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Abstract

The problem of decomposing an algebraic variety into more structured components (such as
equidimensional, irreducible, or connected components) is a fundamental problem in computer
algebra and algebraic geometry. In this work, we study the computational complexity of
computing equidimensional components of algebraic varieties, represented via Chow forms.

We improve the state-of-the-art complexity bounds from PSPACE to CH, the counting
hierarchy, for a number of problems related to equidimensional decomposition, including deciding

1. whether the Chow form of the k' equidimensional component of a given projective variety
vanishes at a given point,

2. whether a given monomial is in the support of the Chow form of the k' equidimensional
component of a given projective variety,

3. membership in a given equidimensional component of a given algebraic variety, and
4. membership in the closure of the image of an irreducible variety under a polynomial map.

As an application of our algorithm to decide membership in the closure of the image of a variety
under a polynomial map, we show that the approximate polynomial satisfiability problem can be
decided in CH. We also show that the degree of the k' equidimensional component of a given
projective variety can be computed in FPCH.

Our main technical result is the construction of a polylogtime-uniform family of constant-
depth, exponential-size threshold circuits that compute the Chow forms of the equidimensional
components of a given projective variety. We construct these circuits by combining the machinery
of geometric resolutions together with the uniform constant-depth, exponential-size threshold
circuits of Andrews, Garg, and Schost (FOCS 2026) for the multivariate resultant.
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1 Introduction

A central quest in computational algebraic geometry and algebraic complexity theory is to understand
the computational complexity of deciding or computing geometric properties of algebraic varieties
(common zero sets of a collection of polynomials) given the defining collection of polynomials. In
this quest, fundamental problems include deciding whether the algebraic variety is empty (known as
the Hilbert Nullstellensatz problem), computing the dimension of the variety, computing its degree,
and decomposing the variety into more structured components (e.g., equidimensional, irreducible,
and connected components).

Some of the above questions can also be (and have been) asked in more general settings, such
as the setting of algebraic varieties defined by polynomials over arbitrary rings. To make this
introduction more concise and accessible, we will focus on the setting of algebraic varieties defined by
polynomials over the complex numbers. However, we will state our results in a more general setting.

In light of the importance of the aforementioned problems, much work has been devoted to them.
The earliest works on these problems showed that they can all be solved in doubly-exponential time,
as seen in [Las05; Her26; Sei74; GTZ88|. These works used techniques from elimination theory
and Grobner bases to reduce these problems to the task of solving doubly-exponential sized linear
systems, or to factoring polynomials of doubly-exponential degree. Together with the work of Csanky
[Csa76], this brings the complexity of the Hilbert Nullstellensatz problem down to EXPSPACE. Later,
improved degree bounds for the Nullstellensatz (see [Jel05] and references therein) improved the
complexity down to PSPACE. Subsequent works have improved the complexity of these problems,
and we now give a brief overview of the history and state of the art regarding the complexity-theoretic
improvements for them.

Hilbert Nullstellensatz (HN) and Dimension. The complexity of the HN problem has been
brought down to the counting hierarchy by Andrews, Garg, and Schost [AGS26]|, while Koiran [K0i96]
proved that this problem lies in AM, assuming an effective prime ideal theorem.' Later work by Canny
[Can90] and Ierardi [ler89] reduced HN to the task of computing multivariate resultants. Andrews,
Garg, and Schost [AGS26] showed that multivariate resultants can be evaluated in FPH and as a
consequence placed HN in the counting hierarchy. Lastly, Koiran [K0i96] gave an AM-protocol for the
Hilbert Nullstellensatz problem inspired by Stockmeyer’s protocol for approximate counting. With
regards to complexity-theoretic lower bounds, it is easy to see that arithmetization of SAT shows
that this problem is NP-hard. Under plausible hardness assumptions, Miltersen and Vinodchandran
[MV05] showed that NP = AM, so Koiran’s result establishes that HN is conditionally NP-complete
over C. For a concise yet thorough account of developments on the Hilbert Nullstellensatz problem,
we refer the reader to [AGS26] and references therein.

On the geometric front, the computation of the dimension of algebraic varieties was shown
to be in the polynomial hierarchy [Koi97], again assuming an effective prime ideal theorem, and
unconditionally shown to be in the counting hierarchy by Andrews, Garg, and Schost [AGS26].
Each of these works on computing dimension used similar techniques to those used for the Hilbert
Nullstellensatz problem as described above. We once again refer the reader to [AGS26] for more
details on works on the dimension of algebraic varieties.

As shown by Biirgisser and Cucker [BC06], the natural setting for obtaining complexity-theoretic
lower bounds for several of the aforementioned geometric problems is the setting of counting problems.
Thus, before we discuss the complexity of computing the degree and decomposing varieties into

'Recent work by Cureton and Thorner [CT26], building on OpenAI’s proof of the Quasi-Riemann Hypothesis
[Ope26], claims to prove an effective version of the prime ideal theorem, which would yield an unconditional version of
Koiran’s result.



equidimensional, irreducible, and connected components, we first introduce the notion of geometric
counting complexity.

Geometric Counting Complexity. The study of complexity-theoretic lower bounds for more
general geometric problems was initiated by Biirgisser and Cucker [BC06], who defined counting
variants of the above problems, along with the complexity class GCC (standing for Geometric
Counting Complex problems), which they show to be situated between #P and FPSPACE. Moreover,
in [BCOG6], the authors show that the counting version of the Hilbert Nullstellensatz problem is
GCC-complete, and that the problem of computing the top-component degree of an algebraic variety”
is FPSC_complete with respect to Turing reductions. Recently, Andrews, Garg, and Schost [AGS26]
showed that GCC C FPCH, thereby improving the upper bound for GCC from FPSPACE to FPCH.

With the above complexity class in mind, and equipped with the results of Biirgisser and Cucker
[BCO6], we are now ready to discuss the complexity of the remaining geometric problems.

Equidimensional Components and Degree. Decomposing varieties into equidimensional com-
ponents was first shown to be in exponential time by [CG83; Gri86; GHMP95; Lec00; JKSS04].
Several concepts and techniques used in these works, such as geometric resolutions and the com-
putation of Chow forms representing each equidimensional component, will be used in our work
as well, see Sections 3.1 and 3.2. The work of [GH91| shows how to produce an exponential-size
and polynomial-depth algebraic circuit that computes the equidimensional components of a given
algebraic variety, therefore showing that the problem of computing equidimensional components is
in FPSPACE.

Since the degree of an algebraic variety is the sum of the degrees of its equidimensional components,
the above results also imply that one can compute the degree of an algebraic variety in FPSPACE.
Because these works are able to compute the equidimensional components of an algebraic variety,
they are also able to compute the top-component degree of the variety, which is known to be
FPCC_complete by [BCO6]. This places the problem of computing the equidimensional components
of an algebraic variety between FPSCC and FPSPACE.

Irreducible Components. The problem of decomposing varieties into irreducible components is
a fundamental problem in algebraic geometry, being a highly nontrivial generalization of the problem
of factoring polynomials (the latter corresponds to the case of decomposing a hypersurface into
its irreducible components). The first complexity-theoretic improvement on decomposing varieties
into irreducible components was to place this problem in single exponential time by [CG83; Gri86;
Chi86; GHI1; GHMPO95]. These works used geometric resolutions to construct exponential-sized
algebraic circuits that compute the equidimensional components of a given algebraic variety, and
then used polynomial factorization techniques to decompose each equidimensional component into
irreducible components. In [BS09, Theorem 4.1 and Proposition 4.2|, the authors show that the
problem of counting the number of irreducible components of an algebraic variety is GCC-hard
and lies in FPSPACE. Later, an improvement by [Sch10] showed that the problem of computing a
representation of the irreducible components is in FPSPACE via a generalization of Stickelberger’s
theorem for varieties of positive dimension.

2In [BCO6] the authors denote by “geometric degree” the degree of the top-dimensional component of an algebraic
variety. Since we adopt the definition of degree of an algebraic variety as the sum of the degrees of its irreducible
components, we will refer to the notion of degree used in [BC06] as “top-component degree”.



Connected Components. The problem of counting the number of connected components of
an algebraic variety was shown by [BS09, Theorem 3.1| to be in FPSPACE. Subsequently, [Sch07]
showed that this counting problem is FPSPACE-hard, therefore establishing FPSPACE-completeness
for counting the number of connected components of an algebraic variety.

The complexity of decomposing varieties into connected components was shown to be in FPSPACE
by [Sch10, Theorem 1.1]. Scheiblechner’s decomposition algorithm for this problem is also based on
a generalization of Stickelberger’s theorem for varieties of positive dimension.

Summary of the State of the Art. The Hilbert Nullstellensatz problem and the problem
of computing the connected components of an algebraic variety are complexity-theoretically well-
understood, with (nearly) tight upper and lower bounds for their complexity. In contrast, over
the complex numbers, the complexity of the problems of decomposing an algebraic variety into its
equidimensional components or irreducible components remain unknown, with a complexity-theoretic
gap between the known upper and lower bounds. The same is true for the complexity of the counting
versions of these problems.

Given existing results on decompositions of varieties into equidimensional and irreducible compo-
nents, it is natural to ask whether these decompositions can be computed more efficiently. Among
these decompositions, the decomposition into equidimensional components is the simplest problem,
as it is a coarser decomposition than (and can be computed from) the decomposition into irreducible
components. Moreover, it is a natural first step towards computing the decomposition into irre-
ducible components, as most algorithms for computing irreducible components first compute the
equidimensional components and then decompose each equidimensional component into irreducible
components via factorization.

1.1 Our results

In this work, we improve the complexity-theoretic upper bounds for the problem of computing
the equidimensional components of an algebraic variety, and along the way we obtain improved
upper bounds for the problems of computing the degree of an algebraic variety as well as computing
projections of an algebraic variety. This also yields applications to the problem of computing coeffi-
cients of annihilators, thereby improving the complexity-theoretic upper bounds for the Approximate
Polynomial Satisfiability problem, which is also known to be NP-hard via arithmetization of SAT.
We now give a more detailed overview of our results.

Before we state our main results, we first give a brief and informal introduction to Chow forms,
which are a classical tool in algebraic geometry for representing equidimensional projective varieties.
For a more detailed introduction to Chow forms, we refer the reader to Section 3.1 and references
therein. From now on, we will refer to homogeneous polynomials as forms, and we will refer to the
common zero set of a collection of forms as a projective variety.

If one is given an equidimensional projective variety V' C P™ of dimension k, it is well-known that
the intersection of V' with the zero set of a generic choice of k+1 linear forms L; = w; oxo+- - - +uinTn
for i = 0,...,k is an empty set. As it turns out, there is a unique (up to a scalar multiple) form
Cy (u), depending only on the variables u = {u; j}o<i<k, 0<j<n, such that the intersection of V
with the zero set of the linear forms L; is nonempty if and only if Cy(u) = 0. The form Cy
is called the Chow form of the equidimensional projective variety V, and it is also known that
deg(Cy) = (k+1) deg(V), where deg(V) is the degree of the variety V. This gives a way to represent
equidimensional projective varieties by means of a single form (the Chow form), and this form
carries important information about the variety. Although we have only defined Chow forms for



projective equidimensional varieties, it is possible to use Chow forms to obtain useful information
about equidimensional affine varieties as well (see Remark 4.14 for more details).

We are now ready to state two of our main results, which improve the complexity-theoretic upper
bounds for computing Chow forms of equidimensional components of algebraic varieties. To make
the statement of our results more concise, we will use the following setup.

Setup. Let Fi,..., F, € Q[zo,...,x,] be forms given by constant-free algebraic circuits and let
V :=V(Fy,..., F,) be the projective variety defined by these forms. For 0 < k < n, denote by Vj
the k-equidimensional component of V', and by Cy, the Chow form of V.

Theorem 1.1 (Zeros of Chow Form). Let V' be a projective variety given as in the above setup. Let
ac QtDERD) gnd ke N. Given V. k,a, one can decide whether Cy,(a) =0 in CH.

In fact, we can do more than just decide whether the Chow form vanishes at a point.

Theorem 1.2 (Chow Form Coefficients). Let V' be a projective variety given as in the above setup.
Let k € N, and e € NOHDERD) pe the exponent vector of a monomial in the variables of Cy, . Given
V,k,e, one can decide if the coefficient of the monomial corresponding to e in Cy,, is zero in CH.

Remark 1.3. The above two results are a consequence of our main technical result (Theorem 4.9):
we construct a polylogtime-uniform family of constant-depth threshold circuits that computes the
Chow forms of the equidimensional components of a given projective variety. For more details on
our main technical result and its consequences, we refer the reader to Section 4.2. %

The above two results allow us to decide membership in equidimensional components of algebraic
varieties, as well as to compute the degree of the given variety. This is the content of our next results
(see Corollaries 4.12 and 4.13 and Remark 4.14 for proofs of these results).

We now state the first consequence of the above results, which allows us to compute the degree
of an algebraic variety.

Theorem 1.4 (Degree). Given a collection of polynomials f1,..., fm € Q[z1,...,x,] represented as
constant-free algebraic circuits and k € N, one can compute the degree of the kt-equidimensional
component of V:i=V(f1,..., fm) in FPCH. In particular, this implies that one can compute deg(V),
as well as the number of isolated points of V in FPH,

The above result improves the previous best known upper bound of FPSPACE for computing the
degree of an algebraic variety.

The next consequence of the above results is on the problem of deciding membership in equidi-
mensional components of algebraic varieties.

Theorem 1.5 (Equidimensional Component Membership). Given a collection of polynomials
fiyeoos fm € Qlx1, ..., xy] represented as constant-free algebraic circuits, o € Q", and k € N, one
can decide whether a lies in the dimension-k equidimensional component of V(fi,..., fm) in CH.

The above result improves the previous best known upper bound of PSPACE for deciding
membership in equidimensional components of algebraic varieties [Sch10)].

Another consequence of our main technical results is related to deciding membership in the
closure of images of irreducible varieties under polynomial maps. This is a basic problem in
algebraic geometry, capturing many natural questions, two special cases being the computation of
the transcendence degree and the Approximate Polynomial Satisfiability problem (APS) of Guo,
Saxena, and Sinhababu [GSS19]. We now state our result on membership in the closure of images of
irreducible varieties under polynomial maps, and then discuss its implications for APS.



Theorem 1.6 (Image Closure Membership). Letp € N and fi,..., fm € Q[x1,...,x,] represented as
constant-free algebraic circuits be such that the variety V(fi,..., fm) is irreducible and of dimension
p—1. Let hy,...,hy € Qlxy,...,z,] be represented as constant-free algebraic circuits defining the
polynomial map ®y, : C* — CP. Given a point o € QP and polynomials fi,..., fm,h1,...,hp as
above, where the variety V(fi,..., fm) is irreducible and of dimension p — 1, one can decide whether
« lies in the closure of ®n(V(fi,..., fm)) in CH.

Before we discuss the implications of the above result for APSL we briefly introduce the APS
problem. Given a field I, we denote by A™ the affine n-space over F, the algebraic closure of F.

Definition 1.7 (Approximate Polynomial Satisfiability (APS)). Let I be a field, and let fi,..., fn, €
Flx1,...,zy] be polynomials. This set of polynomials is approzimately satisfiable if the closure of the
image of the map ¢¢ : A" — A™ defined by ¢¢(a) = (fi(a),..., fm(a)) contains the point (0,...,0).

The APS problem is the following: given an algebraic circuit that computes polynomials
fiy-ooy fm € Flz1, ..., zy], decide if the polynomials fi,..., f,, are approximately satisfiable. O

Note that {f1,..., fi} is satisfiable in the usual sense if (0,...,0) € pg(A™).

Remark 1.8. In the above, if the underlying field F = @, then Theorem 1.6 already shows us
that we can solve the APS problem in CH, as A" is an irreducible variety. However, since the APS
problem is a very structured special case of the image closure membership problem, we can actually
solve APS in CH over a larger class of fields, as we will show in Section 5. Thus, below we state our
result on APS in CH over a larger class of base fields F. O

Theorem 1.9 (APS in CH). Let F be one of the fields Fpa,Fpa(t1,...,tx), a number field Q[a], or
Q[a](t1, ..., tg). Then APS over F lies in CH.

1.2 Proof overview

Having stated our main results, we now give a high-level overview of the challenges and new ideas
behind the proof of our main technical result (Theorem 4.9), where we construct a polylogtime-uniform
family of constant-depth threshold circuits that compute the Chow forms of the equidimensional
components of a given projective variety. Even though the threshold circuits we construct are
exponentially large, being polylogtime-uniform and constant depth means they are highly structured.
In particular, we can decide the value of an output of such a circuit in CH, the counting hierarchy,
which is exactly why CH enters into our complexity bounds. Once we have the circuits Theorem 4.9,
we can use them along with the framework of [AGS26] to simulate such circuits in CH and other
standard techniques from algebraic geometry to obtain the other results stated above.

It is a classical fact that Chow forms of equidimensional varieties can be computed from resultants
(see Lemma 4.2 for a quick proof in the complete intersection case). The recent work of [AGS20)]
shows that resultants can be computed by a uniform family of algebraic circuits of constant depth
and exponential size, so we can directly apply the framework of [AGS26] to prove Theorems 1.1, 1.2
and 1.4 when the variety V is equidimensional. The main difficulty therefore is to reduce the general
case (when the variety V' has more than one equidimensional component) to the equidimensional case.
We begin by asking the following question: can we compute the Chow form of any equidimensional
component of a variety V via resultants?

The inspiration and starting point for our approach comes from the work of Canny [Can90]
and the subsequent algebraic proof given by lerardi [ler89]. The work of [Can90] introduced the
concept of the generalized characteristic polynomial (GCP), which allows one to study the solution
set of a variety V via a “perturbed system” of equations which “degenerates” to the original system



of equations defining V. This method allows one to argue about the zero-dimensional component
of V' by studying the zero-set of the perturbed system. In [Can90; Ier89|, the authors show that
the GCP can be computed by exponential-size algebraic circuits. An important consequence of
their result is that they can extract from the GCP a zero-dimensional subvariety of V' that contains
the zero-dimensional component of V. While their result does not give a way to compute the
zero-dimensional component of V itself, it makes some important progress towards it. Moreover,
they can compute the GCP via resultants, which is a key ingredient in our approach.
The above leads us to the following two challenges:

1. Can we generalize the above GCP-based method to compute a k-equidimensional subvariety of
V that contains the k-equidimensional component of V7

The above works only deal with the zero-dimensional case (i.e., k = 0), and it is not clear how
to generalize their approach to the case of arbitrary k.

2. How do we compute the zero-dimensional component of V' from the GCP? Is there an efficient
way (in constant depth) to prune the extra points (i.e. components) from the zero-dimensional
subvariety of V that contains the zero-dimensional component of V7

More generally, even if we solve item 1, how do we compute the k-equidimensional component
of V' by pruning the k-equidimensional subvariety of V that was obtained from item 17

In this work, we give a positive answer to both of the above questions, and we show that both of
these steps (the higher-dimensional generalization of the GCP-based method, and the pruning step
for any dimension) can be done in constant depth. With the solution of both items 1 and 2 above
and with a bit more work (see Section 4.2), we can compute the Chow form of any equidimensional
component of a variety V in constant depth, thereby proving Theorem 4.9.

We now discuss the main conceptual ideas and challenges behind the solution to the above two
problems, and how we overcome them.

Solving item 1. The works of Canny [Can90| and lerardi [ler89] show that the GCP computes a
u-resultant of a zero-dimensional subvariety of V' that contains the zero-dimensional component of V.
Since the u-resultant of a zero-dimensional variety is the Chow form of that variety, this naturally
leads to the approach of using a higher-dimensional generalization of the GCP to compute the Chow
form of a k-equidimensional subvariety of V' that contains the k-equidimensional component of V.
We establish this generalization in Section 4.1, and it is our first main technical contribution.

Solving item 2. Once we solved item 1, for any & € {0,1,...,n}, we can compute a k-
equidimensional subvariety Wy C V that contains the k-equidimensional component of V', which
we will denote by V. Let us call the irreducible components of W}, that are not in Vj, the excess
components of Wy. Because Wy, C V and Wy, is equidimensional, we know that all excess components
must lie inside a higher dimensional component of V. In particular, if r is the dimension of V', then
we know that W, = V,., as W, cannot have any excess components due to the dimension of V.

Now that we have one equidimensional component of V' (the r-equidimensional component), by
the above dimensionality argument, we can prune the excess components of W,._; by removing the
intersection of W,_1 with V.. Proceeding inductively, we can prune the excess components of Wy,
by removing the intersection of Wy with Vi1 U Viyo U---UV,. This pruning can be done via a
GCD computation, which can be done in constant depth. However, note that this inductive way of
pruning the excess components will not yield a constant-depth circuit, as it requires a sequential
computation of the equidimensional components of V!



To address this sequentiality issue, we need the following important observations. We definitely
know that the excess components of Wi must lie inside a higher-dimensional component of V', that
is, inside V41 U Viyio U--- U V.. Since Vi, C Wy, this implies that the excess components of Wy
must lie inside W41 U W10 U---UW,.. Moreover, note that since each Wy, C V| any k-dimensional
irreducible component X C V' cannot lie inside Wy11 U Wgio U--- U W, as that would imply that
X is contained in another irreducible component of V' (one of dimension greater than k), which
contradicts the fact that X is an irreducible component of V.

This gives us a way to prune the excess components of Wp, in constant depth: we first “compute
all the Wy’s in parallel, and then we can prune the excess components of each Wy by removing the
intersection of Wy with W41 U Wy yo U --- U W, which can be done in constant depth via a GCD
computation.

To perform this pruning step, we need to compute both the Chow forms of W} and a geometric
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resolution of Wy, for all k € {0,1,...,r}. But so far, step 1 only gives us a way to compute the
Chow forms of Wy, for all k € {0,1,...,r}. To compute the geometric resolutions of Wy, for all
k€ {0,1,...,7}, we show that we can compute a geometric resolution of Wy from the Chow form of

Wy, (and this can be done in constant depth). The relationship between Chow forms and geometric
resolutions is done in Section 3, and the pruning step is done in Section 4.2. This concludes step 2,
thereby giving an overview of the proof of Theorem 4.9.

