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Abstract

A quadratic source is a random variable X ~ F generated by applying n quadratics to a hidden
uniform string. Previously, the best-known explicit extractor for this model required min-entropy roughly
k = n — +/logn. In this paper, we give an explicit construction for min-entropy k& = polylog(n). Even for
the special case of 2-local sources, where each bit of X depends on two hidden uniform bits, achieving an
entropy requirement below k = +/n was an important open problem. This is because such sources provably
cannot be reduced (in a black-box manner) to our most powerful general-purpose seedless extractor, known
as a sumset extractor. Our new extractor bypasses this barrier, providing the first explicit construction to
go beyond sumset extraction.
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1 Introduction

Uniform random bits are a fundamental building block of randomized algorithms, cryptography, and distributed
computing. However, the sources of randomness we encounter in nature (usually arising from physical
phenomena) are imperfect, and almost never truly uniform. The goal of the field of randomness extraction
is to design efficient deterministic algorithms that convert these imperfect (also called weak) sources of
randomness into truly uniform random bits.

Definition 1.1 (Randomness Extractor). A randomness extractor Ext : {0, 1} — {0, 1} with error € for a
class of distributions X over {0, 1}" is a deterministic function such that for all X € X,

Ext(X) ~¢ Up,

where ~, denotes statistical distance and U,, is the uniform distribution on m bits. We say that the extractor
is explicit if it is a deterministic polynomial time algorithm.

We quantify the randomness present in these weak sources using the notion of min-entropy.

Definition 1.2 (Min-Entropy). The min-entropy of a random variable X is defined as

) 1
Ho(X) = min . l0g (Pr[X =] ) '

The dream randomness extractor would be a single deterministic polynomial time algorithm that works for
the class of all weak random sources that have an entropy guarantee. However, this is known to be impossible.
For any candidate extractor, an adversary can design a weak random source (even with min-entropy n — 1) on
which the extractor outputs a constant string.

The community has broadly studied three approaches of extractors that get around this impossibility result.
The first approach, called seeded extraction, assumes that the extractor is also given a short truly uniform
string in addition to the weak random source [NZ96, Tre01, LRVWO03, GUV(09, DKSS13]. The second
approach, called independent source extraction, assumes that the extractor is given multiple independent
weak sources as input [Vaz87, CG88, BIW06, Bou05, Lil5, CZ19, Li23]. The final approach, and the one
we study, assumes algebraic or complexity theoretic structure in the source.

Algebraic Sources The most basic type of algebraic source is an affine source. These are distributions
obtained by passing uniform bits through an affine map (or equivalently, uniform over the pre-images of linear
maps). That s, they are sources of the form X = £(U;)+b where ¢ : F5 — FJ is alinear map, Uj is the uniform
distribution over IF; and b € F} is a fixed vector. Extractors and dispersers' for affine sources have a rich
history, starting from [BSHR*01, BKS*10, Bou07, Rao09, Yeh11, BK12, Lill, Shall, Lil6, CGL21, CL22]
culminating in constructions achieving the optimal entropy requirement k = O (log n) by Li [Li23]. Affine
extractors have also been constructed over larger fields by [GR0O8, DG10, BDL16, BGLZ15, GVJZ23]. Affine
extractors and dispersers have had various applications both within extractors [Viol4, CG22] and to circuit
lower bounds [DK11, CS16, FGHK16, LY22].

There are two natural ways to generalize affine sources to polynomials. The first is the class of variety
sources: uniform distributions over the solutions of polynomial equations. This type of source, introduced by
Dvir [Dvil2], has good extractors over large fields [Dvil2], but the best constructions over [F, require entropy
0.99n [CT15, Rem16, LZ19]. Better constructions for these sources would imply new circuit lower bounds
[GKW21]. The second generalization is the class of polynomial sources, which will be the main object of our
study.

I'A disperser is a function that is non-constant on the source.



