) = Z U}(C, a)(ﬂ-a(v))vGV(C) .
aEAC (ZEAC
Apply the homomorphism (hy)yev (o) ZPxV(C) [Toev(cy GY to both sides of the last equality,
zW)evicy = D w(C.a)(rwevio) € aff{(rhw)vevio) | a € Act . O
a€EAc

Another merit is that Eq. (11) is in fact equivalent to basic AIP, which implies Eq. (11) can be
solved in polynomial time.

Lemma 3.10. Eq. (11) has a solution if and only if the basic AIP relaxation does.

Proof. That y is a solution to Eq. (11) is equivalent to the existence of w : (C' € C) — ZAC satisfying
Eq. (12). The last equality of Eq. (12) is equivalent to

(13) y(v) = Z w(C,a)ly) = m(w(C)) forve V(C).
acAc
This is precisely the consistency condition for (y,w) to be a basic AIP solution. ([l

3.6. Constraint Singleton AIP simulates GaussElim. The GaussElim(C,b) step in the hybrid
algorithm of [BKM26] uses Gaussian Elimination to test whether ¢’ belongs to T|c. Note that this
is a different task than testing whether 7 is empty, i.e., whether Eq. (7) is satisfiable. We now show
that GaussElim can in fact be simulated by constraint singleton AIP (CSinglAIP) — while without
access to the affine constraints in Eq. (7).

Recall that given an instance I = (V,C), a basic AIP solution for I isamap s: (z € VUC) — D,
such that m, 0s(C) = s(v) for v € C' € C, where the relaxed domain D, & {weZ | Yyen, wla) =
1}.

To describe constraint singleton algorithms, we need to consider reduced instances. Given an

instance I = (V,C), some constraint C' € C, and assignment b € A¢, define the reduced instance

I+b% (V,Cy), where Gy & ReplaceConstraint(C, C, {b}) is the same as C but the assignment b is

forced on C.

Theorem 3.11. Let T be the coset of solutions of Eq. (7) for an instance I = (V,C). For any
C' € C,b e A, if there exists a basic AIP solution s for the reduced instance I +b, then rbcl €Tlor.

Proof. Let s® be a basic AIP solution for I + b. The proof of Theorem 3.10 implies y def sty is a
solution to Eq. (11) for I +b. Then z & v > aep Y(v,a)ry is a solution to Eq. (7) for I + b (and
hence I) by the proof of Theorem 3.9. Since s® is a basic AIP solution for I 4 b, we have s*(C’) = 1,
s0 s%(u) = Ly, for u € V(C'). Thus z(u) = Thiu) for u € V(C"), and r{" = zvcry € Tler O
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Consider the combined basic SDP and CSinglAIP algorithm A" obtained by replacing GaussElim
in the hybrid algorithm (Algorithm 1) with CSinglAIP, where the subroutine CSinglAIP(C, b) accepts
precisely when I + b has a basic AIP solution. Theorem 3.11 implies that if A’ accepts, then
the reduced instance at the end of the algorithm has consistent solutions, i.e., Theorem 3.2 holds.
Indeed, “C” in Eq. (8) follows from Theorem 3.11 and

aff{rg\a € Ac} Caff(Tle) (1) T\,

while “2” follows from Eq. (7). Further, Theorem 3.11 implies any b rejected by GaussElim(C,b) is
also rejected by CSinglAIP(C,b).

Proof of Theorem 1.4. Suppose the hybrid algorithm (Algorithm 1) rejects an instance I = (V,C).
Consider the sequence Ci1,Co, . ..,C; of constraint sets during an execution of the hybrid algorithm,
where C; = C. For each 1 < j <, there is C; € C; and b; € Ag;, such that (1) BasicSDP(Cj, b;) A
GaussElim(Cj, b;) rejects; and (2) Cj 41 = ReplaceConstraint(C;, Cj, Ac; \{b;}). Further, some C; € C;
satisfies Ag, = 0.

Now consider algorithm A’. The paragraph after the proof of Theorem 3.11 implies that
BasicSDP(Cj, b;) A CSinglAIP(C;,b;) also rejects for 1 < j < t. Therefore Cy,...,C; is also a valid
sequence of constraint sets during an execution of A’. This sequence causes A’ to reject I because
some Cy € C; satisfies Ag, = 0. O

4. SINGLETON (SDP A AIP) HIERARCHY

This section introduces a new hierarchy: the singleton (SDP A AIP) hierarchy. To motivate
this hierarchy and to compare it with existing algorithms, we first look at a simpler family of
decision algorithms for CSP that iteratively rule out partial assignments to individual constraints
(Sections 4.1 to 4.3). Next, we introduce more powerful hierarchy algorithms that iteratively rule out
partial assignments on small variable subsets, and finally, we introduce our singleton (SDP A AIP)
hierarchy (Section 4.4).

Our family of simpler iterative algorithms captures or subsumes a few existing algorithms: It
captures the hybrid algorithm in [BKM26], and subsumes LP+AIP [BGWZ20], CLAP [CZ22], SDA
[CZ25], and all constraint singleton algorithms in [Zhu26]. The more powerful hierarchy algorithms
also capture or subsume a few existing algorithms: They capture cohomological consistency [()CQQ]
and C(BLP+AIP) hierarchy [C722, CN25], and subsume Z-affine consistency [DO24] and SDP+AIP
hierarchy [CNP24]. The most powerful of all, the new singleton (SDP A AIP) hierarchy, subsumes
all the algorithms in this paragraph.

Bhangale [Bha25] remarked it would be “interesting to define the hierarchies of [[BKM26]’s]
hybrid algorithm and understand their limitations.” This remark partly motivated our singleton
(SDP A AIP) hierarchy, which is a hierarchy analog in the hybrid algorithm in [BKM26] (and, in
our opinion, the hierarchy analog). Another motivation for this hierarchy comes from the quest
towards uniform CSP algorithms. Many algorithms have been proposed as mentioned in the previous
paragraph, and our singleton (SDP A AIP) hierarchy subsumes them all.

4.1. Iterative Individual-Constraint Algorithm. The family of iterative local algorithms in
Algorithm 2 generalizes the hybrid algorithm in Algorithm 1. It is based on repeatedly
(1) Running a relaxation subroutine A(C, b) to test whether a CSP instance (V,C) has a satisfying
assignment extending some partial assignment b € DV (where U C V), and
(2) Reducing the instance to exclude b if the test in (1) rejects.
The decision subroutine A(C, b) satisfies the following “relaxation property”:

Property 4.1. If an instance (V,C) has a satisfying assignment a € D" such that a; = b, then
A(C,b) accepts.
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Algorithm 2 Iterative A Algorithm

1: repeat

2 for all constraint C' € C, assignment b € Ac do
3 if A(C,b) rejects then

4: C < ReplaceConstraint(C, C, Ac \ {b})

5: until no change to C

6: Accept if Ag # (0 for every C € C

It is possible that A(C,b) accepts even if (V,C) has no satisfying assignment extending b.

Recall that every time line 4 is executed, we imagine replacing the current instance with a reduced
instance.

An example of the relaxation subroutine A(C,b) is the basic LP (when b is an assignment to
some constraint C' € C). BasicLP(C, b) computes the basic LP relaxation for the instance (V,C), and
accepts if b is in the support of the relative interior of the polytope of feasible solutions to the basic
LP relaxation. This step appears in the LP+AIP algorithm of [BGWZ20, Figure 1].

Similar relaxation subroutines include arc consistency, basic SDP, and basic AIP. The adjective
“basic” (or “canonical” in some literature) refers to relaxations of partial assignments to constraints
and individual variables, as opposed to “hierarchy” that are relaxations of partial assignments to
small variable subsets.’

Another relaxation subroutine is the Gaussian Elimination step GaussElim(C,b) from the hybrid
algorithm in [BKM26]. This step differs from subroutines in the previous paragraph in many ways:
e.g. the set of values taken by variable v in GaussElim depends on v’s neighborhood.

Combining different relaxation subroutines yields even more interesting ones, such as A =
BasicSDP A GaussElim as in Algorithm 1, i.e. A accepts if both BasicSDP and GaussElim do.

4.2. Basic Relaxation Subroutine. We now formally define the basic relaxation subroutines for
four elementary relaxations: arc consistency (whose hierarchy is called local consistency or bounded
width), LP, SDP, and AIP. For each elementary relaxation 2R, we will define the corresponding basic
relaxation subroutine BasicR in three steps:

(1) The relaxed domains D' for each variable v and D for each constraint C

(2) The basic R relaxation

(3) The basic relaxation subroutine BasicR(C, b)

Below Ag C D° denotes the set of partial assignments on S that satisfy all constraints in I

contained in S, where a constraint C' € C is contained in S if every variable of C' belongs to S.

Definition 4.2 (Relaxed Domain). We now define the relaxed domain D¥ of each elementary
relaxation R on a subset S C V of variables.

BW: DEW o P(As) \ {0}, the family of nonempty subsets over Ag.

LP: DLF & A(Ag), the set of distributions over Ag.
SDP: DZPY is the set of orthogonal vectors {u(a)}aeas € X indexed by Ag in an arbitrary inner
product space X, such that Y- ,c 4. |lu(a)||* = 1. This X is independent of S.

AIP: D4IP et {w Ag — 7 ' Dacags w(a) = 1}, containing affine integer weights supported on
Ag.
For a variable v € V and relaxation R, we also write D for D?}}.
For each elementary relaxation R, we also define the relaxed domain D?} for a constraint C' as in

Theorem 4.2, except that Ag is replaced with A¢, the set of satisfying assignments on C.

6For this reason, the adjective “basic” should be avoided when discussing hierarchies: LP hierarchy instead of BLP
hierarchy, where the B stands for “basic”.



20 CHAN AND NG

For each elementary relaxation, we consider a relaxed assignment ag € Dg to be a function from

the set of satisfying assignments Ag on S to a commutative monoid M.

