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Abstract

Sparsity is a basis-dependent notion: a polynomial with many monomials may become sparse
after an invertible affine change of variables. We study polynomial identity testing (PIT) and
lower bounds for sparse polynomials under arbitrary invertible affine changes of coordinates,
that is, for affine orbits of sparse polynomials. For PIT, the goal is a small explicit set that is
not contained in the zero set of any nonzero polynomial that is sparse in some affine coordinate
system. For lower bounds, the goal is an explicit polynomial that has many monomials in every
affine coordinate system.

Over fields of characteristic zero, we give an explicit hitting set of size O(n3s%d) for affine
orbits of m-variate, degree-d, s-sparse polynomials, improving the quasipolynomial bound
(nd)©0°85) of Medini and Shpilka [CCC 2021]. Over R, we give a hitting set of size O(n*s®),
consisting of integer points with poly(n,s) bits, that works for every degree. We also give
explicit polynomials of degree d that have at least (”_lff/ 3) monomials in every affine coor-
dinate system. This bound grows with the degree even when n is fixed, and gives n™ at degree
3n2. The previous best lower bound, 2°2(™) | comes from lower bounds of Nisan and Wigderson
[Comput. Complexity 1997] and of Kayal, Saha, and Tavenas [ICALP 2016] for homogeneous
depth-three circuits, and does not grow with the degree.

Our hitting set combines one structural lemma with the recent hitting sets of Bhardwaj and
Saptharishi for polynomials with small partial derivative spaces, and our lower bound follows
from the lemma directly. The lemma says that if f is s-sparse in some affine coordinate system,
then after a shift by a generic point (3,82, ...,8"), the lowest-degree homogeneous component
of f has partial derivative space of dimension at most s.

Just as sparse PIT is a building block for PIT of many circuit classes, sparse-orbit PIT is
a building block for PIT of many orbit classes. As direct applications, we obtain polynomial-
size hitting sets for affine orbits of constant-depth, constant-occur formulas and of circuits over
sparse polynomials of bounded transcendence degree, improving the quasipolynomial bounds of
Saha and Thankey [ToCT 2024].
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1 Introduction

Sparsity, the number of monomials of a polynomial, is one of the most basic complexity measures
in algebraic complexity, and sparse polynomials are well studied: there are efficient algorithms for
identity testing and interpolation [30, 5, 17, 19] and for factoring [29, 8]. However, sparsity is a basis-
dependent notion: the number of monomials of a polynomial depends on the choice of coordinates.
For example, (z1 + --- + z,)¢ has ("Tfl) monomials, but becomes a single monomial after an
invertible linear change of variables. Geometers prefer to work invariantly, which emphasizes the
geometry and makes symmetry easier to exploit; as Landsberg puts it, paraphrasing Fulton, “Don’t
use coordinates unless someone holds a pickle to your head” [21, §0.3]. Many circuit classes, sparse
polynomials being the simplest, are instead defined in a fixed coordinate system. We study sparse

polynomials up to invertible affine changes of coordinates, that is, polynomials of the form

f@) =pAz+0) = S o [[Li@™,  IsI <5, (1.1)

aes i=1

where A € GL,,(F) and L;(Z) = (AZ + b);; here sp(p) < s, where sp(p) is the number of monomials
of p. Thus f is computed by a depth-three circuit of formal degree deg f in which every product
gate uses the same n affine forms Ly, ..., L,. The sparse-orbit complezity osp(f) is the least s for
which f has such a representation. We study identity testing and lower bounds for this model.

A hitting set for a class of polynomials is a set of points such that every nonzero member of
the class is nonzero at some point of the set. Hitting sets for orbits of circuit classes were studied
independently and simultaneously by Medini and Shpilka [23] and by Saha and Thankey [26].

To motivate the study of orbit PIT more concretely, we give two reasons, following Saha and
Thankey [26]. First, affine projections of polynomials from weak classes, such as constant-width
ROABPs, already capture general formulas. In characteristic zero, every affine projection of f lies
in the orbit closure of f, so the orbit forms a natural dense subset of its affine projections [26].

Second, a hitting set for an orbit class must not be contained in the zero set of any nonzero
polynomial in the class in any affine coordinate system. Thus the same hitting set must work
independently of the choice of coordinates. Hitting sets for a class do not automatically transfer
to its orbit, since many classes are defined relative to a coordinate system; for example, the orbit
of a sparse polynomial contains an explicit polynomial that requires exponential-size ROABPs [26,
Appendix E.1].

Sparse polynomials are a basic example of such a coordinate-dependent class. Just as hitting
sets for sparse polynomials are a building block for PIT of many circuit classes [4, 1], hitting sets
for sparse orbits are a building block for PIT of many orbit classes [26].

Besides PIT and lower bounds, the third basic problem for this model is reconstruction:
Baraskar, Dewan, Saha, and Sinha [2] show that deciding whether a sparse polynomial lies in the
affine orbit of an s-sparse polynomial, and approximating osp, are NP-hard, which suggests that
proper learning of sparse orbits is hard.

1.1 Our results

Unless otherwise stated, we work over a field F of characteristic zero. As discussed above, we
consider invertible affine transformations on the space of polynomials and study the orbits of sparse
polynomials under this action. More precisely, for f € F[xy,--- ,x,] we define

orb(f) = {f(AZ +b) | A€ GL,(F), b F"}.



Similarly, given a set F C Flzy,--- ,x,], we define
orb(F) :={f(Az +b) | f € F, A€ GL,(F), b€ F"}.
Ford>1and s > 1, let

SPn,d,s = {f € F[xlv T ,xn] | deg(f) <d 7Sp(f) < S}‘

We give a polynomial-size hitting set for affine orbits of n-variate, degree-d, s-sparse polynomi-
als.

Theorem 1.2 (Identity testing). Fiz n,d,s > 1. Let B = ns* + s and G = (G1,...,Gp) with
Gi(t) = Z}B:l %tj fori e [n], and a:F — F™ be given by B+ (B,5%,...,8"). Consider the set

A = {a(B) +t°G(t) : B€{0,...,n%}, t €{0,...,2dB}}.
The following holds:
1. |#] < (n? +1)(2d(ns? + 5) + 1).
2. J is a hitting set for orb(SP,, 4 5).
3. The set A can be constructed using O(ndB? + n3dB) field operations.

