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Abstract

A tester decides whether a graph has a property or is far from having it. A distance esti-
mator asks for more: it must approximately determine how many edges need to be changed.
A property is said to be testable if there is a tester with a number of queries bounded indepen-
dently of the graph’s order for each conceivable distance. Similarly, if a property admits an
estimator with a number of queries bounded independently of the graph’s order, it is said to be
estimable.

Fischer and Newman proved that, in the dense graph model, every testable property is also
estimable. We show that the passage from testing to estimation requires only a polynomial
increase in query complexity. This resolves a long-standing open problem in property testing,
previously tackled by Fiat and Ron, by Hoppen, Kohayakawa, Lang, Lefmann, and Stagni, and
by Gishboliner, Kushnir, and Shapira.

1 Introduction

1.1 Property testing in the dense graph model

Deciding whether a large object satisfies a given property can be very expensive, both in compu-
tation and in the amount of information that must be read. Property testing studies a relaxation
of this task: distinguishing objects that satisfy the property from those that require a substantial
proportion of their entries to be changed before they satisfy it. The aim is to make this distinction
by inspecting only a (very) small part of the input. We refer the reader to Goldreich’s book [1] for
a general introduction to the area.

We work in the dense graph model, also called the adjacency matrix model. A graph on a vertex
set V is a function G : (g) — {0, 1}, and we write Gy for the set of such graphs. Forn = |V| > 2,
the normalized edit distance between G, H € Gy is

B@)AEH)]
(5)

A graph property P is a collection of graphs closed under isomorphism. Let Py = P N Gy; we

define

d(G, H) =

dist(G,P) = min d(G,H)
HePy

when Py # (), and set dist(G, P) = 1 otherwise. Thus, dist(G, P) is the smallest fraction of pairs
whose adjacency status must be changed to obtain a graph in P on the same vertex set. We say
that G is e-far from P if dist(G, P) > . Graphs of size less than two can be handled separately.
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An algorithm receives the order n of the input graph and may query whether a given pair of
vertices is an edge. An e-tester for P accepts every graph in P with probability at least 2/3 and
rejects every graph that is e-far from P with probability at least 2/3. No requirement is imposed
on graphs whose distance lies strictly between 0 and €. The property is testable if, for every € > 0,
such a tester exists with a number of queries bounded independently of n.

Throughout the paper, ¢(¢) denotes an upper bound on the number of edge queries, valid for
every input size. We often use canonical testers, which sample a uniformly random set of vertices and
inspect its induced subgraph. The canonization theorem of Goldreich and Trevisan [2] converts a
tester making ¢ edge queries into a canonical tester sampling O(q) vertices. Conversely, inspecting
the subgraph induced by s vertices uses at most (;) edge queries. These polynomial conversions
allow us to pass between the two models without changing whether a bound is polynomial. We
nevertheless keep track of the distinction, using s for the size of a canonical sample.

Goldreich, Goldwasser and Ron [3] introduced graph property testing in this model, and proved
that a broad class of partition properties, including k-colourability and properties prescribing a large
cut, are testable. Subsequent work established general criteria for testability. In particular, Alon and
Shapira [4] proved that every hereditary graph property, meaning one closed under taking induced
subgraphs, is testable.

Regularity methods play a central role in these general results. They replace a large graph with
a bounded description that preserves enough information to detect violations of the property. The
quantitative cost of employing these methods can, however, be very large: Szemerédi’s regularity
lemma has tower-type bounds, and Gowers [5] showed that such dependence is unavoidable for
the lemma itself. This leaves open the possibility that a particular testing problem admits a much
better bound through a more direct argument or a weaker approximation theorem. For example,
the regularity-based argument of R6dl and Duke [6] for k-colourability was followed by polynomial
testing bounds obtained without the full regularity lemma [3, 8, 9].

Understanding when such improvements are possible is a central question in graph property
testing. Related work of Carenini, Seth and Yoshida [7] gives a quantitative container characteri-
zation of one-sided testability, connecting prescribed testing complexity to container-like descrip-
tions. This develops a different route to quantitative testing results, building on the hypergraph
container method of Balogh, Morris and Samotij [10] and Saxton and Thomason [11]. Here, we
study the quantitative relationship between testing and the stronger task of distance estimation.

1.2 Distance estimation and previous bounds

A tester distinguishes distance zero from distance at least €. A distance estimator must approximate
the distance on every input. More precisely, an e-estimator for P outputs a number d satisfying

Pr[jd - dist(G,P)| < <] > %
for every graph GG. We call P estimable if it admits such an algorithm with query complexity de-
pending only on €. Estimability implies testability, after changing the accuracy by a constant factor.

Parnas, Ron and Rubinfeld [12] initiated the systematic study of tolerant testing and distance
approximation. Testing need not imply distance estimation in other models [13]. In the dense graph
model, however, Fischer and Newman [14] proved that every testable property is estimable. Their
proof uses regularity and incurs a tower-type loss in converting a tester into an estimator. The
natural quantitative question is how much of this loss is necessary.

This question was first studied for hereditary properties by Hoppen, Kohayakawa, Lang, Lef-
mann and Stagni [15] and by Fiat and Ron [16]. In particular, can a hereditary property that is
testable with polynomially many queries also be estimated with polynomially many queries? The
following formulation asks for a quantitative conversion for arbitrary testing bounds.



Problem 1 (Testing versus estimation). Suppose that a graph property P has an e-tester using
q(¢) queries. Can its distance be estimated to additive accuracy ¢ using poly (max{1, g(ce)}, 1/¢)
queries, for an absolute constant ¢ > 0?

For hereditary properties, earlier bounds are most precisely expressed using induced-removal
lemma parameters. At proximity 7, these are numbers M = M (n), § = §(n) > 0 and ng = no(n)
such that every n-far graph G of order at least ng contains some F' ¢ P, with |V (F)| < M, for
which a uniformly random injective map from V' (F') to V(G) induces a copy of F' with probability
at least d. Such parameters give a one-sided tester with vertex sample size O(max{ng, M/d}).

Hoppen, Kohayakawa, Lang, Lefmann and Stagni [15] obtained distance estimators with a dou-
bly exponential bound in terms of these removal parameters. Gishboliner, Kushnir and Shapira [17]
improved this to a singly exponential bound.

