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Abstract

We give fast algorithms for low-rank tensor decomposition. Over R and C we give a deter-
ministic algorithm that takes as input an order-d, width-n, rank-k tensor, gets measurement
access to the tensor, runs in time EOK?) . poly(n,d), and finds a minimal decomposition as a
sum of rank-one tensors. This algorithm also immediately gives an algorithm for tensor rank
computation with similar time complexity. This improves upon the previous best runtime of
KOk - poly(n, d) by the work of Bhargava and Shringi.

In particular, we get the first subexponential time algorithms for tensor decomposition of
order-d tensors of rank as large as v/n/logn. One interesting consequence is that the run time
of our algorithm for decomposing order-d tensors approaches the fastest algorithms we know for
decomposing order-3 tensors (20(’“2) -poly(n)). Moreover, known NP-hardness results for tensor
rank computation suggest that an exponential dependence on k is necessary.

Our approach is via the equivalent problem of proper learning for the class of set multilinear
depth-3 circuits of top fan-in k. The main technical tools involve iteratively applying appropriate
pseudorandom projections combined with solving multivariate polynomial systems.

1 Introduction

A tensor is a multi-way array 7' € F"1*"2XX"d with entries denoted by Tj, 4,.. 4, for i; € [nj],
where d is the order of the tensor, and width n = 2?21 n;. Tensors are higher-dimensional analogs
of matrices. A rank-1 tensor is an array in F™1*"2%-"d expressible as a1 ® a3 ® ... ® agq, where ®
denotes the Kronecker (outer/tensor) product, for a; € F™,...aq € F™. The rank of a tensor T is
the minimum k such that 7" can be written as a sum of k£ rank-1 tensors.

Tensor Decomposition is the algorithmic task of given a rank k tensor T, finding the con-
stituent k rank-1 summands of 7. For a tensor T, measurement of T with respect to vectors
v € F™M ... vy € F™ is the quantity Z(il,...,z‘d)e[m]x...x[nd] Tiy,...iqV1,i1 V2,05 - - - Vd,ig-

Tensors are fundamental objects in mathematics and computer science and the tasks of finding
the rank and minimal rank-1 decomposition of a given tensor are important and central problems in
computer science, with applications throughout statistics, signal processing, data science, complex-
ity theory, and machine learning. Just in machine learning, it appears as an important primitive for
obtaining efficient algorithms for phylogenetic reconstruction [MRO05], topic modeling [AFHT12],
community detection [AGHK14], independent component analysis [MW19], and learning various
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mixture models [HK13, JO14]. We refer the reader to detailed monographs [Lanl2],[Moil8] and
references within for more background and applications of tensors.

Unlike matrices (which are tensors of order 2), the tasks of computing the tensor rank and tensor
decompositions of higher order tensors are significantly more challenging. Hastad [H&s90] showed
that determining the tensor rank and finding the tensor decomposition is an NP-hard problem for
d > 3. Thus, we do not expect to find a polynomial-time worst-case algorithm for the problem.
In fact, a follow-up work of Schaefer and Stefankovic [SS16] gives a reduction from solving general
multivariate polynomial systems to computation of tensor rank. Formally, this work shows that for
any field F, given a system S of polynomial equations in F[z1,...,z,], we can in polynomial time
construct a 3-dimensional tensor Ts and an integer k£ such that S has a solution in F ¢ff Tg has
rank at most k over F. Thus, the problem becomes undecidable over Z', while it is NP-complete
over finite fields.

Despite the hardness, the tensor rank problem is still extremely interesting under various re-
laxations or restrictions of parameters. An important setting and one which has received a lot of
attention is when the input tensor comes from a random distribution, or we add a perturbation with
noise (smoothed analysis model) [GVX14, BCMV14, AGJ15, MSS16, Wei23]. Another well-studied
case is when the vectors defining the rank-1 components of the input tensors are generically chosen,
i.e., do not follow a set of polynomial constraints [LRA93, JLV23, Koi25, KMW25].

In the study of tensors and tensor decompositions, a very natural question to ask is the following
- is the minimal decomposition of the tensor as a sum of rank 1 tensors unique? There have been
several works trying to understand criteria under which such uniqueness results can be proved
[Kru77, LP23], and perhaps the most well known of these is the theorem of Kruskal [Kru77] which
gives a simple and clean criterion under which a tensor is guaranteed a unique minimum-rank
decomposition. Recent exciting works have explored algorithms for tensor decomposition when
the input tensor satisfies these uniqueness conditions [BSS26] and also in some situations trying to
obtain decompositions in more general settings [KO25].

The goal in this paper will be to obtain the fastest possible algorithms in the worst case set-
ting, when the input tensor is arbitrary but has bounded rank. This study was initiated recently
in [BSV21], where the authors gave a poly(n,dkk) time algorithm, which was a polynomial-time
algorithm for constant rank tensors. A natural next goal was to improve the run time to get
polynomial run time even with super constant values of k, for instance an algorithm with running

time that has FPT style dependence on the rank of tensor, i.e. f(k) - poly(n,d) for some function
O(k)
f(k). In [PSV24], this was achieved, where the authors presented a randomized Kk poly(n, d)

time algorithm. The work of [BS25] significantly improved this running time - this work gave a
deterministic poly(kkw, n,d) time algorithm, thus derandomizing the previous work and also giving
a much better dependence on k. Due to the NP-hardness of tensor rank computation, it is widely
believed that an exponential dependence in k£ on the running time is expected for the tensor de-
composition problem?. This still leaves a large gap in our understanding of the polynomial in the
exponent of the best tensor decomposition algorithms. In this work we try to bridge this gap and
give significantly faster algorithms for the low-rank tensor decomposition problem.

Our result (informal): Let the underlying field be R or C. Let T € F™**"d be an order d
tensor with n = Zie[d] (n;). Let k be an upper bound on the rank of T

! Also, by a recent result [Ope26b], it is undecidable over Q

2Note that tensor rank computation is simpler than tensor decomposition with smallest k, since the tensor de-
composition algorithm can iterate over all values of k£ and find the least one where there is a decomposition - and
this will compute the tensor rank



Given k and given measurement access to T, there exists a deterministic algorithm that runs in
time poly(k‘o(kQ), n,d) and computes the tensor rank of T as well as the minimal decomposition of
T as a sum of rank 1 tensors.

Our runtime also depends polynomially on the bit complexities of a representation of 7 as a
sum of k rank-1 tensors (as do the prior works mentioned above). For a more formal theorem
statement, see Theorem 1.1.

Several of the prior works that study worst-case tensor decomposition, as well as our current pa-
per, study it through the lens of reconstructing set-multilinear depth-3 arithmetic circuits. Indeed,
through this lens, it follows that tensor evaluations exactly correspond to evaluations of a certain
set-multilinear depth-3 arithmetic circuit, and the tensor decomposition problem corresponds to
reconstruction algorithms for this class of circuits. We now describe this equivalence and then
restate our results in the language of polynomial reconstruction.

1.1 Reconstruction of Arithmetic Circuits

Arithmetic circuits are directed acyclic graphs (DAGs) that succinctly compute multivariate poly-
nomials. They have variables as the base, and repeatedly use addition (+) gates and multiplication
(Xx) gates to compute polynomials.

The problem of Reconstruction of arithmetic circuits is as follows: Design an efficient algorithm
(randomized or deterministic) that, given black-box access to evaluations of a polynomial computed
by an arithmetic circuit C' from a class C, outputs a circuit C’ computing the same polynomial as
the input circuit. This is the algebraic analog of exact learning for boolean circuits [Ang87]. If
there is an added constraint that the output circuit C’ also needs to be from the same circuit class
C, then we call the task proper learning.

Tensor Decomposition and Reconstruction of Depth-3 Set-Multilinear Arithmetic Cir-
cuits For a tensor T € F™**"d consider the set-multilinear polynomial f7 over the variable
sets X1,...,Xg with X; = {x;1,...,2ip,} as follows:

fT = Z Elymyidxlﬂlxzig e xd’id,
(i15--sia) €[n1] X .. X [nd]

If fr can be computed by a depth-3 set-multilinear circuit with top fan-in k& (denoted by
YII%y, x;(k)), then fr has the form

kod
fr=> 11k

i=1j=1

where [;; is a linear form in the X; variables. For each linear form [;; € F[X}];, we can look at
its dual form, which corresponds to the vector v(l;;) € F™. The above form therefore gives us a
corresponding rank-k decomposition of T" as

k
T=> (1) ®0(12) @ ... ® v(lia)-
=1

Similarly, one can go from a rank-k decomposition of T" to a set-multilinear X113, x, (k) repre-
sentation of fr. The blackbox evaluations of fr correspond to measurements of T, and have been



studied in several models [FS12, CM20] along with [BSV21, PSV24, BS25]. We recommend the
reader to Section 3.2 for more details of the equivalence.

The problem of reconstructing arithmetic circuits is central in algebraic complexity, but remains
notoriously difficult. Recently, several algorithms for various restricted but natural subclasses of
arithmetic circuits have been developed [BBBT00, KS01, KS06, GKL12, FS13, BSV20, ST26].

Special attention was given to depth-3 arithmetic circuits for their connections to various notions
of rank, and structural results in polynomial identity testing (PIT) [Shp07, KS09, Sinl6, Sin22,
SS25, SSV26], where we now have quasi-polynomial-time randomized algorithms for constant top
fan-in circuits. Set-multilinear and multilinear depth-3 circuits have also received a fair bit of
attention for their connections to tensor decompositions [BSV21, PSV24, BS25]. These questions
have also been explored when the input circuit is generic [GKL11, GKQ14, KNST19, KNS19,
KS19, GKS20, BGKS22], and these found connections in capturing learning problems for various
interesting models.

In this work, we will focus on the model of set-multilinear depth-3 circuits of top fan-in k, and
try to obtain fast algorithms for this model when & is bounded.

1.2 Our Results

In this paper, we will give a worst-case tensor decomposition algorithm for tensors of rank-k
(or equivalently, reconstruction of set-multilinear ¥1IX; x; (k) circuits) with running time kO .
poly(n,d). In the language of circuit reconstruction, the algorithm will assume black-box access to
evaluations of the circuit (equivalently, measurements of the tensors) over the field. When F =F,,
if |F| < O(d), then we allow evaluations from an extension field of F.

Theorem 1.1 (Learning XY, x, (k) circuits). Let F = R, C, or F,. Let f € F[Xy,...,Xq] be
a degree-d, n-variate set-multilinear polynomial (n =3 ciq(|X;])) computable by a set-multilinear
YXy, x; (k) circuit C. Then

e Suppose that F =R or C, and C has all constants in Q, with bit complexity at most 7. Then
there exists a deterministic algorithm that knows n, k,d, T, makes blackbox queries to f, runs
in time KO*?) -poly(n,d, ) and outputs a set-multilinear 11X, x,; (k') circuit over F com-
puting f, where k' < k is the smallest integer such that f has a set-multilinear YIIY, x; (k")
representation over .

o Suppose that F = F,. Then there exists a randomized algorithm that knows n,k,d, makes
blackbor queries to f, runs in time KOk -poly(n,d,logq) and outputs, with high probability,
a set-multilinear ZHEquj(k:’) circuit over Fy computing f, where k' < k is the smallest
integer such that f has a set-multilinear 11X, x, (k") representation over F.

Note that even if the circuit C' has rational numbers appearing as coefficients, the output circuit
might have algebraic numbers appearing in its representation. However, they will be efficiently
representable, with complexity at most KOk . poly(n,d, 7). Essentially, the complexity of the
output coefficients is what is guaranteed by a multivariate polynomial system solver which takes
as input poly(k¥) equations over O(k?) variables and of degree O(k), with coefficients that have
complexity 7 (See Theorem 13.11, [BPRO6]). For the case of F = I, our output circuit will be in a
ko(k2)-degree extension of Fy, but the algorithm will be computing the X113, x; (k') representation
over F, with minimum &’. This also comes from solving a similar system of polynomial equations
(See Theorem 2.1, [R0j99]).



