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Abstract

We prove that any linear 3-query locally correctable code C: IF’Z‘ — [} with constant
correction radius must have length n > 290VK) | This improves on the prior best lower bound

of 2Q(VK/logk) ' que to [AG24], and shows that the folklore construction of linear 3-LCCs from
Reed-Muller codes, which achieve length n = 200¥0) g optimal up to constant factors in the
exponent.

Our proof builds on the approach of [KM24a], further refined in [Yan24, KM24b], that uses
“chain derived equations” in combination with Kikuchi graphs. The crux of our argument
is to show that a certain edge-coloured Kikuchi graph has a unique colour cycle: a cycle in
which some colour is used exactly once. We do this by controlling the distribution of colours
at each vertex in the graph using a random walk mixing argument and a novel hypergraph
decomposition based on edge expansion of the hypergraph’s “flattening” into a graph.
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1 Introduction

Locally correctable codes (LCCs) are error-correcting codes that are additionally equipped with a
local self-corrector: an algorithm that, when given oracle access to a corrupted codeword, is capable
of recovering any symbol of the underlying uncorrupted codeword with good probability while
only reading a small number of randomly chosen symbols from the corrupted codeword. Such
codes are formally defined as follows.

Definition 1.1 (Locally correctable codes). A code C: {0, 1} — {0,1}" isa (g, 6, €)-LCC if there is
a randomized decoding algorithm Dec(-) with the following properties. The algorithm Dec(-) is
given oracle access to a string y € {0,1}", takes an index u € [n] as input, and outputs an element
of {0, 1} with the following guarantees:

(1) for any y and u, the algorithm Dec?(u) reads at most g indices of y,

(2) forall b € {0,1}F, y € {0,1}" with A(y, C(b)) < 61, and u € [n], Pr[Dec?(u) = C(b),] = 1 - e.
Here, A(x, y) := [{i : x; # yi}| denotes the Hamming distance between x and y.

In this definition, 6 and ¢ are typically taken to be small constants. We write q-LCC to refer to a
(q,0, €)-LCC where 0, ¢ are constant.

Locally correctable codes are an important class of error-correcting codes that have numerous
intriguing applications throughout theoretical computer science. They were first introduced
implicitly in works on program checking [BK95], and were used in constructions of probabilistically
checkable proofs (PCPs) and the proof of the PCP theorem [ALM*98, AS98]. Other applications (see
the surveys of [Tre04, Yek12, Dvil2] for more details) include sublinear algorithms and property test-
ing [RS96, BLR93], IP=PSPACE [LFKN90, Sha90], worst-case to average-case reductions [BFNW93],
constructions of explicit rigid matrices [Dvil0], private information retrieval protocols [IK99, BIW10],
connections to incidence geometry [Dvil2], additive combinatorics [BDL13], and the theory of
block designs [BIW10].

Because of their importance, constructing better LCCs or understanding their inherent limitations
has remained a significant goal in coding theory over the past three decades. The central question
of study is to understand the optimal dependence of 7, the length of the code, as a function both of
k, the length of the underlying message, and g, the number of queries permitted by the decoder;
0, € € (0,1) are implicitly taken to be small constants. The folklore LCCs based on Reed—Muller
codes, or low-degree multivariate polynomials, provide a useful baseline construction. In the
regime where ¢ is a constant, degree-(q — 1) Reed-Muller codes give a g-LCC C: {0, 1}* — {0, 1}"
with 5 = 20/, Moreover, this code is linear, meaning that the encoding map C is an IF,-linear
map. For super-constant g, we know that this baseline construction can be improved, as multiplicity
codes [KSY11, KMRS16, GKO*17] give constructions of LCCs that have a much smaller blocklength
n than Reed-Muller codes. However, for constant q, Reed—Muller codes remain the best-known
LCCs, and finding better constructions remains an open question. In fact, the lack of progress on
constructing better constant query LCCs has led to the conjecture that Reed—Muller codes may in
fact be optimal constant query LCCs.



For the case of g = 2, this conjecture is known to be true. The Hadamard code, or equivalently
Reed-Muller codes of degree 1, gives a 2-query LCC of length n = 2¥, and classic works on lower
bounds for locally decodable codes' show that n > 20(k), initially for linear codes [GKST02], and
later for nonlinear codes [KW04] as well. For the case of g = 3, however, the situation was much less
understood until very recently. Reed—Muller codes of degree 2 give a 3-LCC with n = 200%0) while
the classic lower bound of [KW04] shows that n > Q(k?). Up to polylog(n) factor improvements,
this remained the best lower bound until [AGKM23] improved the lower bound to n > Q(k3). Then,
the work of [KM?24a] proved that n > 2Q(K) gor any linear 3-LCC, and this lower bound led to
a flurry of subsequent improvements [Yan24, AG24, KM24b]. The current best bound for linear
3-LCCs is n > 29VK/108k) due to [AG24], which is tantalizingly close to the n = 2000 achieved
by Reed-Muller codes, and [KM24b] shows a tight bound of n > 20(VK) assuming that the linear
3-LCC is a “block design”, which is an additional structural property satisfied by Reed—-Muller
codes. For nonlinear codes, [KM24b] shows a weaker bound of n > 2QUK),

As the main result of this paper, we prove a linear 3-LCC lower bound of n > 200VR), showing
that the folklore construction of Reed—Muller codes is optimal for linear 3-LCCs.

Theorem 1. Let C: ]F’Z‘ — IF} be a linear (3,6, €)-LCC for any 0 < € < 1/2. Then, n > 2Q07VR),

We note that we did not attempt to optimize the dependence on 6 in Theorem 1.
Theorem 1 improves on the prior best lower bound of [AG24], which shows a bound of

n > 29Wk/logh)  However, as we shall discuss in Section 2, the proof of Theorem 1 follows a
different approach compared to [AG24]. In [AG24], they reduce the task of proving a linear 3-LCC
lower bound to the rainbow cycle problem in extremal combinatorics and then apply known
bounds [ABS25]. In comparison, the proof of Theorem 1 follows the “Kikuchi graph” approach
of [KM24a], further refined in [Yan24, KM24b], and directly constructs a certain type of coloured
cycle, which we term “unique colour cycle”, in the Kikuchi graph. The proof of Theorem 1
introduces several key new ideas, which we will discuss next in Section 2.

2 Proof overview

In this section, we give an overview of the key ideas used to prove Theorem 1, and compare these
ideas to the proofs in prior work [KM?24a, Yan24, AG24, KM24b]. The proof in this paper, like the
proofs in all these previous papers, relies on the following standard combinatorial definition of
linear 3-LCCs, which is equivalent to Definition 1.1 up to constant factors [Dvil6]. For the purposes
of this proof overview, we will mostly omit the dependence on 6 in Theorem 1.

Fact 2.1 (Linear 3-LCC, combinatorial definition; Definition 2.3 and Fact 2.4 in [KM24a]). Let
C: ]F’z‘ — IF) be a (3,0, €)-locally correctable code where C is an Fy-linear map and ¢ < 1/2. For each
u € [n), let v, denote the u-th row vector of the map C, and note that dim(span{vy, ..., v,}) = k since C

Local decodability is a weaker notion than local correctability, and only requires that the decoder be capable of
recovering the message bits, rather than all codeword bits. For linear codes, it is easy to see that any LCC is an LDC by
choosing a systematic encoding map. For nonlinear codes, a similar statement is also true, see [BGT17, Appendix A].



is injective. For u € [2n] \ [n], let v,, := 0. Then, for each u € [2n], there exists a 3-uniform hypergraph
matching H, C ([2"]3\{”}) with vertex set [2n]\ {u} such that (1) |H,| > 6n /3, i.e., the matching has at least
on /3 hyperedges, and (2) for every u € [2n] and every {u1, uz, us} € H,, it holds that v, = vy, + vy, + Vy,.

Fact 2.1 implies that in order to prove Theorem 1, i.e., to show that every linear (3, 6, ¢)-locally
correctable code of length 1 has k < O;(log? n), it suffices to prove the following statement: for every
set of n vectors {v, },¢[,] in a vector space over IF; and every collection of hypergraph matchings
{H. }ue[n), each of size at least 611/3, where v, = v, + vy, + vy, forallu € [n] and {uq, uz, us} € H,,
it holds that dim(span{vy, ..., v,}) < O@(log2 n).