Theorem 1 (Gishboliner-Kushnir-Shapira [17]). Let P be hereditary. For an absolute constant cy >
0, let M, 6, ng be induced-removal parameters at proximity coc. Then, P has an c-estimator with query
complexity 20Ol (M/dlogno)

Using the same tools, Gishboliner, Kushnir and Shapira also obtained a doubly exponential con-
version for general graph properties [17]. Thus, the remaining question was whether a polynomial
loss suffices.

1.3 Our main result

We prove that every tester in the dense graph model can be converted into a distance estimator
with polynomial loss.

Theorem 2 (Testing implies estimation with polynomial loss). There is an absolute constant ¢ > 0
with the following property. If P has an e-tester with edge-query complexity q() for everye € (0, 1),
then it has an e-estimator with edge-query complexity poly (max{1, q(ce)}, 1/¢).

In particular, a graph property is testable with poly(1/e) queries if and only if its distance can
be estimated with poly(1/¢) queries. The theorem applies to general graph properties and allows
the original tester to be adaptive and to have two-sided error.

For natural properties, the explicit dependence on 1/ can be absorbed into the testing com-
plexity. Following [17], call P unnatural if there exists €9 > 0 such that, for every 0 < n < ¢¢ and
all sufficiently large n, either P, = ) or every n-vertex graph has distance at most 7 from P. A
property is natural if it is not unnatural. A hereditary property is non-trivial if it contains graphs
of arbitrarily large order and omits at least one graph.

Corollary 1. If P is natural, or is a non-trivial hereditary property, then the bound in Theorem 2
simplifies to poly (q(cz)) for all sufficiently smalle.

Indeed, the query lower bounds in [17, Propositions 1.7 and 1.10] give ¢(¢) = Q(1/e) for the
edge-query complexity in these cases. The factor 1/¢ in Theorem 2 can therefore be absorbed into
the polynomial.

2 Main technical contribution and comparison with previous ap-
proaches
2.1 Previous approaches: estimating through partitions

A sufficiently regular partition of a graph, together with the edge densities between its parts, ap-
proximately determines the densities of small induced subgraphs. For a hereditary property, the



induced removal lemma turns this information into a way of detecting graphs that are far from the
property. This suggests estimating distance by searching over modifications of the partition’s den-
sity values. The search asks how cheaply those values can be changed so that they are compatible
with a graph close to the property.

To justify this procedure, one must relate changes in the description to changes in the graph
itself. Suppose that the prescribed densities change by v on average, weighted by the sizes of the
corresponding pairs of parts. One needs to realize the new densities with approximately ’y(g) edge
changes while retaining the regularity required for counting. This continuity between editing the
description and editing the graph is a key ingredient in the Fischer-Newman argument [14]. The
large number of parts required by regularity accounts for its tower-type bounds.

Hoppen et al. [15] used the weaker approximation supplied by the Frieze-Kannan lemma [18],
whose partitions have size exponential in a polynomial of the inverse accuracy. Weak regularity
still controls the density of each fixed induced graph, but transferring edits while preserving the
required approximation is more delicate. Their method combines weakly regular partitions with
partitions that have no regularity requirement, leading to a doubly exponential bound. Gishboliner,
Kushnir and Shapira [17] established an appropriate continuity statement: a slightly stronger form
of weak regularity before editing is enough to retain ordinary weak regularity afterwards. This
underlies their improved bounds.

2.2 Our approach

Our proof begins by expressing the distance as the approximate minimum of a single objective
function built from the tester. We then show that this minimum is attained approximately by a
weighted graph described using short labels on its vertices. Optimizing over these labels is a dense
constraint satisfaction problem, whose optimum can be estimated from a small random sample. We
overview each of these steps below.

Replacing membership by a penalty. Fix a target accuracy € and let 7 = ¢/100. After ampli-
fication and canonization, the tester samples s = O(max{1, ¢(7)}log(1/7)) vertices and rejects
according to a symmetric rule f : G — [0, 1]. For an n-vertex graph .J, consider the following
rejection rule rej(J) = Ey f(J[v]), where v is a uniformly random ordered tuple of s distinct ver-
tices. The rule f may depend on n; throughout the argument, n and its associated rule are fixed.
The tester satisfies

JeP = rej(J) <7

dist(J,P) > 17 = rej(J) > 2.

For the input graph G on V/, consider M (G) = min eg, {d(G, J) + 2rej(J) }. When Py # 0,

this minimum satisfies
dist(G,P) — 7 < M(G) < dist(G, P) + 27. (1)

For the upper bound, take a closest graph in P; its edit cost is exactly dist(G, P) and its penalty is
at most 27. For the lower bound, a graph J within distance 7 of P has d(G, J) > dist(G,P) — 7,
by the triangle inequality. Every other J pays a penalty of at least 4/3, which already exceeds the
maximum possible distance. Thus the tester supplies all the information about P needed by this
objective.

We next allow the edges of a candidate graph to have weights in [0, 1]. For a weighted graph
W, let G(W) be the random graph obtained by rounding its edges independently, with edge prob-
abilities given by W. Extend the objective by setting

costg(W) = Ed(G,G(W)), rej(W) = E rej(G(W)), Eq(W) = costq(W) + 2rej(W).



Then,
Ec(W) = E[d(G, G(W)) + 2rej(G(W))].

Consequently, allowing weights does not change the minimum: every weighted objective value is
an average of ordinary graph objective values. This exact relaxation makes it possible to approxi-
mate candidate graphs by bounded real-valued functions.

Approximating a candidate using short vertex labels. The approximation only needs to pre-
serve two quantities: the edit cost and the rejection probability of the fixed tester. The first is affine
in the edge weights:

costa(W) = Euy [G(wv) + (1 — 2G(uv))W (uv)].

Thus, its change is measured by correlation with the single function 1 — 2G.

To control rejection probability, we compare two weighted graphs by changing the (;) edge
probabilities in a sampled graph one at a time. Each change is an edge-weight difference multiplied
by a discrete derivative of the tester’s rejection rule. The important point is how these changes can
be described.

Suppose the changing edge occupies positions 1 and 2 in the sample. Call positions 3, . .., s the
anchors. After rounding the other edges, the change, which we call the derivative, is determined by
the graph b on the anchors and the two adjacency vectors x, y from the endpoints to the anchors:

abf(xvy) = f(Fl(b>$7y)) - f(FO(bvzay))a

where Fy(b, z,y) is the graph with these prescribed adjacencies and with the edge 12 set to ¢. In
the comparison between two weighted graphs, a vertex may need a different adjacency vector for
each of the two endpoint roles. Recording both vectors, and symmetrizing in the endpoints, gives
a bounded test of an unordered pair.