Our run-time directly improves on the previous best algorithm by [BS25], which had a run time
of poly(k‘kw, n,d). In [BS25], the algorithm combines structural analysis of the circuits combined
with off-the-shelf algorithms for polynomial system solving. The algorithm of [BS25] needs to solve
instances of systems of KOk polynomial equations in O(k®) variables and of degree O(k?), but
they did not use the state-of-the-art system solvers. By using the improved system solvers as
used in this work, this immediately improves their runtime to poly(k:k6, n,d). The current work
improves it significantly, giving a runtime of poly(k’“Q7 n,d) by using stronger analyses of projections
of circuits. Our run time approaches the best run time known for constant-order tensors (which is
poly(2k2,n, d)) up to a logarithmic factor of k in the exponent.

Due to the equivalence between the above model and the tensor decomposition problem, we
immediately get the following corollaries.

Corollary 1.2 (Decomposing rank k tensors from measurements). Let T € F"1*" %" phe an order-
d tensor over F = R or C, with rank at most k and coefficients in the rank k representation from Q
with bit complexity 7. Let n = Zglzl n;. Given the values of k and n, and given black-box access to
measurements of T (equivalent to evaluations of fr ), there exists a deterministic poly(ko(k2), d,n, )
time algorithm for computing the tensor rank of T and a minimal decomposition of T as a sum of
rank 1 tensors.

Note that in the above algorithm there is an additional polynomial dependence on 7 where 7 is
an upper bound on the bit complexity of some representation of 7 as a sum of k rank 1 tensors.
The above algorithm gives the first polynomial-time algorithm for tensor decomposition and

tensor rank computation for the rank as large as any function in 0( lolg?ﬁ) gn) as well as the first

subexponential algorithm for rank as large as any function in o (\/ n/log n)
Note that if we do not have access to measurements but only query access to the entries of the
tensor, then we can recover access to the measurements by a polynomial overhead of n¢.

Corollary 1.3 (Decomposing rank k tensors). Let T € F"1* %" pe an order-d tensor over F = R
or C, with rank at most k and coefficients in the representation from Q with bit complexity 7. Let

d . . . e e . O(k2 0(1)
n=>y i 1n;. Given T as a grid, there exists a deterministic k (k%) -poly(n,d, ) - (Hje[d] nj)
time algorithm for computing the tensor rank of T and a minimal decomposition of T as a sum of
rank 1 tensors.

Even in this setting, we give the first subexponential tensor decomposition for k = o (\/n / log n)
and d = o(n).

AT disclosure

LLMs were used only for minor copy-editing and for improved clarity of exposition. The generation
of proofs and essentially all the writing was by the human authors.

2 Proof Overview

Our algorithm will involve several instances of solving systems of multivariate polynomial equations
along with several variable reduction procedures that ensure that the number of variables these
systems depend on is small, i.e bounded by O(k?). It is known that over R and C, any system of
polynomial equations in ¢ variables with m equations and degree r can be solved deterministically



in time poly(r! - m). In order to keep the run time efficient, we will make sure each system we are
solving has at most O(k?) variables and of degree at most O(k).

The most basic version of how we can reduce rank-k tensor decomposition to polynomial system
solving in O(k?) variables comes from considering low or constant dimensional tensors, and we first
describe how to do this. Such a procedure was already observed in several works.

We note that naively, doing the same for d-dimensional tensors would reduce to solving systems
in O(d - k?) variables, which is too much.

It will be helpful to describe our algorithms using the perspective of reconstruction algorithms
for set multilinear ZHEU]. Xj(k) circuits, and henceforth in the proof overview we will stick with
the language of reconstruction algorithms for set multilinear XII%, x; (k) circuits. Recall that the
setting is that we have blackbox access to a polynomial f that is computable by a circuit C' that is
a set multilinear XX, x; (k) circuit, and we are trying to output a set multilinear XII¥,; x; (k')
circuit C’ for f with the smallest possible value of k’. Note that if the representation of C' has bit
complexity bounded by 7, then it is possible that another representation of f with smaller top fanin
might have bit complexity significantly larger than 7, and our algorithm needs to address these
issues. For the purpose of the proof overview, instead of learning a representation with the minimal
k', we will show how to learn a representation as a XII¥ x; (k) circuit, a setting where we are
already promised that there exists a circuit computing f with constants of bounded bit complexity.
This already will contain most of the ideas in the final proof. Additional care is needed to output
representations with minimal top fanin, but we skip that for the purpose of the proof overview.

As a first step, we will show how to obtain reconstruction algorithms for set multilinear
YIIXy, x; (k) circuits of constant degree (which corresponds to constant-order tensors).

Reconstruction of constant degree set multilinear X113, x. (k) circuits: This corresponds
to reconstructing set multilinear X1, x, (k) circuits of constant degree, given blackbox query
access to the underlying polynomial f. Suppose the degree of f is r where r is a constant.

Let us fix a representation C of a circuit computing f as follows:

C=> Ti=> ]I ts
i€[K] i€[k] jelr]

where ¢; ; € F[Xj];.

The total number of linear forms appearing in the underlying circuit C' is at most k - r, with
k linear forms in each set of variables. It follows that the number of “essential variables” (See
Definition 8) in each set of variables is at most k. By applying an appropriately constructed
invertible linear map to each set of variables (Lemma 3.17), we first reduce our reconstruction
problem to one where each set of variables has only size k.

We now set up a system of polynomial equations whose solution will give us the coefficients of
the linear forms appearing in some set multilinear 3113, x, (k) circuit for f.

Let the coefficients of the linear forms ¢; ; be the variables in the system, and thus we have
k% - r unknowns. By polynomial interpolation, we can compute the monomial representation of
the polynomial f that is computed by C. By multiplying out the expression with the unknown
variables in the expression Zz‘e[k} Hje[r] ¢; j, we observe that each coefficient of the monomials in
X1, Xs,...,X, is a polynomial in the unknown k? - r variables. Equating it with the coefficients
of monomials after interpolating f gives a system of polynomial equations in the k2 - r variables.
Clearly, any solution would give a ¥1IX,; x; (k) circuit computing f.

This above described algorithm is not new, and indeed variations of this appeared in [BSV21,
PSV24, BS25]. The challenge is to do this for large values of d and still do this using polynomial



systems in only O(k?) variables.

Low rank X113, x, (k) circuits This is the case where our circuit C is as follows:

C=> Ti=> ]I ts
i€k i€[k] j€[d]
where fz‘,j € F[th.

The degree d might be superconstant, but we have a promise that the subspace spanned by
all the d - k linear forms in the circuit is only O(k)-dimensional. Notice that in this model this
automatically implies that the degree d is at most O(k) and indeed it could be even much smaller.
This quantity, dim(span({¢; ;})) is called rank(C)?.

It is not too hard to show that this case is not so different from the previous case.

The main idea is to reduce the number of variables in each variable part (by applying invertible
linear transformations), such that the number of variables across all variable parts at the end equals
the rank (which we assume is O(k)) , and at the same time we have preserved the set-multilinear
structure. We then construct a system of polynomial equations whose unknown variables are the
coefficients of the variables in the linear forms in the circuit, and such that the solutions correspond
to set-multilinear XII¥,,; v, (k) circuit representations for f. Solving this system gives us what we
want. If we do the accounting carefully, this system still only has O(k?) variables.

Low degree XIIY, x; (k) circuits This is the first challenging case. We consider set multilinear
YIIXy, x; (k) circuits whose degree is at most 5k (it could have been anything that is O(k), but 5k
will be a convenient choice in the proof). Observe that such circuits could have rank as large as
O(k?) and hence naively recovering the circuit by solving a system of polynomial equations would
have k3 variables, even after mapping the circuit only to its “essential variables”.

The main idea is to consider a projection of the circuit, where only a few variable parts are kept
alive and the rest are set to random (or pseudorandom) constants. This projection will make the
rank small enough to use the reconstruction algorithm in the low rank case to reconstruct some
representation (need not be unique) of the projected circuit. Yet, the projection will also keep the
rank large enough that rank bounds for XI1¥,, x, (k) circuits (see Theorem 3.9) will be helpful to
reveal some information about the original hidden circuit C'. Now suppose only the variable parts
indexed by S C [d] are kept alive, and the projected circuit is Cs computing some polynomial
fs. The reconstruction algorithm might return another XII%, ;. x, (k) representation of Cg, say Cg.
Now we know that there exists a “lift” of C's to C, but we do not know that Cg can be lifted to
get a XIIX; x; (k) circuit representation of the original polynomial f. This is where rank bounds
for ¥TI%,, x; (k) circuits (see Theorem 3.9) come to our rescue. We see that Cf still reveals a lot
of information about Cg. Since C's — C'y = 0, the rank bounds imply that a significant number of
linear forms appearing in Cg also appear in Cjg. Indeed, we can show that all the linear forms in
Cs which do not have this property lie in a subspace W of dimension at most 4k — 2.

By an iterative and exhaustive search, we will show that we can assume the algorithm “knows”
the set of all linear forms in Cg except those that lie in W, and it also knows which gates they
appear in. Thus we would have learned a big chunk of Cg (all linear forms but for those that
lie in the low-dimensional space W). Now we undo some part of the projection and make more
variable parts “alive”. Thus we have grown the set S to a larger set S’. We set up a new system of
polynomial equations (still in O(k?) variables) to learn a set multilinear XIT%y, x, (k) representation

3When we formally define the rank, we will strip out the common ged of the product gates and then look at the
span of the leftover linear forms.



of fg/ (this is a variation of the low rank reconstruction algorithm) that is consistent with the linear
forms learned previously, and it allows us to learn even more linear forms, now from Cg/, since we
now have more variable parts to learn from. We keep doing this until all d variable parts have
been made alive (or unprojected), and the final polynomial system that we solve then yields a
YIIY, x; (k) representation of the full unprojected polynomial.

General (high degree) YIIY  x, (k) circuits As in the previous case, carefully constructed
projections will again play a crucial role. We will consider a projection of the circuit C' to only the
first 5k variable parts, by substituting appropriately chosen field constants into the other variable
parts, such that certain nonzeroness properties of the resulting circuit are preserved. Let the
resulting circuit be Cg. After the projection, we are in the bounded degree case, and we can
use the reconstruction procedure described above for degree 5k circuits. The reconstructed circuit
output by the algorithm might not equal Cyg, though it will compute the same polynomial as Clg.
Let us call it C'y. Note that C'g might not be liftable or extendable to a set multilinear X11%,; x, (k)
representation of f, though by construction, we know that Cg is liftable.

We will use rank bounds to show that the learned circuit C will be “close” to Cg. We will
use this closeness to show that every product gate in C's agrees with some other product gate in
C% in all but very few linear forms. By a careful accounting we will conclude that there are k + 2
variable parts such that restricted to those parts, the gates in Cy can allow us to recover all the
linear forms in Cg. Once we have all the linear forms in several of the variable parts, this turns
out to be specially useful, as we will now describe.

Let the input (within the blackbox) circuit C be of the form C' = 3";c Ti = e [Lje(q Ginj-

Since there are k + 2 variable parts wherein we have learnt all the linear forms, WLOG let
us assume we know the parts corresponding to [k + 2]. Thus for each i € [k], the algorithm
has learned the linear forms in gate 7T; corresponding to the variable parts in [k + 2]. Let A; :=
[Ljcpkso bij- Clearly, for all i € [k], A; divides T;, and we are in the case where we have learned
A1, ..., Ai. By some initial preprocessing we will assume ged(T1,...,T;) = 1, and hence it follows
that ged(Aq,...,Ax) = 1 as well. Note that thus C is of the form Ele A; - B; where each B; is
a product of linear forms. Moreover each A; is supported on the first k + 2 variable parts and
each B; is supported on the remaining variable parts. We first illustrate a simple case. Suppose
Aj,..., A are linearly independent. Observe that by plugging in suitable values to the variables

of X; for each i € [k + 2|, we get access to linear combinations (over the base field) of By, ..., By
where we know the coefficients of the linear combination. By doing this for enough values, and
using the assumption that Aq,..., Ay are linearly independent, we show that we can in fact get

enough linearly independent linear combinations, so that we can actually recover blackbox access
to the individual B;’s themselves. Once we can do this, we can apply a basic factoring algorithm
to learn the linear forms of each B; and we are done.