Polynomial sources are sources obtained by passing uniform bits through polynomial maps. That is,
the sources are of the form X = p(Uy) where p is a low degree polynomial map. This type of source was
first introduced by Dvir, Gabizon and Wigderson [DGW09], where they constructed good extractors over
fields with size polynomial in n. Subsequently, Ben-Sasson and Gabizon [BSG12] improved their result, in
particular constructing extractors for sources with linear entropy over constant size fields (at least 4). However,
the techniques of both these papers, which use character sum estimates, all break down over F,. The problem
of constructing quadratic source (polynomial sources with degree 2 polynomial maps) extractors over F,
remained open for a long time, even for entropy n — 1! Recently, Chattopadhyay, Goodman and Gurumukhani
[CGG24] constructed such extractors for entropy roughly n — +/logn. In this paper, we give an exponential
improvement by constructing quadratic extractors over F, with entropy requirement poly log n.

Theorem 1.3 (Extractors for quadratic sources over F,, see Theorem 9.4). There exists a universal constant
C > 0 such that for any k > 10gC n, there exists an explicit function QExt : {0, 1} — {0, 1} such that for
any quadratic source X over Fy with entropy at least k, it holds that

QExt(X) ~,-e1) Up
where m = k()

Our construction is the first to go beyond sumset extraction, due to known barrier results on using sumset
extractors for quadratic sources [CGG24, AGMR25]. Our key technical ideas include a win-win argument,
a structure theorem for quadratic sources and a new object in algebraic pseudorandomness (that we call a
rank combiner). We refer to Section 3 for more details. We now discuss some implications of our result for
extracting from complexity-theoretic sources.

Complexity-Theoretic Sources The other commonly studied class of structured sources involves sources
motivated by complexity theory. Trevisan and Vadhan initiated this line of work in their seminal paper
[TV00] where they studied sources samplable by polynomial sized circuits. Their extractor is conditional,
relying on strong complexity theoretic assumptions. The pursuit of extractors for samplable sources under
various complexity theoretic assumptions has seen remarkable progress recently [BDSGM23, Sha25b, BSS25,
Sha25a, OS25]. Unconditional extractors are known for sources generated in small space [KRVZ06, CL16,
CG22, CL22].

Our focus will also be on unconditional extractors. De and Watson [DW12], and Viola [Vio14], introduce
the notion of locally samplable sources: sources obtained by passing uniform bits through local maps. A
d-local source has the form X = f(Uy), where each output bit f; of f only depends on d input bits. A 1-local
source (also called projections in [PSZ97]) is a special case of affine sources and hence we know explicit
extractors [Li23] even for entropy k = O(logn). The situation is much worse for 2-local sources, where the
best known extractor requires entropy roughly 4/z [Li16] (by a reduction to affine sources). There were barriers
(similar to the quadratic source case) on going below /n using sumset extractors [ACG*22, AGMR25]. As
an immediate corollary of our main theorem Theorem 1.3, we have the following result.

Corollary 1.4 (Extractors for 2-local sources). There exists a universal constant C > 0 such that for any
k > 10g€ n, there exists an explicit function QExt : {0, 1}* — {0, 1}™ such that for any 2-local source X
over By with entropy at least k, it holds that

QExt(X) ~,-e1y Up

where m = k%,



Our final result concerns distributions samplable by polynomial size circuits of constant depth (ACP).
Viola [Viol4] had shown reductions from this class to local sources. He gave extractors with entropy
requirement roughly #>/3 and Li [Li16] improved this to y/z. In this work, we give an improved reduction to
2-local sources and obtain extractors that only need entropy roughly n'/3.