BW: Mgw 'B. The Boolean algebra B has join V as the addition and meet A as the multiplication.

A set ag € P(Ag) is represented by its indicator function 1,4 : Ag — B, so that 1,4(a) =1

if a € ag, and 1,4(a) = 0 otherwise.

LP: Mip def R, the nonnegative reals.

def

SDP: MSDP = X.
AIP: Map ¥ 7.
For any subsets T C S C V, there is a projection mg_,7 : MP% 5 MP" of functions taking

values in M:

(14) msor(as)() S agla)  for age MP7 be DT

aeD?®
ar=b

Here the sum is over M.

Definition 4.3 (Basic R relaxation). For each elementary relaxation 9, a solution s to the basic
relaxation is a function mapping 7" € V UC to D?, that is consistent with projection:

(15) 7 (s7(0)) = ™ (v) forCeC,veC.

Applying Theorem 4.3 to the four elementary relaxations BW, LP, SDP, and AIP, we get arc
consistency, basic LP, basic SDP, and basic AIP relaxations, respectively. The basic SDP relaxation
from Theorems 4.2 and 4.3 is not the traditional definition [Rag08], but is equivalent ([BGS25,
Section 6.3.2], [C7Z26, Section 4]). Similar basic R relaxations have been proposed by [BGS25,
Remark 6.11] using the language of minions.

Turning the basic R relaxation into a subroutine BasicR(C, b) requires an additional step. For
LP, the additional step is to consider the relative interior mentioned earlier. This means looking
for a basic LP solution s whose support supp(s“*(C)) is maximal for each constraint C. Then
BasicLP(C, b) simply accepts if b € supp(s“F(C)), where b € Ac. Similarly for SDP, there also exists
a basic SDP solution s°PF with maximal support ([CNP24, Lemma 12.5], [BKM26, Claim 7.11]).
Again, BasicSDP(C, b) accepts if b € supp(s°PF(C)). The same idea of looking for a basic SR solution
with maximal support also works for BW and AIP, but is inferior to singleton subroutine discussed
next.

4.3. Constraint Singleton Subroutine. Stronger relaxation subroutines arise by considering

reduced instances that force a particular partial assignment. Given an instance I = (V,C), some

constraint C' € C, and assignment b € Ac, define the reduced instance I + b def (V,Cp), where

C, ReplaceConstraint(C, C, {b}) is the same as C but the assignment b is forced on C. Note that
I has a satisfying assignment extending b if and only if I + b is satisfiable. Define a relaxation
subroutine CSingl9R(C, b) that accepts precisely when the reduced instance I +b = (V,Cp) has a basic
R relaxation solution. The constraint singleton SR algorithm is the iterative CSinglR algorithm,
i.e. Algorithm 2 with A = CSinglfR.

The singleton algorithm was proposed by [DB97] for arc consistency, i.e. basic BW relaxation
in our terminology. The constraint counterparts were proposed by [C722] and their minions were
studied systematically in [Zhu26].

Note that all the algorithms in Sections 4.1 to 4.3 so far are iterative: they keep rejecting partial
assignments to constraints by calling subroutines repeatedly. There are also non-iterative versions of
such algorithms. For example, for each relaxation R, consider a variant of the BasicR(C) algorithm
that accepts precisely when there is a solution to the basic R relaxation of the instance I = (V,C),
without enforcing any partial assignment b. Such algorithms are the original, non-singleton version
of arc consistency, basic LP, basic SDP, and basic AIP.
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Our (iterative) BasicSDP ACSinglAIP algorithm differs from all the (non-iterative) RAGS algorithms
and (iterative) CSingl(?R A &) algorithms in [Zhu26] — all the iterative algorithms in [Zhu26] are of
the form Singl% or CSinglR for some (possibly combined) relaxation R. By contrast, our iterative
BasicSDP A CSinglAIP algorithm consists of both the non-constraint-singleton part BasicSDP and
the constraint-singleton part AIP. Of course, our BasicSDP A CSinglAIP can be strengthened to
CSingl(SDP A AIP), but we prefer to focus on the weaker and simpler version in this paper.
BasicSDP A CSinglAIP is much closer to the [BKM26] hybrid algorithm, and is still a candidate
uniform algorithm for tractable CSPs and the Approximation Dichotomy Conjecture.

We will omit the adjective “iterative” when there is no danger of ambiguity. In this paper, the
BasicSDP A CSinglAIP algorithm always refers to the iterative version.

Theorem 4.5 below says that our BasicSDP A CSinglAIP algorithm (Algorithm 2) is equivalently
looking for certain non-iterative basic solutions (Theorem 4.4), by considering a family of basic AIP
solutions. Related results have appeared before for CLAP [C722] and many singleton algorithms
[Zhu26] in terms of minions.

Definition 4.4. A BasicSDP A CSinglAIP solution to an instance I = (V,C) consists of:
e A basic SDP solution s5PF to I; and
e A collection {s{""'} of basic AIP solutions to I, one for each b € supp(s°P¥(C)), C € C, such
that
(1) supp(siP(C)) C supp(s°PP(C)) for C,C" € C,b € supp(s°PF(C”)); and
(2) spP(C) =1, for each C € C,b € supp(s°PF(0)).

Theorem 4.5. BasicSDP A CSinglAIP Algorithm accepts an instance I if and only if I has a
BasicSDP A CSinglAIP solution.

Proof. If BasicSDP A CSinglAIP Algorithm (Algorithm 2) accepts, let {Bc} denotes the set of
satisfying assignments to the constraints of the final reduced instance Ig,. at the end of the
algorithm. From the final execution of the lines 2-4, there exists a basic SDP solution s5PY for Ignai,
and basic AIP solutions s?lp for Ignal + b, one for each b € Be,C € C. Then supp(s°°F(C)) = Be
for C' € C, so supp(s5PFP(C)) = Be 2 supp(spP(C)) for C € C,b € Be = supp(s°PY(C)). Also,
spIP(C) = 1, because s{¥ is a basic AIP solution to Igna +b. Therefore (s5PF, {s1P1) is a solution
as in Theorem 4.4.

Conversely, if a BasicSDP A CSinglAIP solution (s5PP {s3F}) to I exists as in Theorem 4.4. Define

subsets Bo < supp(sSPP(C)) for C € C. Each Bg is nonempty since S eells®PF(C D)2 = 1. We
prove by induction that Bo C A for C' € C throughout the algorithm (where A denotes the
current set of satisfying assignments to constraint C'), which will then imply BasicSDP A CSinglAIP
Algorithm (Algorithm 2) accepts I.

Base Case: Initially, Bo C Ac.

Induction Step: Suppose Bo C A before the if statement on lines 3—4 of Algorithm 2. For every
C € C,b € Be, we have b € supp(s°PT(C)), so BasicSDP({B¢},b) (and hence BasicSDP({Ac},b))
accepts. Also, si''F' is a basic AIP solution to the reduced instance I’ = (V,{B¢}) + b (and hence
(V.{Ac}) +b), so CSinglAIP({Ac},b) also accepts. Therefore b is never removed from Ac. Thus
Be C Ac still holds at the end of the if statement on lines 3-4. ]

4.4. Hierarchy and Its Singleton Algorithm. For each elementary relaxation R, a level-d R
hierarchy solution s™ is a function mapping S € ( Xd) to D?, that is consistent with projection:

(16) m7(s7(S)) = s7(T) for TCSCV,|S|<d.

Given a relaxation SR, we define the singleton R hierarchy algorithm in Algorithm 3 (SinglR for
short). It keeps track of collections By of partial assignments b € DY for variable subsets U of size
at most d that has not been rejected by the R hierarchy.
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Algorithm 3 Level-d Singleton R Hierarchy Algorithm

1: Initialize By < DY for U € (gd)

2: repeat

3 for all variable subset U € ( <V 4), assignment b € By do

4: if instance (V,C U {{b}}) has no level-d R hierarchy solution then
5: C+ CU{DY\ {b}}
6:
7
8

By +— By \ {b}
: until no change to C
. Accept if By # 0 for every U € (;/d)

On Line 4, C U {{b}} represents adding to C an extra constraint (with relation {b}) that forces
the partial assignment b to U. Note that C has a satisfying assignment extending b if and only if
C U {{b}} is satisfiable. Line 5 further forbids b in the future.

Algorithm 3 modifies Algorithm 2 in two ways:

e Algorithm 2 iteratively rejects partial assignments to individual constraints, while Algorithm 3
iteratively rejects partial assignments to small variable subsets

e The relaxation subroutine A in Algorithm 2 is now the R hierarchy subroutine applied to
C U {{b}}, justifying the name “singleton hierarchy R algorithm” for Algorithm 3

Cohomological consistency [0C22] is equivalent to the Singl(BW A AIP) hierarchy algorithm.
Given two relaxations 9 and &, a R A & hierarchy solution s7\® is a pair of solutions s™ and s®
to the 9t and & hierarchies, respectively. C(BLP+AIP) hierarchy [CZ22, CN25] is equivalent to the
Singl(LP A AIP) hierarchy algorithm.

Our Singl(SDP A AIP) hierarchy algorithm subsumes cohomological consistency, C(BLP+AIP)
hierarchy, SDP+AIP hierarchy [CNP24], as well as the hybrid algorithm of [BKM26].

Remark 4.6. Many previous works, e.g. [BGW 220], considered a different combination R + &, whose
solution sM*% is a pair of solutions s™ and s€ to the % and & relaxations that additionally satisfies
supp(s™(T)) 2 supp(s®(T)) for every variable subset/constraint T, whenever s™(T) and s®(T)
are defined. Such R + & relaxations are often considered without the iterative Algorithm 2 or
Algorithm 3. Iterative CSingl(:R A &) algorithm (Algorithm 2) actually subsumes the non-iterative
Basic(R + &) algorithm. Similarly, (iterative) Singl(!R A &) hierarchy algorithm (Algorithm 3)
subsumes the non-iterative R + & hierarchy algorithm (of the same level).