Previously, for individual degree d, Saha and Thankey [26, Theorem 7] and Bhargava and
Chosh [7] gave hitting sets of size (nd)?(@1°82); Medini and Shpilka [23, Corollary 1.33] removed the
individual-degree restriction, obtaining (nd)?(°&%), In this paper, we actually show that Ips(B,t) =
a(B) +tBPG(t) is a hitting-set generator for this class with no degree bound (Corollary 4.3): for all
but at most n? values of 3, substituting it gives a nonzero univariate polynomial in ¢t. The degree
bound d in Theorem 1.2 is used only to bound the degree of this univariate by 2dB, and hence the
number of values of ¢.

Remark 1.3. Over R, using a real-root bound of Koiran, Portier, and Tavenas [20], we can remove
the dependence on degree. In particular, in Theorem 4./ we show that there is an integer hitting

set of size O(n*s®) with O(ns?log(ns))-bit coordinates that works for every degree. O
Our second result is a lower bound on sparsity in every affine coordinate system that grows
with the degree. For f € F[zq,--- ,z,], we define
ospe(f) =  min_ sp(f(A7 +D)).

A€GL,, (F), beFn

Equivalently, ospg(f) is the least sparsity of a polynomial p in a representation f(z) = p(AZ + b)
with A invertible.

Our hard polynomials are powers of a cubic whose singular locus contains the rational normal
curve given by im(a) C F", i.e. it vanishes together with its gradient, at every point a(8) =
(8,5%,...,8"). For n > 4, we define

n—1 1 T1 Tn+l—j
Cn(f) = Zdet 1 T2 Tpy2—j | - (1.4)
7j=3 Tj—1 Xy In

Theorem 1.5 (Sparse-orbit lower bound). For n >4 and k > 1, we have



1. deg C* = 3k, and

2. OSpF(Cﬁ) > (n—1+k) I (n—2+k)'

n—1 n—1

In terms of the degree d = 3k, the bound is at least ("_T}ff/ 3), which grows with d even when n

is fixed; at d = 3n? it is at least n”. The previous best lower bound, 24" comes from depth-three
lower bounds as follows. The representation (1.1) is a depth-three circuit of formal degree d with
at most sp(p) product gates, and lower bounds for homogeneous depth-three circuits extend to this
model. Indeed, keeping the degree-d part of each product gate gives a homogeneous depth-three
circuit for Hq(f) with no more product gates. Nisan and Wigderson [24, Lemmas 3 and 4] give such
a bound for explicit polynomials of degree d < en. Kayal, Saha, and Tavenas [18, Theorem 4] give
a 222" gize lower bound for every degree d > n; since each product gate here has size O(nd), this
yields 22(") /O(nd) monomials. However, neither of these bounds grow with d. Moreover, we note
that for F = C, the polynomial C* has a XIIX-circuit of size polynomial in n and k (Appendix A).
Therefore our Theorem 1.5 is a lower bound for the orbit model only.

The key lemma: partial derivatives of initial form. We prove a structural lemma that
bounds the dimension of the space of partial derivatives, which is the key behind both the main
results described above. We build on an observation of Forbes [13]: in characteristic zero, after
a shift with nonzero coordinates, an s-sparse polynomial has a trailing monomial with at most s
monomial divisors. We note that the same argument bounds the partial derivative dimension of
the entire initial form, i.e. the lowest-degree nonzero homogeneous component.

For h € Flz1,- -+ ,zy], let dim@z< (h) denote the dimension of the span of the Hasse derivatives
of h, i.e. the coefficients of h(Z + Z) as a polynomial in z. Note that in characteristic 0, the Hasse
derivatives span the same space as the ordinary partial derivatives. For a € F", let Hyin a(f) denote
the initial form of f(z + a). Our key structural lemma is the following.

Lemma 1.6 (Key lemma). Let F be a field of arbitrary characteristic and n,s > 1. Let p €
Flz1, -+, 2,] be a polynomial of sparsity sp(p) < s. Let 0 # f = p(AZ +0b), where A € GL,(F) and
b € F*. Then, for all but at most n? values of B € F, we have

dima:f<°°(Hmin,&(ﬁ)(f)) <s.

Write 4 = Aa(B) + b, so that f(Z +a(8)) = p(AZ + @). When every coordinate of % is nonzero,
Lemma 3.2 bounds the derivative dimension of the initial form of p(y+u) by s, and invertible linear
substitution preserves this bound. Each coordinate of @ is a nonzero polynomial in 5 of degree at
most n, excluding at most n? values altogether.

We prove Theorem 1.2 by combining this lemma with the hitting sets of Bhardwaj and Sapthar-
ishi [6] for polynomials with small partial derivative spaces. By Lemma 1.6 we have that if the
initial form of f at a(B) has partial derivative dimension at least 7 for more than n? values of
B € F, then ospp(f) > r. Therefore, to obtain the lower bound in Theorem 1.5, it is enough to
lower bound the dimension of partial derivatives of the initial form of C¥.

Remark 1.7. Note that, unlike Forbes’s cone-size bound, Lemma 1.6 holds over fields of arbitrary
characteristic. For ezample, in characteristic p, the 2"-sparse polynomial ]} ;(y? — 1) becomes
[T, v after a shift by 1; its trailing monomial has cone size (p + 1)" > 2", while its derivative
dimension is 2". The proof lifts a basis of nonzero Hasse derivatives to correlated shifted partials;
the comparison of their lowest-degree terms uses only that the shift coordinates are nonzero.

Our PIT theorem uses the characteristic-zero hitting set of Bhardwaj and Saptharishi [6]. Since
our structural lemma holds over every field, an extension of their hitting set to polynomials of



bounded Hasse-derivative dimension in positive characteristic would yield a corresponding sparse-
orbit PIT result. O

Applications: hitting sets for orbits of other classes. Saha and Thankey [26] reduce PIT
for orbits of several classes to sparse-orbit PIT, using the Jacobian technique of [4, 1]; their base
case is a quasipolynomial hitting set for sparse orbits. By using the hitting sets generated by I';, s
in the base case of their argument, we obtain the following (Section 6).

Theorem 1.8 (Applications, informal). There are explicit hitting sets of size polynomial in the
number of variables, the size, and the degree for affine orbits of

1. constant-depth, constant-occur formulas: constant-depth formulas whose leaves are sparse
polynomials and in which each variable occurs in a constant number of leaves [26, Definition

3J;

2. circuits over sparse polynomials of bounded transcendence degree: polynomials C'(hy, ..., hy,),
for an arbitrary polynomial C' and sparse inputs h; whose transcendence degree is bounded by
a constant [/].