In this way we obtain a family 7 of functions on vertex pairs. Each derivative test is specified by
O(s?) bits of common data and O(s) bits at each vertex; we also include the cost test 1 — 2G. With
|R|7 = maXAeT}IEwR(uv)A(uv) , the edge-by-edge comparison gives, for sufficiently large n,

W)~ £a(2)l < (1+4(3) ) 1w - 2l @

This is the counting lemma needed by the proof.

The use of restrictions of the tester is inspired by Dwork and Tankala [19, Definition 3.1 and
Lemma 3.2]. Here, the tester observes an induced graph, so its queried pairs share vertices. The end-
point labels retain these shared incidences and make the resulting tests compatible with sampling
vertices.

A weak regularity argument now provides the required approximation. Starting from G, main-
tain a sum of signed tests and use its clipped value as the current approximation. Whenever a test
distinguishes this approximation from a target weighted graph H, add a small signed multiple of
that test to the sum. A bounded potential shows that fewer than =2 updates suffice to obtain

t
W=cip|G+y) Bj|, t<y? |H-W|r<n,
j=1

where B; € TU(—T) and clip(a) = min{1, max{0, a}}. This is a form of weak regularity adapted
to the tester, following the energy-increment principle of Frieze and Kannan [18] and the boosting
perspective of Trevisan, Tulsiani and Vadhan [20].



Combining the descriptions of the tests gives a label z, at each vertex, drawn from a finite set
A with log |A| = O(s%y?). The approximating weighted graph is recovered by a fixed symmetric
function D:

W.(uwv) = D(G(uwv), 24, 2v). (3)

Thus, the labels describe the approximation relative to the original graph G. Common values are in-
cluded in each label, and D is defined for every pair of labels, including pairs whose common values
disagree. Every labeling therefore specifies a valid weighted graph, while the boosting argument
guarantees that some labeling approximates any given target H.

Taking 7 to be a sufficiently small constant multiple of £/s2, equation (2) gives

M(G) < M(G) = min Eg(W2) < M(G) +0(),  log]A| = O(s°7?).

The number of possible labels may be exponential, but their length is polynomial in s and 1/e.

Estimating the optimum by sampling vertices. For a fixed labeling, both terms of E¢(W>)
can be written as averages of losses on ordered s-tuples of distinct vertices. The rejection term
already has this form; for the edit term, average the edge-edit losses over the (;) pairs in the tuple.
By equation (3), the loss on a tuple depends only on its induced subgraph in GG and the labels of its
vertices.

It follows that minimizing £ (W) is a dense s-ary constraint satisfaction problem with alpha-
bet A. Each vertex is a variable, its possible labels are the alphabet, and each tuple contributes one
bounded loss. Sampling a set U of vertices restricts this same instance to U; the decoder and the
rejection rule f,, remain fixed. This is why labels on vertices are useful.

The subsampling theorem of Bernasconi, Castiglioni, Celli, Farina, and Malavolta [21, Theo-
rem 3.3] approximates the optimum in expectation using a sample whose size is polynomial in the
arity, the inverse accuracy, and the logarithm of the alphabet size. The theorem also requires a
lower bound on the original instance size, polynomial in the same parameters. Both requirements
are satisfied here. Small input graphs can be read in full; for larger graphs, averaging a polynomial
number of independent sample optima gives the required success probability.

The sampled optimum can be computed by exhaustive search over labels, using only the edges
inside the sampled vertex sets. Combining this estimate with the short-description approximation
and equation (1) yields an estimate of dist(G, P) with query complexity

poly(s, 1/e) = poly (max{1, q(ce)}, 1/¢)

. The polynomial dependence on the arity and the logarithmic dependence on the number of labels
are both essential: the arity grows with the tester, and the label set is exponentially large. The boost-
ing argument establishes the existence of a suitable description, and the estimator only computes
optimum values on its samples.

3 Preliminaries

We first put the tester into a form that can be applied to weighted graphs. The weights let us de-
scribe gradual changes to a candidate repair. Independent rounding will then show that introducing
weights does not change the optimum of the objective function introduced in Section 2.

For every integer k > 0, let [k] = {1, ..., k}, with [0] = 0. For integers a, b, let [a,b] = {j €
Z : a < j < b}; in particular, [3,2] = ). Given a set X, write ()kf) for its k-element subsets and
X ;]2 for its ordered k-tuples of pairwise distinct elements. The set X consists of the empty tuple.
For 0 < k < n,write (n)y =n(n—1)---(n — k + 1), with (n)p = 1. For distinct u, v € X, write



uv = {u,v}. All logarithms have base 2. Unless stated otherwise, averages over a finite set are
uniform. The empty-set conventions allow a tester with s = 2 to have no anchors.

Let V be a finite set. A graph on V is a function G : (‘2/) — {0, 1}. The set of these is Gy.. A
weighted graph on V' is a function W : (‘2/) — [0, 1]. The value W (uv) represents the probability
that uv is an edge. The set of these is YWy,. We have that Gyy C Wy, indeed unweighted graphs are
a special case of weighted graphs. Note that when |V| < 2, (‘2/) = (), and Gy = Wy consist of the
unique empty function.

For V' = [s], we use the following shorthands G5, W,. For W € Wy, G(WW) is the random
graph in Gy whose edges are sampled independently at random with Pr[G(W)(e) = 1] = W (e).
If W is a graph, G(W) = W. For v = (v1,...,vs) € V7, the induced weighted graph W v] € W;
is W[v|(ab) = W (vgup).

Let n = |V| > 2. For functions X,Y : (‘2/) — R, let E. denote expectation over a uniformly
random unordered pair e € (g), and define (X,Y) = E.[X(e)Y (¢)], and || X||2 = ((X,X))1/2.
Thus, inner products measure average correlation, independently of the order of the graph. Aver-
ages indexed by uv use the same unordered-pair convention; when ordered pairs are needed, we
write them as (u,v). We use 1 to denote the constant function 1, and 1[B5] for the indicator of a
condition B. The distance between graphs G, H € Gy is given by

|E(G)AE(H)|
(5)

A graph property P is a set of graphs closed under isomorphism, and Py, = P N Gy. The distance

toP is

d(G, H) = E.|G(e) — H(e)| = e [0,1].

minggpv d(G, H) PV 75 @, n > 2,

dist(G,P) =< 1 Py =0,
0 Py £0, n<2.
G is e-far from P if dist(G, P) > e. For graphs G, J with Py # 0, dist(G,P) < d(G,J) +

dist(J, P).