Corollary 1.5 (Extractors for AC? sources, see Theorem 10.6). For any constant & > 0 and any k > n'/3*®,

there exists an explicit function QExt : {0, 1} — {0, 1} such that for any AC® samplable source X over F,
with entropy at least k, it holds that
QExt(X) =,-e1) Up

where m = k()

Al Disclosure We used an explicit construction of a rank combiner (Sections 8.1 to 8.3) provided to us by
ChatGPT Astra, after we defined the object. This was one of several ingredients in our proof. We humans did
everything else in this paper, including the writing in Sections 8.1 to 8.3.

2 Notation

We will use capitalized letters to denote random variables. We use the notation U, to denote a uniform
random string on ¢ bits. For a field F, we denote F[¢] to be the polynomial ring over F and F(¢) to be
the field of rational functions over F. We use N to denote the natural numbers. We use |X| to denote the
length of the string X. For a function f with domain F7, we define f|s to be the restriction of f to a subset
S CF]. We use dry(X,Y) to denote the total variation distance (also called statistical distance) between two
random variables. For distributions X, Y, we say that X ~. Y if dty(X,Y) < €. For random variables R, S, T
satisfying (R, T) ~¢ (S,T), we say that (R =, §) | T. We call a function f a d-junta is if it only depends on
at most d of its input bits.

We use X1 to denote a sequence of random variables {X i}ie[,]. For a string x € F}, x[4,] denotes the
substring of x with starting index a and ending index b. When a = 1, we use the shorthand x[;,;.

Given a distribution X on F7, for any set S C [n], we define X5 = {X;};cs. We say that a source X is flat
if X is uniform over a set. For a set S, we define Uy as the random variable that is uniform over it. We use the
shorthand U, to denote a uniform string on m bits. We denote the support of X by supp(X). Given a set
S C [n], we define the function ys : F} — {-1,1} as ys(x) = (—1)Zies X A source X has e-smooth min
entropy k, denoted by HE (X) > k if there exists some source X with Ho(X) > k such that X =, X. A set
S C Nis a Sidon set if [S+ S| > (15') +|S| where S+ S ={a+b |a € S,b € S}.

3 Proof Overview

Throughout this section we use C and c to denote sufficiently large and small positive constants, respectively.

3.1 A First Attempt: Black Box Reductions to Affine/Sumset Sources

A natural first attempt at this problem is the following: try to find a sufficiently large affine subspace/sumset
in the support of the quadratic source, and then appeal to excellent existing constructions of low entropy
affine/sumset extractors. This strategy had already achieved varying levels of success for many other types
of sources, including NC° and AC?-sources with entropy C/n [Viol4, Li16], and small space sources with
entropy C logn [CG22, CL22].

Unfortunately, there is a fundamental barrier to this approach [ACG*22, CGG24, AGMR25]. Quadratic
maps (and even 2-local maps) can sample Sidon sets, which are sets that achieve maximum doubling



(IS + S| = (lgl) + 1). These are maximally non-affine in a sense, as affine subspaces do not grow under
addition. More formally, Sidon sets do not contain affine spaces of dimension 2 (see [CGG24, Claim 5.6]).
This means that any model that can sample (large) Sidon sets cannot be reduced, in a black-box way, to affine
sources. In fact, the same holds for sumset sources.

Our approach begins with the questions: Can we exploit the additive structure, or the lack thereof, that
makes these reductions fail? Is there a win-win approach to constructing quadratic extractors?

3.2 A Simple Affine Extractor

The above impossibility results show that a generic sumset extractor cannot work. To get around this, we
attempt to analyze a specific construction, and see where things break down. We will then exploit the structure
from the barrier results to overcome these failures.

A central object in almost all known affine extractors is a strong linear seeded extractor.

Definition 3.1 (Strong Linear Seeded Extractor). A function LExt : {0,1}" x {0,1}¢ — {0,1}" is a
(k, €, 6)-strong linear seeded extractor with seed length d and output length m if

1. the function LExty (x) = LExt(x, y) is linear as a function of x for all seeds y, and

2. for every source X with Hy,(X) > k, with probability at least 1 — € over y ~ {0,1}4, it holds that
LExt(X,y) ~s Up.