However in general there is no reason for the A;’s to be linearly independent. Here is another
situation that can arise. A1 = Ao, but Ao, As, ..., A are linearly independent. Thus the circuit C
looks like

Az(B1 + Ba) + A3 - B3 + -+ + Ay - By,

Notice that this is again ok, since As, As, ..., Ay are linearly independent and we can individually
obtain blackbox access to the things they are multiplying, i.e. to By + B2, Bs, ..., Bi. However
By + By is a ZHZuj Xj(2) circuit, and we can assume recursively or inductively that we have
reconstruction algorithms for ¥II%,, x, (k') circuits efficiently for all &' < k. Thus we can learn a
IS (2) representation for By + By given blackbox access to it.



Here is yet another situation. Suppose that Ay = As + As, and Ao, As, ..., A, are linearly
independent.
Thus the circuit looks like

(A2 4+ A3)- By +Ay-Ba+ A3- B3 +---+ A - By

which equals

Ay - (Bi1+Ba)+As - (Bi+B3)+ Ay -By+---+ Ai - By,

Now we can recover blackbox access to By + Bs, B1 + B3, By, ..., Br and hope to proceed like
before, but we run into an issue. By + By and B; + B3 are not independent. They share a gate in
common. Thus we cannot independently learn By + Bz and By + B as X1IX, x; (2) circuits and
use the output. If we do learn them independently, we would get a circuit of larger top fan-in.

Instead, we do something else. We observe that A; = A + A3z actually gives us a X115, x; (3)
identity! In other words since A; — Ay — A3 = 0, we can use rank bounds (see Theorem 3.7) to
observe that A1, As and As are very similar. They agree in all except 1 of the variable partitions!
WLOG, let us assume they agree on the first k& + 1 variable parts. Thus, we let A} be the part of
A; which only corresponds to the first £ + 1 parts and we add the (k + 2)th part into B; and call
it B], then the circuit C' can be represented as

C=A - (Bi+B,+B)+A,-By+---+ A - B.

Now, if the Af, A}, ..., A} were linearly independent, then we would be done since we could
recover blackbox access to B| + B4+ Bj, By, . .., By.. However, they may not be independent, but we
still made some progress. We started off with & different A;’s, and now we have fewer of them. Each
time we find a linear dependency, we can repeat the process we just described to shrink the number
of A;’s. We show that this process will terminate and eventually we will find a representation of C
of the form

C=A-Cl+Ay,-Ch+---+ A -C/
where r > 2, Afj,... A} are linearly independent and each Cj is a ¥II¥ x,(k;) circuit where
k; < k for each i and Y ;_; k; = k. We will be able to recover blackbox access to each C! and

hence recursively learn the Cj. Along with the A, this will enable us to recover a XII¥, x, (k)
representation of the original circuit.

3 Preliminaries

Notation: Let N:={0,1,2,...} and N* := {1,2,...}. Denote {1,2,...,n} by [n]. The cardinal-
ity of a set S is denoted by |S|. F is usually used to denote the underlying field. R refers to the
field of real numbers, and C refers to the field of complex numbers. Denote by log a the logarithm

of a with base two. We will denote by Flz1,...,x,] the ring of polynomials over n variables with
coefficients from the field F. Flzq,. .., z,]s will denote the set of homogeneous degree d polynomials
in Flzy,...,z,].

Throughout the paper, we use uppercase letters X,Y to denote sets of variables, lowercase x; to
denote variables, x,y to denote vectors/tuples of variables, and v to denote a vector/tuple of field
constants. We sometimes abuse notation by referring to a circuit as a collection of multiplication
“II¥” gates. For any circuit I3, x; (k), we say that the circuit is an optimal circuit computing a
particular polynomial (say f) if no circuit (in that respective class) can compute f with a smaller
fan-in.



Whenever we say linear forms divide a multiplication gate, we mean up to scalar multiples. The
time required to solve a system of m polynomial equations over a field F with n variables each with
degree at most d is denoted by Sysp(n,m,d) (see Section 3.3 for details). We use span(ly,...,[,)
to refer to the vector space that is the span of the linear forms > ;_; a;l; for a; € F. For a vector
space V, dim(V) denotes the dimension of V.

3.1 Depth-3 Circuits

We begin by defining depth-3 circuits and their set-multilinear specialization, which will be the
focus of this paper.

Definition 1. A depth-3 X11X(k) circuit C computes a polynomial of the form

k d;

C(X) =) Ti(X) :.Z 1] 4i.3(X),

i=1 1=17=1

n
where the U; j-s are linear forms; £; ;(X) = Y af ja; + a?j with af ; € F.
t*l b2 2. 2

A multilinear XIIX (k) circuit is a X113 (k) circuit in which each T; is @ multilinear polynomial. In
particular, each such T; is a product of variable-disjoint linear forms.

Given a partition X = UjcqX; of X, a set-multilinear X113, x, (k) circuit is a further specializa-
tion of a multilinear circuit to the case when each {; ; is a linear form in F[X;|. That is, each ; ;
is defined over the variables in X; and agj =0.

We say that C' is minimal if no proper nonempty subset of the multiplication gates sums to zero.
We define ged(C') as the linear product of all the non-constant linear functions that belong to all
the T;’s. Le. ged(C) = ged(Th, ..., Tx). We say that C is simple if gcd(C) = 1. The simplification
of C, denoted by sim(C), is defined as C/ged(C). In other words, the circuit resulting upon the
removal of all the linear functions that appear in ged(C).

Definition 2 (Rank of simple part of circuit). The rank of a circuit C' such that sim(C) =
k
YTi(X) = ?:1 H?;l 0 j(X) is defined as the dimension of the space spanned by all the lin-
i=1

ear functions in the simple part of the circuit (after removing ged(C)) dim(span({¢;; : i € [k],j €

[di]}))-

3.2 Tensors and Set-Multilinear Depth-3 Circuits

For our purposes, it will be useful to view tensors as a special class of multilinear polynomials,
called set-multilinear polynomials. We first fix the notation that we will use throughout the paper.
Let d € N denote the order. For each j € [d], let X; = {x;1,7)2,...,%jn,;}, where n; = |X}|, and
let X = U;c(qX;. Thus, the sets X; form a partition of X.

Definition 3 (Set-Multilinear polynomial). A polynomial P € F[X] is called set-multilinear w.r.t
(the partition) X, if every monomial that appears in P is of the form x; x;, - - - x;, where z;; € Xj.

In other words, every monomial contains exactly one variable from each part of the partition.
Set-multilinear polynomials have been studied extensively [Razl3, LST24], partly because many
natural polynomials, including the determinant, the permanent, and the Nisan-Wigderson polyno-
mials, are set-multilinear with respect to suitable partitions of their variables. We can also associate
a set-multilinear polynomial with every tensor, as defined below.

10



Definition 4. For a tensor T = (o, j,,...j,) € F" > " consider the following polynomial

Jr(X) = > Qi gasda®l, 1 T2,55 " Tdjg-
(J1,-sda) E[n1]x - x[ng]

Observe that fr(X) is set-multilinear with respect to X. Moreover, decompositions of T
correspond directly to set-multilinear depth-3 circuits computing f7(X). We state the circuit
model explicitly before describing this correspondence.

Definition 5 (Set-Multilinear Depth-3 Circuits). A set-multilinear depth-3 circuit w.r.t (a parti-
tion) X with top fan-in k, denoted by XY\, x, (k) computes a (set-multilinear) polynomial of the
form

where ¢; j(X;) is a linear form in F[X;];.

To see the intuition behind this correspondence, suppose that f7(X) = £; 1(X1)-l; 2(X2) - - - 4; a(Xaq)
for some tensor 7. In this case, T is a rank-1 tensor. Applying this observation to each multiplica-
tion gate gives the following connection between tensor decomposition and set-multilinear depth-3
circuits.

k d

Remark 3.1. Let C(X) = > I[ 4;; be a set-multilinear depth-3 circuit over F computing fr(X)
i=1j=1

for a tensor T = (¢, jo.....j,) € FX %", Then

where v(¢; j) corresponds to the linear form ¢; ;j as an nj-dimensional vector over F.

The correspondence also holds in the other direction: any F-tensor decomposition of T gives
a set-multilinear depth-3 circuit over F computing f7(X). Together, these two directions give the
following lemma.

Lemma 3.2. A tensor T = (&, jo,....j,) € F"* " has rank at most v if and only if fr(X) can
be computed by a X1I%,, x,(r) circuit. Therefore, rank of T is the smallest k for which fr(X) can
be computed by a X%, x, (k) circuit.

Proof. Each product £;1(X1) - 4;2(X2) - 4; 4(Xq) corresponds to a rank-1 tensor over F. Thus,
a circuit with & multiplication gates computing f7(X) gives a decomposition of 7 into k rank-1
tensors over F. Conversely, a decomposition into k rank-1 tensors gives a set-multilinear depth-3
circuit with k multiplication gates over the same field. Therefore, the minimum number of rank-1
tensors in a decomposition equals the minimum top fan-in of a circuit computing f7(X). ]

3.3 Complexity of Solving a System of Polynomial Equations

We will be using subroutines to find a solution of a system of m polynomials f1,..., fm € Flz1,..., 2]
of degree at most d. We are interested in the cases where F is R or C. The complexity of finding
a single solution will be denoted by Sysg(n,m,d) (over F,, we will allow solutions in F,). We will
also address whether the algorithm is randomized or deterministic next to the statement. These
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algorithms will output L if there is no solution to the system in F” (no solution in F for F = F,),
and if the solution set is non-empty, then they output any one of the possible solutions.

When F = R or C, we will assume that the coefficients of fi,..., fi, are in Z (for C the
coefficients would be of the form a+ib for a,b € Z) and have bit size 7, and the output of the solution
will be a real algebraic solution, encoded by a real univariate representation over Z. To obtain the
required running time, we want the subroutine to find a solution in deterministic poly(m,T) - dom)
time. This is known in the literature. One can observe that a system of m polynomial equations
over R, can be reduced to finding a solution of a single equation 3.7, fZ = 0 (degree is now 2d) in
polynomial time. Similarly, finding a solution with polynomials in C[x1, ..., z,] reduces to finding
solutions of 2m real equations over 2n variables. Thus, an algorithm that finds a real solution of a
single polynomial equation of degree d over n variables in time d°(" suffices for our purpose. Such
an algorithm is known and can be found in [BPRO06] (Algorithm 13.2).

When F = Fy, the algorithm will output an explicit extension E of F of degree at most dom)
and a point a € E™. As observed in [AGS26, Lemma 4.10], a system with m equations can be
reduced to a system of n 4+ 1 equations by taking random combinations of equations. This can be
converted into an (n + 1)- equation, (n + 1)- variable square system using a dummy variable. In
[R0j99], the authors presented an algorithm that gave us the required running time for a square
system (n equations, n variables). If a solution exists, the algorithm outputs the solution with
probability 1 — &, and with probability € it outputs 1. All the steps can be combined to give a
total running time of poly(m,log ¢, log %) - dom),

We combine the above discussion into the following theorem:

Theorem 3.3. Let f1, fo, ... fm € Flz1,...,x,] be n-variate polynomials of degree at most d. Then,

o [BPR06, Theorem 13.11] Let F be R or C. Let the coefficients of the polynomials be in Q with
bit complezity upper bounded by . Then, Sysg(n,m,d) = poly(m,T) - dOm) for deterministic
algorithms.

» [Roj99, Theorem 2.1] LetF be Fy for some prime power q. Then, Sysg(n, m, d) = poly(m, log q)-
d°™) for randomized algorithms with solutions in a degree d°™ explicit extension.