The next proposition replaces the internal operation of the tester by a single rejection rule on
a small induced graph. This is useful because we can then study how that rule changes when one
sampled edge changes. Amplification makes rejection rare on graphs in the property; this will make
the penalty small for a genuine repair. The original input order n remains available to the tester, so
its rule is allowed to depend on n.

We use the canonization theorem of Goldreich and Trevisan [2] in the following functional
form.

Proposition 1. Let P be a property. Fix 7 € (0,1/3] and a 7-tester for P that requires at most
q(7) queries. Then, there exist an integer s = O(max{1, ¢(7)}log(1/7)) > 2 and, for each n > s,
a function f = f,, : Gs — [0,1] N Q, where f(J) is the probability of rejecting when the induced
graph on the s sampled vertices is J, such that the following two conditions hold:

(N1) f(Joo)= f(J)forall J € G5 and o € Sym([s]), where (J o 0)(ab) = J(o(a)o(b));
(N2) for every V with [V| = nand J € Gy, writing rej(J) = Ey f(J[v]) with v uniform in V,

JeP = rej(J)
dist(J,P) > 7 = rej(J)

<7-
’ (l)
2

Proof. Amplify the tester by O(log(1/7)) independent repetitions and a majority vote, so that its
rejection probability is at most 7 on members and at least 2/3 on 7-far graphs. Apply the canoniza-
tion theorem [2] to obtain a tester inspecting s = O(max{1, ¢(7)}log(1/7)) uniformly sampled



vertices, padding to s > 2 if necessary. Average its decision rule over all permutations of the
sampled positions. This does not change the rejection probability on any input graph, and gives
(N1). The function f,, is the resulting conditional rejection probability, giving (N2). With the usual
finite-randomness convention for a randomized tester, these probabilities are rational. O

From now on, n and its associated rule f = f,, are fixed whenever we compare graphs on V.
In particular, restricting an optimization problem to a smaller vertex set later in the proof will not
replace f, by the tester for that smaller order.

Recall that a function g : Wy — R is multilinear if it is affine in each coordinate W (e) sep-
arately. Such a function treats an edge of weight p exactly as an average of an absent edge and
a present edge, with weights 1 — p and p. The next fact applies this observation to all edges: a
weighted input cannot have a value smaller than every ordinary graph obtained by rounding it.

Fact 1. If g : Wy — R is multilinear, then g(W) = E g(G(W)) for every W € Wy,. Hence,
minyy,, g = ming,, g.

Proof. We round one edge at a time. Affinity in the edge being rounded preserves the expected value
at each step, and after all steps we have an ordinary graph. List the pairs ey, ...,en, N = (g) and
write W; = W(e;). For 0 < k < N, let

gk(W) = Z g($7Wk+177WN)HW;EZ(]-_W’L)17$Z
z€{0,1}F 1<k

Affinity in Wy gives gr = gr+1, and therefore ¢ = g9 = gy = E g(G(W)). This is a weighted
average of values g(J), J € Gy, so it is at least their minimum. The minimum over Wy exists by
compactness. O

We now extend the tester by interpreting each edge weight as an independent edge probabil-
ity. The function ¢ is the rejection probability on one weighted sample of size s; the function rej
averages this quantity over all samples in the full graph. Keeping these two levels separate will let
us analyze one sampled edge before averaging over the input graph. Define ¢ : Wy — [0, 1] and
rej : Wy — [0, 1] by

1—J(ab
OY) =B S(G()) = Lyeg, f() Mape(ig) Y (@) (1 =¥ (@) ",
rej(W) = Evevs p(Wv]).
The next fact says that the extension retains relabeling symmetry and is compatible with round-

ing. Thus we may either round the whole graph and run the tester, or sample first and then round
the sampled edges.

Fact 2. The following properties hold:
(@) ¢(Yoo)=¢(Y)forY € W, o € Sym([s]);
(b) ¢ and rej are multilinear;
(c) rej(W) = E rej(G(W)), and on graphs this rej agrees with that of (N2).

Proof. Each assertion follows because relabeling and taking an induced sample preserve the independent-
edge model. More explicitly:

(@) G(Y o 0) has the law of G(Y') o 7; use (N1).

(b) Each summand of ¢ is a product of factors affine in distinct coordinates, and rej is an average
of ¢ composed with coordinate projections.

(c) Fact 1; on graphs ¢(J[v]) = f(J[v]).



4 Proofs

4.1 Derivatives of the tester, tests, and the counting lemma

The first step is to identify which features of a candidate repair need to be preserved. There are
only two relevant quantities: its expected edit cost and its rejection probability. We will construct
a family of pair functions whose correlations control changes in both quantities.

Fix0 < 7 <1/3and s, f = f, as in Proposition 1. Let G € Gy withn > s, and put K = (;)
the number of pairs inspected in a canonical sample. Recall the definitions of costg : Wy — [0, 1]
and &g : Wy — [0,3]:

costq(W) = Ed(G,G(W)), Eq(W) = costg(W)+2 rej(W), M(G) = Wm% Eq(W).
eEWy

The objective charges for editing the graph and for leaving a graph that the tester is likely to reject.

We first observe that the edit part is particularly simple: on a non-edge of G, increasing the weight

increases the cost, while on an edge of GG it decreases the cost. The function 1 — 2G records exactly

these two signs.

Fact 3. The function costg : Wy — [0, 1] satisfies the equality costg(W) = (G, 1)+ (W, 1—-2G).
In particular, cost is affine and costg(J) = d(G, J) for J € Gy.

Proof. Compute the cost for one pair, then average over pairs and over the rounding. For a,b €
{0,1}, la—b] = a+b—2ab. So d(G,H) = (G,1)+ (H,1— 2G) for graphs H. Take expectations,
using EG(W)(e) = Wi(e). O

The next lemma explains why we can minimize this objective instead of searching only over
graphs in P. A genuine repair has a small penalty. A graph that remains far from P pays more
than the largest possible edit distance, while a graph already close to P cannot save much on the
cost of a genuine repair. Independent rounding also shows that fractional edge weights introduce
no better minimum.