When € = 6, we refer to the function as a (k, €)-strong linear seeded extractor. If item 2 above only works for
sources from a class X, then we say that the function is an (€, §)-strong linear seeded extractor for X. We
refer to € as the strength error and 6 as the closeness error.

We start by analyzing one of the simplest affine extractors:”

Ext(X) = LExt(X, X{a])

where X4 outputs the first d bits in X and d is appropriately chosen.

We first recall the proof of why Ext(X) = LExt(X, X[¢.1,]) is an affine extractor for affine sources
with entropy 0.99n. We choose LExt to be a (0.1n, €)-strong linear seeded extractor with seed-length 0.1n,
outputting 1 bit with e = 27%-05" (we can use for instance an extractor from [CGL21]). The proof involves
two main steps that we now discuss.

Affine Conditioning The first step in the proof is the following lemma from [Rao09], known as affine
conditioning.

Lemma 3.2 (Affine Conditioning, [Rao09]). Let X be an affine source with Ho,(X) > k and suppose
L :F) — ¥} is a linear map. Then, X = A + B for independent affine sources A, B such that

1. Ho(A) > k—m,
2. Ho(B) < m, and

3. L(A) =0 forall a € supp(A).

2There are simpler affine extractors (like inner product), but the following extractor will be most relevant to our construction.



Before explaining why this lemma is useful, we briefly sketch its proof. Observe that an affine source
with entropy k can be represented as X = v + M (Uy) for a full rank linear map M and fixed vector v. Now,
the map L o M has rank at most m; hence its null space P has dimension at least k — m. Hence, IFIZ‘ =P+Q
for Q with dimension at most m. Taking A = M (P) and B = v + M(Q) completes the proof.

Now, going back to our candidate extractor Ext, observe that the function S(X) = X[¢.1, is linear. Thus,
we have

Ext(X) = LExt(X, X{0.1n]) = LExt(A + B, S(A + B)) = LExt(A + B, S(B)) (1)

where A and B are the independent affine sources given by Lemma 3.2 satisfying (1) H(A) > 0.897 and (2)
Hs(B) < 0.1n.

Using Linearity From the linearity of LExt after fixing the seed, we have that Ext(X) = LExt(A, S(B)) +
LExt(B, S(B)). Suppose first that S(B) is uniform. The guarantee of the strong seeded extractor would imply
that LExt(A, S(b)) is close to uniform with high probability over fixing B = b. The second term becomes
constant after fixing B and thus does not affect the uniformity.

Now, we remove this restriction and consider our scenario where S(X) is a prefix of X of length 0.1n.
The fact that H(X) > 0.99n implies that H,(S(B)) > 0.09n. This implies that the probability of S(B)
being in any set of seeds is at most 2°-°1” times the corresponding probability over the uniform distribution.
Our choice of € = 27905 implies that S(B) is a good seed with high probability and completes the proof.

3.3 Extending to Quadratics

We will now try to analyze the previous construction for quadratic sources, but we will see that a few problems
arise. We take Ext(X) = LExt(X, X|4]), where we now choose d = n¢ for some small constant ¢ > 0. We are
again targeting the near-linear entropy regime k > n — O (n¢) (note that the previous best known extractors
from [CGG24] required entropy n — O (+/logn)). Throughout most of this discussion, we assume that our
quadratic source X = f(Uy) satisfies Ho, (X) = k. This is not without loss of generality: unlike affine sources,
a quadratic source need not admit a representation where the number of generating bits matches the entropy.
We make this assumption for simplicity, and in our actual proof, we use an input reduction lemma to remove
it (Lemma 4.14).

Quadratic Conditioning The first part of our argument will generalize the affine conditioning step in the
previous argument. Clearly, the lack of linearity in our source prevents us from using the rank based argument
from earlier. Regardless, we will argue the following.