1.3 Related work

In addition to the references mentioned above, a few further comments are in order to compare
the approaches used in some of these papers to our work. The algorithm in [GH91] iteratively
computes polynomials defining the equidimensional components of V' by a succession of projections
and saturations; in effect, this reduces the problem to linear algebra in size . Follow-up papers
such as [GHMP95; GHMMP98] introduced the notion of geometric resolution, on which we rely.
In this approach, equidimensional components are described by means of birational projections to
hypersurfaces: this yields polynomials with useful algorithmic properties, but in general, they only
describe open dense subsets of the components of V. The algorithms in these papers, which culminate
with Lecerf’s equidimensional decomposition algorithm [Lec00], are based on a formal version of
Newton iteration, which makes it possible to store all polynomials by straight-line programs of size
d°™) and perform d°™ operations altogether.

Inspired in part by these results, the algorithm in [JKSS04] computes Chow forms for the
equidimensional components of V. It relies on similar techniques — in particular, straight-line
program encoding and Newton iteration and the use of geometric resolutions to perform a pruning
step similar to ours — and results in an overall d°(") operations to compute straight-line programs
of size d°™ for the Chow forms. The algorithms in this paper are instead based on multivariate
resultant computations; the bounds on the size of the resulting circuits are slightly inferior, of order
d”o(l), but achieving constant-depth through the approach of [JIKXSS04] remains an open question.

1.4 Concurrent work

Independent of and concurrent to our work, two other sets of authors have obtained similar
improvements to the complexity of the approximate polynomial satisfiability problem. Balaji,

3The most intuitive way to see this is in the case of k = 0, i.e. the case of isolated points of the variety V. By
definition, any isolated point of V' cannot lie inside a higher-dimensional component of V', as that would contradict the
fact that it is an isolated point. Since each W, C V is equidimensional of dimension ¢, for any ¢ > 0, every irreducible
component of W is contained in an irreducible component of V' of dimension at least ¢, and thus W, cannot contain
any isolated points of V.



Shirmohammadi, Tavenas, and Worrell [BSTW26| proved APS € CH over the rational numbers and
finite fields. Agarwal, Hari, Pandey, and Shukla [AHPS26] likewise gave a proof that APS € CH.

1.5 AI methodology

Activity AT used
Asking the research question No
Coming up with the approach No
Proof development No
Writing and exposition No
Checking for bugs No
Other supporting tasks No

Details No Al was used at any point in the development of this work.

2 Preliminaries

2.1 Notation and conventions

We work over a field F and use F to denote its algebraic closure. The coefficient subfield of F is the
largest algebraic extension of the prime field of F within F. We use Flz1,...,x,] and F(z1,...,2,),
respectively, to denote the ring of polynomials and field of rational functions with coefficients in F
and variables 1, ..., x,. We write vectors as x = (x1,...,2,). Given a € N we write x? for the
monomial z{* - -z,

A form of degree d is a homogeneous polynomial of degree d. We follow the convention that
forms are written using capital letters and inhomogeneous polynomials using lowercase letters. We
frequently encounter pairs of polynomials where one is the (de-)homogenization of the other. In
such instances, we write both polynomials with the same letter to indicate this relationship. As an

example, if F' € Fxg,...,x,] is a form, its dehomogenization F(1,x1,...,z,) will be denoted by f.
Similarly, when f € Flz1,...,z,] is an inhomogeneous polynomial of degree d, we use F' to denote
the homogenization xd f(z1 /%0, ..., %n/T0).

The greatest common divisor of any two univariate polynomials with coefficients in a field F will
always be monic. If R is any unique factorization domain with field of fractions I, then the greatest
common divisor of two univariate polynomials with coefficients in R will be their greatest common
divisor as polynomials in F[z]. For multivariate polynomials f, g € F[x1,...,x,], we define ged(f,g)
to be the unique F-multiple of the greatest common divisor that has leading coefficient 1 in the
lexicographic order. As in the univariate case, if R is a UFD with field of fractions I, then the GCD
of two multivariate polynomials with coefficients in R is their GCD as polynomials with coefficients
in FF.

Given polynomials fi,..., fm € Flxy,...,z,], we use V(f1,..., fm) to denote their common
zeroes in A%, which we will often denote by simply A™ when the field F is clear from context. If
these polynomials are instead forms Fi,..., F,, € Flzg,...,zy], then V(F},..., F,,) is taken to be
their common zeroes in the projective space IP’%, which we will simply denote by P". For us, a variety
is any set of solutions to a system of polynomial equations over an algebraically closed field; in
particular, varieties may be reducible. The degree of a variety V', denoted deg V', is defined as the
sum of the degrees of all irreducible components of V.



We on occasion examine the trailing term and trailing coeflicient, defined below, of a polynomial
with respect to one of its variables.

Definition 2.1. Suppose f € F[t,y1,...,ym] is a nonzero polynomial. The trailing term of f with
respect to t, denoted by TTy f(y1, - - -, Ym), is the coefficient of the lowest-degree term in f when viewed
as a polynomial in t. Concretely, if f = t*f;(y1, ..., Ym) +t T fic1 (W1, ym) +- -+t fa(yt, -y Ym)
where f;(y) # 0, then TT, f = f;.
The trailing part of f with respect to t, written TPy f, is the polynomial obtained by factoring
out the highest power of ¢ from f. In the above setting, we have TP; f = f; 4+ tfip1 + - - + t47 f,.
The trailing term and the trailing part of the zero polynomial are zero. O

The height of an integer a € Z is defined to be [log(|a|)]. The height of a polynomial with
integer coefficients is the maximum height of its coefficients.

2.2 Algebraic geometry

In this subsection, we list some basic (computational) algebraic geometry facts that we will use
throughout this article. The first two facts are standard bounds on the probability that a random
hyperplane section of a variety has codimension 1 and on the probability that the variety defined by
random linear combinations of a given set of equations has certain nice behaviour.

Lemma 2.2. Let B C F be a finite set. Let V- C P™ be a projective variety of dimension r and degree
D. Suppose £ is a linear form with each coefficient picked independently and uniformly at random
from B. Then with probability at least 1 — D/|B|, the intersection V NV ({) has dimension r — 1. If
l1,..., 11 are linear forms chosen the same way, then VNV (Ly,..., l-41) = & with probability at
least 1 — (r +1)D/|B].

Let W C A" be an affine variety of dimension r and degree D. Suppose £ is a linear polynomial
with each coefficient picked independently and uniformly at random from B. Then with probability at
least 1 —2D/|B|, the intersection WNV (¢) has dimensionr—1. If {1, ... Ly41 are linear polynomials
chosen the same way, then W NV (ly,..., 1) = @ with probability at least 1 — 2(r + 1)D/|B|.

Lemma 2.3. Let B C F be a finite set. Let fi,..., fm € Flx1,...,z,] be polynomials of degree

at most d. Suppose g1, ..., gny1 are linear combinations of fi,..., fm, with each coefficient picked
independently and uniformly at random from B. Then with probability at least 1 — (n + 1)d"™/|B]|, the
following is true. For each s € [n + 1|, every irreducible component of V(gi,...,9gs) of codimension

less than s is a component of V(fi,..., fm). As a consequence, V(g1,...,gn+1) = V(f1,---, fm)-
The analogous result in the projective setting also holds.

The proof of both Lemma 2.2 and Lemma 2.3 are implicit in the methods of Heintz [Hei83|. For
an explicit proof of the latter, see for example [KP96, Lemma 36|. The former can be proved using
essentially the same arguments.

Next, we list some basic properties of ideals in polynomial rings that are preserved by certain
extensions of scalars.

Lemma 2.4. Let F be any algebraically closed field. Let IL be an extension of F. Let I and J be
ideals in Flxq,...,xy,], and let I' and J' denote the extensions IL[x1,...,x,] and JL[x1,. .., x,),
respectively. The following are true.

1. I'NFlzy, ...,z = 1.

2. (InJ) =rn.J.
3. If I is radical, then I' is radical.



4. If I is a prime ideal of dimension r and degree D, then I' is also a prime ideal of dimension r
and degree D.

Proof. Let {a;};cq be a basis for L as a vector space over IF, with o,y = 1. Given any f € I, we can
write f =) ,cgaifi, where f; € I with only finitely many nonzero f;. Further, this representation
is unique since {a;}, g is a basis for L[z1,...,z,] as a free F[z1, ..., z,]-module. The intersection
I'NF[xq,...,z,] consists of exactly those elements which, when written in the above representation,
only have nonzero fs. This shows that I' N F[zy,...,2,] = I.

Given any element f € I'NJ’, the same argument along with uniqueness shows that we can write
f = cqgaifi with f; € I N J. Therefore we can deduce f € (I NJ)", showing I'NJ C (INJ).
The reverse containment is immediate from definitions.

If T is radical, then F[z1, ..., 2z,]/I is a reduced F-algebra. The algebra L[x1, ..., x,]/I’ is exactly
(Flz1,...,z,])/I) @ L. Since F is a perfect field, the extension L/ is separably generated. Therefore
we can invoke [Sta26, Tag 05DS] to deduce that L[z1,...,z,]/I" is reduced, equivalently that I’ is
radical. Similarly, if I is prime, then we can deduce that I’ is prime [Sta26, Tag 020J]] .

Suppose now that I is prime. Any transcendence basis of the fraction field of Flzy,...,x,]/I as
an F-algebra is also a transcendence basis of the field of fractions of L[x1,...,z,]/I’ as an L-algebra.
Therefore I and I’ have the same dimension.

Finally, when [ is prime and has dimension r, then the degree of I is exactly the degree of the
field extension F(M, b) — F(M, b)[z1,...,2,|/(I,Mx + b), where M are the entries of a generic
matrix of size r X n, and b are the entries of a generic vector of size r x 1 ([Hei83, Definition 1]).
This degree is unchanged when F is replaced by L. This shows that the degree of I’ agrees with that
of I. O

The main setting in which we will invoke the above lemma is when L is the algebraic closure of
F(ug, ..., un), where the u; are new indeterminates.

Finally, we discuss the notion of the multivariate resultant. For d € N, we write M, 4 for the set
of homogeneous degree-d monomials in the n + 1 variables zg, ..., Zy,.

Definition 2.5 (see, e.g., [Jou91, Proposition 2.3|). Fix positive integers n,dp,...,d,. Let u =
{tia |1 €{0,...,n}, a0 € My, q} be a set of variables corresponding to the coefficients of n + 1
homogeneous polynomials of degrees dy,...,d,, respectively. There exists a unique polynomial
Resy. do....d, € Flu] with the following properties.

1. Main property of the resultant: If Fy, ..., F, € F[zo,...,z,] are homogeneous polynomials of
degrees dy, ..., dy, respectively, then Resg, . 4, (Fo,...,F,) = 0 if and only if the system of
equations Fy(x) = - -+ = F,(x) = 0 has a solution in IP)% By Resq,,....d, (Fo, - -, Fn), we mean
the evaluation of Resg, . . 4, obtained by setting u; o equal to the coefficient of the monomial
x% in F;.

2. Resqy,...d, (:nf)lo, s i) =1

3. The polynomial Resg, 4, is irreducible in F[u].

n

Moreover, if we write Resgow7 a4, and Resg&wdn for the resultants over Q and FF, respectively, then
the former has integer coefficients and Resgo’wdn is the image of Resgow’ 4, under the natural ring
homomorphism Z[u] — F[u].

When the degrees of the input polynomials and the field of their coefficients are clear, we write
Res in place of Resg,do,...,dn for brevity. O

A typical setting in which we invoke the above result is the following. Suppose Fy,..., F, €
Flxo,...,Zn,Y1,---,Ym] are polynomials that are homogeneous in the x variables. These polynomials
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define a variety in P x A”. We can treat Fp, ..., F}, as polynomials in F(y1,...,ym)[xo,...,Zn]. Let
R:= Resgéf’?""c'l’;ym)(Fo, ..., F,), where d; is the degree in x of F;. By the universality of the resultant,
namely by the fact that the resultant over F is the image of the resultant over Z under the natural map
Z[u] — F[u], we can deduce that R € Fly,...,yn]|. From the universality, we can also deduce that
the zeroes of R, or of its squarefree part, form the projection of V(Fy, ..., F,) onto A™. Indeed for any
setting v € " of the y variables, the universality implies that Resgo,m’dn (Fo(x,7), .., Fn(x,7)) =
R(7). By definition, the expression on the left vanishes exactly on the image of the projection of
V(Fy,...,F,) to A™. One consequence of this property of the resultant is that the projection of
V(Fp,...,Fy) to A™ is either surjective (which is equivalent to the condition that R is the zero
polynomial), empty (when R is a nonzero constant), or has codimension one.

2.3 Uniformity of boolean and arithmetic circuit families

This subsection describes the notions of uniformity we use for both arithmetic and boolean circuits.
We start by recalling the definition of arithmetic circuits.

Definition 2.6. Let F be a field and let F(x) be the field of rational functions in the variables
1,...,Ty over F. An arithmetic circuit over IF is a directed acyclic graph. The vertices of this graph
of in-degree zero are either called input gates and are labeled by a variable x;, or called constant
gates and are labeled by a field element a € F. Vertices of positive in-degree are called internal gates
and are labeled by an operation from {+, x,+}. Vertices of out-degree zero are called output gates.
Each gate of the circuit naturally computes an element of F(x), assuming no division by zero takes
place in the circuit, which we require. If {fi,..., fin} are the functions computed by the output
gates of the circuit, we say that the circuit computes the functions f1,..., fi,. The size of the circuit
is the number of wires in the circuit. The depth of the circuit is the length of the longest path from
an input to an output of the circuit.

If the only constants labeling the input gates of the circuit are 0,41, and —1, we say that the
circuit is constant-free. For a fixed variable x;, if the subcircuits rooted at the denominators of each
division gate in the circuit do not contain the input gate corresponding to x;, then we say that the
circuit is division-free with respect to x;. If X' is a subset of variables and the circuit is division-free
with respect to every variable in X', we say the circuit is division-free with respect to X'. If the
circuit is division-free with respect to all variables, we say the circuit is weakly division-free. %

For simplicity, we restrict our attention to constant-free arithmetic circuits whenever uniformity
is a concern. This avoids the need to impose a uniformity constraint on the field elements appearing
as constants in the circuit family. As we shall see, constant-free circuits will be sufficient for our
purposes.

We now proceed to define the notion of uniformity we use for families of both boolean and
arithmetic circuits. In short, we follow Vollmer [Vol99] and bound the uniformity of a circuit family
through the complexity of its direct connection language. To decide the direct connection language
of a circuit family C = (Cj n,.... ni )kna,....npeN, @ Turing machine must be able to efficiently answer
queries of the form “Is gate a in circuit Cy p, ... n, of type t?” and “Is gate a an ancestor of gate b
in circuit Ck p, .. n, 7" If this language can be decided in polynomial time, we say that the circuit
family C is polylogtime-uniform, as the length of the input to the direct connection language will be
logarithmic in the size of the circuit Ci .. n,-

To keep this work self-contained, we provide a complete definition of the direct connection
language and of polylogtime-uniformity. We start with the notion of an admissible encoding, which
enforces mild constraints on the manner in which gates of a circuit are indexed.
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Definition 2.7 (Admissible encoding). Let C = (Ckn,.....np )kn1,... npeN be a family of either threshold
or arithmetic circuits of size s := s(k,n1,...,n). An admissible encoding of C is a numbering of the

gates of each circuit C = Cj ;.. p», in the family with the following properties.

1. If C has m input gates, then they are numbered 0,...,m — 1.

2. If C has m’ output gates, then they are numbered m,...,m +m/ — 1.

3. There is a constant ¢, depending only on the circuit family, such that the binary representation
of the number of any gate in C' has length at most ¢ - log(s).

Further, if C is a family of arithmetic circuits, then for each gate a € C we fix a numbering of the set
of immediate predecessors of a in C'. We require that this numbering of predecessors is contiguous,
that is, it starts at 1 and ends at the arity of a. For division gates, we require that the numerator
occurs before the denominator in the numbering of the predecessors. O

We now define the direct connection language of a circuit family.

Definition 2.8 (Direct connection language). Let C = (Ck ny.....n. Jkna,....npeN be a family of either
threshold or arithmetic circuits with an admissible encoding. Suppose a numbering of the gate types
is fixed. The direct connection language of C, denoted by Lpc(C), is the language consisting of
binary encodings of tuples (k,nq,...,ng,a,p,b), where

1. a is the number of a gate in Cj ;.. n, -
2. If p # ¢, then

(a) If C is a family of arithmetic circuits, b is the number of the p*® predecessor gate in
Ckoni,...ony, of a@.

(b) If C is a family of threshold circuits, b is the number of some predecessor gate in Cj ;... n,
of a.

3. If p = ¢, then b encodes the gate type of a (using the fixed numbering of gate types). %

The complexity of the direct connection language provides a way to measure the uniformity of a
circuit family.

Definition 2.9 (Polylogtime-uniformity). Let C = (Ckn,....n. ) kny....nen be a family of either
threshold or arithmetic circuits of size s := s(k,nq,...,n;) with an admissible encoding. We say
that the circuit family C is polylogtime-uniform if

1. its direct connection language Lpc(C) can be decided in time polynomial in log(s) + log(k) +
Z?:1 log(ni),

2. the number of inputs and outputs of Cj ... ., and an upper bound on the size s can be
computed in time polynomial in log(s) + log(k) + Zle log(n;), given (k,nq,...,n) as input.

3. when C is a family of arithmetic circuits, the arity of a gate can be computed in time polynomial
in log(s) + log(k) + Zle log(n;), given (k,nq,...,n;) and the gate name as input. ¢

Remark 2.10. We make a few remarks on the above definitions. For justifications of the following
remarks and a more detailed discussion on the above notion of uniformity, we refer the reader to
[AGS26, Section 2.2].

e In the above definition, the first index is a count of the remaining indices. In the circuits we
design, we extend this slightly and allow the number of indices to be some function of the first
index.
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e The freedom in numbering the gates afforded by the above definition allows us to number our
gates using more than just the integers 1 through s: by using appropriate pairing functions,
we can for example number our gates using pairs of integers. To avoid confusion, when we
number our gates using more than just natural numbers, we will refer to the name of a gate
instead of its number, with the understanding that the actual number is obtained from the
name via a pairing function.

e When working with a polylogtime-uniform family of circuits, given an index (k,nq,...,ng)
and a candidate gate name a, we can test if a is a valid gate name and compute the type of
gate a in time polynomial in log(s) + log(k) + > i, log(n;). We can also determine if a is an
input or output gate. O

Remark 2.11. Showing that a given family of circuits is polylogtime-uniform requires checking
many details and is rarely insightful. For an example of a proof of uniformity including every detail,
we refer the reader to the proofs of [AGS26, Lemma 3.1] and [AGS26, Lemma 3.2|. As discussed in
the text following those two proofs, all of our circuits will be constructed using previously-constructed
uniform circuit families combined with other simple machinery. The direct connection language of a
circuit family constructed this way can be decided by encoding the rules for the simple machinery, and
simulating the machines that decide the direct connection languages of the subcircuits. In [AGS26],
over the course of the article, the proofs of uniformity became increasingly terse, only highlighting
minor differences from earlier proofs. We continue this trend for the sake of readability. %

2.4 Uniform circuits for basic arithmetic operations

In this section, we collect a few results that show that basic operations can be performed by uniform
families of boolean and arithmetic circuits. These results will used as building blocks throughout our
work. Whenever we work with boolean circuits or Turing machines, integers will be represented in
base two with a sign bit. Therefore, representing an integer of height h requires h+ 1 bits (accounting
for the sign bit). We represent rational numbers as pairs of integers (p, ¢) with g # 0, where p and ¢
are not necessarily relatively prime.

We start with some basic results.

Theorem 2.12. The following functions are in polylogtime-uniform TC.

1. ITERATED INTEGER ADDITION: Given n integers ai,...,a, as input, each consisting of at
most n bits, compute the sum ay + -+ + an,.

2. ITERATED INTEGER MULTIPLICATION: Given n integers ai, ..., an as input, each consisting
of at most n bits, compute the product aj - - - ay.

3. INTEGER DIVISION: Given integers a and b as input, with b # 0, compute |a/b|, and compute
an integer v such that a = |a/b]b+r.

4. POLYNOMIAL DIVISION WITH REMAINDER: given integers aq, ..., G, and by, ..., b, as input,
where by, # 0 and n > m, compute d = b1 and integers qo, ..., Gnm>T0,- -+ Tm—1 such
that for

f(x) = anz" + -+ a12 + ag q(x) = gn-mz" "+ -+ T+ q
g(x) = bpx™ + -+ byz + by () = rpo1z™ i g,

we have d - f(x) = q(x)g(z) + r(z).
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10.

11.

ITERATED POLYNOMIAL MULTIPLICATION: given integers ai,...,0mmy aS input, compute
integers by, ..., bmn such that

m
bmnxmn + bmnflxmn_l 4+ 4 b1$ + bO — H(ai,nmn + CLi,n,lxn_l 4+ 4+ a;1x + (IL(]).
=1

POLYNOMIAL GREATEST COMMON DIVISOR: given 2 - (n + 1) integers as input, representing
two univariate polynomials f, g of degree at most n, compute integers cy, ..., c, and integer d
such that for c¢(x) = cpx™ + -+ - + ¢o, the polynomial c(x)/d is the unique monic multiple of the
greatest common divisor of f and g in Q[z].

SQUAREFREE PART: given (n+1) integers as input, representing an univariate polynomial f of
degree at most n, compute integers co, . .., ¢, and integer d such that for ¢(x) = cpz™+ -+ -+ co,
the polynomial c(x)/d is the unique monic multiple of the squarefree part of f in Q|x].

UNIVARIATE POLYNOMIAL INTERPOLATION: given distinct integers ai,...,a, and not nec-
essarily distinct integers by,...,b, as input, compute d = H1<i<j<n(ai —aj) and integers
€0y .-+, Cn Such that f(z) = cpx™ + -+ 4 c1x + ¢o is the unique polynomial in Z[x] of degree at

most n that satisfies f(a;) = db; for 1 <i <mn.