The challenges in improving the analysis of [AG24]. The currentbestbound ondim(span{vy, ..., Vv,})
is O(log? 1 log log ), shown by [AG24]. One natural route to proving Theorem 1 is thus to optimize
the analysis of [AG24] and remove the O(loglog 1) factor. However, as we will now discuss, this
appears to be quite challenging, as it requires an analogous improvement on the rainbow cycle
problem in extremal combinatorics.

The rainbow cycle problem asks the following question: suppose we are given a graph G with
average degree dayg that is properly edge-coloured, namely, each edge is assigned a colour and the
colours on the edges adjacent to any single vertex are all distinct. How large does dayg need to be to
guarantee that G contains a rainbow cycle, a cycle that uses each colour at most once? The rainbow
cycle problem has been studied extensively in extremal combinatorics [KMSV07, DLS13, Jan23,
Tom?24, ]S24, KLLT24, ABS*25], and the current best bound is dpw < O(log 1 loglog n) [ABS™25],
where dip,,, denotes the smallest bound on dayg that guarantees the existence of a rainbow cycle. This
is tight up to the O(loglog n) factor, as the Boolean hypercube (where each coordinate direction
denotes a distinct colour) is a properly edge-coloured graph of degree log, 7 with no rainbow cycle.

Using a very clever reduction, the work of [AG24] shows that dim(span{vy,...,v,}) < dpw -
Os(logn), and thus by [ABS*25] this implies that k < Os(log® 1 loglogn). To improve their
analysis, one thus needs to remove the O(log log 1) factor from the rainbow cycle bound, which is a
challenging task. Another natural approach would be to adapt the analysis of [AG24] to rely on
a weaker combinatorial statement than rainbow cycle bounds, ideally one for which an O(log n)
bound would be easier to show. However, the use of rainbow cycle bounds appears intrinsic to the
approach of [AG24], so it is not clear how to do this either.

Our approach. Instead, to prove Theorem 1 we will follow the more “direct” approach used in the
work [KM?24a] and its refinements [Yan24, KM24b]. As we shall see, this will only require us to
show the existence of an “odd coloured” cycle in a specific (not properly) edge-coloured Kikuchi
graph obtained from the hypergraph matchings in Fact 2.1; an odd coloured cycle is a cycle that uses
some colour an odd number of times. We will thus analyze this particular Kikuchi graph directly
using its specific properties. Before we turn to the key ideas in our proof, we first summarize the
ideas of the works [KIM24a, Yan24, KM24b] in Section 2.1 below.

2.1 The prior approach of [KM24a, Yan24, KM24b]

The previous proofs of [KM24a, Yan24, KM24b] follow the same blueprint, introduced in [KM24a].
Firstly, rather than analyzing the system of constraints in Fact 2.1, they instead analyze a system of



derived constraints called “chain derivations” formed by applying a specific set of transformations
to the original equations. Secondly, they form a Kikuchi graph using the derived constraints, and
use this to construct a 2-LDC of length N = nOpolylog(n) Thys, by applying known 2-LDC lower
bounds, this implies that k < O(log N) = O(polylog(n)), which finishes the proof. Below, we
explain each of these key steps in more detail.

Chain derived constraints and the bipartite Kikuchi graph. The key idea of [KM24a] is to analyze
not the initial system of constraints in Fact 2.1, but a derived system of constraints formed as follows.
For each constraint of the form v, = v, + v, + v,;, we can pick another constraint of the form
Vi, = Vy, + Vyus + vy, using the hypergraph matching H,,,. By combining these two constraints, we
get the derived constraint v, = v, + v, + v, + v, + v,,. The definition of r-chains given below
captures the set of constraints formed by repeating this process r times.

Definition 2.2 (Chain derived constraints). Let » > 1 be a positive integer. An r-chain with head u is
a sequence C = (up,a1,b1,u1,a2,b2,u2,...,u,-1,ar, by, u,) where (1) u;,a;, b; € [n] for all choices
of i, (2) up =u,and (3) foralli =1,...,r, we have {a;, b;, u;} € H,,_,. We let 7—(5) denote the set of
r-chains with head u.

Given a chain C with head u, we associate it with the vector vc = vy, + X\7_; Vo, + 2.1_; Vp,. Note
that this does not include the vector v, for the head of the chain.

It is straightforward to observe that if all the constraints defined in Fact 2.1 are satisfied, then it
holds that vc = v, for any r-chain C with head u.
The next step is to define the following Kikuchi graph.

Definition 2.3 (Bipartite chain Kikuchi graph). Let ¢ be a parameter to be determined later. Let
= ([2’]) X [n] and let Vi = (['g]). For each element u € [n], the bipartite Kikuchi graph %K, ,(u, H)
is defined as follows. The left vertex set is V;, and the right vertex set is V. For each r-chain C with
head u, and each (S, u’) € Vp and T € Vg, there is an edge ((S, u’), T) “labeled” by the r-chain C if
S={a1,...,a;} URand T = {by,...,b,} UR for some R C [n] of size |R| = ¢ — r disjoint from both
{ai,...,a;}and {by,...,b,}, and 1’ = u, in the chain C.

Note that in the above definition, {41, ..., a,} must be a set of size r in order for S to have size {.
This implicitly requires the chains to have distinct a1, . .., a, (and similarly for by, ..., b,). Thisis a
minor technicality of Definition 2.3 that does not materially affect the proof in a major way. We note
that the Kikuchi graph that we work with when proving Theorem 1 (Definition 5.1) does not have
this issue.

The Kikuchi graph is motivated by the following observation. For each set T C [n], we can
associate it with the vector vr := .7 v, and similarly for each left vertex (S, u’), we associate it
with the vector v(g ;) ‘= vs + v,-. If we do this, then we observe that for any edge ((S, u’), T) in the
graph K, ¢(u, H), it holds that v(s /) + v = vc = v,,. The Kikuchi graph thus gives a method for
converting the larger arity constraints on the vertex set [n] into arity 2 constraints on the larger
vertex sets Vi and Vk.

Extracting a 2-LDC from the Kikuchi graph. To finish the proof, [KM24a, Yan24, KM24b] then
show that the IF>-linear encoding map C’ given by x € IF’2‘ = {(x, Vs + Vi) }sunev, U X, Vi) trevy
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gives a 2-LDC. This follows by showing that each K ¢(u, H) has a matching of size Q(N), where
N = |Vi|. (Technically, this is not possible since the left and right vertex sets are imbalanced as
|Vi| = |VR| - n. However, one can easily overcome this issue by duplicating each right vertex n
times and splitting its edges roughly equally across all copies. We ignore this technicality for
the proof overview.) It is easy to show that if K, ¢(u, H) is d-regular, then it has a matching
of size e(K; (1, H))/2d, constructed via a simple greedy algorithm, and a similar statement
holds if K ¢(u, H) is approximately regular. Hence, the core technical component of all the
works [KM24a, Yan24, KM24b] is to show that K ¢(u, H) contains a subgraph K’ that contains
nearly all of the edges of K, ¢(u, H) and is approximately regular in the sense that dmax(K’) <
O(davg(K”)). This step, sometimes called the “row pruning” step because it “prunes” the rows
of the adjacency matrix of the Kikuchi graph, is typically the core technical piece in works using
Kikuchi matrices [GKM22, HKM23, AGKM23, BHKL25, JM25].

This core technical component is where the proofs in [KM24a, Yan24, KM24b] diverge. The
proof in [KM24b] shows that almost all vertices in K, ¢(u, H) have degree (1 + 0(1))dayg for some
r < O(logn) and ¢ = 2r, under the assumption that the 3-LCC is a design LCC. A design 3-LCC is
defined by a 4-uniform hypergraph H C ([Z]) where each pair {w, w’} C [n] appears in exactly one
hyperedge in H, and the 3-uniform hypergraph matchings H,, are formed by taking all hyperedges
in H that contain #, and then removing . Note that this means that each H,, is a perfect hypergraph
matching on [n] \ {u}. The calculation in [KM24b] showing this (1 + 0(1))davg bound is very precise,
relying on sharp bounds on binomial coefficients, and crucially uses that the hypergraph matchings
‘H,, are perfect matchings and each pair {w, w’} appears in exactly one hyperedge. Applying known
2-LDC lower bounds [GKST02] shows that k < O(log N), where N = |V | + |Vg| = O(n‘*!). In this
case, we have ¢ = O(r) = O(log n), so this implies that k < O(log2 n).