Lemma 3.3 (Informal). Let X = f(Uy) be a quadratic source and let p : IF’Z‘ — F}' be a quadratic map.
Then (f(Uy), p(Uy)) is e-close to a convex combination of sources of the form (f(A + B), q(B)) where A
and B are independent affine sources in FIZC such that

1. Hoo(A) = Q(k/m).

2. Ho(B) =€ <m+0(log(1/e)),

3. q(B) = p(a+ B) forall a € supp(A),
4. q(B) ~¢ p(Ux), and

The lemma states that the source can be decomposed into sources satisfying the property that p only
depends on a low dimensional affine subspace (property 2 and 3) of the generating bits. Furthermore, this
decomposition preserves the distribution of p (property 4). The analogy in the affine case is taking the linear



function £ = L o M (where M is the matrix generating the source). It is also crucial that there is entropy in
the source independent of p. This is ensured by property 1 (note the multiplicative loss this time, compared
to the additive loss in the affine case). We now sketch a proof of Lemma 3.3.

Proof Sketch of Lemma 3.3. There are two main steps. First, we argue that the distribution of p is preserved
even after fixing all but m + O (log(1/€) generating bits. We then argue that we can do this fixing efficiently,
where we make p independent of the rest of the generating bits without trivially fixing all of them.

The key tool for the first step is the input reduction lemma due to Chattopadhyay, Goodman and
Gurumukhani [CGG24].

Lemma 3.4 (Input Reduction: Short Output Length [CGG24]). Let p : ]Flzf — FJ' be a quadratic map. For
any 0 < € < 1/4, for a random linear map L : F’Z‘ — IF'Z‘_[ with € = m + O(log(1/€)) it holds with probability
at least 1 — € that

(p(Ur), L(Ux)) =e (p(Ux),Ur_p))
where U’, U are independent, uniform random variables.

Letey,..., e, be abasis for the nullspace of L and e¢41, . .., ex be a extension of the basis to all of F’z‘.
We have that U = A + B for independent A, B where A is uniform over the span of {es.1,...,ex} and B is
uniform over the nullspace of L. We can rewrite the polynomial p as being a quadratic function of A, B. We
have

p(A+B)=pi(A)+ pr(B) + p3(A,B)

where p3 is bilinear. From Lemma 3.4, we now have that with probability 1 — € over a ~ A, it holds that
p(a+ B) = p(Uy). This completes the proof of the first step.

We now implement the second step. We will convert p to a function g solely depending on B by fixing
all dependencies on A. We want to do so while still retaining entropy in A. Note that p3 depends on m¢
linear functions of A. We will fix these m¢ linear functions along with p;(A) which is a quadratic function.
However, this causes an issue when compared to the affine case: A becomes a quadratic variety after fixing
p1(A). The additional guarantee that p; only has m output bits now comes to the rescue. We use the following
theorem by Cohen and Tal [CT15].°

Theorem 3.5 ([CT15, Theorem 3.6]). Let q1, ..., q; be quadratic functions from F’z‘ — . There exists a
universal constant C (independent of q1, . . . , q+) such that F§ can be partitioned into affine subspaces each of
dimension d = C(k/t) — t where q1, . . ., q; are constant when restricted to each of these subspaces.

The above theorem is saying that the input space of a small set of quadratic polynomials can be partitioned
with affine subspaces such that these polynomials are constant on each of these subspaces. This is exactly
what we need to fix pj(A). Theorem 3.5 allows us to fix p;(A) by breaking A into affine subspaces where p
is constant (we need to also fix m¢ linear functions of A to make p3 a function of B). Each such subspace A’
has dimension Q(k/m) as long as k > m¢, which will be the case in all our applications. Renaming A” as A
completes the proof. O

Since A and B are affine subspaces of FX, we can rewrite f(A + B) = f'(Y,Z) where Y = Udim(a)»
Z = Ugim(B), and f” is a quadratic map. Similarly, ¢(B) = q’(Z) for some quadratic q’.