ITERATED MULTIVARIATE POLYNOMIAL MULTIPLICATION: given m - (dzn) integers as input,

representing the coefficients of m polynomials of degree at most d in n variables, compute

(dg;") integers representing the coefficients of their product.

MULTIVARIATE POLYNOMIAL DIVISION WITH REMAINDER: given 2 - (*1") integers as input,
representing the coefficients of two polynomials f, g degree at most d in n variables, compute
integer e and polynomials q,r with integer coefficients in n variables satisfying the following:

e cf =qg+r.
e ¢ is a power of the leading coefficient of g in lexicographic order.
o The leading monomial of r in lexicographic order is smaller than that of g.

MULTIVARIATE POLYNOMIAL INTERPOLATION: given (d+1)™ integers by, ... b1y as

nput, compute (d';m) integers representing the coefficients of an m-variate polynomial f of

degree at most d, and compute D = H1§i<]~§(d+1)m(i — j) such that

Fll, KD RO = pp,

for every 1 <k < (d+1)".

Proof. Item 1 is classical, see [RT92]. Items 2 and 3 are the main result of [HAMO02|. Items 4, 5,
and 8 are from [HAMO2, Corollary 6.5]. Item 6 is a special case of [AGS26, Lemma 6.13|. Item 7
follows from Items 6 and 4, and the fact that the squarefree part of a polynomial f € Q[z] is simply
f/ecd(f, f). Ttem 9 follows from item 5 using Kronecker substitution (see [AGS26, Section 2.3] for
details). Item 10 follows from item 4 using Kronecker substitution. Item 11 follows from item 8
using Kronecker substitution. For all items above, the number of input and output bits are easily
computable from the index of a circuit in the corresponding family. O

As discussed in [Ebe89] and also [AGS26, Section 2.3|, we can use the above circuit families
to obtain logtime-uniform families of circuits performing iterated addition and multiplication of

rational numbers.
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Next, we describe a family of polylogtime-uniform boolean circuits that computes the GCD of two
multivariate polynomials. In [AGS26, Theorem 6.13], a family of polylogtime-uniform TCY circuits is
constructed that computes the greatest common divisor of two polynomials in Z[yy, ..., yx][x]. This
circuit returns the unique monic multiple of the GCD in Q(y1, ..., yx)[x]. For example, if queried on
the inputs y1y2x and yix, the algorithm returns x as the GCD. To compute the GCD of multivariate
polynomials, we will invoke the above algorithm after a random linear transformation of the input
variables.

Lemma 2.13. There exists a polylogtime-uniform family of TC® circuits with the following properties.

e The circuits take as input Q(dtlm) integers representing the coefficients of two m-variate

polynomials of degree d with integer coefficients f,g. The circuits also take as input m — 1

integers, denoted ao, . .., Q.

o The circuits computes (dzm) integers representing an m-variate polynomial h of degree at most
d.

o [f the integers as, ..., anm, are independently and uniformly sampled from a set of size b, and if

the highest degree parts of f and g depend on the variable x1, then with probability 1 — 2md™ /b,
the polynomial h is a scalar multiple of the GCD of f and g in Q[z1,...,Tm].

Proof. We use the integers as, ..., an, to perform a change of basis for the polynomials f and g. Let
f=flz, 22 —a, .. 2m — ama)
g = g(z1,T2 — a221, ..., Tm — ApT1).

Let ]7 and ¢ be the univariate polynomials obtained by applying the Kronecker substitution to
f and g, respectively. Given the coefficients of f and g and the integers a, ..., am, combined
with the arithmetic described in Theorem 2.12, we can compute the evaluations of f and ¢ at
the integers 1,...,(d+1)". We can then compose with a circuit for multivariate interpolation
(item 11 of Theorem 2.12) to obtain the coefficients of Z-multiples of f and §. Next, we compose
with the circuit for univariate polynomial GCD in function fields (JAGS26, Lemma 6.13]), treating
the polynomials f and § as univariate polynomials in z1 with coefficients in Q(x2,...,xm). This
returns two polynomials h,, € Z[x1,...,zn] and hy € Z[xa, ..., zy] such that h,/hg is the GCD
of f and § in Q(z2,...,Tm)[x1]. We then compose with the circuits for multivariate polynomial
division with remainder to divide every coefficient of x1 in h,, by hy, and discard the remainders.
We use integer arithmetic to bring the resulting polynomial to common denominator, and discard
the denominator. Let the resulting polynomial be denoted by h. We then compute the coefficients
of h = fl(a:l, T2 + agx1,. .., Ty + apry) using evaluation-interpolation as above. The final output if
the circuit are the coefficients of h.

The fact that the above computation can be carried out by a polylogtime-uniform family of
TCY circuits follows by a simulation argument (see Remark 2.11). We now show that with high
probability, the polynomial h is a Q-multiple of the GCD of f and g. To this end, observe that with
probability at least 1 — 2md" /b, the leading coefficients of f and ¢ in the variable x; are integers.
If this holds, then by Gauss’s lemma, the GCD of f and § in Q(z2,...,2m)[x1] and the GCD in
Z[z1,. .., x| are Q-multiples of each other. Specifically, every coefficient of h, in x; is divisible
by hg in Q[zg, ..., zy]. Therefore, the division step does not produce any remainders and his a
Q-multiple of the GCD of f and §. Finally, the last step undoes an invertible linear transformation,
so the polynomial h is a Q-multiple of the GCD of f and g as claimed. O

As a corollary, we also obtain a circuit family that computes squarefree parts of multivariate
polynomials.
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Corollary 2.14. There exists a polylogtime-uniform family of TC® circuits with the following
properties.

e The circuits take as input ((Hdm) integers representing the coefficients of an m-variate polynomial

of degree d with integer coefficients, denoted f. The circuits also take as input m — 1 integers,

denoted as, . .., Q.

o The circuits computes (d;") integers, representing an m-variate polynomial h of degree at most
d.

o If the integers as, ..., an are independent and uniformly sampled from a set of size b, and if
the highest degree part of f depends on the variable x1, then with probability 1 — 2md™ /b, the
polynomial h is a scalar multiple of the squarefree part of f in Q[x1,...,zm].

Theorem 2.15 ([AGS26, Corollary 5.13|). There exists a polylogtime-uniform family of weakly
division-free, constant-free circuits C indexed by parameters n,dg,...,d,, k, D with the following
properties.

o The circuit Cy 4. . d, kD has size bounded by (PD)pOIY("’k), where P = 3" Il dj, and
depth bounded by a universal constant.

e The circuit has (RZD) DY (n+2lj_1

satisfies |B| < D, and a,i satisfy || < d;. The circuit has (DD];Jrk) outputs, where D' is the
degree of Res,(Fy,).

) input variables, which we denote by u; o g, where B € N

o When evaluated at 7; o g, the output gates compute the coefficients of the monomials in w of
the resultant of the polynomials

H; = Z Z Vi, pX WP
a B

with respect to the variables x, where the ranges of ., B are the same as above.

2.5 Uniformity of lifting factorizations

Suppose F is a field of characteristic 0 and P € F[t, y] is a bivariate polynomial. There are a number
of different algorithms to compute the irreducible factors of P. We refer the reader to |[Gao03,
Section 1] for a historical account of these algorithms.

A common approach to bivariate factorization is to lift to the ring F[¢][y]. Under mild assumptions,
Hensel’s lemma gives us an algorithm to approximate the roots of the polynomial P in this ring. If
P and P(0,y) are both squarefree, then each root of P(0,y) lifts to a unique root of P in F[t][y].
Following this, linear algebraic methods can be used to compute which roots of P in F[¢][y] combine
together to produce factors of P in Ft, y].

A key observation is that the coefficients of a root ¢ € F[[t] of P as an element of F[t][y] are
rational functions of the coefficients of P and the root of P(0,y) that lifts to ¢. As a consequence,
we can define the generic bivariate polynomial and construct a universal power series root such that
for any bivariate polynomial P with coefficients in I, as long as P satisfies some mild assumptions,
the roots of P in F[t][y] can be obtained by specializing the universal power series root. This same
observation is used in [Kal95] to derive irreducibility forms.

Let Fy denote the generic bivariate polynomial of degree d with indeterminate coefficients, that is

Fy= Z Ci’jtiyj S Z[Cd7t7y]>
1+j<d
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where Cy is the set of indeterminates {¢; ;} Let F)) denote the partial derivative 0,Fy. Define

irj<d
Fa(t,y) := E3(0,2)7Y - Fa(t,y + 2).

Define the universal power series root @ € Z[Cy, Z]FQ(Ovz) [t] by

o) = Y (1Yot (y(Ft) - ) 0, Filt.). V)

i<2N
1 ; )
= 3 prg et (v(Fulty +2) — yFi0.2) Filtoy + 2). )
z<2N
70.2) 2N+1 Z 1) (0, 2)2N coeff( (Falt,y +2) —yFy(0,2)) Fi(t,y + z),tNyi>
i<2N

and ®@ = 2 + > N>t (bgg)tN . The universal power series root satisfies the following property. Let

F be any field of characteristic 0, and let v € Fl¢l. Let P denote the specialization FJ. Suppose
~ is such that P(t,y) is a degree d squarefree polynomial whose leading coefficient with respect
to y lies in F. Suppose ~ is also such that P(0,y) is a squarefree polynomial. In this setting, the
specialization of F)(0, z) at v does not vanish, therefore the specialization of ) at ~ is well defined.
Let P" denote the specialization of F); at -y, equivalently the derivative of P with respect to y.

Since P(0, y) is squarefree, P'(0, z) is invertible in K := F[z]/P(0, z). Therefore, the specialization
of (@ at ~ is naturally an element of K[t]. Call this element ¢,. Then P(t,¢.) = 0 in K[t].

Essentially equivalently, suppose a € F is a root of P(0,y). Then P’(0,«) # 0 by assumption.
Therefore, the specialization of ®@ at 4 and « is naturally an element of F[t]. Call this element ¢,.
Then P(t, ¢o) = 0 in F[t].

The proof of the above is a straightforward application of an explicit version of the implicit
function theorem [AY83, Proposition 20.3]. The special case above can also be deduced from
the Lagrange inversion formula. That this formula can be used to factor polynomials was first
observed by Bhattacharjee, Kumar, Rai, Ramanathan, Saptharishi, and Saraf [BKR ' 26|, and our
presentation closely follows theirs. From the description above, combined with the uniform families
of algebraic circuits for polynomial interpolation (Theorem 2.12), the following lemma is immediate
(see Remark 2.11). For later applications, it will be convenient to compute the denominator and
numerator in the final expression for CIJS\?) above separately.

Lemma 2.16. There exists a polylogtime-uniform family of constant-free circuits C indexed by N,d
such that

e The circuit C g has size polynomial in N and d, and depth bounded by a universal constant.

o The circuit Cnq has (d+2) + 1 input gates, labeled by variables c; j for i+ j < d and z. The
circuit has two output gates and is weakly division free.

e The circuit computes the coefficient Q)g\cfl) of the universal power series root. Specifically, the
first output gate computes the sum in the final expression above, and the second output gate

computes Fj(0, z)2N+1.

Fix an integer e < d, and let bg,...,b. be new indeterminates. Let H. denote the generic
univariate polynomial of degree d in the variable z, that is, H, = by + b1z + - - - + b.z°. Let the
definitions of Fy and @%) be as above.
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Define the truncated universal power series root ¥(4 as

v — + Z @g\cfl)tN.
1<N<d

From the definition of @g\?) we deduce that F}(0, 2)241w(d) ¢ 7[Cy, t, z]. Further, the degree in z of
this polynomial is 2d? — d. Let Ry denote the resultant of H(z) and F(0,z)2¢*1y — F/(0, z)2+1g(d)
as univariate polynomials in z. Let Ry denote the resultant of H(z) and F/(0, 2)?¢*1 as univariate
polynomials in z.

The polynomials above have the following properties. Let < be a specialization of the variables
in Cy with the properties described above. Let d be a specialization of the variables by, ..., b. such
that Q(z) := H®(z) has degree e and Q(z) divides P(0, z).

In this setting, the quotient RI”& / beR;”‘s is a polynomial in ¢t and y that is monic in y. The
assumptions above ensure that P factors into linear polynomials in F[t], and that the quotient
R'ly’a / beRg’a is the product of those linear factors whose constant terms are roots of H?. Specifically,
if we are guaranteed that H? lifts to a factor of P in F[t,], then the truncation of this quotient up
to degree d is the lift of H?. By combining uniform families of algebraic circuits for the resultant
(Theorem 2.15) with the circuits for the universal power series roots (Lemma 2.16), we obtain a
uniform family of algebraic circuits that computes the polynomials R; and Ry described above.

Lemma 2.17. There exists a polylogtime-uniform family of constant-free circuits D indexed by d
and e such that

e The circuit Dg . has size polynomial in d and e and depth bounded by a universal constant.

e The circuit Cn,q has (d;&) + e + 3 input gates labeled by variables c;; for i +j < d and
bo, ... be,t,y. The circuit has two output gates and is weakly division free.

e The circuit computes the truncation of R1 up to degree d in t, and also computes the polynomial
Ry described above.

Combining the above lemma with [AGS26, Lemma 6.1], we obtain a polylogtime uniform family
of constant-depth threshold circuits that takes as input (dgz) + e 4+ 1 integers, and computes the
coefficients of R; and Rs in the variables y and ¢. Using standard reductions from multivariate
polynomial factorization to bivariate polynomial factorization, we can also use the above circuits
to compute lifts of factors of multivariate polynomials. We reemphasize that the reduction from
multivariate polynomial factorization to univariate factorization in the following lemma is folklore,
the main content of the following lemma is the uniformity statement.

Lemma 2.18. There exists a polylogtime-uniform family of TC® circuits with the following properties.

o The circuit takes as input (ngH) . (etk) integers, representing the coefficients of a polynomial
P € Zwy,...,willy,x1,...,xm] of degree at most e in the variables wy,...,wy and degree at
most d in the variables y,x1,...,xm. The circuit also takes as input (d+ 1) - (ezk) integers,
representing the coefficients of a polynomial Q € Zlws,...,w|[y] of degree at most e in
wi, ..., w; and degree at most d in y.

o The circuits computes (d“;’“) . (eik) integers representing an m-variate polynomial R of degree
at most d in y,x1,..., Ty, and at most e in wy, ..., Wg.

e Suppose the leading term of P in y lies in Z. Suppose that both P and P(y,0,...,0) are
squarefree, and suppose Q divides P(y,0,...,0). Under these assumptions, using Gauss’ lemma
we can deduce that after scaling, all the factors of P in the ring Q(wi, ..., wg)[y, T1, ..., Tm)
lie in Qw1, ..., wi][y, z1, ..., Tm]. Suppose R is such a factor of P such that R'(y,0,...,0)
is a Q-multiple of Q. Then the computed polynomial R is a Q-multiple of R'.
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Proof. Let K := Q(w1,..., Wk, T1,...,Tm). Let P denote the polynomial P(y,tzy, ... txy,) € K[t,y].

There exists a polylogtime-uniform family of constant-depth arithmetic circuits with (dHZlLH) . (ezk)

inputs that takes as input the coefficients of P and computes the coefficients of P. There also
exists a polylogtime-uniform family of arithmetic circuits that computes the coefficients of () as a
polynomial in y. We then compose these with the circuits constructed in Lemma 2.17. The resulting
family of circuits is still polylogtime-uniform and constant depth, and it computes two polynomials
in y,t with coefficients in K, call them R; and Ry. Since P(0,¢) € Q[y, w1, . .., wy], we can deduce
that Ry € Qwy, ..., we]. We use [AGS26, Lemma 6.1] to obtain a polylogtime-uniform family of
threshold circuits that performs the same computation. We compose with circuits for polynomial
division to divide each coefficient of Ry in ¢t by Rs, and discard the remainders. Finally, we add up
all the coefficients in ¢ of the resulting polynomial (equivalently, we evaluate the resulting polynomial
at t = 1). We then discard all monomials whose degree in wy, ..., wy is higher than e. This final
polynomial is the output polynomial R'. O

2.6 Computation and the counting hierarchy

A key technical tool that is used in [AGS26| that will also be useful in this work is that uniform
families of exponentially large constant-depth threshold circuits can be evaluated in the counting
hierarchy. Since such a circuit can have exponentially many output gates, we must make precise
what we mean by evaluating such a circuit.

Definition 2.19 (JAGS26, Definition 6.2]). Let F = (fn . {0,1}™ — {0, l}m“) be a multi-

indexed family of boolean functions. The language Lx corresponding to F is defined as
Lr ={(i,b,z,n) | fu(x); = b}.

If D is a family of circuits, then we extend notation and use Lp to denote the language corresponding
to the family of functions computed by D. %

The following simulation result was proved in [AGS26], and is inspired by a similar result in
[ABKMO09].

Lemma 2.20 ([AGS26, Lemma 6.3]). Let D = (Dy),, be a polylogtime-uniform family of threshold
circuits of size sp and depth A, where Dy has my, inputs. Let Lp be the language corresponding to
the circuit family D as defined in Definition 2.19. Suppose sn < exp(poly(my)). Then Lp € CH.

The next lemma generalizes the above, and shows that an exponential sized circuit with expo-
nentially many inputs can be evaluated in CH, as long as the input bits can themselves be computed
in CH.

Lemma 2.21 ([AGS26, Lemma 6.5]). Let D = (D,,),, be a polylogtime-uniform family of polynomial-
size threshold circuits of depth A, where D,, has n inputs. Let F = (fn : {0, I}Z“ — {0, 1}m“> be a
n

family of boolean functions. Suppose my < exp(poly(fn)) and that a binary representation of my
can be computed in polynomial time given a unary representation of £y and a binary representation
ofn. Let Do F = (Dy, © fu)n denote the family of composed functions. Then Lp.r € CHEZ . In

particular, if Ly € CH, then Lp.r € CH.

For our work, we need a slightly more general version of Lemma 2.21. Lemma 2.21 assumes
that the circuit family D has a single index, that D,, takes exactly n inputs, and that the circuit
D,, has size n®1). We need to relax the requirements of Lemma 2.21 to allow the family D to be
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multi-indexed and for the index to the outer family D to depend on both the index n to the inner
family F as well as the input x on which the inner family is evaluated. We omit the proof of this
lemma, as it is a straightforward adaptation of the proof of Lemma 2.21. The only change to the
proof is that the machine for Lp,r must decide which member of the circuit family D to invoke.
This is easily handled by the assumption that the correct index into D can be computed in CH.

Lemma 2.22. Let F = (fn : {0, 1}6“ — {0, 1}m“) be a family of boolean functions and let D =

n
(Dn),, be a polylogtime-uniform family of constant-depth threshold circuits. For every index n and

input x € {0, 1}6“, let p be an index such that Dy has my inputs. Let Do F = (Dp o fu)n denote
the family of composed functions. Suppose that

1. the size of Dy is at most exp(poly(¢yn)), and
2. given a unary representation of {n, a binary representation of n, and an input x € {0, I}E“,
the binary representation of p can be decided in CH.

Then Lper € CHYF . In particular, if Ly € CH, then Lp.,r € CH.

We list some functions whose corresponding languages can be computed in CH. We say that a
circuit has bounded syntactic degree if the syntactic degree of every output is at most the size of the
circuit.

Lemma 2.23. Let &£ be the family of boolean functions that take as input the description of a constant-
free, weakly division-free algebraic circuit and compute the coefficient vectors of the polynomials
computed by the circuit. Then the language Lg corresponding to £ can be decided in CH.

Proof. Let C be the given algebraic circuit. We will compute the coefficient vectors of the polynomials
computed by C using evaluation-interpolation. To do this, we will show that (1) we can decide the
bits of the binary representation of an evaluation of C' in CH, and (2) given oracle access to the
binary representations of evaluations of C', we can decide the bits of the coefficient vectors in CH.
We first reduce to the univariate case using the Kronecker substitution. Let d := 257! so that
every polynomial computed by C has degree strictly less than d. Define the algebraic circuit C via

C(z) = C(z,2% 2%, ... 2.

By our choice of d, the binary representation of the coefficients of C' may be read off directly from
that of the coefficients of C , so in what remains it suffices to compute the coefficients of C in CH.
The circuit for €' can be built from the circuit for C using O(nlogd) < O(s?) additional gates and
the polynomials computed by C have degree bounded by d" < 257+

Suppose we want to evaluate C on an integer input a of height at most h. We replace the input
gate of C with a subcircuit that computes the value of a starting from the constants 0 and 1. By
writing a in binary, we can implement this subcircuit using O(h) gates. This yields an arithmetic
circuit of size O(s? + h) that has no inputs and computes C (a). Given indices n,1i,j € N, the task
of computing the i*" bit of the n-bit binary representation of the j* output of C (a) is exactly an
instance of the problem BitSLP, which lies in CH by [ABKMO09, Theorem 4.1]. When our goal is to
evaluate C' on an integer input of height k < s the circuit constructed for C (a) is of size sO0),
so we may decide the value of bits of the binary representation of C'(a) in CH.

To recover the coefficients of C (x) from evaluations, we use the fact that polynomial interpolation
can be performed by polylogtime-uniform threshold circuits of constant depth and polynomial
size. By [AGS26, Lemma 3.1|, there is a family of polylogtime-uniform arithmetic circuits that
compute the inverse of the Vandermonde matrix Vand(1,...,m) in constant depth and mPW size.
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Multiplying Vand(1,...,m)”" with the evaluations f(1),..., f(m) of a univariate polynomial of
degree less than m recovers the coefficients of m, which can again be performed by an arithmetic
circuit of constant depth and size m®1). By [AGS26, Lemma 6.1], this yields a polylogtime-uniform
family D = (Dy, 1) m nen of threshold circuits of constant depth and size poly(m, h), where Dy, j,
receives evaluations f(1),..., f(m), each of height at most h, and computes the coefficients of the
unique polynomial f(x) of degree less than m that agrees with these evaluations.