Theorem 4.8 below says that the (iterative) Singl(SDP A AIP) hierarchy algorithm (Algorithm 3)
accepts if and only if a (non-iterative) Singl(SDP A AIP) hierarchy solution (Theorem 4.7) exists,
up to at most a factor 2 loss in level. A Singl(SDP A AIP) hierarchy solution consists of both an
SDP hierarchy solution and a family of AIP hierarchy solutions.

Definition 4.7. A level-d Singl(SDP A AIP) solution to an instance I = (V,C) consists of:
e A level-d SDP solution s5PF to I; and
e A collection {si'F} of level-d AIP solutions to I, one for each b € supp(s°PP(U)),U € Q/d)v
such that
(1) supp(sp(T)) C supp(s°PY(T)) for U, T € (gd), b € supp(s°PY(U)); and
(2) spP(U) = 1, for each U € (;/d), b € supp(s°PT(1)).
Theorem 4.8. If the level-d Singl(SDP A AIP) algorithm accepts an instance I, then I has a level-d

Singl(SDP A AIP) solution. Conversely, if I has a level-2d Singl(SDP A AIP) solution, then the
level-d Singl(SDP A AIP) algorithm accepts I.

Proof. If level-d Algorithm 3 accepts, let { By} be the non-empty subsets at the end of the algorithm,
and Cgpa be the constraint set C at the end of the algorithm. From the final execution of Lines
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3-8, there are level-d SDP solutions SEDP and level-d AIP solutions s, AP for the reduced instances
(V, Cpina U {{b}}), for every b € By,U € (<d) Define a new level-d SDP solution s°PF for I by

\1F P siPP(T.a), where Z = ‘H‘J{BU | U € (gd)}‘
Ue(,)beBu

SSDP(T7 CL) def

fora € By, T € (V) s5PP is an SDP solution for I, because for T € (Xd), we have supp(s°PP(T)) C
UUG( ) beBy supp(stP( )) € Ar. Also, for distinct a,a’ € DT,

<sSDP<T,a>,sSDP<T,a'>>—} S (sPP(T,a), s$OP (T, a')) = 0.

Ue(,).beBy

Further,

SIS @alP =, Y Y IS =

aeDT Ue (<d) be By a€DT

For R € {SDP,AIP}, U,T € (<d) b € DY, we have supp(si (T)) C Br, because for every
a € DT\ Br, there is some constraint in Cpy, with relation DT\ {a}. This implies supp(sSDP(T)) -
UUe( ) be supp(syPF(T)) € Br. And supp(s°PF(U)) 2 supp(siPP(U)) 3 b for U € (<d) b e

U, because s°PF is a solution for the instance (V,Cana1 U {{b}}). Therefore supp(s°PT(T)) =
Br 2 supp(spP(T)) for U, T € (gd),b € By. Finally, for U,T € (gd),b € supp(s°PY(U)) = By,
spTP(T) = 1, because si''F is a solution for the instance (V, Cgpa1 U {{b}}). Therefore I has a level-d
solution in the sense of Theorem 4.7.

Conversely, suppose some level-2d solution (SSDP,{S?IP}) to I = (V,C) exists as in Theo-

rem 4.7. Define subsets By, & supp(sSPY(U)) for U € ( Xd) Each By, is nonempty since
ZaeB;szSDP(U, a)||? = 1. We prove by induction that B}, C By for U € (<d) throughout the

algorithm (where By denotes the current set of partial assignments to variable subset U), which
will then imply level-d Algorithm 3 accepts I.

Base Case: Initially, B;, C By = DY.

Induction Step: Suppose Bj; C By for U € (<d) before the if statement on lines 46 of

Algorithm 3. Let ¢’ & ¢ UUpe (%) {D"\{a}}. Induction Hypothesis implies C’ is a superset
<d

,a€DT\BL,
of the constraint set at the current iteration. We argue that for every U € ( g d), b € By,, there is a
level-d SDP A AIP hierarchy solution to (V,C" U {{b}}). For SDP, since b € B}, = supp(s SDP(U)),
we may condition the solution s°P¥ on b to get a level-d SDP solution szP to I (Theorem C.1), s
that supp(spPF (U)) = {b} and supp(spP¥ (T')) C supp(sSPY(T)) for T' € ( ). Then s5PF is an SDP
solution to (V,C" U {{b}}). For AIP, since s{*'¥ (U) = 1, and supp(s AIP(T)) C supp(sSPP(T)) = B,
for T € ( 2 siTP is a level-d AIP solution to (V,C’' U {{b}}).

Since there is a level-d SDP A AIP solution to (V,C"U {{b}}), b is never removed from By for
U e ( ) b € By;. Thus By, C By still holds at the end of the if statement on lines 4-6. O

5. SDP+AIP LOWER BOUNDS FOR CSP(Zy U Zs)

In this section, we prove lower bounds for the SDP+AIP hierarchy on a tractable CSP, namely
CSP(Zy U Zs3) from Section 2.3.

It is well-known in the literature that LP and SDP hierarchies are powerless against linear
equations (of arity k > 3) because they are “pairwise uniform” (or “7-wise uniform” in general),
which means each constraint has a probability distribution on its satisfying assignments such that
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the marginal distribution on each subset of size 2 (or 7) is uniform. Therefore, the main difficulty
here is to fool the AIP hierarchy.

As noted in [Zhu26], we can use the disconnectedness of this CSP to fool the basic AIP relaxation.
We consider “d-solutions” for AIP, which are basic AIP relaxation solutions except the sum of
integer weights is d instead of 1. [Zhu26] showed that by assigning a uniform distribution to each
constraint on the satisfying assignments on the Zo part, we can construct a basic LP relaxation
solution whose probability masses are multiples of 1/4 (assuming k = 3 as in [Zhu26]). Multiplying
all probability masses by 4 then yields a 4-solution for AIP. Repeating this on the Zs part, we
obtain a 9-solution for AIP. By subtracting the 8-solution (obtained by doubling the 4-solution)
from the 9-solution, we obtain a 1-solution, which is just a basic AIP relaxation solution.

This approach is readily generalizable to the AIP hierarchy. For CSPs that are linear equations,
the standard construction of LP hierarchy solutions is also to assign a uniform distribution over
satisfying assignments in some carefully chosen vertex subsets. This means that we can recover a
“2"™-hierarchy-solution” and a “3"-hierarchy-solution” (where n = |V| is the number of variables in the
CSP instance), and subsequently a “1-hierarchy-solution” using an appropriate linear combination,
which is the AIP hierarchy solution we needed.

We will formalize this observation in the rest of this section.

5.1. Local closures and sparsity. The first step to construct a hierarchy solution is to find some
carefully chosen vertex subsets in the CSP instance. Intuitively, each of these vertex subsets contains
sufficient information, and the constraints outside cannot impose any additional restrictions. This
allows us to construct solutions more easily by ignoring all constraints outside.

This idea has appeared in many previous works under different names, such as advice sets
[BGMT12, Section 3.1], closures [KMOW17, Definition 5.3|, and local closures [CNP24, Defini-
tion 8.7]. Here, we follow the notations of [CNP24, CN25].

The following definitions are formulated over k-uniform hypergraphs. S and £ denote vertex
subsets and hyperedge subsets in the same hypergraph respectively.

Definition 5.1 ([CN25, Example 5.12]). Define the 7-wise boundary operator

Bs(&) oo {{e} | e € &€, at most T vertices u € e satisfy u € S or degg(u) > 1}.

Definition 5.2 (S-closed, [CN25, Remark 5.16]). & is S-closed if Bg(E) = 0.

Definition 5.3 (Local closure, [CN25, Definition 5.6]). Given ¢ € N, the t-local S-closure cl(&) of
& is the union of ¢t-small S-closed F C €£.

Note that local closures are in fact hyperedge subsets, not vertex subsets as discussed. However,
the difference is purely notational. See [CN25, Section 6.1] for an abstraction of this idea (“insular”
subsets) in terms of vertex subsets.

5.2. Random instances. Following [CN25, CdX26], we consider the model of random instances
in [CM13]. In this model, there is a distribution p over R. When p is uniform over R, this model
coincides with the natural model of random CSPs in many previous works [BGMT12, KMOW17,
CNP24).

Definition 5.4 (p-random instance, [CN25, Definition 2.1]). Fix a k-CSP (D, R), a distribution p
over R with supp(p) = R, a finite set V of variables, and m € N.
(1) A random constraint C' = (S, R) is chosen by picking a sequence S € V¥ of k distinct
variables uniformly, and R according to p.
(2) A random instance consists of choosing with replacement m uniformly random constraints.

Equivalently, a random instance consists of first picking a k-uniform hypergraph whose hyperedges
are chosen uniformly and independently, and then choosing the relation R of each hyperedge
(i.e. constraint) independently from R according to p.
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In a random hypergraph, the set of hyperedges contained inside a small vertex subset S is very
sparse. Assuming the CSP is pairwise uniform, then this sparsity property intuitively means that
the set of constraints that could impose restrictions onto a small vertex subset S is also small. This
property is used universally in the literature to construct hierarchy lower bounds.

In the following, we follow [CNP24] and track this sparsity property using the notion of “(¢,)-
expanding”. Its precise definition is not useful in this work, and we refer readers to [CNP24,
Section 8.1] for the full technical context. In particular, the measure of sparsity sp(-,-) is defined in
[CNP24, Definition 8.1].

Definition 5.5 (Sparsity expansion, [CNP24, Definition 8.4]). Let ¢ > 0 and v > 0. A constraint
set C over V is (t,v)-expanding if sp(C’, S) = ~|C’| for any S-closed t-small constraint subset ' C C
and any S C V. An instance I is (¢,7)-ezpanding if its constraint set is.