We are optimistic that the second result might be derandomizable using the ideas of the recent
breakthrough on the deterministic univariate factorization result from OpenAl [Ope26a).

3.4 Polynomial Identity Testing (PIT)

Polynomial identity testing (PIT) is the problem of determining whether a given arithmetic circuit
computes the zero polynomial. In the black-box setting, we only have access to evaluations of the
polynomial. We recall the notions of hitting sets and hitting set generators [SY10, Section 4.1].

Definition 6 (Hitting set). Let C C Flxy,...,x,] be a class of polynomials. A finite set H C F™
is a hitting set for C if for every nonzero f € C, there exists a € H such that f(a) # 0.

Given a hitting set for C, we can deterministically test whether f € C is zero by evaluating it
at every point of H.

Definition 7 (Hitting set generator). Let C C F[xy, ..., x,] be a class of polynomials. A polynomial
map G = (G1,...,Gyp) : F' — F", where G; € Fly1,...,y], is a hitting set generator for C if for
every f € C,

f=0 <= f(Gy,...,G,)=0.

The number t is called the seed length of the generator.

12



A polynomial-time blackbox algorithm gives a hitting set, which also gives a hitting set generator
by interpolation [SY10, Lemma 4.1].
Our focus of the paper is going to be on set-multilinear X113, x, (k) circuits.

Theorem 3.4 ([GG20, Theorem 3]). Let C be the family of set-multilinear polynomials f € F[X]
computed by X113, x; (k) such that 32;ciq | Xi| < n.

1. If char(F) = 0 or char(F) > n*, then there exists an explicit hitting-set for C of size
poly(n, k818K " In particular, the hitting-set has size poly(n) for k = 20(ca(n)/loglog(n)),

2. In arbitrary characteristic, there exists an explicit hitting-set for C of size

loglog k
poly <k10g log k’ n1+ max{l,log?ogg(cf)flog log k} > .

For the purpose of our application and simplicity of presentation, we will work with a weaker
statement which works for all fields and has f(k) - poly(n,d) time complexity. The below corollary
follows immediately from the above theorem.

Corollary 3.5 ([BS25]). Over any large enough field F, there’s a deterministic 90(log? k) - poly(n)
PIT algorithm for the class of set-multilinear polynomials computed by depth-3 set-multilinear cir-
cuits of degree d and top fan-in k.

Corollary 3.6. Over any large enough field F, there’s a deterministic 90 (k+log? k) - poly(n,d) al-

gorithm that outputs a set of points H C F™ such that for any set-multilinear polynomial f # 0
computed by depth-3 set-multilinear circuit C = Zle T; of degree d and top fan-in k, there exists a
point o € H, such that f(o) # 0 and for any subset S C [k], if Y ;cgTi # 0, then Y ;cqTi(cr) # 0.

Proof. Using the hitting-set H in Corollary 3.5, we can obtain a degree 20(log” k)

set generator G(t) := (G1(t),...,Gr(t)) corresponding to H by interpolation.
Consider any S C [k], and fs = > ;s Ti # 0. As H is a hitting set for ¥IIX, x; (k) circuits, we
see fg(G) # 0. Consider [Tgcpy S Ti#0 fs(G). This is a degree at most (2¥ —1)-d-|H| univariate
=L iies T

-poly(n, d) hitting

polynomial, and hence if we evaluate it on (28 —1)-d-|H| +1 < ok+O0(log? k) . poly(n, d) points,
we will have a point over which it is non-zero and hence all fs(G) are non-zero. These univariate
values, using G, give us the set H. O

3.5 Rank and degree bounds for set-multilinear XIIX x, (k) identities

In developing PIT algorithms for set-multilinear depth-3 circuits, we developed a deep understand-
ing of the structure of polynomial identities computed by set-multilinear X113, x, (k) circuits.
These can be translated into the following degree and rank bounds:

k
Theorem 3.7 ([BSV21)). Let C = > T; be a simple and minimal set-multilinear Y3y, x; circuit
i=1
computing the zero polynomial. Then for alli € [k] : deg(T;) < k — 2.

For the rank bound, we are going to use the following Splitting Theorem developed in [LP23]
to obtain a generalization of Kruskal’s theorem. They define (in [LP23, Definition 3]) a set of non-
zero vectors V' = {v1,...,v,} splits if there exists a subset S C V such that 1 < |S| <n —1 and
span(V) = span(S)@span(V'\S) (i.e. span(V) = span(S)+span(V'\S) and span(S)Nspan(V'\S) =
{0}).
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Theorem 3.8 ([LP23, Theorem 4]). Let n > 2, d > 2 be integers. Let V=V @Vo®...®@Vy be a
vector space over a field F, let

E={21®...Qzqq:a€[n]} CV\{0}

be a multiset of product tensors, and for each j € [d], let

r; = dim(span({z; : a € [n]})).
If dim(span(F)) < Z;lzl(rj — 1), then E splits.

This can be translated into the language of set-multilinear depth 3 circuits to obtain the fol-
lowing rank bound.

k
Theorem 3.9. Let C' = }_ T; be a simple and minimal set-multilinear X1IX,; x, circuit computing
i=1
the zero polynomial. Then, rank(C) < 2k — 2.

Proof. For every linear form l;; € F[X}], such that [;;|T;, we can obtain a vector z;; € FIXil by
considering its dual. Therefore each T;, can be captured by the vector V; = z;,1 ® ;0 ® ... ® Tq.
Therefore, our set of nonzero vectors is £ = {V; : i € [k]}. Note that r; = dim(span({z.; : a €
[k]})) = dim(span({la,; : a € [k]})). As the circuit is set-multilinear, we have rank(C) = > ciq 75

We first observe that the minimality condition ensures that E doesn’t split. That is because
for any S C [k] such that 1 < |S| < k — 1, minimality implies

dYTi=— > T, #0
)

€S i€ ([k]\S

otherwise we have smaller fan-in identities. This implies span({V; : i € S}) and span({V; : i €
([£]\ S)}) have an element in their intersection other than 0, corresponding to Y, g T;. Therefore,
FE doesn’t split.

Thus, from Theorem 3.8, we know dim(span(E)) > Z?Zl(rj —1). As |E| = k, we have
dim(span(E)) < k. Therefore, we have k > rank(C) — d, which gives rank(C') < k + d. From
Theorem 3.7, we know d < k — 2, giving us the required rank(C) < 2k — 2. O

3.6 Factoring: structural and algorithmic results

Another tool that we will need is to be able to gain access to the factors of XIIX; x; circuits using
efficient deterministic algorithms and reconstruct arithmetic circuits for these factors.

In [SV10], the authors showed that for any class C of multilinear polynomials, one can deran-
domize polynomial factoring using PIT algorithms for C. Using that fact directly with the PIT
algorithm of Corollary 3.5, we have the following:

Lemma 3.10 ([SV10, Corollary 1.2]). There is a deterministic algorithm that, given black-box
access to a LIIX, x,; (k) circuit C, outputs black-boxes for the irreducible factors of C, in time
90(log” k) -poly(n). In addition, each such irreducible factor is computable by a YIXy, x, circudt.
An important observation of the above is that for any XIIX, x; (k) circuit C, one can find a
Y%y, x, (k) circuit C” such that C' and C” compute the same polynomial, and sim(C’) doesn’t have
any linear factors. To observe this, consider any ! € F[X;] such that I|sim(C). Therefore, there
exists a polynomial g € F[X1,..., X;_1,Xj41,...,Xg] such that [ - g = C. Now, let us substitute
X; with a random value «; such that I[(a;) # 0. This gives us I(a;) - g = Clx;=a,- As l(aj) is a
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non-zero constant, g is computable by a set-multilinear X113, x, (k) circuit C' = @ Olx;=a,-
Using C’, we get a YII%,; x; (k) representation of C as [ - C’ where the simple part is no longer
divisible by . Doing this with every [ that divides sim(C') gives the required representation.

One can look at the factors from Lemma 3.10, and separate out all the linear factors by testing
linearity and reconstructing linear forms, and hence compute ged(C) (the product of all linear
factors) and sim(C) (the product of all remaining factors), where additionally sim(C') doesn’t have
linear factors. As a corollary, we can efficiently simulate a black-box access to sim(C') given a
black-box access to C.

Corollary 3.11 ([BS25]). There is a deterministic algorithm that given a black-box access to a
YY), x; (k) circuit C outputs linear functions Ly, ..., L, and black-box access to a simple set-

multilinear X%, x, (k) circuit C such that C =[]y L; - C, in time 20(log” k) . poly(n).

3.7 Essential Variables of a Polynomial

This notion will be useful in reconstruction when the simple part of the input set-multilinear circuit
has low rank. We start by defining essential variables in a polynomial.

Definition 8 (Essential variables, [Kayll]). The number of essential variables in f(x1,...,2y,)
is the smallest t for which there exists an invertible linear transformation A € F"*™) such that
f(A-ZT) depends on only t variables.

The number of redundant variables is equal to the number of essential variables subtracted from
n. We will use the following result from [Car06] that allows us to compute the number of essential
variables t and the linear transformation A from the above definition.

Theorem 3.12 ([Car06],[Kayl1]). Let n,d be positive integers and F be a field with char(F) > d or
= 0. There is a randomized algorithm that takes as input black-box access to an n-variate degree-d
polynomial f(x) € F[Z] with t essential variables, runs in time (nd)®WY, and outputs an invertible
matriz A € F*") such that f(A-Z) depends only on the first t variables.

The partial derivative 9;f is used to represent a%. We use df to denote (O1f,...,0,f). We
define the partial derivative matrix of a polynomial f, M(f), as the matrix with columns indexed
by monomials over n variables and of degree at most d — 1, while the rows are indexed by [n], and
M; ; = coeff;(0; f) where coeff;(g) is the coefficient of monomial j (represented as vector) in g.

We denote Of"' as the set of vectors a € F” such that a - df = 0. The proof of the above
theorem relies on the following lemma, which describes the relation between the partial derivative
matrix and the number of essential variables.

Lemma 3.13 ([Car06], Lemma B.1[Kayl1]). The number of redundant variables in a polynomial
f(z1,...,2,) equals the dimension of Of . In particular, the number of essential variables of f is
the rank of the partial derivative matriz M(f).

Thus, to compute A from Theorem 3.12, we just need to compute a basis for 9f+; extending it
to a basis of F" gives the columns of A. In the proof of Theorem 3.12, the authors evaluate 0f/0x;
at random values, and the kernel of the resulting matrix gives a basis for f*.

We will derandomize the above algorithm for some circuit classes using appropriate hitting sets
and computation of the relevant basis of 9f.
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Lemma 3.14 ([PSV24, Lemma 2.7]). Let C be a class of polynomials and let fi,...,f; € C. Let
H be a hitting set for X'C. Denote by fi|3 the vector (of length |H|) (fi(8))3 € H. Then for any
ag,...,aq €F,

t t
Zaifl- =0 <= Zalfl];{ =0.
1=1 =1

In particular, the polynomials f1, ..., fi are linearly independent if and only if the vectors fil|p, ..., ft|n
are linearly independent.

Lemma 3.15. Let fi,..., f; be polynomials in Flxy, ..., x,] of degree d that can be computed by
circuits from class C. Let dim(span(fi,..., f)) = r. Consider the space

t
Vi={(a,...,a): Zaifi =0}.
i=1

Let H be a hitting set for X"C' circuits. Then, given black-box access to fi,..., fi, there exists
a deterministic poly(n,d,t,|H|) time algorithm that can compute a basis of V.

Proof. Let h := |H|. Start with S := {f1}, and greedily add fa,..., f; to S such that f; is added
to S iff f; is linearly independent of polynomials in S. We stop when |S| = r. To check if SU{f;}
is linearly independent, using Lemma 3.14, we check if fj|y € F" are independent.