Lemma 1. The weighted and unweighted minima agree, i.e., M (G) = minjeg, {d(G, J)+2rej(J)}.
Further, if Py # 0, then dist(G, P) — 7 < M(G) < dist(G, P) + 27.

Proof. We first remove the weights using rounding, then compare an arbitrary candidate with a
closest genuine repair. By Facts 3 and 2, £ is multilinear, so Fact 1 gives the equality. For the
distance bounds, assume Py # (). For the upper bound, take H € Py with d(G, H) = dist(G, P).
By (4), Eq(H) < dist(G,P) + 27. For the lower bound, let J € Gy. If dist(J,P) < 7, then
d(G,J) > dist(G, P) — dist(J,P) > dist(G,P) — 7. If dist(J, P) > 7, then 2rej(J) > 4/3 >
1 > dist(G, P) by (4). Either way Eq(J) > dist(G, P) — 7. O

The coeflicient 2 makes the lower-bound comparison work: a 7-far graph has penalty at least
4/3 > 1 > dist(G, P). With coefficient 1, the soundness guarantee would give a penalty of only
2/3, which could be too small to prevent such a graph from undercutting the true distance.

We next isolate the information needed to measure the effect of one sampled edge. Designate
its endpoints as positions 1 and 2, and call positions 3, ..., s the anchors. Once the graph on the
anchors and the two endpoint-to-anchor adjacency vectors are fixed, the sampled graph is com-
pletely determined except for the edge 12. The gadget below simply records this decomposition; it
adds no further graph structure.

Definition 1 (Gadget ;). For a graph b € Gy3 ), vectors z,y € {0, 1135 and integer t € {0,1},
let Fy(b,x,y) : ([S]) — {0, 1} be the graph on [s] given by:

« Fi(b,z,y)({1,2}) = &5



e Fy(b,z,y)({1,a}) = z, for every a € [3, s];
« Fy(b,x,y)({2,a}) = y, for every a € [3, s];
« Fi(b,z,y)({a,c}) = b({a,c}) for every a # ¢ € [3, s].

So x4 encodes whether position 1 is adjacent to anchor a, y, does the same for position 2, b is the
graph induced on the anchors, and ¢ is the value of the edge {1, 2}.

The derivative below measures how much the tester notices a change to the remaining edge. It
can be positive or negative, since adding an edge need not make rejection more likely. This discrete
difference is also the coefficient of the edge probability when the other sampled edges have been
fixed.

Definition 2 (Derivative of f). The derivative of f in the edge 12 atbis 9, f : {0,1}3%x {0, 1} —
[—1,1]:
O f (x,y) = f(FL(b,z,y)) — f(Fo(b,z,y)).

To compare two weighted graphs, we will replace the K sampled edge probabilities one at a
time. At an intermediate stage, some positions use weights from the first graph and others from
the second. A vertex can therefore need one adjacency vector when it occupies endpoint position
1 and another when it occupies position 2. We store both vectors in a single color. The extra color
L marks the anchors themselves, so that a test ignores pairs meeting an anchor.

Let @ = {1} U ({0,1}B x {0,1}[34]). For each b € G[3,4> define the symmetric function
Kp: I x Q—[—1,1] by

—
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By (N1), Oy f (z,y) = Opf(y,x): exchanging positions 1 and 2 is a relabeling. The reason for aver-
aging in K is different. The role-dependent expression 9, f(x,y') need not equal 9, f (2, y) when
the two vertices have different vectors for their two roles. Averaging these two orientations makes
the test a well-defined function of an unordered pair.

A coloring x : V' — € assigns this local information to every vertex. For each b and y, define
the test Ay, (uv) = kp(x(u), x(v)). Thus a single coloring describes the response to every possible
endpoint pair, with the same anchor graph b. We allow all colorings; they need not come from actual
neighborhoods in one graph. This larger family contains the random colorings used in the counting
proof and is easy to encode by vertex labels.

Set

A={Apy 0§, x: V= Q}, T=T(G) ={1-2G}UA.

For R : (2) — R, define
R|l7T = max [{R, A)|.

This seminorm measures the largest average discrepancy visible to any of these tests. A small value
of ||W — Z||7 means that the tests have little ability to distinguish W from Z; it does not assert
that every edge weight is close. The cost test 1 — 2 is included because its correlation is exactly
the change in edit cost.

Every test takes values in [—1, 1]. A derivative test is specified by O(s?) common bits for b and
O(s) bits per vertex for x (v). The cost test is instead recovered directly from the input edge G (uv).
This distinction will explain why the decoder later reads both endpoint labels and the original edge.

Example (s = 3, triangles). Consider the rejection rule f(J) = 1[J is a triangle]. There is one
anchor, so b has no edges and 0, f(x,y) = xy for z,y € {0,1}. Fix an anchor vertex w in an
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ordinary graph J, and write N;(w) for its neighborhood. Give w color L and every other vertex v
the color (1[v € Nj(w)],1[v € Nj(w)]). Then

Apy(uv) = 1ju € Ny(w)]1[v € Ny(w)].

The test detects changes on pairs inside the neighborhood of w. Summing these indicators over w
counts common neighbors of u and v: these are exactly the vertices that can complete the changing
edge to a triangle. The general derivative tests play the same role for an arbitrary rejection rule.

The counting lemma says that these tests capture everything needed to control the objective. For
some intuition towards the proof of the counting lemma, we continue with the triangle example.
Let W and Z be two graphs that have a large difference in their rejection probabilities (and for
simplicity assume the edge weights are from {0, 1}). In other words, taking a random sample S of
3 vertices, the probability that the induced subgraph is a triangle is significantly different for W
compared to Z. We wish to show that there exists A € 7 for which (W — Z, A) is large.

To this end, consider a specific ordering e1, e2, e3 of the edge locations between the 3 sampled
vertices S, and consider interpolating between W [S] and Z[S] by starting with W[S] and changing
one edge at a time, in the order ey, e, e3, until reaching Z[S]. For the sets S for which the rejection
rule differs for W and Z, there is some point in the interpolation for which the output of the rejec-
tion rule changes. By considering all such sets S, there exists a step in the interpolation at which
the rejection rule changes for a significant fraction of these sets.