In the following theorem, o¢,1(1) represents a function €4 (¢) that, for every fixed choice of the
parameter k, (¢) — 0 as ¢ — 0 from above.

def

Theorem 5.6 ([CNP24, Theorem B.5]). Let A =7—-1>1,0<vy<\/2, (e A= /. Except
with probability oc.,(1), a random k-CSP instance with n vertices and m ' An constraints is
(t,7)-expanding, where

_ n 1
T A2/0—y)  90(k)"

5.3. Standard LP and SDP hierarchy solution. As is standard in the literature (e.g. [BGMT12,
KMOW17, CNP24, CN25]), we construct LP solutions on carefully chosen vertex subsets by sampling
an assignment independently on each constraint and each isolated variable, conditioned on agreement
on common variables.

t

Definition 5.7. Suppose J = (V,C) is an instance. Define the p; to be the following distribution
over satisfying assignments b € A :
(1) Draw b, uniformly from D{"} independently for isolated variable v € V \ V(C); and
(2) Draw by () from pc independently for C' € C, conditioned on agreeing at their common
variables.

Note that this definition implicitly depends on the distribution assigned to each isolated variable
and each constraint, which we shall specify later.
We shall consider i to be a function mapping instances J to .

The following result is a simple case of [CNP24, Theorem 11.26, Lemma 11.27]. Specifically, we

choose K 0, £ ¥ (), and n(C) ' A¢ for all constraints C' € C in the theorem to obtain the

following simplification. See [CNP24, Section 11] for the definition of the inner product space X
used in the SDP solution.

Theorem 5.8 ([CNP24, Theorem 11.26, Lemma 11.27]). Suppose an instance I = (V,C) of a T-wise
uniform CSP is (2t,37v)-expanding, and each constraint C € C has a T-wise uniform distribution

with full support on its satisfying assignments Ac. Let d o ty/2. Define

(17) SR d:efﬂRouoclﬁ%(I) for R € (g‘gd)? and

(18) ag(ag) dof Lo for S € (gd), ag € Ag.

Then a % (as)s is a level-d SDP hierarchy solution inducing the level-2d LP hierarchy solution

def
s = (SR)R-
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. . . . . def
5.4. Linear equations. Given m,k € N, consider k-ary mod-m constraints Ry ., = {a €

v/ >icik) @ = b} defined with respect to some b € Zy,. Consider the k-ary mod-m CSP

k-Lin,, 2o (Zn, { Ri,m p Ybez,, ) formed by such constraints.

We check that Theorem 5.8 is applicable to instances of k-Lin,, (with & > 3 so that 7 Cr—1> 2).
Lemma 5.9. For anym,k € N, k-Lin,, is (k—1)-wise uniform, witnessed by the uniform distribution
over all satisfying assignments for each Ry (over b € Zp,).

Proof. Take any b € Zy,. Let 1 be the uniform distribution over all satisfying assignments of Ry, ,, .

For any subset of (k—1) coordinates S & [k]\{i} (where i € [k]), we need to show that the marginal
distribution mg(n) is the uniform distribution over Z,.

Indeed, for any fixed choice of assignment a € Zfl, there is a unique extension c € Z}{,i}, given

by ¢ Ly Zje[k]\{i} aj, such that aUc € Z,[fi] is a satisfying assignment of Ry, ;. This means
that 75(n)(a) = n(a U c) = 1/mF~1. The same holds for all a € Z, so 75(n) is indeed the uniform
distribution over S. g

The following lemma allows us to generalize the idea in [Zhu26] from the basic LP/AIP relaxation
to the LP/AIP hierarchy.

Lemma 5.10. In the context of Theorem 5.8, let k > 3 be an integer, m be a prime number,

and I = (V,C) be an instance of k-Lin,,. Construct the level-2d LP solution s using the uniform

distribution on isolated variables and (the satisfying assignments of) constraints in Theorem 5.7.

Then, every probability mass s(S)(a) (where S € (ggd)’ a €73 ) in s satisfies m!V| - 5(S)(a) € Np.
def def

Proof. Take any S € (). Let J = cl§(I) and T = V/(J). Let us firstly consider ;. Note that
(17

S(S) = Tsouy.
Claim 5.11. uy is the uniform distribution over all satisfying assignments of J.

Proof. The probability that a fixed satisfying assignment b € A is sampled by p s is proportional
to the product of probabilities of the following events:
e Each isolated variable v in J sampling b,. Each such event happens with probability 1/m
regardless of b.
e Each constraint C' in J sampling by () in the scope of C. Each such event happens with
probability 1/m*~1 provided b is a satisfying assignment of .J.
Therefore, this product of probabilities is the same for all satisfying assignments b € A ;, meaning
wy is indeed the uniform distribution over all satisfying assignments of J. (|

Claim 5.12. The number of satisfying assignments in J is m' for some non-negative integer
0<t<|T.

Proof. Each constraint in J is a linear equation in F,,. Consider all these constraints as a system of
linear equations on |T| variables over F,,. Such a system either has no solutions or has exactly m!
solutions, where ¢ is the dimension of the null space of the coefficient matrix of the system.

This system must have at least one solution because p; is a well-defined probability distribution
on Ay, which means Aj; is nonempty. Also, 0 < ¢ < |T'| because there are only |T'| variables in the
system. ]

Claim 5.13. Let m! be given by the above claim. Every probability mass py(b) (where b € ZL ) in
g is either 0 or 1/mt.

Proof. 1If b is not a satisfying assignment of .J, then p;(b) = 0. Otherwise b is a satisfying assignment
of J, and py(b) = 1/m! because p; is a uniform distribution over its satisfying assignments. O
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We are now ready to prove Theorem 5.10. The probability mass s(5)(a) can be written as

17)
s()(@) L 7s () = X sl
bezl
bS:a
which is a sum of probabilities, each being either 0 or 1/m!. Therefore, s(S)(a) = p/m! for some
p € Np, and therefore
- 5(S)(a) = ml"I=" - p € Ng
where the membership is due to T C V, so t < |T| < |V, so [V| —t € Np, and so mIVI=t e N. O

5.5. CSP(Zy U Zs3). CSP(Z2 U Z3) is not pairwise uniform by itself, but the CSPs we obtain by
restricting the variable domains to the Zg part (resp. Zs) are. Therefore, we will construct two
separate SDP (and their induced LP) solutions.

As discussed in the beginning of this section, the AIP solution will be a linear combination of the
two LP solutions we constructed. To ensure the support of the AIP solution is contained within the
induced LP solution, the latter must be a mixture of the two induced LP solutions we constructed,
which requires mixing the corresponding SDP solutions.

The following lemma says that SDP solutions can be mixed in a straightforward manner.

Given an instance I, denote by EEDP the set of its SDP hierarchy solutions of level d. More
precisely, EEDP is the set of ((as)s, (Lr)R), where (ag)s is an SDP hierarchy solution for I of level
d inducing the LP hierarchy solution (ug)r of level 2d.

Lemma 5.14 ([CNP24, Lemma 12.5]). Let I be an instance and d € N. Let p be a distribution over a
finite set Q. Suppose for every € € Q, there is ((a§)s, (u%)r) € Z5PF. Then ((as)s, (ur)r) € S5PF,
where

def

(19) UR = IE uR for 2d-small R CV; and
(20) ¢ ¥ @ \/p(E) - af for d-small S C V.
£eq

We now formally generalize the idea in [Zhu26].

Theorem 5.15. Let k > 3 be an integer, T & 2, I =(V,C) be a (2t,3y)-expanding instance of the
k-CSP CSP(Zy UZs). Then, I has a level-d SDP+AIP hierarchy solution for d &t ty/2.
Proof. Restricting the variable domains to the Zs part, we recover an instance of k-Liny. Theo-

rem 5.10 constructs a level-d SDP solution (g, s2). Similarly, restricting to the Zs part recovers an

instance of k-Ling, and Theorem 5.10 constructs a level-d SDP solution (as, s3).

Let n & |V|. Theorem 5.10 guarantees that for any S € (<2d) acZ3,2" - s9(5)(a) € Ng and

3" - 53(S)(a) € Np.
By Bézout’s identity, there are o, 3 € Z such that a-2"+3-3" = 1. Definer : (S € (<2d)) — (Q49)
by

(21) r& a2 s+ B-3" - s3
The following claims show that r is indeed a level-2d AIP solution.

Claim 5.16. For S € (<2d) a € D%, r(S)(a) € Z.

Proof. 7(S)(a) ‘2 a(2" - 52(8)(a)) + B(3" - 53(S)(a)) € Z. O
Claim 5.17. 7(0)(0) =

Proof. 7(0)(0) 2 ar- 27 - so(0)(0) + 53" - s3(0)(0) = - 27 -1+ 5-3"- 1= 1. 0
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Claim 5.18. For any T C S € (g‘gd)’ mp(r(S)) = r(T).

Proof.

wr(r(8)) D mp (027 52(8) + B 37 - 53(S))

=« 2" 7mp(s2(S)) 4+ 53" - wp(s3(S))

) 27 o(T) + B-37 - 53(T)

& ) O
We now mix the two SDP solutions (s, s2) and (a3, s3) to obtain (a,s) using Theorem 5.14

(with any p with non-zero probability mass on both solutions, such as assigning probability 1/2 to

each of them). The following claim shows that (s,r) is indeed a level-2d LP4AIP solution.

Claim 5.19. For S € (g‘gd)’ supp(r(S)) C supp(s(9)).

(21) 19
Proof. supp(r(S)) € supp(sa(S)) Usupp(ss(S)) ‘= supp(s(S)). 0
Therefore, (a,r) is indeed a level-d SDP+AIP solution. O

In the following theorem, the notation oy (1) represents a function €4 (n) that, for every fixed &,
ex(n) — 0 as n — oo.