However, a 3-LCC need not be a design LCC in general, as (1) the hypergraph matchings H,,
need not be perfect, and (2) there may be “heavy pairs” of elements {w, w’} that appear in many
hyperedges across all the H,,’s. As explained in [KM24b], the analysis of [ Yan24] loses an additional
log 11 factor to handle each of these two irregularities, resulting in a final bound of k < O(log* n).
The imperfect matchings can cause large fluctuations in the degrees in the Kikuchi graph when
{ =~ r because, e.g., one can form a 3-LCC with matchings of size 61 by repeating a design 3-LCC
1/6 times on disjoint blocks of coordinates. The standard deviation of the size of the intersection of
S with each block then makes the degree of a random left vertex (S, u’) in the Kikuchi graph vary
by roughly a factor (1 + @5(%))? These fluctuations therefore become bounded by a constant only
once one takes ¢ ~ r2, rather than the ideal value of ¢ ~ r, which loses a log n factor.

The second log 7 factor loss comes from the issue of “heavy pairs” {w, w’} that appear in many
hyperedges across all the H,,’s. This issue is handled by a complicated “chain decomposition” step
that forms the other core technical component of [KM24a, Yan24], and is tailored to make the row
pruning work.

2.2 A proof sketch of Theorem 1

We now explain the key ideas behind the proof of Theorem 1. From the approach outlined in
Section 2.1, we will make use of the first two ideas, the chain derivations and (a slightly modified
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version of) Kikuchi graphs. However, we will crucially replace the third component, the reduction
to a 2-LDC, with a different combinatorial statement, which we will then prove using several new
ideas. The full proof of Theorem 1 is fairly short, and so we will only sketch the main ideas here.

Finding odd-coloured cycles in the chain Kikuchi graph. Let k = dim(span{vy,...,v,}) be
the quantity that we wish to bound. Without loss of generality, we may assume that vy, ..., v
are linearly independent. We define a bipartite edge-coloured graph %K (([k], H) with colour
set [k] using the chain Kikuchi graphs from Definition 2.3, by simply taking the set of edges
in % ¢([k], H) with colour i to be the edges in K (i, H). For simplicity of notation, we will
now let K be K, (([k], H). The following observation, which is somewhat implicit in prior
work [BCG20, AGKM23, KM24a, Yan24, AG24, KM24b], is that to bound k, it suffices to show the
existence of an odd-coloured cycle in K if the number of colours k is too large.

Observation 2.4. Let K be the edge-coloured graph defined above. Suppose that all of the linear
equations defined by the matchings H,, are satisfied by the vectors vy, ..., v,. Then, K does not
contain an odd-coloured cycle, a cycle where some colour is used an odd number of times.

The reason this observation is true is straightforward. Suppose K did contain an odd-coloured
cycle. Then, if we sum the vectors associated to the vertices across all edges in an odd-coloured
cycle, we end up with 0, since all vertices in the cycle appear in an even number of edges. However,
for each edge ((S, u), T) with colour i, we have that v(s ,) + vr = v;, using the linear equations
defined by the hypergraph matchings. Hence, if the colour i appears an odd number of times
in the cycle, we end up with v; on the right-hand side after summing over all the edges. But,
v; & span{v; : j € [k]\ {i}}, so the right-hand side cannot be 0, and thus no odd-coloured cycle can
exist in K.

It thus remains to show that if k is too large, then K must contain an odd-coloured cycle. In
fact, we will show the existence of a unique colour cycle, a cycle where some colour i is used exactly
once. Note that, while any rainbow cycle is clearly both a unique colour and odd-coloured cycle, we
cannot make black-box use of known rainbow cycle bounds here, as such results require that the
host graph is properly edge-coloured. Given that the average degree of each colour in K is large,
this is clearly false.

Unique colour cycles exist in graphs with similar degree in each colour. For a vertexv € V; U Vg,
let d;(v) denote the degree of v with colour 7, d(v) = Zle d;(v) denote the degree of v, and let
c(v) denote the colour degree at v, which is |{i : d;(v) > 1}|. By a simple lemma (Fact 3.2), for any
edge-coloured graph G, if c(v) > k’ for all vertices v and G contains no unique colour cycle, then
2% < |V|. This means that if for some ¢ = O(logn) (so that |[Vi| +|VR| = 10008y we can pass to a
subgraph in K such that all vertices in this subgraph have colour degree Q(k), then we will obtain
the desired k < O(log2 n) bound.

It thus remains to understand the colour degree of a typical vertex in K. In fact, one way to argue
that the colour degree of a typical vertex is large is to simply show that d;(v) is approximately the same
for almost all i and v. Indeed, this is precisely what the technical proofs in [KM?24a, Yan24, KM24b]
show, as they argue that K, the subgraph consisting only of edges of colour i, is approximately
regular for all i (and it is straightforward to see that the average degree of each K; is also the same).



These technical “approximate regularity” lemmas can be easily rephrased to show that a typical
vertex has c(v) > nk for either n = 1/polylog(n) ([KM24a, Yan24]) or n = (1) ([KM24b]).

However, crucially for us, it is possible to argue that c(v) is typically Q(k) without showing that
di(v) ~ dj(v’) for typical colours i, j, and vertices v, v’. In fact, the two log n factor losses in previous
proofs, coming from (1) imperfect hypergraph matchings, and (2) the existence of heavy pairs, arise
precisely because each of these irregularities causes the approximate regularity condition to cease to
be true. For example, for any pair {w, w’} of vertices in [n], if there are many hyperedges containing
both w and w’, then we may expect the total degree of the left vertex (S, w’) to be unusually large
whenever w € S. This is because there are many valid choices for the vertices (1,1, b,) in a chain
C = (ug,a1,b1,u1,a2,by,us,...,u,-1,a,,b,,u,) witha, =w and u, = w’'.

The central point of our argument is that we will control c(v) by arguing that a typical vertex has
di(v) ~ dj(v), i.e., its degree within each colour is approximately the same, even if d;(v) is not close
to d;(v’) for a different vertex v’. We do this by analyzing the following expected “local variance”

2
(dl-(v) _ @) ” . 1)

Notice that if d;(v) = d;(v) for all colours i and j, then v does not contribute to V. More generally, if
v is a vertex with degree d(v) and has c(v) < nk, then we have

d)\*| _ (d@)\* (1
[ ‘T)]Z )G

as the variance is minimized by setting d;(v) = d(v)/nk for nk choices of i, and 0 otherwise. This
means that if c¢(v) is small, then v has a large contribution (scaling with d(v)?) to Equation (1).

quantity, defined as

(V = ]EU~VLI_IVR ]El~[k]

E; [k

In other words, if V is small, then intuitively most vertices must have large c(v). We make this
intuition precise in the proof of Lemma 5.3, where we show that if V < (|E|/k|V|)?, then we can
find a subgraph where every vertex v in the subgraph has c(v) > Q(k).

Bounding the local variance via mixing. To bound V in Equation (1), we now need to argue that
for a typical vertex v, d;(v) is similar to d;(v). For reasons that will be explained later, we define
our Kikuchi graph K (Definition 5.1) slightly differently than in previous work (Definition 2.3).
First of all, the vertex sets are V; = [n]"*! and Vi = [n]’, that is, instead of sets of size ¢ >
r, we will consider ordered tuples of length exactly r. Our chains will be defined as C =
(1o, a1,b1,u1,a2,b2,u3,...,u,-1,ar,by,u,), where for each j, we have either {a;, b, u;} € 7—(%.4, or
(uj-1,aj,bj,u;) = (x,y,y,x) for some x,y € [n]. We say that the tuples of the form (x,y,y, x)
are “fake” tuples, and the ones corresponding to hyperedges are “real”. We now take an edge of
colour i € [k] in our Kikuchi graph between (a1, ..., a,,u,) € Vi and (by, ..., b,) € Vg for each valid
chain of the form (ug, a1, b1, u1, a2, bz, u2, ..., ur—1,a,, by, u,) with ug = i. Crucially, we still have
Vi, +Va; + Vb + vy, = 0 for every j, so our new Kikuchi graph still has no unique colour cycle.

