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An Exponential Top Fan-In Hierarchy for Border Depth-4
Circuits
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Abstract

We study depth-4 algebraic circuits with bounded top and bottom fan-in over fields of
characteristic 0. These circuits compute sums of at most k products of polynomials of degree at
most . We denote this class of circuits by ZNTIZIT. Our hard polynomial for this class is
P14, the sum of k + 1 monomials of degree 1 on disjoint sets of variables. It can be computed
by a depth-3 circuit of top fan-in k + 1 and size O(kn).

We give an impossibility result showing that for all constants k and ¢ and all sufficiently
large 1, no ZITIZITC! circuit computes Pyiq . For k > 2 and § = 2, this follows implicitly
from the rank bound for T TIZIT2 identities of Garg, Oliveira, Sengupta, Shalmon, and
Shpilka (CCC 2026). To the best of our knowledge, this impossibility result was not known
even for k > 2 and é = 3.

We also turn to border complexity, a notion central to geometric complexity theory, in
which a polynomial only needs to be approximated arbitrarily well. Here impossibility fails

over algebraically closed fields: Kumar (TOCT 2020) showed that Z2/ITIX circuits already
approximate every polynomial, albeit with exponential size. In turn, we show that every

TKITZITE circuit computing Py, must have size 29(") when k and § are constants, in stark
contrast to the exact depth-3 circuit of top fan-in k + 1 and size O(kn). This lower bound gives
an exponential top fan-in hierarchy for border depth-4 circuits of bounded bottom fan-in and
answers the main open question of Dutta and Saxena (FOCS 2022, JACM 2026), who gave an
analogous hierarchy for the case § = 1, i.e., depth 3.

Along the way, we develop tools for border depth-4 circuits that apply to arbitrary polyno-
mials and may have further applications.
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1 Introduction

A basic question in complexity theory is whether allowing more of a resource yields more com-
putational power. The Time Hierarchy Theorem [HS65] and the Space Hierarchy Theorem [SHL65]
answer this question affirmatively for time and space on Turing machines. For circuits, the natural
resources to study are size, depth, and fan-in. In this paper, we study a hierarchy question for
algebraic circuits of constant depth, taking the fan-in of the output gate as the resource. We
consider both exact computation and approximation, and the two behave very differently: An
impossibility result in the exact setting becomes a question about size in the approximative setting.

Algebraic complexity theory studies the complexity of computing polynomials, such as the
determinant and the permanent, with additions and multiplications. Let IF be a field. An algebraic
circuit over F is a directed acyclic graph where the input nodes are labeled by variables or by
constants from IF and the internal gates are labeled by + or x. Each edge is labeled with a constant
from F for scalar multiplication. The output gate computes a polynomial in F[x] = F[xq,..., xn].
The size of a circuit is the number of its gates and wires. The depth of a circuit is the length of a
longest path from an input to the output gate. The fan-in of a gate is its number of inputs, which
is unbounded unless a restriction is specified. Valiant’s conjecture VP # VNP [Val79] says that the
permanent has no algebraic circuits of polynomial size over fields of characteristic other than 2;
this is the algebraic analogue of the P versus NP question. Since an algebraic circuit computes a
formal polynomial, lower bounds can be approached with tools from algebra and geometry; see
the survey of Shpilka and Yehudayoff [SY10] and the survey of Saptharishi [Sap26].

A central goal is to understand the power of constant-depth circuits. Throughout, F is a field of
characteristic 0 unless stated otherwise. Suppose that a polynomial of degree d has an algebraic
circuit of size s, with d < s°(1). The depth reduction of Agrawal and Vinay [AV08], refined by
o(vd)

Koiran [Koil2] and Tavenas [Tav15], gives a depth-4 circuit of size s with bottom fan-in

O (\/;i) Thus, strong enough lower bounds for depth-4 circuits would separate VP from VNP.
After a long line of lower bounds for restricted constant-depth circuits [Fou+15; Gup+14; Kay+14;
KS17b], Limaye, Srinivasan, and Tavenas [LST25] proved the first superpolynomial lower bounds
for algebraic circuits of every constant depth. They also proved a depth hierarchy theorem: For every
fixed r > 2, there are explicit polynomials computable by depth-r circuits of size s such that every
depth-(r — 1) circuit computing them has size s“(1). Thus, increasing the depth by one can yield a
superpolynomial saving in circuit size.

We ask whether a finer hierarchy holds when the depth is fixed: Can increasing the fan-in of



the output addition gate from k to k 4 1 yield a superpolynomial, or even exponential, saving in size? For
instance, deterministic white-box polynomial identity testing is possible for depth-3 circuits with
top fan-in k in time polynomial in the size, with an exponent that grows with k [KS07]. Thus, it is
natural to ask whether the computational power of these circuits grows with k as well.

Depth-4 Circuits with Bounded Top and Bottom Fan-In. A ZNTTZI1Y circuit over IF computes
a polynomial of the form

k m;

=Y, T, =14 deggq;; <6,
=1 j=1

1

where each g;; € FF[x] is given as a sum of monomials of degree at most 6 (Definition 2.11). We call
the T; the product gates and the g; ; the bottom polynomials of the circuit. The top fan-in is at most k,
and the bottom fan-in is at most 6. The numbers m; of factors in the product gates, and hence the
degrees of the product gates, are unrestricted. For § = 1, the bottom polynomials are affine linear,
and the model is that of depth-3 ZITZ circuits. When k and & are constants, questions about
deterministic identity testing for ZMTIZITY! circuits are a frontier, as we discuss in Section 1.6.
We ask whether there is a top fan-in hierarchy for this model.

Question 1.1 (The Top Fan-In Hierarchy Question): For every fixed k,0 > 1, is there an
explicit family { P, },~; with P, € F[xy,..., x| of degree poly(n) such that each P, is computable

by FHUTIZITY! circuits of size poly(n), but every ZKTIXTIC! circuit computing P, has size n“(1)?

A natural candidate is the following polynomial, which is also the candidate polynomial for
border depth-3 circuits in [DS26].

Definition 1.2: Fork > 0and n > 1, let N := (k+ 1)n. The sum-product polynomial [Lan17,
§8.12.2] is defined to be

k+1 jn

Pk+1,n = Z 1_[ Xt E]F[xl,...,xN].
j=1t=(j—1)n+1

This is the sum of k + 1 monomials of degree 7 in disjoint blocks of variables. For each j € [k + 1],
let
Bi={(G—-1)n+1,...,jn}.

We call B; the j-th block. We also write x; :== Xp, = (X(j_1)u41,- - -, Xjn) and xBi = ]_[{;”:(];1)}1+1 x¢. By
a slight abuse of terminology, we also refer to the tuple x; or the monomial x5 as the j-th block
when the meaning is clear. We use this notation throughout the paper.

For n = 2, the polynomial Py, is the inner product polynomial 1Py 1(x,y) = Zi‘ill xiyi, up to

renaming the variables. For every § > 1, the polynomial Py , has a Z¥*1TIX circuit, and hence
a ZFHUTIZTTY circuit, of size O (kn). The question is whether reducing the top fan-in to k, with &
fixed, requires superpolynomial or even exponential size in n. Since Py , itself has a PR 90X
circuit of size O (kn), a lower bound for Py, against top fan-in k has to exploit the difference
between k and k + 1 summands.



Border Complexity. In border (or approximative) complexity, a polynomial only needs to be
approximated arbitrarily well. Formally, f € [F[x] is border computed by a circuit if the circuit has
constants in the field IF((¢)) of formal Laurent series and computes f + €S for some S € F[[¢]][X]
(Definition 2.12). The constants occurring in the computation may have poles at ¢ = 0, but the
computed polynomial tends to f as ¢ — 0. We write TKTTIZITE for the class of polynomials that
are border computed by YT circuits.

The idea of studying efficient border computation of polynomials dates back to classical
work in algebraic geometry on Waring rank by Palatini [Pal06] and Terracini [Ter11]. Border
computation was first used in theoretical computer science to design fast matrix multiplication
algorithms [Bin+79; Bin80]. Border computation is also central to the program of geometric
complexity theory of Mulmuley and Sohoni [MS01; MS08], which formulates lower bounds as
non-membership in group orbit closures. Grochow, Mulmuley, and Qiao [GMQ16] showed that
lower bounds proved via polynomial equations, such as ones obtained from rank-based measures,
automatically hold in the border setting. Whether VP equals its border closure VP is a major open
problem in algebraic complexity [Biir04; GMQ16]. It is clear that VP C VP, and determining if
VP C VP amounts to seeing if one can efficiently turn a border computation in VP into an exact
one in VP. The conversion of border computations into exact ones, called debordering, is studied
for many restricted models; see the survey of Dutta and Lysikov [DL25].

Depth-2 circuits are closed under limits, meaning XIT = XIT and IIX = IIX. Thus, border
depth-3 circuits are the first interesting case of debordering, and they already behave very
differently from exact depth-3 circuits. Kumar [Kum?20] showed that, over algebraically closed
fields of characteristic 0, every polynomial can be border computed by a /T circuit, typically of

exponential size. In contrast, no >

ITX circuit computes even IP3 [Che+18; Kum20]. In particular,
for every k > 2, the polynomial Py, , has border ZHTIXTIV! circuits. We ask two versions of
Question 1.1 for our candidate family: whether there exists a YMTTEIT0) circuit for Pri1, and

whether there are polynomial-size KTIZITV circuits for Py, q .

1.1 Owur Results

We establish the desired top fan-in hierarchy for all constants k and 6, with Py, as the separating
polynomial. In the exact setting, we show an impossibility: No ZNTTZTTV circuit can compute
Pit1,, when n is sufficiently large (Theorem 1.3). In the border setting, every LKTTIZITE circuit
computing Py, must have size 20(n) (Theorem 1.4).

Let us state our results more precisely. Our results hold over any field of characteristic 0. We
state a slightly weaker threshold than the one in Theorem 7.5 for simplicity.

Theorem 1.3 (Impossibility, see Theorem 7.5): For every fixed k,6 > 1,if n > 2(k+ ¢ )52k, then
Pi1,, cannot be computed by any ZHTIZTTY circuit, regardless of its size.

We prove the theorem above in Section 7. Thus, depth-4 circuits with top fan-in k + 1 and
bottom fan-in 1 are already more powerful than depth-4 circuits with top fan-in k and any constant
bottom fan-in. This is because Py 1, can be computed by T+ UTTE circuits of size O (kn), but no
YMITEIT0] circuit computes Py ,. For fixed J, this threshold is at most singly exponential in k.



We remark that even showing the result for homogeneous circuits is nontrivial, and we prove it as
a first step in Theorem 3.1.

Relation to Rank Bounds. For § = 2, the qualitative impossibility statement in Theorem 1.3
follows from a recent rank bound for ZINITZI1? identities by Garg et al. [Gar+26]. We now
explain this connection and why it does not extend to § > 3. Rank bounds are a central tool
in identity testing for depth-4 circuits. Here, the rank of an identity is the linear rank of its
bottom polynomials, that is, the dimension of their [F-span. The work of Garg et al. [Gar+26] uses
linear rank, whereas the work of Beecken, Mittmann, and Saxena [BMS13] uses transcendence
degree. The argument below works with either notion. An identity is simple if its product gates
have no common nonconstant factor and minimal if no proper nonempty sub-sum vanishes. The
rank-bound approach to identity testing for ¥ TIZIT! circuits [BMS13; Gup14] is based on the
conjecture that every simple and minimal identity of this form has rank bounded by a function
r(k,d), independent of the number of variables.

Such a bound would rule out Z¥TIZII¢ circuits for Pii1,, whenever n > r(2k+1,9)/2.
Indeed, suppose towards contradiction that Py, is computed by a N TTZITY circuit and write
Py = 21-‘21 T;. Split the identity E;‘ill xBi — Zi'(:l T; = 0 into minimal vanishing sub-sums. Block
monomials alone cannot cancel, and there are k + 1 of them but only k product gates, so one
of these sub-sums contains at least two block monomials, say x®1 and x®2. This sub-sum is a
minimal identity of top fan-in at most 2k + 1, and it is simple since x”1 and x*2 have no common
factor. The bottom polynomials of this sub-sum include the 2n variables of two blocks, so its rank
is at least 21, and the conjectured bound gives 2n < r(2k +1,6). For 6 = 2, such a rank bound
was recently proved by Garg et al. [Gar+26], which gives the qualitative statement above. For
6 > 3, Garg, Oliveira, and Sengupta [GOS25] gave rank bounds for top fan-in 3. Their bounds
cover the identity above only when k = 1. Hence, current rank bounds do not give Theorem 1.3 in
general. To the best of our knowledge, for k > 2 and > 3, it was not even known whether Py ,,

has ZHMTIZITY! circuits of any size.

As mentioned before in Border Complexity, the impossibility is no longer valid if we allow
approximations, by a result of Kumar [Kum20]. Kumar’s proof shows that for constant k > 2 and
5 > 1, the polynomial Py, can be computed over algebraically closed fields by a ZKTIZITY]
circuit of size 20("). The next theorem shows that this is the best one could hope for. We again
state a slightly weaker threshold than the one in Theorem 6.1 for simplicity.

Theorem 1.4 (Border Lower Bound, see Theorem 6.1): Let F be a field of characteristic 0.
There is an absolute constant ¢ > 1 such that, for every fixed k,6 > 1 and all n > (25)Ck2, every

Y KIIEIT0) circuit that border computes Py, has size at least 20(n/ (k(40)"))

We prove the theorem above in Section 6. For constant k and §, the theorem gives a lower
bound of 22" on s and hence the following hierarchy.

Corollary 1.5 (Border Depth-4 Top Fan-In Hierarchy): Let IF be a field of characteristic 0.
For every fixed k,J > 1, the polynomial P, has a ZF+UTIX circuit of size O (n), but every

LHTTEITR circuit computing Py, must have size at least 20(n),



For 6 = 1, this is the hierarchy result of Dutta and Saxena [DS26], and Corollary 1.5 answers
their main open question of whether this hierarchy extends to every constant bottom fan-in.
Table 1 summarizes the picture.

0 =1 (depth 3) 6 > 2 (depth 4)
Exact  impossible for n > 2 ([Che+18; Kum20]) impossible for n > 2(k + (5)52k (Theorem 1.3)
Border size 22(") [DS26] size 22(") (Theorem 1.4)

Table 1: Computing Py1, with top fan-in k and bottom fan-in 4, for constants k > 2 and 6 > 1.

We also remark that the impossibility does hold in the border setting for circuits in which
every nonconstant product gate has a factor vanishing at the origin before specializing at ¢ = 0.
One such example is the class of homogeneous circuits. Such circuits cannot compute Py, at
all once n > ké¥, even in the border setting (Theorem 4.16). Thus, as in [DS26], the difficulty of
Theorem 1.4 lies in the non-homogeneous case.

Other Hard Polynomials. Our results are not specific to Py;,. Replacing each variable by
a variable or by a constant from F does not increase the top fan-in, the bottom fan-in, or the
size of a ZMTIZITY circuit, and the same holds for border circuits. Thus Theorems 1.3 and 1.4
hold for every polynomial that becomes Py;, after such a substitution. A natural example,
already noted by Dutta and Saxena [DS26], is the Trace-Iterated-Matrix-Multiplication polynomial
Tr-IMM 1 ,, the trace of the product of n symbolic (k + 1) x (k+ 1) matrices X(1),. .., X(") whose
entries are distinct variables. This polynomial is studied in geometric complexity theory; see,
for example, Gesmundo [Ges16]. Replacing each X(*) by the diagonal matrix with diagonal
entries X¢, Xy, ..., Xgptt turns Tr-IMMyq ,, into Pri1,. When the matrix dimension and the
number of factors grow, this family is complete for VBP, the class of polynomials computed by
polynomial-size algebraic branching programs.

At the other extreme, Py, is a sum of only k + 1 monomials, so it has a depth-2 circuit,
and hence a formula, of size O (kn). Thus, by Theorem 1.4, a polynomial with a formula of
size O (kn)—even a sum of k + 1 monomials—can require ZFTTZTII circuits of size 220", In
particular, for all constants k and §, there are polynomials in VF that require border XX TIXTT!
circuits of exponential size. Superpolynomial lower bounds against this model also follow from
the lower bounds of Limaye, Srinivasan, and Tavenas [LST25] for constant-depth circuits, which
extend to the border setting as noted by Andrews and Forbes [AF22]. The lower bounds obtained
by this route are superpolynomial but far from exponential. Exponential lower bounds for border
circuits of bounded top fan-in are much harder to obtain, and here we obtain one for a sum of
only k + 1 monomials.

1.2 Top Fan-In Hierarchy for Depth 3

For 6 = 1, Dutta and Saxena [DS26] answered both versions of Question 1.1. Depth-3 ALY
circuits of top fan-in k cannot exactly compute P ;, for any n > 2. For constant k, border
computation requires size 2. Both proofs start by reducing modulo linear factors of the
product gates. We sketch these proofs, since our results follow the same outline and the difficulties



for 6 > 2 appear exactly where this outline breaks down. We discuss the proof ideas in detail in
Section 1.4.

1.2.1 Impossibility of Exact Computation in Depth 3

It is known that IP;,; cannot be computed by any ZITZ circuit, regardless of its size [Che+18;

Kum?20]. Thus, setting all but two variables of each block to 1 shows that the same holds for
Piy1,, for every n > 2. For n > k, there is a particularly simple direct argument, which we sketch
because our proofs follow it. Suppose towards contradiction that Py, 1, is computed by a ZFTIx
circuit and write

Peyip =T+ -+ T,

where each T; is a product of affine linear polynomials.

We greedily select at most one factor from each product gate and reduce modulo the selected
factors. Start with the whole space V := AN, where AN = FY is the affine space of points at
which the polynomials in x, ..., xy are evaluated. For each i € [k], if some factor of T; has a zero
on V, then replace V by the zero set of this factor in V; otherwise, leave V unchanged. In the end,
V is a nonempty affine subspace of codimension at most k. Every gate T; is constant on V. Indeed,
if one of its factors vanishes on V, then T; vanishes on V. Otherwise, each factor is an affine linear
polynomial without zeros on V and hence a nonzero constant on V, so T; computes a nonzero
constant on V. Thus the right side is constant on V, and it remains to see that the left side is not.

The subspace V is the solution set of at most k linear equations, which we can solve for at
most k of the variables. Some block, say Bj, contains none of these variables, and since n > k,
each of the other blocks contains a variable that we did not solve for. Setting one such variable
from each of the other blocks to zero, we obtain an affine subspace of V on which P, equals
the nonconstant block monomial x?! in free variables.

1.2.2 Lower Bound in the Border Setting for Depth 3

In the border setting, the argument of Section 1.2.1 breaks down, and so does its conclusion.
Kumar’s construction [Kum?20] shows why, as explained below.

Let f be a homogeneous polynomial of positive degree d over an algebraically closed field of
characteristic 0. We may write f = "M, ¢¢ for linear forms /;. Let w be a primitive d-th root of
unity. Since H?Zl(l — wlt) =1 — 7, we have

et — s_dﬁﬁ (1 - sz€i> = ¢ <1 — IA_/II (1 - e”%?)) = f+¢s, (1)

i=1j=1 i=1

for some S € Fe][x]. Thus the expression on the left side of (1) gives a ZATIX circuit for f.
Every factor 1 — w/el; tends to 1 as ¢ — 0, and its zero set, the hyperplane ¢; = w /¢!, goes to
infinity. Therefore, reducing modulo such a factor tells us nothing in the limit! The expression in
Equation (1) also plays crucial roles in illustrating the subtleties of the proof ideas in Section 1.4.



Reduction. Suppose that we have a YIMTIY circuit for Pri1,,. We can therefore write
Peyint+teS=Ti+--+ 1

where each T; € F((¢))[x] and S € F[[¢]][x]. Dutta and Saxena [DS26] showed that reduction
modulo linear forms still helps, provided that one uses the “right” factors. Discard zero product
gates and write each nonzero factor as a power of ¢ times a linear polynomial that has coefficients
in FF[[¢]] and a nonzero specialization at ¢ = 0, called its limit. If the limit is a homogeneous
linear form, then solving the factor for a suitable variable is an affine substitution with coefficients
in FF[[¢]] whose limit is linear, and this substitution commutes with taking the limit. Reducing
modulo such factors, at most one from each product gate, turns the left side into Pyq,(¢1,...,¢N)
in the limit. Here, the ¢; are linear forms of rank at least N — k. For n > k, this polynomial is

nonzero by the argument of Section 1.2.1. In particular, for n > k, homogeneous ZKIIZ circuits
cannot compute Py, at all. The argument above also applies when every product gate has at
least one factor that is a homogeneous linear form.

The hardest case is when the limit of every factor of every product gate has a nonzero constant
term, so none of these limits is a homogeneous linear form. In this setting, some product gates
survive reduction modulo linear forms. Every factor of a surviving gate has a limit with a nonzero
constant term, so the gate is a power of € times an invertible power series in ¢ and x. This
all-non-homogeneous case, which contains Kumar’s circuits, is where the difficulty lies.

DiDIL in the All-Non-Homogeneous Setting. To handle the all-non-homogeneous case, Dutta
and Saxena [DS26] use the Divide—Derive—Induct-Limit (DiDIL) technique. Dutta, Dwivedi, and
Saxena [DDS22] introduced this technique to study border depth-3 circuits. DiDIL removes the
product gates one at a time. Thus, the number of summands decreases by 1 at each step, while
the polynomial f := Piyq,(l1,...,{N) survives every step; the trade-off is that the remaining
summands become (somewhat) more complicated.

To see how one gate is removed, write the identity as T; + - - - + Ty = f + €S with k' <k, and
write Ty = &* T, where T has a nonzero limit. Dividing by T gives

Lo T e fEES @)

T T T
and differentiating removes the last summand &%, since it does not depend on the variables.
To make sure that f is not removed as well, Dutta and Saxena [DS26] first apply the scaling
®: x; — zx; for a new variable z and then differentiate with respect to z. Since f is homogeneous
of degree 1, we have ®(f) = z" f, whereas ®(T) is a power series in z whose constant term is
nonzero in the limit, because every factor of T has a limit with a nonzero constant term. Thus,
in the limit ¢ — 0, the right side starts with z" times a nonzero multiple of f, and its derivative
starts with z"~! times a nonzero multiple of f. An elimination step consists of dividing by the
normalization of one summand and applying a differential operator that removes that summand

while keeping the limit of the whole sum nonzero.

On the left side, the i-th summand becomes ®(T;)/®(T) after scaling. Up to a power of
¢, this is a ratio of two products of scaled linear polynomials ®(¢). For nonzero h, define



the logarithmic derivative dlog_(h) := (d;h)/h, so d;h = h-dlog_(h). By the product rule, the
logarithmic derivative of ®(T;)/®(T) is a sum of terms + dlog, ®(¢), one for each linear factor ¢
of T; or T; see Differentiation for more properties of dlog.

Write ¢ = ¢ + 7, where ¢ := £(0) and 7 is a linear form. The constant ¢ has a nonzero limit.
Thus ®(¢) = ¢ + z, and the geometric series expansion gives

¢ i —i—1,ipi
dlog, ®(¢) = priys ZO(—1)C L g+, (3)
i

Thus the coefficient of every power of z in the sum of these logarithmic derivatives is a sum of at
most s powers of linear forms, where s is the size of the circuit. After at most k — 1 elimination
steps, comparing the coefficients of the lowest powers of z in the limit expresses f as a ratio of two
polynomials, each the limit of a small sum of powers of linear forms.

The last ingredient is the dimension of the space spanned by all partial derivatives of a
polynomial, a classical measure of its complexity. All partial derivatives of a power ¢ of a linear
form are multiples of the powers /¢ with e < d. Thus the partial derivatives of a sum of m such
powers span a space of dimension at most m(d + 1). This bound carries over to the border setting
because the dimension is lower semicontinuous: it is the rank of a matrix, and that rank can only
decrease in the limit.

To handle the ratio, one looks at a single monomial [For15]. If the partial derivatives of g span
a space of dimension D, then the trailing monomial T™(g), the smallest monomial of ¢ in a fixed
monomial order, involves at most log D variables (Theorem 6.6). Indeed, differentiating ¢ with
respect to subsets of the variables of TM(g) gives linearly independent derivatives. Since trailing
monomials are multiplicative, writing the ratio as f - G, = G; shows that the trailing monomial
of f involves at most log(m(d + 1)) variables. However, recall that the linear forms ¢; have rank
at least N — k (see Reduction), so after a linear change of coordinates, all but at most k of them
are variables. Thus every block contains at least n — k of these variables, so every monomial of f
involves at least n — k variables. Since the intermediate expressions grow in every DiDIL step, m
can be as large as s®P(%), and comparing the two bounds gives s > 220/ exp(K) [DS26].

1.3 Obstacles to Extending the Depth-3 Argument to Depth 4

The polynomial IP;; equals Pr.1, and is hard for the class YKIIZ. It is no longer hard for
YHTIZIT when 6 > 2. Indeed, TP has degree 2, so it can be computed by a single 2TV circuit.
More generally, Py 1, can be computed by a XI19 circuit whenever n < §, so any separation
hierarchy with this family needs n > é. More importantly, the depth-3 ideas of Section 1.2 break
down; studying how these ideas break motivates our proof (see Section 1.4).

1.3.1 Exact Computation in Depth 4

To prove that no ZIMTIXITY circuit computes Py 1, let us try the greedy procedure from the
depth-3 argument (Section 1.2.1) and see what changes. Let § be at least 2. Suppose towards
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contradiction that Py 1, is computed by a ZFTTIZIT! circuit and write
Peyin =T+ -+ T

where each T; is a product of polynomials of degree at most ¢.

Suppose that we proceed with the greedy procedure of Section 1.2.1. Unlike reduction modulo
linear factors, reduction modulo higher-degree factors need not correspond to a substitution.
For a linear factor, such as x; + x,,11 — 1, we can solve for one variable and substitute. Indeed,
quotienting F[x] by x1 + x,41 — 1 imposes the relation x; + x,41 —1 = 0,0 x; = 1 — x,11. By
substitution, the quotient ring is again a polynomial ring in the remaining N — 1 variables. For a
factor of degree 6 with § > 2, obtaining a simple substitution map is impossible in general. For
example, if we quotient F[x] by the quadratic factor x1x,41 — 1, then we cannot express x; as a
polynomial in x,,1 and vice versa. Furthermore, the coordinate ring of a variety defined by a
higher-degree relation need not be an integral domain, much less a polynomial ring. The zero
sets of the chosen factors may be reducible, so we choose an irreducible component at each step
of the greedy procedure. The resulting variety V has codimension at most k and degree at most
k. We work in the coordinate ring IF[V], defined by F[V] := F[x|/ I(V), where I(V) is the ideal
of polynomials vanishing on V, and study the equation above in this ring.

When we work modulo I(V), it is less clear that Py, is not identically zero on V. At depth
3, we could set one variable from each block other than B; to zero, turning Py , into the block
monomial x®1 while leaving the variables of B; untouched. On a more general variety such as V,
setting one coordinate to zero can force other coordinates to vanish as well, including coordinates
of B;. For example, on the quadric x, = x1x,41, setting x,.1 = 0 forces x, = 0, in turn forcing
xBr = 0.

Moreover, the right side need not become constant. A gate whose factors have no zeros on V
restricts to a product of units of IF[V]. Unlike in the depth-3 case, such units need not be constant.
For example, on the quadric V(x;x,+1 — 1), the coordinate x; is a nonconstant unit with inverse
Xy+1. After restricting to V, we must rule out an expression for Pi;, as a sum of at most k
products of units in IF[V]. This difficulty arises only for non-homogeneous circuits, whereas the
tirst two difficulties also arise in the homogeneous setting.

1.3.2 Border Computation in Depth 4

Let 6 be at least 2. Suppose that we have a YMTIXITP! circuit for Piy1,,. We can therefore write
PeyinteS=T1+--+T

where each T; € F((¢))[x] and S € F|[e]][x]. In the border setting, the difficulties of Section 1.3.1

remain, and new ones appear. By Kumar’s construction (1), Pcy1, has ZRTIZ circuits over
algebraically closed fields, so we can only hope for a size lower bound rather than impossibility.

We can try to follow the approach of Dutta and Saxena [DS26]. First, we try to reduce modulo
suitably chosen bottom polynomials, so that the surviving gates become units near the origin, up
to powers of e. Next, we choose a maximal set of coordinates that are algebraically independent
on the variety (in the limit); we call these coordinates free. Finally, we try to write the remaining

11



coordinates as power series in ¢ and the free coordinates around some point; substituting these
series into the circuit would give the identity of power series that DiDIL needs. However, one
soon realizes that two things could go wrong:

1. First, the variety may ramify as ¢ — 0, meaning that several solutions for a coordinate may
come together in the limit. For example, near the origin, the solutions of x7 = ¢(1 + x,) for
xp are ¢!/ 2(1 + xz)l/ 2 These solutions are power series in €'/2 and x, but not in ¢ and x,.
To see ramification, let t be a new indeterminate. Writing t = x1/+/1 + x, gives € = #2, so,
with x; fixed, the projection to € is a squaring map. As ¢ — 0, the two points corresponding
to t and —t merge at t = 0, where the projection is ramified. The fractional power of ¢ arises
when we try to invert this map.

2. Second, writing the remaining coordinates as power series in the free ones uses the implicit
function theorem (Lemma 4.14), which needs certain partial derivatives to be nonzero at
the point we expand around. This nonvanishing condition may fail at the origin. On the
quadric x%\] = x1, where x; is free, the derivative d,, (x%\] — x1) equals 2xy and vanishes at
the origin. Neither of the two roots ix%/ ? is a power series in x;. Choosing a better point

than the origin to expand around turns out to be subtle; see Section 1.4.

Even once both problems are resolved and we have the power-series identity, DiDIL cannot be
applied verbatim: the factors of the surviving gates are now power series, known only through
the equations of the variety. We need to modify DiDIL accordingly and apply it.

1.4 Proof Ideas

It may help to keep the smallest interesting case k = 2 in mind. We also discuss general k
and explicitly indicate when we do so. For k = 2, let N := (k+ 1)n = 3n denote the number
of variables. The blocks of Definition 1.2 are By = {1,...,n}, B, = {n+1,...,2n}, and
Bs={2n+1,...,3n}. Thus,

B B B
Py =XV X724 X72 = X1 X+ X1 -0 Xop F X2p1 X3

Fix a constant § with § > 1. We have to show that, for sufficiently large n, the polynomial
P;, cannot be written as a sum of two products of polynomials of degree at most J and that
approximating it by such sums requires circuits of size exponential in 7.

1.4.1 Homogeneous Circuits: A Warm-Up

We first illustrate our techniques in the simpler setting of homogeneous circuits. We saw in
Section 1.2.2 that the hard work is in the all-non-homogeneous setting. In Sections 3 and 4,
we treat the setting where each top-level product gate of a TMTTZITY! circuit computes either
a constant or a polynomial divisible by a constant-free factor of degree at most J. This setting
includes homogeneous ZMTIZITY circuits. We give an overview of the proofs in these settings.

Homogeneous Circuits in the Exact Setting: A Warm-Up. Suppose that P3,, = T; + T, where
T; and T, are nonconstant products of homogeneous polynomials of degree at most . Every
nonconstant homogeneous polynomial vanishes at the origin, so T; and T, have factors q; and g,
that vanish at the origin. Reduction modulo g; and g2 now means restricting to their common zero
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set V(q1,92) C AN, which is nonempty since it contains the origin. Unlike in depth 3, this set may
be reducible, so we pass to an irreducible component V of V(g1,42). By Krull’s Height Theorem
(Lemma 2.7), V has codimension at most 2 in AN. By Bézout’s Inequality (Proposition 2.9),
degV < degq; -degg, < 2. Since ¢q; divides T; and g, divides T, both gates vanish on V, and
hence so does P3,. We want to show that this is impossible.

As in Section 1.2.1, a dimension count shows that some block is free on V, in the sense that its
coordinates are algebraically independent on V (Lemma 2.19). Say this block is B;. To get rid of
B, and B3, we would like to set one coordinate of each of them to zero. However, this may kill xB1
as well. For example, B; is free on the quadric x, = x1x,41 from Section 1.3.1. Setting x,,41 =0
forces x, = 0 and kills x51. Setting x,,+» = 0 instead keeps B; free. Thus we must choose carefully
which coordinate to set to zero in each block, avoiding coordinates such as x,41 in the example
above.

We call coordinates that kill x5, as in the example above, bad and the other coordinates
good. Lemma 2.18 bounds the number of bad coordinates, ensuring that, for sufficiently large
n, each of By and B3 contains a good coordinate. Extend B; to a maximal set T of coordinates
that are algebraically independent on V. By maximality, every coordinate x, with a € [N]\ T
is algebraically dependent on xr on V; we call these coordinates dependent. Thus x, satisfies an
equation Q,(xr, x;) = 0on V, and by Lemma 2.16, we may choose Q, to have degree at most
deg V. Let Q € F[xy| be the product of the leading coefficients of the Q, as polynomials in x,.
Thus Q # 0 and deg Q < codim V - (deg V — 1). Over the locus Q # 0, the coordinate projection
from V to AT is finite and surjective (Lemma 2.17). By Lemma 2.14, we may set coordinates in
T \ B; to zero while keeping B; free on some irreducible component, provided that Q does not
become identically zero.

To count the bad coordinates, fix a monomial of Q. It suffices to avoid the coordinates outside T
and the variables appearing in this monomial. These restrictions exclude at most codim V + deg Q
coordinates. By the degree bound above, codim V + deg Q < codim V - deg V < 242. If we take
n > 262, then each of B, and B; contains a good coordinate. Setting these two coordinates to
zero gives an irreducible subvariety Vy C V on which B is still free and P;, restricts to x%!
(Lemma 2.20). Thus P5, does not vanish on V) C V, but T7 and T, do vanish, a contradiction. For
every k, if n > ko, then the same argument shows that Py, cannot be computed by [ TIZITY!
circuits in which every nonconstant product gate has a factor vanishing at the origin (Theorem 3.1).
Such circuits include homogeneous circuits.

Homogeneous Circuits in the Border Setting. Now suppose that T; 4+ T, = P, + €S for some
S € F[[¢]][x]. Here T; and T, are nonconstant products of homogeneous polynomials of degree at
most 6 with coefficients in the field [F((¢)) of formal Laurent series (Definition 2.12). Constant
summands may first be removed by subtracting the identity evaluated at x = 0, which only
changes S. As remarked in Section 1.1, the argument of Homogeneous Circuits in the Exact
Setting: A Warm-Up still works if every nonconstant product gate has a factor vanishing at the
origin (Theorem 4.16).

In particular, choose one factor vanishing at the origin from each remaining gate. The ideal
generated by these factors in IF((¢))[x] has at most two generators and contains P; ,, + €S. Choose
a minimal prime p of this ideal contained in (xq,...,xy ). We then set ¢ = 0 in every polynomial
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of p that has no negative powers of ¢, not just in the chosen factors, and take the common zero set
of the resulting polynomials. Since P5, + €S is such a polynomial, P;, vanishes on this variety.
For example, take g1 = x1 and g2 = x1 + exp. Setting ¢ = 0 in the factors gives only the equation
x1 = 0. However, their ideal also contains (g2 — g1)/€ = x2, which has no negative powers of ¢,
so we obtain the subspace x; = x, = 0. Lemma 4.8 shows that every irreducible component of
the resulting variety has the same dimension as the variety over IF((¢)) and degree at most 2.
The rest of Homogeneous Circuits in the Exact Setting: A Warm-Up remains unchanged, with an
irreducible component of the resulting variety in place of V. Thus, when n > 26%, homogeneous

TTIZITP! circuits cannot compute P, (Theorem 4.16). More generally, the same argument rules

out homogeneous THKTTZITV! circuits for Pit1,, whenever n > ké*. Therefore, the real difficulty
lies in non-homogeneous circuits, which we turn to next.