We compose the circuit family D with the evaluations C(1), ... ,CA’(QSQJrS + 1). Because each
evaluation of C' can be computed by a constant-free algebraic circuit of size s°(1)| the evaluation
itself has height bounded by sOM) o it suffices to invoke the circuit Dy, p, for m = 25%+s 4 1 and
h = sO). This threshold circuit has constant depth and size exp(s®(1)). Moreover, the index of this
circuit can be computed in polynomial time from the value of s. Thus, we may apply Lemma 2.21
to conclude that bits of the evaluation of D, on input C(1),...,C (25°+5 4+ 1)—which are precisely
the coefficients of C—can be decided in CH, as desired. O

3 Chow forms and geometric resolutions

In this section, K is an algebraically closed field. Chow forms and geometric resolutions are two
fundamental ways to describe equidimensional affine, or projective, varieties: the former is a single
polynomial in several groups of new variables, while the latter involves a family of multivariate
polynomials in the ambient coordinates. In order to establish our main result, that Chow forms can
be computed in the Counting Hierarchy, we will rely on both encodings. The goal of this section is
to introduce both concepts; for convenience, for the latter, existence and basic properties are derived
from the ground up.

3.1 Chow forms

All facts about the Chow form that we state here appear in [KPS01, Section 1.2.2|, and proofs can
be found in [Phi86, Chapter 1].

Let K[zo,...,z,] be the homogeneous coordinate ring of P". Let V' C P" be an irreducible
projective variety of dimension r. Let uy, ..., u, be r + 1 sets of variables, with each u; consisting of
n + 1 variables u;, ..., u; . We use u to denote the union of uy,...,u,. We also use U and U; to

denote the size of the sets u and u;, respectively. For each 0 <4 <r, let L; denote the polynomial
Ui 0T + Ui 121 + -+ -+ Ui Ty, For v € A" we use L~ to denote the linear form oz + - - - 4+ YpTp-

The incidence variety of the forms Ly, . .., L, in V is defined to be the subvariety of P" x (P")"*!
consisting of points (e, g, . ..,7,) such that &« € V and L;(a,7;) =0 for all 0 < i <r. We use V,
to denote this incidence variety. Let m : P™ X (]P’”)TJrl — P™ denote the projection map onto the
first factor, and similarly let o denote the projection map onto (IP’”)TH. It is straightforward to see
that m (V) =V.

Consider now W := 72(V7,). The variety W is a closed proper subvariety of (P")"*! of codimension
1. A defining equation for W is called the Chow form of V. We denote this polynomial by Cy. Note
that a defining equation for W is only fixed up to a scalar factor. In order to avoid this indeterminacy
in the definition of Cy, we will fix the following normalization for Cy: we order the variables u; ;
such that w;; > uy ;v if ¢ <7 or i =4' and j < j'. We normalize the Chow form so that its leading
coefficient in the lexicographic order extending the variable ordering is always 1.

The points of W correspond to linear subspaces of codimension at most r+ 1 that have nonempty
intersection with V. If (vq,...,7,) € W, then by the definitions of V7, and W, the linear subspace
defined by the equations L., = --- = L, = 0 has a point that lies in V. The Chow form is
homogeneous of degree deg V' in each set of variables u;.
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If V is a reducible variety, it is still possible to define the Chow form of V, assuming V is
equidimensional. When V' is an equidimensional variety of dimension r, the product of Chow forms
of the irreducible components of V' is the Chow form of V.

The Chow form of a zero-dimensional variety is also called its u-resultant. If V is a zero-
dimensional variety with all points at finite distance, then the u-resultant of V' has the following
factorization: Cy = [] (up + aquy + - - - + iy, ), where the points e € P" are written with
oy = 1.

acV

Chow forms behave nicely under linear changes of coordinates. Given the Chow form of a variety
V and a linear change of coordinates ¢ : P* — P", the following lemma describes how to obtain the
Chow form of the variety ¢(V).

Lemma 3.1. Let M € KX+ pe an invertible matriz and let ¢ : P — P™ be the linear map
gien by ¢(a) = Ma. Let V- C P™ be an equidimensional variety. If Cy is the Chow form of V,
then the Chow form of ¢(V') is obtained by performing the substitution u; j — u;’OMo,j + u;;,lMl,j +
s+ u;’nMnyj i Cy, and making the result monic.

Proof. Let K[xo,...,z,] and Kyo, ..., y,] denote the homogeneous coordinate rings of the source
and target copies of P" in the definition of ¢ : P — P™ respectively. Corresponding to ¢, there is
a map ¢* : Kyo,...,yn] = Ko, ..., z,] defined by ¢*(y;) = M;ozo + - - - + M, nx, that satisfies
61V (¥)) = V(6 (F)(x).

Now suppose V' has dimension r. Let £y,..., ¢ € K[yo, ..., yn] be linear forms and let §; ; € K
be such that ¢; = ) f; jy;. The variety ¢(V) intersects V(lo,...,¢,) if and only if V intersects
¢ 1 (V(Lo, ..., £)). By the previous discussion, we have ¢=+(V (£, ..., 4.)) = V(¢*(lo), ..., d* ().
By the definition of ¢*, we have ¢*(¢;) = Zj > i My jBi ;. By the definition of the Chow form Cy,
this intersection is nonempty if and only if the evaluation of Cy at w;; = Y, My ;B is zero. If C' is
the polynomial obtained by substituting u; ; — u; oMo; + uy M1; + - -+ + u; , My j, then the above
evaluation of Cy is zero if and only if C’ vanishes at u; ;= Bi ;- Finally, since Cy can be obtained
from C’ by a similar substitution using the inverse of the matrix M, and since Cy is squarefree, we
can deduce that C" is squarefree. Therefore, C’, once made monic, is the Chow form for ¢(V). 0

3.2 Geometric resolutions

In this subsection, we work with affine varieties. A geometric resolution of an equidimensional affine
variety is a certain parametric representation of the variety that was introduced in the computer
algebra literature in work by Giusti, Heintz, Pardo and their collaborators [GHMP95; GHMMPIS].
Similar objects were used in prior work by Grigoriev and his collaborators [Gri&87], but the explicit
requirement to be in Noether position (see below for the definition) and its consequences appear
in the former references. For the convenience of the reader, we provide self contained proofs of all
statements about geometric resolutions that we will need, including their existence.

Below, we work with equidimensional varieties of dimension m, for which it will be convenient to
divide the variables into two sets. Let S := K[x1,...,Zm,y1,...,Yyn] be the coordinate ring of the
affine space K™ and let my : K™ — K™ be the projection onto the first m coordinates. We
make the following assumption.

Definition 3.2. We say that an equidimensional variety V' of dimension m is in projective Noether
position if there exists a point a € K™ such that the fiber 71 () NV has cardinality exactly deg V.
We say that 31 is a primitive element for V if there is a point a such that the fiber 73 !(a) NV has
cardinality exactly deg V', and all points in this fiber have distinct y; coordinates. O

Note that if y; is a primitive element for V', then V is in particular in projective Noether position.
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Definition 3.3. Let V C A™"™ be an equidimensional variety of dimension m such that ¥ is
a primitive element for V' (Definition 3.2). A geometric resolution for V' is a set of polynomials
q,r2,. .., € K[x,y1] of degrees at most deg V' with the following properties.

e The polynomial ¢ is monic in y;. Further, ¢ defines the projection of V' onto the first m + 1
coordinates, that is 7y, (V) = V(q).

e The discriminant ¢ of ¢ with respect to y; is nonzero.

e Let ¢/ denote the derivative of ¢ with respect to y;. Let J denote the ideal generated by
4,4 y2 — 12,4 ys — 13, ..., q'Yp — 1. Then J : ¢ = I(V). O

If 41 is not a primitive element for V', then we can apply a change of coordinates to ensure that
y1 is a primitive element in the new basis. Consequently, a geometric resolution for an arbitrary
variety usually consists of a change of coordinates, along with the above data. For our application,
we will not require this more general definition. The rest of this section is devoted to showing that
geometric resolutions exist, and along the way, showing some of their useful properties.

For the rest of this subsection, fix an equidimensional variety V of dimension m
such that y; is a primitive element for V.

Before we begin our proof, we quickly remark on why a geometric resolution is a parametric
representation for V. Given a geometric resolution for V' as above, we have a map ¢ : A"\ V(¢) —
A™T" defined by

é(ai, ..., am,b) = (a1,...,am,b,ma(a,b)/q (a,b),...,r.(a,b)/q (a,b)).

The conditions that ¢,r,...,r, are a geometric resolution imply that the image of V(¢) under ¢ is
a dense open subset of V. Therefore, a geometric resolution allows us to parametrize a dense open
subset of V' using a hypersurface. Since we do not use this fact, we do not pursue this further.

Let Wy,...,W; be the irreducible components of V. Let I denote the ideal of V', and I; denote
the ideal of W; for each j. Define X = my(Wj).

Lemma 3.4. The element yy is a primitive element for each of Wi,..., W;. Further, X; = K™ for
all j € [t].

Proof. Let a € K™ be a point witnessing the fact that y; is primitive element for V. By assumption,
the fiber 72 !(a) NV has cardinality exactly degV = 25'21 deg W;. This implies that each fiber
7 (a) N W; is finite and therefore of cardinality at most deg W;. Since

t t t
> degWj =degV = |m (@) NV <D |m (@) WG] <) deg W,
j=1

j=1 j=1

it follows that the fiber 7! (a) N W; has cardinality precisely deg W, so W is in projective Noether
position. Since the points in the fiber 7 (a) NV have distinct y; coordinates, so do the points in
each of the fibers m!(a) N W}, which shows that y; is primitive for each W;.

The fact that X; = K™ follows from the theorem on the dimension of fibers [Sha94, Chapter 1,
Theorem 1.25] as follows: Since the map mx : W; — Xj is dominant and has a fiber of finite
cardinality, the image X; must have dimension m. Since X; C K™, it follows that X; = K. O

Since ¥y is a primitive element for Wy,..., W;, it also follows that each W; is in projective
Noether position (Definition 3.3). From [Hei83, Proposition 1] we can deduce that the set of points
a € K™ that witness the fact that V' is in projective Noether position (and likewise for each W;) is
a nonempty open subset of K™,
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Let ui,...,u, be new indeterminates and let I denote the algebraic closure of the field
K(ut,...,un). Let I" and I} denote the extensions of the ideals I and I; to L[x,y]. Let V'
and W]’ denote the zeroes of these ideals in L. From Lemma 2.4 we can deduce that I j’ is prime
for all j and that I = (0, ;. In particular, the varieties W are irreducible and V' is their union.
Further, Wj’ is a variety of dimension m and degree deg W;. Since y; is a primitive element for V'
(Definition 3.2), it is also a primitive element for V' and W]’ , and any witness for the former is a
witness for the latter. By the previous lemma, the maps my : W]' — L™ are still dominant.

Let £ denote the linear form uyy; + - - - + unyn. Let ¢ : L™+ — L™+ be defined by (p,q) —
(p,4(q)). The following lemma captures some basic properties of the polynomial that defines the
image of each irreducible component of V/ under this map.

Lemma 3.5. For each j, the close of the image qﬁ(W]’) is an trreducible hypersurface that is defined
by an irreducible polynomial Q; € K[u,x,T| of degree at most degW; in x and T.

Proof. Since W; is irreducible and ¢ is continuous, ¢(Wj) is irreducible. The projection map mx
onto the x coordinates factors through ¢. Combined with the theorem on the dimension of fibers,
we deduce that dim W} > dim ¢(W}) > dim mx(W}). Since dim W} = dim 7« (W}), we can deduce
dim gb(W]’) = m. This shows that the closure of the image is an irreducible hypersurface.

Let T := Y w;y;. After a change of basis, we can treat z1,...,Zm,T,y2,...,Yyn as the set of
variables in our polynomial ring. Since I]‘ has generators in K[x, y], it admits generators in K(u)[x, y]

in the new coordinates, performing the change of variables y; « (T — uay2 — -+ — Upyn)/ui. A
defining equation for qb(W]’ ) is then obtained by starting from these new equations and constructing
a Grobner basis with any lexicographic order with y,, ..., ys occurring before x1,...,xy, T, and
eliminating o, ..., Yn.

Since the construction of the Grobner basis only involves operations with K(u)-coefficients,
the resulting Grobner basis and elimination ideal have generators in K(u)[x,7]. After clearing
denominators and factoring out any content, we can assume that the image is defined by an irreducible

polynomial @Q; € K[u,x,T] as claimed. The degree of @; in x,T is exactly the degree of d)(W]{),
which is at most deg W; by [Hei83, Lemma 2|. O

The following lemma further refines the properties of the polynomial (); defined above.

Lemma 3.6. Suppose Q; = pjo + pjiT + -+ pj,ddeJ' with pjr € K[u,x], pjq4, nonzero, and
dj < degW;. Then d; = deg W; and p;jq4,; € K.

Proof. Pick a € K™ that is witness to W} being in projective Noether position (Definition 3.2), such
that p;q; does not vanish when evaluated at a. Since the set of all such witnesses is a nonempty
open set, and since the set of points in K™ where p; 4, does not vanish is also a nonempty open set,
such an o exists. This choice of o ensures that Q;(u, a, T') is nonzero.

The fiber m ' (o) N W; has deg W; points, say (a,81), ..., (@, Bgeg w,), with coordinates in K.
Considered as points in L™ these points have distinct images (e, t1), ..., (e, taeg w,) under ¢.
The polynomial @); vanishes on each (e, t;), since (o, §;) € VVJ’ Therefore the nonzero polynomial
Qj(u,a,T) has at least deg W; many roots as a polynomial in K(u)[T], hence its degree in T" is at
least deg W;. This gives d; = deg W;. Since the total degree of (); in x and 71" is at most deg W;, we
can also deduce p; 4, € K[u].

Now we show that p; 4, in fact lies in K. Consider an irreducible factor of p; 4, say f (u). Since Q;
is irreducible in K[u,x, T, there is at least one other p;; such that f does not divide p;;. Therefore,
there is an open set of points a € K™ such that f does not divide p;;(u, o). Since each of these
conditions are open, we can find a point o € K" that is a witness to W} being in projective Noether
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position, and such that for each factor f of p;4;, the polynomial Q;(u, «, T) is not divisible by f.
In particular, for any such o, the polynomial Q;(u, o, T') does not have an irreducible factor that
depends only on u. Fix such an «, and consider again the images of the fiber of a under ¢. Let these
be denoted (e, s1), ..., (@, Sdegw;). We have the factorization Q;(u, @, T) = pj 4, Hkgdj (T — s;).
This, combined with the choice of e, implies that p; g, must lie in K. O

We normalize Q; such that p;4, = 1 for all j. Pick a such that the fibers 7' (o) N W; and
7 (a) N W; are disjoint. The polynomials @Q;(u, e, T) and Q;(u, e, T) are coprime. Therefore we
can deduce that Q; and Q; are themselves coprime for all pairs Q;, Q. The variety ¢(V’) is the

union of QS(WJ’ ) over all j, therefore it is a hypersurface in L™*! that is defined by the polynomial
Q=Q1 - Q; € K[u,x,T]. The polynomial @ has total degree degV in x and T and is monic in 7T
We say that the polynomial () defines the general projection of the variety V.

Suppose now that 71,...,7, € K are elements, and consider the map A™+" — A™*+! defined by
(p,q) = (P, Y- 7i¢)- The following lemma states that the specialization of the general projection
() at u = ~y vanishes on the image of the above linear map. Since () is monic, we are guaranteed
that this specialization is nonzero. Consequently, we can also deduce that the map 7 is a finite
map when restricted to V.

Lemma 3.7. For every u € K", the polynomial Q(u,x,¢(p)) lies in I. Consequently, ¢(p) is
integral over K[x| in the coordinate ring of V. In particular, the map mx : V. — K™ is finite. For
every a, and for every (a, B) in the fiber nx'(a) "W, the element £(u, B) is a root of Q(m, o, T).

Proof. The polynomial Q(u,x, ¢) lies in I’. As in the proof of Lemma 2.4, since I’ is the extension of
an ideal in K[x,y], every coefficient of Q(u,x,¢) written as a polynomial in u belongs to the ideal I.
Therefore we can write Q(u,x,f) = >_ a; f; where a; € K[u] and f; € I. Evaluating this expression
at any p shows Q(u,x,4(p)) € I. The polynomial Q(u,x,T) is a monic equation satisfied by ¢(u),
which shows that ¢(p) is integral over K[x] in the coordinate ring of V. Invoking this for different
choices of p we can deduce that y; is integral over K™ in the coordinate ring of V for all ¢, which
shows that map 7y : V' — K" is finite. The final statement follows as in the proof of Lemma 3.6. [

Let vy € K™ denote the point (1,0,...,0). Set

0Q .
q = Q(V07X7y1)7 Tj = _ai(VOaxuyl)v j:]-u"'7n' (1)
Uj
These are polynomials in K[x, y1] of degree at most deg V. Let § € K[x] and ¢’ € K[x, 31] denote
the discriminant and derivative, respectively, of ¢ with respect to y;. In the rest of this section, we
prove that q,rs,...,r, are a geometric resolution of V. We break the proof into a series of smaller
lemmas.

Lemma 3.8. The discriminant § is nonzero. Equivalently, the polynomial ¢ has no multiple factor.

Proof. Let a be a witness to y; being a primitive element for V. The proof of Lemma 3.6 shows

that ¢(a,y1) = Q(vo, o, y1) factors as ngdegv(yl — f;), where B1,...,Baegv are the distinct
yp-coordinates of the fiber above a. This shows that ¢/(a) # 0, and since ¢ is monic in y; this
further shows that § # 0. O

Lemma 3.9. The polynomials q,q'yo — 72, ...,q yn — rn are in the ideal I.
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Proof. As in the proof of Lemma 3.7, we can write Q(u,x,¢) = >, a;f;, for a; € K[u] and f; € I.
Evaluating this expression at vg shows that ¢ € I. If we take the partial derivative of this expression
with respect to u; we obtain

aQ 8 ﬁaz
5T = (u,x,0)y; + (u,x,0) = Z 8u]

Evaluating this expression at vo shows that ¢'y; —r; € I for all j > 1. O

Let J C K[x,y] be the ideal generated by ¢,q'y2 — r2,...,¢'yn — . Since J C I, we have
V(J) D V. The next two lemmas will show that the excess components, that is, those components
of V(J) that are not components of V', are exactly those contained in V(¢’).

Lemma 3.10. The polynomial q defines the projection of V' onto the first m + 1 coordinates,
equivalently mx , (V) = V(q).

Proof. The map mx : V. — K™ is finite. If Y is the Zariski closure of my ,, (V') then the map
Txy, . V — Y is also finite, hence surjective. Therefore, Y is a hypersurface of degree at most deg V.
Suppose this hypersurface is defined by P € K[x,y;]. The total degree of P is at most deg V. For
any « that is a witness to y; being a primitive element for V', the polynomial P(«a,y;) has degV’
distinct roots. Therefore P has degree degV in y;, and we can scale by an element of K to make it
monic in y;.

Since g € I, and since ¢ vanishes on Y, the polynomial P must divide ¢ in K[x, y]. Since ¢ and
P are both monic in y;, and since g has degree at most deg V', we must have P = q. O

Note that the irreducible components of V' are in bijection with the irreducible factors of the
polynomials q.

Lemma 3.11. The following equality of ideals holds: J: ¢ = I.

Proof. First suppose f € J: ¢™. Then ¢*f € J for some k > 0. Since ¢ and ¢’* are coprime in
K(x)[y1], there exists a polynomial 6’ € K[x] and polynomials A, B € K[x, 1] such that Aq+ B¢'* =
0’. Multiplying this equation by f and using the fact that J C I we deduce ¢§'f € I. No minimal
prime of I contains any element of K[x], since mx(W};) = K™ for all j. Therefore, every minimal
prime, and hence [ itself, contains f. B

Conversely, suppose f € I. Define f := f(x,y1,72/qs...,mn/q') € K[x,31],, and write f = F/q"
with F' € K[x,y1]. Pick a point (e, 1) € mxy, (V') such that 6(a) # 0. There exists (52, ..., )
such that (o, 3) € V. Since the polynomials ¢'y; — r; vanish on V' and since ¢'(ax) # 0, we can
deduce that 5; = —rj(a)/¢ () for all j > 2. We also have f(cr,3) = 0. Therefore we can deduce
F(a, ﬁl) =0.

We have shown that F' vanishes on every point in V(¢)\ V(¢'). No component of V(q) is contained
in V(¢'), therefore F' must vanish on V(gq). Equivalently, ¢ divides F. To summarize, in the ring
K[x, yl]q, we have shown that f —cq € (¢'y2 — 12, ..., ¢y — 1) for some ¢ € K[x,yl]q,. Writing
f=cq+ 3 550i(q'y2 —12) for ¢; € K[x,41],/, and multiplying by a high enough power of ¢’ shows
that f € J: ¢'*. O

3.3 The relationship between Chow forms and geometric resolutions

In this section, we show how Chow forms and geometric resolutions are related. We continue to use
the same notation as in Section 3.2. First we show how the polynomial defining the general projection,
denoted @, can be computed given the Chow form of the projective closure of an equidimensional
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variety. As a consequence, the geometric resolution can also be computed from the Chow form (as
long as y; is a primitive element).
A similar procedure for the same task appears in [JIKKSS04, Section 3].

Lemma 3.12. Let V C K™ be an equidimensional variety such that yi is a primitive element
for V.. Let V.C P™*" denote its projective closure (say we homogenize by adding a new variable
z) and let Cyy be the Chow form of V. Let {; denote the linear form w;z — z; € Kw][z,x,y]
fori = 1,...,m. Let ly11 denote the linear form Tz — Z?:l wiy; € K[T,u][z,x,y]. Then
Cy(coeff(£1), ..., coeff (U y1)) = Q(u, w,T).

Proof. Let o be a witness to the fact that V is in projective Noether position. Consider the linear
forms x1 — o112, ..., %m — aymz. The variety V N V(z1 —aqz,...,&m — auyz) contains deg V' points
on the chart z # 0. The projective Bézout’s theorem shows that this intersection has degree at most
deg V', therefore it cannot contain any other points. In the rest of this proof, By, ..., Bgegv € K"
will be such that (1, c, 3;) are the points in VN V(x1 — 12, ..., Tm — amz).