Theorem 5.20. Let k > 3 be an integer. Except with probability on.(1), a random instance of the
k-CSP CSP(Zs U Zs3) with n variables and An constraints has a SDP+AIP hierarchy solution of
level Qi(n/(A% (=2 Jog A)).

Proof. Fix ~ def 1/log A, T Ly - 1, A 1 =k-2 We may assume A% log A < n, for

otherwise the level lower bound is trivial, as every hierarchy has a solution of level 0. Since
A2/(A=3/1058) — Q(A2) for A > 1, we have ¢ & A2(*=3/p = 0,(1). Theorem 5.6 im-
plies that except with probability o,(1), a random instance I is (2t,3y)-expanding, where
t = n/(AYA=3120(K)) = O (n/A?/}). Theorem 5.15 then constructs a level-d SDP+AIP so-

def

lution with d = /2 = Qi(n/(A%* log A)). O
6. SINGLETON (SDP A AIP) LOWER BOUNDS

Definition 6.1 (¢-wise independent [CdX26]). Let v be a distribution over D. A distribution p over
DF¥ is t-wise v-independent if 77 (u) = v for T € ([Q) A k-CSP (D, R) is t-wise v-independent if
every R € R has a t-wise v-independent distribution p over DF satisfying supp(p) C R.

Definition 6.2 (Lax [CN25]). A k-CSP (D, R) is lax if every constraint C' and every variable v of
C has an assignment b to the remaining variables V/(C') \ {v}, so that C is satisfied by b regardless of
the value for v. That is, for every R € R, v € [k], there exists b € DM} such that DV x {b} C R.

Theorem 6.3. Let k > 3. Suppose a k-CSP (D, R) is pairwise v-independent and lax for some
distribution v with supp(v) = D. With uniformly positive probability, a random instance of the CSP
with n variables and An constraints has a Singl(SDP A AIP) hierarchy solution of level Q a(n).

Theorem 6.3 will be proved in Sections 6.1 and 6.2. Let us outline the proof that combines ideas
from [CNP24, CN25, CdX26]. Constructing solutions s¥(S) for small variable subsets S requires
considering the closure of S that contains all the constraints needed to define s¥(S). The choice of
closure depends on the relaxation R and the assumption on the CSP. For SDP assuming pairwise
independence [CdX26], we use ancestor closure [CNP24]. For AIP assuming lax, we use BW closure
[CN25]. These two closures have not been considered together in previous works. The support
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of the SDP solution is dictated by another closure: 7-wise closure [KMOW17]. To ensure the
Singleton AIP solution [CN25] is consistent with the full-support SDP solution [CNP24, CdX26], we
relate (partial satisfying assignments to) the 7-wise and BW closures using pairwise BW neutrality
[CNP24], which follows from the pairwise independence assumptions in Theorem 6.3.

Theorem 6.3 leads to gap instances for the hybrid algorithm, the BasicSDP A CSinglAIP algorithm,
as well as linear-level Singl(SDP A AIP) hierarchy, because the optimal value opt([) of an instance is
concentrated. Here opt(I) denotes the maximum fraction of constraints satisfied by an assignment
to I. Also, given a distribution p over k-ary relations on D, let

def
(22) opty(p) Joox E B [a € R]
be the maximum expected fraction of constraints satisfied by i.i.d. distributions, when the constraints
are drawn from the distribution p. Theorem D.1 shows that a random instance I with n variables
and An constraints have opt(I) = opt(p) + on(1) + 0oa(1) with high probability. Theorems D.1
and 6.3 together imply the following.

Corollary 6.4. Suppose a k-CSP (D, R) is pairwise v-independent and lax for some distribution v
with supp(v) = D. For e > 0 and sufficiently large n, some instance I of the CSP on n variables
has a Singl(SDP A AIP) hierarchy solution of level Q(n) and opt(I) < min,ca(r)opty(p) + €.

Theorem 6.4 gives a recipe to generate gap instances for various CSPs. CSPs satisfying Theo-
rems 6.3 and 6.4 include k-SAT (for k > 3), and the following Max-k-CSP:

Example 6.5. Fix any k > 3 and |D| > 2. Let R C DF be a relation that is the union of (1)
Hastad predicate [Chal6, Section C.2], which is pairwise uniform; and (2) a Hamming ball of radius
1, which is lax [CN25, Lemma 4.13]. Then |R| = O(|D|k). Identifying the domain D with the

cyclic group Zpj, let R & {R+b]|be ZlkD‘} consist of literal shifts of R. Theorem 6.4 yields

instances I of the k-CSP (D, R) having a linear-level Singl(SDP A AIP) hierarchy solution, and
opt(I) = |R|/|D|F + 0,(1) = O(|D|k/|D|¥) + 0, (1) [Tul09, Lemma A.1].

6.1. Multiple Closures. We now start the preparatory work towards Theorem 6.3. Fix 7 > 2.
Recall clly denotes the local T-wise closure from Theorem 5.3.

The next theorem is essentially [CNP24, Theorem 12.6] that constructs an SDP hierarchy solution
with full support on small closures. [CNP24, Theorem 12.6] concerns a special case of T-wise indepen-
dent CSP known as T-wise uniform CSP. The generalization to 7-wise independent CSP follows by re-
placing [CNP24, Proposition 10.5] with [CdX26, Lemma 7.14], and replacing [CNP24, Lemma 11.15]
with [CdX26, Lemma 7.9]. [CNP24, Theorem 12.6] works with a slightly different version of SDP
hierarchy (whose solutions involve both vectors {ag} and distributions {ur}) that is equivalent to
ours (Theorem C.3). [CNP24, Theorem 12.6] only states supp(s°PF(S)) D WS(ASUV(clg(C)))a but in

fact supp(sSPP(S)) = supp(us) = ﬂS(ASUV(CltS(C))) by [CNP24, Lemma A.8§].

Theorem 6.6. Suppose an instance I = (V,C) of a T-wise independent CSP is (4t,3~)-expanding.

Letd & ty/4. Then I has a level-d SDP solution sSPT such that for every S € (gvd), supp(s°PP(9)) =

75 (Ay e (ry))> where V(cIZ(1)) £ SUV(cIF(C)).

In order to relate the T-wise closure to another closure (BW closure) discussed later, [CN25]
considers generic closure, based on generic boundary, of which Theorem 5.1 is an example. [CN25]
also introduced the concept of “insular family”. Here clg = clg’ denotes the non-local version of the
closure operator.

Definition 6.7 (Insular family, [CN25, Definition 6.3]). Given a hypergraph (V, &), a family Z C 2
of vertex subsets is an insular family if:
e clp(&]S]) C E[T) whenever S,T € Z and T C S; and
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e SNT € Zfor 5,T € Z.
An example of such a family is the following:
Z, S CV | |ed4(C)] <t and clb(C) = C[S]}
that satisfies some nice “insular” property under the 7-wise closure [CN25, Lemma 6.4].
Lemma 6.8. cl¥ (&) = cl (&) if ¥ (E) is t-small.

Proof. c12(€) D cl%(&) follows easy from [CN25, Definition 5.6]. We will show the reverse inclusion.
def

Let T = SUV(cl(£)). We now show that clf-(€) C cl?(&). Since cl¥(€) is S-closed by [CN25,
Lemma 5.3] and t-small, given any t-small T-closed F C &, F U cl¥(€) is S-closed by chaining
[CN25, Definition 5.1] and 2t-small, so F C F U cl¥(E) C cl¥ () by definition of cl%(£). Taking
the union over all such F, clf-(€) C cl?(€), and clf(&) is also t-small.

E[T] C cli(€) because {e} is T-closed for e € E[T] and t > 1. Definition of T implies cl¥(€) C
E[T] C 4 (E). Therefore cl(€) = clZ(E). Since clfx(E) = clZ(€) is S-closed by [CN25, Lemma 5.3],
[CN25, Lemmas 5.4, 5.9] imply cl;-(€) = clg(cli(£)) = cl4 (). Thus clZ(€) C clh (&) = clf(€). O

Lemma 6.9. Consider any U C V. Suppose some W € Z; contains U and is the minimal such W.

If T < (1) € Z, then W =T.

Proof. Note that U C T and hence W C T. For any S containing U, cl4(C) = C[S], |C[S]| < t, we
have cl%(C) D cl};(C) = cl#(C), where the equality is the previous Lemma. Thus S D U U cl(C) D
UUV(c3(C)) =T, implying W D T. O

The next result is the analog of [CN25, Lemma 8.2] for local closure, allowing us to compare
the local T-wise closure and the local BW closure. Following [CN25, Section 8.1], given boundary
operators B, B’ for (V,H) (where H is a hyperedge set over V) and their corresponding closure
operators cl, cl’, write B C B if clg(F) =0 for € C H,S C V, F € Bg(E).

Lemma 6.10. Let B, B’ be boundary operators for (V,H). If B' C B, then cl4(&) C cl'g(é') for any
t>0,SCV,ECH.

Proof. [CN25, Lemma 8.2] implies ¢l C cl’ in the sense that clg(£) C clg(€) for S C V, &€ C H.
Now F C H is S-closed under cl if and only if clg(F) = F [CN25, Definition 5.1], which implies
F =clg(F) C cly(F) C F, which is in turn equivalent to F being S-closed under cl’.

Since cl%(€) is the union of t-small F C & such that F is S-closed under cl [CN25, Definition 5.6],
and any such F is also S-closed under cl’, we have cl%(&) C cl’ fg(é’ ). U

6.2. Proof of Combined Lower Bounds. We prove Theorem 6.3 in this subsection. Recall the
notions of BW boundary and BW closure from [CN25].