1.4.2 Non-Homogeneous Circuits

Just as in Dutta and Saxena [DS26], the case of non-homogeneous circuits is the case that requires
the most work. Dealing with cancellations that can occur in this setting requires much care. We
now give an overview of Sections 5 and 6, which represent the heart of this work.

In general, a gate need not have a factor vanishing at the origin, so we select factors greedily
for reduction. Start with AN and inspect the gates in turn. If a factor has a zero on the current
variety, then intersect with its zero set and pass to an irreducible component; otherwise, leave
the variety unchanged (Lemma 2.21). For k = 2, the final variety V has codimension at most 2
and degree at most 62. Every gate either vanishes on V or has all its factors restricting to units of
F[V]. As noted in Section 1.3.1, units of IF[V] need not be constants, so the surviving gates do not
simply disappear. In the border setting, such gates are even more powerful: Every factor 1 — w/e/;
of Kumar’s construction (Equation (1)) is invertible as a power series in € and x, and yet two such
gates approximate every polynomial.

As in [DS26], we handle the surviving gates by DiDIL, which works with power series instead
of polynomials. As in Homogeneous Circuits in the Exact Setting: A Warm-Up, let T be a maximal
set of coordinates that are algebraically independent on V, and call the coordinates in T free. We
express each dependent coordinate as a power series in the free coordinates and substitute these
series into the circuit. For DiDIL, every factor of a surviving gate must then become an invertible
power series, as in the all-non-homogeneous case of [DS26]. Section 5 first carries this out in the
exact setting, which is already nontrivial. The border setting is considerably more delicate, but
the examples and lemmas of the exact setting already contain most of its ideas, so we describe
and handle the exact setting first.

Low-Weight Translation. To expand the dependent coordinates as power series around a point
of V, we have to choose the point carefully. The origin need not lie in V, as x1x,1 = 1 illustrates.
Even when it does, the dependent coordinates need not be power series in the free coordinates
around the origin. For example, on V(x%\, — x1), where x; must be free since it belongs to Bj, the
two solutions for xy, namely j:x}/ 2, are not power series in x;. The implicit function theorem
(Lemma 4.14) explains what goes wrong. Recall from Homogeneous Circuits in the Exact Setting;:
A Warm-Up that each dependent coordinate x, satisfies an equation Q,(xr,x,) = 0 on V. The
implicit function theorem expresses the dependent coordinates as power series in the translated
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free coordinates around every point b € V at which (9x,Q,)(b) # 0 for every dependent coordinate
x; (Lemma 4.15). In the example, Qn = x3; — x1, and its derivative dy, Qn equals 2xy and vanishes
at the origin.

However, b cannot be generic: For generic b, the translated block monomial [];cg, (x; + b;) has
a nonzero constant term, whereas our lower bound requires every monomial to involve many
variables. Thus b must be low-weight; that is, it must have few nonzero coordinates. In the example,
b=1(1,0,...,0,1) works. With y; :==x7 — 1, we get xy = (1 + yl)l/z, a power series in Y1, and the
block monomial becomes (1 + 1) x2 - - - xy.

One could immediately ask at this point: Why do such points exist at all? Roughly, the condition
on b says that a single nonzero polynomial of low degree does not vanish at the free coordinates
of b, and low-weight points are enough to avoid the zeros of such a polynomial. This polynomial
R is a product of the resultants of the polynomials Q, and their derivatives d,,Q,. Each resultant
vanishes where the corresponding polynomial and its derivative have a common root. In the
example, R is a multiple of x;, so every point of V with b; # 0 works. As in Homogeneous
Circuits in the Exact Setting: A Warm-Up, setting all variables outside one monomial of R to
zero keeps R nonzero. Thus R is nonzero at some point with at most deg R nonzero coordinates.
Lifting this point to V' gives the desired b (Lemma 5.1). Applying this argument to the subvariety
constructed in Homogeneous Circuits in the Exact Setting: A Warm-Up, on which P, restricts
to xB1, gives Theorem 5.3. The translating point has O (6) nonzero coordinates (or O (ko) for
general k). For k = 2, the translated block monomial [T;cp, (x: + b;) becomes a sum of at most two
products of invertible power series. Each of these power series is the restriction of a polynomial of
degree at most 9.

The resulting identity has the all-non-homogeneous form of [DS26]. Every monomial of the
translated block monomial still involves at least n — O (54) variables for the k = 2 case, or
n—0 (k(SZk) for general k.

Border Low-Weight Translation. In the border setting, the steps of Section 1.4.2 meet new
obstacles, which Theorem 6.7 overcomes as follows; we illustrate them with examples. Let A := 5%;
for general k we define A = k.

First, having a zero is not the right criterion for reducing modulo a factor. For every ¢ # 0,
the factor 1 — ex; has a zero at x; = ¢ !. This zero escapes to infinity as ¢ — 0, while the
factor itself tends to 1. Thus reducing modulo 1 — ex; tells us nothing in the limit! The factors
1 — wiel; of Kumar’s construction (Equation (1)) behave in the same way: Their zero sets, the
hyperplanes ¢; = w/e~!, escape to infinity. One may wonder whether, as in the exact setting,
it is enough that the factors of the surviving gates are nonzero at the origin. Unfortunately,
nonvanishing at the origin is not enough. The factor € 4 x; takes the nonzero value ¢ at the origin,
but its inverse Y ;-o(—x2)% 9! has unbounded negative powers of e. DiDIL cannot handle such
inverses because it divides by these factors and then takes the limit ¢ — 0.

It turns out that what DiDIL needs is that every factor of a surviving gate becomes an e-unit,
that is, a power of ¢ times an invertible power series (Definition 4.2), once we substitute power
series for the dependent coordinates. For example, 1 — w/ef; and ¢(1 + x;) are e-units, but e + x;
is not. Accordingly, we reduce modulo a factor only if it is not invertible near the origin, up
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to a power of ¢, on the current variety (Lemma 6.9). For example, we would reduce modulo
€ + x2, but never modulo the factors 1 — w/el; of Equation (1). Setting ¢ = 0 as in Homogeneous
Circuits in the Border Setting, we then choose an irreducible component V through the origin.
This component has codimension at most 2 (at most k in the general setting) and degree at most
A. Write u := xr for its free coordinates.

Second, the point b around which we expand must satisfy more conditions than in the exact
setting. For each dependent coordinate x,, let Q, be a polynomial of degree at most A satisfying

Qa(u,x,) = 0 on the variety. Scale Q, by an appropriate power of ¢ so that its specialization at
¢ = 0 is nonzero.

As in Low-Weight Translation, b must avoid the zeros of a single polynomial R of degree at
most kA%, Here R is formed from the leading coefficients of the polynomials QH(O, u, x,;) and
from the resultants of the Qa and their derivatives. For each resultant, we divide out the maximal
power of ¢ and take the limit ¢ — 0. For example, let Ql = x% —¢(1+ xp). Its derivative is 2x,
and the resultant of these two polynomials is —4¢e(1 + x). Thus this resultant contributes the
factor —4(1 + x;) to R, and the translating point b must satisfy by # —1.

In addition, every factor of a surviving gate must become an e-unit after the substitution.
For instance, if x3 is free, then translating by b sends a surviving factor 1 + x3 to (1 + b3) + x3.
The resulting factor is an e-unit only if b3 # —1. In general, for each distinct factor of the
surviving gates, Lemma 6.9 gives a polynomial & that is nonzero at the origin such that the factor
becomes an e-unit whenever h(b) # 0. For the factor 1+ x3 above, h = 1 + x3 itself works, and
the condition h(b) # 0 is exactly b3 # —1. There may be up to s such polynomials #, and we
have no bound on their degrees. If we multiplied R by all these polynomials and argued as in
Low-Weight Translation, then the resulting bound on |supp(b)| would depend on s. We need a
bound independent of s.

Instead, we use that every & is nonzero at the origin: No / vanishes identically on an irreducible
variety through the origin, so a generic point of such a variety avoids the zeros of all the / at
once. Lemma 6.10 finds such a variety Z C V that lies in a coordinate subspace of dimension
O (A%) and on which R does not vanish identically either. Choosing b generically on Z gives
|supp(b)| = O (A?), independently of s; for general k, the bound becomes O (k*A%).

Third, we write the dependent coordinates as power series in € and the free coordinates around
b, possibly after replacing e by a power ¢°; we call such a tuple of power series a branch through b.
Three issues arise, which we resolve one by one.

e Non-monic equations. The polynomial Q,, introduced in the second step above, need not
be monic in x,, and its degree may drop at e = 0. For example, sxg 4+ x; —x;, witht € T,
has one root x; — ex? + - - - near the origin and another root —¢~! — x; + - - -, which goes
to infinity as ¢ — 0. We resolve the problem of non-monic equations using Weierstrass
preparation (Theorem 6.2), which expresses Q, near b as an invertible power series times
a monic polynomial W, in x,. The roots of W, are exactly the roots of Qa near b. In the
example, with b = 0, we get W, = x, — (x; —ex? + -+ - ).

* Ramification. Even a monic equation may have roots that need fractional powers of ¢. For
example, the equation x% = &(1 + x2) has the roots +¢e1/2, /1T + x5, which are not power
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series in ¢ and x,. We resolve this using the Abhyankar-Jung Theorem (Theorem 6.3). Since
R(b) # 0, the discriminant of W, is an e-unit. The theorem therefore implies that the roots of
W, become power series after replacing ¢ by a suitable power ¢°. In the example, replacing
by €2 gives the roots +¢1/1 + x, which are power series in ¢ and x;.

* Compatibility. The roots chosen for different dependent coordinates must satisfy all equations
of the variety, not just the equation Qa(u, x;) = 0 for each coordinate. For example,
let @ = 23 —€*(1+x1) and Q3 = x3 —€*(1+ x1). The ideal they generate contains
Qr— Qs = (x2 — x3)(x2 + x3). Thus every irreducible component of their common zero set
lies in x3 = xp or in x3 = —x;. Suppose that we work on a component with x3 = xy; its ideal
contains x3 — x,. However, the choices x, = ev/T + x1 and x3 = —e\/1 + x1 satisfy Q) = 0
and @3 = 0 but violate x3 = x,. We resolve this in Lemma 6.11.

We translate by the point of the branch above xr = br, where br = (b;)jcr. This point
specializes to b at ¢ = 0 but may depend on ¢; for the branch x; = €/1 + x2 of the ramification
example, it is (¢,0). After this translation, Theorem 6.7 expresses each dependent coordinate
as x; = @u(e,u), with @,(¢,0) = 0. Here ¢, is a root of a polynomial Q, of degree at most A.
The polynomial Q, is obtained from Q, by the translation and by replacing ¢ by . Moreover,
(0x,Qa)(u, @4) is an e-unit. With (u,¢) denoting the tuple with entries x; for i € T and ¢, for
a & T, the theorem, for general k, gives

T1+"'+Tk/:f0+850, (4)

where k' <k, Sy € FF[[¢,u]], and

T, == 8einpi,]'(u,([7), fo = Pk+1,n<b+(ur¢(oru)))'
]

for some integers ¢; and polynomials p; ; of degree at most J, each with p; ;(u, @) an e-unit. The
polynomials Q, and p; ; have coefficients in IF[[¢]], and all degree bounds refer to the polynomial
variables. We henceforth assume n > k + |supp(b)|, since otherwise the desired bound already
follows from the bound on |supp(b)|. Thus fy # 0, and every monomial of fy involves at least
n —k — |supp(b)| variables (Lemma 6.20); in particular, fo(0) = 0. (Remark 6.8 explains why we
substitute the power series ¢, for the dependent coordinates instead of working in a quotient ring,
as in the exact setting.)

Applying Modified DiDIL. In hindsight, the identity (4) has the same form as the starting point
of DiDIL in [DS26, Section 6], which we sketched in Section 1.2. There, every gate is a power of ¢
times a product of linear polynomials whose constant terms are nonzero at ¢ = 0. The role of f
is played by the polynomial f, where f := Py ,(¢1,...,¢Nn) and the linear forms /5, ..., ¢y have
rank at least N — k. Table 2 lists the full correspondence.

Two main differences remain.

* First, the factors p;;(u, ) are power series, and they are implicit in the sense that we know
them only through the equations Q,(u, ¢,) = 0.

* Second, fj is a power series rather than a homogeneous polynomial, so the role of f is
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played by the lowest homogeneous component Hy, (fo) of fo, that is, the sum of its terms of
the least degree dy. Since fy(0) = 0, we have dy > 1.

As in [DS26], we scale the free coordinates by a new variable z. Since the dependent coordinates
are now the power series ¢,, we combine the substitution and the scaling into one map ¥, as
defined below.

For a polynomial p, let ¥(p) be the power series obtained from p by substituting ¢, (¢, u) for
every dependent coordinate x, and then replacing u by zu. Thus ¥(x;) = zx; for i € T, and
¥ (x;) = @a(e, zu) for a ¢ T. Replacing u by zu in (4) gives

Ti(zu) + - - - + Ty (zu) = fo(zu) + €Sp(zu), ()

where Ti(zu) = &% []; ¥ (p; ;). Since every p;j(u, @) is an e-unit, every factor ¥(p;;) is a power of ¢
times a power series whose limit as ¢ — 0 has a nonzero constant term in [F. This condition is
the all-non-homogeneous property of Dutta and Saxena [DS26]. Setting ¢ = 0 on the right side of (5)
gives

fo(zu) = Hy,(fo) 2 + (higher powers of z),

so Hy,(fo) is the coefficient of the lowest power of z. The elimination steps keep track of this
coefficient, as in Section 1.2.

For k = 2, a single elimination step suffices. Since fy # 0, at least one gate survives; that is,
k' >1.If k' =1, then fy + €Sy equals T; and is a power of ¢ times an invertible power series, so its
limit f; has a nonzero constant term, contradicting fo(0) = 0. Thus k' = 2. Write T»(zu) = ¢° T,
where T has a nonzero limit as ¢ — 0, and divide (5) by T. After this division, the summand
Ty(zu)/T equals ¢* and therefore does not depend on z, so differentiating with respect to z

removes it:
o (T2 — g (flow) s ©

T

Taking the limit ¢ — 0 commutes with d,, so we can compare the two sides of (6) in the limit.

On the right side of (6), the limit of Tisa power series in z whose constant term c is a nonzero
element of IF, by the all-non-homogeneous property. Thus the limit of the right side starts with
z%~1 with coefficient doHg, (fo)/c; this coefficient is nonzero, since dy > 1 and the characteristic
is 0.

On the left side of (6), let h := Ti(zu)/T and use its logarithmic derivative, defined by
dlog, (h) := (9;h)/h; see Differentiation. Here & is a power of ¢ times a product of series ¥ (p)*!,
where p ranges over the set P of the at most s distinct polynomials p; ;. After removing this power
of ¢, the limit of & has a nonzero constant term in [F, so h contributes only a nonzero constant
factor to the coefficient of the lowest power of z. Since dlog, turns products into sums, dlogz(h)
is a linear combination, with integer coefficients, of the series dlog, ¥(p) with p € P, however
many factors the gates have. Remove the maximal power of € from this linear combination and
take the limit ¢ — 0. Comparing the coefficients of the lowest powers of z on the two sides of (6)
shows that Hy,(fo) is, up to a nonzero constant factor, the coefficient of the lowest power of z in
the resulting series.
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In [DS26], every factor is linear, and the next step expands each dlog, ®(¢) by the geometric
series (3). Thus every coefficient of the linear combination is a sum of at most s powers of linear
forms, and the partial derivative argument of Section 1.2 finishes the proof.

For us, ¥(p) is a power series in z even if p is linear. For example, suppose that a dependent
coordinate x, satisfies x, + x2 = / for a linear form / in the free coordinates. Here Q, =
X, + x2 — ¢, and g, is the root that vanishes at u = 0. Since ¥ (¢) = z/, the series ¥ (x,) satisfies
Y(x;) + ¥ (x;)? = z¢, and hence

Y(x,) = —1+\él+74:z€ = 20— 2202 122303 544 ...,

Now consider the linear factor p = 1 + x,,. The series ¥(1 + x,;) equals 1 + ¥(x,) and is not of the
form ¢ + z/, and the geometric series for 1/¥(1 + x,) would produce powers of the power series
¥ (x,). The coefficients of the result can still be computed, but the result is no longer a product of
a few simple factors, and it is unclear how to keep track of such expressions through the repeated
elimination steps. Instead, we differentiate the equation ¥ (x,) + ¥ (x,)? = z¢ with respect to z,
which gives

(1+2¥(xs)) - 9:-¥(xq) = L.

Using ¢ = z~ ¥ (), we obtain

2:¥ (x, _ _ _
dlog, ¥(1+x,) = 1-1—‘1’(9(;2) =z L9 Y(1+2x,) -1 +x,) L

Apart from the factor z~!, this is again a product of series ¥(q)*! with linear g, so we can
differentiate it again without expanding any series.

For a general polynomial p, Lemma 6.16 applies the chain rule to p and to the equations
Qa(u, ¢,) = 0. The chain rule gives

Zazlf(p) = T(Dp) - %\F(axap) "F(DQu) 'T(aqua)_ll

where D = Y .1 x;0y, is the Euler derivation in the free coordinates; see Differentiation. For
p=1+x,and Q, = x, + xg — ¢, this is the identity above. Dividing by ¥(p) shows that, for every
p € P, the series zdlog, ¥(p) is a sum of at most k + 1 products of at most four series ¥(g)*!
with degg < A.

Replacing the geometric series by the chain rule is the crucial difference from [DS26]. We never
expand the series ¥(g)*! during the elimination steps, and we extract coefficients only at the very
end. This procedure works because the equations Q,(u, ¢,) = 0 determine the coefficients of the
branches recursively. As a result, for every g of degree at most A, every coefficient of ¥(g) is a
polynomial expression, with coefficients in [F((¢)), in a fixed set of polynomials of degree at most
A (Lemma 6.17). View g and the Q, as polynomials in the dependent coordinates. The fixed set
consists of the homogeneous components of their coefficients. Its size depends only on k and A,
not on the power of z. The same holds for ¥(g) ! if g(u, @) is an e-unit.

In the example above, the coefficient of 2% in ¥ (x,) is a multiple of ¢ so the powers of linear
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forms of [DS26] reappear. In general, they are replaced by compositions h(g,...,g,) of an arbitrary
polynomial & with r polynomials g; of low degree. We write C4(m, r) for the class of sums of at
most m such compositions over [F in which every g; has degree at most d. We write C4(m, ) for
the corresponding border class (Definition 6.4). For k = 2, the linear combination of the series
dlog, ¥(p) above is, up to a factor z~!

Y¥(gq)*!, so Corollary 6.18 gives

, a sum of at most O(s) products of at most four series

Hy,(fo) € Ca(O(s),0 (A%)).

For larger k, we repeat the elimination step. Throughout the process, every summand has the
form (U/V)-(A/B). Here U and V come from the gates and are products of series ¥(p) with
p € P. The factors A and B come from the logarithmic derivatives and are nonzero sums of terms
c[1; ¥ (g¢)* with ¢ € F((¢))[z,z7!] and degg; < A. We call this class of expressions our bloated
model Gen(-,-) (Definition 6.15); it is the analogue of the model of Dutta and Saxena [DS26],
with products of series in place of powers of linear forms. By the chain rule, every elimination
step keeps the summands in this form, and the number of factors in each product stays below 4*
(Lemma 6.16 and (31)).

The process stops after at most k — 1 elimination steps. Comparing the coefficients of the
lowest power of z in the limit, as for k = 2, gives Theorem 6.12:

Hy,(fo) - G2 = Gy

for nonzero Gy, Gy € Ca(m, 1), where logm = O (k4k(k +1logs)) and r = O (k4¥(A + 1)F*1). What
matters is that, for constant k, the parameter m is polynomial in s and that r depends neither on s
nor on #.

Concluding the Lower Bound. It remains to derive the lower bound on s from the identity
Hi,(fo) - G2 = G, as in Section 1.2. Forbes [For15, Proposition 4.18] proved that the trailing
monomial of a nonzero element of C;(m,r) involves at most O (d(logm + rlog(2r))) variables.
His proof compares an upper and a lower bound on the dimension of a space of shifted partial
derivatives. The upper bound is a rank condition and hence survives limits, as observed in [DDS22,
Claim C.9]. Theorem 6.6 states the border version that we use, with the slightly better bound
O (d(logm +r)). Since trailing monomials are multiplicative, TM(G;) = ™(Hy, (fo)) - T™M(G2), so
™ (Hy, (fo)) involves at most O (A(r +logm)) variables. On the other hand, every monomial
of Hy,(fo) involves at least n — k — [supp(b)| = n — O (k?6°) variables. Comparing the two

bounds gives n < O (k(46)*logs) + (25)O(k2), which proves Theorem 1.4; for k = 2, this is
n<O (52 log s) + 690 In particular, for constant k and J, the size s must be 20 (n)

1.4.3 Impossibility Result

Finally, we outline the proof of Theorem 1.3, which states that, for sufficiently large n, the
polynomial Py, cannot be computed by a ZIFTIZITY circuit, regardless of its size. The full
proof appears in Section 7.4. We may assume that FF is algebraically closed. Suppose towards
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contradiction that Py 1, is computed by a ZFTTIZIT! circuit and write
Peyin =T+ -+ T

where each T; is a product of polynomials of degree at most ¢.

We first apply the greedy process of selecting factors (Lemma 2.21), described in Section 1.4.2,
to find an irreducible variety V with codimV < k and degV < 5%, on which each T; either
vanishes or has every factor invertible. As in Homogeneous Circuits in the Exact Setting: A
Warm-Up, a dimension count shows that some block, say Bj, is free on V. For n > kék, we can set
one coordinate in each of the other blocks to zero and choose an irreducible component Vj of the
resulting intersection on which B; remains free (Lemma 2.20). Let I C [k] index the gates that do
not vanish on Vj. Restricting the identity to Vj gives

X =Y"T, ()

icl

on V, where every factor of each surviving gate T; with i € I is a unit. Moreover, Krull’s Height
Theorem and Bézout’s Inequality give codim V) < codim V + k < 2k and deg V) < degV < Sk

Each surviving T; is a unit on Vj but need not be a constant. In the depth-3 setting, V is an
affine subspace, whose only units are nonzero constants. On a general affine variety, however,
units can be nonconstant: for example, both x; and x; are nonconstant units on V(x3x; — 1).

To control these units, we consider the group F[V)]* /IF* of units modulo constants. A classical
analogue in algebraic number theory is Dirichlet’s Unit Theorem: for a number field K, the group
Of / ik is free abelian of finite rank, where Ok is the ring of integers in K and g is the group of
roots of unity in K. For irreducible affine varieties over an algebraically closed field, it is likewise
classical that F[Vp]* /IF* is free abelian of finite rank [Ros61; Sam57; Sam66]; see also [For14;
Sasll]. Combining Samuel’s argument [Sam57] with a bound on the number of irreducible
components at infinity (Theorem 7.3), we obtain the bound (Theorem 7.4):

rankz (F[Vp]* /™) < deg Vb.

If all the coordinates x1,...,x, in B; were units on Vp, then this bound would give a con-
tradiction. Indeed, since B is free on V), their classes in F[V;]* /IF* would be multiplicatively
independent: after clearing negative exponents, any nontrivial multiplicative relation modulo con-
stants would give a nontrivial polynomial relation among these coordinates. We would therefore
have

n < rankz (F[Vp]* /F*) < deg V, < oF,
leading to a contradiction for sufficiently large n.

Nevertheless, the coordinates x1, ..., x, may have zeros on Vj. To deal with these zeros, we use
the unit-group rank bound to control the span of the logarithmic differentials dg /q of the factors
of the T;. Combining this control with (7), we construct a polynomial H that does not vanish

identically on Vj and satisfies deg H < (2k + 6)6* and Vo NV (x1 - - - x,) € V(H) (Lemma 7.7). In
particular, x1, ..., x, are units on the open subset V; \ V(H) of V.
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Introducing one new coordinate z, we realize Vp \ V(H) as the irreducible affine variety W,
where W = (Vy x A') N V(zH — 1). The coordinates x1, ..., x, remain algebraically independent
on W, and Bézout’s Inequality gives

degW < deg Vj (deg H +1) < (2k + 8)6* + &*.

Applying the unit-group rank bound to W now yields n < deg W, a contradiction for sufficiently
large n.

1.5 Multiplicative Joins and Lower Bounds in Geometric Complexity Theory

In this section, we reinterpret our results, Theorems 1.3 and 1.4, in the language of geometric
complexity theory. Proving robust lower bounds in complexity theory—that is, bounds that remain
valid in limiting cases—is of great interest. In the language of asymptotic geometry, this goal can
be formulated as follows:

Let { XN } be a sequence of spaces. For each N, let YN C Xy be a closed subset of “easy” points,
let py € Xn be a point whose complexity we want to study, and let Gy be a group acting on Xy and
leaving Yy invariant. Does the containment Gy - pny C Yy fail for sufficiently large N? Equivalently,
are the points py “hard”—that is, outside Yn—for sufficiently large N? In the algebraic setting, this
translates to proving lower bounds for the border complexity of classes of algebraic computation.

Studying the border complexity of various algebraic complexity classes is central to the
geometric complexity theory program proposed by Mulmuley and Sohoni [MS01; MS08]. For this
discussion, assume that IF is algebraically closed of characteristic 0. Fix a circuit model, a number
of variables, and bounds on degree and circuit size. In the resulting coefficient space, border
computation corresponds to the Zariski closure of the polynomials computed by circuits satisfying
these bounds. Border complexity classes are the Zariski closures of standard algebraic complexity
classes. The geometric complexity theory program aims to separate these border classes using
tools from algebraic geometry and representation theory.

Geometric approaches to algebraic complexity often work with spaces of homogeneous poly-
nomials, identified by their coefficient vectors. However, in algebraic complexity we are in-
terested in the cancellations that may occur in the non-homogeneous setting. To pass to the
homogeneous setting for P € F[xy,...,xy]|, choose a padding degree m with m > degP
and introduce a new variable xo. The homogenization, or padding, of P is the degree-m form
xg'P(x1/x0,...,xN/%0) € F[xg, x1,...,xn]. This construction allows us to apply the techniques of
projective geometry to the non-homogeneous setting. We represent restricted circuit classes, such

as ZHUTIZITV], by geometric spaces of homogeneous polynomials. Membership in these spaces
implies the existence of the corresponding exact or border computations.

We now give notation for the spaces of depth-4 computation appearing in this work. Fix
N := (k+ 1)n, and let Wy be the space of linear forms, defined by Wy := spany, { xo, x1,...,xn }.
The symmetric power S°Wy consists of degree- forms in these variables. To geometrically describe
the product of m degree-6 forms, we use the multiplicative join [Lan17, §7.5.3]

M <P55WN) = {[g1-qu] | 0 £ g; € SSWy } C PS™Wy.
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The set MJ" (PS°Wy ) is the image of the m-fold multiplication map (]PS‘SWN)M — PS™ Wy and
hence is a closed projective variety. If we take § = 1, then we recover the geometric perspective
of Dutta and Saxena [DS26]: Chow wvarieties Ch™ (Wy) = MJ"(PWy), which were studied by
Hermite [Her54] and Hadamard [Had96]. For X C PS?Wy, we use the following secant varieties to
geometrically describe the top summation gates:

F)= U (prep),  alX) =),
pl,...,kaX

where ( p1,...,px) is the smallest projective linear subspace containing py, ..., p; see the survey
of Bernardi et al. [Ber+18] for an overview of secant varieties.

We now can phrase our results geometrically. Let k and § be at least 1. For exact computation,
Theorem 1.3 says that if mé > n and n > 2(k + )%, then

[xg"‘s—"PkH,n} €t (Chm (WN)) \ of (M]’” (]PS‘SWN».
For border computation, fix positive integers k and 6 and suppose that mé > n and
[xg‘s—"PkH,n} € oy <M]’” (PS5WN) )

Dehomogenizing a border decomposition by setting xo = 1 gives a SKTTMRTT0) circuit for Peiin

with at most m factors per upper product gate. Each bottom polynomial has degree at most ¢ in

N variables, so it has at most (Njé) monomials and can be computed by a XIT circuit of size

@) ((5 N ;"5)). Consequently, the resulting border circuit has size

s=0 <km5(N+5)> .
o

Since N = (k +1)n and k and ¢ are fixed, we have s < mn®(). On the other hand, Theorem 1.4
gives s > 29(1) and therefore m > 221

Fix positive integers k and 8, and choose n = n1(n) so that mé > n and m(n) = 2°0"). Set Xy =
PS™Wy and Yy = 0k (MJ" (IPS°Wy)). The group Gy = GL(Wy) acts by substitution of linear
forms. Our hard point is Py = [xg“s_"PkH,n} . Thus our results give Gy - Py € Yy for sufficiently
large N. If we omit the restriction that n(n) = 2°("), then Kumar’s construction [Kum20] shows
that, for k > 2, the containment Gy - Py C Yy holds for sufficiently large padding. This padding

is necessary for our discussion. Kumar’s construction [Kum?20] is non-homogeneous but can be
made homogeneous using padding. Thus his result has the following geometric formulation: For

every degree-d homogeneous polynomial f € Fxg, x1, ..., xN], we have [xé) - f] €m (ChD (WN)) for
sufficiently large D.
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1.6 Related Work

For general constant-depth circuits, the first superpolynomial lower bound was obtained by
Limaye, Srinivasan, and Tavenas [LST25]. Combining this lower bound with the “hardness-
versus-randomness” tradeoff of Chou, Kumar, and Solomon [CKS18] yields the first deterministic
black-box PIT algorithm for general constant-depth circuits. The algorithm takes the form of a
hitting-set generator and runs in time s°(N°) for every e > 0. Andrews and Forbes [AF22] also
used the results of Limaye, Srinivasan, and Tavenas [LST25] to give a different hitting-set generator
for the border of general constant-depth circuits.

Further work on polynomial identity testing for depth-4 circuits focuses on restricting the
bottom and top fan-ins, i.e., on studying ¥ TIXITC circuits. For 6 = 1, Kayal and Saxena
[KS07] gave deterministic polynomial-time PIT for YMIIY circuits with constant k. The black-box
algorithms rest on rank bounds for identities in this model, derived from Sylvester—Gallai-type
theorems for linear forms [DS07; KS09; SS13] (see Relation to Rank Bounds). Beecken, Mittmann,
and Saxena [BMS13] proposed an analogous rank-bound program for 2 TIZIT identities. Gupta
[Gup14] formulated Sylvester—Gallai-type conjectures for polynomials of degree J, replacing linear
spans by radicals of ideals. Carrying out this program requires substantial new ideas even for
quadratic and cubic polynomials. There is also considerable work on PIT for circuits of the form
YMIIZ110). For arbitrary constant J, polynomial-time PIT is known when the top fan-in k is at
most 3 [GOS25; Guo26; GW25; PS21]. For arbitrary constant k, polynomial-time PIT was given by
Garg et al. [Gar+26] in the case that the bottom fan-in is at most 2. For all constant k and J, the
Divide-Derive-Induct technique of Dutta, Dwivedi, and Saxena [DDS21], the exact counterpart of
Divide-Derive-Induct-Limit, gives quasipolynomial-time PIT.

There is also considerable work on obtaining lower bounds for depth-4 circuits. The depth
reduction of Agrawal and Vinay [AV08], improved by Koiran [Koil2] and Tavenas [Tav15], showed
that to obtain strong lower bounds for general algebraic circuits, it suffices to give sufficiently
strong lower bounds for depth-4 circuits. This depth reduction motivates further study of depth-4
circuits and their restricted subclasses. A series of works [Gup+14; Kay+14; KS17b] established
lower bounds for homogeneous depth-4 circuits. Kumar and Saraf [KS17a] used the notion of
algebraic rank to generalize the homogeneous depth-4 setting and proved lower bounds for depth-4
circuits of low algebraic rank. Forbes [For15] used a measure based on trailing monomials to
prove lower bounds for sums of powers of low-degree polynomials (X A ZI19). Kayal, Saha, and
Saptharishi [KSS14] proved lower bounds for non-homogeneous depth-4 circuits with bounded
fan-in at both product layers and used these bounds to prove superpolynomial lower bounds for
regular formulas. Fournier et al. [Fou+15] gave lower bounds for depth-4 homogeneous formulas.
The breakthrough work of Limaye, Srinivasan, and Tavenas [LST25] gave the first superpolynomial
lower bounds for general depth-4 circuits, beyond the restricted classes discussed above. At the
core of many of these works is a measure defined by the rank of a matrix or the dimension of a
vector space. Such measures often arise from shifted partial derivatives, introduced by Kayal [Kay12].
Since these lower bounds are based on rank conditions and rank is lower semicontinuous, they
extend to the border setting. Indeed, it was noticed by Andrews and Forbes [AF22] that the lower
bounds of Limaye, Srinivasan, and Tavenas [LST25] extend to the border of constant-depth circuits.
It was also noticed by Dutta, Dwivedi, and Saxena [DDS22] that the rank-based lower bounds of

Forbes [For15] extend to the border class ¥ A ZIT[].
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Concurrent work. Recently, Bhat, Dutta, and Shringi [BDS26] used Wronskians to improve the

size lower bound for ZKTTY. circuits computing Py 1, from 21/ exp(k) g 21/ poly(k)  Their main idea
is to replace the multi-step recursion of DiDIL by a single differential equation. This idea can
also be combined with our approach. The border low-weight translation (Theorem 6.7), which is
the heart of this paper, puts the circuit identity into a form to which we can apply a Wronskian
argument in place of modified DiDIL. The Wronskian argument requires the same adaptations as
DiDIL. The factors of the gates are power series known only through the equations of the branches.
We therefore again use the chain rule with the Euler derivation and keep the series ¥(q)*!
unexpanded (Section 6.3). This adaptation gives a lower bound of the form s > 2"/ (poly(k)0") for all
sufficiently large n, improving the bound s > 2"/ (k40%) | The factor 6% remains, since it comes from
Bézout’s Inequality in the reduction (see Theorem 6.7) and not from DiDIL. Since the combined
approach does not yield a lower bound of 2"/ Poly (k%)
keep the two works intentionally separate.

in depth 4, we do not incorporate it here and

1.7 Organization
The rest of this paper is organized as follows.
* We collect general preliminaries and auxiliary results in Section 2.

* As a warm-up case for later sections, Sections 3 and 4 establish impossibility under a
constant-freeness assumption in the exact and border settings, respectively.

* In Section 5, we develop low-weight translation in the exact setting. Strictly speaking, the
rest of the paper does not use this section, since its results are subsumed by the border
analogue in Section 6.2. We include it as a gentle introduction: the exact setting already
contains most of the obstacles and ideas, and they are easier to see there than in the border
setting, which adds further technicalities.

® Section 6 proves our general exponential border lower bound (Theorem 1.4), without the
constant-freeness assumption. The heart of this section, as well as of the paper, is the
border low-weight translation in Section 6.2, the border analogue of the exact translation in
Section 5. The border low-weight translation puts the circuit into a form to which DiDIL can
be applied.

Even then, the lower bound does not follow directly from [DS26]: the factors of the surviving
gates become power series, and we modify DiDIL accordingly in Section 6.3.

* In Section 7, we prove the exact impossibility result (Theorem 1.3) without the constant-
freeness assumption, using a rank bound for the group of units modulo constants of an
irreducible affine variety.

¢ We conclude with open problems in Section 8.