For every f; ¢ S, we can find constants a;; € F such that fi|ly = > cqij - fjln. From

Lemma 3.14, we know f; = > cg aij- fj. Thus, if we order elements of S as fs1,..., fsr, we obtain
a matrix M € F'*" using M;j == oy such that
fs1 J1
[s2 f2
M| fss|=|/fs
fSr ft
and the left kernel of M is V', whose basis we can compute easily having access to M. To see this,
consider any v := (v1,...,v;) such that vM = 0. Then, we know for every j € [r], S=¢_; ayjv; = 0.

Multiplying the j-th equation with fs;, and adding gives Z;ZI (Zle aijvi) - fs; = 0, which is
St (Z§=1 aijfgj) =3 _,vifi =0, and hence v € V. O
We will now consider the set-multilinear version of essential variables.

Definition 9 (Set-multilinear Essential variables). The number of essential variables in X; of a
set-multilinear polynomial f(X1,...,Xq) is the smallest t; for which there exists an invertible linear
transformation A; € FUXiXIXD sych that f(X1,..., Ai-X;, ..., Xq) depends on only t; variables of
X;.

We will need the set-multilinear version of the above lemma. It was observed in [PSV24], and
simply follows from the above by considering the spaces corresponding to each variable part.

Remark 3.16. Observe that Theorem 3.12 required the char(F) > d or char(F) = 0, but the
same s not true for the lemma below. This is a result of the fact that each transformation A;
we are applying only acts individually on each variable part X;, and as the input polynomial f
is set-multilinear, f is linear in each variable part separately. Therefore, the characteristic of the
underlying field is no longer an issue.
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Lemma 3.17. Let d, k be positive integers. Consider a set-multilinear degree-d polynomial f(x) €
Fl21,...,24) over variables X1, ..., Xq, |Xi| =n; and N = Zle ni, with a; essential variables in
variable part X; computable by a depth-3 set-multilinear circuit EHEquj(k). Note that a; < k.
Then, there is a deterministic algorithm that takes as input black-box access to f, runs in time
poly(N,d) - kOUogk) " and outputs a set of invertible matrices Ay, . .., Aq where A; € FMixni) gych
that f(Ay - X1,...,Aq- Xgq) depends only on the first a; variables of X; for alli € [d].

Proof. For every i € [d], consider the spaces V; defined as follows:

V= {v e e Zvjaif O}

j=1

f

As f can be computed by a set-multilinear XII¥,, x, (k) circuit, can also be computed by

a set-multilinear X11%,, x, (k) circuit for any ; ; as a result of set- multlhnearlty Let dim(V;) = ¢;.
Consider H as hitting set for set-multilinear SIS, x;(k?) circuits from Corollary 3.5. Observe
that f is multilinear, 8 = flz; ;=1 = flz; j=0. Using Lemma 3.15, with { 1j € [nl]}, H, we

can obtain a basis for V ‘in deterministic poly(N,n;,d,|H|) time.
Extend the basis of V; to a basis of F™, and let A; be an invertible matrix formed with vectors
of this basis as columns such that the last ¢; columns form the chosen basis of V;. Set

g=f(A1-21,...,Aq 2q)

By the chain rule, we have

8.%‘1‘7]' =1

As the j-th column of A; ((A;). ;) lies in V; (subspace of 9 f+) for j > n;—t;, we have (Zzi:l(Ai)k,j%) =
0 and hence 9;, ;g = 0. Since g remains set-multilinear, it depends only on the first n; —¢; variables
of each Xj.

Conversely, any invertible set-multilinear substitution eliminating s variables from X; gives
s linearly independent vectors in V;, by the same chain-rule argument. Thus s < ¢;, and hence
a; = ni—t;. As a; < k, we have |H| = 20008° k) . poly (V) = 2000g” k) . poly (N) = KOs k) . poly(N).
Thus, total running time is poly (N, d) - kOUogk), O

4 Reconstructing Low Rank Circuits

We first handle the case when the rank of the input set-multilinear XI1%, x, (k) circuit C' is such
that rank(sim(C)) < 9k. As in Theorem 3.3, let Sysg(n,m,d) be the complexity of finding a
solution of m polynomial equations over n variables of degree at most d. Recall that for F = R and
C, such that the coefficients of the polynomials are in Q, with bit complexity upper bounded by T,
Sysg(n, m,d) = poly(m, ) - d° deterministic time. For F = F,, Sysg(n,m,d) = poly(m,logq) -
d°™ randomized time with solution in F.

Lemma 4.1. Let F =R, C, or F,. Let f € F[Xy,...,Xy] be a degree-d, n-variate set-multilinear
polynomial (n = 37 ;c1q(|X;])) computable by a set-multilinear XIIX,,; x; (k) circuit C such that
rank(sim(C)) < 9k.
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o IfF =R orC, and C has constants in Q, with bit complexity upper bounded by T, then there
exists a deterministic algorithm that knows n, k, d, 7, makes blackbox queries to f, runs in time
poly(n, d, 7) - kOUek) + Sysp(9k2, k%% 9k) and outputs a set-multilinear SO¥, x,; (k') circuit
over F computing f, where k' < k is the smallest integer such that f has a set-multilinear
YI¥,, x, (k') representation over F.

o IfIF =T, then there exists a randomized algorithm that knows n, k,d, makes blackbox queries
to f, runs in time poly(n,d,log q) - kOU°ek) 4 Sysp(9k2, k% 9k) and outputs a set-multilinear
ZHEUJ.Xj(k’) circuit over F computing f, where k' < k is the smallest integer such that f has
a set-multilinear X1, x, (k') representation over F.

Proof. The main idea is to reduce the number of variables in each variable part (by applying
invertible linear transformations), such that the number of variables at the end equals the rank,
and at the same time we have preserved the set-multilinear structure. We then construct a system
of polynomial equations whose variables are the coefficients of the variables in the linear forms in
the circuit, and such that the solutions correspond to set-multilinear depth-3 representations of the
input polynomial. Solving this system gives us what we want.

We now describe how to implement the above strategy. We first show that WLOG we can
assume the algorithm knows k’. This is because the algorithm can iterate over N, starting from
k' = 1 and increasing &’ until the algorithm is successful, which can be detected with a PIT from
Corollary 3.5. So now onwards we will assume &’ is known.

Let C™™ be a representation of f as a set-multilinear XIIX,, x, (k') circuit. Note that black-
box access to C' is the same as blackbox access to C™". Thus using Corollary 3.11, we can get
blackbox access to sim(C™") and the ged(C™™) in time k2U1°8k) . poly(n). So, we will only focus
on reconstructing sim(C™") and multiply the ged at the end. Therefore, moving forward we will
assume O™ = sim(C™"). Let us assume C™™ has a representation as follows:

et =31 = > ] s

i€[k'] i€[k'] j€[d]

where ¢; ; € F[X;]; and ged(Th,...,T)) = 1. For every j € [d], let
bj := dim (span(f1j,..., 0 ;)
As C™ ig set-multilinear, the upper bound on the rank translates to

rank(C™") = 3" b; < 9k
Jjeld]

Note that we assumed 7 was an upper bound on bit complexity of C', and this might not be
true of C™®, However since C' has bounded bit complexity, thus evaluations of C, evaluations of
C™inevaluations of f as well as coefficients of f all have bit complexity bounded by poly(n,d, 7).

Using the set-multilinear essential variable computation of Lemma 3.17 in time fOlogk) -poly(n,d, ),
we can compute ai,...,aq such that a; is the number of essential variables of variable part X;.
Observe a; < b;, and hence 3 cq aj < ;g bj < 9k. For each variable part j € [d], it also gives

us an invertible linear transformation A; on X; such that, after the transformation, C™™" depends
only on the first a; variables in the j-th variable part. Let

g(fl, e ,Td) = Cmin(Alfh ceey Adfd)
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Note g only depends on the first a; variables of X;. Therefore, g has a set-multilinear X11%,, x; (k')
representation of the form

1o £ (S )
i€[k’] jeld] \me€lay]
Our goal will be to recover any one valid choice of the coefficients o j,. To do this, we will
interpolate g to write it as a sum of monomials, and then set up a system of polynomial equations
in variables «; j,n by equating the coefficients of each monomial on the two sides of the equation.
As g is set-multilinear, and with the total number of variables in each variable part at most
k' < k, we have the number of monomials at most k?. As the circuit is simple and we have
rank(sim(C)) < 9k, we also have d < 9k. Therefore, the number of monomials is at most k°F.
Thus, we can interpolate g in time poly(d, £°%) by setting up an appropriate linear system with an
appropriate number of evaluations.
Once we have monomial access to g, we can set up the system of equations by equating the
coefficient of any monomial in terms of «; ;,, to the obtained coefficient of g. These would give
us at most k% polynomial equations in k - > jela 4 < 9k? variables and degree d < 9k. Using

Theorem 3.3, we can find a solution to it in time Sysy(9k2, k9% 9k). We then use Al_l, e ,Agl as

cmin — g(Al_lfl, . ,Aglfd)

and multiply ged(C) into the obtained circuit, and thus get a circuit for f in time poly(n,d) -
kCUogk) 1 Sys(9k2, k9% k).
O

5 Reconstructing Low Degree Circuits

Now, we will show how to reconstruct circuits where the set-multilinear XII%, x; (k) circuit is such
that deg(C) < 5k. As in Theorem 3.3, let Sysp(n, m,d) be the complexity of finding a solution of
m polynomial equations over n variables of degree at most d. For F = R and C, Sysg(n,m,d) =
poly(m, 7) - d°) deterministic time. For F = F,, Sysg(n,m,d) = poly(m,logq) - d°™ randomized
time with solution in F.

Lemma 5.1. Let F =R, C, or F,. Let f € F[X,...,X,] be a degree-d, n-variate set-multilinear
polynomial (n = 37 ;c1q(|X;])) computable by a set-multilinear X1I¥,,; x, (k) circuit C such that
d < 5k.

e IfF =R orC, and C has constants in Q, with bit complexity upper bounded by T, then there
exists a deterministic algorithm that knows n,k,d, T, makes blackbox queries to f, runs in
time poly(n, d, 7) - kO* ) . Sysp(O(k2), kO®) O(k)) and outputs a set-multilinear YIEy, x, (K)
circuit over F computing f, where k' < k is the smallest integer such that f has a set-
multilinear Y11, x, (k') representation over FF.

o IfF =T, then there exists a randomized algorithm that knows n, k,d, makes blackbox queries
to f, runs in time poly(n, d, log ¢)-k°**).Sysp(O(k2), kO, O(k)) and outputs a set-multilinear
ZHEUJ.X].(k:’) circuit over F computing f, where k' < k is the smallest integer such that f has
a set-multilinear X1I¥, x, (k") representation over F.

Proof. Again, observe that WLOG we can assume the algorithm knows k’. This is because the
algorithm can iterate over N, starting from k&’ = 1 and increasing k&’ until the algorithm is successful,
which can be detected with a PIT from Corollary 3.5. So, now onwards, we assume that &’ is known.
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Let C™™ be a set-multilinear Y%, x, (k") computing f over F for F =R or C, while C™in ]l
be a set-multilinear XII%,; x; (k') computing f over F,. WLOG, we will assume that C' doesn’t
have subsets of gates that sum to zero either. If it did, we will just remove the subset of gates from
C, and swap k with the smaller top fan-in.

The main idea is to consider a projection of the circuit C™® (or equivalently f), where only a
few variable parts are kept alive and the rest are set to random (or pseudorandom) constants. This
projection (which we call C"Smn) will make the rank small enough to use Lemma 4.1 to reconstruct
some representation (need not be unique) of the projected circuit (which we call Cy) and then use
this representation to learn a significantly large subset of linear forms in the original circuit anm.
We do this by observing that there is an overlap in linear forms between anin and C§ using the rank
bound (Theorem 3.9). We fix these linear forms which are common in C and in C2® (by a “brute
force” guess of the correct ones). We show that the remaining ones lie in a low-dimensional space.
To be completely precise, we will choose to give up on the linear forms that have bit complexity
greater than poly(7)* (We will give up on linear forms with coefficients in extensions of F, after
normalization). The existence of the circuit representation C' with bounded bit complexity will
imply (again using rank bounds Theorem 3.9) that the projection of C' (i.e. Cg) and CZ™ have a
significant overlap in linear forms. Thus, we will only assume we learn those linear forms in C’fgni“
that also appear in Cg, and that will suffice. Thus, at this point we would have learnt several linear
forms from C%", all with poly() bit complexity (be in Fy[z1,...,z,)1 for F = F,), and all the
ones we don’t learn lie in a low-dimensional space.