These improve the quasipolynomial bounds of Saha and Thankey [26, Theorem 10 and Remark
1].

1.2 Proof overview

Partial derivatives and shared core of sparse orbit. Given the recent progress on hitting
sets for polynomials of bounded partial derivatives [6], one might hope to directly reduce the sparse
affine orbits problem to the bounded partial derivatives one. However, there are two immediate
obstacles. Firstly, as noted before, orbits of sparse polynomials can contain dense polynomials.
Secondly, there is no general bound on partial derivatives in terms of sparsity. In fact, a sparse
polynomial can have a large derivative space: - --x, has dimension 2". As in [13, 7], here the
key is to consider shifted partial derivatives for an appropriate choice of shift.

Recall that f(x) = p(AZ + b), and we may write f(Z + @) = p(u + AZ) with hidden shift
@ = Aa +b. The correlated shifted partials (@ + 7)” 9,5 map each translated monomial (@ + )® to
a multiple of itself. Therefore the span of the correlated shifted partials of p(u + ) is of dimension
at most s. If @ has nonzero coordinates, the multiplier has nonzero constant term @”°. Hence we
have

(u+ 17)3%3 plu+79) = o’ 9y3hm + (terms of higher degree),

where h,, is the initial form of p(u + §); so whenever %B hm # 0, it is, up to the nonzero scalar

@P, the lowest-degree component of the correlated shifted partial. Choosing derivative bases order
by order and comparing lowest-degree components shows that their lifts are linearly independent.
Since the correlated shifted partials span a space of dimension at most s, the derivative dimension
of h,, is at most s. For a = a(B) = (8,52, ...,8"), each coordinate of 4 is a nonzero polynomial of
degree at most n in 3, so at most n? values are excluded.

Identity testing. With B and G as in Theorem 1.2, we use the set

{a(B) +tPG(t):pe S, teT}, IS|=n?+1, |T|=2dB~+1.



Choose a shift a = a(f) satisfying Lemma 1.6 and write f(Z+a) = hy,+- - - +hg with hy, # 0. Then
dim Oz<w (hy,) < s; the Bhardwaj—Saptharishi bound then gives h,,(G(t)) a nonzero coefficient
below degree B. We cannot apply their theorem directly to f, whose derivative space need not be
small. A simple rescaling passes from h,, to f:

d

fa+tPa) =y t%h;(G(1)).

Jj=m

The substitution multiplies h;(G(t)) by t%7. Thus the chosen coefficient from h,,(G(t)) stays below
degree B(m + 1), while every term from j > m has degree at least B(m + 1) and cannot cancel
it. The resulting nonzero univariate has degree at most 2dB and is hit by 7. The algorithm is
oblivious to A, b, and m.

Lower bound. By Lemma 1.6, it suffices to make the initial forms of f at the shifts a(3) have
large derivative dimension. Powers of a full-rank quadratic form have maximal derivative dimension,
so we seek a cubic C), whose initial form at a(/3) is a quadratic of rank n—1 for all but finitely many
B. This needs C,, and VC,, = (0C, /0x1,...,0C, /0x,) to vanish at every a(f), and its Hessian
there to have rank n — 1 for all but finitely many . Each 3 x 3 matrix in (1.4) has rank one at
every a(/3), which forces both the value and the gradient to vanish. The Hessian annihilates the
tangent a’(f), and a minor nonzero at § = 0 gives rank exactly n — 1 for all but finitely many 3.
With Qg the quadratic initial form, Hmin,a(ﬁ)(()’ﬁ) = Qg, and hence

osp(C) 2 R~ 120 = (" LT F) 4 (7200, (19

Here Ryax is the maximum homogeneous derivative dimension, recorded in Section 5.

1.3 Related work

For general algebraic circuits, both PIT and lower bounds remain wide open. The strongest lower
bound for general circuits is still the Q(nlogd) bound of Baur and Strassen [3], and for algebraic
branching programs it is (n?) [10]. For constant-depth circuits, Limaye, Srinivasan, and Tave-
nas [22] proved the first superpolynomial lower bounds, extended to all fields by Forbes [14], and
obtained the first deterministic subexponential-time PIT for this class. Deterministic polynomial-
time PIT is known only for restricted classes, sparse polynomials being the most basic.

For sparse polynomials, Klivans and Spielman [19] gave a generator whose seed length grows
logarithmically with the degree. Degree-independent deterministic hitting sets go back to Ben-Or
and Tiwari [5], and over R Bléser and Engels [9] gave randomness-efficient tests of unbounded
degree. Our degree-independent result over R (Theorem 4.4) combines our generator with the
real-root bound of Koiran, Portier, and Tavenas [20] for sums of products of powers, which does
not depend on the exponents.

For orbits of sparse polynomials, Saha and Thankey [26] gave hitting sets of size (nd)?(?1°85) for
individual degree d, via commutative ROABPs, and Medini and Shpilka [23] removed the individual-
degree restriction, obtaining (nd)o(log $) by taking directional derivatives and restrictions until the
polynomial becomes a product of linear forms. Bhargava and Ghosh [7] observed that a shift by
(t,t2,...,t") makes every hidden coordinate nonzero, so that Forbes’s low-support bound [13] ap-
plies in the hidden coordinates. Our key lemma uses the same shift but keeps the whole initial form.
Its derivative dimension, unlike the support or cone size of a monomial, is invariant under invertible



linear substitutions, which is what lets us apply the hitting sets of Bhardwaj and Saptharishi [6].
ROABPs are a natural next target: every algebraic branching program of size s is an affine pro-
jection of IMM; 4, which has a linear-size ROABP, affine projections of constant-width ROABPs
capture all formulas [26], and affine projections of the determinant give all algebraic branching
programs. For orbits of ROABPs, Saha and Thankey [26] gave hitting sets constructible in time
(nd)©ld1ew) for width-w commutative ROABPs of individual degree d, and in time nO(wlogn)
for multilinear width-w ROABPs. Using low-cone rank concentration, Bhargava and Ghosh [7]
improved the dependence on the individual degree, obtaining time (nalw)O(min{w27d1°g w}) for orbits
of any-order ROABPs and (ndw)o(w2 logn-min{w? dlogw}) for orbits of ROABPs. To our knowledge,
polynomial-size hitting sets for orbits of constant-width ROABPs, and better dependence on the
width and the individual degree, remain open.