In Appendix A, we give a detailed algebraic proof of the version of the Abhyankar—Jung
Theorem used in our border argument, deriving it from standard results in commutative algebra,
including results on complete local rings and discrete valuation rings. We hope that this proof and
the other tools developed in this work are of independent interest beyond their use in proving
depth-4 circuit lower bounds.
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2 Preliminaries

Write N := Z~¢, and for a natural number N € N, let [N] := {1,..., N }. We use bold letters
for vectors indexed by a set I, writing x := (x;);c;. For a € N! with only finitely many nonzero
coordinates, write x* := [[;c; x;". Define the support of a vector a by supp(a) :=={ie I |a; #0}.
For a monomial x?, we define supp(x?) := supp(a). For finite I and a € Z!, define |a| := Y ;. 4;.

All rings are commutative with unit. Let R be a ring, let N be a positive integer, and set
X = (x1,...,xN). Write R* for the unit group of R. For S C [N], let xs := (x;)ses; the polynomial
ring R[xg] is a subring of R[x].

For f € R[x|, we write deg f or deg, f for its total degree in x unless otherwise stated. For
s > 0, let R[x]<;s be the free R-module with basis the monomials in x of total degree at most s. For
an ideal I C R[x], let I<5 := I N R[X]<s. A constant in R[x] is an element of R, even when R is itself
a polynomial or power-series ring. Extending coefficients from a field T to its algebraic closure F
preserves an exact or border circuit computation and its size, so lower bounds over F imply the
corresponding bounds over F.

2.1 Commutative Algebra

We state basic definitions and results that can also be found in standard commutative algebra
texts [AM69; Fis95; Lan02; Mat86] and computational algebra texts [CLO25; vzGG13].

For S C R, write (S) for the ideal generated by S. The radical \/I of an ideal I is
{ae€R|a"c€Iforsomen>1}.

An ideal I is radical if I = +/I. A proper ideal p is prime if R/p is an integral domain and maximal
if R/p is a field. Maximal ideals are prime, and prime ideals are radical. A minimal prime of I is a
prime ideal minimal among those containing I.

A ring is Noetherian if every ideal is finitely generated. If R is Noetherian, then so are its
quotients, its localizations, finitely generated R-algebras, and formal power-series rings over R in
finitely many variables [AM69, Propositions 7.1 and 7.3, Corollary 7.7, and Corollary 10.27]. In a
Noetherian ring, every prime ideal containing an ideal I contains a minimal prime of I. Moreover,
every proper ideal in a Noetherian ring has finitely many minimal primes, whose intersection is
its radical [AM69, Proposition 4.6 and Theorem 7.13].

Unique Factorization. Elements a and b of R are associate if a = bu for some u € R*. A nonzero
element p € R is prime if ( p) is a prime ideal. A nonzero non-unit x € R is irreducible if it is not
a product of two non-units. A domain R is a unique factorization domain (UFD) if every nonzero
non-unit factors uniquely into irreducibles up to order and multiplication by units. If R is a UFD,
then so is R[x| [Lan02, Chapter IV, Corollary 2.4]. For a UFD R, a polynomial in R|z] is primitive if
its coefficients have no common non-unit divisor. By Gauss’s Lemma, a primitive polynomial of
positive degree is irreducible in R[z] if and only if it is irreducible in Frac(R)|z]| [Lan02, Chapter IV,
§2, Theorem 2.3].

26



Localization. A subset S of a ring R is multiplicatively closed if 1 € Sand ab € S for all a,b € S.
For a multiplicatively closed subset S C R, the localization S~'R is obtained by adjoining inverses
of the elements of S. Write S'M for the corresponding localization of an R-module M. If
S = {a" | n € N}, then we denote S'M by M,. Every divisor of an element of S is a unit in
S~IR. To see this, if s = bc € S, then (b/1) - (¢/s) = 1. In particular, every divisor of 4 is a unit in
R,. For a prime ideal p, the set R \ p is multiplicatively closed. The localization M, of M at p is
(R\ p)"M. If R is a domain and 0 ¢ S, then the natural map R — S~!R is injective. A ring is
local if it has a unique maximal ideal. The units of a local ring are precisely the elements outside
its maximal ideal. For a prime ideal p, the ring R, is local with maximal ideal pR;.

The fraction field (or field of fractions) Frac(R) of a domain R is R g). For a domain R and an
indeterminate z, write R(z) := Frac(R[z]). The map p ~ S~!p is an inclusion-preserving bijection
from the primes of R that are disjoint from S to the primes of S~!R. Its inverse sends a prime
of S7IR to its preimage under the natural ring homomorphism R — S~!R sending r to r/1.
Localization commutes with taking quotients [AM69, Corollary 3.4(iii)].

Algebraic Independence. Let K be a field extension of L. A subset T C K is algebraically
independent over L if no finite tuple of distinct elements of T satisfies a nonzero polynomial over
L. A transcendence basis of K over L is an algebraically independent subset T C K such that
K/L(T) is algebraic. All transcendence bases have the same cardinality, the transcendence degree
tr.deg; K [Stacks, Tag 030D].

Dimension Theory of Rings. The (Krull) dimension of R, denoted dim R, is the supremum of
the integers d for which there exist prime ideals po, ..., p; satisfying po C p1 C --- € pg € R. The
height of a prime ideal p is defined by htp := dim R,.

We record some useful facts about dimension and height.
Lemma 2.1:  Let R be a ring.
1. For every proper ideal I C R, we have dim R/I = dim R/ V1.
2. If R is a domain of finite dimension and I C R is a nonzero ideal, then dimR/I < dim R —1.

3. If R is a finitely generated integral domain over a field L (an affine domain), then dim R =
tr. deg; Frac(R) and dimR/p = dim R — htp for every prime ideal p of R [Har77, Theo-
rem [.1.8A].

4. If R is Noetherian, ay,...,a, € R, and p is a minimal prime of (ay,...,a,), then htp <
r [Eis95, Theorems 10.1 and 10.2]. This statement is the algebraic form of Krull's Height
Theorem (cf. Lemma 2.7).

5. If R is a Noetherian UFD, then every prime ideal of height 1 is generated by an irreducible
element [Har77, Proposition I.1.12A].

Finiteness and Integrality. For a ring map ¢: A — B, the A-algebra B is finite if it is finitely
generated as an A-module and of finite type if it is finitely generated as an A-algebra. An element
b € B is integral over A if it satisfies a monic polynomial with coefficients in ¢(A). The map ¢
is integral if every element of B is integral over A. The integral closure of A in B is the subring of
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elements of B integral over A. Integrality is transitive, and an A-algebra is finite if and only if
it is both integral and of finite type [AM69, Corollaries 5.3-5.4 and the intervening remark]. A
domain is normal if it is integrally closed in its fraction field; every UFD is normal. Every nonzero
localization of a normal domain is normal [Stacks, Tag 00GY].

One reason integral ring extensions are useful is that they satisfy the following lying-over
property.
Proposition 2.2:  Let ¢: A — B be integral, with B # 0. Every prime ideal p C A containing
ker¢ is ¢1(q) for some prime ideal ¢ C B. Such an ideal q is maximal if and only if p is

maximal [AM69, Corollary 5.8 and Theorem 5.10]. Moreover, dim B = dim(A/ ker ¢); in particular,
dim B = dim A when ¢ is injective [Eis95, Proposition 9.2].

Monomial Orders. For a nonzero polynomial f in one distinguished variable z, its leading
coefficient LC,(f) is the coefficient of the highest power of z. We write Lc(f) when the variable
is clear. Its leading term is that coefficient times the corresponding power of z. Fix a monomial
order < on F[x] [CLO25, Chapter 2, §2]. For 0 # f € F[x|, its trailing monomial T™(f) is the
smallest monomial occurring in f, with its coefficient omitted. For nonzero f, ¢ € F[x], we have

™(fg) = T™(f) T™M(g).

Discrete Valuations. A (normalized) discrete valuation on a field K is a surjective homomorphism
v: K* — Z whose extension by v(0) := oo satisfies v(a +b) > min{ v(a),v(b) } forall a,b € K. Its
valuation ring Ris {a € K | v(a) > 0} and is a discrete valuation ring (DVR). The ring R has fraction
field K and unit group {a € K | v(a) = 0 }. Its unique maximal ideal mis {a € K| v(a) > 0}. An
element 7w € R is a uniformizer if v(7r) = 1. For a fixed uniformizer 77, we have m = (), and
every element of K* can be written uniquely as 7t"u with n € Z and u € R*. Equivalently, a DVR
is a local principal ideal domain that is not a field [AM69, Chapter 9, pp. 94-95]. Moreover, a
Noetherian normal local domain of dimension 1 is a DVR [Stacks, Tag 00PD].

Power Series.

Definition 2.3: ~ We write R[[x]] for the ring of formal power series ) e cjx]l‘l e x{{,” with ¢; € R.

For one variable z, let R((z)) := R[[z]][z"!]. Its elements are formal Laurent series iz ¢jz) with
¢; € Rand jo € Z.

If FF is a field, then [F[[x]] is a UFD [Lan02, Chapter IV, Theorem 9.3].

Let g1,...,9n € R[[u]] satisfy g;(0) = 0 for all i € [N]. For every f € R[[x]], the composition
f(g1(u),...,gn(u)) is well defined.

Remark 2.4:  For a nonempty tuple x, we have

Fllell}e = F((e)) ], Flle,x]]e & F((e))[[X]]-

The equality follows by clearing the finitely many coefficient denominators of a polynomial. The

containment is strict because } ;> ¢ /x] has no uniform lower bound on its e-exponents. <

For f € R((z)) and j € Z, write [Z/]f for the coefficient of z/ in f, taking this coefficient to
be zero when the term is absent. For f € R[[x]] and a € ZN, write [x?]f for the corresponding
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coefficient, with value zero if any coordinate of a is negative. For f € R[[x|] and d > 0, let
Hy(f) € R[x| be its homogeneous component of total degree d in x. The substitution

f flzx) = ) Ha(f)z" € RIX][[]]

d>0

is an injective R-algebra homomorphism, and Hy(f) = [z%]f(z - x). A coefficient parameter such
as ¢ in R = [F[[¢]] does not contribute to total degree in x. Evaluation at 0 sets only the other
variables to zero; evaluation at (0,0) also sets ¢ = 0, whenever this is defined.

A power series g € R][x]] is invertible if and only if ¢(0) € R* [Mat86, Chapter 1, §1, p. 4].
Consequently, F((z)) is a field. If R is Noetherian, then dim R[[x, ..., xy]] = dim R + N [Mat86,
Theorem 15.4].

Definition 2.5:  Let R be a domain. For 0 # h € R((z)), define
val,(h) := min {j eZ ‘ [Z/]h # 0 }, 1c(h) = [z,

The notation Tc(/) denotes the trailing coefficient of h with respect to z. Set val,(0) := oco. For
nonzero f and g in R((z)), we have

val,(fg) = val.(f) + val.(g), val,(f +g) > min{val,(f),val.(g) }.

Also, Tc(fg) = Tc(f) 1c(g). If R is a field, say K, then val, is a normalized discrete valuation

on K((z)) and its valuation ring K[[z]] is a DVR with uniformizer z. In this case, val, (é) =

val(f) — val;(g) and TC (é) — :EEQ

For a domain R and 0 # f € R[[x]], let dy be the least d with H;(f) # 0. Scaling then gives

valy(f(2x)) = do,  1c(f(2x)) = Hgy(f)-

2.2 Algebraic Geometry

We give basic definitions and results for the algebro-geometric tools we use. Much of this can be
found in standard textbooks [BCS97; CLO25; Har77; HPP94; Shal3] or online sources such as the
Stacks project [Stacks].

Throughout Section 2.2, let IF be an algebraically closed field unless otherwise stated. The
N-dimensional affine space AN over FF is FN. For S C F[x], let V(S) C AN be its common zero
set; for T C AN, let I(T) be the ideal of polynomials vanishing on T. A hypersurface is the zero
set of a nonconstant polynomial. The sets V(S) are the affine varieties and form the closed sets
of the Zariski topology. We allow varieties to be reducible or empty. The Zariski closure T of T is
V(I(T)), the smallest closed subset of AN containing T. A nonempty variety is irreducible if it is
not the union of two proper closed subsets. Every affine variety V' is a finite union V; U - - - U V; of
irreducible affine varieties with V;  V; for i # j. These varieties are the irreducible components of
V, and the decomposition is unique up to order [CLO25, Chapter 4, §6, Theorem 4].

An affine open subset of a variety is an open subset isomorphic to an affine variety. A property
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holds generally or generically on a variety V if it holds on a dense open subset of V. In an irreducible
variety, every nonempty open subset is dense and irreducible, and every finite intersection of
nonempty open subsets is nonempty [Har77, Chapter I, Exercise 1.6]. In particular, if V is
irreducible and g1,...,9 ¢ I(V), then {b € V | g1(b) - - - g(b) # 0} is a nonempty dense open
subset of V.

For S C [N], write AS for the affine space with coordinates xs and 7g: AN — AS for the
coordinate projection a — (as)ses. For T C [N] and S C FF[xr], the notation V(S) denotes the zero
set of S in AN, not AT, unless otherwise noted.

For every ideal | C FF[x], the Nullstellensatz gives

V() =V], V()= < J=Fx.

Thus V and I give mutually inverse, inclusion-reversing bijections between radical ideals of
IF[x] and affine varieties in AN, with prime ideals corresponding to irreducible varieties [CLO25,
Chapter 4, §2, Theorems 6-7, §5, Corollary 4]. For every proper ideal ], the irreducible components
of V(]) are precisely V(p) as p ranges over the minimal primes of | [Har77, Corollary 1.1.4 and
Proposition 1.1.5].

For an affine variety V, define its coordinate ring by F[V] := F[x]/ I(V). For f € FF[x], define its
restriction to V by f|y := f+1I(V). If V is irreducible, then its function field IF(V') is Frac(IF[V]). The
coordinates xg are algebraically independent on V if the family (xs|v)ses is algebraically independent
over IF. The coordinates xs are algebraically independent on V precisely when I(V) NF[xs] = {0 }.
In this case we identify F[xg| with its image in F[V].

Lemma 2.6: Let V C AN be an affine variety and let g € IF[x]. The restriction gq|y is a unit of
F[V]if and only if VNV(q) = @.

Proof: If |y is a unit, then evaluating an inverse at each point of V shows that g does not
vanish there. Conversely, if V(I(V) + (g)) = @, then the Nullstellensatz gives 1 = a + gh for
some a € I(V) and h € F[x]. Restricting to V gives (q|v)(h|y) = 1. O

Morphisms. Let f1,..., fp € F[xy, ..., xn]. These polynomials define a polynomial map f: AN —
AMby f(a) = (f1(a),..., fu(a)). f V.C AN and V' C AM are varieties with f(V) C V', then
the restriction f: V — V' is a morphism or polynomial map. Polynomial maps are continuous in
the Zariski topology. A morphism is dominant if its image is a dense subset of the codomain.
A morphism f: V — V' induces a map on coordinate rings F[V’'] — F[V] by ¢ — ¢ o f. For
nonaffine varieties, morphisms are defined locally on affine open subsets in the same way.

Dimension Theory of Varieties. The dimension of a nonempty irreducible affine variety V
is the largest integer d for which there exist irreducible affine varieties Vg, ..., V; satisfying
©CWC VWV C---CVy;= V. The dimension dimV of a nonempty affine variety V is the
maximum dimension of its irreducible components. A nonempty affine variety V is equidimensional
of dimension 4 if all its irreducible components have dimension d.

In particular, dim AN = dim F[x] = tr. deg IF(x) = N. For a nonempty variety U C AN, the
codimension of U in AN is the quantity codimpy U := dim AN — dim U = N — dim U. When N is
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clear from context, we write codim U for codimpn U.
We give some useful facts on the dimension of varieties.
Lemma 2.7 (Geometric dimension facts):  Let [F be an algebraically closed field.

1. For every proper ideal I C FF[x], we have dim V(I) = dim F[x|/I [Har77, Proposition 1.1.7
and Theorem 1.1.8A].

2. Let X C AN be an irreducible affine variety and let q4,...,q, € F[x]. Suppose that X N
V(q1,--.,4q,) is nonempty, and let Z be an irreducible component of this intersection. The
component Z satisfies dimZ > dim X — r. If, in addition, » = 1 and g; does not vanish
identically on X, then dim Z = dim X — 1. In particular, every irreducible component of
V(q1,--.,9r) has codimension at most r [Shal3, Chapter 1, § 6.2, Corollaries 1.13-1.14 and
the remark following Corollary 1.13]. This bound is the geometric form of Krull’s Height
Theorem.

Degree and Hilbert Functions. We use two closely related notions of degree. Degree bounds are
widely used in algebraic complexity theory [BCS97, Chapter 8].

Let L be a field and I C L[x| a proper ideal. Its (affine) Hilbert function
Hlle[(S) = dimL L[X] SS/ISS

agrees for sufficiently large s with the (affine) Hilbert polynomial HilbP; of degree d = dim L[x] /1.
We define the degree of I to be the quantity

DEGI := d! - Lc(HilbPy).

See [CLO25, Chapter 9, §3]. The dimension formula follows from homogenization and [Eis95,
Corollary 13.7]. For every nonconstant polynomial Q € L[x]|, the hypersurface identity gives
DEG (Q) = deg Q. If ] is an ideal contained in I, then HilbF,(s) < HilbF(s) [CLO25, Chapter 9,
§3, Exercise 8(b)]. We compare degrees through Hilbert functions, as in the proof of Lemma 4.8.

Lemma 2.8:  Let L and L' be fields, and let I C L[x] and | C L'[y] be proper ideals, where the
tuples x and y may have different lengths. If dim L[x] /I = dim L’[y]/] and HilbF;(s) < HilbF(s)
for all sufficiently large s, then DEG | < DEG I.

Proof:  Both Hilbert polynomials have degree t, the common dimension (see Degree and Hilbert
Functions). Since HilbP;(s) < HilbP,(s) for all large s, the coefficient of s’ in HilbP; is at most
that in HilbP;. Multiplying by #! gives DEG ] < DEGI. O

When F is algebraically closed, an irreducible affine variety V has degree deg V := DEGI(V).
For a nonempty affine variety X with irreducible components Vi, ..., V;, define

t
deg X := E deg V..
i=1

This definition agrees with the degree convention of [BCS97, Definition 8.23]. In particular,
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deg X = DEGI(X) when X is equidimensional; in general, DEGI(X) is the sum of the degrees
of the irreducible components of largest dimension. When X is equidimensional, deg X is the
number of points in its intersection with a general affine linear subspace of AN of codimension
dim X. Every nonempty union of irreducible components of X has degree at most deg X.

Proposition 2.9 (Degree Bounds):  Let IF be algebraically closed and let X C AN be a nonempty
affine variety.

1. For every affine linear automorphism ¢: AN — AN, we have deg ¢(X) = deg X.

2. For every S C [N], the coordinate projection s satisfies deg rs(X) < degX. For every
nonnegative integer r, we have deg(X x A") = deg X.

3. We have degAN =1.

4. Let g € F[x| be nonconstant, and let p,...,p; represent its distinct irreducible factors
up to scalars. The irreducible components of V(gq) are V(p1),...,V(p:), so degV(q) =
Yj—y degp; < degg.

5. Let qy,...,q, € F[x] be nonconstant and set Y := XN V(qy,...,q,). If Y is nonempty, then

r

degY < deg X[ [degV(g;) < deg X] [degg:.

i=1 i=1

The same upper bounds hold for the degree of any nonempty union of irreducible compo-
nents of Y. These bounds are a form of Bézout’s Inequality.

These facts follow from [BCS97, Remarks 8.20 and 8.24, Example 8.25, Corollary 8.27, Theo-
rem 8.28, Lemma 8.32, and Remark 8.33].

We use the following consequence of the Bézout inequalities for polynomial ideals [Laz20].

Lemma 2.10:  Let L be a field, and let g4, ..., 4, € L[x] be nonconstant polynomials of degree at
most J. If p is a minimal prime of (g4,...,q;, ), then

DEGp < 6" < 4"

Proof: The case r = 0 is immediate. Otherwise, the first inequality follows from [Laz20,
Corollary 19 and Lemma 8], whose notion of degree agrees with DEG by [Laz20, §5.2 and
Lemma 13]. The second inequality follows from Lemma 2.1. [

2.3 Algebraic Complexity

We assume familiarity with the basics of algebraic complexity theory; see, e.g., the surveys of
Dutta and Lysikov [DL25], Saptharishi [Sap26], and Shpilka and Yehudayoff [SY10] and the text of
Biirgisser, Clausen, and Shokrollahi [BCS97].

We define the size of an algebraic circuit to be the number of gates plus the number of wires,
allowing scalar multiplications along wires for free. Because we work with constant-depth circuits,
we allow unbounded fan-in and fan-out.
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We now define our model of depth-4 circuits with bounded top and bottom fan-in.

Definition 2.11:  Let k and 6 be at least 1. A ZMTIXITI! circuit over R is a depth-4 circuit whose
layers, from top to bottom, consist of one addition gate of fan-in at most k, product gates, addition
gates, and product gates of fan-in at most . The gates in the middle two layers have unrestricted
fan-in. Such a circuit computes a polynomial of the form Y5, T;(x), where T;(x) := I;4i(x) and
each g;; € R[x] has degree at most J. A circuit of size s has at most s distinct polynomials g; ;. The
circuit is homogeneous if every gate computes a polynomial that is homogeneous in x.

A polynomial f € R[x] is constant-free if f(0) = 0. In particular, every nonconstant homoge-
neous form is constant-free.

We also consider approximation by algebraic circuits in the following sense.

Definition 2.12: A polynomial f € FF[x] is border computed by a circuit class C if some circuit
® € C over F((¢)) computes f + €S for some S € F[[¢]|[x]. Equivalently, f is approximated by C,
approximately computed by C, or in the closure of C. Write C for the closure of C. The size of this
border computation is the size of ®.

Over an algebraically closed field IF, this definition of closure agrees with Zariski closure for the
class of circuits of size at most s, for every s; see [BCS97, Lemma 20.28] and [DL25, Theorem 38].

2.4 Auxiliary Statements

This subsection collects some statements from algebra and algebraic geometry that will be useful
in subsequent sections. Readers may skip this subsection on a first reading and refer back to it as
needed.

Throughout Section 2.4, we assume that [F is algebraically closed. We first state some useful
facts on coordinate projections.

Lemma 2.13: Let V C AN be an irreducible affine variety, S C [N], and W := 7t5(V) C AS.

1. I(Ws) = I(V) NF[xs], and f — f|y induces an isomorphism F[Ws]| = F[xs|y]. In particular,
W is irreducible.

2. dim Ws = tr.degp F(xs|y) < dim V, where [F(xg|v) is the subfield of IF(V) generated by the
xs|y fors € S.

3. FI(V)NF[xs] = {0}, then thereisaset T with S C T C [N], |T| = dimV, and I(V) N
F[xr] = {0}. For any such T, the family (x;|v):er is a transcendence basis of IF(V') over F.

Proof: The map F[xs] — F[V] has image F[xs|y]| and kernel I(V) N F[xgs], which is equal to
I(Ws). This image is a domain, proving Item 1.

Item 2 follows from the dimension-transcendence degree formula in Lemma 2.1.

For Item 3, extend (x;|v)ses to a maximal algebraically independent subfamily (x;|v)ier of
the coordinate functions. Every remaining coordinate is algebraic over IF(xt|y ), so this family is a
transcendence basis and |T| = dim V. O
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We next record two consequences of the lying-over lemma (Proposition 2.2).

Lemma2.14: LetV C AN be an irreducible affine variety and T C [N] with I(V) NF[xr] = {0}.
Let Q € F[xr] be nonzero, let  := Q|y, and suppose that F[V], is integral over F[xr|v];. If
p C F[xr| is a prime ideal with Q ¢ p, then V N V(p) has an irreducible component V; with
I(V()) N IF[XT] =p.

Proof: Identify A := F[xr] with its image in B := F[V]. By Proposition 2.2, there is a prime
of By contracting to pAg. Its preimage P in F[x] contains I(V') + pF[x| and satisfies PN A = p.
Choose a minimal prime Py of I(V') + plF[x] contained in P. Since p C PyN A C PNA = p, we
may take Vp = V(D). O

Corollary 2.15:  Let V, T, Q, and  be as in Lemma 2.14. For every ¢ € AT with Q(c) # 0, there
exists v € V such that rir(v) = c.

Proof: The maximal ideal m. := (x; —¢; | t € T') does not contain Q. Thus Lemma 2.14 implies
that V' N V(m,) is nonempty, and every point of this intersection projects to c. O

Recall from Lemma 2.13 that for any irreducible affine variety V C AN of dimension m, there
exists T C [N] with |T| = m such that I(V) N[F[xr] = {0 }. The ring F[V] need not be integral
over its subring [F[xt|y]|. The next two lemmas show that integrality holds after localizing both
rings at a suitable nonzero polynomial Q € FF[x7| and give a bound on deg Q.

Lemma 2.16:  Let L be a field and let p C L[x| be a prime ideal. Let T C [N] with |T| =
dim L[x]/p and p N L[x7] = {0 }. For every a € [N] \ T, the prime ideal p N L[x7, x,] is generated
by one irreducible polynomial Q with deg, Q > 1 and degQ < DEGp.

Proof: Fixa € [N]\T. Letd :=|T|, R := L|x7,x,], and q :== p N R.

The ideal q is prime, and the hypotheses give inclusions of domains
L[xr] < R/q < L[x]/p.

Indeed, the kernel of the first map is q N L{xr] = p N L[x7] = {0 } by assumption. The kernel of
the second map is (p N R)/q = q/q = {0 }. The fraction field of L[x7] has transcendence degree
d over L. The same holds for the fraction field of L[x]/p since dim L|x]/p = |T|. It follows that
Frac(R/q) also has transcendence degree d over L, and hence dim R/q = d by Lemma 2.1. Since
R is a polynomial ring in d 4 1 variables, Lemma 2.1 gives htq = 1. Since R is a Noetherian UFD,
Lemma 2.1 shows that ¢ = (Q) for an irreducible polynomial Q € R. Since Q is nonzero and
pNL[xr] = {0}, it must involve x,, so deg, Q > 1.

For every s > 0, inclusion of polynomial rings induces an injective L-linear map R<s/q<s —
L{x|<s/p<s, since ¢ = p N R. Hence HilbF,(s) < HilbF,(s). Both R/q and L[x]/p have dimension
d, so Lemma 2.8 and the hypersurface identity DEG ( Q ) = deg Q in Degree and Hilbert Functions
give

deg Q = DEG(Q) = DEGq < DEGp. O

Lemma 2.17:  Let V C AN be an irreducible affine variety of dimension m and degree A, and
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let T C [N] with |T| = m and I(V) NF[xr] = {0 }. For each a € [N] \ T, there is an irreducible
polynomial Q, € I(V) N lF[xTU{a}] with degQ, < A and d, := deg, Q. > 1. For each 4, let
ca € F[xt] be the leading coefficient of Q, as a polynomial in x,, and let

Q= [] ci€Flxr],

ac[N\T

with Q = 1if T = [N]. Each ¢, is nonzero with degc, < A—1,s0 Q # 0 and degQ <
(N —m)(A —1). Moreover, F[V]), is integral over F[xr|v]g|, -

Proof:  Since I(V) is prime with dimF[x]/I(V) = m and DEGI(V) = A, Lemma 2.16 gives
the irreducible polynomials Q, with degQ, < A and degxa Q, > 1 for each a € [N|\ T. For
each a € [N]\ T, the leading coefficient of Q, with respect to x, satisfies ¢, # 0 and deg, ca <

deg Q, —d, < A —1. Thus, Q is a product of N — m nonzero polynomials of degree at most A — 1,
so Q #0and degQ < (N —m)(A—1).

Let B := F[xr|v] and h := Q|y. The hypothesis I(V) N F[xr] = {0} ensures that i1 # 0. For
every a € [N]\ T, the element c,|y divides & in B, so it is a unit in Bj, by the observation in
Localization. Dividing the relation Q,(xt|v, Xs|v) = 0 by c,|v gives a monic equation for x,|y
over By. These integral coordinate functions generate F[V], as a Bj-algebra, so F[V]), is integral
over By,. O

We use the notation for coordinates and projections from Section 2. The following lemma
gives a small exceptional set E of coordinate indices whenever the coordinates x; are algebraically
independent on an irreducible affine variety V. For every set | disjoint from I U E, setting x; to
zero preserves the algebraic independence of x; on some irreducible component of V N V(x;).

Lemma 2.18:  Let V C AN be an irreducible affine variety of degree A and codimension C,
where C = N —dim V. Let I C [N] be such that the coordinates x; are algebraically independent
on V, thatis, I(V) NF[x;] = {0}. Thereis a set E C [N]\ I with |E| < CA having the following
property: for every | C [N]\ (IUE), the set VN V(xj) has an irreducible component V; with
I(V)) NFx] = {0}.

Proof: Letm := dimV = N —C. By Lemma 2.13, there is a set T with I C T C [N],
|T| = m, and I(V) NF[xy] = {0}. By Lemma 2.17, there is a nonzero Q € F[xr] with degQ <
(N —m)(A—1) = C(A —1) such that F[V]y, is integral over F[xr|v]gj, -

Fix a monomial M that occurs in Q with a nonzero coefficient, and let S := supp(M) C T.
Hence |S| < deg Q. Let
E:=(ININT)U(S\ D).

Since I C T, the set E is disjoint from I, and
|E| <|[NJ\T|+|S| < C+C(A—-1)=CA.

Let ] C [N]\ (IUE) =T\ (IUS). Theideal pj := (x; | j € | ) € F[xr] is prime, since its quotient
ring is the domain IF[xp ;]. Setting x; = 0 for all j € ] deletes the monomials of Q involving these
variables and leaves the others unchanged. Since | NS = @&, the monomial M survives with its
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nonzero coefficient, so Q € p;.

Finally, by Lemma 2.14, V N V(x;) has an irreducible component V; with I(V}) N F[xr] = p;.
Since I and | are disjoint subsets of T, it follows that I(V})) NF[x;] = pyNF[x;] = (x; |j€ ])N
F[x;] = {0}, as desired. O

We show that if an irreducible affine variety V has sufficiently small codimension, then the
coordinates in at least one block are algebraically independent on V.

Lemma 2.19:  Let k and 7 be at least 1, and set N := (k+ 1)n. Let V C AN be an irreducible
affine variety with codim V' < k. There is an index j € [k + 1] with I(V) N[F[x;] = {0 }.

Proof: By Lemma 2.13, applied with S = @, there is a set T C [N] with |T| = dimV and
I(V) NF[xr] = {0}. Suppose for a contradiction that I(V) NIF[x;] # {0} for every j € [k + 1].

No block B; is contained in T, since F[x;] C F[xr| whenever B; C T. Hence ‘T N B]-| <n-—1 for
every j. Therefore, dimV = |T| < (k+1)(n —1) < (k4 1)n —k < dim V, a contradiction. O

The next lemma shows how to eliminate the other block monomials of P, while preserving
the algebraic independence of x; on an irreducible component.

Lemma 2.20:  Let k and n be at least 1. Let N := (k+ 1)n, and let V C AN be an irreducible
affine variety of degree A and codimension C such that CA < n. Letj € [k+ 1]. Suppose
I(V)NF[x;] = {0}. There exist indices /1,...,¢ € [N]\ B; such that V' N ne, V(x4,) has an
irreducible component Vy with I(Vy) NF[x;] = {0 }. Moreover, Pc.q, = x" (mod I(Vp)).

Proof:  Apply Lemma 2.18 with I = B}, and let E C [N] \ I be the resulting set of size at most
CA. Choose one index from By \ E for each j' € [k+1]\ {j}, and let ] be the set of chosen indices.
Each choice is possible because |E| < CA < n.

Write | = {/¢;,..., 0 }. By Lemma 2.18, there exists an irreducible component V) of V' N
N, V(xy,) such that I(Vp) N F[x;] = {0}. Moreover, { x,,...,%, } contains one variable from
each term of P, (Definition 1.2) except the j-th term. Thus Py, 1, = x5 (mod 1(1p)). O

We now construct a variety on which each product gate either vanishes or has every factor
invertible. Each equation we impose eliminates a gate, increases the codimension by at most one,
and increases the degree by a factor of at most é.

Lemma 2.21:  Let [F be an algebraically closed field of arbitrary characteristic. Let k and ¢ be at
least 1, and let T; := [T, g; for i € [k]|, where each product is finite and each g;; € IF[x] has degree
at most J. There exist an irreducible affine variety V C AN and a set K C [k] with the following
properties:

1. codimpn V <k — |K| and deg V' < Sk=IK|,
2. T € (V) forevery i € [k] \ K, and
3. gi;|v is a unit of IF[V] for every i € K and every j.

In particular, Y5 T; = Ycx T; (mod 1(V)).
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Proof: =~ We construct irreducible affine varieties Vj, ..., Vj satisfying AN=V,DV,D---DV
and decide at each stage i whether to add i to K. We maintain the bounds codim V; < i — |K| and
deg V; < 6""IKl. These bounds hold for i = 0 with K = @, since deg AN = 1 by Proposition 2.9.
For each i € [k|, we construct V; from V;_; as follows.

* Suppose that some factor g;; of T; satisfies V; 1 N V(q;;) # @. Fix such an index j and
set q; = q;j. Leave i out of K and choose an irreducible component V; of V;_1 N'V(g;).
If g; vanishes identically on V;_;, then V; = V;_;. Otherwise, dimV; = dimV;_; — 1 by
Lemma 2.7. Furthermore, deg V; < § deg V;_; by Proposition 2.9.

e Otherwise, add i to K and let V; := V;_1.

Set V := V}. The invariants give Item 1. If i ¢ K, then the chosen factor g; of T; vanishes on
Vi2V,s0T; € I(V). If i € K, then no factor q;; of T; has a zero on V;_1 2 V, s0 g, j|v is a unit by
Lemma 2.6. ]

3 Impossibility Under a Constant-Freeness Assumption

In this section, we consider a warm-up case under the following assumption: Each top-level
product gate of a ZMTIXITC circuit computes either a constant or a polynomial divisible by a
constant-free factor of degree at most 6. We show that, for sufficiently large n, the polynomial
Piy1,, cannot be computed by any such circuit. In particular, this result rules out homogeneous
YHMIIZIT! circuits. Throughout, assume that the base field IF is algebraically closed.

In the next section, we extend this result to show that P, cannot even be computed in the
border setting by N TIZIT! circuits under the same constant-freeness assumption. In Section 7,
we strengthen the result in another way by removing the constant-freeness assumption in the
non-border setting.!

Theorem 3.1:  Suppose § > 1 and k > 1. If n > ko, then Py 1, cannot be computed by a
S MITZITE! circuit of the form Y5, T; in which each T; is either a constant or divisible by a constant-
free factor gq; of degree at most . In particular, P, ;, cannot be computed by homogeneous
Tl circuits.

Proof: Let N := (k+ 1)n. Suppose towards a contradiction that Py, can be written as 2;‘:1 T;,
where each T; is either a constant or divisible by a constant-free factor g; of degree at most é.
After reindexing, let Ty, ..., Ty be the nonconstant summands, with k' < k. For each i € [K'],
choose a constant-free polynomial gq; of degree at most  dividing T;. Since T; # 0, each g; is
nonzero and hence nonconstant. Moreover, T;(0) = 0 because ¢;(0) = 0. Evaluating at x = 0 and
using Py, 1,(0) = 0, we see that the constant summands satisfy Y5, 41 I; = 0. Discarding these
summands, we obtain

k/
Peyin =) T
i=1

1We remark that for k > 2, one cannot simultaneously remove the constant-freeness assumption and establish the
impossibility result in the border setting. Indeed, if k > 2, then Py, does admit »MTI=I10) circuits in the border
setting; see [Kum?20, Theorem 1.3] (Equation (1)) for the case of algebraically closed fields of characteristic zero, as well
as [DS26].
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The common zero set ﬂ;‘;l V(g;) contains the origin and is therefore nonempty. Let V be an
irreducible component of this set. By Lemma 2.7, the codimension of V in AN is at most k’ and
hence at most k. Applying Bézout’s Inequality (Proposition 2.9) with X = AN, which has degree
1, gives deg V < 6% < 6.