Now we undo some part of the projection and make more variable parts alive. We use a variation
of Lemma 4.1 to learn even more linear forms. We keep doing this until all d variable parts have
been made alive (or unprojected), and the final polynomial system that we solve then yields a
Y%, x, (k') representation of the full polynomial.

We now show how to implement the above proof strategy.

Getting access to the simple circuit and variable reduction: Using Corollary 3.11, we can
get blackbox access to sim(C™") and the ged(C™™) in time k9U°2%) . poly(n). So, we will only
focus on reconstructing sim(C™") and multiply the gcd at the end. Therefore, moving forward, we
will assume C™ = sim(C™"), just as in Lemma 4.1. Let us fix a representation C™® as follows:

om =y m= > ]t
i€[k’] i€[k'] j€(d]
where Ei,j € F[Xj]l.

Using the set-multilinear essential variable computation of Lemma 3.17, we can compute a1, . . ., aq,
where a; is the number of essential variables of f in X;. For each variable part j € [d], it also gives
us an invertible linear transformation M; on X; such that, after the transformation, f depends
only on the first a; variables in the j-th variable part. We apply this invertible transformation
as in Lemma 4.1. Then the resulting polynomial will only depend on the a; of the X, variables
(even though the individual linear forms may not), but we just set all the other variables in X; to
0 and observe that it does not change the polynomial being computed (after the invertible trans-
formation). At the end, after learning the circuit, we will undo the invertible transformation to
recover the circuit computing the original polynomial. Thus, moving forward we will assume we
have computed the invertible transformations for each variable part, set certain variables to 0, and

4what poly we use depends on how we are representing the coefficients of C. If we normalized all linear forms in
C to have the leading variable have coefficient 1, then we could just use 7
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hence now each variable part depends only on a; variables. In particular, for every j € [d],
aj = dim (span(ly j,..., 0y j)) .

Also, note that each a; < k' < k.

Projecting to a low rank circuit: We first observe that if 3 ciqa; < 9k, then we have
rank(sim(C)) after the transformation of Aj,..., A, is less than 9k. Thus, we can use Lemma 4.1
to reconstruct a circuit. Therefore, moving forward, we will assume Zje[d} a; > 9k. For a set
S C [d], define rank(S) := 37 ;cga;j. We first greedily choose a minimal set S C [d] whose rank is
at least 8k. Thus, if any element i of S is excluded from S, then the rank of the smaller set is less
than 8k. Since the variable part corresponding to ¢ has rank at most k (this is actually &’ but it
will not matter), therefore it follows that the rank of S can be at most 9%. In other words,

8k < aj < 9k.
J€ES

Since C™" is a Y1, x,; representation of f with a minimum top fan-in, no non-empty subset
of the product gates sums to 0. We will find a substitution of field constants into all variables in
the parts in [d] \ S which preserves this property. Note that such a substitution can be obtained
in 20(k+log? k) - poly(n,d) time via a hitting set generator for set-multilinear ¥IIX,; x, (k) circuits
as in Corollary 3.6°. We will call this projected polynomial after the substitution fg. Given the

min

representation C™™ of f, we get a representation Cg"™ computing fs:

cg™ = Z Vi H lij,
]

i€k’ JjES

where every +; is nonzero (and additionally no subset of the product gates sums to 0). Since C™i"
was simple, so is Cfgmn. By design, the rank of Cfgmn is less than 9% and we have blackbox access to
it. Hence we can use Lemma 4.1, to reconstruct a set-multilinear X113, x; (k) circuit C’% computing
fg such that k < k' < k. We output fail if & > k’.

Learning some linear forms in CZ" Now, we have learnt C%, but we want to learn Cgmn
because C'y may not be extendable to a representation of C™in . However, we will see that Cy still
has a lot of information that we care about. Notice that C’gﬁn—Cg = 0 and hence is a set-multilinear
YY), x; (k+ & ) identity. It is not necessarily a minimal identity. There may be subsets of the
product gates which individually sum to 0. These give lots of minimal sub-identities. We consider
a partition of all the product gates into minimal identities D1, ..., Dy, and let r, be the number of
product gates in Dj. For each h € [g], Theorem 3.9 gives

rank(sim(Dp,)) < 2rp, — 2.

Let T}, be the span of the linear forms in sim(Dj,) and let W = span(W; U Wy U ... U Wq). Since
Dhepg Th < k+ k' < 2k, we have

dim(W) < Y~ (2r, —2) < 4k —2.
helq]

5To be more precise, we will iterate over all elements of a hitting set that has the required properties, and for the
right choice of element our algorithm will succeed. The incorrect choices will lead to an eventual error that will get
pruned out.
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Note that every product gate of C'fgmn belongs to some minimal identity Dy. Also, Dy must
necessarily contain some gate of C. These come from the fact that no subset of gates vanish in
C3n and C% has minimum top fan-in. Fix any such gate of C2" that belongs to Dj,. Every linear
form in this gate which does not lie in W), must divide ged(Dy,). It therefore also appears in every
gate of C% that belongs to Dj,. It follows that every linear form that appears in C2 and which
does not lie in W appears as a linear form in C¥§.

Similarly, observe C™» — C is also a YIE; x; (k' 4+ k) identity, and therefore by the same
arguments the linear forms that are in C™™" but not in C' (up to multiplication by a scalar) must
lie in a space Wy of dimension at most 2(k' + k) — 2 < 4k — 2.

It follows that if we look at the set of all linear forms appearing in C’fqmn and remove all those
that lie in WoUW, then the rest of them must appear as linear forms in C's and also in C. Moreover,
since they are included in C, they must have bit complexity bounded by 7 (be in Fy[z1,..., 251
for F = F,) after normalization so that the leading coefficient is 1. Let us call this set of linear
forms, the good linear forms, and notice that they all appear in C's which was the circuit that was
learned.

Now, we do not know which of the linear forms that we have learned in C are the good ones.
We also don’t know which gates of C’fqnin the good ones will eventually correspond to. So, we “guess”
all of this. In other words, we brute-force search over all possibilities of good linear forms and for
each good one, which gates of ann they are contained in. One of the guesses will lead to the correct
reconstruction, which we will be able to identify at the end of the algorithm. The brute-force search
works as follows. First, for each gate in C’gﬁn, we guess a corresponding gate in C'g which shows up
in the same minimal identity Dj. There are k¥ < kF such possibilities for guesses. There are at
most &'+ || linear forms in O that we are dealing with, which can be correctly learned from C%.

Therefore, we can have 28"15] possibilities of which ones got learnt from a gate of C§. Therefore,
the total number of guesses is at most k¥ - 2151, As |S| < d < 5k, we have kO*?) total guesses.
One of these is correct. We will run the algorithm for each guess in parallel; one of them will lead to
the correct reconstruction, and we will reject the rest. Thus, for now we assume that we made the
correct guesses and learnt a large collection of linear forms in Cglin. We will normalize these linear
forms by dividing by a constant such that the first non-zero coefficient becomes 1. This prevents
the bit-complexity of the coefficients from blowing up beyond poly(7) (and ensures coefficients are
in F, when F = F;). The ones that we do not know lie in the low-dimensional space span(WW U Wj)
whose dimension is at most 8k — 2. We call this the end of iteration 1. We relabel S as S, and
thus C2" is now Cgllin and the learned circuit is Cl . Let the set of linear forms learned (i.e. the
good ones) be L;.

The plan is to recursively learn more linear forms by undoing the projection on some of the
variable parts. In other words, we will grow S; to a superset So, learn more linear forms, and keep
iterating till eventually we cover all variable parts.

Recursively learning more linear forms after fixing the learned linear forms: We assume
the following invariants are true before each recursive call (and indeed in the correct guess branch
this will be the case). Assume we are at the end of the i’th iteration. We will assume:

e We have correctly identified or learned a subset of linear forms L; appearing in C’g;i“ (and
hence in C™in),

e All unknown linear forms in Cg;in lie in a space span(Wy U W;) where each of Wy and W has
dimension at most 4k — 2.
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The plan will be to grow S; to Sj+1 C [d] while maintaining the above properties and keeping
the runtime efficient (by only solving polynomial systems in few variables).

We will show how to grow S; by at least one (unless S; = [d]), and then recurse this process at
most d = O(k) times.

For j € S;, let W;; correspond to the subspace of span(Wy U W;) defined by the span of the
unknown linear forms in Cgfn depending only on the variables in X;. Define b; ; := dim(W; ;) < k.
We guess each of the b; ;’s, i.e. try all (k+ D)% = kO%) possible values for them and assume we
are in the case where we guessed them correctly (the wrong guesses will eventually get rejected by
the algorithm). A bound on the dimension of span(WWy U W;), means we have

> bij <8k —4.
JES;
Thus all unknown linear forms span a space of dimension exactly > ;cg, bij-
We will now greedily add more variable parts to S; and grow it to S;y1 such that either

8k< > b+ >, a; <9k
JES: JE(Si+1\S:)

or Siy1 = [d]. As Yjes; big < dim(span(Wy U W;)) < 8k — 4, we add at least one variable part
in each iteration unless S; already equals [d].

If S; = [d], then we do not need to grow any more and we simply output C’SZ, as the final learned
circuit.

Let fs,., be the polynomial computed by Cgffl. We would like to learn linear forms in C?iifl
that are a superset of L;, which were the linear forms of C’g;in learnt in the previous iteration.
Thus we do not just want to learn any set-multilinear X113, x; (k") representation of fg,, , but
a representation which respects the linear forms L; learnt so far, and the positions of these linear
forms in the different gates. For this, we set up a system of polynomial equations which takes this
information into account. Moreover, since all the linear forms learnt so far have bit complexity at
most poly(7) (or are in F, when F = F), this ensures that the polynomial system we will set up
will continue to have all coefficients having bit complexity at most poly(7,n,d, k).

For every j € S;, we know that there exist linear forms (which we will try to learn) u; 1, ..., u;p, ; €

F[X;] such that every unknown linear form of Cg, that depends on the variables X; will be a

linear combination of u;1,...,ujp, ;. For j € Si1\ S;, observe that every linear form in Cg;ifl that
depends on the variables of X is a linear form in only the a; variables of X; (see Lemma 4.1.)

We now set up an appropriate system of polynomial equations to learn a set-multilinear X113, x; (k")
representation of fg,,, which takes into account the linear forms in L; and their positions in the
product gates. Observe that the linear forms in L; are all by assumption in C and hence have
bounded coefficients (or are in g, if F = F,) after normalization.

Each u;; can be expressed as uj; := Y.y a; 2 where o, j; are unknown variables in our
system. For each j € S;, the number of variables «; ;; of u;1,... s Wby will be at most a; - b; ; <
k- b; j. Summing it up for all j € S;, gives us an upper bound of k - (8k —4) = O(k?). For j € S;
and (v € [k]), each linear form [,; that is not in L;, can be written as a linear combination of
Ujs oo Ujp, s 100 Ly = Zgi:’jl By jtujt, and these B, ;¢ are also unknown variables in our system.
Therefore, for each fixed j, the number of 3 variables is at most & - b; ;. Summing it up over all
J € S;, the number of 3 variables is at most k- (3_,cg, bij) < k(8k —4) = O(k?).