By rearranging terms in Equation (1), we can show that for this new Kikuchi graph, bound-
ing V is equivalent to bounding E;[||pi(d) — pi(@)ll3], where @ = (a1,...,a,) is uniformly
random and p;(d) is the probability distribution of the “tail vertex” u, in a random r-chain
C =(up,a1,b1,u1,a2,bo,uy,...,u1,a,, by, u,) with ug =i and given ay, ..., a,.
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We can view each r-chain as being constructed one link at a time, where the sequence of steps
ug — U1 — -+ — U, is simply a random walk where we transition from u;_1 to u; as follows: either
we pick u; with {a;, bj, uj} € H,
adding a sufficient number of “fake” tuples, we can define the chains such that the probability of
staying at u;_; will always be at least 1/2. Hence, the distributions pi(d) and pi(d) are simply the
distribution of the final vertex in this random walk after taking r steps, either starting from the
vertex i or the vertex i”. We will be able to show that these distributions are close, as long as the
directed graph Dy, containing an edge (u, u’) for each {a,b,u’} € H,, is a good edge expander
(see Lemma 5.7).

The case where Dq, is not an edge expander is more complicated. In essence, we will decompose
Dy, into O(1/82) subsets of vertices, where the induced graph on a subset W is an edge expander.
This decomposition argument is subtle, and constructing the j-th piece W; of the decomposition
requires “quotienting out” by the vectors v, for u € Wy U--- U W;_1 and ignoring vertices u € [n] if

.1 for some b; € [n] (if such u; exists), or we take u; = uj_1. By

their vectors v, become 0 in the quotient space.

In order to apply the mixing argument, we require that the walk uyp — u; — -+ — u,
corresponding to a chain stays in the piece W in the decomposition, even though the other elements
of the chain, namely the a;’s and b;’s, can be arbitrary in [n]. Each “real” step in the chain can
be viewed as {aj, bj,u;} € 7{“]._1 where (11, u;) is the edge in Dy that is within the expanding
piece W.

This allows us to bound the dimension of the quotient of each piece

span{v, :u € Wy U---UW;}/span{v, :u € Wy U---UW,_1}

by O(log” 1), and conclude using that there are only O(1/62) pieces.

We give the proof of Theorem 1 in Sections 4 and 5. In Section 4, we begin the proof and execute
the decomposition into O(1/6%) expanding pieces. Then, in Section 5 we handle the main technical
component of the proof, which is the case where Dy, is an edge expander.

3 Preliminaries

For a graph G = (V,E) and v € V, we let d°(v) denote the degree of v in G. When G is clear from
context, we will use d(v) instead of d%(v) for simplicity. Graphs in this paper may have self-loops
and parallel edges. For sets S, T C V, we let ¢“(S, T) be the number of edges of the form {v, v’}
where v € S and v’ € T. When G is clear from context, we will omit the subscript and instead write
e(S,T).
Definition 3.1 (Edge-coloured graphs and coloured cycles). An edge-coloured graph G with colour
palette [k] is a collection (V, Eq, ..., Ex) where V is the vertex set and each E; C (‘2/) is an edge
multiset. The multiset E; denotes the edges with colour i. We let d;(v) denote the degree of v with
colour i, i.e., d;(v) := d%(v) where G; = (V, E;), and we let d(v) = Zle d;(v) denote the total degree
of v. Welet c(v) = |{i € [k] : di(v) > 1}| denote the colour degree of the vertex v.

An odd-coloured cycle in G is a cycle where there exists i € [k] such that the number of edges
appearing in the cycle from E; is odd. A unique colour cycle in G is a cycle where there exists i € [k]
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such that exactly one edge from E; appears in the cycle. A rainbow cycle in G is a cycle where all
colours are distinct. Cycles of length two are allowed.

The following fact shows that every edge-coloured graph with no unique colour cycle and large
minimum colour degree must have a large number of vertices.

Fact3.2. Let G = (V,Eq, ..., Ex) be an edge-coloured graph. Suppose that c(v) > k’ forallv € V and G
does not contain a unique colour cycle. Then, |V| > 2¥, or equivalently k' < log,|V|.

Proof. The proof follows by induction on k’. The base case of k' = 0 is trivial. Suppose k' > 1.
Because k' > 1, there exists i € [k] such that E; is nonempty. Let {v,v’} € E; be an arbitrary
edge with colour i. Observe that removing all edges in E; from G must disconnect v and v/, as
otherwise there is a path from v to v” that uses colours other than 7, and then adding in the last
edge {v, v’} € E; produces a unique colour cycle.

Deleting all edges of colour i thus splits the graph into two disconnected pieces, and can only
decrease the colour degree of any vertex by 1. By induction, each piece has at least 2€"~! vertices,
and thus there are at least 2% vertices in the original graph. m]

Definition 3.3 (Directed graphs). A directed graph D is a collection (V, F) where V is the set of
vertices and F C V X V is a multiset of directed edges. We let din(v) denote the in-degree of v and
dout(v) denote the out-degree of v. For sets S,T C V, we let (S, T) be the number of directed
edges of the form (v, v’) where v € S and v’ € T. When D is clear from context, we will omit the
subscript and simply write e(S, T).

We say that a directed graph D is Eulerian if din(v) = dout(v) forallv € V.

The following result, due to Huang, Ma, Shapira, Sudakov and Yuster [HMS"13], shows that
any dense Eulerian directed graph must have a short cycle.

Fact 3.4 (Corollary 1.3 in [HMS"13]). Let D = (V, F) be an Eulerian directed graph with no parallel edges.
Then D has a directed cycle of length at most 6|V|?/|F|.

We will need the following definition of edge expansion, which makes sense for dense directed
graphs.

Definition 3.5 (Cut-dense directed graphs). Let D = (V, F) be a directed graph. We say that D is
A-cut-dense if for every S C V, it holds that

e(S,V\S) = AlS||[V\ §].
Finally, we will use Cheeger’s inequality.

Fact 3.6 (Cheeger’s inequality). Let G = (V, E) be an undirected d-regular graph, and let Ag be its
adjacency matrix. For S C V with 1 < |S| < |V|/2, define
e(S,V\5S)
ds|’
and let $(G) = min;|g)<|v|/2 P(S). Then, A > &(G)?/2, where Ay is the second smallest eigenvalue of the
; 1
matrix I — 5 Ag.

9(5) =



4 Proof of Theorem 1

In this section, we prove Theorem 1. Let C: ]F’2‘ — IF} be a linear (3, 6, ¢)-LCC. By Fact 2.1 and
changing 6 and n by constant factors, we may assume that we have vectors vi,...,v, € ]FI2< with
dim(span{vy, ..., v,}) = k and 3-uniform hypergraph matchings Hj, ..., H,, each containing at
least 6n hyperedges, such that forevery u € [n]and {uy, up, uz} € H,,itholds thatv, = v, +v,,+v,;.
To prove Theorem 1, we must show that k = dim(span{vy,...,v,}) < o5 log2 n).

The following key technical lemma completes the proof under the assumption that the directed
graph obtained from “flattening” the hypergraph matchings is a good edge expander.

Lemma 4.1. Let Q) and A be finite sets of size m and n, respectively. For each u € Q) and each a € A, let v,
and v, be elements of an ambient vector space ‘W over IF,.

Let H denote a collection of tuples of the form (u,{a, b}, u") where u,u’ € Qand {a,b} € (’2\) where for
every pair (u,a) € Q X A there is at most 1 tuple of the form (u,{a, %}, %), and for each (u,{a,b},u’) € H,
it holds that v, + v, + v + v,y = 0.

Let Dy be the directed graph with vertex set () and a directed edge (1, u’) for every tuple (u,{a, b}, u’) €
‘H. Suppose that Dqy is an Eulerian directed graph (Definition 3.3) and is A-cut-dense (Definition 3.5).