On the lower-bound side, Nisan and Wigderson [24] and Kayal, Saha, and Tavenas [18] prove
29(") Jower bounds for homogeneous depth-three circuits, and Kayal, Saha, and Tavenas ask for
bounds that grow with the degree. Theorem 1.5 grows with the degree, but only for the restricted
model (1.1): our hard polynomials have small nonhomogeneous depth-three circuits (Appendix A).
Garcia-Marco, Koiran, Pecatte, and Thomassé [15] study the complexity of partial derivative di-
mension itself, and rank methods such as partial derivatives have inherent limits [11].

2 Notation and preliminaries

Unless otherwise stated, IF has characteristic zero and running times count field operations. Write
n] ={1,...,n}, N=H{0,1,...}, lal = >, i, 2% =[], 27", and &! = Hifxi!.
Following Forbes [12], the Hasse derivative Jza f is the coefficient of z¢ in f(Z + Z), and

O0z<(f) = spanp{0za f : @ € N"}.

The subscript =" restricts to ||@||; = k. Ordinary derivatives differ by the nonzero factors a!, so
they span the same spaces [12]. Write dim @z< (h) for the dimension of the Hasse partial derivative
space of h.

Let H;(f) denote the degree-j homogeneous component. For f # 0, we call its lowest-degree
nonzero homogeneous component its initial form, denoted Hpin(f). Thus, if f = hy, + -+ + hy,
where hj = H;(f) and hy, # 0, then

Hmin(f) = hma Hmin,&(f) = Hmin(f<i' + EZ))
In particular, Hming(f) = f(a) if f(a) # 0. We write a(8) = (3, 8%, ..., 8").

For a polynomial p, write sp(p) for its number of nonzero monomials and define

ospr(f) = min _ sp(f(AZ +)).
AEGL,, (F), beFn

Equivalently, ospp(f) is the least sparsity of a polynomial p in a representation f(z) = p(AZ + b)
with A invertible. We suppress the field when it is clear. For deg f < d,

n+d
o) <spn < (") (2.1)
The coordinate changes throughout the paper are invertible and preserve the number of variables.
Circuit conventions are specified in Appendix A.

A set H C F" is a hitting set for a class C C F[z] if every nonzero f € C satisfies f(a) # 0 for
some a € H. A polynomial map I' € F[w]|" is a hitting-set generator for C if f(I') # 0 for every



nonzero f € C. If I' has ¢ parameters and coordinate degree at most E, then evaluating it on a
grid T with |T| > DE gives a hitting set for the members of C of degree at most D.

Invertible linear substitutions preserve derivative dimension: since 0y, [f(AZ)] = >_; A;i(9y, f)(AZ),
the order-k derivatives of f(AzZ) lie in the span of {(Jy~ f)(AZ) : ||5]|1 = k}, and applying this to
A~ gives equality.

Field extension also preserves derivative dimension, since it is the rank of a finite coefficient
matrix.

3 Initial forms of translated sparse polynomials

This section proves Lemma 1.6. Following Forbes [13, Definition 5.3], write
((F+1)00;) " (9) = {(F+10)Dypg : 5 € N"}.

The multiplier and the derivative are indexed by the same exponent vector: the correlated shifted
partial associated with 3 is (7+a)” Gggg. We therefore call the elements of this family the correlated
shifted partials of g at .

Lemma 3.1 (Dimension of correlated shifted partials (Forbes [13, Corollary 5.6])). Over any field,
for every p € Fly] and u € F™,

dimspang ( (7 + @) 0 95) “* (p(a + 7)) ) < sp(p).

Proof. For a translated monomial, the Hasse derivative formula gives

(u+ 17)53@,3 (u+79)* = <g> (u+9)~.

Thus its correlated derivative space is one-dimensional, as in [13, Lemma 5.5]. Writing p =
> aes cay® and using linearity gives

spans ( (7 + @) 0 95) “(p(a+5))) € > spang{(a +5)°}.
acs

The dimension is therefore at most |S]|. O

Lemma 3.2 (Derivative dimension of the initial form). Over any field, let 0 # p € F[y] and
u € (FX)™. Write

g(g):p(a+g):hm+hm+1+"'+hd7 hi:Hi(g)7 hm7é0-
Then

dim @y<co (hpm) < sp(p).

Proof. Put s = sp(p) and V = spanF(((g + @) 0 0y) <Oo(g)). By Lemma 3.1, dim V < s. Suppose,
for a contradiction, that dim@y<ee(hy,) > s.
For each order 0 < k < m, let

Wy, = spang{9yshm : ||Bll1 = k}, 7 = dim W,



The spaces W}, have distinct homogeneous degrees m—Fk, so > 7 = dim dy<oc (hy,) > 5. Choose
multiindices B 1, ..., Bk, of order k such that

8@516,1 By e oy aygw hom,
form a basis of Wj. Define their lifts by
Fj=(a+ @)ﬁ’“’jf)ggk,jg ev.

The multiplier has nonzero constant term wPra. Consequently F} ; has no terms of degree below
m — k, and

Hm—k(Fk,j) = \aﬁk’j,agﬁk,j P
20

There are ), 7, > s lifts in the space V' of dimension at most s. They therefore satisfy a
nontrivial relation

m Ty
EZC’CJF’W = 0.

k=0 j=1
Let K be the largest order for which some cg ; # 0. Taking the homogeneous component of degree
m — K gives

TK _

Z CK’jﬂBK’j 8@_/5&]. hy, = 0.

j=1
All terms with k < K start in higher degrees and hence disappear. But the displayed derivatives

form a basis of W, and every @’%.J is nonzero. Thus all ck,; must be zero, a contradiction. It
follows that dim 8y<o (hr,) < s. O

Proof of Lemma 1.6. For a = a(B), put 4 = Aa + b. Each coordinate b; + Z?Zl Aijﬂj is a nonzero
polynomial of degree at most n, since row i of A is nonzero. Thus at most n? parameters make any
coordinate of @ zero. At every other parameter, Lemma 3.2 gives dim 0j<co (Hmin(p(4+7))) < sp(p).
The initial form of f(a +Z) = p(a + AZ) is Humin(p(@ + 7))|g=az. Invariance under invertible linear
substitution proves the claim. O

The nonzero-coordinate hypothesis is essential: at zero, the single monomial ¥ - - - y,, is its own
initial form and has derivative dimension 2".