After selecting an anchor graph b on a single vertex w, we construct A; , using an interpolated
version of W and Z to define the labeling x. Roughly speaking, the entries in A; , correspond to
pairs of vertices u, v for which the output of the rejection rule on the interpolated subgraph changes
when flipping the edge u, v. These entries in Ay , line up with non-zero entries in W — Z, resulting
in (W — Z, Ay ) being large.

More generally, s is the canonical sample size and K = (;) There are K possible edge changes
in a sample; bounding each one by the seminorm and summing gives the dependence on K.

Lemma 2 (Counting). If n > 4s then for all W, Z € Wy,

{|rej<w> —1ej(Z)| < 2K |W — Z||7,
Ec(W) — Ea(Z)] < (1+4K) |[W - Z|-

Proof. We interpolate between Z and W on one sampled pair at a time. For each step, we express
the tester’s response as an average of derivative tests. The only normalization loss comes from
excluding the anchors as endpoints.

List the pairs of positions ey, ..., ex of [s]. For 0 < i < K and v € V7 define H;(v) € W; by
H;(v)(ej) = W(vqup) if j < i and Z(vqvp) if j > 4, where ej = ab. Let p; = Ey¢(H;(v)). Then
po =rej(Z) and pg = rej(W).

Fixi > 1, e; = ab. For Y € W, let Yl be Y with its value on ab replaced by ¢ € {0, 1}, and
A(Y) = oY) — (Y1) € [~1, 1]. Since ¢ is affine in Y (ab) and H;(v), H;_1(v) differ only on
ab,

Pi — Pi—1 = EV (W - Z)(U,ﬂ)b) A(HZ(V))] .

By Fact 2(a), we may relabel both the changing pair and the sampled positions without changing
the derivative value or the sampling law. Thus we may assume e; = 12; each other pair cd then
carries a label m.q € {W, Z} saying which function is used on it. Write v = (p, ¢, w) with p = vy,
q = v2, w = (We)cej3,s)> and let A(p, ¢, w) = A(N) where N(cd) = meq(vevg) for ed # 12 and,
say, N(12) = 0. The last value is immaterial because the derivative overwrites it. Then

pi = pi-1 = Epgu) [(W = Z)(pq) Alp, ¢, w)]. ()
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Fix w € V572, To realize the derivative by our tests, round the anchor graph once and indepen-
dently round the two role-dependent adjacency vectors of each non-anchor vertex. Different pairs
may share these random bits; we only need the correct distribution for each individual pair.

Let b be a random graph on [3, s|] with independent edges, Pr[b(cd) = 1] = mq(w,wy). For
each u ¢ {w.} let X,,,Y, € {0,1}[>* have independent coordinates with Pr[X,(c) = 1] =
mic(uwe) and Pr[Y,(c) = 1] = mac(uw,.), all variables independent. Let x(u) = (X, Y,) for
u ¢ {we}, x(we) = L, and A = Ay, a random element of A C 7. For distinct non-anchors
P, ¢, the graph Fy(b, X, Y,) has independent edges with exactly the probabilities of N ], Hence
Ef(Fy(b, Xp, Yy)) = ¢(NW), s0 B0, f (X, Yy) = Alp, ¢, w) and

EA(pq) = 5 (A(p, q,w) + A(gq,p,w)),

while A(pg) = 0if p or ¢ is an anchor.

The color L makes all anchor-incident pairs contribute zero. Our inner product nevertheless
averages over all pairs in V, whereas the hybrid step averages only over pairs avoiding the anchors.
We now account for this normalization explicitly. Summing over unordered pairs, and using that
(W — Z)(pq) is a function of the unordered pair,

EA(W — 7, A) = SO W = 2)(pg) Alp, g, w),

n(n—1) (p,9)

the sum over ordered pairs of distinct non-anchors. There are (n — s + 2)(n — s + 1) of them, and
(n)s = (n)s—2(n — s+ 2)(n — s + 1). Averaging over uniform w and comparing with (5),

(n—s+2)(n—s+1)
n(n —1) '

E<W_Z7A> :a(pi_pi—l)a o =

Here « is the proportion of ordered pairs avoiding the anchors. Since n > 4s,

— 2
o> (n s+ 1) < 1
n 2
Every realization of A lies in 7, so |(W — Z, A)| < ||[W — Z||7, and therefore |p; — pi—1]| <
2||W — Z||7. Summing over i gives | rej(W) —rej(Z)| < 2K ||W —Z||7. By Fact3and1—-2G € T,
| costa(W) — costq(Z)| = (W — Z,1 — 2G)| < |W — Z||7. Add twice the first bound. O

4.2 Boosting

The counting lemma reduces the task to making every test correlation small. We do this by re-
peatedly correcting a correlation that is still too large. The sum of the corrections is allowed to be
real-valued; clipping converts it into valid edge probabilities. Keeping the un-clipped sum is useful
because it is described by a short list of tests.

Define clip : R — [0, 1] by clip(u) = min{1, max{0, u}}, and apply it pointwise to real-valued
functions. To track progress, we use a function whose derivative is exactly this clipping operation.
Define ¢ : R — [0, 00) by

0 u <0,
Pu) =< u?/2 0<u<l,
U — % u > 1.

By direct differentiation, 1) € C'!,and ¢’ = clip is 1-Lipschitz. The following two properties explain
this choice. The first will make our potential nonnegative; the second bounds the cost of taking an
update step:

v(u) = sup (uh—3h?),  Plu+r) <o) +re'(u)+ 3 (6)
0<h<1

12



Indeed, the supremum is attained at h = clip(u), and the inequality follows from

Bl ) = ) = /() = [t t) — 0! (w) .
0
For a target H € Wy, define the potential ® : rR(G:) - [0, 00), where @ is the un-clipped
sum of the current corrections, by

It is nonnegative by (6) with h = H (e).

When Q already takes values in [0, 1], this potential is §[|@ — H|3. Outside that interval, it
remains nonnegative and its derivative with respect to @ is clip(Q)) — H. This is the residual we
can detect using tests. Thus the potential continues to track useful progress even when the un-
clipped sum leaves the interval of valid weights.

The next lemma gives a short description of an approximation to any target H: fewer than 2
signed tests suffice. The number of vertices and the number of available tests do not enter this

bound.

Lemma 3. Let 7 be a finite nonempty family of functions (‘2/) — [-1,1], let G,H € Wy and
0 < 7 < 1. There exist an integer 0 < t < y"2and By,...,B; € T U (—T) such that W :=

clip (G + 722:1 Bj) € Wy satisfies ||[H — W |7 < 7.