For j € Siy1\ Si, v € [k], define the linear form depending on variables X; in gate T, as
lyj = E?i1 Vo,t,jTjt, Where 7, ¢ ; will be additional unknown variables in our system. The number
of v variables will be k - (3 c(s,,1\8,) @) < 9k2. Therefore, the total number of variables in the
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system (which includes the a, 3 and 7 variables) is O(k?). For every already “learned” linear form
(in L;), we just assume it is already present in the correct spot in the circuit representation. We
interpolate to get a monomial representation of fg,,, and compare the monomial coefficients with
the corresponding coefficients coming from the unknown variables we have introduced and thus
set up a system of polynomial equations. Note that every solution exactly corresponds to a set-
multilinear X113, x; (k") representation for fg, , which respects the learned linear forms in the i’th
iteration.

The number of equations we get will be the number of monomials of fs,, ,, which is at most
k4 = kO%) and the degree of the system is at most O(d) = O(k). Thus, we can solve this system
using Theorem 3.3 in time Sysp(O(k?), k*) O(k)). Thus, we learn a circuit C, ., computing fg
with the linear forms from L; in their correct positions.

If S;+1 = [d], then we can stop and output Cé’i+1'

i+1

Otherwise, we observe that Cg;ifl — CA/S'iJrl will be an identity computed by a set-multilinear
YIIXy, x; (2k) circuit. Similarly to what was described earlier with 7, we note that this identity
might be a sum of multiple minimal identities. Notice that all linear forms, except those in the
simple parts of the identities, will be present in both C’g;ifl and C/Siﬂ‘ Using Theorem 3.9, we
can show the linear forms in the simple parts of the identities together span at most a 4k — 2
dimensional space (just as we had done with S7). By iterating over all subsets of linear forms in
Cfgi+1 (just as we had done for CY, ), we will assume that we have correctly identified the subset
corresponding to the ged of all minimal identities. We look at the linear forms belonging to all the
geds. We discard all those linear forms that lie in Wy. All the remaining will also be contained in
the circuit representation C' and hence have bounded bit complexity poly(7) (or have coefficients
in Fy, if F = ;). The resulting linear forms together with L; will correspond to the new L;.
Before we add any linear form to L;11, we will normalize to make the leading coefficient 1. Once
we “guess” the correct set L;11, we will also “guess” (by iterating) the correct gates of Cfgr;ifl it
belongs to.

The remaining unlearned linear forms in Cgl must sit in the simple parts of the identities or
in Wy. Let W;41 be the space of dimension at most 4k — 2 which contains the linear forms in the
simple parts of the identities.

Runtime analysis: Since each iteration grows the size of S by at least 1, there are at most
d < 5k iterations.

It remains to bound the total number of branches or “guesses” that need to be explored. Naively
counting the branches seems to give a kO *) bound, but we will do the counting more carefully.
Note that in each iteration ¢ we first “map” or identify each gate of Cg;in with a gate of Cgi. Once
we did this mapping, we guessed which subset of linear forms from each gate of Cg:in were the
“correctly” learned linear forms. Once we identify this subset, then the linear forms are recovered
by looking at the mapped gate of Cg.. Once all the iterations are completed, the final set of
correctly identified linear forms is the union of correctly identified linear forms over all iterations.
Thus, to specify each correctly identified linear form, we just need to specify the iteration in which
it was learned and the “mapping” or the corresponding gate of Cé‘i it came from. Thus, the total
number of branches is specified by the total number of “mappings” of gates across all iterations
multiplied by the number of ways of specifying, for each linear form, which round it got identified
in. The number of mappings of gates in one iteration is clearly at most k¥ and hence across all
iterations is at most k°**). For a single linear form, there are O(k) choices for specifying which
iteration it got learned in, and thus over all O(k?) possible linear forms, this gives kO**) branches
corresponding to learning linear forms from the learned circuits. There was further branching
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which corresponded to “guessing” the values of the b;’s at each iteration and finding the correct
substitution for the variable parts not in S; using the hitting-set generators. Both had another
kO®) number of branches for each iteration and hence k2**) over all iterations.

We will only bound the run-time and bit complexity (field extension degree of output coef-
ficients) in the correct branch lemma. We will have a timeout/stop condition for all branches
matching the upper bound on the running time of the correct branch.

Now for the correct guess branch, in each iteration we need to solve a system of polynomial
equations with k9(F) equations, in O(k?) variables and of degree at most O(k). This can all be done
in time Sysy(O(k?), k°), O(k)). One might observe that these solutions have higher bit complexity
than the input polynomials. But in the correct-guess branch, we only use the coefficients we found
in correct linear forms, which are scalar multiples of the circuit’s linear forms. Hence, when we
divide by the first non-zero coefficient of the linear forms, the linear form gets scaled to almost the
same bit complexity (having coefficients in F,) as the linear forms in the circuit. Thus, bit-size does
not blow up, and coefficients continue to lie in Fy, as we take recursive steps. This will work for
all linear forms learnt except the ones learnt in the last iteration when S; = [d], as there we have
no correspondence with the input circuit, but these coefficients are not used again in the system
solving, just in the output.

Moreover, right at the beginning we used Lemma 3.17 to do a variable reduction, and this is a
further poly(n,d) - 90(log? k)

Finally, we use Aj_1 to undo the variable reduction and also multiply back ged(C') that was
removed at the beginning. For every resulting circuit (over all branches), we run a black-box PIT
against the input f. The correct branch will lead to the correctly learned circuit, and the PIT
using Corollary 3.5 discards all incorrectly learned circuits.

Thus, the total running time is

poly(n, d) - kK°*) . Sysz(O(k?), k°M), O(k))

6 Reconstructing High Degree Circuits

In this section, we will show how to reconstruct the high-degree circuits. As in Theorem 3.3, let
Sysg(n, m,d) be the complexity of finding a solution of m polynomial equations over n variables
of degree at most d. For F = R and C, Sysg(n,m,d) = poly(m,7) - d°) deterministic time. For
F =F,, Sysg(n,m,d) = poly(m,logq) - d°() randomized time with solution in F.

Lemma 6.1. Let F =R, C, or F,. Let f € F[Xy,...,Xy] be a degree-d, n-variate set-multilinear
polynomial (n = 37;c1q(|X;])) computable by a set-multilinear X1IX,,; x; (k) circuit C such that
d > 5k.

e IfF =R orC, and C has constants in Q, with bit complexity upper bounded by T, then there
exists a deterministic algorithm that knows n,k,d, T, makes blackbox queries to f, runs in
time poly(n, d, 7) - k°*) . Sysp(O(k2), kO®) . O(k)) and outputs a set-multilinear XY, x; (K)
circuit over F computing f, where k' < k is the smallest integer such that f has a set-
multilinear XIIX,; x, (k") representation over F.

o IfF =T, then there exists a randomized algorithm that knows n, k,d, makes blackbox queries
to f, runs in timepoly(n, d, log q)-k°**).Sys (O(k2), kO, O(k)) and outputs a set-multilinear
ZHZUij(k’) circuit over F computing f, where k' < k is the smallest integer such that f has
a set-multilinear X1I¥ . x, (k") representation over F.
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Proof. Again, observe that WLOG we can assume the algorithm knows k’. This is because the
algorithm can iterate over N, starting from ¥’ = 1 and increasing k' until the algorithm is successful,
which can be detected with a PIT from Corollary 3.5. So, now onwards, we assume that &’ is known.

Let C™" be a set-multilinear XIIX, x, (k') computing f over F for F = R or C, while C™" will
be a set-multilinear XI1¥,,; x, (k') computing f over F,. WLOG, we will assume that C' doesn’t
have subsets of gates that sum to zero either. If it did, we will just remove the subset of gates from
C, and swap k with the smaller top fan-in.

As a first step, we will consider a projection of the circuit to only the first 5k variable parts
by substituting appropriately chosen field constants into the other variable parts such that certain
nonzeroness properties of the resulting circuit are preserved.

We will then reconstruct the resulting low-degree set-multilinear circuit using Lemma 5.1. We
will show that the learned circuit will be “close” to the original circuit projected to the first 5k
variable parts. We will use this closeness to show that we can recover all linear forms, which will
have bit complexity poly(r) (are in Fy[z1,...,2zp]1, when F =F,), from some k + 2 of the variable
parts, and then use the recovered linear forms to reduce the original reconstruction task to that of
reconstructing circuits of smaller top fan-in.

Getting access to the simple circuit and variable reduction: Using Corollary 3.11, we can
get blackbox access to sim(C™") and the ged(C™™) in time k9(°8%) . poly(n). So, we will only
focus on reconstructing sim(C™") and multiply the ged at the end. Also, if deg(sim(C)) < 5k,
we can use Lemma 5.1 to reconstruct the circuit. Therefore, moving forward, we will assume
C™Mn = gim(C™), just as in Lemma 4.1. Let us fix a representation C™" as follows:

Cmin: Z E: Z H Ei,j,
i€[k’] i€[k'] j€(d]
where Ei,j € F[Xj]l.

Using the set-multilinear essential variable computation of Lemma 3.17, we can compute a1, . . ., ag,
where a; is the number of essential variables of f in X;. For each variable part j € [d], it also gives
us an invertible linear transformation M; on X; such that, after the transformation, f depends
only on the first a; variables in the j-th variable part. We apply this invertible transformation
as in Lemma 4.1. Then the resulting polynomial will only depend on the a; of the X, variables
(even though the individual linear forms may not), but we just set all the other variables in X; to
0 and observe that it does not change the polynomial being computed (after the invertible trans-
formation). At the end, after learning the circuit, we will undo the invertible transformation to
recover the circuit computing the original polynomial. Thus, moving forward we will assume we
have computed the invertible transformations for each variable part, set certain variables to 0, and
hence now each variable part depends only on a; variables. In particular, for every j € [d],

a; = dim (span(ﬁLj, . 7€k’,j)) :

Also, note that each a; < k' < k.

Projecting to low degree circuit: Since C™" is a YITIY,, x; representation of f with a minimum
top fan-in, no strict subset of the product gates sums to 0.

We will find a substitution of field constants into all variables in the variable parts indexed
[d] \ [5k] which preserves this property. We actually find a set of evaluation points where one of
the elements of the set does the job for us (and we can iterate over all possibilities), and we will
assume for the purposes of exposition that we have found the “correct” substitution.
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Note that such a substitution (or set of substitutions) can be obtained in 20 (k-+log? k) -poly(n,d)
time via a hitting set generator for set-multilinear X1, x; (k) circuits as in Corollary 3.6. We
will be recursively calling this algorithm for smaller fan-in and degree circuits, but we will use the
projections of the same substitution, and therefore find it only in the first call. Let C7 be the
resulting circuit.

We can then use the algorithm for low-degree circuits (Lemma 5.1) to reconstruct a circuit Cf,
computing the same polynomial as C;. Note that the top fan-in of C] is at most &’ and could be
smaller. Let it be k, s.t. k <k’ < k. We output fail if £ > &’. Thus C} has an expression of the
following kind.

Ci=>T=> 1l 4,

i€[k] ic[k] JE[5K]

Learning some linear forms of C™" using Cf: We will first show that C7 is “close” to Cj.
To see this, observe that C] — C is an identity computed by a set-multilinear XII¥y; x, (k + &)
circuit. It might not be a minimal identity. Thus we decompose it as a sum of minimal identities,
and analyze each identity respectively. These minimal identities are a partition of all the product
gates, and let the partition be D1,..., Dy, and let r;, be the number of product gates in Dj,. Let
Sy C [bk| be the set of variable parts on which sim(Djy) depends. For each h € [q], Theorem 3.7
gives

‘Sh| S rh — 2,

i.e. the number of variable parts on which the simple part of the identity depends is at most
rp, — 2. Note that such a bound can also be deduced from the rank bound (Theorem 3.9) but the
degree bound directly gives slightly better parameters. Therefore, there are at least 5k — (r, — 2)
variable parts on which all gates in D), are identical. Note that every product gate of C; belongs
to some minimal identity Dj. Also, Dj must necessarily contain some gate of C7. This follows
because no subset of gates vanishes in C, and C] has minimum top fan-in. Thus, every gate T;
from Cy in this minimal identity will have another gate 7} from C such that they have the same
linear forms on all except at most r, — 2 variable parts. We do this for every minimal identity.