4 A hitting set for sparse affine orbits

By Lemma 1.6, for some 8 among any n? + 1 values, the initial form of f at a(3) has derivative
dimension at most s. We apply the following Bhardwaj—Saptharishi multiplicity bound at that
point.

Theorem 4.1 (Bhardwaj-Saptharishi [6]). Let r > 1 and B = nr? +r. Set

Giy=S"22, e
=1 7
If 0 # h € Flxy,...,xy] and dim0z<(h) < 7, then the polynomial h(G1(t),...,Gn(t)) has a

nonzero coefficient in some degree below B.



The cited theorem first proves the assertion for the formal series — log(1 —it). Truncating these
series through degree B preserves all coefficients in degrees below B.

Proof of Theorem 1.2. Put B = ns®+s, let G be as in Theorem 4.1, and choose sets S, T C F with
|S| =n?+ 1 and |T| = 2dB + 1. We claim that

Hpas = {a(B) +15G(t): B S, teT} (4.2)

is a hitting set. Let 0 # f = p(AZ +b) be in the promised class. By Lemma 1.6, some 8y € S gives
a shift @ = a(f8y) at which the expansion

f(d+i):hm(j)+"'+hd(j)v hm#oa

has dim80z<(hy,) < s, where h; = H;(f(a + z)). Since each h; is homogeneous of degree j, we
have
d
f@+t°G() =Y t%h(G()).
j=m

By Theorem 4.1, h,,(G(t)) has a nonzero coefficient in some degree e < B. The j = m summand
therefore contributes a nonzero coefficient in degree Bm + e < B(m + 1). Every summand with
j > m has all its terms in degrees at least B(m+ 1), so this coefficient cannot cancel. The resulting
univariate is nonzero and has degree at most 2dB, since every substituted coordinate has degree at
most 2B. Some ¢t € T gives a nonzero evaluation.

Taking S = {0,...,n%} and T = {0,...,2dB} gives the required explicit construction. The
coordinates are rational numbers of polynomial bit length in n,d, s, and their construction uses
polynomially many field operations. O

4.1 A degree-free generator
The proof of Theorem 1.2 gives the following generator form.

Corollary 4.3 (Sparse-affine generator). For n,s > 1, put B; = ns®> + s and define

N U
Pn,s,i(ﬁvt) :ﬁl"i_t ° > (&S [n]v
j=1
and I'ys = (U5 s- oo s Tnsn). For every nonzero p € F[z] with sp(p) < s, every A € GLy(F), and
every b € F", p(AL',, s(8,t) + b) # 0. There is no degree restriction on p.

Proof. With f = p(Az + b) and G as in Theorem 4.1 with r = s, we have p(AT,, s(3,t) + b) =
f(a(B) +tP+G(t)). The proof of Theorem 1.2 shows that this is a nonzero polynomial in ¢ for all
but at most n? values of 3; it uses degp < d only to bound the degree in t. O

Over R, the degree-free generator combines with a real-root bound to give a hitting set that
works for every degree.

Theorem 4.4 (Degree-independent hitting set over R). Let N =n?+1, B =ns?>+s, M = B!,
and L = |25°nB +4snB +s| + 1. The set

H = {MT,(,t): B € [N], t € [L]} CZ,

has size O(n*s%), its coordinates have Q(ns2 log(ns)) bits, and it hits every nonzero p(AZ + b) with
p € R[y], sp(p) < s, A € GL,(R), and b € R™, of arbitrary degree.
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Proof. Let 0 # f = p(AZ +b), so f(Mz) = p(MAZ +b). As in the proof of Lemma 1.6, some
Bo € [N] makes every coordinate of M Aa(fy) + b nonzero, and the proof of Theorem 1.2 shows
that F(t) = f(MTy,s(Bo,t)) is nonzero. With ¢;(t) = (M AL, s(Bo,t) + b);, of degree at most 2B,
F =3%".call;q" has at most s terms. By [20, Theorem 13], F' has fewer than L real roots, so
F(t) # 0 for some ¢t € [L]. Since j | B! for j < B, all coordinates are integers; the size and bit
bounds are direct. O

For sparse polynomials themselves, degree-independent hitting sets follow from the Ben-Or-

Tiwari argument: the points (p¥,...,pk), 0 < k < s, for the first n primes p;, suffice [5]; see

also [9]. Theorem 4.4 is a basis-independent version of these degree-independent hitting sets over
R.

4.2 Extension

The same construction handles sparse polynomials whose coefficients have small derivative spaces.
We enlarge the correlated space in the proof of Lemma 1.6 and reuse its lifting argument.

Corollary 4.5 (Structured coefficients). Let F have characteristic zero, 0 < k < n, and r > 1.
Partition the hidden variables as j € F¥ and z € F" . Suppose

p(@,2) =) _ 7%a(2), D dimdi<w(qa) <r,  degp<d.
aes aes
Put B=nr?+4+7r and G = (Gy,...,Gy) with Gi(t) = Ele it7/j fori € [n]. Choose So, T CF of
sizes nk + 1 and 2dB + 1. Then

{a(B) +t°G(): B So, teT},  a(B)=(B....,H"),
hits every monzero polynomial p(AZ + b) of this form, for A € GL,(F) and b € F™. Its size is at
most (nk + 1)(2d(nr? +r) + 1).
Proof. Assume p # 0. At a hidden shift (u,v) with every u; # 0, put ¢ = p(u + §,v + z) and let
hp, be its lowest nonzero homogeneous component, of degree m. Use the space
V= (a+§) < (ga(v + 2)).
aes

It has dimension at most r and contains all mixed lifts (u + 5)5655(95@9. For j = ||B|l1 + [|7]1 < m,

their lowest possible component is 855827 hp, in degree m — j. The basis-lifting argument in the
proof of Lemma 3.2 therefore gives dim8y )< (hm) < r. Only k hidden coordinates must be
nonzero, so the same root count excludes at most nk values of 5. Apply the preceding hitting-set
proof with r in place of s and nk + 1 shifts. O

The cases k = n and k = 0 recover, respectively, sparse affine orbits and polynomials with small
partial derivative spaces.