Proof. 1f a test sees an error larger than , move a distance v in the sign of that test which reduces
the error. The resulting decrease in the potential is at least 42 /2, so only a bounded number of such
moves is possible.

Set Qo = G. Given Q;,let W; = clip(Q;). I || H—W}||T < ~, stop. Otherwise some A € T has
‘(H - Wj, A)’ > 7; choose Bj 1 € {:l:A} with <H— Wi, Bj+1> > v and set Qj+1 = Qj +vBjy1.
Applying (6) pointwise, with ¢/ (Q;) = Wj and || Bjt1]2 < 1,

2 2
Pp(Qjt1) < ®u(Q;) — v(H — Wy, Bjt1) + 5| Bj+1ll3 < 2 (Q;) — L

Also ®7(Qo) = 3||G — H||3 <  and @ > 0. After any positive number ¢ of updates,

2
0<Pp(Q) <i-1,

sot < 2. The process must therefore stop within this bound. If no update is needed, t = 0
already has the required properties. O

This is gradient descent for the convex potential ® f, restricted to test directions. The step count
7~2 is independent of n.

We now turn the short list of corrections into information stored at vertices. In each step there
is common information, i.e., the kind of test, its sign, and possibly its anchor graph, and, for a
derivative test, a color for each vertex. We call the common information a symbol. A vertex label
stores one symbol and one color for every possible step, padding unused steps by an empty symbol.
This is why the label length depends on the number of boosting steps and on s, but not on n.

Here and below, fix 0 < v < 1, and use the family 7 (G) constructed in the preceding subsec-
tion.

Let L = [y7?]. The set of symbolsis C = {@} U ({cost} x {£1}) U ({der} x {1} x Gj3 4).
and the label set is A = (C x Q)%. A label z € A has L components (c;(z),we(2)) € C x £, and
log |A| = L(log|C| + log [2]) = O(s*y72).

The decoder must recover an edge weight from the two endpoint labels and the original edge.
A genuine boosting description has matching common symbols at every vertex. We nevertheless
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define the decoder on arbitrary pairs of labels; the later CSP optimization must be allowed to choose
any label at any vertex. If the common symbols disagree, keeping the original edge is a convenient
way to return a valid weight.

Define the decoder D : {0,1} x A x A — [0,1] as follows. For g € {0,1} and z, 2’ € A:

o if ¢p(2) # ¢¢(2') for some ¢, then D(g, z,2") = g;

« otherwise, let ¢y = ¢4(2) = ¢4(2’) and set

0 Cezg, L

e = S o(1—2g) ¢ = (cost, o), D(g,2,2") = clip <g - VZW)-

0 Kp (we(Z),wg(z’)) ¢¢ = (der, 0, b), =1

The decoder D is symmetric in (z,2’). For a labeling z : V' — A, write 2z, = z(v) and define
W. € Wy by W.(uv) = D(G(uv), 2y, 2v).

In particular, every labeling defines a valid weighted graph, even if its symbols are inconsistent.
Consistency is needed only for encoding the specific boosting approximation whose existence we
have proved.

The next lemma connects the two descriptions: each boosting approximation can be recon-
structed from vertex labels. Its final assertion is what makes sampling possible, since a sampled
edge can be decoded without knowing any labels outside its endpoints.

Lemma 4. For every G € Gy and H € Wy there is z € AV with |H — W.|l7 < ~, where
T = T(G). Moreover W, (uv) depends only on G(uv), zy, 2y.

Proof. Record the boosting sequence component by component, duplicating each step’s common
symbol at every vertex and keeping its vertex-dependent color locally. Apply Lemma 3 to get B; =
0jA;j, j <t < L. In component j, give every vertex the symbol (cost, o;) and color L if A; =
1 — 2G. Otherwise A; = Ay, ,; give every vertex the symbol (der, 0;, b;) and give vertex v the
color xj(v). Components j > ¢ get (@, L). All symbols agree across vertices, so D is in its second
case with yi; = Bj(uv) for every uv. Thus W, = clip(G + v }_; Bj), the function of Lemma 3.
The last claim is the definition of D. O

We can now restrict the search for a repair to weighted graphs specified by labels. Define

M(G) = min Eq(W,).

zeANV

The next proposition says that this restriction loses little: encode a true minimizer of M (G) and
use the counting lemma to bound the change in its objective value. Arbitrary labelings cannot
artificially improve on M (G), because they still decode to genuine weighted graphs.

Proposition 2. For n > 4s, M(G) < M(G) < M(G) + (1 + 4K)y, and if Py # 0),
dist(G,P) =7 < M(G) < dist(G,P) + 27 + (1 + 4K).

Proof. The lower bound is immediate from inclusion of the feasible sets; the upper bound follows
by approximating one minimizing weighted graph. Since W, € Wy, we have M(G) > M(G).
Let H* attain M (G) and take z from Lemma 4 for H = H*. Lemma 2 gives M(G) < Eq(W,) <
M (G) + (1 4 4K)~. The distance bounds follow from Lemma 1. O

Observe that the boosting sequence is never computed by the algorithm. It only proves that a
short-description repair of nearly optimal energy exists.
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4.3 Estimating the optimum from a sample

The labels have reduced our search to a finite optimization problem. To apply a sampling theorem,
we must express its objective as an average of bounded functions of a few vertex labels. The tester
term already depends on s vertices. We write the edit term on the same tuples by averaging its pair
costs over the K pairs in each tuple.

A dense s-ary constraint satisfaction problem (CSP) consists of variables V, a label set A, and
for each v € V: a predicate P, : A* — [0,1]. For U C V with [U| = m set Val(U) =
max,c v m-° ZveU; Py (2, ..., 20,), and let OPT = Val(V'). Here a predicate is a score in

[0, 1], so the goal is to maximize the average score. We take m > s whenever using this value. The
normalization is m™*, rather than 1/(m),: equivalently, tuples with a repeated vertex have score
zero. This convention is responsible for the factor a,, below.