Define C' := Cy(coeff(fy), ..., coeff(y41)). We now show that €’ # 0. In C', set wy =
Q1y ..y W = Q. Set u to an element v € K™ such that Zj B ; are distinct for all 7. Let this
resulting polynomial be denoted by C”(T). Then C” is nonzero at any 7 that is not of the form
Zj 7;jBij for some 4. Indeed by the first step above, V N\ V(21 — a1z, ..., Zm — ay2) only contains
finitely many points, and these choices of 7 and - ensure that the hyperplane z7 — > i ViYi avoids
these points. Since the Chow form is a homogeneous polynomial of degree degV in each set of
variables, we can deduce that C” is monic in T of degree deg V. From this, we can deduce that C’
is nonzero, and also that C” has degree deg V' in T.

Next we show Q(u,w,T) divides C’. For a general choice of o’ € K™ and a general choice of
~' € K", both Q(v',a/,T) and C’'(v',a’, T) have the same roots. Indeed for a general choice, the
fiber m!(a’) is finite, and the roots of both Q(v', &/, T) and C('v,a/,T) are >, ~.3! where (a,3)
is a point in the fiber. Along with the statement on the degrees, this shows that ¢ = @ - P for
some polynomial P € K[w]. We show P € K, which will conclude the proof. To this end, assume
that P ¢ K and let p be a zero of P. The polynomial C’(u, u, T) is zero. By Lemma 3.7, the map
mx : V — K™ is finite, so the fiber 71 (1) NV consists of a finite number of points. Further, these
are the only points in VN V(21 — 12, ..., Tm — imz), since

VNV(zy — g1z, Tm — pmz) NV(2) =V NV(ry — 12,...,0m — amz) NV(z) = 2.

We can therefore find a 7 and - such that 72 — ), y;y; is nonzero at all of these points. Then the
intersection of V' with V(x1 — p12,...,Zm — umz, 72 — > yiy:) is empty, so C' (v, p, 7) # 0, which
contradicts the fact that C’'(u, u, T') is zero. O

That V is in projective Noether position is crucial in the proof of Lemma 3.12. Without this
condition, the specialization of the Chow form vanishes identically.

Finally, we show how a geometric resolution of an affine variety can be used to compute which of
its components lie on another variety given by a Chow form.

Lemma 3.13. Let V. C K™ be an m-equidimensional variety such that yi is a primitive element
for V.. Let q,r9,...,mn € K[z, 11] be a geometric resolution for V as above. Let W C Pt be
another equidimensional variety of dimension b, and suppose Cyy is the Chow form of W, in the
variables U0, - - -, U0, mtn, U1,05 - - - s Ub,mtn-

Consider new variables w;; (for 0 <i<band1l <j<n+m) t; (for1<j<m)ands, and

fori=20,...,b let g; denote the following polynomial, which is linear in x,y, z:
w - ri(t,s)
gi =) wij(xj = t;2) + wWimi1(y1 — 52) + D Wi <yj' + qj/(t 73) Z)-
j=1 3'=2 ’
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Let if&?{? = Cw(coeff(go), . ..,coeff(gp)), expressed so that P € K[t,s,w] and so that P and ¢
are relatively prime. Let P' € K[t, s| denote the GCD of the coefficients of P as a polynomial in w.
Then ged(q(t, s), P'(t,s)) consists of those factors of q that correspond to components of V' that lie

m W.

Proof. Let q1 denote an irreducible factor of ¢, and let V; be the corresponding component of V.
Suppose first that V4 C W. We show ¢i(t, s) divides P’. To this end, let (o, 1) € K™ be a

point in V(g1)\V(¢'). There exists (s, . .., B, such that (o, B) € Vi (because the restriction of 74, to

V1 is closed). Further 8; = —r;i(a, 81)/q¢ (ex, 1) for all i > 2. After substituting o and S; for t and s,

each of the linear forms z1 — 12,20 — a9z, ..., Tym — mz,y1 — B12, Y2 + 23((2’5’311)) ZyeoisYn + 27((27’511)) z
vanishes at (1,a,3) € P™*". Therefore go,...,g, also vanish at this point. The evaluation

Cw (coeff(go), . . ., coeff(gp)) must also vanish, which implies P(e, 81, w) = 0. Since this happens
for every (e, 81) € V(q1) \ V(¢'), and since ¢’ and ¢; are relatively prime, we can deduce that ¢ (t, s)
divides every coefficient of P as a polynomial in w, and specifically that g¢;(t, s) divides P'(t, s).
Now suppose Vi ¢ W. Pick a point (a,81) € V(¢1) \ V(¢') such that the point (a,3) € V
above (e, 1) lies in V3 \ W. Such a point exists since W has codimension at least 1 inside
V1. As in the previous case, after substituting a and 5y for t and s, each of the linear forms
Tl — Q12, T2 — 22, ..., Ty — 2, Y1 — P12, Y2 + %z, e Yn+ 2’}((2‘511))2 vanishes at (1, a, 3) €
P In fact this point is exactly the vanishing set of this collection of linear forms. Since this point
is not in W, we can find a specialization p of the variables w such that W NV (go(p),...,gp(pt)) = .

Thus P(e, 51, 1) # 0. Consequently, g1(t, s) does not divide P'(t, s). O

Remark 3.14. When using Lemma 3.13 to perform computation, we can directly use random
linear combinations instead of general linear combinations when defining the polynomials g, ..., gp.
In this case, ged(q(t,s), P(t,s)) is the factor of ¢ with the claimed properties, with high proba-
bility. Indeed as long as the coefficients in the random linear combinations are picked from a set
B C K of size poly(n + m,degV,deg W), then the required property fails only with probability
1/poly(n + m,deg V,deg W). This follows from the above proof by considering the degree of P as
a polynomial in w, and also considering the size of B to ensure that a specialisation g with the
claimed properties can be found in the second step. O

4 Computing Chow forms of equidimensional components

In this section, we start by showing how resultant computations can be used to compute the Chow
form of each equidimensional component of a given projective variety. We then show how this can
be used to solve the same problem in the affine case

The construction of the Chow form for equidimensional components proceeds in two steps. In
the first step, from the defining equations of a projective variety V', we construct the Chow forms
for certain subvarieties Vj, C V. These are equidimensional subvarieties of V' that are obtained via
a deformation process. This step generalizes the construction of Ierardi [ler89, Section 2|, where
only the isolated points were considered. The second step involves pruning the Chow forms of the
varieties V}, to obtain Chow forms for the equidimensional components. This step uses geometric
resolutions and the results in Section 3.3.

4.1 Chow form of limit subvarieties

Given a sequence of forms Gi,...,Gy € Flxo,...,x,] with & < n, and d; = degG;, we use
VP(Gy, ..., Gy) to denote the variety in P x Al defined by (1—t)G1 —I—tx‘lil, A (1—t)Gk—|—t:UZ’“. Since
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projective varieties are proper, the projection to A! of each irreducible component of VP(G1,...,Gy)
is an irreducible closed set [Sha94, Chapter 1, Theorem 1.11]. Therefore, the projection is either all
of A! or a single point. Let W1, ..., W, be those irreducible components of VP(G1,...,G}) whose
projection to Al is surjective. We use V'(G1, ..., Gy) to denote |Ji_, W.

The intersection of P x A! with the hyperplane defined by ¢t = 0 can be naturally identified with
P". The image of the intersection of V/(Gy, ..., Gy) with the hyperplane defined by ¢ = 0 under this
identification is a subvariety of P", which we denote by lim;_,o VP(G1,...,Gk). More generally, for
T € F, we write limy_,, VP(G1,...,Gy) for the subvariety of P corresponding to the intersection of
V/(G14,...,Gy) with the hyperplane defined by t = 7.

The following lemma establishes some basic structural facts about the varieties VP(Gy,. .., Gg)
and lim;_,, VP(G1, ..., Gg). In particular, we compute the dimensions of the varieties W7y, ..., W, and
lim;—, VP(Gq,...,Gy), and show how the variety lim;_,o VP (G, ..., Gy) is related to V(Gy, ..., Gg).
In the rest of this subsection, we use m; and 7« to denote the projection maps P* x A — Al and
P" x A — P", respectively.

Lemma 4.1. Every component of VP(G1,...,Gy) has codimension at most k and the components
Wi, ..., W, have codimension exactly k. For every T € F, the variety limy_,» VP(G1,...,G) is an
equidimensional variety of codimension k. Further,

limVp(Gl, .. ,Gk) - V(Gl, . .,Gk),

t—0

and every codimension-k component of the latter is an irreducible component of the former.

Proof. That every component of VP(Gq,...,Gy) has codimension at most k follows from the fact
that VP(G1,...,Gy) is defined by k equations. Consider now the component Wj. Since m(W7)
is surjective, W3 N V(t — 1) # & and this intersection has codimension 1 within Wj. Further,

WinvV(t—1) C VP(Gy,...,Gp)NV(t—1) = V(t — 1,25, ,xzk), and the latter has codimension
k+1in P* x A'. From this we get

k41> codim(Wi) 4+ 1 = codim(W; NV (t—1)) >k +1,

which shows that codim(W;) = k in P™ x Al

Since W7 is not contained in any hyperplane defined by ¢t = 7, the intersection of W; with the
hyperplane defined by ¢ = 7 for any 7 has codimension k 4+ 1 in P* x A!. The same holds for the
components Wa, ..., W,. This proves that lim;,, VP(Gq,...,Gy) is an equidimensional variety of
codimension k for every 7.

The inclusion lim;_,o VP(G1,...,Gr) € V(Gy,...,Gy) follows by construction. Let Y be an
irreducible component of the latter of codimension k. Since Y x {0} C VP(Gy,...,Gy), there must
exist a component Z of VP(G1,...,Gy) such that Y x {0} C Z. The component Z has codimension
at most k in P* x Al by the first paragraph. We will show that 7;(Z) = A!, which implies Z = W;
for some i. As a consequence, we have the inclusion Z C V/(Gy,...,Gy), and the final statement of
the lemma follows.

Towards a contradiction, assume that m;(Z) # Al. Since 7m4(Z) is closed and irreducible, and
since 0 € m(Z), we can deduce m;(Z) = {0}. Then Z = ZNV(t) in P* x Al, and this variety
has dimension at least n + 1 — k. Further, this variety is contained in V(Gy,...,Gg) x {0} by
construction, so it must be contained in one of the irreducible components of V(G1,...,Gj) x {0} of
dimension at least n +1 — k, say Z C Y’ x {0}. We now have Y x {0} C Y’ x {0} whence Y C V",
where these containments are strict since Y’ has dimension strictly larger than that of Y. This is a
contradiction to the fact that Y is an irreducible component of V(Gy, ..., Gx). O
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If a set of forms G, ..., Gy defines an equidimensional variety of codimension k, then the Chow
form is easily constructed using the resultant as follows. Let {u;; |0 <i<n —k,0<j<n}bea
set of fresh variables. We use u; to denote the variables u;, ..., u;, and u to denote all the u; ;. Let
L; denote the general linear form L; := u; 0o + w121 + - - - + Ui nTpn. If ;5 is a set of elements from
Ffor0<i<n-—kand0<j<n then we use L? to denote the specialization of the linear form L;.

Lemma 4.2. If Gy,...,Gy are homogeneous forms such that V.= V(G1,...,Gy) is an equidimen-
sional variety of codimension k, then the squarefree part of Res(Gu,...,Gg, Lo, ..., Ln—1) (where we
treat the polynomials as forms in xg, ..., x,) is a nonzero scalar multiple of the Chow form of V.

Proof. This is a straightforward consequence of the main property of the resultant (Item 1 of
Definition 2.5) as follows. Let R € K[u] denote the resultant of G1,...,Gy, Lo, ..., Ly as forms in
the variables x. Suppose ; j for 0 <i <n—Fkand 0 < j < n is a set of elements such that R(vy) = 0.
Then by the main property of the resultant, V(Go, oo, G, Lg, ce L:b—k) is nonempty, whence -y is
a zero of the Chow form of V. Conversely, if 7y is a root of the Chow form, then by definition of the
Chow form, V(Go,...,Gk, L{,..., LY ;) is nonempty, and so R(vy) = 0 by the main property of
the resultant. Since R and the Chow form of V' have the same zero set, their squarefree parts must
be the same (up to a multiple of K). Since the Chow form is squarefree, normalizing the squarefree
part of R must yield the Chow form. O

If V(Gy,...,Gy) is not equidimensional, then it has a component of codimension less than k. In
this case, Res(G1, ..., Gk, Lo, ..., Lyp_k) is the zero polynomial, since V(Go, oG LY 7LZ—]€)
will be nonempty for every choice of ~.

As we now prove, even if V(Gy,...,Gy) is not equidimensional, the resultant

Res<(1 DGy +ta? (1= )G + ta™ Lo, Ln_k)

remains nonzero. While we cannot recover the Chow forms of the equidimensional components
of V(Gy,...,Gy) directly from this polynomial, we can recover the Chow forms of the varieties
lim; - VP(Gy,...,Gg).

We now prove some intermediate results towards the above facts. The first of these is that certain
incidence varieties are irreducible. This is essentially a version of Bertini’s theorem.

Lemma 4.3. Suppose Z C P" x Al is an irreducible variety. Then the incidence variety
ZH — (Z X (IP’”)”"““) AV(Lo,. .., Ln_g)

is irreducible in P x Al x (Pm)" AL

Proof. Let m denote the projection map from P" x Al x (P™)"*1 to P x A!, restricted to Z*. The
fibre of 7 at a point (c,7) € Z consists exactly of points of the form (e, 7,7) € P" x Al x (P7)"~**!
such that L], ..., szk vanish at a. These fibres are therefore all nonempty and isomorphic to
(P”_l)n_k+1. In particular, they are also all irreducible. To summarize, the map m is surjective, has
irreducible image, and every fibre is irreducible of the same dimension. Therefore we can invoke

[Sha94, Chapter 1, Theorem 1.26] to deduce that Z* is irreducible. We remark that the statement
of [Sha94, Chapter 1, Theorem 1.26| assumes that the source and target of the map are projective;

however, inspection of the proof shows that it suffices for the map to be closed. O
We now focus on incidence varieties of the above form arising from components of V?(Gy, ..., Gg).
We use ¢4 to denote the projection from P* x Al x (]P’”)n_lerl onto the last two components. Based

on whether the projection to Al of a given component Z C VP(G1,...,G}) is all of A! or a single
point, we can deduce information about 7 u(Z).
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Lemma 4.4. Let Z be an irreducible component of VP(G1, ..., Gy) such that the projection of Z to
Al consists of a single point 7. Then mw(Z7) = V(t — 7).

Proof. By Lemma 4.1, the component Z has codimension at most k in P* x Al. Further Z lies in
V(t — 7), therefore ZN'V(t — 7) also has codimension at most k in P* x Al. If we identify P* x {7}
with P, then the image of Z under this identification has codimension at most k£ — 1 in P". As a
consequence, this image meets every linear subspace defined by n — k + 1 equations. This shows
that the fibre of (7,~) under the map 74 meets Z for every choice of v, proving the claim. [

Lemma 4.5. Let Z be an irreducible component of VP(G1,...,Gy) such that the projection of Z
onto Al is surjective. Then ﬂ't’u(ZH) has codimension 1 and is not contained in any hyperplane
defined by an equation of the form t = 7.

Proof. By Lemma 4.1, the component Z has codimension exactly k in P” x Al so it has dimension
exactly n + 1 — k. Therefore, Z x (P*)" **! has dimension n + 1 — k + n(n — k 4+ 1), and

zZH — <Z X (]P’”)"_kH) NV(Lo, ..., L,_) has dimension at least dim(Z X (]P’”)"_kﬂ) —n+k—1=
n(n—k+1).
Since m4(Z) = Al, and since

ZOV({t—1) CVP(Gy,...,G) OVt —1) = V(t, a1, ..., a),

and since codim(Z) = k, we have ZNV (¢t — 1) = V(x1,...,x)). Pick v such that L] = z¢, L] =
Tht1, L; = Tpyo, .-, LZ_ © = Tn. Then the linear subspace defined by these linear forms does not
meet Z NV (¢t — 1). This shows that 7 (ZH) # Al x (P 1 Since meu(ZH) is closed ([Sha94,
Chapter 1, Theorem 1.11]), we can deduce also that dimmyu(Z7) < dim(P?)"7F x Al —1 =

n(n —k+1).
Now we show that there is a point (7,7) € m.u(ZH) whose fibre meets Z# at finitely many
points. For this, we can pick 7 = 1 and ~ such that L] = L? = Tp41 and Lg = Tkt2,-.. 7L?7:—]€ =T,

The fibre only meets Z7 at the point ((1,0,...,0),7,~). By the fibre dimension theorem, since the
target and the source are irreducible, we can deduce that dim Z = dim 7y 4 (Z*). Combined with
the bounds on dim Z* and dim 7, w(Z*) shown above, we can deduce that both Z# and 7 (ZH)
have dimension exactly n(n —k +1). The final statement, that 7 4(Z) is not contained in a
hypersurface of the form V(¢ — 7) follows from the fact that for any choice of 7, the intersection
ZNV(t —7) is nonempty, and therefore we can always find a set of n — k + 1 linear equations that
meet it. O

We can combine the above observations to obtain a defining equation of m (V'(G1,...,Gk)).

Lemma 4.6. Let G1,...,Gy be forms. Define
R = Res((l —t)G1 + tm‘lil, o (L=16)Gr + twi’“, Lg,..., Ln—k)7

where the resultant is computed with respect to xq, ..., x,. Let R be the squarefree part of R'. Then
the squarefree part of TTy R is a nonzero scalar multiple of the Chow form for limy_,o VP(G1, ..., Gk).

Proof. Define Y = (Vp(Gla oo, G) X (Pn)n_k+1> NV(Lo,...,L,—k). By the main property of the

resultant (Item 1 of Definition 2.5), the roots of V(R') consist of exactly those (7,7) such that
(1-7)G1+ Tx‘lil, e, (1 =7)Gr + szk, LJ,...,L7 . have a common zero. These are exactly the
points in 7 4(Y). Thus m(Y) = V(R') = V(R), where the last equality follows since taking
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squarefree parts does not change the zero set. Let Ry € F[t] and Ry € F[t, u] be such that R = R1 R
and no factor of Re depends only on ¢ (equivalently, Ro|¢—r # 0 for all 7).
We show the following three facts regarding Ry and Rj.

1. Ri(7) = 0 if and only if VP(GY,...,G}) has a component whose projection to A! consists of
the point 7.

2. V(Ry) = m,u(<v/(G1, o GR) X (Pn)"*’““) AV(Lo,. ... Ln_k)>.

3. For each 7, the squarefree part of the specialization Ra|;—; is a nonzero scalar multiple of the
Chow form of lim;_,, VP(Gy, ..., Gg).

The image 7 (Y) is the union of the images of the irreducible components of ¥ under the map
T¢.u. By construction, the irreducible components of Y are exactly the irreducible components of
ZH  where Z is an irreducible component of VP(GY,...,G). By Lemma 4.3, the varieties ZH are
themselves irreducible, therefore the irreducible components of Y are exactly ZH.

Lemma 4.4 and Lemma 4.5 show that the codim (7rt7u(Z H )) = 1, and therefore each such image
either lies in V(R;) or V(Rz2). Lemma 4.5 also shows that if Z is a component of V/(Gy,...,Gy)
then the image lies in V(Rg). Similarly, Lemma 4.4 also shows that if Z is not a component of
V/(Gy,...,Gy) then the image lies in V(R;). These two facts prove items 1 and 2.

To prove item 3, note that from item 2 we can deduce

V(Ray) = 7Tu<<V'(G1, ..., Gp) X (Pn)"—k“) AV(Lo,...,Lo_) N V(t— 7))
- Wl,((hm VP(G, ..., Gy) % (IP")”"““) N V(Lo, ... ,Ln,k)).

t—T
By the main property of the resultant (item 1 of Definition 2.5), the zeroes of V(Ra|i=;) are
exactly those v such that L], ... ’LZ—k have a common root on lim;—,- VP(Gy,...,Gy), therefore
the squarefree part of Ra|;—, is a nonzero scalar multiple of the Chow form of lim;_,; VP(Gy, ..., Gg).
The conclusion of the lemma now follows from the fact that Rs|i—o and TT; R are scalar multiples
of each other, which can be seen as follows. We have TT; R = TT; Ry - TT; Ro. The first of these
terms lies in IF'\ {0}, since Ry € F[t] \ {0}. The second term is simply Ra|;—0, since no factor of Ry
depends only on t, therefore Ry is not a multiple of ¢. O

Using the above results, given any projective variety defined by m equations, and given any k,
we can compute a Chow form for some codimension-k equidimensional subvariety of the input that
contains every irreducible component of codimension k.

Lemma 4.7. Let F,...,F,, € Flxg,...,z,] be forms of degrees di,...,dy, with dy > -+ > dp,
and let V :=V(Fy,...,Fy). Let B CTF\ {0} be a subset of the coefficient field of F. Let k be an
integer between 1 and n, inclusive. Let G1,...,Gy and Hy, ..., Hy be random linear combinations

of {x?l_diFi}‘ ., where each coefficient is picked independently and uniformly from B. Define

Z?]
Re =TT, Res((l —BGy e (1— )G+t L, . Ln_k),

and
Ry =TT, Res((1 ) Hy 2, (1= O Hy + 2 Lo, Ln,k).

Then with probability at least 1 — 4nd™/|B|, the squarefree part of the polynomial ged(Rea, Ry)
is a nonzero scalar multiple of the Chow form for some Vi, C V where Vi, is equidimensional of
codimension k and contains every component of V' of codimension k.
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Proof. Let Vi :=V(Gy,...,Gg) and Vi == V(Hy,..., Hg). Via a union bound, we can deduce that
the following hold with probability at least 1 — 4nd™/|B|. By Lemma 2.3, every component of Vi
and Vp of codimension less than k is a component of V', and every component of V' of codimension
k is a component of Viz and V. Every codimension-k irreducible variety that is a component of
both Vi and Vi is also a component of V: indeed if Z is any irreducible component of Vi that does
not lie in V(F1,..., Fy,) then already Z does not lie in V(H;).