By Lemma 2.19, there is some j such that I(V) N[F[x;] = {0 }. Fix such a j. Set C := codim V
and A := deg V. We have CA < kék < n. By Lemma 2.20, there exist indices /1, ..., ¢ € [N] \ B;
and an irreducible component Vy of V N5, V(x;,) such that I(Vy) NF [xj] = {0} and

Pey1, =X (mod I(Vp)). 8)

The right side of (8) is nonzero modulo I(Vp) since I(Vp) NTF[x;] = {0}. On the other hand,
Pi+1,, is zero on Vp since each T; is divisible by ¢; and ¢; € I(V) C I(V)). Thus we obtain a
contradiction. O

4 Impossibility Under a Constant-Freeness Assumption in the Border
Setting

In this section, we extend Theorem 3.1 to the border setting. We show that P, cannot even
be approximated by a YMTTEIT9] circuit in which each top-level product gate computes either a
constant or a polynomial divisible by a constant-free factor of degree at most J. In particular, this
result rules out border computation of Py, by homogeneous ZITIXITY circuits.

Throughout this section, let IF be an algebraically closed field.

4.1 Additional Preliminaries

We give some additional preliminaries that will be used in this and later sections.

Limits and Normalization. A common operation will be to divide a nonzero Laurent series in ¢
by the lowest power of ¢ occurring in it. The resulting power series has a nonzero limit at ¢ = 0.

Definition 4.1:  Let L be a field. For ¢ € L[[¢]], write lim g := g|.—o; the map lim: L[[¢]] — L is
a ring homomorphism. Every nonzero ¢ € L((¢)) has a unique expression

g=2¢g, where a=val,(g), g€Lll]], and limg#O0.
The normalization of g is g.

Units up to Powers of e. We now define the notion of e-units. Let u be a tuple of variables.

Definition 4.2: A power series g € [F[[¢, u]] is an e-unit if ¢ = "¢ for some nonnegative integer
a and some ¢ € F[[e, u]] with §(0,0) # 0.

For example, every nonzero element of IF|[[¢]] is an e-unit, while € + 1 is not.

Lemma 4.3:  Let g, h € F[[¢, u]]. If ¢h is an e-unit, then so are ¢ and h.
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Proof:  The ring FF[[¢, u]] is a UFD, and ¢ is prime, so every divisor of a power of ¢ times a unit
is itself a power of ¢ times a unit. O

An element g € F[[¢, u]] is an e-unit if and only if it is invertible in F[[¢, u]].. Indeed, the
forward implication is immediate; conversely, an inverse gives gh = ¢° for some h € F[[¢, u]] and
¢ > 0, so Lemma 4.3 applies.

Completions. A formal power series is determined by its truncations at each degree. Completion
extends this idea to other rings, using reduction modulo powers of an ideal in place of truncation.

Definition 4.4 ((AM69, Chapter 10]): Let R be a ring, and let a C R be an ideal. The a-adic
completion of R, also called its completion with respect to a, is the ring R defined by

R:= lim R/a".

n>1

Concretely, an element of Risa sequence (r1 +a,1p + a?,r3+dd, .. .), where r, € Rand r,41 =
rn (mod a") for n > 1. This compatibility condition means that reducing the (1 + 1)-st residue
class modulo a” gives the n-th residue class. Addition and multiplication are performed coordinate-
wise.

There is a natural ring homomorphism R — R sending r to (¥ + a"),>1. The ring R is complete
with respect to a if this map is an isomorphism. For a local ring, completion means completion
with respect to its maximal ideal unless otherwise stated.

For example, the (t)-adic completion of F[t] is F[[t]]: A formal power series determines
a compatible sequence of truncations modulo t", and conversely, such a sequence uniquely
determines every coefficient of the power series.

We record some useful facts about completions.

Proposition 4.5:  Let O be a Noetherian local ring with maximal ideal n, and let O be its n-adic
completion.

1. The ring O is a Noetherian local ring with maximal ideal nO and dimension dim O [AM69,
Proposition 10.16, Theorem 10.26, and Corollary 11.19], [Eis95, Corollary 10.12]. Moreover,
Ois complete with respect to 1O [Eis95, Theorem 7.1(b)].

2. For every proper ideal I C O, the completion of the local ring O/1 is O/I0. Consequently,
dim O/10 = dim O/I [AM69, Proposition 10.13 and Corollary 11.19].

3. Let b € FN, let my := (x1 —by,...,xy — by ), and define 1,: F[x] — F[[y]] by 5 (f) =
f(b+y). Translation induces an isomorphism

For every ideal | C my, it also induces

—

F X, / JE[X]m, = F[[y]]/ (f(b+y) | f € ])Flly]].

39



The first isomorphism is the standard description of completion at a point [Eis95, §7.1,
Example on p. 181], and the second follows from Item 2.

Lemma 4.6 ([Stacks, Tag 000T]):  Let F be algebraically closed, let b € FV, and set m;, =
(x;—Db;j|i€[N]). Let ] C my be an ideal, and let V;, ..., V; be the irreducible components of
V(J) containing b. The following dimension formula holds:

dim (F[x|m, / JF [X|m,) = meﬁ( dim V;.
ict

Local Rings. We will also use the following two facts about local rings.
Lemma 4.7:

1. If B is a Noetherian local domain and t is a nonzero element of its maximal ideal, then
dim B = dim(B/tB) + 1.

2. For O = FF[[¢]][x](¢x), completion at the maximal ideal gives O = F|[e, x]].

Proof:  The first assertion follows from [Stacks, Tag 00KW]. For the second, the natural maps
give O/ (g,x)" O 2 Fle,x]/ (g,x)" for r > 1. To conclude, take inverse limits. O

Modules. For an A-module M and an A-algebra B, we write M ® 4 B for the extension of scalars
from A to B. We use the natural identifications

M®a (A/I)2M/IM  and M®,S'A=2S M,

where [ is an ideal and S is a multiplicatively closed subset of A.

Suppose that A is a domain with fraction field K. The rank of a finite A-module M is defined
by
ranky M = dimg (M ®4 K).

The module M is torsion-free if, for every nonzero r € A and every m € M, the equality rm = 0
implies m = 0 [Mat86, § 11, p. 84]. If A is a principal ideal domain (PID), then every finite torsion-
free A-module is free and every submodule of A° is free of rank at most s [Lan02, Chapter III,
Theorems 7.1 and 7.3]. In particular, if A is a PID, then every finite torsion-free A-module M is
isomorphic to ATnka M,

Specialization at ¢ = 0. The next lemma controls the dimensions and degrees of the irreducible
components obtained by setting ¢ = 0 in a prime ideal over F((¢)), after contracting it to IF[[¢]][x].

Lemma 4.8: Let R := F[[¢]] and K := F((e)). Let : R[x] - F[x] be the F-linear ring
homomorphism sending ¢ to 0 and fixing F[x]. Let p C K[x] be a prime ideal. Let I := p N R[x],
J = n(I), and X = V(J). Suppose that I C (¢ xq,...,xny), which holds in particular if
p C (x1,...,xx) K[x]. Under this assumption, 0 € X, and X is equidimensional of dimension m,
where m := dim K[x]|/p. Moreover, every irreducible component V of X satisfies deg V < DEG p.

Proof:  The kernel of 7t is ¢éR[x]. In fact, T(R[x]<s) = F[x]<s for every s > 0. Since 7t is surjective,
] is an ideal.
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Since p is prime, its contraction I is a prime ideal of R[x], and I N R is a prime ideal of R. The
only prime ideals of R are {0 } and ¢R. Since p is a proper ideal and ¢ is a unit of K[x], we have
e¢pand hencee ¢ I. Thus INR = {0}.

Let A := R[x|/I. Since I is prime, A is a domain. Moreover, since ] "R = {0}, the natural
map R — A is injective and embeds R as a subring of A. Clearing coefficient denominators gives
IK[x] = p. Consequently,

A= K[x]/p and  A/eA=TF[x]/].

The assumption I C (¢, xq,...,xN) gives | C (x1,...,xn ). Thus ] is proper, X contains the origin,
and A/eA is nonzero.

We now apply [Stacks, Tag 00QK]. Here R is a valuation ring, A is a finitely generated
R-algebra that is a domain containing R, and A/¢A is nonzero. In our setting, the cited result
states that every minimal prime q of | satisfies

dimF[x]/q = dim A, = dim K[x]/p = m.

Since I(X) = /T and | and /] have the same minimal primes, the irreducible components of X
are precisely the sets V(q) for these minimal primes q. Thus X is equidimensional of dimension
m.

Fix an irreducible component V of X. For s > 0, let M, be the image of R[x|<; in A. The
module M; is a finite R-module generated over R by the images of monomials of degree at most s.
Since M; C A and A is a domain containing R, the module M; is torsion-free and hence free over
the PID R.

After localizing M; C A and clearing coefficient denominators, we obtain
M; @r K= K[x]<s/p<s.
Consequently,
rankg M, = dimg(M; ®g K) = dimg (K[x]<s/p<s) = HilbF,(s). )
Since 71(I) = ] C I(V), specialization induces a surjection
M;/eMs — F[x]<s/ I(V)<s.

It follows that
HilbFyy(s) < dimg(M;/eM;) = rankg Ms = HilbF,(s), (10)

where the inequality follows from the preceding surjection. The first equality follows from freeness
of M;, and the second follows from (9). Since dimV = dim K[x|/p, Lemma 2.8 applied to (10)
gives deg V < DEGp. O

Remark 4.9: In Section 4.2, we apply Lemma 4.8 with p C (xy,...,xn) K[x] to prove Theo-
rem 4.16. The more relaxed condition p N R[x] = I C (¢ x1,...,xxn ) will be used in Section 6.2 to
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prove Theorem 6.7. <

Remark 4.10:  Let V be an irreducible component of the special fiber defined by specializing
p N R[x] at e = 0. In our applications, Lemma 2.10 bounds DEGp from generators of an ideal
having p as a minimal prime. It is tempting to reduce these generators modulo ¢ and apply
Bézout’s Inequality directly. However, powers of ¢ may appear in the denominators of their
coefficients, so this reduction may not be defined. Even after denominators are cleared, reduction
may lose equations, so V need not be an irreducible component of the resulting zero set. We
instead transfer the degree bound using Lemma 4.8.

Geometrically, p defines the generic fiber of a family over R, while V is an irreducible
component of its special fiber at ¢ = 0. Our proof of Lemma 4.8 uses the freeness of certain
R-modules to compare Hilbert functions and transfer the degree bound.? <

Resultants. We now define the resultant and record some properties that will be used later.

Definition 4.11 ([vzGG13, §6.3]): Let f and g be polynomials in R[z] of degrees I and r,
respectively, with [ > 1 and r > 0. Write f = apz! + a1z 1 4+ .- 4+ 4; and g = bpz" + bz 1+
--++ by, where ag # 0 and by # 0. The Sylvester matrix Syl_(f, g) is the (I 4+ r) x (I 4 r) matrix
over R with columns specified as follows. For 1 < ¢ < r, its c-th column has the entries
ag,...,ainrowsc,...,c+1. For 1 <c¢ <1, its (r + c¢)-th column has the entries by, ..., b, in rows
¢,...,c+r. The resultant of f and g with respect to z is defined by Res,(f,g) := detSyl_(f, g). For
a nonzero constant ¢ € R and a nonzero polynomial ¢ € R[z], set Res.(c, g) = c9¢&:&; in particular,
Res,(1,1) = 1. For deg, f > 1, set Res,(f,0) = 0.

Lemma 4.12 ([Jan10, Theorems 1.10-1.11]):  Let R be a domain. For nonzero f, g, h € R[z|, we
have

Res;(fg,h) = Res;(f,h)Res;(g, h) and Res.(f,gh) = Res;(f, g) Res.(f,h).

If f is monic of positive degree, then

Res, (f,g + hf) = Res:(f,g)-

If f(z) = 1% ,(z — r;) over an extension of Frac(R), then

u

Res.(f,8) = [ [s(ri).

i=1

Let R be a domain and let f, ¢ € R|z] be as in Definition 4.11. There are u,v € R[z] with uf +
vg = Res,(f, g) [vzGG13, Corollary 6.21]. If R is a unique factorization domain, then Res,(f,g) =

0 if and only if ged(f, g) is nonconstant in R[z| [vzGG13, Corollary 6.20]. Suppose now that the

characteristic of R is 0. The discriminant of f is defined by Disc,(f) = % Res;(f,0:f),

2Since free modules are flat [Mat86, Chapter 3, §7], this argument can be viewed as an elementary manifestation of
the more general role of flatness in controlling numerical invariants under specialization. A related general result is
that Hilbert polynomials are locally constant in flat projective families. This result follows from local constancy of Euler
characteristics [Stacks, Tag 0B9T].
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where d = deg_(f). If f € R[z], then Disc;(f) € R [Jan10, Theorem 3.5(i)].

Resultants commute with homomorphisms of coefficient rings that preserve the degrees
of the input polynomials. More precisely, if ¢: R — S is a homomorphism of domains with

deg, ¢(f) = deg, f and deg, ¢(g) = deg, g, then

¢(Res:(f,8)) = Res:(¢(f), (g))-

This identity follows by applying ¢ to the Sylvester determinant, which is an integer polynomial
in the coefficients of f and g. In particular, resultants commute with the injective substitution
e — € on formal power-series coefficients for every integer e > 1.

Proposition 4.13:  Let L be a field of characteristic 0, and let R := L[x] = L[xy,...,xn]. Let
f € R[z] be irreducible, and set d := deg, f. Suppose d > 1 and deg, , f < D.

1. Res;(f,0-f) # 0 and degRes;(f,0.f) < D(D — 1) (cf. [HP94, p. 155]).
2. If (¢,7) € LN x L satisfies f(c,7) = 0 and Res,(f,d.f)(c) # 0, then (9.f)(c,y) # 0.

3. Let £ € R be the leading coefficient of f as a polynomial in z. If ¢ € LN satisfies
Res; (f,0.f)(c) # 0, then £(c) # 0. In particular, deg_ f(c,z) = deg_ f.

Proof: Since f is irreducible and d.f is a nonzero polynomial of smaller z-degree, the two
polynomials are coprime, so Res;(f,d.f) # 0. The coefficients of z' in f and 9. f have x-degrees
at most D —i and D — 1 — i, respectively. The homogeneity properties of the resultant [Jan10,
Theorem 1.4] therefore give

degRes,(f,d,f) < (d—1)D+d(D—1)—d(d—1)=D(D~-1)—(D—d)> <D(D-1).
Evaluating an identity uf + vd,f = Res.(f,9.f) at (¢, y) proves Item 2.
Finally, Item 3 holds since Res, (f,d,f) = (—1)*@~1/2/ Disc,(f) and Disc,(f) € L[x]. O

Formal Implicit Function Theorem. We state a form of the formal implicit function theorem,
which identifies a quotient of a power-series ring with a power-series ring in fewer variables.

Lemma 4.14: Let IF be a field. Let m and N be integers with 0 < m < N, and sety = (y1,...,yn)
andy' = (y1,...,Ym)- Let fus1,..., N € (y1,...,yn ) F[[y]], and define their Jacobian matrix at
the origin by

| = ((aya/fﬂ)(0))u,a’€[N]\[m]'

Suppose that | is invertible. In particular, | is invertible if each f;, lies in F[[y’, y,]] and satisfies
(9y,fa)(0) # 0. Under these hypotheses, the natural map

F(ly']] = F[lyll/ ( fns1,-- o fn)

is an isomorphism.

Proof: Let ¢ be the substitution endomorphism of F[[y]] fixing y1, ...,y and sending y, to f,
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for a > m. The Jacobian of this substitution has the following block matrix representation:

In 0
B J)°
By the formal inverse function theorem [Eis95, Exercise 7.25], ¢ is an automorphism. It fixes

F[[y']] pointwise and maps (Yu+1,-..,yn) onto { fut1,..., fn ). Passing to quotients gives the
asserted natural isomorphism. O

The next lemma identifies the ideal of a variety in the power-series ring around a point and
shows that the quotient is itself a power-series ring.

Lemma 4.15:  Let F be an algebraically closed field. Let V C AN be an irreducible affine variety
of dimension m, and let b € V. For each a € [N]\ [m], let Q, € I(V) NF[xy,...,xm, X,] satisfy
(0x,Qa)(b) # 0. Let 1,: F[x] — F[[y]] be as in Proposition 4.5. Under these hypotheses,

w(I(V)F([y]] = (16(Qu+1), - - (Qn) ) Fl[yl],

and the natural map
Flly1, ..., yml] = F[[yl] /0 (I(V))F[[y]]

is an isomorphism.

Proof: Set S := F[[y]], ] == (%(Qui1),---,1(Qn))S, and T := 1,(I(V))S. Thus J C I, and
Lemma 4.14 identifies S/ ] with F[[y1, ..., Ym]]. In particular, S/] is a domain of dimension m. On
the other hand, Proposition 4.5 and Lemma 4.6 give

~

dim(S/1I) = dim (F[X]w,/ I(V)F[X]w,) = m.

If | # I, then I/] is a nonzero proper ideal of the m-dimensional domain S/J. In that case,
Lemma 2.1 gives dim(S/I) < m — 1, contradicting dim(S/T) = m. Thus | = I, and the asserted
natural isomorphism follows. [

4.2 Proof of the Impossibility Result
We now prove the main result of this section.

Theorem 4.16:  Suppose § > 1 and k > 1. If n > k&, then Py, cannot be approximately
computed by circuits over F((¢)) of the form YK | T;, where each T; is either constant or divisible
by a constant-free polynomial g; € IF((¢))[x] of degree at most . In particular, P, cannot be
approximately computed by homogeneous ZFTIZIT! circuits over F((e)).

Proof: Let R := FJ[¢]], K :=F((¢)), N == (k+1)n, and x := (x1,...,xN). Suppose towards
a contradiction that a circuit Zle T; of the stated form approximately computes Pr.q,. By
Definition 2.12, we have

k
Y T = Pey1 +€S (11)
i-1
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for some S € R[x|.

We first remove the constant summands. After reindexing, let Ty, ..., T, be the terms that do
not lie in K, so Ty41,..., Ty € K. For each i € [r], choose a constant-free polynomial g; € K[x] of
degree at most § dividing T;, and write T; = g,;¢; with g; € K[x]. Since T; # 0, the polynomial g; is
nonzero and hence nonconstant. Moreover, T;(0) = 0 because g;(0) = 0. Evaluating both sides of
(11) at x = 0 and using Py1,,(0) = 0 therefore gives

T; = €S(0). (12)

Subtracting (12) from (11) yields
.
Pei1n+€S" =Y qigi (13)
i=1

where §’ := S5 — 5(0) € R[x] and r < k.

We next specialize a suitable minimal prime of (qy,...,4,) K[x] at ¢ = 0. Since the g; are
constant-free, we have

(q1,--.,9,)K[x] C (x1,...,xn) K[x].

The latter ideal is prime, since K[x]/ (x1,...,xn ) K[x] = K. We may therefore choose a minimal
prime p of (q1,...,q,) K[x] such that p C (xy,...,xn) K[x]. By Lemma 2.1, htp < r. By the same
lemma, dim K[x]/p = N — htp. Consequently,

m:=dimK[x]/p=N—-htp>N—-r>N—k.

Moreover, Lemma 2.10 gives
DEGp < 6"P < ¢ < 55,

Let 7: R[x] — F[x] be the F-linear ring homomorphism sending ¢ to 0 and fixing F[x]. Let
I:=pNR[x], ] = n(l) C F[x], and X := V(J) € AN. By Lemma 4.8, X is nonempty and
equidimensional of dimension 1, and every irreducible component of X has degree at most DEG p.
Fix an irreducible component V of X. Thus codimpny V = N —m < k and degV < DEGp < k.

Moreover, P, vanishes on X and hence on V. Indeed, the left side of (13) lies in R[x],
while its right side lies in the ideal (41, ...,4, ) K[x], which is contained in p. Thus Py, + €S’ €
p N R[x] = I. Applying 7 gives

Pey1 = (Peirn+eS) e n(l) =7,

proving the claim that Py, vanishes on X and hence on V.

By Lemma 2.19, we may choose j such that I(V) NF[x;] = {0}. Let C := codiman V and

A = degV. The bounds above imply CA < ké¥ < n. By Lemma 2.20, there exist indices

l1,..., 4 € [N]\ Bj and an irreducible component Vg of V N N5 V(x,,) such that I(Vp) NTF[x;] =
{0}. These choices give

Pey1, = xP (mod I(Vp)). (14)

B

The right side is nonzero modulo I(Vp), since x” is a nonzero polynomial in FF[x;] and I(Vp) N
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F[x;] = { 0}. On the other hand, Py, vanishes on V and hence on its subvariety Vj, contradicting
(14). 0

5 Low-Weight Translation

Let k and 6 be at least 1, and let 1 satisfy n > ké*. Suppose that P 1, = Y5, T;, where each
T; is a product of nonzero polynomials in F[x] of degree at most 4. In this section, we show that,
after a low-weight translation (i.e., shifting only a small number of coordinates) and passage to
a suitable power-series ring, the translated polynomial can be computed by a sum of at most k
product gates, each nonzero at the origin.

Throughout Section 5, let F be an algebraically closed field of characteristic 0. To apply
Lemma 4.15, we need a point where all the chosen derivatives are nonzero. The next lemma finds
such a point with few nonzero coordinates, with a bound depending only on the codimension
and degree of the variety.

Lemma 5.1:  Let V C AN be an irreducible affine variety of degree A and codimension C. Let
T C [N] satisfy |T| = dim V and I(V) NF[xr] = { 0 }. Under these hypotheses, there exist

e aset E C [N] with [N]\ T C E and |E| < CA?,
* apoint b € V with supp(b) C E, and

e for each a € [N]\ T, an irreducible polynomial Q, € I(V) N F[xr, x,] with deg Q, < A and
(0x,Qa) (b) # 0.

Proof: By Lemma 2.17, for each a € [N]\ T, there is an irreducible polynomial Q, € I(V) N
Fxr, {a}] with deg Q, < A and degxu Q, > 1. When Q, is viewed as a polynomial in x,, its
leading coefficient ¢, € F[xr] is nonzero and has degree at most A — 1. Moreover, for Q := [], ¢,
as in Lemma 2.17 and & := Qly, the ring F[V]}, is integral over F[xr|v].

For each a € [N]\ T, let R, := Resy,(Qq,9+,Qs) € F[xr]. By Proposition 4.13, each R, is

nonzero and has degree at most A(A —1). Let

R = H R, € Fxt],
ae[N\T
with R = 1if T = [N]. Thus R # 0 and deg R < |[N]\ T|A(A — 1) = CA(A — 1).
Fix a monomial M occurring in R. Let S := supp(M) C T, and let E := SU ([N] \ T). Since
|S| < deg M < degR, we have |E| < CA(A —1) + C < CA?.

Setting all variables outside S to zero deletes some terms of R and leaves the others unchanged.
The term with monomial M survives, so the resulting polynomial in [F[xs] is nonzero. Since F is
infinite, there is a point ¢ € AT such that ¢; =0 for t € T\ S and R(c) # 0.

For every a € [N]\ T, we have R,(c) # 0 since R, divides R. By Item 3 of Proposition 4.13,
applied to Q, as a polynomial in x,, we have ¢,(c) # 0. Hence Q(c) # 0, so Corollary 2.15 gives
b € V with 7tp(b) = c. Since by = ¢, =0 for t € T\ S, we have supp(b) C SU([N]\T) = E.
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Finally, fix a € [N] \ T. Since Q,(b) = 0 and R,(c) # 0, Item 2 of Proposition 4.13, applied at
(c,by) € AT x A1, gives (9,,Q,)(b) # 0. O

Remark 5.2: Characteristic 0 is used in Lemma 5.1 to ensure that the resultants R, are
nonzero. The conclusion can fail in positive characteristic. Indeed, when char(FF) = p > 0,
take V = V(xj —x;) € A2and T = {1}. For this choice, we have I(V) N F[x;] = {0}, but
(0%,Q)|v = 0 for every Q € I(V), since I(V) = (x5 —x; ). <

We now state and prove the main result of Section 5.

Theorem 5.3:  Let k and & be at least 1, let n satisfy n > kd¥, and let N := (k + 1)n. Suppose
Pii1, = Y5, T;, where each T; is a product of nonzero polynomials in F[x] of degree at most
8. Suppose also that Y5 ; deg T; < D. Under these hypotheses, there exist integers 1, ty, and
k', elements by, ..., by, € F, and polynomials Q, € F[xy,...,Xxu, x,| for m < a < N. The integers
satisfy N —2k <m < N, 0 < tp < min { 2k6%*,n},and 1 < k' < k. The following properties also
hold.

1. Each Q, is irreducible of degree at most 6, with Q,(0) = 0 and (9,,Q,)(0) # 0. Conse-
quently, by Lemma 4.14, the natural map F[[x1,...,xu]] — F[[X]]/ (Qum+1,...,Qn) is an
isomorphism.

2. InF[[x]]/ (Qm+1,--.,Qn ), we have

to n k’
H(Xt + bt) . H Xt = 2 Ti,'
t=1 t=tp+1 i=1

where each T/ is a product of polynomials in F[x] of degree at most J, none of which

vanishes at 0, and X, deg T/ < D.

Proof: =~ We will first find an irreducible variety V such that, modulo I(V), every product gate
either vanishes or is a product of units. To do this, apply Lemma 2.21 to Ty, ..., Ty to obtain V
and K, let k' := |K|, and relabel the T; so that K = [k]. Thus codim V < k —k’ < k and deg V < o.
Every factor of T; with i < k’ restricts to a unit on V, and

k/
pk+1,n = Z Tl' (mod I(V)) (15)
i=1

Next, we restrict to a subvariety on which only one block of Py, remains. Since codim V' < k,
Lemma 2.19 gives a block whose coordinates are algebraically independent on V. Exchanging this
block with the first one leaves Py, unchanged, so after renaming coordinates we may assume
that I(V) NTF[xy,...,x,] = {0}. Since codimV -degV < ké* < n, Lemma 2.20 gives indices
l1,...,¢ € [N]\ [n] and an irreducible component Vy of VNV(x,...,xs ). This component
satisfies I(Vy) NF[x1,...,x,] = {0} and Pri1, = [T-q x¢ (mod I(Vp)). Since Vy C V, we have
I(V) C I(Vp), so (15) gives

¥

ﬁxt =) T; (mod I(V)). (16)
=1 ‘

=1
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Since the left side is a nonzero element of F[xy, ..., x,], it does not lie in I(V)). Thus k' > 1. Let
m = dim Vp and Ap := deg V. By Lemma 2.7, applied to X = V and the coordinates x,, ..., x,,
we have m > dim V — k > N — 2k. Moreover, Proposition 2.9 gives Ag < degV < k.

We now choose coordinates on Vp and a point of Vp with few nonzero coordinates. By
Lemma 2.13, applied to V) and S = [n], there is a set U with [n] C U C [N], |U| = m, and
I(Vo) NFixy] = {0}; in particular, m > n. Rename coordinates by a permutation that maps
[n] onto itself and U onto [m]. This permutation fixes [T}, x;, so (16) still holds and I(Vy) N

Flxy,...,xu] ={0}.

Since codimpn V) = N —m < 2k, applying Lemma 5.1 to Vj gives a point b € Vy with
|supp(b)| < 2ké%*. For each a € [N]\ [m], the lemma also gives an irreducible polynomial
Qu € 1(Vo) NE[xy, ..., X, x,] with deg Q, < Ag < ¥ and 9,,Q,(b) # 0. Let to == |supp(b) N [1]|.
Thus o < min { 2ké%f,n }. Rename coordinates by a permutation of ] that maps supp(b) N [1]
onto [to]. This permutation preserves (16) and the form of each Q,, so we may assume that b; = 0
fortg < t <n.

It remains to expand (16) around b. Let 1;,: F[x] — F[[y]] be the substitution x; — b; + y; of
Proposition 4.5. By Lemma 4.15, applied to Vp, b, and the Q., the map 1, sends I(V)) into the
ideal of FF[[y]] generated by 1,(Qy11),---,4(Qn). Applying 1, to (16) and using that by = 0 for
to < t < n, we obtain

k/

ﬁyt+bt [1 vi=Y.T0+y) (mod {Gunab+y)...,Onb+y))) (7

t=tg+1 i=1

in F[[y]]. Writing x in place of y, let Q,(x) := Qu(b +x) for a > m and T/(x) = Ti(b+ x) for
i < k’. With this notation, (17) is the identity in the second item, and it remains to check the stated
properties of the Q, and the T7.

The translation x +— b + x is a degree-preserving F-algebra automorphism of F|[x| that
maps F[xq,...,xm, X,] onto itself. Hence each Q, is an irreducible element of F[xy, ..., Xy, X,]
of degree at most 6¥. Moreover, Q,(0) = Q,(b) = 0 because b € Vy and Q, € I(Vp). Also,
9x,Q4(0) = 9,,Q,(b) # 0. The isomorphism in the first item then follows from Lemma 4.14,
applied to f, = Q € F[xq,..., X, X4 since Q,(0) = 0.

Finally, each factor of T] has the form g;;(b + x), where q;; is a factor of T;. Translation

preserves degrees, so these factors have degree at most J, and 2?/:1 deg T/ = 2?/:1 degT; < D.
Since g; ; restricts to a unit on V and b € Vo C V, we have g;;(b) # 0 by Lemma 2.6. Thus every
factor g;,(b +x) of T] is nonzero at 0. O

6 A Border Lower Bound Without the Constant-Freeness Assumption

We showed that if n > ké¥, then Pyt1, cannot be computed by YMTTXTTV] circuits in which
every product gate is a constant or has a constant-free factor (see Theorem 4.16). Moreover, we
show later that, for sufficiently large #, it cannot be computed by any ZNTTIZITY circuit; this
is the exact setting and not a border computation (see Theorem 7.5). However, border circuits
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without the constant-freeness assumption are much more powerful: For k > 2, they can compute
every polynomial over algebraically closed fields, by the completeness result of [Kum20] (see the
footnote at the beginning of Section 3). In this section, we show that such circuits computing
Piy1, must be exponentially large when k and ¢ are constants.

Theorem 6.1:  Letk, 6, n, and s be at least 1. If Py, 1, is computed by a circuit in ZHTIZITI) of
size s, then

n<o (k(4(5)klogs> + (26)°(8).
In particular, for all fixed k and J, every such circuit has size 20(n),

Since Pyri1, has a > +UTIY circuit of size O (kn), Theorem 6.1 gives an exponential gap
between top fan-in k and k + 1 in the border setting. For § = 1, Theorem 6.1 recovers the
exponential top fan-in hierarchy for border depth-3 circuits of Dutta and Saxena [DS26].

Throughout this section, [F is algebraically closed of characteristic zero. We fix parameters k, J,
and n that are at least 1, let N := (k + 1)n, and write A = 5%. We do not restrict the number of
factors of a product gate, the multiplicities of repeated factors, or the orders of the poles in «.

6.1 Auxiliary Statements for the Border Setting

We collect a few statements used in Section 6.2, in addition to those of Section 2 and Section 2.4.

Weierstrass Preparation and Abhyankar-Jung. For the following two classical theorems, assume
that F is algebraically closed of characteristic zero.

Theorem 6.2 (Weierstrass Preparation [Lan02, Chapter IV, §9]):  Let y be a tuple of variables
and let ¢ € F[[y]][[Y]] be such that g(0,Y) is nonzero with lowest term of degree d. The following
statements hold.

1. Every h € F[[y]][[Y]] has a unique expression h = qg + r, where q € F[[y]][[Y]] and
r € F[[y]][Y] has degree less than d.

2. We have ¢ = UW, where U is a unit of F[[y]][[Y]] and W € F|]y]][Y] is monic of degree d
with W(0,Y) = Y.

In the exact setting, the implicit function theorem (Lemma 4.15) expresses the dependent
coordinates as power series in the free coordinates. In the border setting, a dependent coordinate
is a root of a monic polynomial whose discriminant may vanish at ¢ = 0, and then the implicit
function theorem does not apply. The next theorem replaces it: if the discriminant is an e-unit,
then the roots become power series in € and u once ¢ is replaced by a suitable power £°. We use it
in Lemma 6.11.

Theorem 6.3 (Abhyankar-Jung [PR12, Theorem 1.3 and Remark 1.4]):  Let u be a tuple of
variables, and let W € F|[¢, u]][z] be a monic polynomial of positive degree d. If Disc,(W) is an
e-unit, then there are a positive integer e and power series 74, ...,7; € F[[¢, u]] such that

=

W(eu,z) =1 (z—ri).

i=1
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After the substitution e — ¢, the polynomial W splits into linear factors over F|[e, u]]; equiv-
alently, the roots of the original polynomial W are power series in e!/¢ and u. For example,
W = z2 — ¢(1 + u1) has discriminant 4¢(1 + 1), which is an e-unit. Its roots +¢'/2\/T + u; are not
power series in € and u1, but with e = 2 we get

W(e?,u,z) = (z —ey/1+ ul) (z+£\/1 + ul),

whose roots +ev/1 + u; lie in F|[e, u]].

We restate Theorem 6.3 as Theorem A.2 in the appendix, where we give a detailed algebraic
proof using standard results from commutative algebra.

Polynomial Compositions. Let u = (u1,...,up). The main theorem of this subsection states
that, for any fixed monomial order, every nonzero polynomial in the class éd(m, 1), to be defined
below, has a trailing monomial with small support.

Definition 6.4: Let L be a field, and let d, m, and r be positive integers. Let C;(m, r; L) be the

set of polynomials of the form
m

G = Zfi(gm, s 8in)s

i=1
where the outer polynomials f; € L[y, ..., y,| are arbitrary and the inner polynomials g;; € L[u] have

degree at most d. We call G a sum of m compositions of arity r and write Cy(m,r) := C4(m, r;F) for

the class of these sums over IF. The border class C4(m, ) is the set of polynomials G € F[u] for
which some G, € C;(m,r;F((e))) satisfies G, € F[[¢]][u] and G.(0,u) = G.

Thus G € @d(m, r) means that G is the limit, as ¢ — 0, of a sum G, of m compositions of arity
r over [F((e)). It is immediate that C;(m,r) C Cy(m, 7).
Lemma 6.5:  The classes C;(m,r; L) and C;(m,r) are closed under multiplication by scalars and
are nondecreasing in m and r with respect to set inclusion. Moreover, over every field L,
Ca(mi,r1; L) + Cy(ma, 12, L) C Cy(my 4 mp,max{ry,r2};L),
Cy(my,ri;L) - Ca(ma,ro; L) C Cq(mamay, 11 +712;L),

and the same inclusions hold for the border classes C,;.

Proof:  For the product, (Y fi(gi))(¥; fj’ (g;)) = Y, (fi fj’ )(gi, g}), where f; fj’ is a polynomial
in r1 + ro variables. The other inclusions are clear. For the border classes, note that setting
¢ = 0 defines a ring homomorphism F[[¢]][u] — F[u] and therefore preserves addition and
multiplication. Thus the same argument applies. O

Now, we state the main theorem of this subsection. We use the trailing-monomial notation of
Monomial Orders.

Theorem 6.6: Suppose that F is a field of characteristic zero, not necessarily algebraically
closed. Every nonzero G € C,;(m,r) satisfies |supp(tm(G))| = O (d(logm +1)).
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The proof of Theorem 6.6 uses shifted partial Hasse derivatives, as well as spaces of their
coefficients [Forl5, Definitions 3.2 and 4.1]. Let L be a field. For a polynomial h € L[y| =
Lly1,...,yn] and a € IN", the a-th Hasse derivative of h is [t*|h(y + t), where t is a tuple of new
variables. For nonnegative integers k and ¢, define

y=ogk(h) == {y*[¢)h(y +t) |a,b € N, |a| <k [b] < £}.