For our graph G, a tuple score will be one minus a rescaled local loss. The division by 3 is
enough because the edit loss is at most 1 and the rejection penalty at most 2. For v € V and
¢(=(C1,---,Cs) € A°letY € Wsbe Y (ab) = D(G(Uavb), Ca, Cb)- Define the loss ¢y : A* — [0, 3]
and the predicate P, by P, :=1 — %ﬁv, with

EV(C) = % Z [G(Uavb)(l - Y(ab)) + (1 - G(Uavb))y(ab)} + 2¢(Y)

abe ()

The loss depends only on G[v] and (. Denote this CSP by Z(G). In Val(U) we always restrict this
same instance to U: the alphabet A, decoder D, and rejection rule f;, are kept fixed. This restriction
need not be the instance one would construct by treating G[U] as a new input graph.

Let a,, = (n)s/n®, the probability that s independent uniformly chosen vertices of V' are all dis-
tinct. The next lemma verifies that the local losses average to the objective we want, with precisely
this normalization factor when losses are converted to CSP scores.

Lemma 5. Forevery z € AV, By by (24, . . ., 20,) = Eg(W,), with v uniform in V. Hence
OPT(Z(G)) = a, (1 — M(G)/3).

Proof. A fixed pair of positions in a uniform injective tuple is a uniform pair of vertices. Conse-
quently, distributing the edit loss over larger tuples does not change its mean; the rejection term
agrees by definition. For uniform v and fixed ab, v,vp is a uniform pair, so the ab-term of the first
part has expectation E.[G(e)(1 — W(e)) + (1 — G(e))W.(e)] = costg(W,) (Fact 3). Averaging
over ab gives costg(W,). Since Y = W, |v] here, the second part has expectation 2rej(1,). For
OPT: m =nand |[V}| = apn®,son™" 3 Py = an(1 — E¢(W>)/3); maximize over 2. O

We use the following external sampling theorem. It controls the optimum after optimizing the
labels on the sample, not just the sampled value of a fixed labeling. This distinction matters: the
best labeling of a sample can depend on the sample and need not extend to an equally good labeling
of the whole graph. The guarantee is in expectation; independent repetition will turn it into the
desired probability guarantee.

Theorem 3 (Bernasconi—Castiglioni—Celli-Farina-Malavolta [21, Theorem 3.3]). There are abso-
lute constants c.,C, > 0 such that for every dense k-ary CSP with label set of size )y and every
0<0<1,if

m = [c. k296 logQ(onQ/Oﬂ,
n > k07 B 1og(Qok?/6),

n >m,and U C 'V is a uniformly random m-subset, then |IE Val(U) — OPT‘ < C,0.
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The dependence on the label set is only through log Q. This is essential, since |A| is exponential
in poly(s,1/¢).

The penalty and label approximation account for a small deterministic error; the sampled CSP
optima account for the remaining random error. The threshold Ny ensures that all counting and
sampling hypotheses hold. Graphs below that threshold can be read in full at a polynomial query
cost.

Proof of Theorem 2. Let ¢ € (0, 1), put 7 = £/100, and choose s as in Proposition 1, so that

s = O(max{1,¢(c/100)} log(100/¢)).

Set K = () and yo = €/[100(1+4K)]. Choose a rational v € [$70, o). Then (14+4K)v < £/100
and
log|A| = O(s*77%) = O(s5¢72). (7)

For n > 4s and Py # (), Proposition 2 gives
IM(G) — dist(G, P)| < 3. (8)

Apply Theorem 3 with k = s, Qo = |A| and 8 = cge, where ¢ is an absolute constant with
0 < 1 and C.0 < £/24. Let m be the resulting sample size and Ny the maximum of the theorem’s
threshold on n, of m, of 4s and of 252 (rounded up). By (7), both m and Ny are poly(s, 1/¢) with
absolute degrees. Let T = [432¢2] be the number of independent samples.

We may identify the input vertex set with [n]. The rational choice of v, together with the
rational values of f,,, makes the finite sample objectives rational, so their optima can be computed
by exhaustive search without an additional approximation error.

The algorithm
1. By finite enumeration decide whether P}, = (; if so output 1. If n < 2 output 0.
2. If 2 < n < Ny: query all pairs and output dist(G, P) exactly.

3. If n > Ny: draw independent uniform m-subsets Uy, . .., Ur C [n] and query all pairs inside
each. By exhaustive search compute Val; = Val(U;) € [0, 1] for the CSP Z(G) restricted to U;
(each predicate depends only on G[v], the function f,, and D). With Val = T~} ZZT:1 Val;,
output d = clip(3(1 — Val/ay)).

Correctness for n > Ny The sampling theorem bounds the bias of each sampled optimum.
Averaging independent copies controls its fluctuation around that mean. We then invert the exact
CSP identity from Lemma 5; the lower bound on «,, ensures that this inversion enlarges the error
by only a constant factor.

— OPT(Z(@))| < €/24. The Val; are independent with
values in [0, 1], so Var(Val;) < 1 /4 and Var(Val) 1/(4T'). Chebyshev’s inequality gives
144 1

Pr[|Val — E Val; | > £/24] < EEET

3 (Z(Q))| <e/12. Sincen>232,an:Hj<S(1—j/n) >
—(3)/n > . ByLemma5, M(G) = 3(1—OPT(Z(G))/ax), so the quantity inside the clip differs

from M (G) by at most 3+ 5 - 2 = 5. With (8) the total error is below § + 25 < &, and clipping to
[0,1] > dist(G, P) cannot increase 1t For n < Nj the output is exact.
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Query complexity All graph queries are made inside the sampled vertex sets, or inside the whole
graph when its order is at most Ny. Searching through labels and evaluating their predicates uses
no further graph queries. Thus the number of queries is at most

max{ (]\270), T(’;)} = poly(s, 1/¢),
and substituting s = O(max{1, ¢(¢/100)} log(100/¢)) proves the theorem with c = 1/100. [

For the corollary, the point is that a natural property already requires many queries to test at
small proximity. Thus the explicit accuracy parameter in the estimator’s bound can be paid for
by the tester’s own query complexity. We use the definitions of natural and non-trivial hereditary
properties from Section 1.

Proof of Corollary 1. For natural properties, [17, Proposition 1.10] gives the edge-query lower bound
q(n) = Q(1/n). For non-trivial hereditary properties, [17, Proposition 1.7] gives this lower bound
for the canonical vertex sample size. The Goldreich-Trevisan conversion [2] turns a tester with
q(n) edge queries into one with O(q(n)) sampled vertices, so the same lower bound follows for our
edge-query notation. Taking 7 = ce, we obtain 1/ = O(q(ce)) for sufficiently small €. This also
absorbs the max{1, -} in Theorem 2, proving the corollary. O
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