Then,
2

dim(span{v, },eq) < O -logm -logn

A%m?

For technical reasons, Lemma 4.1 requires that D¢, is Eulerian. However, it is possible to
prove a similar statement without this assumption, at the cost of making the dependence on 1/A
exponential, rather than polynomial, in the dimension bound.

Lemma 4.1 is stated in the general form that we will need for the proof. However, for intuition
it is helpful to consider the following setting. Take () = A = [n], and let the vectors v, and v, in
Lemma 4.1 be the vectors vy, ..., v, from Fact 2.1. Then, take H to denote the tuples obtained by,
for every u € [n] and every hyperedge {a,b,u’} € H,, picking an arbitrary “special vertex” u’ in
the hyperedge and adding the tuple (u, {a, b}, u’) to H. Lemma 4.1 essentially states that if the
directed graph with the arcs u — u’ obtained from the tuples is a good edge expander, then we
have k < 05(10g2 n).

We note that this implies” the k < O(log2 n) bound obtained in [KM24b] for the case of “design
LCCs”. Indeed, in a design LCC the matchings are perfect, which means that if we pick the special
vertex u’ randomly from each hyperedge, then the directed graph D¢, is essentially a random
directed graph with out-degree 11/3 at each vertex, which is a good expander.

In the remainder of this section, we will prove Theorem 1 assuming Lemma 4.1.

Proof of Theorem 1. Let ‘W = span{vy,...,v,}. We will construct a sequence of subspaces {0} =
Wy S Wy C--- C W, =W such that t < 8/6% and dim(W,;) — dim(W,;_1) < O(5~12 log2 n). This
clearly implies that k = dim(‘W) < O(6~"*log” n), which proves Theorem 1.

2Up to the assumption that Dy, is Eulerian, which is only needed for the better dependence on 6, see above.
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We construct W, using W;_;. Given W,_, denote by v, the image of v, in the quotient space
W/ Wi_q. Let V ={u € [n] : v, # 0} be the subset of indices whose vectors remain nonzero. If
V =0, then we stop this process and let f = i — 1, and note that W;_; = W.

Suppose that V # 0, and let u € V. Recall that we have a hypergraph matching H, with at least
on edges such that for every {uy, up, uz} € H,, we have that v, + v, + v, + v,,;, = 0. Note that this
relation continues to hold in the quotient space W/W,_4,ie., v, + vy, +V,, + ¥, = 0. Since v,, # 0,
it follows that at least one of v, ¥,,, or v,,; must also be nonzero. Let u” € V be the index of one of
these nonzero vectors, chosen arbitrarily.

We now construct a directed graph D with vertex set V as follows. For each u € V and each
{uy,u, us} € H,, we add a directed edge (1, u’) to D, where u’ is the element chosen from the
hyperedge {u1, up, u3} as described above, so that v, # 0 and thus 1’ € V. Note that each edge
(1, u’) in D corresponds to a particular hyperedge {u1, up, u’} € H,,, and since H,, is a hypergraph
matching, D has no parallel directed edges. Furthermore, since H,, has at least 6n hyperedges, we
have that minycy dout(v) > On.

The following lemma, which we prove in Section 4.1, shows that there exists an Eulerian
expanding subgraph of D with a large vertex set.

Lemma 4.2. Let D = (V, F) be a directed graph with no parallel edges, |V| < n and minyey dout(v) > 6n.
Then there is an Eulerian subgraph D’ = (V’, F’) of D with |V’| > 6?1 /8 such that D’ is A-cut dense with
A = 6%/96.

We now use Lemma 4.2 to finish the proof. The directed graph D defined above satisfies the
requirements of Lemma 4.2. Let D’ = (V’, F’) be the subgraph of D guaranteed by Lemma 4.2,
and let W; = W_; + span{v, : u € V’}. Note that dim(W;) — dim(W;_1) = dim(W;/W,;_1) =
dim(span{v, : u € V’}), where v, is the image of v, in W /W,_;.

We now apply Lemma 4.1. We let QO = V’ and A = [n], and the vectors associated with
elements of () and A are the v,’s, which lie in the vector space ‘W /W,_1. We let H denote the
tuples (u, {a, b}, u’) where u € V', {a,b,u’} € H,, and the hyperedge {a,b,u’} “corresponds to”
an edge that is in D’. In other words, for each edge (u, u’) € F’, we “remember” the hyperedge
{a,b,u’} € H, that produced the edge (1, u’) in D’, and we add the tuple (1, {a, b}, u") to H. Notice
that we have u’ € V’, and a, b € [n]. Furthermore, because H,, is a matching, the first requirement
on H is satisfied, and the second requirement holds because the linear equation holds in ‘W, and
thus also holds in W /W,_;. The directed graph D¢ in the statement of Lemma 4.1 is simply D’,
and so it is an Eulerian directed graph that is A-cut-dense. By Lemma 4.1, we thus have that

2

dim(W;/Wi_1) = dim(span{¥, : u € V'}) < O /\2|nV’|2

-log|V’| - log n) =0 (6‘12 log? n) ,
since |V’| > 6%n/8 and A = 56*/96.

We have thus shown how to construct ‘W, from W;_;. It remains to argue that the number of
iterations is bounded by 8/5?. This follows because by Lemma 4.2, we have that |V’| > §°11/8, and
since all the vectors v, for u € V' are in ‘W, this means that | V| decreases by at least 6*11/8 with
each iteration. So, the total number of iterations is bounded by 8/ 62, which finishes the proof of
Theorem 1. O
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4.1 Proof of Lemma 4.2

In this subsection, we prove Lemma 4.2, restated below.

Lemma 4.2. Let D = (V, F) be a directed graph with no parallel edges, |V| < n and min,ey dout(v) > On.
Then there is an Eulerian subgraph D’ = (V’, F’) of D with |V’| > 6?1 /8 such that D’ is A-cut dense with
A = 6%/96.

Proof. Letd =[06n]. Note that |V| > d since each v € V has at least d outgoing edges and there are
no parallel edges. We will construct D’ in three steps.

As the first step, we will find an Eulerian subgraph of D that has a large fraction of the edges.
To do this, we remove cycles from D until the resulting graph D" is acyclic, and let F; be the union
of the removed cycles. Clearly, we have that D = (V, Fy) is Eulerian.

We now show that |F;| > d?/2, so that D1 has many edges. Because D” is a directed acyclic
graph, we can order its vertices so that each v; has no outgoing edges to a later vertex in the order.
Hence, in D” the i-th vertex in the order has at most i — 1 outgoing edges remaining, or in other
words, at least d — (i — 1) outgoing edges have been removed from D and added to D;. Summing
over the first d vertices in the order implies that at least

d
Z(d —(i-1) > d*/2 > 6*n?/2
i=1
edges have been removed, and so |F;| > d?/2.

As the second step, we will find an Eulerian subgraph D; = (V, F;) of D; where F; is the union
of short directed cycles. We do this by applying Fact 3.4. Let ¢ = 24/5%. Starting from the edge set
F1, we repeatedly remove a cycle of length < ¢ from D7 and add it to F». Note that by Fact 3.4, such
a cycle exists as long as |F1| > 6°n%/4. Hence, |F2| > 6°1n%/2 — 6*n%/4 = 6*n?/4, and we have that
F; = C1uCyu--- UG, where each C; is a cycle of length at most ¢.

As the third and final step, we will split the vertex set of D into expanding pieces. However,
unlike a standard expander decomposition that removes edges, here we will remove entire cycles
from F; at a time, using the cycle decomposition of F, constructed above, as this will ensure that
the resulting graph is Eulerian. That is, when we remove an edge ¢, we will also remove the entire
cycle C;j, where C; is the unique cycle in the partition F» = C; U C, U - - - U C; that contains e. The
fact that the cycles are short will crucially ensure that we do not delete too many edges here.