Assume now that all the above properties hold. By Lemma 4.6, the squarefree parts of Rg and Ry

are nonzero scalar multiples of the Chow forms of lim;_,o VP(G1,...,G) and limy_,o VP(Hy, ..., Hy)
respectively. Lemma 4.1 says the following about lim;—,o V?(G1,...,Gg): it is an equidimensional
variety of codimension k that contains every codimension k& component of V(G1,...,Gy). Further,
since lim;_,o VP(G1,...,Gk) C V(Gy,...,Gy), every component of lim;_,o VP(Gq,...,Gg) that is
not an irreducible component of V(Gy, ..., Gy) actually lies in some higher dimensional component
of V(G1,...,Gk). In the setting above, these higher dimensional components of V(Gy,...,Gg)
are exactly the components of V(F,...,F,,) of codimension less than k. The same holds for

hmtﬁo Vp(Hl, ey Hk)

Now since the Chow form of an equidimensional variety is the product of the Chow forms of
its components, the squarefree part of gcd(R¢g, Ry ) is a nonzero multiple of the Chow form of the
union of the those components that are both in lim;_,o VP(G1,...,Gy) and in limy_,o VP(Hy, ..., Hy).
From the description of these limit varieties above, and the properties guaranteed by the random
choice, every such component lies in some irreducible component of V(F1, ..., F,,), and further every
component of codimension k of V(FY,..., Fy,) is one of these common components. This completes
the proof. O

4.2 Constant-depth circuits for the Chow form

The final step to obtaining the Chow form of the equidimensional components of a given variety is
to prune the extra components. This will be carried out using Lemma 3.12 and Lemma 3.13, relying
on the interplay between geometric resolutions and Chow forms. These results require in particular
that we find a primitive element for the varieties whose geometric resolution we wish to compute
(defined in Section 3.2), which we can do by applying a randomly-chosen change of coordinates. The
proof of the following lemma is standard, see for example [JKSS04, Section 3.5].

Lemma 4.8. Let W C P™ be an equidimensional projective variety of degree D. Let B C F\ {0} be
a subset of the coefficient subfield of F. Let M e F(tUx(+1) be o matriz where each entry is picked
uniformly and independently from B. Suppose M 1is invertible. Let ¢ : P* — P™ be the invertible
linear map defined by matriz M, that is, p(a) = Mex.

Let W' be the restriction of (W) to the affine chart of points at finite distance. With probability
at least 1 —5nD/|B|, the variety W' is in projective Noether position, and x,11 is a primitive element
for ¢(W'), where r = dim W. Further, the projective closure of W' is exactly ¢(W).

We now construct a family of circuits that compute the Chow forms of the equidimensional com-
ponents of a variety, given set-theoretic defining equations for the variety in the dense representation.
We will treat part of the input as random bits, but the final output of the circuit is a Z-multiple of
the Chow forms, where the exact scaling factor depends in an unspecified manner on these random
bits.

The computations of the Chow forms involve multivariate GCD computations and factor-lifting
as subroutines, which are only developed over characteristic 0 fields. Consequently, even though the
results of Section 4.1 hold over arbitrary fields, the following results are only stated over Q.
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Theorem 4.9. There exists a polylogtime-uniform family of constant-depth threshold circuits CCHOW

mdexed by n,m,dq,...,dy, h with the following properties.

e The circuit C’S:’:‘n%?’/_“’dmh take as input a collection of forms Fy,..., Fy, € Q[xo,...,x,] of
degrees d1, . ..,d, and height at most h in the dense representation. The circuit also takes as

input 5-m - (n+ 1)3 integers of height at most h, which we denote by ai, ..., ay.

e The output of Og?s@(?d‘;\,}...,dm,h is a set of n + 1 polynomials in the dense representation. If
the inputs a1,...,a, are independently and uniformly sampled from a set of size b, then with
probability at least 1 — 100n2(nd")”2/b, the computed polynomials are Z-multiples of the Chow

forms of the equidimensional components of V(F1, ..., Fy,). Here, d denotes max; d;.

e The size of Crcl?jn(?dz\f...,dm,h is poly (h, n,m, (d+ 1)poly(n))'

Proof. Let Fi,...,Fy, € Q[xo,...,z,] be the given forms of degrees di,...,d,,. By rearranging the
inputs, we can assume d; > --- > d,,. For convenience, we let d :==d;. Let V := V(Fy,..., F,;,) be
the projective variety defined by Fi, ..., F,. If all the F; are identically zero then V = P™ and the
Chow form of every equidimensional component of V except n is just 1. The Chow form of the
component of dimension n is 0. In the rest of this argument, we will assume that at least one of the
inputs F; is nonzero, so V # P". The Chow form of the component of dimension n is then 1. The
rest of the proof will compute the Chow form of the other equidimensional components of V. Let
V=VWuViuU-.-UV,_1 be the equidimensional decomposition of V.

We will first compute, for every 0 < k < n — 1, the Chow form of a variety V;* C V that is
equidimensional of dimension k£ and contains Vj, the dimension-k equidimensional component of
V. Because Vj, C V¥, the Chow form of V}, divides that of V}*. Any points in the difference V;* \ Vj
must lie on a higher-dimensional component of V. In particular, they lie on V, C V/* for some £ > k.
We will use the Chow forms of V7, |,..., V>, to remove these extraneous factors from the Chow
form of V}¥, resulting in the Chow form of V.

The varieties Vj,...,V ; and their Chow forms. We begin by computing Chow forms of

the varieties V', ...,V using Lemma 4.7. As in Lemma 4.7, we define forms G1,...,G,_ and

Hiy, ..., H,_ each to be linear combinations of the polynomials {x?l_diFi 1< <m,0<5< n},

where the coefficients of this linear combination are the first n(n + 1)2m/2 of the integers a.. Let
{u; ;10 <i<k,0<j<n} be a set of fresh variables and define L; := u; oxo + - - - + ujnxp. Let t
be a new variable and define the polynomials

Rg =TT, Res((l G+ tah (1= )G+t L, ,Lk)
Ry =TT, Res((l ) Hy 2t (L= ) Hyg +ta% Lo, ,Lk),

where the resultants are taken with respect to the variables xg,...,x,. By Lemma 4.7, under
the assumption that the integers ai,...,a, are picked uniformly and independently, with high
probability the squarefree part of ged(Rg, Ry) is a nonzero scalar multiple of the Chow form of an
equidimensional dimension-k variety. We assume for the rest of the proof that this event occurs. We
let V¥ be this variety.

We now bound the cost of computing the Chow form of V}*. Computing the coefficients of
the forms G; and H; can be done using items 1 and 2 of Theorem 2.12 to multiply the coeffi-
cients of the polynomials x?l_diFi by the coefficients a. and then add the resulting polynomials
together. The threshold circuits obtained by invoking Theorem 2.12 are of constant depth and
size poly(h,m,n, (d + 1)pdy<n)). By Theorem 2.15 and [AGS26, Lemma 6.1], the coefficients of
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Rg and Ry can be computed by a polylogtime-uniform family of threshold circuits of constant
depth and size poly(h,n, (d + 1)p01}'(”)). To compute ged(R¢, Ry ), we apply the circuit family of
Lemma 2.13, which is a polylogtime-uniform family of TC? circuits to compute GCDs of multivariate
polynomials. These circuits in turn require “random inputs”, for which we use the next few a.’s. In
our application, these circuits have size poly(h,n, (d 4+ 1)P Oly(")). This follows from the fact that
both Rg and Ry are polynomials in O(nk) < O(n?) variables of degree at most nd™, and hence have
at most poly(n, (d + 1)p°1Y(")) nonzero coefficients; together with the fact that the coefficients of Rg
and Ry were obtained by simulating a constant-depth arithmetic circuit of size poly(n, (d + 1)p°1y("))
and thus have height at most h - poly(n, (d + 1)p01}'(n)). The failure probability is at most 2nd™ /b
for this step. We then apply Corollary 2.14 to compute the squarefree part of ged(Rq, Ry), which
can be implemented by a polylogtime-uniform family of threshold circuits of constant depth and size
poly(h,n, (d + 1)p01Y(")), again using the next few a.’s as the random bits. Similar to computing
the GCD, the squarefree part computation fails with probability at most 2n2 (nal”)”2 /b. Finally, we
normalize the coefficients of the squarefree part of ged(R¢, Rpr) so that it has leading coefficient 1
in the lexicographic order, and thus is the Chow form of V}*. In total, this part of the computation

can be carried out by a threshold circuit of constant depth and size poly(h,n, (d + 1)P¥™).

Changing coordinates to projective Noether position. Next, we will change coordinates so
that the points of V;* at finite distance are in projective Noether position and have y; as a primitive
element. To do this, we apply a linear change of coordinates using the next few a.’s as the coefficients
of the transformation. Let W} be the image of V;* under this change of coordinates, and similarly
let Wi, be the image of V. Let U} and Uy be the points of W} and W}, respectively, at finite
distance (that is, the points on the open set defined by zy # 0). By Lemma 4.8, if the a¢’s are
sampled uniformly and independently, then with probability at least 1 — 5nd* /b, the variety U s in
projective Noether position and the variable xj; is a primitive element for U;. Furthermore, the
variety W7 is precisely the projective closure of Uy, and likewise W}, is the projective closure of Uy.
By Lemma 3.1, the Chow form of W} is obtained by applying the same change of coordinates to the
Chow form of V.

We can compute the coefficients of the Chow form of W} from the Chow form of V;* by
evaluating the Chow form of V;* at a sufficient number of points and then interpolating the
coefficients of the Chow form of W;. The Chow form of V}* is a polynomial of degree at most
nd"™ in n? variables, so (nd™ + 1) < poly(n, (d + 1)P°™) evaluations of the Chow form suffice
to recover its coefficients. These evaluations can be performed using a polylogtime-uniform family
of threshold circuits of constant depth and size poly(h,n, (d + l)pOIY(")) using items 1 and 2 of
Theorem 2.12. We then interpolate back the coefficients of the Chow form of W} using the threshold
circuits in item 11 of Theorem 2.12, which again can be implemented in constant depth and size
poly(h,n, (d + 1)p°ly(”)). Overall, this step can be carried out by threshold circuits of constant depth
and poly(h,n, (d + 1)p01y<n)) size.

Computing a geometric resolution of U}}. Our next goal is to use Chow forms of the varieties
Wi Wi s, Wiy to compute the Chow form of Wj. This proceeds in three steps. First, we
compute a geometric resolution of the variety U;’. We then use the Chow forms of Wyt ;... ., W
to refine this to obtain (part of) a geometric resolution for Uy. Lastly, we lift this (partial) geometric
resolution back to a Chow form of Wj.

We start by computing a geometric resolution of U;. Rename the variables xpi1,...,2, to

Yly- - Yn—k- Let uy,. .., u,_p be new indeterminates, let I = K(uy, ..., u,), and let ¢ : K™ — KF+1
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be the linear map given by

A1, Ty Y1y Ynek) = (T1, - T, WYL + -+ Uk Yn—k)-

By Lemma 3.5, the closure of the image ¢(U}) is a hypersurface defined by a single polynomial
Q. € K[u][x,T]. Because W} is the projective closure of U}, the polynomial @} can be obtained
as a specialization of the Chow form of W} by Lemma 3.12. Because this specialization of the
Chow form only involves setting variables to 0, 1, or —1, we can compute the coefficients of Q} by
adding and subtracting the appropriate coefficients of the Chow form of W;:. This can be carried

out by threshold circuits of constant depth and size poly(h,n, (d + 1)p01y<n)) by invoking item 1 of
Theorem 2.12.

From the polynomial @}, we compute a geometric resolution of the variety Uj, following
Section 3.2. Let vo € K¥ be the point (1,0,...,0) and define the polynomials

q*(xa yl) = QZ(V(]’X) yl)

« 9Qy :
rj(xayl) 3:_6%(’/07)@@/1) ]6{17"'ank}'
J
Together, Lemmas 3.8 to 3.11 imply that ¢*,77,...,7:_, are a geometric resolution of U};. These

polynomials are obtained by specializing the polynomial @} and its first derivatives, so as was the
case with Q)F, we can compute their coefficients using threshold circuits of constant depth and size

poly(h,n, (d + 1)P°¥ (™)) thanks to item 1 of Theorem 2.12.

Removing excess components of U} in ¢*. We now execute the second step of our construction,
refining the polynomial ¢* to a polynomial ¢ that corresponds to the components of U} that lie on Wj.
For each ¢ > k, we will use the Chow form of W} to prune away the factor of ¢* that corresponds to
components of Wy that lie on W}. To do this, we apply Lemma 3.13. Let wo1,...,wrn,t1,...,t, s
be fresh variables. For 0 <14 < ¢, let g; be the polynomial

k n—k
ri(t,s
gi = Zwi,j(fl?j —tjxo) + wik+1(y1 — sxo) + Z Wi k45 <yj + i )SCO),
j=1

= q'(t,s)
where ¢'(x,y1) is the derivative of ¢*(x,y;) with respect to y;. Since gy, ..., gs are linear in the x
and y variables, we may evaluate the Chow form of W} at the coefficients of go, ..., g¢. Letting C;
denote the Chow form of W}, write the evaluation Cy(coeff(go), ..., coeff(gr)) as
Py(t,s,w)
Cy(coeff ..., coeff == 7
g( (gO); (gé)) q/(t,S)ce

where the polynomials Py(t, s, w) and ¢/(t, s) are relatively prime. Letting Pg(t, s) be the GCD of
the coefficients of P(t, s, w) viewed as a polynomial in w, Lemma 3.13 implies that

(b, ) = ged(q*(t, s), Py(t, s))

consists exactly of those factors of ¢* that correspond to components of U} lying on Uj. Equivalently,
q*(t,s)
qe (tvs)

the polynomial consists of those factors of ¢* that correspond to components of U} that do
not lie on Wy

Consider the polynomial

ss)  ged ( ¢t s) ¢t s) )

Qk-i-l(tv 5) Y anl(tv 5)
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The factors of ¢q are precisely the factors of ¢* that correspond to components of U} not contained
in any of the varieties Wp,,,..., W ;. Recall that the components of W} \ W} are contained in
Wi U UW,g CTWE U---UWy . Since we have removed factors of ¢* that correspond to
components lying on Wy, U---UW 4, it follows that ¢ consists of exactly those factors of ¢* that
lie on U. Thus, the polynomial ¢(t, s) defines the projection of Uy to the first k& + 1 coordinates, as
desired.

To compute ¢, we first compute each of the polynomials ¢, in parallel for k < £ < n. For
each value of ¢, we evaluate Cy at the coeflicients of g, ..., gs, which results in a rational function
f(t,s,w)/g(t,s,w). We then compute ged(f(t,s,w), g(t,s,w)) and divide both f and g by this
GCD, which yields the polynomials P (t, s, w) and ¢'(t, s)%. Next, we compute Pg(t, s) as the GCD
of all the w-coefficients of Py(t,s,w). Finally, we have ¢ (t,s) = ged(g*(t, s),pg(t,s)). Each of
these steps can be implemented by a polylogtime-uniform family of threshold circuits of constant
depth and size poly(h,n, (d + 1)p01y<n)): evaluating Cy and the divisions are carried out using the
multivariate polynomial arithmetic of Theorem 2.12, and GCDs are computed using Lemma 2.13.
For the multivariate GCD computations, we use the a,’s for the random inputs. Further, to compute
the GCD of more than two multivariate polynomials at a time, we can invoke Lemma 2.13 with two
distinct formal linear combinations of the polynomials.

After computing the polynomials qx+1,...,¢n—1, Wwe compute g as gcd(q:;1 e qg;). The
divisions are carried out in parallel, each implemented with Theorem 2.12. Finally, we compute the
GCD of these polynomials once again using Lemma 2.13. In total, this step can be executed by a

polylogtime-uniform family of threshold circuits of constant depth and exponential size.

Lifting ¢ to the Chow form of Wj. Finally, we use the polynomial ¢(t,s) to compute the
Chow form of Wj. If q(t,s) is a constant Because W), and W} are the projective closures of Uy,
and U}, respectively, we can relate ¢ and ¢* to the Chow forms of W, and W;. Let C be the
Chow form of W}, and recall that C}, is the Chow form of W}. For 1 <i <k, let ¢; be the linear
form t;zg — z; € K[t, s][x,y], and let ¢x1 be the linear form szg — y; € K|t, s|[x,y]. Then Eq. (1)
and Lemma 3.12 imply that

Cr(coeff (¢1), ..., coeff (€r11)) = ¢*(t, s)
C(coeff(£y), ..., coeff(lr11)) = q(t, s).

So far, we have computed the coefficients of Cj, ¢*, and q. We know that C' is a factor of C and
likewise that ¢ is a factor of ¢*. To compute the coefficients of C, we will invoke Lemma 2.18 to lift
q to a factor of C, which will be precisely the Chow form C.

To use Lemma 2.18, we need to work with a specialization of the polynomials C and C' where
variables are only set to zero, whereas the specialization above sets some variables to —1. Let
{u; ;|1 <i<k+1,0<j <n} be the variables of C} and C. Define the shifted polynomials C,, and
C to be Cy and C , respectively, under the change of coordinates that performs the shift w; ; — u;; —1
for 1 <7 < k+1 and acts as the identity on the remaining variables. Then we have

L ((£1,0,...,0), ..., (t5,0,...,0),(5,0,...,0)) = ¢*(t, 5)
C((t1,0,...,0),...,(tx,0,...,0),(s,0,...,0)) = q(t, s).

To apply Lemma 2.18, we must verify that Cr and q* are squarefree, and that Cj is monic as
a polynomial in s. The squarefreeness of Cy follows from that fact that it is the Chow form of
W}, hence necessarily squarefree, while the squarefreeness of ¢* follows from Lemma 3.8. It is not
necessarily the case that Cj is monic as a polynomial in s, so to guarantee this, we apply a linear
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change of variables t; — t; + «;s, where the scalars «; are the next few a.’s. The image of C’k under
this change of coordinates will be monic in s with probability at least 1 — nd™/b.

In this new coordinate system, we can apply Lemma 2.18. Let R(u) be the polynomial obtained
by applying Lemma 2.18 and then undoing the preceding linear change of variables. The conclusion
of Lemma 2.18 guarantees that R is a Q-multiple of C', the Chow form of Wj. By normalizing R to
have leading coefficient 1, we obtain the coefficients of the Chow form C.

To carry out this computation, we shift and perform a linear change of variables on the polynomials
C and q. We then apply Lemma 2.18 to Cy and ¢ in the new coordinate system. Finally, we change
back to the original coordinate system to obtain the coefficients of C, the Chow form of W. The
changes of coordinates can both be carried out by threshold circuits of constant depth and size
poly(h,n, (d + 1)p01y<n)) by evaluating the polynomial in the new coordinate system at sufficiently
many points and then interpolating out its coefficients, both of which follow from the arithmetic
of Theorem 2.12. The lifting procedure of Lemma 2.18 can likewise be carried out by threshold
circuits of constant depth and poly(h,n, (d + 1)P OIY(”)) size, so this entire step can be implemented
by threshold circuits of exponential size and constant depth.

Computing the Chow form of Vi. The variety Wy, is the image of Vj, under a previously-sampled
linear change of coordinates. Using Lemma 3.1, we can compute the Chow form of V}, by composing
the Chow form of W}, with the inverse of this change of coordinates. This allows us to compute the
coefficients of the Chow form of V; from the coefficients of the Chow form of Wj. Once more, this
change of coordinates can be carried out by evaluating the Chow form of V} at a sufficient number
of points and then interpolating its coefficients, both using the results of Theorem 2.12. This can be
done by a threshold circuit of constant depth and poly(h,n, (d + l)pOIY(")) size.

In total, we have computed the coeflicients of the Chow form of V}, using a randomized threshold
circuit of constant depth and size poly(h,m,n, (d + 1)p01y<n)). By our guarantees on the inputs
ai, ..., ar, the resulting circuit errs with probability less than 100712(nd")”2 /b. Finally, the uniformity
of the circuit family follows from the uniformity of each of the subcircuit used throughout the
construction, together with the uniformity of the algorithm itself. O

As a corollary of the preceding theorem, we deduce that the coefficients of the Chow form of a
variety can be computed in the counting hierarchy.

Corollary 4.10. The language Lenow corresponding to the circuit family CCHOWV defined in
Theorem 4.9 can be decided in CH.

Proof. This is an immediate consequence of Theorem 4.9 together with Lemma 2.20. O

Corollary 4.10 shows that the Chow forms of the equidimensional components of a projective
variety V' can be computed in CH when a set of equations that set-theoretically define V' are given
in the dense representation. Our next corollary extends this result to the case where we are instead
given arithmetic circuits that compute equations that set-theoretically define V. This relies on
Lemma 2.23, which shows that the coefficients of a polynomial given in the circuit representation
can computed in the counting hierarchy.

Corollary 4.11. There exists a family of boolean functions GETRECHOW indexed by s with the
following properties.

o The function GSTRCCHOW takes as input the description of a constant-free, weakly division-free

arithmetic circuit of description length at most s, computing a collection of forms Fy, ..., Fy, €
Q[zo, ..., xn]. The function also takes as input 5(s + 1)* integers of height at most s°, which
we denote by ay, ..., ay.
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o The output of GSTRECHOW s g set of polynomials in the dense representation. If the inputs
ai,...,a, are independently and uniformly sampled from a set of size b, then with probability
at least 1 — 100 - 234/b, the polynomials computed are Z-multiples of the Chow forms of the
equidimensional components of V(Fi, ..., Fy,), in the dense representation.

o The language Lerrecnow corresponding to GELRCCHOW: cqn, be decided in CH.

Proof. We first describe the function GSIRCCHOW, which we denote by Gy for brevity. Suppose
the input to Gy is a circuit C' that computes forms Fi,..., F, € Q[zo,...,z,]. We can bound
both the number of variables n and the number of polynomials m by s. Let dy,...,d,, denote the
degrees of F1i,..., F,,. A straightforward induction on s shows that the degrees and heights of the
polynomials F1,..., F,, are both bounded by 2°. Define h := s° - 2°. The function G, on input
C,ay,...,ar, is defined to be the evaluation of Cg%(?d?,}...,dm,h at the coefficients of Fy,..., F,, and
the first 5-m - (n + 1) of the integers ay, ..., a,. From this description, the fact that G; computes
the Chow forms of the equidimensional components of V(F1,..., Fy,) follows from the guarantees in
Theorem 4.9.