For G € C4(m,r), Forbes [Forl5, Proposition 4.18] proved the bound O (d(logm + rlog?2r)),
which would also suffice for us. His proof compares an upper and a lower bound on the dimension
of a space of shifted partial derivatives. The upper bound is a rank condition and therefore also
holds in the border setting. This extension to the border setting was already observed by Dutta,
Dwivedi, and Saxena [DDS22, Claim C.9]. We include the short proof for completeness. Our proof
closely follows the proof of Forbes [For15, Proposition 4.18].

Proof of Theorem 6.6:  Suppose G € Cy(m,r). Let R = FF[[¢]] and K = F((¢)). By the definition
of C4(m,r), there exists an expression

m

GE - Zfi(gi,l/- . -,gi,r> S R[X], fl S K[]/l;- . -1]/7’]/ deggi,j S d/ GS’SZO - G (18)
i=1

Let x* :== ™(G), S := supp(x?), and n = |S|. If n = 0, then there is nothing to check. We may
therefore suppose n > 1. By [Forl5, Lemma 4.12], there exists a morphism 7s: K[x] — K]y] that
sends x; to 0 for i ¢ S and to y; for i € S. This morphism restricts to an isomorphism K[xs] = Kly],
and we equip Kly] with the induced monomial order. The restriction 7ts: R[x] — R[y| commutes
with specialization at ¢ = 0. Thus
m
75(Ge) = Ge(ms(x)) = }_ fi(gia (s (x)), .-, &ir(75(x)))- (19)

i=1

Thus ™(715(G)) = y?* and 715(Ge)|e=0 = 75(G) # 0 by [Forl5, Lemma 4.12], where we treat
a €NV asag e N~

The coefficient matrix of the shifted derivatives of 715(G;) has entries in R and specializes at
¢ = 0 to the coefficient matrix of the shifted derivatives of 7s(G). Minors that vanish remain zero
under specialization at ¢ = 0, so the rank cannot increase. By [For15, Corollary 4.5],

dimp spang (yga}?k(ns((}))) < dimg spany (y§£8§k(ﬂs(Gg)))
k4+r\ /n+(d-—1)k+¢
<n( (W)

where k and / are to be chosen later. On the other hand, by [For1l5, Lemmas 4.8, 4.12, and 4.13],
we have

. . . n\ (m—k+¢
dimg spang, <y548}§k(7rs(G))> > dimg spang (yéla}§k(y )) > <k> < / )
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Thus, as in the proof of [For15, Proposition 4.18], we obtain

1 (OO
— (k+ry m+(d=1)k+0N "
) (L

As in [For15, Lemma A.3], choose k = [ 45| and £ = (d —1)(n + (d — 1)k). Using (kjr) < 2f+r,
we obtain
ek

m >

2 Sk (1-In2)k <Inm+rin2.

Since k > % —1and r > 1, we obtain

Inm+rln2 e
<é .
n_ed<1+ T 12 >_1_ln2d(lnm—|—1’)
Thus |supp(T™M(G))| = O (d(logm +r)). O

6.2 Border Low-Weight Translation

In this subsection, we prove the border analogue of Theorem 5.3. It holds for every polynomial

that is computed by a ZKTIZITU circuit. We use the following notation for substitutions:

For T C [N] and a tuple § = (ga)sc[n)\1/ let (x1,g) be the N-tuple whose a-th entry is x, if
a€Tandg,ifa ¢ T. Thus p(xr,g) is obtained from a polynomial p by substituting g, for x, for
every a ¢ T. For b € FN, the tuple b + (xr, ) has entries b, + x, fora € Tand b, + g, fora ¢ T.
The main theorem we want to prove is Theorem 6.7, which establishes the existence of a point b
that has small support and satisfies a couple of key properties.

Theorem 6.7: Let f € ZMIIZIIV), and write f +¢&S = Y, T;, where S € F[[¢]][x] and
T; = I1;9i; for polynomials g;; € F((¢))[x] of degree at most J. Let p satisfy p > 1 and
1{4i | i,j}| < p, meaning at most p of the polynomials g; ; are distinct as elements of IF((¢))[x].
There exist a set T C [N] with N — |T| < k and a point b € FN with [supp(b)| = O (k*A%), where
u := xr, such that the following properties hold.

1. For every a € [N]\ T, there exist a power series ¢, € [F|[[¢,u]] and a polynomial Q, €
F[[e]][u, x4] of degree at most A such that

¢a(e,0) =0, Qu(u, ¢,) =0, and (0x, Q) (u, @,) is an e-unit.

2. Write ¢ = (q)a)ae[N]\T. There exist an integer kK" with 0 < k' < k, integers ey, ..., ey, and
polynomials p;; € F[[¢]][x] of degree at most § with |{p;;|i,j}| < p such that every
pij(w, @) is an e-unit and

Y
Zi e [ Ipij(w@) = f(b+ (u,9)) (mode). (20)
=1
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The integers ¢; may be negative, so the sum in (20) is computed in the ring F[[¢, u]].. In
particular, (20) says that the negative powers of ¢ cancel in the sum. Moreover, since f does not
involve ¢ and ¢, = ¢,(0,u) modulo ¢, we may replace ¢ by ¢(0,u) == (¢4(0,u)).c(n)\r On the
right side. In other words, the sum is congruent modulo ¢ to f(b + (u,¢(0,u))) € F[[u]].

Remark 6.8:  In Theorem 5.3, the dependent coordinates are power series in the free coordinates
by the implicit function theorem (Lemma 4.14). In the border setting, their equations may ramify
at ¢ = 0, and the Abhyankar-Jung Theorem (Theorem 6.3) takes the place of the implicit function
theorem. This possible ramification is why the proof replaces ¢ by a power &°.

Over the field F((¢)), the implicit function theorem still applies to Item 1 of Theorem 6.7.
Indeed, ¢,(¢,0) = 0 gives Q,(0) = 0. Since (9y,Q,)(u, ¢,) is an e-unit, its value (d,,Q,)(0) is a
nonzero element of F[[¢]]. Thus Q, determines ¢,. The point of Theorem 6.7 is the stronger claim
that ¢, has no negative powers of ¢ and that the series p; ;(u,¢) and (9,,Qs)(u, ¢,) are e-units.
These properties are essential for Section 6.3, where we divide by these series and then let ¢ — 0:
the e-unit property guarantees that the divisions never produce unbounded negative powers of ¢,
so the limit makes sense.

Moreover, we cannot state Theorem 6.7 exactly in the form of Theorem 5.3. There, the conditions
Q4(0) = 0 and (0x,Q,)(0) # 0 identify the quotient F[[x]]/ { Qu+1, ..., Qn ) with F[[x1, ..., xy]]
(Lemma 4.14), and the identity is stated in this quotient. Applying Lemma 4.14 in the border
setting with ¢ as an additional free variable gives F[[¢,x]]/ (Q, | a € [N]\ T ) = F[[¢, u]|, provided
that no (9y,Q,)(0) is divisible by ¢. In general, however, (dy,Q,)(0) may be divisible by ¢, and
then this isomorphism can fail.

For example, let u = x,, and consider the ramified equation x% = ¢(1+ x2). As in the proof,
we replace ¢ by €2 and translate by the point (g,0) of the branch x; = ¢1/1 + x; above x, = 0. This
translation gives

Q= x% +2ex; — 2x0 = (x1 — @) (x1 +2e + @), where ¢ = s(\/l +x; — 1) € F[e, x2]].

The branch x; = ¢ is as in Item 1 of Theorem 6.7, since (0y,Q)(x2, ) = 2e/1 + x7 is an e-unit.
However, (dy,Q)(0) = 2¢ is divisible by e. In fact, both factors of Q vanish at e = x; = xp =0,
so neither of them is a unit of F[[¢, x1, x2]], and F[[¢, x1, x2]]/ ( Q) is not even a domain! For this
reason, we substitute the power series ¢, and state (20) in FF[[¢, u]], where a congruence modulo &
makes sense. Over the field F((¢)), Lemma 4.14 does apply, as noted above, but there ¢ is a unit,
so a congruence modulo ¢ is meaningless.

Similarly, the condition of Theorem 5.3 that no factor vanishes at the origin becomes the
stronger condition that every p; ;(u,¢) is an e-unit. For instance, ¢ 4 x, takes the nonzero value ¢
de—d—1
)e

at the origin, but its reciprocal has the expansion 1/ (e +x2) = Y 450(—x2 , with unbounded

negative powers of e.

Finally, the left side in Theorem 5.3 is an explicit product, because its proof first passes to a
subvariety on which only one block of P, survives (Lemma 2.20). Here we keep a general f,
since the proof of Theorem 6.1 uses only the facts that P, 1, (b + (u,¢(0,u))) is nonzero and that
each of its monomials involves many variables. Both facts follow directly from Lemma 6.20. <

53



The proof of Theorem 6.7 has three main steps: choosing the gates to cancel (Lemma 6.9),
tfinding a point with few nonzero coordinates (Lemma 6.10), and constructing the required power
series (Lemma 6.11). We state the three lemmas below and use them to prove the theorem. The
proof of Lemma 6.11 is given afterwards.

Choosing the Gates for Cancellation. We seek a prime ideal modulo which some gates vanish
and the factors of the remaining gates become invertible after inverting ¢ and the polynomials
nonzero at the origin. For this purpose, let Oy := (F[[e]][x](x))e- Its elements are fractions
¢/ (¢h), where g, h € F[[¢]][x], ¢ > 0, and h(0,0) # 0. In particular, it contains IF((¢))[x]. By the
correspondence for prime ideals under localization (see Localization), the map p — p N F[[¢]][x]
gives a bijection between the prime ideals of O and the prime ideals I of F|[[¢]][x] satisfying
I C(gx)ande ¢ I

The following lemma is the border analogue of Lemma 2.21. We again inspect the gates one
by one. Whenever a factor is a non-unit modulo the current ideal of Oy, we add it to the ideal,
making its gate vanish. Otherwise, every factor of that gate is already invertible.

Lemma 6.9:  Let Ty,..., Ty € F[[¢]][x], with T; = [T, q;j, where each gq;; € F[[¢]][x] is nonzero
and has degree at most ¢ in x. There exist a set K C [k|, indexing surviving gates, and a prime ideal
p C F((e))[x] such that I := p NF[[¢]][x] has the following properties.

1. IC(gx1,...,xN).

2. htp < k— |K| and DEGp < 5k IKI,
3. T; € I for every i € [k] \ K.
4

. For every i € K and every j, there are an integer t > 0 and polynomials /1, w € F[[¢]][x] with
h(0,0) # 0 and g; /w = €'h (mod I).

Item 4 is the border analogue of saying that g;; is a unit on the variety: it says that g;; is
invertible near the origin, up to a power of e. Indeed, € and # are invertible in Oy, since 1(0,0) # 0,
so dividing g;jw = ¢'h by e'h shows that w/ (¢'h) is an inverse of g;; modulo I10.

Proof: = We go through the gates one by one and build an increasing chain of proper ideals
ap Cag C -+ C ag of Oy, starting with ag := {0 }. Simultaneously, we build a chain of subsets
Ko C Ky C --- C K of [k], where K; C [i] and we start with Ky := @. Let i > 1. Suppose that a;_;
and K;_; are already defined, and consider the product gate T;.

¢ If some factor of T; is not a unit modulo a;_, then we pick one such factor, call it the selected
factor q; of T;, and let a; := a;_1 + g;Op. This ideal is proper precisely because g; is not a unit
modulo a;_;. The gate T; does not survive, and we let K; := K;_;.

¢ Otherwise, every factor of T; is a unit modulo a;_;. We let a; := a;_1, and the gate T; survives.
In this situation, let K; := K; 1 U {i }.

In the end, let a := a; and K := K. We have that a is a proper ideal of O generated by the k — |K]|
selected factors. Let I3 be a minimal prime of a, and let p := P NIF((¢))[x], which is a prime ideal
of IF((¢))[x]. For I .= p NIF[[¢]][x] as in the statement, we have I = P N F[[e]][x].

We now check the four properties.
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Item 1. By the correspondence between the primes of O and those of F[[¢]]|[x], the prime
I =P NTF[e]][x] is contained in (¢, x ).

Item 2. We show that p is a minimal prime of (g; | i € [k] \ K); the required height and
degree bounds then follow from Lemma 2.1 and Lemma 2.10. So let p’ C p be a prime of
F((e))[x] that contains (g, | i € [k] \ K); we show that p’ = p. Let I’ := p’ N F[[¢]][x]. Consequently,
I' CIC (gx),and e ¢ I, since ¢ is a unit of F((¢))[x]. By the correspondence between the
primes of F[[¢]][x] and those of Oy, it follows that I’ Oy is a prime of Oy. It contains a, since the
selected factors lie in I’, and it is contained in B, since I’ C I C *B. By the minimality of 3, we get
I' Oy =B, and contracting back gives I’ = P NIF[[¢]][x] = I. Since F((¢))[x] is a localization of
FF[[e]][x], we conclude that

Thus p is a minimal prime of (g; | i € [k] \ K) generated by the k — |K| selected factors, each
of degree at most 6. Lemma 2.1 and Lemma 2.10 then give htp < k — |[K| and DEGp < 5¥ 1K,

Item 3. If i € [k] \ K, then the selected factor g; lies in a N F[[¢]][x] C I, and hence so does its
multiple T;.

Item 4. Let i € K. Every factor g;; of T; is a unit modulo a; 1 and hence also modulo the larger
ideal a. Thus there is an element w/(¢'h) € Oy, with w, h € F[[¢]][x] and k(0,0) # 0, such that
qij-w/(e'h) —1 € a CP. Multiplying by €'l gives q; jw — e'h € P NF[[e]][x] = I. O

A Low-Weight Point. To apply Lemma 6.11, we need a point b on the variety at which certain
polynomials do not vanish. These polynomials are of two kinds:

e In the proof of Theorem 6.7, we construct equations Q, for the dependent coordinates.
The first kind consists of the leading coefficients of Qu(O, u, X,) in x, and the polynomials
obtained from the resultants of Qg and d,, Qa by dividing each resultant by its maximal
power of ¢ and setting ¢ = 0. Their product is a single polynomial ¢ of degree at most CA?;
in the proof of Theorem 6.7, this is the polynomial R.

* The second kind consists of the polynomials /(0, x) from Lemma 6.9, one for each distinct
factor of the surviving gates.

At the same time, b should have few nonzero coordinates, since the final bound loses one variable
of Pyy1, for every nonzero coordinate of b.

In the exact setting, Lemma 5.1 combines all the resultants into a single polynomial and finds
a point at which it does not vanish, with the number of nonzero coordinates bounded in terms of
its degree. In the border setting, taking the product of these resultants and all the polynomials
h(0,x) would not give a useful bound: there may be as many polynomials / as there are distinct
bottom polynomials, and we have no control over their degrees.

Instead, we use that every h(0,x) is nonzero at the origin, so none of them vanishes identically
on an irreducible variety through the origin. Hence a generic point of such a variety avoids the
zeros of all of them at once, however many there are. Lemma 6.10 finds, inside a small coordinate
subspace, such a variety on which g does not vanish identically either. Thus the polynomials h
come for free, and only the degree of ¢ enters the bound.
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Lemma 6.10: Let V C AN be an irreducible affine variety of codimension C that contains
0. Let ¢ € F[x] be a polynomial that does not vanish identically on V, and let hy,..., I €
F[x] be polynomials with %;(0) # O for all j € [t]. There exists a point b € V such that
g(b)-hi(b)---hi(b) # 0and |supp(b)| < (C+1)-degV -degg.

Note that the bound on |supp(b)| depends neither on t nor on the degrees of the ;.
Proof: If ¢(0) # 0, then take b = 0. Hence assume that g(0) = 0.

For E C [N], define the |E|-dimensional subspace Lg := (icn)\g V(%;). Choose E C [N] with
|E| minimal such that V' N Lg has an irreducible component Z that contains the origin and on
which ¢ does not vanish identically. Such a choice exists because E = [N] works. By Lemma 2.7
and Proposition 2.9, we have dimZ > |E| — C and deg Z < deg V.

Fix i € E. By the minimality of |E|, the coordinate x; does not vanish identically on Z:
otherwise, Z would also be an irreducible component of V N Lg\(;y. Let Z; be an irreducible
component of Z N V(x;) containing the origin. By Lemma 2.7, dim Z; = dim Z — 1. Moreover,
g vanishes identically on Z;: otherwise, an irreducible component of V' N L, (;) containing Z;
would contradict the minimality of |E|. Thus Z; C Z N V(g). Moreover, since g does not vanish
identically on Z, Lemma 2.7 implies that every irreducible component of Z N V(g) has dimension
dim Z — 1, which equals dim Z;. Therefore, Z; is an irreducible component of Z N 'V(g).

By Bézout’s Inequality (Proposition 2.9), ZN'V(g) has at most deg Z - deg g irreducible compo-
nents. Each such component Y satisfies dimY = dimZ —1 > |E| — C — 1. If Y lies in r distinct
coordinate hyperplanes V(x;) withi € E, then dimY < |E| —r, since Y C Lg. Hence r < C + 1.
Each i € E determines an irreducible component Z; of Z N V(g), and the same component can
occur for at most C + 1 indices. Hence

|E| <(C+1)-degZ-degg < (C+1) -degV -degg.

Finally, no h]- vanishes identically on Z, because 0 € Z and h]-(O) # 0. Since Z is irreducible
and g does not vanish identically on Z, neither does ghj - --h;. Choose b € Z with g(b) -
hy (D) - - - he(b) # 0. The point b lies in V and satisfies supp(b) C E, as required. O

A Power-Series Parametrization. The next lemma is the border analogue of Lemma 4.15. There,
a nonzero Jacobian determinant allows us to apply the implicit function theorem (Lemma 4.14)
and express the dependent coordinates as power series in the free coordinates. In the border
setting, however, the equations also depend on ¢, and the Jacobian determinant may vanish at
e = 0, so the implicit function theorem no longer applies directly.

Instead, we first make each equation monic by Weierstrass preparation (Theorem 6.2). The
condition on the resultants in Item 2 of the next lemma ensures that the discriminant of the
resulting monic polynomial is an e-unit, so ramification occurs only along ¢ = 0. The Abhyankar—
Jung Theorem (Theorem 6.3) then expresses the roots as power series, after replacing € by a
suitable power ¢°. The remaining task is to choose these roots compatibly: substituting them for
all dependent coordinates at once must make every polynomial in the prime ideal I of the next

lemma vanish, not only the individual equations Q,.
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Lemma 6.11:  Let I C FF[[¢]][x] be a prime ideal with ¢ ¢ I, and let b € FN satisfy ¢(0,b) =0
for every ¢ € I. Let T C [N] satisfy dim(IF((¢))[x]/IF((¢))[x]) = |T|, and write u := xr and
br := (b;)ict. Suppose that for every a € [N] \ T there is a polynomial Q, € I N F|[¢]][u, x,] with
the following properties.

1. Qa(O, br, x,) € F[x,] is nonzero.

2. There are an integer j, > 0 and a polynomial R, € F[[¢]][u] such that Res, (Q,,x,Q,) =
&R, and R,(0,br) # 0.

There exist an integer e > 1 and power series r, € F[[¢, u]] with 7,(0,0) = 0 for each a € [N]\ T
such that the following property holds. Write r := (7,),¢n)\7, and define the ring homomorphism
o: F[le]][x] — F[[e,u]] by c(g) = g(¢°,b+ (u,r)). This homomorphism satisfies I C kero.
Moreover, 0(d,,Q,) is an e-unit for every a € [N]\ T.

Here replacing ¢ by ¢ means applying a(e) — a(e°) to each coefficient series. The condition
o(I) = {0} ensures that the chosen series satisfy every relation in I, not only the individual
equations Q. =0.

We now give the proof of Theorem 6.7. We delay the proof of Lemma 6.11 until afterwards.

Proof of Theorem 6.7:  We first simplify the circuit. If every gate is zero, then f = 0, and the
conclusion holds with T = [N], b = 0, and k’ = 0. Otherwise, after discarding the zero gates and
decreasing k accordingly, we may assume that all k gates are nonzero. Next, we normalize every
bottom polynomial g by setting § := ¢~ ¥2<(9)g (see Limits and Normalization). The polynomial §
lies in FF[[¢]][x] and does not vanish at ¢ = 0. We move the extracted powers of ¢ in front of the
gates. There are still at most p distinct bottom polynomials, since g is determined by 4. Finally, we
multiply by a sufficiently large power of ¢, so that no negative powers of € remain in front of the
gates. Writing again g; ; for the normalized bottom polynomials, we obtain

k
elf =Y T, + e, (21)
i=1

where d,d; > 0, S € F[¢]][x], and T; = IT; ¢;; for nonzero polynomials g;; € IF[[e]][x] of degree at
most J in x, with }{qi,j | i,j}] < p.

We then choose the gates to cancel by applying Lemma 6.9 to Ty, ..., Ty. Let K, p, and I be
its output. The gates T; with i ¢ K lie in I, and those with i € K survive. Let C := htp. Hence
C <k—|K| <kand DEGp < Kl < A,

To choose the free coordinates, we set ¢ = 0. Let Jo := { g(0,x) | g € I }. Since I C (¢,x) by
Lemma 6.9, Lemma 4.8 applies. It shows that 0 € V(Jy) and that every irreducible component
of V(Jo) has codimension C and degree at most DEGp, which is at most A. Let V be an
irreducible component of V(Jy) that contains 0. By Lemma 2.13, applied to V and the empty
set of coordinates, there is a set T C [N] with |T| = dimV = N — C such that the coordinates
u := xr satisfy I(V) NF[u] = {0 }. These are our free coordinates, and the x, with a ¢ T are the
dependent ones.

The free coordinates remain algebraically independent modulo p, that is, p NV F((¢))[u] = {0}.
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Indeed, multiplying a nonzero element of this intersection by a suitable integer power of ¢ would
give a polynomial ¢ € p NIF[[¢]][u] with g(0,u) # 0. The polynomial g would lie in p NF[[¢]][x] = I.
Hence ¢(0,u) would be a nonzero polynomial in u lying in Jo C I(V), contradicting the fact that
I(V)NF[u] = {0}. This argument proves the claim that p NF((¢))[u] = {0}. Since htp = C,
Lemma 2.1 also gives dim(FF((¢))[x]/p) = N —C = |T|.

For every dependent coordinate, we now find an equation of the kind needed in Lemma 6.11.
Fix a € [N] \ T. By the previous paragraph, Lemma 2.16 applies over the field F((¢)), showing
that the ideal p NIF((¢))[u, x,] is generated by an irreducible polynomial Q, with deg, Q,>1
and deg Q, < DEGp < A. After multiplying by a suitable integer power of ¢, we may assume that
Q. € F[[e]][u, x,] and Q,(0,u,x,) # 0, s0 Q, € I. The polynomial Q,(0,u, x,) lies in Jy and hence
vanishes on V; it must involve x, since I(V) NF[u] = {0 }. Let ¢, € F[u] be its leading coefficient
as a polynomial in x,; thus ¢, # 0 and degc, < A — 1. (The coefficient c, can differ from the value
at e = 0 of the leading coefficient of Qa in x,, since the degree in x, may drop at ¢ = 0, as for
ex2 + x, — x; with t € T.)

By Proposition 4.13, applied over FF((¢)), the resultant Res, (Q,,9x,Q,) € F][[¢]][u] is nonzero
and has degree at most A(A — 1) in u. Extracting its maximal power of ¢, we can write

Resy, (Qs,0x,Q,) = 'R, where j, > 0, R, € F[[¢]][u], and R,(0,u) # 0. (22)

We now choose the point b. Two families of polynomials must not vanish at b. First, the
hypotheses of Lemma 6.11 at (0, ) will follow from c,(br) # 0 and R,(0,br) # 0 foralla ¢ T.
Define

R:= J] (ca-Ra)(0,u) € F[u],
a€N\T
with R = 1if T = [N]. It is a nonzero polynomial of degree at most C(A — 1+ A(A — 1)) < CA?,
and it does not vanish identically on V, because I(V) NF[u] = {0 }. Second, the factors of the
surviving gates should become e-units. For every i € K and every j, Lemma 6.9 provides an
integer ¢;; > 0 and polynomials ; ;, w; ; € FF[[e]][x] with

Etiffhi,]- — qi,jwz-,]- €I and hi,]' (0,0) 75 0. (23)

To make the factors g;; into e-units on the chosen branch, we will require #;;(0,b) # 0 for every
i € K and every j. Apply Lemma 6.10 to V, to R € F[u] C F|x] in place of g, and to the finitely
many polynomials /; ;(0,x) € IF[x], which do not vanish at the origin. We obtain a point b € V such
that R(b) # 0, h;j(0,b) # 0 forall i € K and all j, and [supp(b)| < (C+1)-A-CA? = O (kK*A%).

We can now apply Lemma 6.11 to I, T, b, and the polynomials Q,. The ideal I = p NTF[[¢]][x]
is prime since p is prime, and ¢ ¢ I since ¢ is a unit of IF((¢))[x]. Moreover, IF((¢))[x] = p, so

dim (F((e)) [x]/ TF((e)) [x]) = dim(F((¢))[x]/p) = N = C = [T|.
Every ¢ € I satisfies g(0,b) = 0, since g(0,x) € Joand b € V C V(]y). Let by == (b;)jer. Item 1

holds because ¢,(br) # 0, and Item 2 is (22) with R,(0,br) # 0. Both nonvanishing conditions
follow from R(b) # 0. Thus the lemma provides an integer e > 1 and power series r, € F[[¢, u]]

58



with 7,(0,0) = 0 for a € [N]\ T. Writing r := (74),cn)\1, define the ring homomorphism
o: F[[e]][x] — Flle,u]] by 0(g) = g(¢°, b+ (u,r)). This homomorphism satisfies ¢(I) = {0}, and
0(9y,Q,) is an e-unit for every a € [N] \ T.

The theorem requires ¢,(¢,0) = 0 as an identity in ¢, whereas we currently know only
72(0,0) = 0. For a € [N]\ T, let ¢, := r, — r4(¢,0), so that ¢,(e,0) = 0. Let b(¢) € F[[]]N be
the point with coordinates b(¢); := b; for i € T and b(¢), = b, + 14(¢,0) for a € [N]\ T. Since
14(0,0) = 0 for every a € [N] \ T, we have b(0) = b. Define 7: F|[[¢]][x] — F[[¢]][x] by

T(g) = g(&, b(e) +x).

That is, T substitutes ¢° for € and translates x by the point b(¢). It is a ring homomorphism, does
not increase the degree in x, and commutes with the partial derivatives d,,. By the definition of
b(e), we have b(e) + (u,@) = b+ (u,r). It follows that

T(8)(w, ) = g(e°,b(e) + (w, @) = g(e% b + (u,r)) = 0(g) (24)

for ¢ € F[[¢]][x]. In other words, ¢ is T followed by the substitution of ¢, for x, for every
€ [NJ\T.

For Item 1 of the theorem, let Q, = T(Qa). Like Qu, it involves only u and x,, so Q, €
IF[[¢]][u, x,], and it has degree at most A. By (24), Q.(u, ¢,) = ¢(Q,) = 0, since Q, € I. Moreover,
92,Qq = T(3y,Qu), 50 (24) gives (dy,Qa)(u, ¢4) = 7(dx,Qs), which is an e-unit by Lemma 6.11.

For Item 2 of the theorem, let ¢; := e(d; — d) and p;; := 1(g;;) for i € K. These polynomials lie
in F[[¢]][x] and have degree at most J. Since T maps equal polynomials to equal polynomials, we
have |{pij i € K,j}| < |{qij|ij}| <p. By (24), pij(u,@) = 0(q;;), and we show that this is an
e-unit. Since €"ih;; — g; jw;; € I by (23) and ¢(I) = {0}, we have 0(g;;)o(w; ;) = e"ico(h; ). Since
72(0,0) = 0 for all a € [N] \ T, the constant term of ¢(h; ;) is h; ;(0,b), which is nonzero. Thus the
right side is an e-unit. Thus o(g;) is an e-unit by Lemma 4.3.

It remains to prove (20). Apply ¢ to (21). The gates that do not survive vanish, since T; € I
for i ¢ K. Moreover, o(f) = f(b+ (u,r)), since f does not involve &. Dividing by ¢ in the ring
IF[[e, u]]e, we obtain

Z e’le] w,@) = f(b+ (ur1)) —€0(S),

ickK

where 0 (S) € F|[e, u]]. Finally, since r,(¢,0) € €F[[¢]], we have 1, = r,(¢,0) + ¢ = ¢, (mod ¢).
Hence f(b+ (u,r)) = f(b+ (u,¢)) (mod ¢). Since e > 1, the identity above becomes (20) after
renumbering the surviving gates as 1,...,k’, where k' .= |K| < k. O

We now give the proof of Lemma 6.11.

Proof of Lemma 6.11:  If T = [N], then the dimension assumption forces I F((¢))[x] = {0},
and hence I = {0 }. In this case, the lemma holds trivially with e = 1. We may therefore assume
that T # [N].

We would like to apply the Abhyankar-Jung Theorem (Theorem 6.3) to the polynomials Q,.
However, these polynomials are not necessarily monic. Thus, we need to first replace each @a by

59



a monic polynomial W,. We make this replacement using Weierstrass preparation (Theorem 6.2).
Moreover, W, (0,0, x,) will be a power of x,, which will ensure that all its roots vanish at the origin
and allow us to apply Weierstrass division with remainder degree less than deg, W,.

First, we may assume that b = 0. Indeed, the translation x — x + b maps [F[[¢]][u, x,] onto itself
and commutes with 9y,. It turns the hypotheses for b into the hypotheses for 0, and composing it
with a homomorphism ¢ for 0 gives one for b.

We will work over the power-series ring [F[[¢, u]] in ¢ and the free coordinates u = x7. Itis a
UFD of dimension |T| + 1 (see Power Series). Moreover, ¢ is a prime element because the quotient
F[[e,u]]/ (€) is isomorphic to the domain FF[[u]].

Fixa € [N]\ T. By Item 1, QH(O, 0,x,) is a nonzero polynomial, and it vanishes at x, = 0
because Q, € I and g(0,0) = 0 for every g € I. Thus Weierstrass preparation (Theorem 6.2) in
IF[[e, u, x,]] gives Q, = U,W,, where U, is a unit of F[[¢,u, x,]] and W, € F|[¢, u]][x,] is monic
of some degree d, > 1 with W,(0,0,x,) = xg“. In fact, U, € F|[¢,u]][x,]. To see this, note that
polynomial long division of Q, by the monic polynomial W, in F[[e, u]][x,] gives a quotient and a
remainder, with the remainder having degree less than d, in x,. By the uniqueness assertion in
the first item of Theorem 6.2, the quotient must be U, and the remainder must be 0. Moreover,
since Q, € I and U, ! € F[[e, u, x,]] C F[[e, x]], we have W, = U;'Q, € I F[[e, x]].

Next, we show that the discriminant of W, is an e-unit. Differentiating @u = U,W, gives

0y, Qu = U, 95, W, + W, 0, U, = U, d;, W, (mod W,).

By Lemma 4.12 and the hypothesis on Res,, (Qa, Oy, @a), we have

8jﬂ Ra — ReSxa (@IZI axa éﬂ)
= Resy, (U, 9x, Qu) Resy, (W, 0x, Q) (25)
— Resxa (uu/ axu Qa) Resxa (Wa, Ua) Resxﬂ (Waz ax,,wa).

All factors lie in F[[e, u]], since Qa Uy, W, € F[[e, u]][xs]. The left side is an e-unit because
R,(0,0) # 0. By Lemma 4.3, each factor on the right is therefore an e-unit. In particular, since W,
is monic of degree d,, we have Disc,, (W,) = (—1)%(@~1)/2Res, (W,,d,,W,). Thus Disc,, (W,) is
an e-unit.

Thus every W, satisfies the hypotheses of Theorem 6.3. Apply it to each W,, and let ¢, be
the resulting exponent. Let e > 1 be a common multiple of the resulting exponents e,. Since
W, (€%, u, x,) splits over F|[e, u]], the polynomial W, (€%, u, x,) also splits over this ring. For every
a € [N]\ T, we therefore have

dq
Wa(ef,u,x,) = [ [(xa —10i)  withr,; € Fl[e,ul].
i=1

Since W,(0,0,x,) = xg“, setting ¢ = 0 and u = 0 gives xg“ = [T;(xqs — 74,(0,0)). Thus every
root satisfies r,;(0,0) = 0. Let 1: F[[¢,u]] — F[[¢, u]] be the injective ring homomorphism
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g(e,u) — g(¢°,u). The identity above says that W,, with ¢ applied to its coefficients, splits over
IF[[e, u]]. It remains to choose one root r, among r,1,...,%, 4, for each a such that the substitution
X, — 1, kills 1.

To make this choice, define O := F[[e]][X](.x), B := O/10, and D = F[[¢,x]]/ IF[[¢,x]]. We
first show that dimD = |T| + 1. Since I is prime and ¢ ¢ I, the ideal p := IF((¢))[x] is prime
and satisfies I = p NF[[¢]][x]. Let ] :== { g(0,x) | ¢ € I } C F[x]. By Lemma 4.8, V(J) contains the
origin and is equidimensional of dimension |T|. Moreover,

B/SB = IF[X]<X>/]1F[X]<X>

Every irreducible component of V(]) through the origin has dimension |T|, so Lemma 4.6 gives
dim(B/eB) = |T|.

The ring B is a Noetherian local domain, and ¢ is a nonzero element of its maximal ideal. By
Lemma 4.7, dim B = dim(B/eB) + 1 = |T| 4+ 1 and O = F|[¢,x]]. Thus, Proposition 4.5 identifies
D with B and gives dim D = |T| + 1.

We next show that D is a finite module over F[[¢, u]]. In FF[[¢,x]], viewed as a power-series
ring in x, over the other variables, W, is still monic of degree d, with W,(0,0,x,) = xZ”. Thus
Weierstrass division (Theorem 6.2) lets us divide by W,, with a remainder of degree less than
d; in x,. We divide by the W, one after another, each time dividing the coefficients of the
previous remainder. This process shows that every element of F|[e, x| is congruent modulo the
ideal generated by the W, to an [F[[¢, u]]-linear combination of the monomials [T,c(n\ 1 x)* with
0 < v, < d,. Since each W, belongs to IF[[¢,x]], the images of these finitely many monomials
generate D as an F[[e, u]]-module.

Next, we show that the natural map F[[¢,u]] — D is injective. Denote its kernel by a.
Every element of I vanishes at the origin, so IF[[¢,x]] is contained in the maximal ideal of
F[[e,x]]. Therefore, D # 0, so 1 # 0 in D. Since the map F[[¢,u]] — D sends 1 to 1, its
kernel a is a proper ideal. We know that D is finite and hence integral over F|[e, u]] (see
Finiteness and Integrality). If a were nonzero, then D would be integral over [F|[e,u]]/a, so
dim D = dim F|[¢,u]]/a < dim[F[[e,u]] = |T| + 1 (Section 2.1), a contradiction. This argument
proves that [F[[e, u]] — D is injective.

The ring D need not be a domain, so we pass to a quotient of D modulo a suitable prime
ideal. Since D is integral over F[[¢, u]], lying-over (Proposition 2.2) gives a prime q of D with
qNF[le,u]] = {0}. The domain D/q contains F[[¢, u|] and is finite as a module over it, so its
fraction field Frac(D/q) is a finite extension of K := Frac(IF[[¢, u]]). Denote the algebraic closure
of K by K.