We now describe this process more formally. Let A = %/96. We will cut our directed graph into
a number of disjoint pieces. While there exists a split U = A LI B of a current piece U into nonempty
sets where ef2(A, B) < A|A||B|, we split the graph D; into two parts as follows. We remove all edges
from A to B, along with all other edges that are in the unique cycles C; that contain these edges
according to F,’s short cycle decomposition. Because each cycle has length at most ¢ = 24/62, each
step of this process deletes at most ¢A| A|| B| edges. Note that this process also deletes all edges from
B to A, as each such edge lies in some cycle C; in the cycle decomposition of F», and that cycle must
also have an edge from A to B. We then replace U by the retained directed graphs on A and B.

As each (unordered) pair of vertices {u, '} in V is separated at most once during this process, we
have that 3,15 aulAllB| < (5). The total number of edges deleted is thus at most £An?/2 = 6*n?/8.

12



So, after this process terminates, we have decomposed D, into Eulerian A-cut-dense pieces where
the total number of edges preserved is at least 6°12%/8.

By averaging, there exists some piece D’ = (V’,F’) where |F’|/|V’| > 6°1/8. Note that as
|F’| < |V’|?, this implies that |V’| > 6?1 /8, which finishes the proof. O

5 The Proof Assuming Edge Expansion: Proof of Lemma 4.1

In this section, we prove Lemma 4.1, restated below.

Lemma 4.1. Let Q) and A be finite sets of size m and n, respectively. For each u € ) and each a € A, let v,
and v, be elements of an ambient vector space ‘W over [F;.

Let H denote a collection of tuples of the form (u,{a, b}, u") where u,u’ € Qand {a,b} € (‘/2\), where for
every pair (u,a) € Q X A there is at most 1 tuple of the form (u,{a, %}, %), and for each (u,{a,b},u’) € ‘H,
it holds that v, + v, + v + v,y = 0.

Let Dqy be the directed graph with vertex set Q) and a directed edge (1, u’) for every tuple (u, {a, b}, u’) €
‘H. Suppose that Dqy is an Eulerian directed graph (Definition 3.3) and is A-cut-dense (Definition 3.5).

Then,

n?

A2m?2

dim(span{v, },eq) < O -logm -logn
Proof. Let k = dim(span{v, : u € Q}), and 6 C Q be a set of size k where {v; : i € €} are linearly
independent.

We now define a multiset 7 € QX A X A X Q as follows. For each tuple (u,{a, b}, u’) € H, we
add the tuples (u,a,b,u’), (u,b,a,u’), (u,a,a,u),and (u,b,b,u) to 7. For each pair (u,a) € QX A
where no such tuple exists, we add two copies of (1, a,a,u) to 7. Note that there is at most one
tuple of the form (u, {a, b}, u’) € H for a fixed choice of (1, a), by assumption. Therefore, in the
multiset 7, for any choice of (1, a), there are exactly 2 tuples of the form (u, a, x, x), and similarly
for any choice of (u, b), there are exactly 2 tuples of the form (u, x, b, *).

We call tuples of the form (i, a,a, u) “fake”, and the tuples originating from H “real”. Note that
for any tuple (u,a,b,u’) € 7, real or fake, it holds that v, + v, + v; + v, = 0 in ‘W. Additionally,
for any choice of (u, a), at least one of the 2 tuples of the form (u, a, %, %) is fake.

The proof of Lemma 4.1 revolves around analyzing combinatorial properties of the edge-coloured
Kikuchi graph defined below.

Definition 5.1 (r-chain Kikuchi graph). Let » > 1 be an integer. The graph K, (6, 7") is a bipartite
graph with left vertices V;, = A" X Q and right vertices Vg = A". We let (4, u) where d = (ay, ..., a,)
denote a left vertex in V}, and b= (b1,...,by) denote a right vertex in Vg.

For each sequence (i, a1, b1, u1, ..., u;-1,a,,br,u,) where i € 6 and (uj-1,aj,bj, u;) € 7 for all
j € [r] (treating up = i), we add an edge (((a1,...,a,),u;),(b1,...,b,)) of colour i to K:(€, 7).
These edges are added with multiplicity according to the multiplicities of the tuples in 7.

Because the colour set 6 is chosen so that the k vectors {v; : i € €} are linearly independent,
it follows that %K;(€, 7") has no odd-coloured or unique colour cycle. Indeed, this is due to the
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following observation, which holds because (uj-1, aj, bj, u;) € 7 implies that v, i1 T Ve +Vp +vy, = 0.

Observation 5.2. For a vertex (d,u) € Vi, let vz, = vy + Z;=1 v,;, and for a vertex b e Vg, let

vy = Z]r.zl vy;. Then, for any edge ((@, u), b) in K, (€, T") of colour i € 6, it holds that V(i) TV = Vi.

Thus, if K,(‘6, T") contains an odd-coloured cycle, then for each edge in the cycle ((@, u), I;), we
have v ,) + v; = v;. Summing over all edges in the cycle yields 0 on the left, while the right hand
side contains some v; with an odd coefficient. The only other terms that can appear on the right
are v for i’ € € with i’ # i, which are linearly independent from v;, and thus the right hand side
cannot be 0.

So, it remains to show that K, (6,7 ) must contain an odd-coloured cycle if k = |[€] is too
large. We do this by controlling the following variance quantity, which captures the expected local
variance of the degrees of each colour at a single vertex.

2
(a0 - 2] ” . ®

Here, d;(v) is the degree of the vertex v within the i-th colour in K, (6, 7).
The following lemma, which we prove in Section 5.1, shows that if we can obtain a sufficient
upper bound on V in Equation (2), then we are done.

V =Eowvuvg |EBive

Lemma 5.3. Let G = (V, Ey, ..., Ex) be an edge-coloured graph. Suppose that G has no unique colour cycle.
If
d(v) 2 |E| 2
: _— < | ——
(dz(v) . ) ” < (k|V| ,

The remainder of the proof is therefore dedicated to bounding V. We do this by connecting V

V= Ep-v |Ei i

then k < 601og,|V|.

to the behavior of a random walk on the directed transition graph Dy, specified below.

Definition 5.4 (Transition graph). Let Dy = (Q, Fy) be the directed graph with vertex set Q, and
edge set Fs- defined by adding an edge (u, u’) for each (u,a,b,u’) € 7 (with multiplicity). We let
Qg denote the adjacency matrix of Dy, i.e., Q7 (1, u) is equal to the number of edges (1, u’) in the
multiset Fq-.

We let Gs- = (Q, E7) be the undirected graph with vertex set Q, defined via the adjacency matrix

Ag = Q'T + Q,—]r-
The graphs Dg- and G have the following properties, which we will use.

Proposition 5.5 (Properties of the transition graph). The following hold for Dy and Gg-.
(1) The graph 2Dy, i.e., the graph where every edge in D¢ appears with multiplicity 2, is a subgraph of Dg-.

(2) The graph Dg- is Eulerian, and every vertex u € Q has din(1t) = dout(u) = 2n. Furthermore, each u has
at least n self-loops.
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(3) The graph G- is 4n-regular.

(4) Foreach a € A, let M, be the matrix where M,(u’,u) = %l{(u, a,x,u’) € T}. Then, E;p[M,] =
5=Qg-, every column of M, sums to 1 and Ma(u, u) > 1/2 for all u.

( 5) Let A, denote the second smallest eigenvalue of the Laplacian 1 — = Aq-. Then, Ay > A*m?/8n?, where
=19

The proof of Proposition 5.5 is straightforward, and is given below.

Proof. The first property follows by definition of 7~ and the graph Dy, because each (u, {a, b}, u’) €
‘H produces 2 real tuples, (u,a,b,u’) and (u,b,a,u’), in 7 .

The second property follows because the graph D¢y in the statement of Lemma 4.1 is Eulerian,
and the addition of the “fake” tuples to 7~ makes doy:(1) = 2n for all u € Q. We also have din (1) = 2n
since the addition of the fake tuples preserves the Eulerian property. The fake tuples in 7~ provide
at least n self-loops at each vertex.

The third property follows from the second because Gr;- is obtained by removing the direction
of the edges in Dg-. Hence, d°7 (1) = DT(u) + dout(u)

The fourth property is by definition of the adjacency matrix. The fact that the column sums of
M, are 1 follows because for every (u, a), there are exactly 2 tuples of the form (u, a, *, %) € 7, and
M, (u, u) > 1/2 follows from the existence of at least one fake tuple (u,a,a,u)in 7.