Notice that | USh| < 3 4eiq(rn —2) < (XChepqrn) — 2 < 2k — 2.

It follows that for any gate T; in C™, if we only look at the product of linear forms in that
gate corresponding to variable parts in [5k| \ US}, then this equals the corresponding product of
linear forms from some gate Tj in C]. Let S = [5k] \ US}. Observe that |S| > 3k + 2.

We observe that, as the circuit C' with coefficients of bit-complexity 7 (coefficients in F,;) and
C™in compute the same polynomial, C' — C™" is a YIY, x,(k + k') identity. Using the same
arguments as above, we can conclude that the number of variable parts on which C' and C™"
didn’t have the same linear forms (up to scalar factors) will be at most k + k' — 2 < 2k — 2.
Removing these variable parts from S means that there are k + 4 > k + 2 variable parts in S. It
follows that for any gate T; in C™", if we only look at the product of linear forms in that gate
corresponding to variable parts in S, then this equals the corresponding product of linear forms
from some gate 77 in (1, all of which have bit complexity bounded by poly(r) (have coefficients
in F, if F =F,). Also, observe that because of our choice of the variable parts, these linear forms
also divide gates in the circuit C.

In particular, for every gate from C; (or C™®), there is another gate from C} such that restricted
to the variable parts in S, the gates are identical (up to multiplication by a field constant), and the
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constituent linear forms have poly(7) bit complexity (have coefficients in Fg, if F = F,).

For the rest of the proof, we will assume we know this set S. We will also assume that we know
for each T; in C4, which Tj in C] it corresponds to. In our actual implementation, we will have to
iterate over all possible choices of subsets of [5k] of size k + 2, and all possible ways of finding the
gate correspondences. There are at most k°*) such choices to iterate over. The correct iteration
would lead to the true reconstruction. The bad choices will get eliminated by a PIT check after the
reconstruction. We will also scale all the linear forms by dividing by their first non-zero coefficients;
therefore, all the correctly guessed linear forms will have coefficients of the same bit-complexity as
the input circuit.

WLOG, let us say S = [k + 2].

Recall C™in = Y Ti = Xiep [jea bij- For each i € [K'], since we now assume we know
the linear forms in gate T; corresponding to the variable parts in [k + 2], let A; := [Licpta bis-
Clearly, for all i € [k'], A;|T;, and we have learned Ay, ..., Aj. Also observe that for every gate T
in C, there is an A;, such that A;|T;. As ged(Th,...,Ty) = 1, it follows that ged(A1, ..., Ap) =1
as well. Note that the A;’s need not be independent or even distinct.

Recursively regrouping the gates: We will recursively rewrite the circuit (by regrouping the
gates) till we get it into a nice enough form to learn.

At each stage of the recursive procedure, we will have a representation of C™" with the following
properties.

1. There is a partition of [£'] of the form [k'] = Dy U Dy U ... U D,.
2. There is a set S C [k + 2] such that |S| > r + 2.

3. There are polynomials Ay, ..., A,, each a product of linear forms, such that A4; is known (or
learned) by the algorithm. Each A; is a product of |S| linear forms, one from each variable
part corresponding to S. Moreover for all i € [k'] if i € D; then A; divides T;. Thus C™i»
can be represented as

,
DA | X (Ti/A)
=1 jEDi
For i € [r], let B; := (ZjeDi (TJ/AI)) Thus O™ = Y7 | A;B;, where A; are polynomials
that have been learned and each B; is a XI1¥, x, (| D;]) circuit.

The high-level plan will be to recursively reduce r by combining some of the D; and still
maintaining the other required properties. In order to do this, we will have to modify the set S,
and we will describe the details shortly. We will show how to do this r-reduction when, at the
end of the previous iteration, the set Aq,..., A, that is produced is linearly dependent. In the rest
of the proof, there are two main components. When Ai,..., A, are linearly dependent, we will
show how to reduce ». When Ai,..., A, are linearly independent, we will show how to use this
independence to learn a XIIX, x, [k'] representation of C.

Note that we can never achieve the above 3 requirements with r being 1 (otherwise there will
be a common GCD). Thus, the r-reduction process will eventually terminate with the linearly
independent A;. We now describe the process for reducing r.

The starting point of our recursive r-reduction process is with r = £/, S = [k +2] and D; = {i}.
Now suppose that we have applied this procedure a few times and we have [k'] = D;UDoU...UD,,

S Clk+2),]S| > 7+ 2, and ™ = Y71 Ay - (Sjep, (T3/4i)) = iy AiBi.
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Also, we are in the situation where A1,..., A, are linearly dependent. Consider any minimal
set U C [r] such that A;’s for ¢ € U are linearly dependent, i.e. there exists ¢; € F, such that

Z Cz'Ai =0
€U
and moreover any proper subset of U has independent A;’s. As >, ¢;A; is a minimal identity,
from Theorem 3.7 we know deg(sim(}_;crr ¢;iAi)) < |U| — 2. Therefore, deg(ged({4; : i € U})) >
|S| — U] + 2.
Let S” C S correspond to the variable parts on which the ged({4; : i € U}) depends. Now, for
all i € U, A; restricted to only the linear forms in S’ is the same. This S’ will be our new set S.
We also restrict all remaining unmerged A;’s to S’, and move the removed factors to the respective
Bj’s. We thus merge all D; for i € U to a larger set. Thus our partition now has r — |U| + 1 parts,
which is strictly smaller than 7. The new set S has size at least r — |U|+4. We replace all the A; for
i in U by a single gate which equals ged({A; : ¢ € U}. This completes the r-reduction procedure.
We will iterate this process till we are in the linearly independent case, and we now describe
what to do when we reach that case.

Learning the circuit when Ai,..., A, are linearly independent. We now assume we have
access to linearly independent A, ..., A, which depend on variable parts S C [k + 2], with corre-
sponding partitioning of [k'] :== Dy U Dy U ... U D, such that for all ¢ € [r], A4;|T; for all j € D;.
Let k; := |D;|. Asr > 2, we have all k; < k' —1 < k — 1. Therefore, C™n can be written as
S Ai - (Syep,(T3/A:). Fori € [1], let By := (Ljep,(Tj/A:)), and thus C™ = S, A;B;.
Observe that B;’s are computable by EHEuj X; (ki) circuits.

As discussed earlier, for each gate in C, there is some A; that divides it. This comes from our
choice of variable parts. Therefore, C' can also be written as C' = Y.7_; A; - B,. Now, B} can be
computed by a XIIX(k]) circuit where k] < k—1 as r > 2, and the bit-complexity of the coefficients
in the circuit is at most poly(7) (have coefficients in g, if F = F,;). More importantly, we want
to argue that the polynomials B; and B! are the same. We know C' and C™® compute the same
polynomial and therefore 0 = C™» — C' = 37 | A; - (B; — Bl). If any of the B; # Bl then there
exists a substitution « for the variable parts in [d] \ S such that B;(«) — Bi(«) # 0 at least for some
1’s. This gives us a linear relation in the A;’s which contradicts the fact that Aq,..., A, are linearly
independent. Therefore, we know all the B;’s are also computable by X1I%,, x; (k—1) circuits with
bit complexity in linear forms at most poly(7) (have coefficients in Fy, if F = F,). Also observe
that this poly increase comes from normalization and is the same polynomial across recursions and
doesn’t blow up.

We will now show how to simulate blackbox access to each B;. Since the top fan-in of each B;
is smaller than k, we will inductively learn B;.

Let a1, ..., a; be the points in [];cg FIXl ~ ]FZJ'ES X6l Consider the r x r matrix M such that

M; j = Ai(aj).

We want points such that det(M) # 0. Let H be a hitting set for XII%, x,(r) circuits. Ob-
serve that as A;’s are factors of the product gates of C™™, they are also set-multilinear products
of |S| linear forms over variables {X; | j € S}. As Ajy,..., A, are linearly independent, then by
Lemma 3.14, Aq|y, ..., Ar|y (vector of evaluations of A;’s on H) are also linearly independent.
Therefore, the matrix N with columns Aj |y, ..., 4|y has rank r. We can greedily find r indepen-
dent rows of N, and that gives us aq,...,a, € H over which the corresponding M is full rank and
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hence invertible. This can be done in poly(r, |S|, |H|) time. From Corollary 3.5, we have a hitting
set of size |H| = rOU8™) . poly(r, k, |S|) = kOUogk),

Let a1, ..., a; be the points in [ ¢ FIXil ~ Fies Xl from the hitting set, such that det(M) #
0. Let YV := Uje(agps)Xj- As flai,Y) =371 Aj(aq) - Bj(Y'), we have for every j,

T
Bij(Y) =Y (M™)i;(f(es,Y))
i=1

Thus, we can get access to smaller fan-in set-multilinear depth-3 circuits, which we can recon-
struct recursively.

We recursively run the algorithm for reconstruction on B; for all i € [r] and obtain the respective
circuits C;. We finally have our circuit as C = Y;_; A; - (C;). The base case of k = 1 is easy
to reconstruct, as it is just obtaining linear factors, and comes from the factoring algorithm of
Lemma 3.10.

Finally, we use M j_l to undo the variable reduction and also multiply back ged(C') that was
removed at the beginning. For every resulting circuit (over all branches), we run a black-box PIT
against the input f. The correct branch will lead to the correctly learned circuit, and the PIT
using Corollary 3.5 discards all incorrectly learned circuits.

Running time analysis: For a running time analysis, let T}, 4 be the running time of the
entire algorithm. We see that learning C} takes time poly(n,d) - kO*) . Sys(O(k?), kO, O(k))
from Lemma 5.1 or a recursive call to the current lemma with a smaller top fan-in. After that,

we run (kEfQ) guesses to figure out which variable parts we learned perfectly, and then k* guesses

to learn A1, ..., A,. We will spend k°0°gk) time on getting access to the By’s. Finally, there will
be r recursive calls for B;. As discussed B;’s can be computed by YIIX, X].(k — 1) circuits with
bit complexity poly(7) (have coefficients in F,, if F = F;). We know from our construction that
e ki = k' < k. Therefore, we have

T(n,d, k) < poly(n,d) - k°*") . Sys(O(k?), k°®), O(k)) + kO®) . (Z T(n,d—|S|, k—1)+ koﬂog’f))
i=1

Simplifying, we have the recurrence as

T(n,d, k) < poly(n,d) - k°*) . Sys(O(k?), k®), O(k)) + kO®) - (T(n,d — ||, k — 1))

which gives us T'(n, d, k) = poly(n,d) - K°**) . Sys(O(k2), kO®)  O(k)). O

7 Proof of Theorem 1.1

Proof of Theorem 1.1. Our algorithm inspects the value of d for our input circuit, and if d > 5k,
we use Lemma 6.1 to reconstruct our circuit. If d < 5k, then we run the appropriate algorithm
from Lemma 5.1. The combined running time of all the algorithms will be

KOU) - poly(n, d) - Sysp(O(k), kP, O(k)).

For F = R or C, and when constants appearing in the input circuit have bit complexity at most
7, Theorem 3.3 implies that Sys(n,m,d) = poly(m,7) - d°" for deterministic algorithms. Hence,

30



Sysp(O(k2), kO®) O(k)) = kO*) . poly(r) for deterministic algorithms. Therefore, we have a
deterministic reconstruction (proper-learning) algorithm that runs in time kO K?) -poly(n,d, ) and
outputs a set-multilinear XI1¥,,, x; (k) circuit for the minimal value of &'.

For F = [F,, Theorem 3.3 implies that Sys(n,m,d) = poly(m,loggq) - d°™) for randomized
algorithms. Hence, Sysp(O(k2), k%) O(k)) = k°**) . poly(logq) for randomized algorithms.
Therefore, we have a randomized reconstruction (proper-learning) algorithm that runs in time
KOG . poly(n,d,logq) and outputs a set-multilinear XII%, x, (k") circuit over an extension of
(k?)

degree-k© of F, for the minimal value of &’ wrt F,. O
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