Recall that ¢: [F[[e,u]] — [F[[e, u]] is the injective ring homomorphism g(¢,u) — g(¢°,u). It
induces a field embedding K — K, which extends to ': Frac(D/q) < K, since K is algebraically
closed [Lan02, Chapter V, Theorem 2.8]. Fix such an extension.

Composing F[[¢,x]] = D — D/q with // gives a ring homomorphism ¢’ : F[[¢,x]] — K, which
vanishes on I since D = F[[e, x]]/IF[[¢,x]]. Moreover, ¢’ agrees with ¢ on F[[¢, u]]. For every
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a € [N]\ T, applying ¢’ to W, € IF|[e, x]] gives

0=0'(Wa) = Wa(e,u,0'(x,)) = H (0" (xa) = 14),

so 0’ (x,) is one of the roots 7, ; we call it 7,.
Restrict ¢’ to F[[e]][x] and denote this restriction by ¢. Since ¢’ sends every coefficient
c(e) € F[[e]] to c(e°), fixes x; for i € T, and sends x, to r, for a ¢ T, we have
o(g) = g( (ur)) € F[e,u]]
for every ¢ € IF[[e]|[x], where 1 := (74),en)\7- Thus o(F[[¢]][x]) C F[[e,u]], and o(I) = {0}
because ¢’ vanishes on I.

Finally, fix 2 € [N] \ T and define
H, = Resy, (W,,9x,Qa) € F[le, u]].

By (25) and Lemma 4.3, H, is an e-unit. Hence H,(¢%, u) is also an e-unit. Since W, (&%, u, x,) is
monic with roots 7, 1,...,7, 4, , the root formula for the resultant [Jan10, Theorem 1.10(i)] gives

d
H,(¢%,u) = H(axﬂQa)(se, u, 7).
i=1
Every factor belongs to FF[[¢, u]], so each is an e-unit by Lemma 4.3. Since 7, is one of the r,;, the
series 0(0dy, Qa) equals (dy, Qa)(se, u,7,) and is therefore an e-unit, as desired. O

6.3 Applying Modified DiDIL

Throughout this subsection, let f € ZNITZITE! and write f 4 €S = Y, T;, where S € F[[¢]][x]
and T; =[], ¢;; for polynomials g;; € IF((¢))[x] of degree at most . Theorem 6.7 transforms this
circuit into a form to which DiDIL can be applied, as in Dutta and Saxena [DS26]. We first make
this form explicit. From now on, we fix the form provided by Theorem 6.7: the set T C [N] of free
coordinates with C := N — |T| < k, the tuple u = xr, the point b, and the power series ¢, with
their equations Q, of degree at most A. We also fix the integers ¢; and the polynomials p;; from
Item 2; these polynomials have degree at most , and at most p of them are distinct. Let

Ti=e[]pij(we) (clkK]) and  fo:=f(b+ (u,e(0u))) € Fl[u]]. (26)
j

Thus T; plays the role of the i-th product gate: up to the power €%, it is a product of polynomials
of degree at most ¢, restricted to the branch x, = ¢, for a ¢ T. Then (20) is the same as

Ti+To+---+Tpy = fo+€Sy  forsome Sq € F[e,u]], 27)

where k' < k, and every factor p;;(u,¢) of every T; is an e-unit, that is, a power of ¢ times an
invertible power series. The bounds degp;; < § and deg Q, < A are preserved by the polynomial
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operations in our differentiation formulas (Lemma 6.16 and Remark 6.19). We keep the resulting
substituted series and their inverses as individual factors and extract coefficients only at the end.
This is why Theorem 6.12 lands in the class C(m,r), whose inner polynomials have degree at
most A.

A Quick Comparison with [DS26]. This is the analogue of the starting point of the DiDIL
in [DS26, Section 6]. There, fj is a polynomial of the form Py 1 ,(¢;,...,{x), where the dimension
of the span of /1. ..,y is “large”. Each T; is a product of linear polynomials over FF[e, ¢~ 1] with
the all-non-homogeneous property: after T; is divided by its power of ¢, its constant term is a
nonzero element of IF. In [DS26], this property is achieved by reducing modulo factors of the
circuit whose normalized e-limits are homogeneous linear forms [DS26, Lemma 15]. In our setting,
this property follows from the border low-weight translation: after T; is divided by its power of ¢,
it becomes an invertible power series in € and u, whose constant term is a nonzero element of F.
Two differences remain:

1. The factors p; j(u, @) are power series rather than linear polynomials, and we control them
using the identities Q,(u, ¢,) = 0, where deg Q, < A.

2. The series fp need not be homogeneous, so we track its lowest nonzero homogeneous
component, as specified in the theorem below.

Table 2 in Section 6.3.3 lists the full correspondence.

The main result of this subsection is the analogue of the Main Lemma of [DS26, Lemma 18].
Dutta and Saxena [DS26] express Pyi1,(1,...,{xn) as a ratio of two small border depth-3 diagonal
circuits and conclude that this cannot happen unless the border circuit of this polynomial is
exponentially large. Here the role of border depth-3 diagonal circuits is played by the border
classes C(m,r) of Definition 6.4.

Theorem 6.12 (DiDIL Theorem for Bounded Depth-4):  In the situation above, suppose that
fo # 0, and let d be the least d with H;(fy) # 0. Then there are integers m,r > 1 with

logm =0 (k(k +logp))  and  r=0 (kef(a+ 1)),
and nonzero polynomials G, G, € Ca(m,r) such that Hy (fo) - G2 = Gy.

Organization of this subsection. We follow the DiDIL argument of Dutta and Saxena [DS26,
Section 6], with one important difference. In that work, the logarithmic derivative of a factor
is expanded as a geometric series. We use the chain rule instead (Lemma 6.16) to express the
logarithmic derivative through factors of the same kind, so we never have to expand anything
during the elimination steps. After scaling the free coordinates by a new variable z, we divide
by one of the summands and derive with respect to z, which removes that summand. We induct,
removing the summands one at a time, and keep track of the coefficient of the lowest power
of z in the limit ¢ — 0 of the sum. When no summand can be removed anymore, comparing
these coefficients on both sides expresses Hy, (fo) as a ratio, as in Theorem 6.12. We set up the
scaling in Section 6.3.1 and the limits in Section 6.3.2. Section 6.3.3 introduces the expression
classes used in the DiDIL induction, and Section 6.3.4 proves their differentiation and coefficient-
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extraction bounds. Section 6.3.5 carries out the DiDIL induction, and Section 6.3.6 finally deduces
Theorem 6.1.

6.3.1 Scaling

As in [DS26], we do not apply DiDIL to (27) directly, but to the identity obtained from it by
multiplying every free coordinate by a new variable z. We first collect the polynomials whose
scaled versions we will divide by, namely those that are e-units on the branch. Let

U= {peF[e]x] | degp < A and p(u, ) is an e-unit } .
By Theorem 6.7, every p;; and every 9,Q, lies in U, where d, := d,,; so does every nonzero
element of F[[e]]. Let P C U be the set of distinct polynomials among the p; ;, so that |P| < p.

Let z be a new variable. Define the FF|[¢]]-algebra homomorphism ¥ : F|[e]|[x] — F[[e]][u][[z]]
by
Y(xj))=z-x;, (ieT) and  ¥(x;) = ¢@u(e,z-u) (a € [N]\T).

Thus Y first substitutes ¢, (¢, u) for each dependent coordinate x, and then replaces u by zu. In
particular, ¥(Q,) = 0 for every a ¢ T.

Since we will divide by powers of € and z, let
S = Flle]][u][[2]]e=-
Scaling by z extends to a homomorphism F[[¢,u]]. — S by fixing ¢ 1. Applying it to (27) gives
g0 =Ti(zu) + - - + Ty (zu) = fo(zu) + €Sp(zu), (28)
where Ti(zu) = & [T; ¥ (pi)-
Lemma 6.13:  Let p € F[[¢]][x].

1. The coefficient of z° in ¥(p) is the constant term p(0) € FF[[¢]] of p.

2. If pe U and p(u,¢p) = e’w with v > 0, w € F[[¢, u]], and w(0,0) # 0, then ¥(p) = e’w(zu)
is a unit of S.

Proof:  For the first item, the coefficient of z¥ in g(zu) is ¢(¢,0). For ¢ = p(u,¢), this coefficient
equals p(0,¢(e,0)) = p(0) because ¢,(¢,0) = 0. For the second, the coefficient of z¥ in w(zu) is
w(e, 0), which is a unit of F[[¢]], and hence is a unit of the coefficient ring FF[[¢]][u]. A power
series in z whose constant coefficient is a unit of the coefficient ring is a unit, so w(zu) is a unit of
F[[e]][u][[z]], and €’w(zu) is a unit of S. O

The second item is the all-non-homogeneous property after scaling. Every ¥(p) with p € U
is a unit of S. After its maximal power of ¢ is removed, ¥(p) is a unit of the unlocalized ring
F[e]][u][[z]]. The inverses ¥(p)~! appear as soon as we divide.
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6.3.2 Limits
The intermediate sums in DiDIL are ratios of elements of S, so we work in the field

K:=L((e)) with L:=1F(u)((z)).

The outer series variable is ¢, and its coefficients lie in L. The ring & is a subring of K. To see this,
expand the coefficients in powers of &:

chzd — Z ev ch,vzd, Cap = [€°]cq € Flu].
d v>0 d

This is an injective ring homomorphism [F[[e]][u][[z]] — L[[¢]], since in both rings the coefficient
of €z% in a product is the same finite sum, and it extends to S because ¢ and z are invertible in K.
In particular, every nonzero element of § is invertible in K.

The following rules are used implicitly in [DS26]. We explicitly write them here for reference.
We use the conventions of Limits and Normalization. For 0 # ¢ € K, put a := val.(g) and
b := val,(lim g). DiDIL tracks the following coefficient:

1c(lim §) = [2%][¢"]g.
Thus we first normalize in ¢, then set € = 0, and only then take the trailing coefficient in z.
Lemma 6.14:  Let g, i € K be nonzero, with normalizations g and h.
1. The normalizations of ¢ -l and g/h are g - h and g/ h, respectively, and

_ limg
limh

lim(g-7) = (limg) - (limh), ~ lim (%)

Consequently, their z-valuations and trailing coefficients obey the usual product and quotient
rules.

2. If ¢ € S and a = val.(g), then limg € F[u]((z)). For every d € Z, we have ¢ *[z]g €
IF[[e]][u] and
(e1z")g)

In particular, taking d = val,(lim g) gives Tc(lim g) € Flu].

_, = [(img).

—_~—

3. If p e U and p(u, @) = €’w as in Lemma 6.13, then ¥(p) = w(e, zu), and

—~ —~

val,(lim¥(p)) =0, Tc(im¥(p)) = w(0,0) € F*.

Proof:  The first item follows because § and / are units of L[[¢]] and evaluation at ¢ = 0 is a ring
homomorphism.

For the second item, write ¢ = ¢ ¢z~" Y0 hizl, where ¢,b > 0 and hj € F[[¢]][u]. Every
coefficient in its e-expansion lies in F[u]((z)), so this holds for lim g = [¢"|g. For every d, we have
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z%q = e °hy., taking h; = 0 for j < 0; since a = val,(g), this contains no power of & below a.
8 + & Nj ] 8 P

Thus £7%[z%)g € F[[¢]][u], and comparing the coefficient of ¢*z¢ gives the displayed identity.

For the third item, Lemma 6.13 gives ¥(p) = €’w(e, zu). Its remaining factor has limit w (0, zu)
with nonzero constant term w(0,0), which proves the assertions. O

Together with the first item, the third item says that the limit of the normalization of a product
of series ¥(p)*! with p € U has z-valuation 0 and a nonzero constant as its trailing coefficient.
This is where the all-non-homogeneous property enters: In [DS26], the factors I1¥/ITY of the
summands contribute only nonzero constants to the coefficient of the lowest power of z.

6.3.3 The Bloated Model

After one division and derivation, the summands in [DS26] are no longer products of linear
polynomials but have the form (U/V) - (A/B), where U,V € IIX are products of scaled linear
polynomials and A, B € X A X are sums of powers of linear polynomials. Sums of at most k
such summands form the bloated model X/ (ITZ/TIZ) (X A /% A ), denoted Gen(k, -) in [DS26,
Definition 2]. Our summands have the same form, with the following classes in place of IT> and
ZAL.

Definition 6.15 (General Bloated Model): Let m > 1 and ¢ > 0 be integers.

1. For a set P of polynomials in FF[[¢]][x], the notation IT¥(P) denotes the set of products of
series ¥(p) with p € P, repetitions allowed; the empty product is 1.

2. XIT¥(m, ¢) is the set of sums of at most m terms
c-¥(q) - ¥(ge)t with ¢ </,

where ¢ € F((¢))[z,z71], and each g; € F[[¢]][x] has degree at most A and lies in U if its
exponent is —1.

3. Gen(m, ?) is the set of products (U/V) - (A/B) with U,V € IT¥(P) and nonzero A, B €
SITY (m, £).

So IT¥(P) plays the role of ITX in [DS26], and XIT¥ (m, £) plays the role of X A 2. Note that we
write IT where Dutta and Saxena [DS26] write A: a power is a product of identical factors, whereas
the products that arise in our setting may have different factors. The reason is the logarithmic
derivative. In [DS26], a scaled linear factor has the form ®(¢) = ¢ + zZ, where ¢ = £(0) # 0 and
? = ¢ — ¢, and the geometric series gives

[

dlog, ®(¢) = gy B Y (1) e,
i>0

which is a sum of powers of the single linear form /; this is where © A ¥ comes from.

For our factors, however, the same expansion would produce powers of the power series
(Y(p) — p(0))/z, and it is unclear how to keep track of such expressions through the repeated

elimination steps of DiDIL. Instead, the chain rule writes dlog, ¥(p), up to a factor z7 !, as a
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sum of at most k + 1 products, each involving at most four possibly different series ¥ (q)*! with
degg < A (Lemma 6.16). So we keep every ¥(q)*! as a single factor and never expand it during
the induction. We expand the series only when we extract coefficients: the coefficient of any power
of z in such a product is a composition of an outer polynomial with a bounded number of inner
polynomials of degree at most A (Corollary 6.18). These compositions take the place of the powers
of linear forms in [DS26].

In [DS26], the class X A X plays two roles: it contains both the series that occur during
the DiDIL induction and their coefficients. Here these two roles are played by two different
classes: XIT¥(m, () for the series and Cx(m,r) for their coefficients. Table 2 summarizes the
correspondence.

[DS26] this paper

scaling D: x; — zx; Y x; — 2, Xg — @qa(€, zu)
factors Pl)=4£0)+z-(---), Llinear ¥(p)=p0)+z-(---),peP
all-non-homogeneous 2(0)]e=0 # 0 p(u,¢) is an e-unit
DiDIL sums Yick %’ : %i", the class Gen Yick %’ . %", each summand in Gen(-, -)

with U, V; € I 1Y (P)

and A;, B; € AL XIT¥ (-, )
Applying dlog, geometric series chain rule (Lemma 6.16)
coefficients of A; ¥ A X (interpolation) Ca(+,-) (Corollary 6.18)
lowest-degree polynomial  Pii1,(41,...,¢N) Hg, (fo)
final ratio G1/G> G1,G eX AT G1,Gy € Ca(+,+) (Theorem 6.12)

Table 2: The DiDIL argument of [DS26, Section 6] and its counterpart here. In the scaling row,
i€ Tanda € [N]\T. The summands have the form (U/V) - (A/B).

We keep track of both parameters of ZIT¥ (m, ¢), since they behave differently. The number m
of terms grows quickly during the induction, but the arity r in Theorem 6.12 does not depend
on it; the number ¢ of factors per term stays below 4%, and r depends only on /, k, and A. The
coefficients ¢ may contain powers of z only because differentiation with respect to z produces a
factor z7! (Lemma 6.16). By Lemma 6.13, ZIT¥ (1, £) C S, and every element of IT¥(P) is a unit
of S. By Lemma 6.14, for every U € IT¥(P) with normalization U, the limit lim U has z-valuation
0, and Tc(lim U) € FF\ {0 }. Multiplying out shows that

ZI—I‘I’(ml,EQ —|—ZH‘P(TH2,£2) - ZH‘F(THl —|—m2,max{£1,€2}),
ZHT(ﬂﬁ,gl) . ZH‘F(mz, 82) - ZI_I‘I’(mlmz, /1 + Ez),
and that the sets ZITY¥ (m, ¢) increase with m and ¢ and are closed under multiplication by elements

of F((¢))[z,z!]. Closure under multiplication needs no separate argument here, whereas it does
for Z A X in [DS26]. As in [DS26], every summand arising in DiDIL will lie in Gen(m, ¢) for

67



suitable m and /. Initially, by (28),

Uip Aip
Vio Bip

Ti(zu) = € Gen(1,0) with U; == H‘I’(pi,]'), Vio:=1, Ajg:=¢%, Big:=1.

]

6.3.4 Derivatives and Coefficients

In [DS26], extracting a coefficient in z from a depth-3 diagonal circuit preserves this form, with a
size bound obtained by interpolation. Moreover, each coefficient of the logarithmic derivative of a
product of scaled linear polynomials is a sum of powers of linear forms, by the geometric-series
expansion. Here, Corollary 6.18 bounds the composition complexity of coefficients. Lemma 6.16
controls differentiation and logarithmic differentiation, with the parameter growth stated there.

Differentiation. On L = F(u)((z)), let 0, act term by term, treating IF(u) as constants. Extend
it to K = L((e)) by acting on each coefficient of the expansion in e. This derivation preserves
S and L[[¢]], vanishes on F((¢)), and commutes with lim on L[[¢]]. For 0 # h € K, define
dlog, (h) := (9;h)/h. The product rule gives

legZ (H hf’) = Zei dlogz(hl) (hz 75 0, e € Z)
i=1 i=1
For 0 # h € L, put b := val,(h). If b # 0, characteristic zero gives
val(3;h) =b—1,  1c(3:h) = b-1c(h). (29)

If b = 0, differentiation annihilates the trailing term; Remark 6.19 handles this case. For p €
IF[[¢]][x], define the Euler derivation in the free coordinates by

Dp =) xi0x,p.

ieT

It treats ¢ and the dependent coordinates as constants and does not increase degree in x. The
equations Q, let us express 9,¥(p) using these polynomial derivatives.

Lemma 6.16 (Derivatives):  For every p € F|[e]][x],
20:¥(p) = ¥(Dp) =}, ¥(9ap) - ¥(DQu) - ¥(3 Q) . (30)
ac[N\T
Consequently:

1. 9. SIT¥(m, 0) C SIT¥((1+ (k+1))m, £+ 4);
2. dlog, (U/V) € ZIT¥((k+1)p,4), forall U,V € IT¥(P).

Proof:  Recall that ¥(p) is obtained from p by substituting zx; for x; (i € T) and ¢, (¢, zu) for x,
(a € T). By the chain rule,

0:¥(p) = ) xi¥(0xp) + ), F(0ap) 9:(@ale,zu)).

icT a€[N]\T
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Multiplying the preceding identity by z turns its first sum into ¥(Dp) because zx; = ¥(x;) for
i € T. Since Q, depends only on u and x,, we have 0,Q, = 0 for b ¢ TU{a}. Applying the
preceding identity to Q, and using ¥(Q,) = 0, we get

0=Y(DQu)+ ¥(9.Qu) 'Zaz((Pa(erzu))'

Since 9,Q, € U, the series ¥(9,Q,) is invertible, and (30) follows.

For the first item, we first differentiate a single factor. Let degp < A. Then Dp, d,p, and DQ,
have degree at most A, and 9,Q, € U. So by (30), 0,'¥(p) is a sum of at most C+ 1 < k+ 1 terms,
each of the form £z ! times a product of at most 3 series ¥ (g)*! as in Definition 6.15. If moreover
p €U, then 9,(¥(p)~ 1) = —¥(p) ' - ¥(p) ' 9.¥(p) is a sum of at most k + 1 such terms, each
with at most 5 factors.

Now consider a term cY of an element of ZIT¥(m, £), where ¢ € F((¢))[z,z"!] and Y is a
product of ¢’ < / factors ¥(q)*!, and differentiate it by the product rule. Differentiating c gives
the single term (9,c)Y, where d,c € F((¢))[z,z!]. Differentiating one of the ¢’ factors replaces it
with at most k 4 1 terms with at most 5 factors each, which gives at most k + 1 terms with at most
¢ + 4 factors. So 9;(cY) is a sum of at most 1+ (k4 1)¢ terms with at most ¢ + 4 factors each,
and summing over the at most m terms gives the first item.

For the second item, note that dlog, turns products into sums and powers into integer multiples.
Collect the multiplicities of the factors to write

dlog,(U/V) = ) _e,dlog, ¥(p), ¢, €Z.
peP

Since P C U, each of these series is a sum of at most k 4- 1 terms with at most 4 factors by (30),
and since |P| < p, we get at most (k+ 1)p terms. O

Coefficient Extraction. We seek a fixed finite family of polynomials in u that generates every
coefficient of a given factor, so that the composition arity is independent of the degree in z. For
g € F[[¢e]][x], write

9=) GaX{n)\ 17 qa € F[¢]][u],

acNIN\T

and define the finite family
H(q) = { Hi(qa) | i 2 0,a € N\ 1\ {0},

Note that H;(ga,) is homogeneous of degree i in the free coordinates u, with ¢ in the coefficient
ring. If degg < A, a nonzero member H;(g,) must have i + |a| < A, so |H(q)| < (A+ 1)1 <
(A+1)¥1, and every member of H(q) has degree at most A. Since Q, involves only one dependent
coordinate, |H(Q,)| < (A+ 1)

Lemma 6.17 (Coefficients):  Let g € F[[¢]|[x] have degree at most A. For every d > 0, the
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coefficient [z7]¥(q) belongs to the IF((¢))-algebra generated by

H(q) U | H(Qu).

a¢gT
If g € U, the same holds for [z9]¥ ().

Proof: Fixa ¢ T, write Qu = }; Qa,jx{;, and put @, := ¢,(¢,zu). By Item 1 of Theorem 6.7,
we have [z°]®, = 0 and Hy(Q,0) = 0. Evaluating the e-unit (9,Q,)(u, ¢,) at u = 0 gives A, ==
Ho(Qa1) = (02Q4)(0) € Flle]] \ {0}. Comparing coefficients in 0 = ¥(Q,) = Y Hi(Qu,j)ziCDfl
gives, ford > 1,
Aa[2]®, = — Y Hi(Q,)[z* )@,
(L)#{(0,0),(0,1) }

Since [z°]®, = 0, the right-hand side is a polynomial in H(Q,) and coefficients [z%|®, with d’ < d.
Division by A, is allowed in the field IF((&)), so induction on d shows that every coefficient [z7]®,
belongs to the IF((¢))-algebra generated by H(Q,).

Now ¥(9) = Laenwir ga(zu) [Tper @3, and [z']ga(zu) = H;(ga). The assertion for ¥(g)
follows by taking coefficients.

If g € U, then [2°]¥(g) = (0) # 0 by Lemma 6.13 and the e-unit condition. Write a; = [z]¥(q)
and by = [z7]¥(q)~!. Comparing coefficients in the identity ¥(q)¥(q)~! = 1 gives by = a, ' and
by = —aal 2?21 a;by_; for d > 1. Since aal € F((¢)), induction on d shows that every b, belongs
to the IF((¢))-algebra generated by H(q) U U,¢r H(Qa), proving the assertion for ¥(g) . O

Corollary 6.18:  Let A € XIT¥(m, £) and set  := (£ +k)(A + 1)1,
1. For every d € Z, we have [z%]A € Cp(m,7;F((¢))).
2. If A # 0 and A is its normalization, then Tc(lim A) € Cy(m, 7).

Proof: For Item 1, consider one term ch,:l Y(g) of A, where ¢/ < ¢, 04 € {—1,1}, and
¢ € F((¢))[z,z7!]. Since c is a Laurent polynomial in z and each factor is a power series in z,
every coefficient of this term is a finite IF((¢))-linear combination of products of coefficients of the
factors. By Lemma 6.17, all these coefficients lie in the IF((¢))-algebra generated by

0
U H(qt) U U H(Qa)'

=1 a¢T

This set consists of at most /(A + 1)1 4 k(A + 1)? < r polynomials, each of degree at most A. So
every coefficient of the term is a single composition of arity at most »r whose inner polynomials
have degree at most A, and summing over the at most m terms of A proves Item 1.

For Item 2, let a := val.(A), d’ = val,(im A), and G, := ¢ ?[z¥]A. By Lemma 6.14, G, €
IF[[¢]][u] and G¢(0,u) = Tc(lim A). By Item 1 and closure of C, (1, 7;IF((¢))) under multiplication
by scalars, we have G, € Cy(m,7;F((¢))). So Tc(lim A) € Ca(m, ), by the definition of the border
class. 0
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6.3.5 The DiDIL Induction

We now prove Theorem 6.12. Starting from the sum g in (28), we remove the summands one
at a time. Dividing the sum by the normalization of one of its summands turns that summand
into a power of ¢, and differentiating with respect to z then removes it. Repeating this gives sums
80,81, - - - with fewer and fewer summands, so there are at most k — 1 steps. We prove by induction
on j that g; satisfies Properties (I)-(III) below.

The quantity we track is the trailing coefficient Tc(lim g;): it equals Hy,(fo) for j = 0, and
Property (III) records how it changes.

When no summand can be removed anymore, we compute this coefficient directly from the
remaining summands, and comparing with Property (III) gives the theorem. Remark 6.19, after
the proof, treats the degenerate case in which differentiating with respect to z would annihilate
this coefficient.

Proof of Theorem 6.12:  Let m( := 1 and ¢ := 0, and for j > 0 let
miq = (k+1)(p+4¢;+2) m}* and (=40 4+ 4 (31)

Both sequences (112;) and (/) are increasing, so the classes ZIT¥ (m;, {;) and Gen(m;, {;) increase
with j. As in [DS26, Section 6], we construct nonzero o, g1,---,87 € K, where g is the sum in
(28), with the following properties for every j < J.

M g="T,+ -+ Tk].,j for some 1 < k; < k' — j, where k' < k is as in (28). Moreover, gj € L{[e]]
and lim g; # 0; we write b; == val,(lim g;).
() T;; € Gen(m;,(;); we fix a representation T;; = (U;;/V;;) - (Ai;/B;;) as in Definition 6.15.
() Tc(limg;) = Hy,( fo)~- Wi1/ V\Q,z, where W;; and W;, are products of at most j polynomials
of the form tc(lim A), with A the normalization of a nonzero A € ZITY (m;, {;).
These are Properties (I), (II), and (IV) of [DS26, Section 6]; their Property (III), that U and V are

invertible with nonzero constant terms, holds automatically here, as noted after Definition 6.15.
As in [DS26], we write each summand as

Ti,]' = gfij Ti,j/

tl',]' = lim Ti,]‘ €L, d:/] = Valz(tl',]‘),
where Ti,]- is the normalization of T; ;.

The series g lies in [F[[¢]][u][[z]] € L[[¢]] and has limit fy(zu), so Power Series gives
by = dp and Tc(lim go) = Hy,(fo)- (32)

In particular, gy # 0, so k' > 1. Thus Property (I) holds for j = 0 with ko := k’ and T;y = T;(zu).
Property (II) holds with U;, Vi, Aio, and B; as defined after Definition 6.15. Property (III) holds
with Woqp = Wop = 1.

Divide. Suppose that gj has been constructed. If a;j =20 and d; i= b]' for every i, we stop, set
J == j, and proceed to the Taking the limit step below. Otherwise, we choose one summand to
remove. If d; j # bj for some i, we choose such a summand; this is the main case, treated in the
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Derive step below. If d! i= b; for every i, we choose a summand with a;; # 0, which exists since
we did not stop. This is the degenerate case, treated in Remark 6.19, which also gives an example.

We renumber the summands so that the chosen one is Ty, ; and write T = Tkir]" b=t j,
a:=ayj, and d' = d;(]_ ;- Dividing the identity gj = Ty + - - - + T ; by T turns the last summand
into &": T

; Th ki—1,f
gg:#+---+ifff+su. (33)

By Property (I), g; lies in L[[¢]] and has nonzero limit, so it is its own normalization. Hence, by
Lemma 6.14, the left-hand side of (33) lies in L[[¢]], and its limit is lim g;/¢, whose z-valuation is
bi—d.

]

Derive. Suppose that we are in the main case, that is, d’ # b;. We apply 9. to (33). Since
9-(&") = 0, the last summand disappears:

ki—1 ki—1
. gj) N (Tid) S Tij <Ti/j>

i1 =0, 2| = 0 =) = —= -dlo = . 34

8j+1 Z(T l; T l; T &2 T 34

Since 9, maps L|[¢]] into itself and commutes with lim, we have g; 1 € L[[¢]] and, as in [DS26],

lim g;
limng = az< lntlg]>.

By (29), applied to lim g;/t, whose z-valuation b; — d’ is nonzero, the limit lim g;,; is nonzero (so
gj+1 7é 0), b]'+1 = b] —d — 1, and

TC(lim g;)

TC(t) (35

1c(limgjq1) = (bj —d')

So tc(lim g;) survives this step, up to the nonzero factor (b; —d’)/ Tc(t). This is why the Divide
step prefers a summand with d' # b;: if d’ = b;, then 9, would annihilate the trailing term of
limg;/t.

Induct. We verify Properties (I)-(IlI) for j + 1. For Property (Ill), write T, ; = (u/vy-(A/B)
as in Property (II), and let u,v, A, and B be the normalizations of U, V, A, and B. By Lemma 6.14,
t = (limU -lim A)/(lim V - 1im B), so

1c(lim A)

T (lim U)
1c(lim B)

Telt) =c c(lim V)

, where ¢ :=

ceF\{0}.
Thus (35) and Property (III) for j give

Wi - (bj—d') TC(lim E)‘
Wi -c Tc(lim A)

Tc(limgj+1) = Hy,(fo) -

Here (bj — d’) Tc(lim B) and ¢ Tc(lim A) are the trailing coefficients of the limits of the normal-
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izations of (b; —d’)B and cA, which are nonzero elements of ZIT¥ (1, £;) € ZIT¥ (141, £j11). So

Wis11 = Wj1 - (bj — d’) 1c(lim B) and Wj.1 == Wj, - ¢ Tc(lim A) satisfy Property (III) for j + 1.

For Property (), fix i < kj, and let U;;, V;;, A;;, and B;; be as in Property (II). Since
T - S—a(u/v> : (A/B)I

T; u A

Lj : — . . .

? W . B with U == uz',]'V, V' = VZ',]'U, A= 8”A1’,]'B, B = Bi,]'A,

where U, V' € IT¥(P), and A’ and B’ are nonzero elements of ZH‘Y(mJZ,ZK ;). Since dlog, turns
products into sums, the i-th summand of (34) is

u A u’ 0.A"  9,B
V/ B/ (dlogz< >+ ;/ - ;3/>

u' dlog (U'/V')- A'B'+9.(A") - B'— A’ 9,(B)
W' B2 :

By Lemma 6.16, we have
dlogz(u’/V') € XIY((k+1)p,4) and 0,(A"), 9.(B') € ZITY((1+2(k + 1)£ )m 2¢; +4).

So the numerator is a sum of at most ((k +1)p +2 +4(k +1)¢;) m terms with at most 4/; +
4 factors each. By (31), this number of terms is at most m;,, and 4l +4 = lj1q, so the
numerator lies in ZIT¥ (111, {;11). The denominator B is a nonzero element of ZH‘I’(m}L, 40;) C

ZITY¥ (mjy1,€j11). Thus every summand of (34) lies in Gen(1;11,¢j;1) or is zero if its numerator
vanishes.

For Property (I), we drop the zero summands and let Ty j4, ..., Ty, , j+1 be the remaining ones.
Since gj41 # 0, at least one remains, and kj;; < kj —1 < k' — (j +1). We have already shown that
gj+1 € L[[e]] and lim g; 1 # 0.

Taking the limit. If k; = 1, then Ty ; = g; lies in L[[¢]] and has nonzero limit, so a;; = 0 and
dll,j = b]-; hence the stopping condition holds. Since 1 < k]- < k' — j, the DiDIL induction terminates
at some | < k' —1 < k —1. At that point, every summand satisfies 2;; = 0, so T;; = Ti’] lies in
L[[e]]. Since lim is additive, we have lim g; = Y_; ;). We compare the coefficients of z% on both
sides. Since d} ; = b for every i, the coefficient of 2P int;jis Tc(t; ;). Write Ty = (U;/ Vi) - (Ai/B;)
as in Property (II), and let A; and B; be the normalizations of A; and B;. As in the Induct step,
1C(t;7) = ¢; TC(lim A;)/ tc(lim B;) for some ¢; € F\ {0}, and so

Tc(lim A;)
Zcz

c(limg;) c(lim B;)

Combining this identity with Property (III) for | and multiplying by W, []; Tc(lim B;), we obtain
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Hdo (f()) . G2 = G1 fOI‘

ky N ky ~ ~
Gy == Wy [ [rc(lim B)) and Gi =W ) ¢ tc(lim A;) [ [ re(lim By).
=1 i=1 i

1

By Lemma 6.14, the trailing coefficients Tc(lim A;) and tc(lim B;) are nonzero polynomials in u.
So G, # 0 as a product of nonzero polynomials, and hence G; = Hy,(fo)G2 # 0.

Size analysis. Every factor of G, and every factor of every summand of G; has the form
Tc(lim A), where A is the normalization of some nonzero A € ZIT¥(mj, ;). For the factor
¢; TC(lim Ai), take A = c;A;. Since ] < k —1, such an A lies in XITY¥ (my_1, ;1 ), so every factor
lies in Ca (mg_1, (¢k—1 + k) (A + 1)¥1) by Corollary 6.18. The number of factors of G,, and of each
summand of Gy, is at most | + k; <k’ <k, and G; has k; < k summands. By Lemma 6.5,

G1,Gy € Ca(m, 1) with m:==k- mﬁ_l and r:=k(l_1+k)(A+ 1)k+1.

It remains to bound m and r. By induction, ¢; = (411 —4)/3 < 411, s0 {; < 4K for j <
k —1. Hence mjy1 < (k+1)(p 4+ 41 +2) m;-*, that is, logm;;1 < O (k+logp) + 4log m; with an
absolute constant in O (-). Since mg = 1, this gives logm; = O (4/(k +logp)) for j < k—1, and
therefore logm = logk + klogmy_1 = O (k4*(k +logp)). Finally, r = k({1 + k)(A + 1)1 =
O (k4¥(A +1)F+1). O

Remark 6.19 (The degenerate case): =~ We now treat the degenerate case of the Divide step, in
which dg,j = bj for every i and the chosen summand has a # 0. Then d = bj, so lim g]'/ t has

z-valuation 0, with trailing coefficient Tc(lim g;)/ Tc(t). Hence (29) does not apply: 9, would
annihilate this trailing term, and we would lose track of Tc(lim g;).

For example, with free coordinate u and no dependent coordinates, suppose that g; = Ty ; + T2,
with
Ty = 8’1(1 +e(1+zu)), T, = —e7 1, so that gj = 1+ zu.

The normalized summands 1+ ¢(1 + zu) and —1 have limits 1 and —1,s0d]; =d;; =0 = b;,

while a;; = a, ; = —1. Dividing by the normalization T=—1of T»,;, with a = —1, turns (33) into
“1—zu=(—et—1—zu)4+e L.

Differentiating with respect to z removes the last summand ¢, but it also annihilates the constant

term —1 on the left-hand side, leaving —u. So the trailing coefficient —1 is lost in this process!