The final property follows from Cheeger’s inequality (Fact 3.6) and the fact that the graph Dq, is
A-cut-dense (Definition 3.5). Indeed, for any nonempty S C Q, we have ¢(S) = ¢“7(S,Q\ S)/4n|S|.
Because 2Dy is a subgraph of Dy and is A-cut-dense, we have

eC7(5,Q\ S) > 2ePH(S,Q\ S) +2ePH(Q\ S, S) > 4A|S]|Q\ S| .

AIQ\SI

Hence, ¢(S) > ,and so p(Gy) > Am . By Fact 3.6, this implies that A, > A?m?/8n?. O

With Definition 5.4 and Proposition 5.5 in hand, we are ready to bound V. First, we will show
that V is equal to a quantity related to a random walk on the graph Dg-. This quantity is meant
to capture the difference in distributions obtained by running a random walk for r steps, starting
either at the vertex i € (), or another vertex i’ € Q). Then, we will bound this quantity using Item (5)
in Proposition 5.5, which says that A, of the Laplacian of G7 is somewhat large.

The claim below relates V to the random walk quantity, and then the lemma bounds the
quantity.

Claim 5.6. For a € A, let M, be the matrix where M,(u’, u) = %l{(u, a,*,u’) € T}|. Then, it holds

that
221’

= m ]Ei,i'e‘é []Ea] ..... ap~NA [”Mgr . 'Mlll(ei — el’)”%]] )

Lemma 5.7. Forr € N, let M, ..., M) € R"™ " be independent copies of a random matrix M, where
with probability 1, it holds that (1) M is column stochastic: it has nonnegative entries and column sums equal
to1, and (2) M > 1/2 entrywise. Suppose that M = E[M] is doubly stochastic: all entries are nonnegative
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and all row and column sums are 1, and suppose that the second largest eigenvalue of %(M + MT) is at most
1—A,. Then,
(r) Me — 2 — )
max Eya  yon [IIM ..M (e, €u')||2] <2m(l-Ay)".

wu'em] Y

The proof of Claim 5.6 is simple, and we give it below. We postpone the proof of Lemma 5.7 to
Section 5.2.

Proof of Claim 5.6. First, we observe that each right vertex b € Vg contributes 0 to V. Indeed, we
have shown that for each pair (u, b), there are exactly 2 tuples of the form (u, %, b, x) € 7, and this
implies that d;(b) = 2" for all i and all b. Since |V;| = |Q||Vr| = m|VR|, we have that

om | d(v)\*
= m+1 ]EU~VL ]Ez~‘t’5 (dz(v) - T) ]] .
We also have that for any v € V7,
do)\*| 1
E;¢ (di(v) - T) =5 B [(di(0) - div(v))]

Next, we observe that for any (@, u) € Vi, we have that d;(d, u) = e,/ 2"M,, ... M, e;. This follows be-
cause there are exactly 2 tuples of the form (u, a, x, x) € 7, and thus the u-th entry of 2" M,, ... My, e;
exactly counts the number of r-chains of the form (i, a1, %, u1,a2,%,...,u,-1,a,,%,u), which is
exactly d;(a, u). Hence,

- % Eo-v, [Ei i [(di(0) - di(v))?]]
= sty Eorse (B, [(@0) - @)
_ ﬁ Eii<t Byt | (4, 1) = do, )|
= ﬁ'zzr%']&iw@ |Ea,.. 0~ [IMa, ... Mo, (ei —ei)l3]]
which finishes the proof. ]

We are now ready to finish the proof of Lemma 4.1. By Claim 5.6, we have

221'
=—F
v 2m+1) b

-----

M, is an independent copy of the same random matrix, and each M, has column sums equal
to 1 by Item (4) in Proposition 5.5. Each M, is furthermore entrywise at least I /2, as all entries
are nonnegative, and the diagonal entries are at least 1/2 because of Item (4) in Proposition 5.5.
The mean M is equal to E,;.A[M,], which by Item (4) in Proposition 5.5 is equal to %Qq& By

Item (2) in Proposition 5.5, %Q'T is doubly stochastic. By Item (5) in Proposition 5.5, the matrix
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%(H +MT) = £ A7 has second largest eigenvalue at most 1 — A, for A, > A?m?/8n?. Thus, applying
Lemma 5.7, we conclude that

22r 22r /\21’1’12 r
= mﬂai,i’e‘@ [Eay,..a~n [IMa, ... My, (ei — ei)ll3]] < W1 2m (1 - W) :

Finally, in the Kikuchi graph K.(‘¢,7 ), we have |V| = |V| + |Vg| = n"(m + 1) and |E| =

|VR| - k- 2" = k(2n)". Hence, |E|/k|V| = 2"/(m + 1). Thus, taking r = CA?—;z

sufficiently large constant c, we get that V < (|E|/ k|V|)2, and by Lemma 5.3 we conclude that
k < 60log,|V| = O(rlogn +logm) = O( 2. log m -log n). This finishes the proof up to the proofs

A2m?
of Lemma 5.3 and Lemma 5.7, which we show in the subsequent subsections. m|

. log2 m for a

5.1 Proof of Lemma 5.3
In this subsection, we prove Lemma 5.3, restated below.

Lemma 5.3. Let G = (V, Eq, ..., Ex) be an edge-coloured graph. Suppose that G has no unique colour cycle.
If
a(v) ELY’
< | =
[0~ ¢ ” “

Proof. Before we give the detailed proof, we will explain the ideas behind the calculations, which

V= Ep-v |Ei i

then k < 60log,|V|.

are relatively simple. Using the bound on V, one can show that there are few edges of colour i
that touch vertices v where d;(v) is much larger than d(v)/k. After we remove these bad edges, we
still have many edges left, as well as a good upper bound on the degrees of individual colours at
every vertex, i.e., d;(v) for all i and v. We then iteratively delete vertices whose remaining degree
is small relative to its degree d(v) in the initial graph. This gives us a nonempty subgraph G’ of
G where every vertex has diG/(v) < 0(d% (v)/k) for all colours i, and thus each vertex has colour
degree c(v) > Q(k). Applying Fact 3.2, we thus obtain an upper bound on k.

Let us now turn to the details. Call a pair (i, v) “bad” if d;(v) > 10d(v)/k, or in other words, if
colour i is overrepresented at v. Delete every edge (v, v’) of colour i if either (i, v) or (i, v’) is bad.
To bound the number of deleted edges, fix a bad pair (i, v). Because (i, v) is bad, we have

d(v)

di(v) - - —d()

Hence, writing B for the number of bad (i, v), we have

2

(19_0)2 Z di(v)| < Z (d() d(v)) BZZ(M)_M) _B-V-KV|,

(i,v) bad (i,v) bad v i=1

where in the second step we used the Cauchy-Schwarz inequality. Clearly, each vertex v is in at
most k/10 bad pairs, so B < |V|k/10. Hence, we obtain (19—0)2 (X(i,0) bad di(0))? < Hl/(l)k 1|<]|51|/| li'f, SO
the number of deleted edges is at most 3’ ; ;) aq 4i(v) < |E|/2.
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In the remaining graph, iteratively delete any vertex v whose current degree is at most
d(v)/6, where d(v) is the degree of v in the original graph G. This procedure deletes at most
2.0 d(v)/6 = |E|/3 edges. Thus, the final set of edges E” has size at least |E| —|E|/2—|E|/3 = |E| /6 > 0
edges. Let G’ = (V’, E’) be the final graph after removing all vertices that are not adjacent to any
edge in E’.

Every remaining vertex v € V' satisfies

d(v)

d(v) 10d(v)
6 7

G/
d~ (v) > .

dl.G/(v) < for every colour i.