We now show that the language Lezrecnow can be decided in CH. First note that given the
circuit C, we can compute the integers n, m, and h in polynomial time. We can compute the integers
di,...,dp in CH as follows: we nondeterministically guess each d;, a monomial in F; of degree d;
with nonzero coefficient, and a bit in this coefficient witnessing the fact that it is nonzero. These
guesses can be verified in CH using Lemma 2.23, so we can compute dy, ..., dp, in NPCH = CH.

Let H be the family of boolean functions that takes an arithmetic circuit C' as input and computes
the coefficients of the polynomials computed by C. Lemma 2.23 shows that the language Ly is in
CH. By Lemma 2.22, the description of GEZRCHOW “and Theorem 4.9, we deduce that the language
Lerreenow is in CHF# C CHEM = CH. O

We end with two applications of Corollary 4.10. Our first application is to computing the degree
of a projective variety. Because the degree of an equidimensional projective variety can easily be
computed from the degree of its Chow form, Corollary 4.11 immediately allows us to compute the
degree of both a projective variety and its equidimensional components in CH.

Corollary 4.12. Given a collection of forms Fi, ..., F,, € Q[xo,...,x,] represented as constant-free,
weakly division-free arithmetic circuits, the degree of the projective variety V(Fy, ..., Fy,) can be
computed in FPCH.

Proof. The degree of V(F1, ..., Fy,) is the sum of the degrees of its equidimensional component. For
any equidimensional variety of dimension r, the degree of its Chow form as a polynomial is r + 1
times the degree of the variety.

Let s be the description length of the input circuit C. We sample 5(s + 1)4 random integers
each between 0 and 235, call these aj, ..., a,. Consider the boolean function G¢ZRCCHOW defined in
Corollary 4.11, which we denote by G for the sake of brevity. By Corollary 4.11, with high probability
G(C,ay,...,a,) computes the Chow forms of the equidimensional components of V(F1,..., Fy,).
Assume for the rest of this proof that this event holds.

Our algorithm now nondeterministically guesses the degree of each of the Chow forms, a monomial
with nonzero coefficient of the guessed degree, and a bit witnessing the fact that this coefficient is
nonzero. Each equidimensional component of V(FY,..., F,,) has degree at most exp (so(l)), and
therefore the Chow forms also have degrees bounded by exp(so(l)). Further, the algorithm to
compute the Chow form also shows that the heights of the Chow forms are bounded by exp(so(l)).
Consequently, all the guesses that the algorithm makes have polynomial length. The algorithm then
verifies these guesses using the fact that Lezrecnow can be decided in CH.
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Once the degrees of the Chow form are obtained, we can divide the degrees by the respective
dimensions and add them up to obtain the degree of the variety. The problem of computing the
degree of the variety thus lies in the function version of BPP", which is just FP<H. O

Our second application is to deciding membership in the equidimensional components of a
variety. Suppose we are given a point a € F™*! and a list of equations that set-theoretically define a
projective variety V' C P™. Naturally, the equations defining V' can be used to test if a € V. Letting
V=VWUWViU---UV,_1 be the equidimensional decomposition of V', a natural next question is to
decide if a € V;, for some given k. Using the Chow forms of the equidimensional components of V',
we can decide these membership queries in CH.

Corollary 4.13. Given a collection of forms Fi, ..., F,, € Q[xo,...,x,| represented as constant-free,
weakly division-free arithmetic circuits, a point o € Q" and a natural number k € N, whether o
lies in the dimension-k equidimensional component of V(F1, ..., Fy) can be decided in CH.

Proof. It k >norifa ¢ V(Fi,...,Fy,), the algorithm immediately rejects. The latter condition can
be checked in randomized polynomial time by evaluating the circuit modulo a random prime [[M83].
Otherwise, we first solve the case k = 0. Let Vj be the zero-dimensional component of V(Fy, ..., Fy,).
The variety Vj is a finite set. Let Vo = {B4,...,84}. Then the Chow form C(uo, ..., u,) of Vj is a
scalar multiple of the polynomial

d

H(Uoﬁ@o +urfi1+ -+ unfin)-

=1

Thus, to test if @ € Vjp, it suffices to determine if the Chow form C(u) and the linear form
upQg + - - - + up, have a nontrivial GCD. Corollary 4.11 allows us to compute the coefficients of the
Chow form C(u) in CH. Together with the polylogtime-uniform TCY circuits for multivariate GCD
of Lemma 2.13, we conclude by Lemma 2.22 that the coefficients of the GCD can be computed in
CH. In particular, we can decide in CH if the GCD is nontrivial, and hence if @ € V. If € Vj, we
are done and the algorithm accepts.

If a ¢ Vjy, then we will iteratively intersect the variety V(F1, ..., F,,) with hyperplanes containing
o one-by-one until « lies on the zero-dimensional component of the resulting variety. If a is on
the dimension-k component of the original variety, then with high probability, @ will lie on the
zero-dimensional component after k& steps.

We now make this argument precise. By performing an invertible linear change of coordinates, we
may assume that a = (1,0,...,0). Let B C Q\{0} be a set of size 10n2°". Let L = ayjx1+---+anzp
be a linear form where a1, . .., a, are chosen independently and uniformly at random from B. We claim
that with probability at least 1 — 2°"/|B|, if e lies on the dimension-k component of V(F1,. .., Fy,),
then a lies on the dimension-(k — 1) component of V(Fy,..., F,,,L). To prove this, it suffices
to show that L properly intersects each positive-dimensional component of V(F1,..., F,,), as this
implies that the dimension of each such component drops by 1 on intersecting with L.

Let W be such a component. Because W is positive-dimensional, there is a point 3 € W different
from a. The point 8 lies on V(L) with probability at most 1/|B|. Since the variety V(F1,..., Fy,)
has degree at most 27, it has at most 2°” positive-dimensional components. By a union bound, L
properly intersects every positive-dimensional component with probability at least 1 — 2°"/|B|.

This yields an algorithm to decide on which equidimensional component of V(F1,..., F,,) the
point « lies. We iteratively sample a linear form L with coefficients in B, add L to our list of
equations, and check if a lies on the zero-dimensional component of the resulting variety. With
probability at least 1 —n2%"/|B| > 9/10, this procedure decrements the dimension of the component
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on which « lies at every step. If @ was a point on the dimension-¢ component of V(F1,..., Fy,),
then this procedure will stop after £ steps. At this point, we accept if £ = k and reject otherwise. [

Finally, we close with two remarks. The first is a remark regarding computing Chow forms of
equidimensional components of affine varieties, and the second is regarding the further special case
where the affine variety in question is zero-dimensional.

Remark 4.14. Suppose we are given polynomials fi,..., f;, € Q[z1,...,2y,], and suppose V =
V(fi,..., fm). The Chow form of the projective closure V C P" can be computed as follows. We
consider the equations F; := xg fih, where we homogenize with respect to the variable xy. Because
of the additional factor xg in each of these equations, the irreducible components of V(F1,..., Fy,)
consist of the hyperplane at infinity V(x(), and the projective closures of the irreducible components
of V(fi,..., fm). Consequently, for every k > 1, the Chow form of the codimension-k equidimensional
component of V(F1,..., Fy,) is exactly the Chow form of the projective closure of the codimension-k
equidimensional component of V(f1,..., fi,). The Chow form of the codimension-1 equidimensional
component of V(Fy, ..., Fy,) contains the Chow form of V() as a factor, and once we divide by this,
we obtain the Chow form of the projective closure of the codimension-1 equidimensional component
of V(f1,..., fm). The Chow form of V(xg) is simply the determinant of the matrix with i, j entry
u; 5, therefore it can be computed easily in CH. O

Remark 4.15. Suppose we are given polynomials fi,..., fim € Q[z1,...,2,], and suppose V =
V(fi,.--, fm). Suppose further that V' is promised to have dimension 0, and that our goal is to
compute the u-resultant of V. This can be done using the method discussed in Remark 4.14. However
in this case, we can further simplify the calculation as follows. We first compute the Chow form
of VS as described in the proof Theorem 4.9 (which is the same as its u-resultant, since W) has
dimension 0). The only points in V' that are not in V are those that lie in V(o). Therefore, all we
have to do to obtain the u-resultant of V' is to identify those factors of W) that depend on ug. By
randomly setting ug to two different values and computing a GCD, we can identify the factors that
do not depend on ug, and a final division step gives us the u-resultant of V. In this way, we can
avoid the pruning and factor lifting steps that are used in Theorem 4.9. %

5 Projections

In this section, we solve the following problem: given an equidimensional variety V' C A" of
dimension 7, and a linear map v : A" — A" described by a matrix M € FU+DX" guch that
(V') has codimension 1 for every irreducible component V' of V', compute a polynomial C such
that V(C') = ¢ (V). We call this the projection problem. Our treatment of geometric resolutions
gave us an answer to this question in the special case when v is the projection to the first r + 1
coordinates and x,41 is a primitive element: this is the content of Lemma 3.10. The computation of
the polynomial ¢ described in the statement of Lemma 3.10 is given in Section 4. In this section, we
will deal with the more general case described above.

As an application of the projection problem, we give an algorithm for the problem of approximate
polynomial satisfiability. While we only give a solution to the projection problem in characteristic
zero, our solution to the approximate polynomial satisfiability problem will short-circuit some of the
intermediate computations and will in fact be applicable even in fields of finite characteristic.
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5.1 Projections of equidimensional varieties

The general case of the projection problem can be reduced to the following case: the map v : A™ —
A"t is the projection to the first r 4 1 coordinates, and for every component V' of V, the projection
of V' to the first r coordinates is dominant. This is achieved as follows. If M is not full rank, then
P(A™) € AL Since we assume that 9)(V”’) has codimension 1 for every irreducible component V' of
V', it must be the case that M has rank r, and that ¢ (V’) = ¢(A") for every irreducible component,
therefore the defining equation for (V) is easily computed by linear algebra.

Assume now that M is full rank. Pick an invertible linear map %’ : A”t! — A" such that the
first r coordinates of ¢’ are Noether normalizing for every ¥(V’). A random linear map satisfies this
property. If we compute the defining equation of (1" 0 1)(V'), then we can use the defining linear
equations of ¢/ to obtain the defining equation of ¥(V'). Since M has rank r 4+ 1, we can now apply
a change of coordinates to A" to ensure that v/’ o ¢ is the projection to the first r + 1 coordinates.
The map 7’ 0 1) has the two required special properties. Therefore, in the rest of this section, we will
assume that 1) is the projection to the first 7 + 1 coordinates, and that the projection to the first r
coordinates is dominant for every component V' of V.

We start with a fact that relates the projection with the u-resultant of a related variety. We
do this by relating both objects to the minimal polynomial of an element of a finite dimensional
algebra. The main technical content, and the proof of the following lemma is a slight extension of
[Sch03, Proposition 1], the only difference being that we work with a set of polynomials that only
generate V set-theoretically, as opposed to ideal-theoretically.

Lemma 5.1. Let F be an arbitrary field. Let V- C A™ be an equidimensional variety of dimension
r such that projection of every irreducible component of V onto the first r coordinates is dense.
Let I C Flxi,...,x,] denote any ideal such that V(I) = V. Let K = F(z1,...,2,), and let
I' = IK[xpy1,. .., 2] Let W :=V(I'). By assumption, W has dimension zero.

Let Cy € F(xy,...,z,)u] C K[u] be a polynomial such that in K[u], the squarefree part of
Cw 1is a nonzero scalar multiple of the u-resultant of W. Let A denote the specialization of Cyy
at uyp = Typq1,u; = —liug = -+ = up—p = 0. Suppose A = C/d where C € Flxy,...,z.][xr11] is
primitive and 6 € F(z1,...,2,). Then V(C) = (V).

Proof. The ideal I’ has generators in Flz1, ..., 2. |[%r41,...,2,]. Note that W does not depend on
the choice of ideal I used to define V' set-theoretically. Let B denote the algebra K[z, 41, ..., 2,]/I".
By assumption, B is a finite-dimensional K-algebra.

Let P € Flxy,...,zy41] be a polynomial that generates the ideal rad(I) NF[z1,...,2,+1]. Then
V(P) = (V). By assumption, every irreducible component V' of V is such that the projection of
V' to the first r coordinates is dominant. As a consequence, the polynomial P, when considered
as a univariate polynomial in x,1; with coefficients in F[z1,...,x,], is primitive. Indeed, if P has
a factor P’ in Flxy,...,z,], then no minimal prime of I contains P’, and therefore every minimal
prime contains P/P’, which is a contradiction to the fact that P generates rad(I) NF[zq,...,z,].

Consider the endomorphism of B given by multiplication by x,11. Let u € K[T] denote the
minimal polynomial of this endomorphism. Since the generators of I’ lie in F(x1, . .., %) [®ri1, - - -, Tnl,
we deduce that p € F(xy,...,2,)[T]. By [CLO05, Chapter 2, Theorem 4.5]|, the roots of u are exactly
oy for a € W. Equivalently, u factors as p = ¢[[ ey (T — a1)"* for some ¢ € F(zy,...,x,) and
ne > 0. Write p = R/d, where R € Flxy,...,z,][T] is primitive, and d € F(z1,...,z,).

We first show that (V) = V(R(x,41)) in A%H. Since P defines ¢(V'), we have P € rad([/), and
therefore P € rad(I’). Consequently, when P is treated as a univariate polynomial in K[z,41], it
vanishes on «; for every e € W. The roots of R(z,41) are precisely a; for each e € W. Therefore
we can deduce that R(x,1) divides P® in K[z,41] for some a € N\ {0}. Since these polynomials
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have coefficients in Flzy,...,z,][z,+1], we can write P* = Rn with n € F(x1,...,2,)[zy4+1]. Since
both P and R are primitive, we can deduce by Gauss’s lemma that n € Flz1,...,z;|[zy41]. This
shows V(R(x,+1)) C (V).

Conversely, we have R(z,+1) € I' NF[x1,...,z,41]. As seen above, the ideal I’ has generators
in Flxy,...,z)[Tr41,...,2,), and is generated by a set of elements that generate I. We can
therefore write R(z,+1) = >, gih; with g; € Flxy,...,z,] that are generators of I, and h; €
F(z1,...,2)[Tr41,-..,2,). Clearing denominators, we get ¢ R(x,+1) = Y. g;h} for some ¢, h} €
Flz1,...,xy] such that h; = h}/c for every i. Therefore, ¢ R(x,41) € I. Since no minimal prime of
I contains a nonzero element from F[zy,...,x,]|, we can deduce that R(x,+1) € I. Consequently,
(V) C V(R(zy4+1)). This completes the proof that ¢(V) = V(R(xr41)).

Finally, consider now the specialization of Cy at us = -+ = u,—, = 0. By definition
of the u-resultant and the property guaranteed by Cyy, the resulting polynomial is exactly e -
[Tacw (o +urag)™=, for some e € K and positive integers mq. Further setting u; = —1 and
ug = Zy41, the resulting polynomial, denoted A, is e - [[ e (2r41 —a1)™*. Since Cy lies in
F(x)[u], we can deduce that e € F(x). The polynomial C' defined in the statement of the lemma is

therefore a primitive polynomial in F[z1,...,2,|[z,+1] with roots a1 for @ € W. The polynomial
R(zy41) also satisfies this property. Therefore V(C) = V(R(zy+1)). Combined with the fact that
V(R(zr4+1)) = ¥(V) proved above, the proof is complete. O

In fact by factoring an arbitrary polynomial map through its graph, we can use the above lemma
to compute the image of V under an arbitrary polynomial map to A”*!, as long as the map preserved
the dimension of every irreducible component of V. Since the computation requires computing
multivariate GCDs and squarefree parts, and since we have only developed the machinery for these
operations in characteristic zero, the following lemma applies in a more restrictive setting than
Lemma 5.1. Before we state and prove the lemma, we make a quick remark about Tseitin encodings,
and show that we can work in the dense representation while solving this problem of computing the
image.

Remark 5.2. Suppose C is a constant-free, weakly division-free arithmetic circuit of bit complexity
s that computes polynomials fi,..., fm € Q[z1,...,2,]. Let V.C A™ be the variety defined by
fi,---, fm- The Tseitin encoding of C is constructed as follows. First, we modify C' to ensure that it
has fan-in two. This increases the size and bit complexity of C' by a polynomial factor. Next, we
introduce one new variable w, for each gate v in the circuit. We then construct the following set
of equations, which we denote by S. For each addition gate v in the circuit, we add the equation
Wy — Wy, — Wy, = 0 to our set S, where v, vy are the inputs to v. For each multiplication gate v in
the circuit, we add the equation w, — (wy, X wy,) = 0 to our set S, where vy, ve are the inputs to v.
If v is an input gate with input x;, then we add w, — x; = 0 to our set S, and if v is a constant gate
with constant ¢, we add =, — ¢ = 0 to our set. For each output gate v, we also add w, = 0 to our set
S.

Suppose the circuit C had r gates, and we added a total of r equations to our set. Then S defines
a variety W C A" where the first n coordinates correspond to the variables z1, ..., x,. Consider
the map ¢ : V — W defined as follows. Given a point a € V, construct a point (o, 3) € A" by
setting the w, variables to the value obtained at gate v when the circuit C' is evaluated at a. By the
construction of the equations above, we see that (a, 3) satisfies all the equations in S. An inverse to
the map ¢ is given by projection to the first n coordinates. Once again, by the construction of the
equations, it is easy to check that the projection of a point in W to the first n coordinates is a root
of fi,..., fm-

The main advantage of the Tseitin encoding is that the polynomials in the set S are all quadratic
polynomials, and therefore can be expressed in the dense representation with a total bit complexity
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that is only polynomially larger than s. For any questions regarding the variety V' where the answer
does not change under isomorphism, this allows us to work in the dense representation without loss
of generality. An example of such a problem is deciding if V' is empty, computing the dimension of
V', or computing the size of V' (if it is promised to be finite). This is what enables [K0i96; K0i97;
AGS26] to work in the dense representation.

However, if we are deciding some property of V' that is extrinsic, that is, that depends on how V'
is embedded in A", we cannot always use the Tseitin encoding. For example, the Chow forms of the
equidimensional components of V' are not invariant under isomorphisms, and it is not clear how to
compute these from the Chow forms of the equidimensional components of W. Consequently, most
results in Section 4 worked in the circuit representation.

Consider now the problem of computing the image of a variety under a polynomial map. Suppose

we have two circuits 1 and Cy computing polynomials fi,..., f,, and hy, ..., hy, respectively. Let
¢n be the map A™ — AP with coordinate functions h;. Suppose that V(f1,..., fin) is equidimensional
of dimension p — 1, and that the image of every irreducible component of V(fi,..., fy,) under ¢y

has dimension p — 1. In this case, we can construct the graph I'y, of the map ¢y restricted to
V(f1,..., fm). This is a variety in A"P, defined by the polynomials fi,..., fm,y1 — h1,- .., Yp — hyp.
The image of V' under ¢y, is the same as the projection of I'y, to the coordinates corresponding to
the y variables.

Now the graph I'y, is itself defined by equations computed by the circuits C; and Cs. We can
then construct the Tseitin encodings of C'y and C5, obtaining a variety W that is isomorphic to
I'y such that W is defined by quadratic polynomials. The equations for W are obtained from the
circuits C1, Cs as defined above. Since the isomorphism W — I'y, is given by a projection, the image
of W under the projection to the coordinates corresponding to y is the same as the image of I'y
under the projection to the same coordinates. As a consequence, for the problem of computing
the equation of the image of a variety under a polynomial map with the above guarantees, we can
assume without loss of generality that the input is in the dense representation. %

Lemma 5.3. There exists a family of boolean functions GIM with the following properties.

o The function GTM takes as input collections of polynomials fi,..., fm € Q[z1,...,xy] and
hi,....,hy € Qlx1,...,xy,] in the dense representation. The function also takes as input
10(n + 2)2(m + p) integers, which we denote by a1, ..., a..

o The output of GEM is a polynomial in the dense representation. If V = V(f1,..., fm) is
equidimensional of dimension p — 1, and the image of every irreducible component of V. under
the map ¢n : A" — AP with coordinate functions hi, ..., h, has codimension 1, and the inputs
ai, ..., a, are independently and uniformly sampled from a set of size b, then with probability at
least 1 — 100n10d”10/b, where d = max(1, max; deg f;, max; deg h;), the polynomial computed

is a Z-multiple of the generator of the ideal of ¢pn(V)
e The language Lzaq corresponding to GTM can be decided in CH.

Proof. We start by describing the function GTM, which we denote by G for brevity. Let g1,. .., ge

denote the set of polynomials fi,..., f;,y1 — h1,...,yp — hyp. Our goal is to compute the image of
V(g1,...,9c) under the projection to the coordinates corresponding to the y variables. In the rest of
this proof, all homogenizations will be done by introducing a variable xg, and only with respect to
the variables y,, z1,...,2,. Let d; denote the degree of g; in the variables y,, x1,...,z,, and let d

denote max; d;. Let Pi,..., Py denote the set of polynomials {x?_di gf} U {y;‘f*di gf}
For 1 <i¢ < @, define Q;1 :=1¢- xﬁl + >4 i Py, where the coefficients oy, ; are the first few

Y

ae’s. Define Qpi11 =1 - yg + >k Qknt1 Py, where again the oy 41 are the next few a.’s. Let
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Q12,...,Qnyt12 be another set of polynomials defined the same way, using the next few a.’s as
coefficients. Let L denote the polynomial uoxg + - - - 4+ upy, + vyp, where u and v are new variables.
For i =1,2, let R; denote TT; Res(Q1,, ..., Qn+1,i, L), where the resultant is computed with respect
to Yp, X0, ..., Tn. Let R denote the polynomial obtained by first applying Lemma 2.13 to Ry and
Ry using the next few a.’s as the random inputs, and then applying Corollary 2.14 to the resulting
polynomial, using the next few a.’s as the random inputs. By Lemma 4.7 we can deduce that as

long as the a.’s are sampled uniformly, the product of those factors of R that depend on the variable
n+1

ug are the u-resultant of V(g1,...,9:) in Q(y1,...,Yp—1)

Let S1 be the polynomial obtained by setting ug to the next a. in R, and similarly Sy be the
polynomial obtained by setting wg to the next a. in R. Let S3 be the polynomial obtained by
applying Lemma 2.13 to S; and S2, as usual using the next few a.’s for the random inputs. Let Sy
be the polynomial obtained by using the multivariate polynomial division circuit Theorem 2.12 to
divide R by S3, and then setting ug to y,, and v to —1, and uq,...,u, to 0. As long as all the a.’s
are picked uniformly and independently, by Lemma 5.1 we can deduce that with high probability,
the squarefree-part of the y,-primitive part of polynomial Sy is the generator of the ideal of ¢ (V).
To compute the y,-primitive part, we again define S5 to be the polynomial obtained by setting y, to
the next a., define Sg to be the polynomial obtained by applying Lemma 2.13 to S5 and Sy, define
S7 to be the quotient when dividing Sy by Sg, and finally setting Sg to be the polynomial obtained
by applying Corollary 2.14 to Sy.