5 The sparse-orbit lower bound

By Lemma 1.6, if the initial form of f(z 4 a(3)) has derivative dimension at least r outside a finite
set of parameters, then osp(f) > r. For the cubic C), in (1.4), we will compute this derivative
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dimension using the following formula. For N,m > 1, define

" (N — 1+ min(j,m — j)
max N: - . . i .
Fmax (N 7] ;) ( min(j, m — j)

We recall standard facts about quadratic forms. A quadratic form in NV variables can be written
uniquely as Q(Z) = zZ' Mz with M symmetric. Its rank is rank M, and it is nondegenerate if
rank M = N. Its Hessian (the matrix of ordinary second derivatives) is 2M, so quadratic rank and
Hessian rank agree. Diagonalizing M shows that, over an algebraically closed field of characteristic
zero, Q is linearly equivalent to 22 + --- + zfank - Equality for quadratic powers in the following
lemma follows from Reznick’s maximal-rank theorem [25, Theorem 8.15], restated and proved in [16,
Theorem 2.2 and Remark 2.3].

Lemma 5.1 (Homogeneous derivative dimension). Ewvery degree-m homogeneous polynomial h in
N wariables satisfies dim@s<o(h) < Rpmax(N,m). If Q is a nondegenerate quadratic form in N
variables and k > 1, then

dim @< (QF) = Rnax (N, 2k) = <N; k) + <N +]l\; a 1). (5.2)

The cited result is stated over C. The full derivative ranks of (3, 2?)* are witnessed by nonzero
rational minors, which remain nonzero over every characteristic-zero field. Every nondegenerate
@ is linearly equivalent to >, zZ-Q over an algebraic closure; field extension and invertible linear

substitution preserve derivative dimension, giving the formulation above.
Proof of Theorem 1.5. At & = a(f), the jth matrix in (1.4) is

1
/8 (1 6 ﬂn—i—l—j)'
It

It has rank one. Its determinant and all its first derivatives vanish, because its 2 x 2 cofactors
vanish. Thus (), and its gradient vanish at a(f) for every 5.

Let A(B) be the Hessian of C), at a(). Since C),, has degree three, Taylor expansion at a(3)
gives

Cn(a(B) + &) = Cu(@(B)) + VCo(a(B)) - Z+ 53" A(B)T +H3(Cr ) (2).
=0 =0 —Qs ()

The constant and linear terms vanish because C,, and VC,, vanish at a(3), and the cubic term is
the top-degree part of C),, since the third derivatives of a cubic are constant.

Thus rank Qg = rank A(f), and whenever Qg # 0 it is the initial form, since the constant and
linear components vanish; then the initial form of C¥ at a(8) is Qg, a power of a quadratic. To
apply Lemma 5.1 in n — 1 variables, we show that this rank is n — 1 outside a finite set.

At zero, the quadratic component is

n—1
Qo == (TL - 3)1‘2.%” - Z TjiTn42—j- (53)

j=3
Its Hessian on the variables zo, ..., x, is antidiagonal, with endpoint entries n — 3 and all interior
entries —2. It is invertible. Hence the minor of A(f) on rows and columns 2, ...,n is a polynomial
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in B that is nonzero at 8 = 0, so it vanishes for only finitely many #. On the other hand, the
identity VC,,(a(8)) = 0 holds in F[3]"; differentiating each coordinate with respect to 8 by the
chain rule gives

AB)a () =0, @ (B)=(128,....n8""") #0.

Thus A(S) has rank exactly n — 1 outside that finite set. At each such parameter the initial form
of Cp(Z + a(p)) is a quadratic form Qg of rank n — 1. For nonzero polynomials u, v, the product
of their lowest nonzero components is nonzero, so Hmin (uv) = Hpmin () Hmin (v). Consequently

Hmin,a(ﬁ) (CS) = Qg

By Lemma 5.1, its derivative dimension is Rmax(n — 1,2k): a rank-(n — 1) quadratic becomes

nondegenerate in n — 1 variables after an invertible linear change. Lemma 1.6 therefore proves the
lower bound.

Each determinant has degree at most three. The coefficient of 23z, in each summand is —1, and
no other term contributes to this monomial. Hence its coefficient in C), is —(n — 3) # 0. Therefore
deg C,, = 3 and deg Cfi = 3k. O

The n" specialization. Put N =n — 1 and k = n?. The arithmetic-geometric mean inequality
gives N! < ((N +1)/2)N = (n/2)V, so

N 2 2N
osp(C’,’fz) > ( ]—l\—[n > > 7;\77‘ > (2n)"! > "

Why degree three suffices. We need shifts at which Hy and #H; of C,,(z + a(f)) vanish, that
is, Cy, and VC,, vanish at a(f) for every 5. No nonzero polynomial of degree at most two does
this: each first derivative is affine-linear and vanishes at a(8) for every (3, hence is zero, so the
polynomial is a constant vanishing at these points. A 3 x 3 determinant vanishes with its gradient
at rank-one matrices, which gives the required behaviour in degree three.

Dependence on the degree. For a degree budget D > 12, taking k = |D/3| > D/4 gives an
explicit polynomial of degree at most D with osp > (";:rk) > (D/(4n))*" 1. For D = n¢ with
¢ > 1 this is nle=1Te(M)n matching the exponent of the trivial upper bound (":D) < (e(1+D/n))™.
Remark 5.4. Let M = ("TLD), withn > 2 and D > 3. In a fized coordinate system, a polynomial
of degree at most D can have all M monomials. Orbit sparsity can be smaller, since any affine
coordinate system may be used. For example, diagonalizing the quadratic homogeneous component

by an invertible linear change reduces its (";rl) possible monomials to at most n squares. Hence,
over any field of characteristic zero,

deg f<D 2

max_osp(f) < M — (”)

The saving cannot be much larger. For simplicity, we argue over finite fields: counting sparse
polynomials and affine changes of coordinates, absorbing diagonal rescalings into the polynomial,
shows that for every sufficiently large odd prime q,

> M —n?.
jnax ospg, (f) = n

We leave as an open problem to construct explicit polynomials whose orbit sparsity matches these
bounds. 0
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6 Applications to orbit PIT

Sparse PIT is a building block for PIT of many circuit classes. Sparse-orbit PIT plays a similar role
for affine orbits. We illustrate this through two applications: polynomial combinations of sparse
inputs of bounded transcendence degree, and constant-depth formulas in which each variable occurs
in only constantly many sparse leaves.