To keep the trailing coefficient, we follow the remark at the end of [DS26, Section 4.3] and
differentiate with respect to ¢ instead of z. Let d; be the derivative with respect to ¢, acting term
by term on the expansion in ¢; thus ed, multiplies the coefficient of €’ in an element of K by v.

This Euler derivation €9, of K is L-linear and maps S and L[[¢]] into themselves. We apply to
(33) the operator h — €d:h — ah, which we denote by €d, — a.

Note that ed; — a is L-linear, though not a derivation, so we may apply it term by term. Since
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(ede — a)(e") = 0, this again removes the last summand:

ki—1 T T
‘ gj) ] 4 < ( ilj) >
i = 88 a = = = €d10 ~ al,
8j+1 ( € ) < T = T 8e T

where dlog, (h) := d:h/h is the logarithmic derivative with respect to ¢, defined as for z.

In the example above, 2 = —1, and
(¢ +1)(e ') =0 and (€0 +1)(—e ' =1 —zu) = -1 — zu.

So gj+1 = —1 — zu, with a single summand: the last summand has disappeared, and the trailing
coefficient —1 is preserved, which is what we wanted.

In general, the Divide step gives g;/T € L[[¢]], and ed maps L{[e]] into eL[[¢]]. Consequently,
gi+1 € L[[¢]] and lim g;1 = —a -lim g;/t, which is nonzero since a # 0. So bj 1 = b; —d' = 0, and
(35) holds with —a in place of b; — d’. Thus the factor b; — d’, which vanishes here, is replaced by
—a, which does not; this is why the Divide step chooses a summand with a # 0. Properties (I)
and (III) for j + 1 follow as in the Induct step.

For Property (II), let E := €9, act on the coefficients of polynomials in F[[¢]][x], treating x as
constants. The chain rule gives

¥ (p) = ¥(Ep) — Y ¥(0np) ¥(EQ) - ¥(9:,.Q:) "
ce[N\T

This is the analogue of (30), with €d; in place of zd, and E in place of D. Since E does not increase
the degree in x, the two closure bounds in Lemma 6.16 hold with &d. and edlog, in place of 9,
and dlog,, respectively. Compared with the Induct step, the only other change is the extra term
—aA’B’ in the numerator of each summand. It adds at most m;-l terms with at most 4£j factors, so

the numerator has at most ((k+1)p +3 +4(k +1)¢;) m;-l < mj;1 terms, by (31) and k > 1. Hence
every summand again lies in Gen(m;,1,{;11) or is zero. <

6.3.6 Stitching It All Together: Proof of the Lower Bound

The next lemma shows that the restricted power series fo = P11, (b + (u,¢(0,u))) is nonzero and
that every monomial involves at least n — C — |supp(b)| variables when n > C + |supp(b)|. We
then apply Theorem 6.6 to the polynomial identity Hy,(fo) G2 = G1 from Theorem 6.12.

Lemma 6.20: Let T C [N] with C:= N —|T| <k, letu:=xr,leth € FN,and let ¢ = (ga)ue[N}\T
with ¢, € F[[u]]. If n > C + |supp(b)|, then the power series

f1= Pepan(b+ (u,8)) € F[u]]
is nonzero, and every monomial occurring in f involves at least n — C — |supp(b)| variables.

Proof: For i € [N], let y; be the i-th entry of b+ (u,g), that is, y; = b; + x; for i € T and
yi=bi+gifori ¢ T.Let E := ([N]\ T)Usupp(b), so that |E| < C+ |supp(b)| < n. Fixj € [k+1]
and consider the block B; of Definition 1.2. For i € B; \E,wehavei € T and b; = 0, so y; = x;.
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Hence the image [ ;¢ B; Yi of the block monomial x? is divisible by M; =Tl B/\E Xis @ product of
at least n — |E| > 1 distinct variables, and so is every monomial occurring in it. Every monomial
occurring in f occurs in the image of some block monomial, which proves the second claim.

To see that f # 0, note that |[N] \ T| < k and that the k + 1 blocks are disjoint, so some block
Bj, is contained in T. The image of its block monomial is ;¢ B, (b; + x;), in which the monomial

xPi has coefficient 1. For every j # jo, every monomial occurring in the image of x%i is divisible by
M, which involves a variable x; with i € B;; as i € B, such a monomial differs from xBio. Hence

xBio occurs in f with coefficient 1. O

Proof of Theorem 6.1:  Fix a ZITZITP circuit over FF((e)) of size at most s that computes
Pii1 + €S for some S € F[[e]][x] (Definition 2.12). Let p be the number of distinct bottom
polynomials of this circuit. Then p <'s, and we apply Theorem 6.7. It provides a set T C [N] with
C =N —|T| <k apoint b € FN with [supp(b)| = O (k**), and the data ¢4, Qa, K, ¢;, and p; j of
the identity (27). If n < C + |supp(b)|, then n < k+ O (k?6°) < (26)°(), and there is nothing to
prove. So assume n > C + |supp(b)|. By Lemma 6.20, applied to g, := ¢4(0,u), the power series
fo = Pey1,1(b+ (u,9(0,u))) is nonzero. Every monomial occurring in fy, and in particular every
monomial of Hy,(fo), involves at least n — C — |supp(b)| variables.

By Theorem 6.12 and p <'s, Hy,(fo) - G2 = G for some nonzero polynomials Gy, G, € Ca(m,r),
where
logm = O (k4k(k + logs)> and r=0 <k4k(A + 1)k+1) .

We compare trailing monomials. Since trailing monomials are multiplicative (see Monomial
Orders), we have T™M(G1) = ™ (Hy,(fo)) - TM(G2), so the support of T™M(G;) contains the support
of T™(Hy, (fo)). Combining this inclusion with Theorem 6.6, we get

n—C —|supp(b)| < |supp(T™(Hy,(f0)))| < [supp(tm(Gy))| = O (A(r +logm)).
It remains to evaluate the bounds. Using A = S A+1<25F and k < 2k < (2(5)", we get
C+[supp(b)| < k+0 (K26%) < (26)°%),
Alogm = O (k(4(5)k(k + 1ogs)) =0 (k(45)klogs) 1 (26)00),
Ar =0 (k4k5k : (25k)k+1> = (26)°(%),

Altogether,
n<o0 (k(45)klogs> +(26)0(F),

For fixed k and 4, this reads n < O (logs) + O (1), that is, s = 22("), O

7 Impossibility Without the Constant-Freeness Assumption

In this section, we remove the constant-freeness assumption from Theorem 3.1, at the expense
of a larger threshold on 7. We prove that, for sufficiently large 1, no ZTTZITP! circuit computes
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Pk+1,n-

We first establish a rank bound for the group of units modulo constants of an irreducible affine
variety, following the approach of Samuel [Sam57; Sam66]; see also Ford [For14] and Rosenlicht
[Ros61] and the MathOverflow discussion [Sas11]. We develop this argument in Section 7.2
and Section 7.3 and then use the bound to prove the main impossibility result (Theorem 7.5) in
Section 7 4.

Throughout this section, assume the base field [F to be algebraically closed.

7.1 Preliminaries for the Impossibility Proof

We introduce some additional algebraic and geometric notions and results needed in this section.

Projective Space. The projective space PN consists of nonzero vectors in FN*! modulo nonzero
scalar multiplication, with homogeneous coordinates [xy : --- : xy]. Its closed subsets are the
common zero sets of homogeneous polynomials, which are also called forms. Each standard chart
U; == { x; # 0} is isomorphic to AN via the coordinates (xj/x;)j2i- We identify AN with Uy; its
complement is the hyperplane at infinity He := V(xo). For V. C AN, its projective closure Vy is its
closure in PN [CLO25, Chapter 8, §4, Definition 6 and Proposition 7(ii)].

The definition of dimension by chains of irreducible closed subvarieties applies to projective
varieties and open subsets of varieties as well. For an irreducible variety X, one has dim X =
tr. deg IF(X), and every nonempty open subset U C X satisfies dim U = dim X [Shal3, Chapter 1,
§ 6.1]. For an irreducible closed subvariety E C X, its codimension in X is dim X — dim E.

Rational and Regular Functions. For an irreducible variety X, its function field is F(X) :=
Frac(FF[U]) for any nonempty affine open subset U C X; this field is independent of the choice
of U. Its elements are rational functions. A rational function is regular at a point if it is locally a
quotient of polynomial functions with a denominator that is nonzero at that point. It is reqular on
an open subset if it is regular at every point of that subset. On an affine variety U, the everywhere
regular functions are precisely the elements of F[U]|. A morphism f: X — Y pulls back a regular
function h on U C Y to ho f on f~1(U). If X and Y are irreducible and f is dominant, then
pullback also identifies IF(Y) with a subfield of IF(X).

Principal Open Subsets as Affine Varieties. For an affine variety V and a polynomial H, the set
V' \ V(H) is a principal open subset of V. The next lemma realizes this set as an affine variety by
adding a variable for 1/H and bounds the degree of the resulting variety.

Lemma 7.1:  Let V C AN be irreducible and H € F[x] \ I(V). Write H = H + 1(V) and set
W= (VxAHYNV(zH —1).

The variety W is irreducible, F[W] = F[V]g, and degW < degV - (deg H +1).

Proof:  We have F[V][z]/(zH — 1) = F[V|]y; see [Mag12]. Since F[V] is a domain and H # 0,
the localization F[V|j is also a domain. Hence (zH — 1) is a prime ideal of IF[V][z]. It follows
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that W is irreducible and IF[W] = F[V]5. The degree bound follows from deg(V x A!) = degV
and Proposition 2.9. O

Finite Morphisms and Degree. A morphism f: X — Y is finite if, for every affine open subset
U C Y, its inverse image f~!(U) is affine and IF[f ! (U)] is a finitely generated module over IF[U],
with the module structure induced by pullback along f. Finite morphisms are closed, and their
compositions are finite. For a finite morphism f: X — Y and every nonempty irreducible closed
subvariety Z C X, one has dim f(Z) = dim Z [Stacks, Tag 0IWG].

Let f: X — Y be a finite surjective morphism of irreducible varieties. Pullback by f identifies
F(Y) with a subfield of IF(X), and the extension IF(X)/IF(Y) is finite. The degree of f is defined as

deg f = [F(X) : F(Y)].

This notion of degree is different from the degree of an embedded variety.

Projective Degree. For an irreducible projective variety X C PV, its degree is the degree of
XNU; C AN for any standard affine chart U; meeting X; this degree is independent of the
choice of chart. In particular, projective closure preserves the degree of an irreducible affine
variety [CLO25, Chapter 9, §3].

Let X C PN be irreducible of dimension d. Linear forms /y, ..., {; with no common zero
on X define a finite surjective morphism 7w = [y : --- : {4]: X — P? [Shal3, Chapter 1, §5.3,
Theorem 1.16]. Moreover, deg t = deg X [Stacks, Tag OBEX].

Normalization. An irreducible variety is normal if its affine coordinate rings are normal; nor-
mality can be checked on an affine open cover [Stacks, Tag 033]]. In particular, PV is normal
because its standard charts have polynomial coordinate rings. Every irreducible variety X has
a normalization: a finite surjective morphism v: X — X with X normal and F(X) = F(X) under
pullback [Stacks, Tag 0BXR]. For every nonempty affine open subset U C X, the ring IF [1/_1 (U] is
the integral closure of F[U] in F(X). Thus dim X = dim X. If X is projective, then so is X [Stacks,
Tag 0GK4].

Let f: X — Y be a finite surjective morphism of irreducible varieties. For y € Y, the fiber of
foveryis f1(y) = {x € X| f(x) =y }. We use the following fiber bound: If Y is normal, then
|f 7' (y)| < degf for every y € Y [Shal3, Chapter 2, § 6.3, Theorem 2.28]. Here the cardinality
counts distinct points.

Orders of Zeros and Poles. Let X be a normal irreducible variety, and let E C X be an irreducible
closed subvariety of codimension one. Choose an affine open subset V C X meeting E, and let
p C F[V] be the prime ideal of functions vanishing on E N V. The ring R = F[V], is the local ring
of X along E. It consists of the rational functions regular on some open subset of X meeting E and
is independent of the choice of V.

Since X is normal and E has codimension one, R is a discrete valuation ring (see Discrete
Valuations). Let vg: IF(X)* — Z be its normalized valuation, called the order of vanishing along E;
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negative values indicate poles. For ¢ € F*, we have vg(c) = 0. Moreover, vg(h) > 0 whenever & is
regular on an open subset of X meeting E.

A nonzero rational function on a normal irreducible variety is regular everywhere if its order
along every codimension-one irreducible closed subvariety is nonnegative [Stacks, Tag 031T(2)].
Every regular function on an irreducible projective variety is constant [Shal3, Chapter 1, §5.2,
Corollary 1.1].

Tangent Spaces, the Jacobian Matrix, and Smoothness. For f € F[x]|, the gradient of f is
Vf = (0xf,...,0xyf), regarded as a row vector. For fi,..., f, € F[x], their Jacobian matrix is the
m x N matrix Jac(f1, ..., fm) = (9x;fi)iem), je[n)- Evaluation at a point is entry-wise.

For an irreducible affine variety V C AN and p € V, define the tangent space of V at p as
T,V :={v e FN | Vh(p)o =0 for every h € (V) } C FV,

where vectors v € FV are regarded as column vectors. For every p € V, one has dim T,V >
dim V [Har77, Chapter I, Exercise 5.10(a)]. A point p € V is smooth or nonsingular if dim T,V =
dim V.

If a polynomial g € F[x] does not vanish at a point p € AN, then the vector vgé(’—}(j;) € FN is

well-defined. In particular, this vector is well-defined whenever g|y is a unit and p € V. The

following lemma gives useful properties of ng;f; ) In particular, it shows that the map g — Vs(p)

g(p)

can be viewed as a multivariate analogue of the logarithmic derivative.

Lemma 7.2:  Let V C AN be an irreducible affine variety, p € V, and v € T, V. Let g, h € F[x]
be polynomials whose restrictions to V' are units. The following statements hold:

Vg(p)v
L s(p)

depends only on g|y.

x Ve(p) _
2. If g € F¥, then ) = O

4. Tt hly = (gly)* for some e € Z, then TH2IT — Vel

Proof: If ¢ly = h|y, then g(p) = h(p) and V(¢ —h)(p) - v = 0. Dividing by the common
nonzero value g(p) = h(p) proves the first claim. The second and third claims follow from
differentiation of constants and the product rule. If (gh)|y = 1, then the first three claims give
Vg(p)-v/g(p) + Vh(p)-v/h(p) = 0. Repeated application of the product rule and this inverse
identity proves the fourth claim for every integer exponent. O

7.2 Normalization and Irreducible Components at Infinity

To obtain the unit-group rank bound in the next subsection, we first bound the number of
irreducible components lying above the hyperplane at infinity in the normalization of a projective
closure.
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Consider the intersection of the projective closure of an irreducible affine variety with the
hyperplane at infinity. The following theorem bounds the number of irreducible components of
the preimage of this intersection under the normalization map by the degree of the affine variety.
We use this bound in the next subsection to establish a rank bound for the group of units modulo
constants of an irreducible affine variety.

Theorem 7.3: Let Wy C AN be an irreducible affine variety of degree A and dimension d > 1,
and let W C PN be its projective closure. Let Hy be the hyperplane at infinity, and let v: W — W
be the normalization. Let Dy := v~} (W N Hy). The set Do, has at most A irreducible components,
each of dimension 4 — 1.

Proof:  Use homogeneous coordinates [xg : - - - : xn] with He = V(xp). Choose linear forms
ly,..., 05 € Flx] such that WN V(xg, {4,...,¢;) = @. Such a choice is possible because dim(W N
Hs) < d — 1: successively choosing hyperplanes that contain none of the remaining irreducible
components cuts this set down to the empty set.

Define 7r: W — P“ by

t([xp: -+ an]) = [x0: l1(x) - ly(x)].
By the results in Projective Degree, 7t is finite and surjective.

Write [yo : - - - : y,] for the homogeneous coordinates on the target IP4, and let H., = V(yo). By
the definition of 77, we have 77! (H.) = WN He and 1~} (A%) = Wy, where AY =P\ HL.

Since 77 is a finite linear projection, the degree formula in Projective Degree gives
degm = degW = deg Wy = A,
where the middle equality holds because W is the projective closure of Wj.

Let T = mov: W — P4, Both 7t and v are finite and surjective, so the same holds for t.
Since v induces an isomorphism of function fields, deg T = deg 7w = A. Moreover, T~ !(HL) =

Let Eq, ..., E; be the irreducible components of Do,. We prove s < A by finding a point of H(,
with at least s preimages under T.

First, we show that dimE; = d — 1 and t(E;) = H/, for every i € [s]. Fixi € [s] and b € E;.
Choose t € [d] such that T(b) ¢ V(y;). Let U; = P?\ V(y;) and U = 7~ 1(U;). The set U is affine
because U; is affine and 7 is finite. It is a nonempty open subset of W, so it is irreducible of
dimension d. On U, the set Do, N U is the zero set of the regular function § = (yo/y:) o 7. Since
T(U) = Uy, the function ¢ does not vanish identically; also, g(b) = 0. The nonempty intersections
E; N U are exactly the irreducible components of this zero set. In particular, E; N U is one of
them. Since U is affine, the function g is represented by a polynomial. Thus Lemma 2.7 gives
dim(E;NU) = d — 1. Since E; N U is a nonempty open subset of the irreducible variety E;, we
have dim E; = d — 1. Finally, finiteness of T implies that 7(E;) is an irreducible closed subset of
H/, of dimension d — 1, so 7(E;) = HL,.

For i,j € [s] with i # j, the intersection E; N E; is a proper closed subset of E;. Thus the

80



intersection is empty, or each of its irreducible components has dimension strictly less than d — 1.
Since T is finite, T(E; N E;) is therefore a proper closed subset of H, in either case. Since H, is
irreducible, the finite union Z := [, <;j<; T(E; N E;) is also a proper closed subset of H,. Choose
p € H,\ Z. For each i € [s], choose ¢; € E; with T(e;) = p, using T(E;) = H.,. These points are
distinct: Otherwise, p would belong to T(E; N E;) for some i # j. Hence |t~ !(p)| > s.

Since T is finite and surjective and P? is normal, each fiber of T contains at most degt
points [Shal3, Chapter 2, § 6.3, Theorem 2.28]. Therefore,

s < ’T_l(p)‘ < degT = A.

Together with dim E; = d — 1, this bound proves the theorem. O

7.3 A Rank Bound for the Group of Units Modulo Constants

We now use Theorem 7.3 to bound the rank of the group of units modulo constants of an
irreducible affine variety. The idea is to record the orders of zeros and poles of each unit along the
irreducible components counted in Theorem 7.3. We show that these integers determine the unit
up to a nonzero constant.

Theorem 7.4: Let Wy € AN be an irreducible affine variety of degree A and dimension d > 1.
The group [F[Wy]* /IF* is free abelian of rank at most A.

Proof: Let W be the projective closure of Wy, and let v: W — W be its normalization. Let U =
v1(Wp) and Do, = v~ {(W N He) = W\ U. Let Ey, ..., E; be the irreducible components of De.
By Theorem 7.3, s < A and dim E; = d — 1 for every i € [s]. We identify F(Wp) = F(W) = F(W)
via restriction and pullback and thus regard each unit on W as a nonzero rational function on W.

Define ¢: F[Wy|* /F* — Z° by

() = (vg, (t), ..., ve (1)),

where f denotes the natural image of t € IF[Wp|* in IF[Wy]* /IF*. The identities vg(ct) = vg(t) for
c € F* and vg(t1t2) = ve(t1) + ve(t2) show that ¢ is a well-defined group homomorphism.

Suppose that t € F[W|* satisfies ¢(t) = 0. The definition of ¢ gives vg, () = 0 for every

i € [s]. Since t and t~! are regular on Wy, their pullbacks are regular on U. Let E C W be any
codimension-one irreducible closed subvariety different from the E;. The subvariety E meets U.
Otherwise, E would be contained in some E;, and equality of their dimensions would force E = E;.
It follows that vg(t) > 0 and vg(t~!) > 0. Since vg(t~!) = —vg(t), we obtain vg(t) = 0.

Therefore, v (t) = 0 for every codimension-one irreducible closed subvariety E C W. Since
W is normal and the order of t along every codimension-one irreducible closed subvariety is
nonnegative, t is regular everywhere on W [Stacks, Tag 031T(2)]. The variety W is projective and
irreducible, so t is constant. Since t # 0, it belongs to IF*. Hence f is the identity, and ¢ is injective.

Since ¢ is injective, it follows that IF[Wy]* /IF* is free abelian of rank at most s < A. O

81


https://stacks.math.columbia.edu/tag/031T

7.4 Proof of the Impossibility Result
We prove the following theorem, which is the main result of this section.

Theorem 7.5:  Let 6,k > 1 and suppose that n > (2k + 6)62F + 6*. The polynomial Py, cannot
be computed by 2K TIXITC circuits.

Let V C AN be an irreducible affine variety, and let C := codim V. The smooth locus of V is
dense and open [Har77, Chapter I, Theorem 5.3]. At a smooth point p € V, the space of linear
forms on IFN vanishing on T,V has dimension C and is spanned by the gradients of polynomials
in I(V). We can therefore choose fi,..., fc € I(V) whose gradients at p form a basis of this
space. Some C x C minor of Jac(fi, ..., fc) is then nonzero at p and remains nonzero on an open
neighborhood of p in V. Intersecting this neighborhood with the smooth locus gives a dense
smooth open subset U C V such that, for every q € U, the gradients Vfi(q),..., Vfc(q) form a
basis of the space of linear forms vanishing on T;V. The following lemma makes this observation
effective by showing that the polynomials fi, ..., fc can be chosen to have degree at most deg V.

Lemma 7.6: Let V C AN be an irreducible affine variety of dimension 4 and degree A. Let
C:=codimV = N —d. There exist fi,..., fc € I(V) of degree at most A and a nonempty smooth
open subset U C V such that, for every p € U, the rows Vfi(p),..., Vfc(p) form a basis of the
space of linear forms on IFY vanishing on T, V.

Proof: If C =0, then V = AN and we may take U = V. Assume C > 0.

By Lemma 2.13, choose T C [N] of size d such that (x;|y);er is a transcendence basis of
F(V) over F. Write [N|\ T = {ay,...,ac }. For each i € [C], Lemma 2.17 gives an irreducible
polynomial f; € I(V) NF[xp,,] with deg f; < A and deg, f; > 1.

We first show that df;/dx,, does not vanish identically on V. By Gauss’s Lemma, f;, viewed as
a univariate polynomial in x,, over F(x;|y : i € T), is irreducible. Since it vanishes at x|y, it is
a nonzero scalar multiple of the minimal polynomial of x, |y over F(x;|y : i € T). Since F has
characteristic zero, that minimal polynomial has distinct roots. Thus x|y is a simple root, so the

derivative of the minimal polynomial does not vanish there, i.e., 52:"_ ¢ I(V) foralli € [C].

Define

U:{pEV) ;xf;(p);«éOforeveryiE[C]}.

Since none of these partial derivatives vanishes identically on V and V is irreducible, U is a
nonempty open subset of V.

Fix p € U. We claim that Vf1(p),..., Vfc(p) are linearly independent. Each f; involves only
the variables indexed by T and the variable x,.. Hence, for i # j, the variable Xa, does not occur in
fi, s0 9fi/ axu], = 0. Therefore, the C x C submatrix of Jac(fi, ..., fc)(p) consisting of the columns
indexed by a3, ..., ac is the diagonal matrix

(fg(w)ijdq = diog (57 (r) 52500

7
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All its diagonal entries are nonzero by the choice of U. Thus Jac(fi, ..., fc)(p) has rank C, proving
the claim.

Finally, each f; belongs to I(V), so each Vf;(p) vanishes on T, V. Since these C gradients are
linearly independent, we have
dimT,V < N—C=d.

Together with the general inequality dim T,V > dim V' = d, this bound gives dim T,V = d, so p
is smooth. The space of linear forms on FN vanishing on T,V therefore has dimension N —d = C,
and Vfi(p),..., Vfc(p) form a basis of this space. O

The next lemma concerns an irreducible affine variety V of small degree and codimension on
which a product of n algebraically independent coordinate functions can be expressed as a sum of
products of low-degree units. It gives a low-degree polynomial that does not vanish identically on
V and whose zero locus contains the zero locus of this product on V.

Lemma 7.7: Let 8,k,n > 1, and let V C AN be an irreducible affine variety of degree A and
dimension d > 1. Let C := codimV = N —d. Suppose that x;,...,x;, are distinct coordinates
such that Flx;,...,x; ] NI(V) = {0} and

n k
Hxij = Z T; (mod 1(V)),
i=1 i—1

1=

where each T; is a product of polynomials g; ; of degree at most ¢ that restrict to units on V. There
exists a polynomial H € F[x] \ I(V) of degree at most (C 4 6)A such that V (H};l x,-].) NV C
V(H).

Proof: Choose fi,...,fc € I(V) of degree at most A and a nonempty smooth open subset
U C V such that, for every p € U, the rows Vfi(p), ..., Vfc(p) form a basis of the space of linear
forms on FN vanishing on T, V. This choice is possible by Lemma 7.6. Write P := [Tj- x;;. Since
Flxi,...,x;,]NI(V) = {0}, we have P ¢ I(V). Since V is irreducible, we may shrink U to a

nonempty open subset on which P is nowhere zero.

By Theorem 7.4, F[V]* /IF* is free abelian of rank r < A. Choose polynomials u1, ..., u, € F[x]
whose restrictions to V are units and whose classes in IF[V]* /IF* form a basis of this group. Each
factor g; ; therefore satisfies

,
9ijlv = Aij [ [(utalv) (36)
a=1
in F[V]*, where A;; € F* and ¢;,, € Z. By Lemma 7.2, for every p € V and v € T, V, this identity
gives

Vy;i(p) - r .(p) -
q ,J(P) 4 — Z ei,j,a vu <p) U. (37)
qi;(p) = ua(p)
For f € F[x], write Vf(p)|r,v for the linear map v — V f(p) - v on T,,V. All denominators in (37)
are nonzero. Hence the linear maps Vg ;(p) |T,,V lie in the span of Vu;(p) |T,,Vz oo, Vg (p) ’TpV and

span a space of dimension at most r.
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Let ] be the Jacobian matrix whose first C rows are Vfi, ..., V fc and whose remaining rows
are all the Vg; ;, in any fixed order. Fix p € U and consider the linear map that restricts each row
vector in the row space of J(p) to a linear form on T, V. Its image has dimension at most r by the
preceding paragraph. Its kernel is exactly the span of Vfi(p),..., Vfc(p): These rows belong to
the row space of J(p) and form a basis of all linear forms vanishing on T,,V. Thus the kernel has
dimension C, and the rank-nullity theorem gives

rank J(p) < C+r.

In addition, the first C rows of J(p) are linearly independent.

Let B be the matrix over [F[x] obtained from ] by multiplying its i;-th column by x;, for each
j € [n], leaving the other columns unchanged. Since these coordinates are nonzero on U, for every
p € U, we have
rank B(p) = rank J(p) < C +7,

and the first C rows of B(p) are linearly independent.

We next exhibit a fixed nonzero vector in the row space of B(p) for every p € U. Since
P—Yk T, € 1(V), the row
k
VP(p) =} VTi(p)

i=1
vanishes on T,V and therefore belongs to the span of Vfi(p),..., Vfc(p). Also, each T; is a
product of the factors g;j, so the product rule expresses VT;(p) as a linear combination of the
rows Vg, i(p) of J(p). It follows that VP(p) belongs to the row space of J(p). Since P(p) # 0, the

same holds for Vx. (7)
= T2 0

where the equality follows from the product rule. Because iy, . . ., i, are distinct, the i;-th coordinate
of t(p) is 1/x;,(p), and all other coordinates are zero. Applying the same coordinate scaling used

, (38)

to obtain B(p) from J(p) sends t(p) to the fixed row vector w € FN whose coordinates indexed
by iy,...,i, are one and whose other coordinates are zero. Thus w belongs to the row space of
B(p) for every p € U. Note that w is defined at every point of V.

Choose pg € U at which rank B(py) attains its maximum, and let m = rank B(pg). We have
C<m<C+r,and m > 1since w # 0. Extend the first C rows of B(pg) to a basis of its row
space by choosing m — C additional rows. Let by, ..., b, € F[x]N be the corresponding rows of
B. Choose a set S C [N] of m columns such that the m x m matrix M formed by these rows and
columns satisfies det M(pg) # 0. Let H := det M. By construction, H(pg) # 0,so H ¢ I(V).

We claim that w belongs to the span of b1 (p), ..., bu(p) for every p € V' \ V(H). First consider
p € U\ V(H). Since M(p) is invertible and rank B(p) < m, these m rows form a basis of the row
space of B(p). In particular, they span w. Let wg be the restriction of w to the columns indexed by
S. For a € [m], let A, be the determinant of the matrix obtained from M by replacing its a-th row
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with wg. Solving for the coefficients on the columns indexed by S using Cramer’s Rule, we obtain

w = i ?—Ia((;f)) ba(p) for every p € U\ V(H).

Multiplying this identity by H(p) shows that every coordinate of the polynomial row vector

m
Hw — Z Aub,
a=1

vanishes on U \ V(H). The set U\ V(H) is a nonempty open subset of the irreducible variety
V (it contains py), so it is dense in V. Consequently, all these coordinate polynomials vanish on
V. Forany p € V' \ V(H), we may now divide by H(p) to obtain the same expression for w as a
linear combination of by (p),...,bw(p), proving the claim.

Now suppose p € V and P(p) = 0, i.e, [T{_; x;;(p) = 0. Choose j € [n] such that x; (p) = 0.
The ij-th column of B(p) is zero by the definition of B, whereas the i;-th coordinate of w is one.
Thus w cannot belong to the row space of B(p). The claim just proved therefore forces H(p) = 0.

We conclude that
V(P)NV C V(H).

Finally, each entry in the first C rows of B is a partial derivative of some f;, possibly multiplied
by one coordinate, and therefore has degree at most A. Similarly, each entry in the remaining
rows is a partial derivative of some g; ;, possibly multiplied by one coordinate, and therefore has
degree at most . The determinant defining H uses the first C rows and m — C additional rows, so

degH < CA+ (m—C)é < CA+1éd < (C+I)A.
This degree bound completes the proof. O
The next lemma gives an upper bound on n under the assumptions of Lemma 7.7. The main
idea is to pass to the open subset V' \ V(H), on which x;,, ..., x;, are units. Although this subset
need not be closed in AY, it can be embedded as an irreducible affine variety W C ANT! with

coordinate ring isomorphic to F[V]y. We then apply the unit-group rank bound (Theorem 7.4) to
W and use the algebraic independence of x;,, ..., x; tobound n.

Lemma 7.8: With the notation and assumptions of Lemma 7.7, we have n < (C + 5)A2 + A.

Proof: Let H € F[x] \ I(V) be the polynomial provided by Lemma 7.7, and let H = H + I(V) €
F[V]\ {0}. Set W := (V x A') N V(zH —1). By Lemma 7.1, W is irreducible, F[W] = F[V]5, and

degW < A(deg H +1) < (C+6)A* + A.
By Theorem 7.4, F[W]* /IF* is a free abelian group, and

rankz (F[W]* /IF*) < degW < (C + 6)A% + A. (39)
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By Lemma 7.7, if []_; x;; vanishes at a point in V, then H also vanishes at that point. Thus

H7:1 xj; cannot vanish at any point of W, where zH = 1. Consequently, each Xj; is a unit in F[W].

Next, we show that the images of x; , ..., x;, in F[W]* /F* are multiplicatively independent.
Since F[V] is an integral domain and H # 0 in F[V], the natural map F[V] — F[V]g = F[W] is
injective. If a polynomial P € Flyy,...,y,] satisfies P(x;,,...,x;,) = 0 in F[W], then injectivity
implies that the same relation holds in F[V]. The algebraic independence of x;,, ..., x;, on V then
forces P = 0. Thus x;,, ..., x;, remain algebraically independent on W. In particular, their images
in ]F[W] */IF* are multiplicatively independent: Any nontrivial multiplicative relation modulo
constants would, after clearing negative exponents, yield a nontrivial polynomial relation among
these coordinates.

Therefore, n < rankyz (IF[W]* /IF*). Combining this with (39) proves the lemma. O

Now we are ready to prove Theorem 7.5.

Proof of Theorem 7.5:  Suppose to the contrary that Py 1, = Y, T; is such a circuit, and let
= (k+1)n. Apply Lemma 2.21 to obtain an irreducible affine variety V C AN and a set
K C [k] with the following properties:

1. codimV <k — |K| and degV < Sk=IK|,
2. ;€ (V) forevery i € [k] \ K, and
3. gi;|v is a unit of IF[V] for every i € K and every j.

Let hh := k — |K|. After relabeling the product gates, we may assume K = [k — h|. In particular,
codimV < h <kand degV < oh < 5k, We have

k—h
Pk+1,n = Z Ti (mod I(V)), (40)
i=1
where every factor of a surviving T; is a unit on V.

By Lemma 2.19, there is j € [k + 1] with I(V) NF[x;] = {0}. Our assumption implies
n > kék > codimV - deg V. By Lemma 2.20, there exist indices ¢1,..., ¢ € [N]\ Bj and an
irreducible component Vg of V NN, V(x,,) such that I(Vy) NF[x;] = {0} and

Pii1, = x5 (mod 1(Vp)). (41)
Combining (40) and (41), we have
k—h
i = 2 (mod I(Vp)). (42)
i=1
The left side of (42) is nonzero modulo I(Vy) since I(Vp) NF[x;] = {0}. Thus at least one

summand T; survives. Furthermore, codim V < codim V + k < 2k and deg Vp < degV < 5k, by
Lemma 2.7 and Proposition 2.9. The factors of each surviving T; are units on V' and hence also
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units on Vy C V. Applying Lemma 7.8 yields
n < (codim Vg + 6)(deg Vo)* + deg Vo < (2k + 0)6% + &%,

contradicting the assumption that n > (2k + 6)6% + &*. O

Remark 7.9:  Much of the work in proving Theorem 7.5 goes into constructing an auxiliary
variety on which the coordinates x;; are units, while controlling its degree and dimension. This

construction is designed to obtain the singly exponential threshold n > (2k + §)§% + 5k, However,
a simpler argument suffices if one only seeks a threshold depending on k and §, without requiring
a singly exponential bound. We sketch the ideas as follows.

In the setting of Lemma 7.8, the unit-group rank bound shows that fixing the values of a
bounded number of factors g; ; suffices to make all factors constant on each irreducible component
of the resulting subvariety. Fix these values at a point where H;-“zl Xi; is nonzero, and choose a
component containing that point. On this component, the relation H}Ll Xi; = YK T (mod 1(V))
makes the left side a nonzero constant, so each x;; is a unit. A second application of the unit-group
rank bound, together with a dimension count, then yields a simpler proof of impossibility for
sufficiently large n. The drawback is that the number of factors fixed may already be exponential
in k and the degree bound from Bézout’s Inequality is exponential in this number. This degree
growth leads to a doubly exponential threshold for 7, rather than the singly exponential threshold
in Theorem 7.5. <

Remark 7.10:  The differential argument in the proof of Lemma 7.7 has a natural interpretation
in terms of logarithmic differentials. For a polynomial f, its differential is written as

N af
d.f — P aixidxl‘,

so the coordinates of V f are the coefficients of df in the basis dxi,...,dxy. For each selected
coordinate Xj;, We can instead write

Thus, multiplying the ij-th column of the Jacobian matrix by x; as in the proof of Lemma 7.7
amounts to expressing these differentials using dx; /x;, in place of dx;,. In this basis, the logarith-
mic differential

d(H};l xi]) n %

[i=1 %, =1 Xij
is represented by the row w in the proof of Lemma 7.7.