Let the colour degree c(v) of a vertex in a graph be the number of distinct colours incident at that
vertex. By the above inequalities, each vertex v in G” has c(v) > k/60.
Applying Fact 3.2 to G’, we conclude that k/60 < log,|V’| < log,|V|, and so k < 60log,|V|. O

5.2 Proof of Lemma 5.7
In this subsection, we prove Lemma 5.7, restated below.

Lemma 5.7. Forr € N, let MWD, ..., M) € R™*" pe independent copies of a random matrix M, where
with probability 1, it holds that (1) M is column stochastic: it has nonnegative entries and column sums equal
to 1, and (2) M > 1/2 entrywise. Suppose that M = E[M] is doubly stochastic: all entries are nonnegative

and all row and column sums are 1, and suppose that the second largest eigenvalue of %(M + MT) is at most
1 — Ay. Then,
max Eym o [IMT ... MD (e, —ew)|3] < 2m(1 - Ao)".

uu'elml Y

Proof. Let X € R™ be an arbitrary real matrix. For each i € [m], let X; , denote the i-th row of
X, and let X j denote the j-th column. Let X = % > j X4,j denote the average of the columns. We
define the following quantity, which intuitively captures how similar the columns of X are:

m
E(X) = ) 1 Xxj - XI3.
j=1

We will argue that for any matrix X € R"", it holds that Ey[&(XM)] < (1 — A2)E(X). Intuitively,
this means that multiplying by M on the right makes the columns of X become more similar.
This bound immediately implies Lemma 5.7 via the following argument. We have

.....

by induction on r, since (1) < m. Letting Y = M® ... M®, we have that for any distinct u, u’ € [m],
1Y (e — ew)l13 = 1 Yaou = Yaulls < 201 Yiou = YII3 + 211 Yo, = Y13 < 28(Y).

Hence,

----------
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as required.

It thus remains to show that for any X € R"*", it holds that Ey[E(XM)] < (1 — A2)E(X).

First, we observe that because M is column stochastic with probability 1, we can without loss
of generality assume that X = 0. In other words, we may replace X with X — X17. Indeed, by
definition we have that &(X) = &(X — X17). Since M is column stochastic with probability 1, it
holds that 1TM = 17, and therefore E((X — X1T)M) = E&(XM — X17) = E(XM). Note that if X = 0,
then we have E(X) = £ 1 X 12 = [1XI12 = 27111 X 4l12

Next, we observe that for any y1, ..., y» € R", we have that Z}":lHyj -jlI3 < Z;":1||yj||§ where
j==x 2.iL1yj- Therefore, we have

MIEXM)] < B | ) I(XM)s 113
j=1

Now, by assumption we have that M is entrywise at least I/2 with probability 1. Therefore, letting
R =2M -1, we have that R is also a column stochastic matrix with probability 1. Since M = E[M]
is a doubly stochastic matrix, it follows that the mean R = Ej[R] is also a doubly stochastic matrix.
Using M = %(I + R), we have

1 S 1 S

Eul8(XM)] < 7 Ent | D 11Xuj + (XR)l3| = 7 Bar | D (1XuslI3 + 1 (XR)a 113 + 2 X j, (XR) )
j=1 j=1

We now bound the terms in the above sum. First, we have Z;’Ll” X*,]-||% = &(X), as we have assumed

that X = 0. Second, because R is column stochastic with probability 1 and R = Ex[R] is doubly
stochastic, we have

m

Em i”(XR)*,]”% =Em Z ZRZ]X*Z
= =1

m m m
= Y 1Xuill| D EulRil| = Y 1 Xuill3 = E(X),
i=1 j=1 i=1

where the inequality is by Jensen’s inequality, since R;; > 0 for all i, j and >;_; R;; = 1 for all j, and
the penultimate equality is because R = Ey[R] is doubly stochastic. This bounds the second term
in the sum.

We now bound the third and final term. We have

m m "
Z<X*/]" (XR)*,]'> = Z(X*,j, Z Rz']'X*,Z) =
j=1 j=1 i=1

m m m m
= 20 20 25 RiigXua | = D00 R =
k=1

k=1 \i=1 ]:]

m m
<Eum ZZsz 11X, ill3

=1 i=1

m
Z Rij Xyj Xki
i=1

INNgk
M- gl

j

1
E(Xk,*)T (R+R7) Xicx,

>~
I

1
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where we view Xj . as a column vector and the last equality uses that (Xk,«) TRX « is a scalar.

Now, because X = 0, it follows that each row Xk « is orthogonal to 1. Since R = Ep[R] is a doubly
- =T

stochastic matrix, the top eigenvector of 3(R + R ) is 1 with eigenvalue 1. Furthermore, because

%(J\_/I + MT) has second eigenvalue at most 1 — A», it follows that %(ﬁ + ET) has second eigenvalue at
most 2(1 — Ap) =1 =1-2A,.
Therefore, by taking expectation over M, we have

m m m
1 - =T
Ear | 2, (XR)) =k§1§<xk,*>T (R+R7) X < k§1||xk,*||§(1—zAz>:(1—2A2>8<x>,
]= = =

where the inequality uses the second eigenvalue bound on %(E + ET) along with the fact that each
row Xy« is orthogonal to 1, and the last equality uses that &(X) = || X ||12C since X = 0.
Combining all three bounds, we have shown that

Eum[E(XM)] < 411 (E(X) +E(X) +2(1 -212)8(X)) = (1 - 12)8(X),

as required, which finishes the proof. m]

Statement of AI Use

This statement is intended solely to describe the role of Al in the research process and should not be
read as an endorsement of such systems or of the companies that produce them. In the production
of this paper, we have used Al models for the following tasks.

Activity Al used
Asking the research question [No]
Coming up with the approach ~ [No]
Proof development [Yes]
Writing and exposition [No]
Checking for bugs [Yes]
Other supporting tasks [Yes]

Details. The question of proving a k < Os(log? 1) bound for binary linear 3-LCCs is a known
problem left open by previous work [KM24a, Yan24, AG24, KM24b]. We began working on this
question in September 2024, and we developed the high-level approach used in Section 5 ourselves
by January 2025. Specifically, we set out to show that the Kikuchi graph (Definition 5.1) has an
odd-coloured cycle by bounding the expected local variance of degrees V (Equation (2)), and we
had proved Lemma 5.3 ourselves, which shows that bounding V is sufficient to finish the proof. We
additionally had some more informal intuition that if we could prove that the directed graph Dy
(defined in Lemma 4.1) was an edge expander, then we could show that V < (|E|/k|V|)?. However,
we did not write down a full formal proof of this, as there was an issue that a random walk on the
directed graph D¢y could be periodic, which would prevent it from mixing.
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On Oct. 5, we gave GPT-6 Astra our notes, which included the main approach of using odd-
coloured cycles in Kikuchi graphs with chain-derived constraints, our proof of Lemma 5.3, and the
conclusion that showing V < (|E|/k|V|)? is sufficient to prove Theorem 1. From this input, GPT-6
Astra completed the proof. Over the course of several more interactions, we substantially simplified
Astra’s completion of our proof approach, obtaining the proof that we have presented in this paper.

From our perspective, the missing key ideas that Astra provided are as follows. Firstly, in
Section 5, while nearly all of the major ideas are ours, we crucially did not see the simple idea of
adding the “fake tuples” to 7. The addition of fake tuples makes the corresponding random walk
lazy, and this deals with the periodicity issues we were encountering in a very clean manner. It also
makes it so any walk can always be continued, even if, say, H, does not have a hyperedge containing
some a € [n]. Astra also provided a proof of Claim 5.6, and while it is a very nice observation that
makes the proof particularly clean, in our view it is not an essential component. In fact, in the initial
proof Astra provided, the proof contained a different, more technical statement.

Secondly, we did not see how to execute the decomposition done in Section 4, and this was
entirely provided by Astra. In our view, the decomposition has a very intriguing strategy of working
in the quotient spaces ‘W /"W,_1 and retaining only indices whose vectors remain nonzero, which
preserves large out-degree in the remaining vertex set. This was a technical issue that we did not
see how to overcome when we thought about using edge-expander decompositions ourselves. The
decomposition also has some additional technical components that ensure the resulting directed
graph D¢, produced is Eulerian. However, as we have noted in Section 4, this is not essential as
one can prove a version of Lemma 4.1 without the Eulerian assumption, albeit with an exponential
dependence on 1/A.

Finally, we note that the proof of Fact 3.2 presented here is due to Astra. However, we had proven
essentially the same statement ourselves, with just a slightly weaker bound of k” < O(log|V|), which
works equally well for its application. We have chosen to use the Al proof in this paper because it is
cleaner.
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