Both results in this section use the algebraic-independence method of Beecken, Mittmann, and
Saxena [4] and Agrawal, Saha, Saptharishi, and Saxena [1], which Saha and Thankey [26] adapted
to affine orbits. The work of Agrawal et al. unified and extended polynomial-time black-box
PIT for several central models, including bounded-top-fan-in depth-three circuits and constant-
depth constant-read multilinear formulas. In each case the only new ingredient is the generator of
Corollary 4.3, which replaces the quasipolynomial sparse-orbit generator at the base.

Since I',, s has two parameters, of degree at most n and 2By, the grid rule of Section 2 turns
each generator below into an explicit hitting set.

6.1 Faithful maps

Let g = (g91,-..,9m) with g; € F[Z], T = (x1,...,2y), and let Jz(g) = (0g;/0x;); j. Write trdegp(g)
for the largest size of an algebraically independent subset of {gi,...,gm}. A polynomial map
® € F[w]", in some parameter variables w, is faithful to g if trdegy(g(®)) = trdegr(g). Faithfulness
implies that substitution z — @ is injective on Fg1, . .., gm]; consequently it preserves every nonzero
polynomial combination of the g; [4, Theorem 14 and Corollary 15].

Lemma 6.1 ([1, Lemma 2.7], see also [4]). Let trdegp(g) <. Let ¥ € F[Z]" be a polynomial map
in parameter variables z, and write Jz(g)(V) for the Jacobian evaluated at T = V¥ (Z). Suppose

rankp(z) Jz(9)(¥) = rankgz) Jz(g).

Using fresh variables 7,v1,...,v,, define
r ..
Oi(z,7,0) = Ui(2) + Y o7, i€ n).
j=1
Then ® is faithful to g. It adds r+1 parameters and has coordinate degree at most max{deg ¥, nr-+

1}.

We discuss briefly the idea for Lemma 6.1. We want trdegy(g(®)) = trdegp(g). By the Jacobian
criterion, it suffices to preserve the corresponding Jacobian rank. The chain rule gives

J5(9(®)) 520 = Jz(9) (V) V(7), V(r)y =19

The added terms produce the Vandermonde factor V(7), which preserves the rank of Jz(g)(V).
This gives the required faithfulness; see [1, Lemma 2.7] for a detailed proof. In applications g;() =
hi(AZ 4+ b). The chain rule gives

J2(g) = Jy(h)(AZ + b)A. (6.2)

Therefore it suffices to preserve a nonzero maximal minor of the hidden-coordinate Jacobian after
the affine substitution. A generator that hits every such nonzero minor does this without identifying
the witnessing minor or the matrix A.

14



6.2 Inputs of bounded transcendence degree

We begin with polynomial combinations of sparse inputs of bounded transcendence degree, the
model studied by Beecken, Mittmann, and Saxena [4]. Saha and Thankey [26] observed that their
method also gives a quasipolynomial hitting set for its affine orbits. We obtain a polynomial-size
hitting set for fixed transcendence degree. The argument serves as a warm-up for the constant-
depth, constant-occur formulas considered next.

Theorem 6.3. Let hy,..., hy, € Fy] satisfy
sp(h;) <'s, trdegp(hi, ..., hp) <, r>1.
Let C be any polynomial and
f(@)=C(hi(AZ +D),... hy(AZ + 1)), deg f < D,

where A € GL,,(F). Set 0 =r!s" and B = no? +o. An explicit hitting set for this class has size at
most

(nD+1)(2BD + 1)(nrD + 1)(D +1)". (6.4)
In particular, the size is polynomial for fixed r.

Proof. Let p = trdeg(h) < r. Each px p minor of J;(h) has sparsity at most p!s” < 0. Consequently
U =T, , preserves every nonzero maximal minor after substitution by Az + b. By (6.2) and
Lemma 6.1, the map

T
(I)i = F’ma—’i(ﬁ, t) + Z’Uj’i'l]
j=1

is faithful to (h;(AZ + b));e[m and preserves nonzero f. The degrees of f(®) in 3,,7, and each v;
are at most nD,2BD nrD, and D, respectively. Evaluating on the corresponding Cartesian grid
gives (6.4). O

The restriction is on the joint transcendence degree of the inputs, not on the number m of
inputs or on the depth of C'. Only the degree of the resulting f enters the grid bound.

6.3 Constant-depth, constant-occur formulas

An occur-k formula is a rooted tree whose leaves are sparse polynomials and whose internal gates
compute linear combinations or products of powers [| ; q;j , with positive integer exponents e;. Each
variable appears in at most k leaves. Size is the sum of the sizes of the depth-two leaf circuits and
the edge weights: an edge entering a sum gate has weight one, and a power edge has weight equal to
its exponent. Depth is the depth of the underlying tree plus two, accounting for the sparse leaves.
These are the conventions of [26, Definition 3]. For fixed depth, gate degrees are polynomially
bounded in size. Neither multilinearity nor bounded individual degree is assumed.
Consider first the depth-four case

fF=>1T, T=]]4’
i J

where the ¢;; are sparse. Agrawal et al. [1] first use a shift-and-subtract reduction to bound the
top fan-in in terms of k. Lemma 6.1 then reduces the construction of a faithful map for the
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summands to preserving a nonzero maximal Jacobian minor. The occur bound limits how many
sparse factors involve the variables indexing this minor. Extracting common powers from its rows
leaves a determinant of polynomial sparsity for fixed k. Thus sparse PIT suffices to preserve the
minor.

For higher depth, the same argument reduces faithfulness for a tuple of gate derivatives to
faithfulness for bounded tuples of derivatives of gates one level below [1, Lemma 4.4]. Iterating
reaches the sparse leaves. For fixed A, k, all tuple sizes are bounded by a constant R = R(A, k).

Saha and Thankey [26] adapt this argument to affine orbits. They replace the shift-and-subtract
reduction by a derivative reduction; adding G}V [28] then transfers a generator for the derivatives
back to the original polynomial. The chain rule reduces the remaining requirements to preserving
the same hidden-coordinate Jacobian minors after the affine substitution. At the leaves, this
requires a generator for sparse orbits.

For fixed A, k, the quasipolynomial bound enters only through that base generator. After
preprocessing, the leaf requirements have sparsity at most ¢ = R!S%, where S = polya j(s). We
replace the sparse-orbit generator used in [26] by I', ,. The recursive lifts add O(AR) parameters
and terms of degree at most nR + 1, giving a generator with constantly many parameters and
polynomial coordinate degree.