Logarithmic differentials are standard tools in logarithmic geometry for studying normal
crossings divisors. Informally, a normal crossings divisor is a hypersurface that locally, in suitable
coordinates, looks like a union of coordinate hyperplanes, given by an equation z; - - - z, = 0. In
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our setting, the hypersurface V (H}?:l xi]) C AN is precisely such a divisor. See [Del70, Chapter I,
§3] and [Kat89] for background. <

8 Conclusion

We showed that for border depth-4 circuits with bounded bottom fan-in, increasing the top
fan-in by one can exponentially reduce the required size. For fixed k,é > 1, the polynomial Py
has a depth-3 circuit of top fan-in k + 1 and size O (kn). For sufficiently large 1, no XX TIXTTY!
circuit computes it exactly (Theorem 1.3). Any such circuit that border computes it must have
size at least (") (Theorem 1.4). This result extends the border top fan-in hierarchy of Dutta and
Saxena [DS26] from depth 3 to depth 4 with bounded bottom fan-in.

Extending the border argument of Dutta and Saxena [DS26] to é > 2 requires new ideas in
both of its steps, and we hope that the resulting tools will be useful elsewhere. First, reducing
modulo bottom polynomials of degree J leads to varieties, which in the border setting depend on ¢
and may ramify as ¢ — 0. Our border low-weight translation (Theorem 6.7), which applies to any
polynomial, handles this difficulty by expanding around a point with few nonzero coordinates.
The expansion uses Weierstrass preparation (Theorem 6.2) and the Abhyankar—Jung Theorem
(Theorem 6.3). Second, the factors of the surviving gates become power series, so we modify
DiDIL and replace the geometric series of [DS26] by the chain rule (Lemma 6.16).

We conclude with three open problems.

1. Better dependence on k and 8. Theorem 1.4 gives s > 200"/ (k(4)) for all sufficiently
large n. Can the denominator be improved to poly(k,§)? Our approach loses the factor 6
already in the reduction, through Bézout’s Inequality, and we do not know whether this
loss is necessary, even for exact computation. Combining our reduction with the Wronskian
approach of Bhat, Dutta, and Shringi [BDS26] improves the dependence on k but does not
improve this factor; see the discussion in Section 1.6.

2. Unbounded bottom fan-in. For every fixed k, is there an explicit family of polynomials that

has polynomial-size Y HUTTSIT circuits but requires superpolynomial-size TKTIZIT circuits,
with unrestricted bottom fan-in in both models? Here Py, ,, is no longer hard, since it can
itself be a bottom polynomial, and our bounds become trivial when § is comparable to the
circuit size.

3. Beyond depth four. Rank-based lower bounds carry over to the border setting by work of
Grochow, Mulmuley, and Qiao [GMQ16]; for example, the superpolynomial lower bounds
of Limaye, Srinivasan, and Tavenas [LST25] also hold for border circuits of constant depth
as shown by Andrews and Forbes [AF22]. However, such rank measures are subadditive,
and Py, is a sum of only k + 1 monomials. These measures alone are therefore unlikely
to separate top fan-in k from k + 1. Is there a superpolynomial top fan-in hierarchy for
2ITZIIX circuits?
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Appendix
A The Abhyankar-Jung Theorem

The Abhyankar-Jung theorem was first proved by Jung [Jun08] for convergent power series in
two variables over C and later extended by Abhyankar [Abh55] to formal power series in several
variables; see [PR12] for a constructive proof that relies in part on complex analysis. In this section,
we present a detailed algebraic proof of the version used in this paper (Theorem 6.3), deriving it
from standard results in commutative algebra, including those concerning complete local rings
and discrete valuation rings. Our aim is to make this ingredient more accessible by providing a
relatively elementary, purely algebraic treatment.

Throughout, assume F is an algebraically closed field of characteristic zero.?

First, we state a bivariate version of the Abhyankar-Jung theorem, where the coefficients are
power series in two variables.

Theorem A.1 (Abhyankar-Jung, bivariate version):  Let P(z) € F([[¢, x]][z] be monic of degree
d > 1. Suppose that Disc,(P) = e*U(e, x) for some integer « > 0 and some U € F([¢, x|] with
U(0,0) # 0. Then there exist an integer g > 1 and power series 7y, . ..,74 € F[[e!/4, x]] such that

d

P(z) =] [(z—ri).

i=1

We next derive the multivariate version (Theorem 6.3) from the bivariate case. For convenience,
we restate Theorem 6.3 as follows. This is a special case of [PR12, Theorem 1.3 and Remark 1.4].

Theorem A.2 (Abhyankar-Jung, multivariate version):  Let u be a tuple of variables and let
W € F|[¢, u]][z] be monic of degree d > 1. Suppose that Disc.(W) = ¢*U(e, u) for some integer
a > 0 and some U € [F[[e, u]] with U(0,0) # 0. Then there exist an integer e > 1 and power series

3The characteristic-zero assumption is used only to ensure that the relevant field extensions are tamely ramified.
The same argument applies in sufficiently large positive characteristic.
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r1,...,14 € F[[e, u]] such that

W(eu,z) =] [(z—ri(e,u)).

I~

i=1

To derive Theorem A.2 from Theorem A.1, we need the following form of Hensel’s lemma to
lift simple roots uniquely to power series roots.

Lemma A.3 (Hensel’s Lemma [Eis95, Theorem 7.3]): Let K be a field, let u = (uq,...,up),
and let P € K[[u]][z]. Let ¢ € K such that P(0,c) = 0 and (9,P)(0,c) # 0. Then there is a unique
r € K[[u]] such that r(0) = ¢ and P(u,r) = 0.

Proof of Theorem A.2 assuming Theorem A.1: ~ Write u = (uy,...,uy). To prove the theorem,
we first factorize the polynomial at u = 0 and lift its roots over IF((e)). We then restrict u to lines
to show that the lifted roots have no negative powers of .

Introduce a new variable x. View W(g, 0,z) as a polynomial over [, x|] whose coefficients
are independent of x. Its discriminant is e*U (¢, 0), with U(0,0) # 0. By Theorem A.1, for some
e > 1, the polynomial W (¢, 0,z) splits over F|[[¢, x|]. Setting x = 0 gives cy,...,c; € F[[¢]] with

—1=

W(e,0,z) = | [(z—ci(e)).

i=1
Its discriminant is nonzero, so the c; are pairwise distinct.

Let K := F((¢)). For each i € [d], we have (0:W)(¢°,0,¢;) = [Ti(ci —¢;) € K*. By Hensel’s
lemma (Lemma A.3), applied over K, there is a unique r; € K[[u]] such that r;(¢,0) = ¢;(¢) and
W (e, u,ri(e,u)) = 0. These roots are pairwise distinct. Since W is monic of degree d, we obtain

d

W(e,u,z) =] [(z —ri(e,u)) € K[[u]][z]. (43)

i=1
It remains to show that each r; belongs to F([¢, u]].

Fix a € F" and substitute u = xa. Since the discriminant of a monic polynomial is a
polynomial in its coefficients, taking the discriminant commutes with these substitutions. So
Disc, (W(e°, xa,z)) = e U(e%, xa). As U(0,0) # 0, by Theorem A.1, the polynomial W(e*, xa, z)

has a factorization
d

W(e, xa,z) =] [(z—si),

i=1

where s1,...,s; € F[[e!/", x]], and h is a positive integer that may depend on a. Setting x = 0 gives

=
=

(z = silx=0) = W(e%,0,2) =
i=1 i=1

(z —ci(e)).

We may therefore relabel the s; so that s;|y—o = c;(¢).

Let L := F((¢!/")). In L[[x]], both s; and r;(¢, xa) are roots of W (¢, xa,z) with constant term
ci(e). Since c;(e) is a simple root at x = 0, uniqueness in Lemma A.3, applied over L with
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parameter x, gives r;(¢, xa) = s;. Consequently, for every ¢ > 0,
[x']rie, xa) € F((e)) NE[[e/"]] = F[[e]], (44)

where the intersection is taken inside L. This holds for every a € IF™.

For i € [d], write

7’1'(€,u) = Z bi,ﬁ(s)uﬁ,

ﬁeN"l
where b; 4(¢) € F((¢e)). Fixi € [d], £ > 0, and j < 0. By (44), for every a € [F",

0= (1) r(exa) = B (Eltip(0)a”
Bl=

The right-hand side is a polynomial in a. Since it vanishes on F”* and F is infinite, all its coefficients
are zero. Varying ¢ and j < 0 shows that b; g(e) € FF[[¢]] for every B € IN". Therefore,

ri € Fl[e]][[u]] = F[[e, u]].

Combining this with (43) proves the theorem. O

Let B be an A-algebra. Recall that the integral closure of A in B is the set of all elements b € B
that are integral over A, i.e., the set of elements of B that are roots of monic univariate polynomials
over A. It is an A-subalgebra of B.

To prove Theorem A.1, we first show that it boils down to the following lemma.

Lemma A.4:  Let P(z) € F[[¢, x]][z] be as in Theorem A.1. There exists an integer 4 > 0 such
that the following holds: Let 7 = ¢'/9. Let A = F|[5,x]], F = Frac(A), and B = F[z]/(P(z)). Let
R be the integral closure of A in B. Then R is isomorphic to A% as an A-algebra, where d € IN.

Proof of Theorem A.1 assuming Lemma A.4: Letz =z + (P(z)) € B, which is also in R since
P(z) is a monic polynomial in z with coefficients in A. As B is spanned by powers of z over F, the
natural map R ®4 F — B is an isomorphism. On the other hand, as R & A% by Lemma A .4, we
have R®,4 F = F%. So d = dimf B = deg(P).

Let ¢ be the A-algebra isomorphism from R to A?. Suppose ¢(z) = (ry,...,74), where
r,...,74 € A. Aszis a root of P, the elements r1,...,r; are roots of P(z) in A C F.

Next, we show that these roots are distinct. Every element in B is of the form Q(z) for
some polynomial Q € F|[z], which is mapped to (Q(r1),...,Q(r4)) € F? under the F-algebra
isomorphism ¢ ®4 F: B 5 F?. So d = dimr B does not exceed the number of distinct roots
among 71, ...,74. This forces rq,...,r; to be distinct.

Finally, since P(z) is monic of degree d and has at least d distinct roots in F, it must factorize
completely over F as P(z) = [T, (z — r;), where r; € A = F[[¢!/9,x]] for i € [d], as required. [J

The rest of this section is devoted to proving Lemma A.4. To prove it, we first show that R in
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Lemma A .4 is isomorphic to A? as an A-module. We then show that the discriminant ideal of R
over A is the unit ideal. Finally, we prove that R is isomorphic to A? as an A-algebra.

A.1 Freeness of the Integral Closure as a Module
We begin with the integral closure of A in a finite separable field extension of Frac(A).

Lemma A.5:  Let A = FF[[5,x]], F = Frac(A), and let K be a finite separable* extension of F. Let
R be the integral closure of A in K. Then R is a finite free A-module.

To prove Lemma A.5, we need the following lemma, which states that if A is an integrally
closed domain, then the minimal polynomial of an integral element over A has coefficients in A.

Lemma A.6 ([Stacks, Tag 00H7]): Let A C R be an inclusion of domains, with A integrally
closed, and let ¢ € R be integral over A. Then the minimal polynomial of g over Frac(A) has
coefficients in A.

Next, we prove the following lemma.

Lemma A.7: Let A, F, K, and R be as in Lemma A.5. The module homomorphism R/#R —
R/nR sending a + 1R to xa + 7R is injective.

Proof: Leta € R such that xa € yR, i.e.,, xa = nb forsome b € R. Letu:=a/ny =0b/x € K. We
want to show that a is also in 7R, i.e.,, u € R. As R is the integral closure of A in K, it suffices to
show that u is integral over A.

Suppose the minimal polynomial of u over F is f(y) = I, ciy' € F[y], where ¢, = 1. The
minimal polynomial of a = nju over F is then 5" f (y/17) = X'y 7" ‘c;y'. The ring A is an integrally
closed domain [Stacks, Tag 0BIO]. By Lemma A.6, as a € R is integral over A, we have q”_ici €A
for i = 0,1,...,n. Applying the same argument to b = xu € R shows that x"“ic; € A for
i=0,1,...,n.

Fix 0 < i < n. Since both ﬂ”*ici and x”*ici belong to A, we have

X" ) = " () € (") € (). (45)

~

The ideal (1) is prime, since A/ (1) = F[[x]] is a domain. As x"~ & (1), (45) implies 5" ic; € (1),
and hence 7" "~!¢; € A. Dividing both sides of (45) by 7, we obtain

xnfi(ﬂnfiflci) — Unfifl (xnfici).
If n —i > 1, the right-hand side still belongs to (1), so the same argument gives 7" ~%¢; € A.
Continuing in this way until all n — i factors of 7 have been removed, we conclude that ¢; € A.

Alternatively, we can prove ¢; € A using the stronger fact that A = F[[y, x]] is a UFD
[Stacks, Tag 032C, Tag 0AGO]. Indeed, write ¢; as a fraction s/t withs € A, t € A\ {0}, and
ged(s,t) = 1. As 5" ic; € A and x"¢; € A, the denominator ¢ must divide both 7"~ and x"~".
Since ged ("', x"~') = 1, we have ¢; € A.

4Separability is not necessary for this claim, but assuming it simplifies the proof that R is a finite A-module.
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Asc; € Afor0<i<nandc, =1, the minimal polynomial f(y) = Y" ;c;y' of u over F is in

Aly]. So u is integral over A, as desired. O

We also need the following fact as a corollary of Nakayama’s lemma [Stacks, Tag 00DV]. It
allows us to derive the freeness of a module from the freeness of its quotient module.

Lemma A.8 ([Stacks, Tag 00NS]):  Let A be a Noetherian local ring with the maximal ideal m.
Let M be a finite A-module. Let 7 € m such that multiplication by 77 on M is injective. Suppose
M/nM is free over A/nA. Then M is free over A.

We are now ready to prove Lemma A.5.

Proof of Lemma A.5: The ring A = FF[[y, x]] is a Noetherian integrally closed domain [Stacks,
Tag 0BIO]. By [Stacks, Tag 032L], R is a finite A-module. Consequently, R/#R is a finite A/#nA-
module.

Next, we show that R/#R is a torsion-free A/1nA-module, meaning that if as = 0, where a is a
non-zerodivisor of A/#A and s € R/yR, then s = 0. Since A/5A = F[[x]], every nonzero element
of A/nA is a power of x times a unit. By Lemma A.7, multiplication by x on R/#R is injective.
Since multiplication by a unit is invertible, multiplication by any nonzero element of A/# A is also
injective. So R/ R is torsion-free over A/nA.

The ring A/n A is a discrete valuation ring and hence a principal ideal domain (PID) [Stacks,
Tag 00PD]. Every finite torsion-free module over a PID is finite free [Stacks, Tag 0AUW(3)]. So
R/7R is a finite free A/#nA-module.

Finally, A is a Noetherian local ring with the maximal ideal m = (#,x). As R is a domain
containing A, multiplication by # € m on R is injective. By Lemma A.8, R is a finite free
A-module. ]

Lemma A.5 addresses the case of finite separable extensions. It easily extends to finite products
of finite separable extensions via the following simple observation.

Lemma A.9: Let A be a ring and let By, ..., B, be A-algebras. For i € [n], let R; be the integral
closure of A in B;. Then the integral closure of A in By X --- X B, is Ry X - - - X R,,.

Proof: Let R be the integral closure of A in By X --- x B,. Suppose a = (ay,...,a,) € R. Then
f(a) = 0 for some monic polynomial f(z) € A[z]. So f(a;) = 0 for i € [n], implying that ay,...,a,
are integral over A. Soa € Ry X --- X R,.

Conversely, suppose a = (a1,...,a,) € Ry X --- x R,. Then each a; is a root of some monic
polynomial f;j(z) € Alz]. Then a is a root of the monic polynomial f(z) = [T, fi(z) € Alz],
implying thata € R. So R = Ry X - -+ X Ry,. O

The A-algebra B = F[z]/(P(z)) in Lemma A4 is indeed a finite product of finite separable
extensions of Frac(A). The following lemma records this observation.

Lemma A.10:  Let P(z) be as in Theorem A.1. Let g > 0 be an integer, and let 7 = ¢!/7. Let
A = TF|[n,x|], F = Frac(A), and B = F[z|/(P(z)). Then B is a finite product of finite separable
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extensions of F.

Proof:  As Disc;(P) # 0, the polynomial P is separable, meaning that the roots of P in the
algebraic closure of F are distinct. So we may write P = [[*_, P, where the P, € F[z] are
distinct monic irreducible polynomials, each of which is separable. In particular, the P; are
pairwise coprime. By the Chinese remainder theorem [Stacks, Tag 00DT], we have an F-algebra
isomorphism B = F[z]/(P(z)) = ¥, F[z]/(P;(z)). Each factor F[z]/(P;(z)) is a finite separable
tield extension of F, since P; is irreducible and separable. O

Combining Lemma A.5, Lemma A.9, and Lemma A.10, we obtain the following corollary.

Corollary A.11:  Let P(z) be as in Theorem A.1. Let ¢ > 0 be an integer, and let 7 = €!/7. Let
A =TFl[n,x|], F = Frac(A), and B = F[z]/(P(z)). Let R be the integral closure of A in B. Then R
is a finite free A-module.

A.2 Discriminants

Next, we define the discriminant of an A-algebra B that is finite free as an A-module. Geometrically,
the homomorphism A — B corresponds to a finite morphism Spec(B) — Spec(A) from the
spectrum of B to that of A [Stacks, Tag 00DY]. The discriminant vanishes precisely at the points
in Spec(A) over which this morphism is ramified (the branch points). Our treatment, however,
will be purely algebraic.

Let A be a ring, and let B be an A-algebra that is a finite free A-module of rank d. For a € B,
multiplication by a defines an A-linear map xa: B — B sending b € B to ab. Choose an A-basis
of B, and let M, be the matrix representing xa in this basis. Define

Trp/a(a) == Tr(M,),

where the right-hand side is the usual matrix trace. This definition does not depend on the choice
of the basis, since changing the basis corresponds to conjugating M, by an invertible matrix over
A, which does not change the trace.

For a d-tuple ¢ = (cy,...,c4) of elements of B, define the d x d matrix G, := (TIB/A(CiCJ'))ije[d]

over A, and define the discriminant of ¢ to be
Disc(c) := det(G,) € A.
Letb = (by,...,by) be an (ordered) A-basis of B, and write ¢; = Y.jmijbj, with M = (myj) €
Adxd, By A-linearity of the trace, we have G, = MGpMT, and hence
Disc(c) = det(M)*Disc(b). (46)

If ¢ is also an A-basis of B, then M is invertible over A, so det(M) is a unit of A. Consequently,
the ideal generated by the discriminant of a basis is independent of the basis. Therefore, we can
make the following definition:
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Definition A.12 (Discriminant ideal):  Let B be an A-algebra that is a finite free A-module. Its
discriminant ideal (or simply discriminant) over A is the ideal

Agya = (Disc(b)) C A

of A, where b is any A-basis of B.

We will use several properties of this definition. First, discriminants commute with base
change. For a ring homomorphism A — A’, an A-basis of B gives an A’-basis of B®4 A’. The
new multiplication matrices are obtained by applying A — A’ to the entries of the old ones.
Their traces and determinants are therefore obtained by applying the same map. So we have the
following lemma.

Lemma A.13:  Let B be an A-algebra that is a finite free A-module. Let A — A’ be a ring
homomorphism. Then Agg , a1y ar = Bp/a A’

Second, this definition agrees with the usual polynomial discriminant when we use the power
basis.

Lemma A.14 ([LQ15, Chapter III, Proposition 5.10]):  Suppose A is a ring and P(z) € A[z] is
monic of degree d. Let B = A[z]/(P(z)), and let Z = z + (P(z)) € B. Then Disc(1,z,...,z9 1) =
Disc, (P).

It is known that the discriminant of a finite separable extension is the unit ideal.
Lemma A.15 ([Stacks, Tag 0BIL]):  Let K/F be a finite separable extension. Then Ag,r = F.

Finally, we record the fact that the discriminant of a finite product equals the product of the
discriminants of the factors.

Lemma A.16: Let A be a ring, and let By, ..., B, be A-algebras that are finite free A-modules.
Let B = H?:l Bl‘. Then AB/A = H?:l AB,-/A-

Proof: Choose an ordered A-basis b; of each B;. Let b be the ordered A-basis of B obtained
by concatenating these bases, where each b € b; is identified with the element of B whose i-th
component is b and whose other components are zero.

For a = (ay,...,a,) € B, the matrix M, with respect to b is block diagonal, with the i-th
diagonal block equal to M, with respect to b;. Consequently, Gy, is also block diagonal, with
diagonal blocks Gy,, ..., Gp,. The claim follows by taking determinants. O

A.3 Removing Ramification by Adjoining a Root

We start with the following lemma characterizing finite extensions of k((¢)), where k is a field of
characteristic zero.

Lemma A.17:  Let k be a field of characteristic zero, and let F = k((¢)). Let L/F be a finite
extension. Then there exist a finite extension IK/k contained in L, an integer ¢ > 1, and elements
c € K* and 7 € L such that L = K((7)), 7° = c¢, and [L : K((¢))] =e.

Proof: = The proof uses the classical theory of complete discrete valuation rings. See [FV02;
Neu99] for a general treatment.
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Let Or = kl[¢]], equipped with the normalized discrete valuation vp: F — Z U {c0}, which
sends ¢ to 1. For every finite extension E/F, the integral closure Of of Or in E is also a complete
discrete valuation ring [FV02, Chapter II, Theorem 2.5 and Lemma 3.1]. Its normalized valuation
v satisfies vg|p = eg, rpur for an integer eg,r > 1, called the ramification index of E/F. We say E/F
is unramified if ep/p = 1.

By [FV02, Chapter II, Proposition 3.4 and its corollary], there is a unique maximal unramified
subextension M/F of L/F. Moreover, L/M is totally ramified, meaning that e; ,; = [L : M|, where
the ramification index ey /) is the unique integer satisfying vr |y = er/pom. We let

e =¢€L/F =€/ MeM/F = €L/ M = [L : M],
where we use the fact that e);/r = 1 and the multiplicativity of ramification indices.

We now identify M as K((¢)) for some finite extension K/k contained in L. By [FV02,
Chapter II, Proposition 5.2 and its proof], there is a subfield K C Oy containing k such that the
natural quotient map Oy — xy maps K isomorphically to the residue field x). To ensure k C K,
apply the proof there to a maximal subfield of Oy containing k. Since the residue field x»; of M is
finite over k, so is K. Furthermore, vj(¢) = 1 because M/ F is unramified. Thus ¢ is a uniformizer
of Op. Then by [FV02, Chapter I, Proposition 5.2 and its corollary], we have Oy = K][[¢]] and
M =K((¢)). In particular, [L : K((¢))] = [L: M] =e.

Next, since char(xy) = char(KK) = 0, L/ M is tamely ramified. By [FV02, Chapter II, Proposi-
tion 3.5(1)] there exists a uniformizer 6 of O and a uniformizer 7t of Oy such that L = M(6) and
6¢ = . As Oy = K][¢]], we know 7 has the form ¢ - u(e), where u(e) € K][e]]*.

Let c = u(0) € K*. By [FV02, Chapter I, Corollary 5.5], there exists t(¢) € 1+ ¢K[[¢]] such that
t(e)® = u(e)/c. Define T = 6/t(e). Then 7° = 0°/t(¢)® = crt/u(e) = ce and M(7) = M(6) = L.

Since t(¢) is a unit of Op, the element T = 0/t (¢) is a uniformizer of Or. By completeness, we
may regard K((7)) as a subfield of L. Since ¢ = t¢/c, grouping Laurent series by their exponents

modulo e gives
e—1

K((1)) = P 7K((e)) = M(7) = L,

j=0

as desired. O

The finite morphism associated with the extension Or C O may be ramified. The following
lemma shows that this ramification can be removed by adjoining a suitable root of ¢ to the base
field and then taking the integral closure of the new power series ring. It will be used in the next
subsection.

Lemma A.18:  With the notation of Lemma A.17, let g be a positive multiple of e and let 7 = &!/4.
Let B = L ®y(()) k((7))- Let R be the integral closure of k[[5]] in B. Then R is a finite free module
over k[[n]] and Ag ;) is the unit ideal.

Proof: By Lemma A.17, we have L = K((¢))(7), 7° = c¢, and [L : K((¢))] = e. So the minimal
polynomial of T over K((¢)) is z¢ — c¢, and the map z — 7 induces a K((¢))-algebra isomorphism
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K((¢))[z]/(z¢ — ce) = L. It follows that

B = L @) k(1)) = K((e))[z]/(2° — ce) @x(e)) k((17))
K((17))[z]/(z° —en) = K(()[y]/ (¥ —¢)

1

12

as k((n))-algebras, where in the last step we make the substitution y = z/%7/¢ and observe that
77 € K((1))*.

As ¢ # 0 and the characteristic is zero, y° — c is a separable polynomial over K. By the Chinese
remainder theorem, K{y]/(y° — ¢) is isomorphic to a finite product of finite separable extensions
E; of K as a K-algebra:

k
Kly]/(y* —c) = gEi-

By extending the coefficient field K to K((1)), we see that B = K((7))[y]/(v* — ¢) = [T, Ei((11))
as k((n))-algebras.

Let R; be the integral closure of k[[]] in E;((17)) for i € [k]. By Lemma A.9 and Lemma A.16,
it suffices to show for each i € [k] that R; is a finite free k[[y7]]-module and that Ag, k1, = kl[7]]-

Fix i € [k]. Since E;/K and K/k are finite, so is E;/k. Consequently, E;[[17]] = E; ® k[[n]] is
a finite free k[[y]]-module. By [Stacks, Tag 00GK], E;[[r]] is integral over k[[#]], so Ei[[#]] C R;.
Conversely, every element of R; is integral over k[[7]] and hence also over E;[[5]]. Since E;[[n]] is
integrally closed in its fraction field E;((#)) [Stacks, Tag 0BIO], it follows that R; C E;[[]]. Thus
R; = E|[[7]], which is finite free over k|[[r]].

Finally, since the characteristic is zero, E;/k is separable. Hence Ag, /x = k by Lemma A.15.
Using the identification R; = E;[[7]] = E; ® k[[r7]] and Lemma A.13, we obtain

Ary/iiy) = ekl = Kl[nl,

as desired. O

Remark A.19: Lemma A.18 can be viewed as a special case of Abhyankar’s lemma, which shows
that one can kill tame ramification by taking an extension of a base field; see [Stacks, Tag OEXT].
In our setting, the condition e | g ensures that every field factor of B is unramified over k((77)).
The integral closure R is the product of the corresponding valuation rings, so it is finite étale over
k[[1]], or equivalently, finite free with unit discriminant [Stacks, Tag OBJF]. <

A.4 The Discriminant of the Integral Closure

In this subsection, we show that for suitable g > 0, the discriminant ideal of the integral closure R
in Lemma A.4 is the unit ideal.

First, we need the following technical lemma.

Lemma A.20:  Let D be a discrete valuation ring with fraction field F and completion D, and let
F = Frac(D). Let B be a finite product of finite separable extensions of F, and let R be the integral
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closure of D in B. The inclusions R C B and D C F induce a homomorphism R ®p D— B 2g= L.
This homomorphism is injective, and its image is the integral closure of D in B ®f F.

Proof: By Lemma A.9, it suffices to prove the statement when B is a finite separable field
extension of F. Let 7t be a uniformizer of D, and let R:=R Rp D.

We first identify B @ F with R,. Every element of B becomes integral over D after multiplica-
tion by a sufficiently large power of 77, by clearing denominators in a monic polynomial equation
over F. So R; = B. Using D, = F and ﬁn = I?, we have

Rr=(R@pD) 2R@&pF= (R@pF)®pF=(R®pDy) ®rF = R, @ F = B®¢F.

We next describe R as a product of complete DVRs. By [Stacks, Tag 09E8], R is finite over D,
has finitely many maximal ideals my, ..., m;, and each Ry, is a DVR. By [Stacks, Tag 07N9], we
have

T
R=TJ]Rm,
i=1

where each En: is the completion of Ry, and is again a DVR [Stacks, Tag 0AP1]. The image
of 7t in each K;, is nonzero and belongs to its maximal ideal, so inverting 7t gives Frac <§;)

Consequently, the following localization map is an injection:

ﬁgﬁ@%ﬁn%ﬁhac (ﬁn:)
i=1 i=1

Under the identifications R = R ®p D and R,; = B ®r [, this is the injective map in the statement.

It remains to show that the elements of R\n integral over D are exactly those in R. Since R is
finite over D, R=R® D D is finite over D. For each i € [r], the projection R — ﬁ; is surjective,
SO f; is also finite, and hence integral, over D. Moreover, 1/2\,“1 is a DVR and hence is integrally

closed in its fraction field. Thus Ry, is the integral closure of D in Frac (ﬁ;) By Lemma A.9,

i

R~ K;, is therefore the integral closure of D in []/_, Frac (ﬁ;) ~ B®rF. O

The following lemma is the main result of this subsection.

Lemma A.21:  Let P(z) € F[[¢, x]][z] be as in Theorem A.1. There exists an integer g > 0 such
that the following holds: Let 57 = ¢!/9. Let A = F[[5, x]], F = Frac(A), and B = F[z]/(P(z)). Let
R be the integral closure of A in B, which is a finite free A-module by Corollary A.11. Then
Arsa = A.

Proof:  Assume g is given, whose value will be determined later. The ring A = [F[[5, x]] is a UFD
[Stacks, Tag 032C and Tag 0AGO], and 7 is a prime element of A since F[[y, x]]/ (1) = F[[x]] is a
domain. We will prove Ar,4 = A by first showing that every prime divisor of Ag, 4 is associated
with 77. Then we show that for suitable g, even 77 does not divide Ag, 4, concluding the proof.

By Corollary A.11, R is a finite free A-module of rank d = deg(P), since R®4 F = B =
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F(z]/(P(z)). Choose an A-basis b = (by,...,b;) of R. Then Ag,4 = (Disc(b)). On the other hand,
as z+ (P(z)) € B is in R, we have Disc,(P) = det(M)*Disc(b) for some d x d matrix M over A
by Lemma A.14 and (46). By assumption, Disc,(P) = e*U(e, x) = n7*U (7, x), where U(7n1,x) is a
unit of A = F|[5, x|] since U(0,0) # 0. So every prime divisor of Disc,(P) is associated with 7.
As Disc, (P) = det(M)*Disc(b), every prime divisor of Ag, 4 is also associated with 7.

It remains to show that # does not divide Disc(b). To achieve this, we treat x as part of
the coefficient field and let k = [F((x)). The DVR A(,) has fraction field F. For every n > 1,
localization gives a natural isomorphism A,y /5" A,y = k[]/(n"). Taking inverse limits, we

—

obtain A(,) = k[[r]], whose fraction field is k((1)).

Integral closure commutes with localization [Stacks, Tag 0307]. Hence R ® 4 A ;) is the integral
closure of A, in B. Applying Lemma A.20 with D = A(,), we conclude that the integral closure

—

of k[[n]] = A,y in BRrk((n)) is

(R®x A('?)) D4, g(;) = R®ak|[[n]]-

We now use Lemma A.18 to show that this integral closure has unit discriminant. As P(z) is a
separable polynomial, by the Chinese remainder theorem [Stacks, Tag 00DT],

K()[2]/ (P(2)) = HL

where each L; is a finite separable extension of k((¢)). Then

S

B k(1) = k()] (P(2) = [T (Li @y k(1)) @)

i=1

For each i € [s], let e; be the positive integer obtained by applying Lemma A.17 to the extension
L;/k((e)). Choose g = lcm(ey, ..., es). By Lemma A.18, the integral closure of k[[#]] in each factor
L; ®x((e)) k((7)) has unit discriminant. By Lemma A.9, Lemma A.16, and (47), the integral closure
of k[[n]] in B®rk((n)) also has unit discriminant. But we have shown above that this integral
closure is just R ® 4 k[[17]]. So

Arya k1]l = Bre k) /5 = k0]l

where the first equality holds by Lemma A.13. As Disc(b) generates Ag,4 in A, we see that it
is a unit in k[[y]] = F((x))[[n]]- In particular, Disc(b) cannot be divisible by # in A = F[[y, x]].
Therefore, Ag 4 = A. Ol

Remark A.22: The UFD property of A is not necessary and can be weakened to integral
closedness: The first part of the proof shows that Disc(b)~! € F is in A, for any height-one prime
ideal p of A other than (77), and the second part shows that it is also in A(,). As A is integrally

closed, we have by [Stacks, Tag 031T(2)] that Disc(b)~! € A. So Disc(b) is a unit of A. <
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A.5 Finishing the Proof

To finish the proof, we use the following fact: if A is a complete Noetherian local ring, then any
A-algebra that is finite as an A-module is isomorphic to a finite product of complete Noetherian
local rings [Stacks, Tag 0325]. In particular, if such an algebra is a domain, then it is local, since a
product of two or more nonzero rings has zero divisors.

Proof of Lemma A.4:  Choose q as in Lemma A.21, so that Ag,4 = A. By Lemma A.10, write
B = [T;_; K;, where each K; is a finite separable field extension of F. Let R; be the integral closure
of A in K;. By Lemma A.9 and Lemma A.5, R = []'_; R;, where each R; is a domain and a finite
free A-module. By Lemma A.16, A = Agya = [I}_1 Ag,ya.- Hence Ag.;4 = A for every i. It
remains to show that each inclusion A < R; is an isomorphism.

Fix i and let S = R;. The standard fact above shows that S is a local ring. Let m = (7, x)
be the maximal ideal of A, and let S = S/mS. Since S is integral over A, its maximal ideal mg
contracts to m, i.e., mgsMN A = m. So S is a nonzero finite-dimensional local [F-algebra. Since
S=5/mS=S®,F and As/a = A, by Lemma A.13, we have Asp=F. Equivalently, the trace
pairing S x S — F sending (u,v) to Trg,(uv) is a nondegenerate bilinear map.

We claim that S is reduced, meaning that it has no nonzero nilpotent element. We prove this
following the proof of [Stacks, Tag OBJF]: If u € S is nilpotent, then for every v € S, the matrix My,
that represents the linear map w — uow is nilpotent and hence has trace zero. So Trg,(uv) =0
for every v € S. Nondegeneracy forces u = 0, proving the claim.

As S is finite-dimensional over F, it is Artinian, meaning that every descending chain of ideals
of S stabilizes [Stacks, Tag 00J4]. The maximal ideal of an Artinian local ring is nilpotent [Stacks,
Tag 00J8]. Since S is reduced, its maximal ideal must therefore be zero, so S is a field. And
since S is finite-dimensional over the algebraically closed field F, the natural map F — S is an
isomorphism.

In particular, S/mS is generated by 1 as an A/m-vector space. Nakayama’s lemma [Stacks,
Tag 00DV(8)] then implies that S = A - 1. Therefore, the inclusion A — S = R; is an A-
algebra isomorphism. Applying this to every i gives R = [];_; R; = A" as A-algebras, proving
Lemma A 4. O

Remark A.23:  The condition Ag,4 = A means that R is finite étale over A [Stacks, Tag OBJF].
For a complete (or, more generally, henselian) local ring A with maximal ideal m and residue field
FF, reduction modulo m gives an equivalence between the categories of finite étale A-algebras and
finite étale F-algebras; see [Stacks, Tag 04GK, Tag 04GM] or [Mil80, Chapter I, Propositions 4.4
and 4.5]. In our setting, IF is algebraically closed, so finite étale [F-algebras are just finite products
of F. The corresponding A-algebras are thus finite products of A, giving R = A% as A-algebras.
Therefore, the proof above amounts to working out a special case of this equivalence. <
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