Definition 6.11 (BW Boundary, [CN25, Definition 5.20]). Let k,¢ > 2. Let S C V be a vertex
subset, and £ a k-uniform hyperedge set over V.
e The first S-boundary of £, BL(E), is the collection of {e} over hyperedges e € £ \ £]9] such
that e contains at most one vertex u satisfying u € S or degg(u) > 1.
e The second S-boundary of &, B?%(E ), is the collection of hyperedge sets of pendant paths P
of length ¢ in £ \ £[S], such that non-endpoints of P are outside S.

e The S-boundary of £ is Bg(€) % BL(E) U B?gg(g)-

def

When S = (), we omit S from the notation, i.e. By(€ B 00(€) and By(€) =

)
Definition 6.12 ((5, ¢)-closed, [CN25, Remark 5.16]). Let k,¢ > 2. Given a vertex subset S, a
k-uniform hyperedge set £ is (S, ¢)-closed if Bg((E) = 0.

io(€) fori=1,2.
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Definition 6.13 (Local closure, [CN25, Definition 5.6]). Given t € N, k, ¢ > 2, the t-local (S, {)-
closure cl /(€) of a k-uniform hyperedge set € is the union of ¢-small (S, ¢)-closed F C €.

Definition 6.14 (Sparse, [CN25, Definition 5.23]). A k-uniform hyperedge set £ is d-sparse if
I€] < %]V(é’ )|. € is (t,6)-sparse if every t-small subset of £ is §-sparse. A k-uniform hypergraph
is d-sparse (resp. (t,0)-sparse) if its hyperedge set is.

Definition 6.15 (Expanding, [CN25, Definition 5.27]). Let ¢ > 0 and v > 0. A hyperedge set £ over
V' is (¢,t,7)-expanding if |By(F)| = v|F| for any t-small F C €. A hypergraph is (¢,t,~)-expanding
if its hyperedge set is.

Proof of Theorem 6.5. Fix 7 =2,v; = 1/log A. Theorem 5.6 implies that except with probability
on:k.a(1), a random instance I is (4t1, 371 )-expanding, where t; = n/(A%1=371120(0)) = Q 1 (n).

Following the proof of [CN25, Theorem 8.8] (with 9 = ¢ = 3¢ + 3, where ¢ = 2), [CN25,
Lemmas 5.24, 5.28, 5.31] imply there is 0 o 0(k,9) given by [CN25, Lemma 5.26], 72 > 0 and
to = Qi a(n) such that with uniformly positive probability, a random instance I is (4t2, §)-sparse,
(9, 4ts, v2)-expanding, and has girth more than 6.

Let t = min(¢;,t2). We will construct a Singl(SDP A AIP) hierarchy solution of level d &
min(t1y1/4,t2/2(1 + 9k/v2)(1 + k/v1)) = Qx,a(n). Theorem 6.6 yields the level-d SDP solution
sSPP for T = (V,C) with full support, i.e. supp(s5PF(S)) = WS(AV(CI?(I))) for S € (gd), where

V() € suV(aZ(C)).
For AIP, consider the family of subsets

def

Z,={SCV| ]clg,g(C)\ <t and clgjg(C) =C[9]}

that are “insular” under the BW closure. I satisfies a technical condition called (2t2,72/9)-confined
by [CN25, Remark 6.9], and Z; is 2-nice by [CN25, Theorem 7.6]. Since the CSP is pairwise
v-independent with supp(v) = D, the CSP is 1-null-constraining [CN25, Definition 4.2], which is

equivalent to pairwise BW neutral [CNP24, Section 4] and is 2-null-constraining.

Given any U € (gvd), let T %' V(c12(I)) be the pairwise closure of U. [CNP24, Lemma 8.11]
def

implies |T'| < (1 4+ k/v1)|U| < t2/2(1 4+ 9k/v2). Let K = N{S € 2, | S O T}. [CN25, Proof of
Lemma 6.12] implies |C[K]| < |K| < (1 4 9k/v2)|T| < t2/2.

Consider any b € supp(s°PFP(U)) = ny (A7) = 7y (A ), where the last equality is Theorem 6.16.
There is ¢ € Ak such that gy = b. Consider the subfamily Z5k & {S €2 |S 2K} Then
Z5k is a 2-nice insular family [CN25, Definition 6.3] with min Z5x = K. [CN25, Lemma 6.15,
Theorem 7.17] applied to Z5k yield an AIP solution S?IP by [CN25, Definition 6.14]. Then

sp P (U) = 7y (14) = 1p. This solution has level d < t2/(1 + 9k/72) because for every S € (!d), some

R € Z5k minimally contains SUT by [CN25, Lemma 6.12]. Let Ap, ) {a € Ar | ay = q}. Let
W be the vertex subset that minimally contains S, cl’fd/’g (C) =C[W] and |C[W]| < t. Theorem 6.9
implies W = V(cl%’b([)). Then [CN25, Lemma 6.17] implies

(23) supp (s (5)) € ms(Ang) € ms(Aw) = ms( Ay, ).
[CN25, Lemma 8.1] and Theorem 6.10 imply V (cl2(1)) C V(cl%fg(l)). Thus

RHS of (23) C WS(AV(cl?(I))) = supp(s°PF(9)). O

Claim 6.16. For any vertex subset U such that |3 (C)| < t, if T & V(cli,(I)), for K O T such

that |C[K]| < t, then my(Ax) = 7y (Ar).
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Proof. C[T]| = clp(C[K]) because

C[T) C clp(C[K]) (Using T' C K, and “containing £[S]” in [CN25, Definition 5.1])
C cl4(C) ([CN25, Lemma 5.8])
C cl?(C) (Proof of Theorem 6.8)
c e (Ve(e) CT).

[CNP24, Proposition 5.4] implies clp(C[K]) is obtained from C[K] by iteratively removing pairwise
boundaries according to [CNP24, Eq. (10)]. [CNP24, Lemma 5.11, Proposition 6.2] imply [CNP24,
Eq. (11)], i.e. WU(AK) = WU(AT). ]

6.3. Non-trivially Embeddable CSP. Theorem 6.3 as written only applies to CSPs without
non-trivial embeddings. This subsection extends the lower bounds to certain CSPs with non-trivial
embeddings using a trick.

Remark 6.17. If a CSP is lax, then the CSP has no non-trivial abelian embedding. Indeed,
if (0,g) is an embedding of R € R, then for every v € [k], there is b € DFM*} such that
ov(a) + Xicp\ {v} 0i(b(v)) = g for every a € D, so o, is a constant function.

Are there Singl(SDP A AIP) hierarchy lower bounds for CSPs with non-trivial embedding? We
are able to prove lower bounds for such CSPs as well, by constructing “useless” embeddings using a
product construction and applying Theorem 6.3:

Definition 6.18. Given any k-CSP (D,R) and abelian group H, define the product k-CSP
(D x H,Rp). For every relation R in R, Ry contains a relation

(24) R {be (D x HY | (wp(b))iciy € B Siep 7 (bs) = On |

Whenever H is not the trivial group, Ry has a non-trivial embedding (¢, 0f) to H, via the maps
o; Ly for i € [k].

Given an instance J = (V,C) of CSP(R), replace the relation R of every constraint C € C
with R' as in Eq. (24) to obtain a new instance J' = (V,C’) of CSP(Rp). It is easy to see
that opt(J) = opt(J'). Indeed, for every assignment b : V' — D of J, there is an assignment

def

b :V — D x H of J' satisfying the same fraction of constraints, where t/(v) = (b(v),0p) for v € V.
Conversely, for every assignment 0/ : V. — D x H of J', there is an assignment b : V — D of J

def

satisfying at least the same fraction of constraints, where b(v) = mp(V/(v)) for v € V.

When k > 3, then every R € R is pairwise connected if and only if every R’ € Ry is. Recall that
R C DF is pairwise connected [BKM?24, Definition 1.3] if for every distinct i, j € [k], the bipartite
graph (D W D, R; ;) is connected, where R; ; = {(b;,b;) | b € R}. This is because for every R € R,
we have R} ; = {((bi, hi), (bj, hy)) | (bi,b;) € Rij,hi,hj € H}. Conversely, for every R' € Ry, we
have Ry = {(bi,by) | (bis ha), (b hy)) € B}

Further, CSP(R) is trivially satisfiable by a single value [CNP24, Section B.1] if and only if
CSP(Rp) is.

Therefore, if we consider any pairwise independent and lax CSP(R) (such as 3-SAT, or Theo-
rem 6.5, both of which consist of pairwise connected relations), consider the derived CSP(Rz,).
Every relation in Rz, embeds non-trivially to Zs. Then Theorem 6.4 implies CSP(R) has an instance
J with an arbitrarily large number n of variables, such that J has a level-2(n) Singl(SDP A AIP) solu-
tion s, while opt(J) = min,ca(p) 0Pty (p) +0n(1). This implies the derived instance J of CSP(Rz,)
also has a level-Q(n) Singl(SDP A AIP) solution s’, where s is supported on the subdomain D x {0z, },
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by copying from the solution s. That is, for S € (;/d), b:S — D x Zs,
(5,5 {s(s, wp(b)) if b(v) € D x {0z,} Vv € S

0 otherwise

7. (ITERATIVE) BasicSDP A CSinglAIP LowER BouNDS FOR AGH

[CZ25] proved SDA (i.e., basic SDP+AIP) lower bounds for the approximate graph homomorphism
(AGH) problem. AGH includes as a special case the approximate graph coloring problem, which is
already wide open. Such unconditional lower bounds may be seen as evidence for the Brakensiek—
Guruswami conjecture [BG21] on the NP-hardness of this problem. Now that SDA is known not to
solve some tractable CSPs (Theorem 5.20), better evidence is needed. In this section, we strengthen
the SDA lower bound of [C725] to BasicSDP A CSinglAIP.

7.1. Approximate Graph Homomorphism. Given two graphs G, H, we write G — H if there
exists an edge-preserving map f : V(G) — V(H) such that if (u,v) € E(G), then (f(u), f(v)) €
E(H). f is commonly known as a homomorphism in the universal algebra literature. We also say G
is H-colorable in this case.