Theorem 6.5. Fix positive integers A and k. The affine orbits of degree-at-most-D polynomials
computed by size-s, depth-A, occur-k formulas have an explicit hitting set of size polya j(n,s, D).

We omit the proof, which is the reduction of [26, Appendix D] with I',, , as the base generator;
equation (6.2) handles translations. This improves the quasipolynomial bound of [26, Theorem 10].
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A Small depth-three circuits for the hard family

Depth-three circuit conventions. As in [18], a depth-three circuit computes > > ; H?"Zl 4 ;,
where the /; ; are affine-linear polynomials. Its top fan-in is s; its multiplicative complexity is
> di; and its size is its number of edges. Scalar coefficients can be placed outside the products.
The product-gate formal degree is max; d;, counting nonconstant factors with multiplicity. These
parameters are different: our explicit upper bounds first bound top fan-in and formal degree, which
together give an edge-size bound O(ns max; d;).

The circuit construction uses interpolation and the standard duality idea for powers of sums [27].
We give the details because both its top fan-in and its formal degree matter.

Lemma A.1 (Powers of quadratic polynomials). Let ¢ be a polynomial of degree at most two in
m variables over C. For k > 1, the polynomial ¢* has a depth-three circuit with top fan-in at most
(m+ 1)k 4+ 1 and product-gate formal degree at most 2(m + 1)k.

Proof. Homogenize g using one new variable and diagonalize the resulting quadratic form. Setting
the new variable to one gives ¢ = >, 2 with affine forms ¢; and r < m+ 1. The zero polynomial
needs no gates. Set

The multinomial identity gives
T
¢" = R[] Be(t6). (A.2)
i=1

The product on the right has degree at most rk in t. Interpolation [12] expresses its t* coefficient
as a linear combination of rk + 1 evaluations at distinct constants. At each evaluation, Ex(t(?) is a
univariate polynomial of degree at most 2k in ¢;, and hence factors over C into affine forms. Every
evaluation is therefore a product of at most 2rk affine forms. This proves both bounds. O

Proof of the circuit upper bound. Expanding (1.4) gives

n—1
Cp = (n—3)(zy — 22z, — Z TjTnyo—j
j=3

n—1 n—1
+ 1 E (Tj—1%nt2—j + TjTnt1—j) — T2 E Tj—1Tn+1—j-
j=3 7j=3

Thus deg,, Cp, < 2, deg,, C,, < 3, and fixing x1,z2 leaves a quadratic in the n — 2 remaining
variables. Choose distinct ag,...,as; and by, ...,bsx. Let Ug(z1) and Vi(x2) be their Lagrange
basis polynomials. Bivariate interpolation gives

Co(2)F = Ua(21)Vo(22)C(a,b, 3, ..., 2n)".
a,b

Each U,V} is a scalar times a product of 5k affine forms. Apply Lemma A.1 with m = n — 2 to
each remaining power. The number of product gates is at most (2k+1)(3k+1)((n — 1)k + 1), and
each has formal degree at most 5k +2(n — 1)k = (2n + 3)k. These bounds give O(n3k*) edges. For
k = n?, the top fan-in is O(n"), the formal degree is O(n?), and the number of edges is O(n'!). O
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Sparse orbits versus depth-three circuits. The lower bound applies to affine transforms of
sparse XII representations in the same n variables. The upper bound allows different affine forms
at different product gates. Among polynomial-degree families, polynomial-sparsity affine orbits
therefore form a proper subclass of polynomial-size depth-three circuits over C.

B An exact bound with no formal-degree increase

The following construction uses Lemma 1.6. Its role is to give an exact sparse-orbit complexity
together with a depth-three circuit of formal degree equal to the polynomial’s degree.

Theorem B.1. In characteristic zero, let n > 2, k > 1, and

n—1

Pog = H($i+1 — z;)F, d=2k(n —1).
i=1

Then deg P, x = d and osp(P, k) = (k + 1)""1. Moreover, P, has a depth-three circuit over F
with top fan-in at most (k + 1)(k(n —2) 4+ 1) and product-gate formal degree at most d.

Proof. Write ¢; = xj4+1 — 124, SO q1 = X3 — x% At a(p),
qz((z(ﬁ) + Lf) = &(:f:) — 1%, b = Tit1 — ﬁx, — ﬂixl.

The forms x1,¢1,...,¢,_1 are linearly independent: their coefficient matrix is triangular with di-
agonal entries one. Therefore the initial form of P, is linearly equivalent to 25 - 2¥. Its Hasse
derivatives span all (k+1)"~! monomial divisors, since the relevant binomial coefficients are nonzero;
see also [12, Lemmas 8.4.3-8.4.7]. Lemma 1.6 proves the lower bound.

For the upper bound, expand the n — 1 powers. A choice (ji,...,75n-1) € {0,...,k}" ! has
nonzero coefficient (—I)Zji IL (jk,) Its exponent of x, is k — j,_1; the exponent of x;11 for
1<i<n—2is k— j; + ji+1. Reading these exponents backwards recovers the choice uniquely.
Thus no two terms collide and sp(P,x) = (k + 1)"~1. The highest-degree product of the nonzero
quadratic parts proves deg P, , = 2k(n — 1).

For the circuit, write P, j, = (z2 — 22)*H, where

n—1

H = H(l‘i_;,_l — xlxi)k, t= k(n — 2).
1=2

Interpolate H as a degree-t polynomial in x:

n—

t 1
H = Z Wj(:tl) H(xi—H — le‘i)k.
1=2

Jj=0

FEach summand is a product of 2t affine forms. Expand (o — z?)* into its k + 1 monomials
(=" (k)x%”a:];_r. The resulting circuit has (k + 1)(¢t + 1) product gates, each of formal degree

T

20+ k+r <2t+2k=d. Whenn =2,take H=1,1t=0. O

Proposition B.2 (Comparison at a fixed degree budget). Letn >4, D > 2(n—1), k= |D/(2(n—
1))|, and K = |D/3]. The certified cubic bound is at least the exact product bound:

<n—1+K>+<n—2+K> > (k+1)",

n—1 n—1
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Proof. Put N =n—1and T = Nk > 3. Then K > |27'/3],s0 2K > T'. The function Rpyax(N,m) is
nondecreasing in m, directly from its defining sum. The degree-7' monomial 2} - - - z]’i, has derivative
dimension (k + 1)V; hence

(k+ 1) < Ryax(N, T) < Rinax(N, 2K).

Apply (5.2). 0
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