The boolean function G is defined so that G(f1,..., fm,h1,...,hp,a1,...,a,) = Sg. Over the
course of the construction of G, we have also shown that it computes the image of the projection.
That the language Lz can be computed in CH is at this point a routine argument. O

5.2 Approximate polynomial satisfiability

In this subsection, we solve the APS problem (Definition 1.7) by reducing it to a special structured
instance of the projection problem defined above. If the underlying field F is @, then Lemma 5.3
already allows us to solve the APS problem in CH. The goal of the rest of this section is to solve
APS over a larger class of fields, for example when F is a finite field. To this end, we will reduce an
instance of APS to a very structured instance of the projection problem. We will also crucially use
the fact that solving APS only requires us to compute the constant term of the equation defining the
projection. Essentially, we want to avoid the multivariate GCD computations that are used within
the proof of Lemma 5.3, since the machinery to perform these is only developed in characteristic 0.

In the rest of this section, we will allow the input circuits to use constants, but the encoding
of the circuit will include the bit complexity of the constants. For circuits over fields of the type
Qy1,---,yk) and Fpa(y1,...,yx), we will assume that the constants on the wires are encoded in
the dense representation. We use |C| to denote the length of encoding the circuit C' in binary. The
Tseitin encoding of our circuits will be appropriately modified to account for these constants: for
example, if gate w, computes the sum of w,, and w,, with constants a, 8 on the wires, then the
equation we add is w, — aw,, — fw,, = 0. Before we give the reduction, we will need a subroutine
to compute transcendence degrees.

Lemma 5.4. Let F be a field of the form Fpa(y1,...,yx). Given a circuit C' computing fi,..., fm €
Flxy,...,z,], the transcendence degree of fi,..., fm can be computed in FPCH.

Proof. We first show that the algebraic independence of fi,..., f;n can be decided in CH. Let d be
a bound on the maximum degrees of f1,..., fin, such a bound can be obtained from C. If m > n
then the polynomials are always algebraically dependent, so we focus on the case m < n. Fix a set
B in the coefficient subfield of F of size n3d2"”. If p* < n3d2”2, then we pass to a field extension of
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size at least n3d2"” (see [AGS26, Lemma 2.13]). Pick v, ...,y each independently and uniformly
from B. We claim that with probability at least 1 — 1/n2, the polynomials fi — a1, .., fm — aum are
satisfiable if and only if f1,..., fi, are algebraically independent.

Indeed if fi,..., fm are algebraically dependent, then the closure of the image of A™ under the
map ¢¢ = (f1,..., fm) is a proper subvariety of A™ of degree at most d". Therefore, the probability

that (o, ..., ay) lies in the image of ¢, or equivalently that f1 — aq,..., f;, — au, is satisfiable, is
at most d"/|B].
Conversely, suppose fi,..., fmm are algebraically independent. The key observation is that

¢e(A™) = A™, therefore the set of points with nonempty fiber is dense. We control the degree
of the bad set of the points that do not have any point in the fiber. To this end, consider
the polynomials f1 — z1,..., fin — 2m, Where 21,..., 2, are new variables. Consider the linear
system of equations over the field F(z) obtained by considering each x monomial in the identity
1=(fi—2z1)1+ -+ (fin — 2m)9gm, where we treat each coefficient of each g; as a variable, and
restrict the g; to have degrees at most d”. Write this linear system as Mu = v, where M is the
coefficient matrix, u is the vector of unknowns (corresponding to the coefficients of g), and b is the v
is the vector with 1 in the entry corresponding to the constant term and 0 everywhere else. Let A
be any maximal nonzero minor of the matrix M. As a polynomial in z1,..., 2y, it has degree at
most nd2™*. Let r be the size of the submatrix to which A corresponds. Finally, let Ay,..., A be
the minors of the augmented matrix [M|v] of size r + 1.

For a general choice of elements 7i,...,7, € F, the specialization of A at (y1,...,7%) is
nonzero. Further, for this general choice, fi —v1,..., fin — Ym is satisfiable, therefore by the effective
Nullstellensatz [Jel05], the rank of the augmented matrix [M|v] after specialization is the same
as the rank of M after specialization. Specifically, this implies that Aj(5),...,A¢(y) = 0, and
since = is general, we can deduce that Aq,...,A; vanish identically. From these two facts and
another application of the effective Nullstellensatz, we can deduce that for any point a € F™, as
long as A(ax) # 0, the system f; — a1, ..., fm — quy, is satisfiable. If the coordinates of o are picked
independently from B, then the above happens with probability at least 1 — nd?"”* /|B|, which is at
least 1 — 1/n? as claimed.

Once ay, ..., a, have been picked randomly, to verify if the fiber is empty or not, we can use
the satisfiability algorithm of [AGS26|. To invoke this algorithm, we must switch to the dense
representation. For this, we switch to the Tseitin encoding of the circuit C' as described in Remark 5.2.
Note that in the remark, we only described the Tseitin encoding for constant-free circuits, but the
required changes to handle the case of circuits with constants are straightforward. We can now use
the satisfiability algorithm [AGS26, Theorem 6.9] on this system, and decide if f; — a1,..., fin — am
is satisfiable in CH.

Once we have the above algorithm for checking independence as a subroutine, the transcendence
degree can be computed as follows. We start with B := &. For each ¢ from 1 to m, we do the
following: add the polynomial f; to the set B, and check if the elements of B are algebraically
independent. If they are, then we move on to the next i. If they are not, then we remove f; from B
and move on to the next i. It is clear that the set B that we end up with at the end of this algorithm
is a transcendence basis for {f1,..., fin}, and therefore the size of B is the required transcendence
degree. O

We now give the claimed reduction. Our reduction requires computation of the transcendence
degree of the input equations.

Lemma 5.5. Let F be one of the fields Fpa, Fpa(t1,. .., tx), a number field Q[o], or Q[a](ty,. .., ).
There exists a randomized polynomial-time algorithm that takes as input an instance of APS over
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a field F in the form of an algebraic circuit C, along with the transcendence degree of the input
polynomials, and returns a set of polynomials g1,...,9m € Kly1,...,Yrs1,%1,...,Tm—1] with the
following properties.

e The number of variables r +m, the number of polynomials m, and the heights of the coefficients
of g; are bounded by poly(|C|). Further, each g; is has degree at most 2.

o IfF has characteristic 0 then K = Q. If F = Fpa(t1,...,t) then K = Fu(t1,... 1) with
b/a = poly(|C).

o V:=V(g1,...,9m) C A™™ is an irreducible variety of dimension r.

e The projection of V' onto the coordinates corresponding to yi, . .., y, ts dominant. The projection
of V' onto the coordinates corresponding to yi, . .., yr+1 has dimension r. Further, the polynomial
that generates the ideal rad(g1,...,9m) NFy1,...,Yr+1], which we denote by A, is such that
the leading coefficient of A with respect to y,41 lies in F.

e The constant term of the polynomial A is zero if and only if the given input to APS is a YES
istance, namely if and only if the given polynomials are approximately satisfiable.

Proof. This reduction takes place in two steps. In the first step we transform the instance of APS
into another instance of APS with some additional structure. We then reduce this to an instance of
projection, and then further transform the instance of the projection problem to obtain the final
structure.

Let fi,..., fa € Flug,...,up] denote the polynomials computed by C, and let d be a bound
on their maximum degree. Let r denote the transcendence degree of fi,..., fs, equivalently the
dimension of ¢¢(AP). By assumption, the integer r is part of the input to the algorithm. For the rest
of this argument, we will assume that the coefficient subfield of F is larger than 100bd®, by passing
to a field extension if required (see for example [AGS26, Lemma 2.13|). Let B a finite subset of the
coefficient subfield of F of size 100bd®.

Let fi,..., f/4, denote random linear combinations of f1,..., fo, where each coefficient is picked
uniformly and independently from B. By [GSS19, Theorem 17|, the following two facts hold with
probability at least 1 — (r +1)d"/|B|: the set {f],..., f/,} has transcendence degree exactly r,
and further fi,..., f, are approximately satisfiable if and only if f1,..., f/,; are approximately

satisfiable. With probability at least 1 — 2bd®/|B|, the defining equation of the variety ¢g (A?) will
also be such that its leading coefficient with respect to every variable is a scalar.

Next, we pick b — r random linear polynomials ¢; = b; o + 22:1 b; ju; where each b; ; is picked
independently and uniformly from B. Let H denote the linear subspace V({1,...,0,_.). We
claim that ¢g (H) = ¢¢(AP) holds with high probability. With probability at least 1 — b/|B|, the
polynomials £1,...,¢,_, are linearly independent. We assume that this holds for the rest of the
argument. Let o € ¢p(AP) be any point such that the fiber Y := (;Sgl(a) has dimension b — r. Such

a point exists by the fiber dimension theorem and the fact that ¢g (AP) is an irreducible variety of
dimension 7. The variety Y has degree at most d"*! by Bézout’s theorem. By Lemma 2.2, with
probability at least 1 — 2bd"*!/|B|, the intersection Y N H has dimension 0. We can now apply
the fiber dimension theorem to the map ¢¢|y : H — A1, Since « is a point in the image of
this restricted map whose fiber has dimension 0, and since H has dimension 7, we can deduce that
¢ (H) has dimension r. Since ¢p (H) C ¢ (Ab) is a containment of irreducible varieties of the same
dimension, we can deduce that these varieties are the same.

We now compute a linear map v : A" — A such that ¢(A") = H. This requires elementary
linear algebra over F. If ¢* is the corresponding map of coordinate rings Fluy, ..., up] — Flvy, ..., v,
then the polynomials hy == ¢*(f]),..., hyy1 = *(f},) are such that ¢p(A") = ¢¢(A?). Therefore,

(0,...,0) € ¢n(A7) if and only if (0,...,0) € ¢g(A%). Equivalently, hq, ..., h, 41 are approximately
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satisfiable if and only if fi,..., f/,; are approximately satisfiable. We can thus deduce that
hi,...,hry1 are approximately satisfiable if and only if fi,..., f, are approximately satisfiable. A
union bound shows that if B has size at least 100bd®, then the above holds with probability at
least 2/3. Observe that from the circuit C, we can easily compute a circuit C’ that computes the
polynomials Ay, ..., hyy1.

With this structured instance of APS at our disposal, we proceed to construct an instance of
the projection problem. For this, we simply factor the map ¢y through its graph. Specifically,
we consider the variety I'y € A?"*! defined by the equations y; — h1(v),...,¥r+1 — hrr1(V). The
graph of any morphism is isomorphic to the source, therefore I', = A" is an irreducible variety of
dimension r. Further, the projection of I', onto the variables y1, ..., y,+1 is exactly ¢n(A"). By the
properties guaranteed above, we can deduce that the projection of I'y, onto y1,...,y, is dominant,
that the projection onto yi,...,yr41 is a hypersurface defined by a polynomial whose leading term
with respect to y,41 is a scalar, and that this polynomial has zero constant term if and only if the
original instance fi, ..., f, is approximately satisfiable. Therefore, we can solve the original instance
of APS by computing any polynomial @ such that rad(Q) = rad(y1 — h1(v),...,yr+1 — hry1(v)) N
Flyi, ..., yr+1], and checking if the constant term of @) vanishes. At this stage, the equations y; —h;(v)
are still given by algebraic circuits. We now further simplify this instance and reduce to the case
where the defining equations are given by quadratic polynomials. This will allow us to work in the
dense representation, as opposed to having to work in the circuit representation.

To reduce to this dense representation, we again use the Tseitin encoding. We repeat the
construction of the encoding here, since we want to keep track of the number of variables and
equations introduced. Given the circuit C’, we first convert it into a circuit where every gate has
fan-in at most 2. This increases the size by a polynomial factor. Let e denote the number of gates in
the resulting circuit. For each gate c in the circuit, we introduce a variable .. We now construct
a set of polynomials in the variables y1,...,¥r+1,v1,...,0, and z.. If a gate ¢; computes the sum
of gates ¢; and c; with weights o, 8 € F, we add the polynomial x., — ax.; — ﬁwcj, to our set of
polynomials. We do the same for product gates. If ¢; is an input gate corresponding to variable v,
we add x.;, — v; to our set of polynomials, and similarly if ¢; is an output gate computing f; then we
add y; — x¢,;. Therefore, our set consists of a total of e + r + 1 polynomials in e + 2r + 1 variables.
Let W denote the zero set of these polynomials. As in Remark 5.2, we have W = T'y,, and also that
the projection of W onto y is the same as the projection of I', onto y.

This instance of projection from W onto y is the final output of our reduction. We rename
the variables and indices and call the defining equations of W constructed above g1, ..., gm, and
call the non y variables x1,...,%;,—1. The polynomials g; by construction have the claimed degree
and height bounds, and by the arguments in the previous paragraphs, the original input equations
fi,..., fo are approximately satisfiable if and only if the equation defining the projection of W to
the y variables has nonzero constant term. O

Now that we have reduced the instance of APS to a structured instance of projection, we show
how this lets us solve the APS problem in CH. Note that the APS problem only requires us to
decide if the constant term of the equation defining the projection is zero or not. We do not have to
compute the constant term exactly, nor do we have to compute any other coefficient. This gives us
two advantages that we will exploit. The first is that we can perform partial substitutions throughout
the computation to simplify, as long as we ensure that zero/nonzeroness of the constant term remains
unchanged. The second is that it suffices to compute the defining equation up to a radical, since this
also does not affect the constant term. Further, since the variety whose projection we are computing
is a complete intersection, we also compute the u-resultant of the limit subvariety using a single
resultant calculation, thus avoiding a multivariate GCD calculation. Putting all these together, we
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obtain the following.

Theorem 5.6. Let IF be one of the fields Fpa,Fpa(t1,. .., tx), a number field Q[a], or Qo](t1, ..., tk).
Then APS over IF lies in CH.

Proof. Let C be the input to the APS instance. The circuit C' computes the polynomials whose
approximate satisfiability we must decide. We first compute the transcendence degree of the
polynomials computed by C. If F has characteristic 0, then the transcendence degree can be
computed in RP ([DGWO09]). If F is a finite field, then the transcendence degree can be computed
in FPPH (|(GSS19]). Otherwise, the transcendence degree can be computed in FP? (Lemma 5.4).
We then invoke Lemma 5.5 on the circuit C', using the transcendence degree computed above. This
gives us polynomials g1,...,9m € Fly1,...,Yr+1,%1,...,Tm—1]. If the coefficient subfield of F has
size less than 100(m 4 r)?2207+7) | we pass to a field extension of size at least 100(m 4 r)?22(m+7)
(see [AGS26, Lemma 2.13]). We assume for the rest of the proof that the coefficient subfield is larger
than this number, and we fix a subset B of the coefficient subfield F of size 100(m + r)?22(m+7)

Let V C A™*" denote the zero set of ¢1,...,gm. By Lemma 5.5, we know that V has dimension
r. Our goal is to decide if the constant term of the defining equation of the projection of V onto the
variables y1, ..., Yyr+1 is zero or not. We know from the reduction also that this defining equation is
monic in Yy41.

Following Lemma 5.1, we must first compute the u-resultant of g1, ..., gm, treated as polynomials
in L{y,41,21,...,2m—1], where L := F(y1,...,y,). In A", the zero set of g1,..., gm is zero dimen-
sional. Consequently, we can directly apply the method of generalized characteristic polynomials to
g1, - - -, gm as follows. We define G; = gZh—I—t-x?eggi for 1 <i < m—1, and define G,,, == g”, +t-y§iglgm7
where the degree is computed only with respect to the variables x1, ..., zm—1,Yr+1, and we homoge-
nize by introducing a new variable z. We define L = ugz+vy,41+ Zf:ll w;Ti, where ug, ..., Upm_1,V
are new variables. Define R := TT;Res(G1,...,Gn, L). By [ler89, Lemma 2.6], we can deduce the
following about the polynomial R: in the ring L[y,+1, 21, ..., ZTm—1], the squarefree part of R is a
L-multiple of the u-resultant of a limit variety lim; o VP (g{”, cee gﬁl) Specifically, if we consider
the product of those factors of R that do not depend on wg, then the squarefree part of this product
in L{yy4+1,21,...,2m—1] is a L-multiple of the u-resultant of ¢1,. .., gm.

Suppose R = R Ry, where Ry is the product of those factors of R that do not depend on ug, and
Ry is the product of the factors that depend on ug. Let R3 be the polynomial obtained by specializing
Ry at ugp = yp4+1 and v = —1 and uy,...,un—1 = 0. The polynomial R3 lies in Flyi, ..., yr41].
Suppose R3 = R4 Rs5, where Ry is the product of those factors of R3 that depend on ¥,.11, and Ry is
the product of factors that do not. By Lemma 5.1, V(Ry) is the closure of the image of V' under the
projection to the y variables. Our assumptions also ensure that after rescaling R4 and Rs5, we can
assume that the polynomial R4 is monic in the variable 1.

As described above, we will apply partial substitutions when carrying out the above computation.

For this, it is important to study the factors of Ry more closely. Let S € Fly1,..., Y, g, -« ., Um—1, V]
be an irreducible factor of Ry. We can uniquely write S as S = S1 + (v — 1)S2 + 5455, with the
following properties. The polynomial S lies in the ideal generated by u1,...,u;,—1, and none of
S, S84, S5 depend on uq, ..., up—1. The polynomial Sy lies in Flug, y1,. .., yr, v], and none of Sy, S

depend on v. The polynomial Ss lies in F[y, ..., y,], and finally, every factor of Sy € Fly1, ..., yr, uo]
depends on the variable ug. It is easy to see that the polynomial R4 described above is exactly
[1g Sa, with the variable uy renamed to y,41. Here, the product is over all the irreducible factors of
Ry. Since Ry is monic in y,41, each of the Sy is monic in ug. This will be crucial later on in the
proof.

Pick a1,...,am—1 and By, ..., 5 uniformly and independently from the set B C F. Define P
to be the specialization of R at y; = 61p,...,yr = Brp and u; = 14, ..., Um—1 = Qm_1¢, Where
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p, q are new variables. We have P = Ry (p, q,v)Ra(uo, p,q,v). We claim that the constant term of
TT, TT,—1 TTy P is zero if and only if the constant term of Ry is zero.

Since both substitutions and trailing term operations commute with products, we show the
above claim by considering the factors of P. First consider R;(p, q,v). Since the «y, §; are picked at
random, with high probability Ri(p,q,v) # 0. Therefore, TT), TT,_1 TT R1(p, ¢,v) is a nonzero
constant, and does not affect our claim.

We now study Ra(ug,p,q,v). Fix a factor S of Re. Writing S = S; + (v — 1)S2 + S4S5 as
described above, the image of S under the substitution, denoted by S’, is S’ := ¢ - S} (uo, p, ¢, v) +
(v = 1)S(uo, p,v) + S} (uo, p)St(p), where S, 55,57, Sy are obtained by specializing S1, S2, Sy, S5
respectively. We thus see that TT,;S" = (v — 1)S5 + S}5%, and consequently TT,_; TT, S’ = S} SE.
Finally, with high probability, S} and S; are nonzero, since Sy and S5 are always nonzero, and
TT, S; is always a nonzero constant. Therefore TT), TT,_; TT; S’ is a nonzero scalar multiple of
TT, Sj. Since Sy is monic in ug, every factor of S} is bivariate polynomial that is monic in wug.
Consequently, TT),, S is the product of the constant terms of the factors of S written as polynomials
in p with coefficients in F[ug]. This is exactly the polynomial obtained by setting y1,...,y, to 0 in
S4. Therefore, the constant term of TT), S} is zero if and only if the constant term of Sy is zero.
Taking a product over all the factors, we see that the constant term of TT, TT,_1 TTy Ra(uo,p, q,v)
is nonzero if and only if the constant term of R4 is nonzero. By a union bound, all the above high
probability events hold with probability at least 2/3.

Finally, we show how the above short-circuited computation can be carried out in CH. Starting
with the equations gy, ..., gm, we compute the polynomials G, ..., Gy, described above, and the
polynomial ugz + vy,41 + Z:i_ll u;x;, all in the dense representation. We replace every y; by B;p
for 1 < ¢ < r and every u; by a;q for 1 <4 < m — 1. This can be done in polynomial time in
the dense representation. By [AGS26, Theorem 6.7], we can compute in CH the coefficients of the
multivariate resultant of the above polynomials, treated as forms in the variables x1, ..., Zm—1, Yr+1-
This resultant is exactly the polynomial P described above. *

Next, we can nondeterministically guess the degree of the trailing term with respect to ¢ in P
and verify all smaller monomials in ¢ have zero coefficient. This allows us to compute the coefficients
of TTy P in CH. To compute the coefficient of TT,_;, we again nondeterministically guess the
valuation of TT,; P with respect to v — 1. To check that our guess is correct, for each smaller
valuation, we use the circuits for polynomial division (Theorem 2.12) along with Lemma 2.22 to
divide TT, P by the appropriate power of v — 1 and verify that the remainder is 0. This task can be
carried out in CH. To compute TT, TT,_1 TT, P, we simply repeat the above procedure. Finally,
all that remains is to check if the constant term of the resulting polynomial is 0, which can be
performed in CH. O
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