Given any graph G, the graph homomorphism problem CSP(G) is the problem to decide if the
input graph I is G-colorable or not. In other words, for any input graph I = (V| E), we consider

the instance Iz et (V,C), where each edge e € E corresponds to a constraint C' € C with relation

RYE (G). As a slight abuse of notation, we do not make a distinction between an input graph I

and an input instance of CSP(G).

Given non-bipartite, loopless graphs G, H such that G — H, the approzimate graph homo-
morphism problem PCSP(G, H) is the problem to decide if the input graph I is G-colorable or
not H-colorable, provided one of these two holds. Note that these two possibilities are disjoint:
if g : V(I) — V(G) is an edge-preserving map from I to G, then fog: V(I) — V(H) is an
edge-preserving map from I to H.

Conjecture 7.1 ([BG21, Conjecture 1.2]). Let G and H be undirected nonbipartite graphs with a
homomorphism from G to H. Then the promise graph homomorphism problem associated with G
and H is NP-hard.

See e.g. [KOWZ23, AFO*25] for recent efforts towards this conjecture.

To apply relaxation algorithms for CSPs on the approximate graph homomorphism problem
PCSP(G, H) (or any promise CSPs in general), it is standard in the literature to simply discard
H and run the algorithm on CSP(G). We say that the algorithm solves PCSP(G, H) if, for any
input instance I of CSP(G), the algorithm accepts I implies I — H. That is, the algorithm always
correctly determine if the input graph I is G-colorable or not H-colorable.

7.2. CSinglAIP. For any odd h > 3, denote by C}, the cycle graph with h vertices. The vertex set of
Ch, is Zp,. There is an undirected edge (7,7 + 1) for i € Zj,.

Lemma 7.2. Let h > 3 be an odd integer, Ac oef E(Cy) CZ3 be the set of satisfying assignments
of a constraint in CSP(C},). For any fixed p,q € Zy, there exists an AIP weight w : Ac — Z such
that m(w) = 1, and m(w) = 1.

Proof. We say that a pair (p, q) is projectable if such an AIP weight w exists. (1,2) is projectable
using w & 1(1,2)- We shall incrementally construct the AIP weight w for other pairs of (p, q).

Claim 7.3. If (p,q) is projectable, then so is (p,q + 2).
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Proof. Let w be the corresponding AIP weight of (p, q). We construct the corresponding ATP weight
/ Vi def
w' for (p,q+2) as w' = w — Ligy1,9) + L(g1,9+2)-
It is a mechanical check that w’ is indeed the desired AIP weight:
e mi(w') =1,. For any c € Zj,
mi(w')(c) = m(w)(e) = m1(L(g11,9))(0) + T1(L(g11,4+2))(C)
=1lc=p]—1llc=q+ 1]+ 1fc=q+1]
= 1[c = p].
o my(w') = 1,. For any d € Zy,

ma(w')(d) = ma(w)(d) — m2(L(g41,9))(d) + T2(Lg41,4+2)(d)
=1[d=q] - 1[d=q] +1[d = q+2]
=1[d=q+2]. O
By a symmetrical argument, we can also increase p by 2.
Claim 7.4. If (p,q) is projectable, then so is (p+ 2,q).

We are done because any (p,q) € Z; can be obtained from (1,2) by applying the above two claims
a finite number of times (because h is odd). As a result, every (p, q) is projectable. O

Lemma 7.5. For any odd h > 3, any input graph I = (V, E) for CSP(C}), any edge e € E, and
any satisfying assignment b € A, to e, there is a BasicAlIP solution for the reduced instance I + b.

Proof. Let e = {z,y}. Fix any global assignment a : V' — Zj, such that a(x) = b(z) and a(y) = b(y).
For any v € V, define s(v) & 1,,. We now define s on constraints so that s is consistent with
projection. We define s(e) oot 1, as required. For any f € E \ {e}, we construct s(f) using
Theorem 7.2 (with p & a(z), q o a(y)). O

7.3. Wrapping Up. Following [CZ25], the hard instance I will be the Kneser graph K s,t- Given
s,t € N such that s > 2t, the Kneser graph Kj; is the undirected graph whose vertices are subsets
of [s] of size ¢, and whose edges are disjoint pairs of such subsets. The next lemma makes explicit
the fact that the SDP solution in [CZ25] has full support.

Lemma 7.6. Fiz any odd n > 3 and consider CSP(C,,). There is a rational 0 < § < 2 given by

[C725, Proof of Theorem 1], such that for any s,t € N satisfying % €N and s & % +t, the Kneser

graph K+ has a basic SDP solution r of full support, i.e. supp(r(e)) = Ae fore € E(Ksy).

Proof. Given an odd n > 3, choose 0 < § < 2 and construct the same SDP C),-solution r for
Kt as in [0225, Proof of Theorem 1]. It is easy to see that r has full support. Indeed, the
SDP solution r is invariant under the automorphisms of C,, (and also K, but not useful for
us), e, (r(u,a), 7(0,5)) = (r(u, (@), (0, 0(8))) for § € AUt(Co),u,0 € V(Kyy),a,b € V(Cy)
[C725, Definition 8]. As is well known, C,, is arc-transitive for any n > 3, since the automorphism
Y =a € Zy, — a+j—imaps any arc (i,7 £ 1) to any arc (j,j £ 1) of the same direction, and
the automorphism ¢ = a € Z, — 1 — a maps the arc (0,1) to its reverse (1,0). Now fix any
e & (u,v) € E(Ks:). As (a,b) ranges over the arcs of C), (i.e. satisfying assignments of the
constraint e), the inner product (r(u,a),r(v,b)) remains unchanged. The constraints of the basic
SDP imply 3" e, [I7(e, f)||? = 1, so Theorem 7.7 implies ||7(e, fap)||* = (r(u,a),7(v,b)) = 1/]A] > 0
for every (a,b) € Ae, i.e. (a,b) € supp(r(e)). Therefore A, C supp(r(e)). The reverse inclusion
A, D supp(r(e)) follows from the definition of the basic SDP. O

Claim 7.7. Let s be a basic SDP solution to a 2-CSP instance I = (V,C), under the non-traditional
Theorems 4.2 and 4.3 of basic SDP. Then for any constraint C € C with scope (u,v), any a,b € D,

(s(u, a), 5(v, b)) = [Is(C, fun)|I*, where fap(u) = a and fap(v) =b.
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Proof. Expand s(u,a) = Z s(C, f) and s(v,b) = Z s(C, g), we have

feAc g€AC
flu)=a fv)=b
()
(s(u,a),s(v,b)) = Z (s(C’,f),s(C,g)> = <S(Cvfab)78(c7fab)> = HS(C7fab)H27
f.9€Ac
f(u)=a, g(v)=b
where (%) uses the orthogonality of s(C, f) and s(C, g) for distinct f,g: {u,v} — D. O

When combined with Theorem 4.5, the next theorem shows that BasicSDP A CSinglAIP does not
solve the approximate graph homomorphism problem, because the algorithm erroneously accepts
some Kneser graph K; even when Ky ; / H. By a basic SR G-solution, we mean a basic R solution
to CSP(G).

Theorem 7.8. For any nonbipartite loopless undirected graphs G and H such that G — H, some
Kneser graph Ks; has a BasicSDP A CSinglAIP G-solution but Ks; /4 H.

Proof. Following [CZ25, Proof of Theorem 1], let n be the odd girth of G and m be the chromatic
number of H. Then C,, is a subgraph of GG, and H — K,,,. Choose rational 0 < § < 2,% €N, and
s % +t as in Theorem 7.6, and further ¢t > 22%”5 As explained in [C725, Proof of Theorem 1], the
Lovéasz formula for chromatic number implies K ; # K, and hence K ; / H.

Theorem 7.6 constructs a basic SDP Cj,-solution s5PY for K, such that supp(s°PF (e)) = A, for
e€ E(Ksy). Fore € E(Ks¢), f € Ae, Theorem 7.5 further constructs basic AIP C,-solutions S‘?IP
for the reduced instances K, + f. Then supp(s?IP (")) C Ao = supp(sSPP(e)) for ¢’ € E(Ks,).

Since C), is a subgraph of G, these basic SDP and AIP solutions are also G-solutions. O
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APPENDIX A. MASTER EMBEDDING

In this section, we recall the definition of master embedding of [BKM24, BKM26] and show that
any master embedding is universal.

Definition A.1 (Linear reduction [BKM24, Definition 3.1]). An embedding (G,0o,g) of R is a
linear reduction of another (H, 7, h) if G is a subgroup of H, and there are injective homomorphisms
fi : G — H such that 7; = f; o 0; for i € [k].

Lemma A.2 ([BKM24, Lemma 3.4]). Let k = 3. Suppose R C D¥ does not have any non-trivial
abelian embedding to Z.. There is a finite collection € of abelian embeddings of R to finite abelian
groups, such that for every embedding (M, u,m) of R, some embedding (H,T,h) € £ is a linear
reduction of (M, p1, m) via injective homomorphisms f; that are all the same.”

Definition A.3 (Master embedding [BKM24, Definition 3.6]). Let k = 3. Suppose R C D* does
not have any non-trivial abelian embedding to Z. Let £ be a finite collection of abelian embeddings
of R from Theorem A.2. The master embedding (G, 0, g) of R is the direct product of embeddings
from &, i.e.

G H H, Ul-d:Ef H 7; for i € [k], gd:ef H h.
(H,rh)e€ (H,rh)e€ (H,mh)e€

Remark A.4. The definition of linear reduction is similar to our definition of universal embedding
(Theorem 2.2), with the following differences:

"That the injective homomorphisms f; are all the same follows from inspecting the proof of [BKM24, Lemma 3.3].
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e [BKM24, Definition 3.1] requires G to be a subgroup of H and the homomorphisms f; to be
injective. We do not have such requirements in our Theorem 2.2.

e Our Theorem 2.2 allows f; to be affine shifts of a common homomorphism, while the f; are
all homomorphisms in [BKM24, Definition 3.1].

e Linear reduction is only part of the definition of the master embedding. On the other
hand, our universal embedding plays the same role as their master embedding, while also
generalizing the latter in the presence of non-trivial embeddings to Z.

In our opinion, the above differences are the reasons why universal embedding is simpler and
easier to work with than master embedding.

Lemma A.5. A master embedding is universal.

Proof. Suppose (M, u, m) is an embedding of R into a finite abelian group M. Theorem A.2 implies
there is an embedding (H, 7, h) € £ and an injective homomorphism f : H — M such that u; = for;.
The desired group homomorphism from G to M is given by f o w, where 7 is the projection to the
(H, T, h)-coordinate of G. Then p; = f o1, = f omoo;, as required. O

APPENDIX B. AFFINE HULL AS HYPERPLANE INTERSECTION

This section shows that the affine hull of a subset is the intersection of all hyperplanes containing
it. This algebraic fact mirrors its counterpart in convex analysis and justifies the equivalence between
our affine relaxation in Eq. (7) and the linear equations in [BKM26].

Given a subgroup H of a finitely generated abelian group G, recall the subgroup H=* def {x €
G | x(h) =1 for h € H} of characters of G. It is well known that in a finitely generated® abelian
group G, every subgroup H satisfies (H+)+ = H via Pontryagin duality. This result can be restated

as follows. Given a character y of G, define the subgroup y* oef {h € G| x(h) = 1}. Thus,

(HYF=N{x"|xeH'}.
This conclusion generalizes to cosets:

Claim B.1. For any finitely generated abelian group G, any coset a + H,

a+H=({g€G|x(9)=x(a)},
xX€Y

where Y consists of characters y € G such that x(g9) = x(a) for every g € a+ H.

Proof. The preceding paragraph shows that H = N{x* | x € H*}.
Nowa+H=a+N{x|x€H}=N{a+x|xeHY}.

And x*+ = {g € G | x(g9) = 1}, implying a + x* = {g € G | x(¢9) = x(a)}.
Finally, x € H' if and only if y =1 on H, if and only if y = x(a) on a + H. O

Given a k-tuple of maps o; : D — G and a € D, let o(a) o (04(ai))ier) € G*. Given a subset
R C DF let o(R) ¥ {(c(a)) | a € R} C G*.
Lemma B.2. If (G, 0,g) is an embedding of R C D¥ into a finitely generated abelian group G,

aff(0(R)) = [ {be G| x(b) =2},

(x,2)€Y

where Y consists of pairs (x, z) € Gk x T such that X =z on o(R), and T is the multiplicative circle
group of complex numbers with unit magnitude.

80r even locally compact. See https://mathoverflow.net/q/85944. Also [Con, Exercise 3.8 on page 12].
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Proof. If R is nonempty, the result follows from Theorem B.1. This follows from the fact that
aff(o0(R)) is a coset of G*. Also, x = z on ¢(R) if and only if ¥ = z on aff(o(R)).

If R is empty, then aff(c(R)) is empty, as is the right-hand side, by taking any xy € G* and
considering (x, 1), (x,—1) € Y. O

APPENDIX C. SDP SOLUTION

Lemma C.1 (Conditioning). Given any level-d SDP hierarchy solution s for an instance I = (V,C)
and any U CV, if d = 2|U|, then for any b € supp(s(U)), there is a level-(d — |U|) SDP hierarchy
solution r for I such that supp(r(U)) = {b} and supp(r(T")) C supp(s(T)) for T € (ng‘UI).

Proof. Fix b € supp(s(U)). For T € (,¥),a € DT, define (T, a) = s(T UU,aUb)/||s(U,b)|| if
alrnu = blrnu (where a is consistent with b), and (7', a) L0 otherwise.
For T € <<dY|U\)7 distinct a,a’ € DT, we have (r(T,a),7(T,a’)) = 0. Indeed, if a is inconsistent

with b, then (7T, a) = 0. Similarly, if o’ is inconsistent with b, then r(T,a’) = 0. If both a and d
are consistent with b, then (r(T,a),r(T,a’)) = (s(TUU,aUb),s(TUU,d’ Ub))/|s(U,b)||* = 0.

Also,
Yo lIr(T ) =

a€DT aeDT
alrnu=blrru

For T € (<dY|U|),a € DT, suppose s(T,a) = 0. If a is inconsistent with b, then 7(T,a) = 0.
Otherwise

SOHE sOHIE

3 [s(TUU,aUb)|I* 25 ||s(U,b)|?

Ir(T, )P ls (U, D)* = Is(TUU,aUB) P < 3 [Is(TUU,aUb)|?

beDS
blrns=alrns

(25)

D sz, a)2 =0,
so r(T,a) = 0 as well. Therefore supp(r(7")) C supp(s(7’)) C Ar. Thus r is a level-d SDP hierarchy
solution for I. And supp(r(U)) = {b} because the only a € DY consistent with b is b itself. O

Lemma C.2. Given any level-d SDP hierarchy solution s for an instance I = (V,C), any S CT CV
such that |T| < d, any b € S,

(25) Y ls(Ta)|? = [1s(S,b)|I.
acDT
as=b

Proof. Since s(T,a) and s(T,a’) are orthogonal for distinct a,a’ € DT, the Pythagorean theorem
implies that summing over a € DT such that ag = b,

2
. lIs(Ta)l> = > s(T.a)

(14)
a:ag=b a:ag=b

Ims () B> S [1s(5,0)]12. 0

In some literature, [CNP24], the SDP hierarchy has a slightly different definition, involving both
vectors and distributions. In [CNP24], a level-d SDP solution consists of
e Vector assignments ag : Ag — X to an arbitrary inner product space X for variable subsets
S of size at most d, and
e Distributions ur € A(Ag) for variable subsets R of size at most 2d,
such that
(a) {ag} is consistent with projection (Eq. (16));
(b) {ur} is consistent with projection; and
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(c) for any d-small S,T C V, any ag € Ag,ar € Arp,

(26) (as(as),ar(ar))y = P [bs=as,br = ar].

b~psur
The above definition is equivalent to our vector-only definition (Theorem 4.2), losing at most a
factor of 2 in level.

Lemma C.3. If the level-d SDP hierarchy of [CNP24] has a solution, then so does the level-d SDP
hierarchy defined in this paper. If the level-2d SDP hierarchy in this paper has a solution, then so
does the level-d SDP hierarchy of [CNP24].

Proof. Suppose the [CNP24] SDP hierarchy has a level-d solution ({as}, {#r}). Eq. (26) implies
ag(a) is orthogonal to ag(a’) for S € (Xd) and distinct a,a’ € Ag. Further, {ag} is consistent with
projection by assumption. Therefore {a,g} is a level-d solution to the SDP hierarchy in our paper.

Suppose the SDP hierarchy in our paper has a level-2d solution {ag}. Define the distributions
ur by pr(b) 2 |lar(®)|? for R € (<‘gd),b € Df. Then {O‘S}Se(v) is consistent with projection
X <d
by assumption. Theorem C.2 implies {ur} Rre() is consistent with projection. Finally, for any
<2d

S,T e (Y),let RE SUT. Then for ag € DS, ar € DT,

(as(as),ar(ar)y = Y D (ar®),ar®)x= Y lar®)|?

beDE v eDE beDE
bs=ag br=ar bs=as
br=ar

= P [bs=agbr=ar],
b~psur

where the first equality follows from the consistency of {ag} se(L) with projection, and the second
<2d

equality uses orthogonality of ag(b) and ar(¥') for distinct b, b’ € DE. O

APPENDIX D. VALUE OF RANDOM INSTANCE

A variant of the following lemma has appeared in [CdX26, Lemma F.5]. The only difference is
that [CdX26, Lemma F.5] concerns the binomial (also known as Erdés-Rényi) model of random
hypergraph, while Theorem D.1 has m independent hyperedges with replacement (Theorem 5.4).

Lemma D.1. Fiz any distribution p over k-ary relations on D. As long as A > Q(log|D|), except
with probability 0, (1) over a p-random CSP instance I = (V,C) with n variables and An constraints,

opt(1) = opty(p) + on(1) + 0a(1).

Proof. Fix any assignment b € DV. Let v be the distribution over D of b(v) by sampling a uniformly
random v € V. Consider picking a single random constraint with scope S ~ VE and relation R.
Since the uniform distributions over V£ and over V* have statistical distance o,.1(1),
P bse€Rl= P [bgeR+o0,(1)= P [a€ R]+o0,(1).
S~VE S~Vvk ar~vk

Further taking expectation over R ~ p, an assignment b satisfies a random constraint with probability
s < opty(p) + on(1) (Eq. (22)). With m independent constraints, Chernoff bound implies b satisfies
more than sm + « constraints with probability at most exp(—a?/m). A union bound over all b € D"
implies opt(I) < opty(p) + on(1) + oa(1).

For the reverse inequality, consider a distribution 7 that maximizes Eq. (22). Enumerate
the domain D as [¢q] = {1,...,q} and the vertex set V as {v1,...,v,}. Define an assignment
c € DV from n by “rounding”: Let f : [¢] — R be the cdf of 1, so that f(i) := 3., n(j). Then

c(v;) L arg minje(q f(j) = i/n. Let v be the distribution over D of ¢(v) by sampling a uniformly
random v € V. Then |v(a) — n(a)| = O(1/n) for every a € D, and hence ||v — 7|1 = 0,(1). Now

J<i
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¢ satisfies a random constraint with probability r & Er~pPg_yrlcs € R] = opt(p) + on(1). Out
of m independent constraints, c¢ satisfies fewer than rm — a constraints with probability at most
exp(—a?/m). Therefore opt(I) > opty(p) + 0on(1) + 0a(1) except with probability o,(1). O
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