For our running example Ext(X) = LExt(X, X[4]), we take p = (f(Ux))[q] With d = n¢ as the quadratic
in Lemma 3.3. Assuming k& > n — 0.01n¢, we have Ho,(p(Ux)) = 0.99d. Thus, finally after applying the
decomposition from Lemma 3.3, and using the renaming above, it suffices to analyze random variables of the
form LExt(f(Y, Z), q(Z)) where Y = U for s = Q(k/d) and HE (¢(Z)) > 0.99d.

3The use of Cohen-Tal to retain affine structure after fixing a few quadratics (in the context of extractors) appeared in [DG26].



Obtaining Linearity via Cauchy Schwarz Similar to the affine case, we analyze the case where q(Z) = Uy
is exactly uniform (the 0.99d entropy case can be easily handled by using the same argument as in Section 3.2
and we omit it here).

Thus, our setup is the following: we have a source X = f(Y, Z) with Y = Uy for s = Q(k/d) = Q(n'~°)
and g(Z) = U,c. We are analyzing the function LExt(X, ¢(Z)) = LExt(f (Y, Z), q(Z)).

It suffices to argue that all the parities are unbiased, as we can infer near-uniformity from Vazirani’s
XOR lemma. The affine argument clearly does not extend: f is a quadratic and hence we can’t break
it into two terms where the first is independent of Z. Let b(z) = |Ey[xs(LExt(f(Y,2),q(z)))]| and
f(Y,Z) = fi(Y)+ fo(Y,Z) + f3(Z) where f; is bilinear. Our insight is to use the Cauchy-Schwarz inequality.
This was inspired by other applications of Cauchy-Schwarz in the proofs of correlations bounds, xor lemmas
and pseudorandom generators for F,-polynomials [BNS92, BV 10, Lov08, Vio09, VWO08]. We have that

B[(6(2)*] = E(ElLxs (LEX(f (Y, 2), q(2)])?
= E, B Lts(LEXU(S(Y. 2) + £ (¥ + A, 2).q(Z)]

= IEYI?A[XS(LExt(ﬁAf1 (Y) + f2(A, Z),q(2)))

where d,g(x) = g(x) + g(x + a) is the direction derivative in the direction a.
Observe that for any fixed a, we have that 9, fi(.) is an affine source! Also, f>(a, Z) is only a function
of Z. Now, we can use linearity similar to the affine proof. We have

E[(b(2))"] <27 + maxE| EL s (LExt(9a /1(Y), 4(2)))].

We have reduced the problem to bounding the error of a linear seeded extractor when applied to the
derivative sources d, f1(Y). A sufficient condition for the error to be small is if mingo Heo (9, f1(Y)) is large
(greater than the entropy requirement of LExt). We call these quantities "derivative entropies". We record
this argument in the following lemma.

Lemma 3.6 (Informal, see Lemma 6.1). Let X = f(Y, Z) be a source with f quadratic, Y = U, Z = U;
independent of Y and such that f(Y,Z) = fi(Y) + (Y, Z) + f3(Z) where (1) mingzo Hoo (04 f1(Y)) = k and
(2) f2 is bilinear. Let LExt : F} x Fg — F7' be a (k, €) strong linear seeded extractor and q(Z) be a function
of Z satisfying q = Ug. Then, it holds with probability 1 — 2™ - (275 + 2€)'/? over z ~ U, that

drv(LExt(f(Y,2),q(2)), Upn) < 22275 +2¢)V/4.

It is still unclear if we have made any progress, as we do not know any bounds on these derivative
entropies.

Now, recall our discussion on the barriers to reducing the whole problem to affine sources in Section 3.1.
The bad examples were Sidon sets: sets which have maximum doubling. Remarkably, these are precisely
the good cases for our discussion in this section: Sidon sets have maximum derivative entropy! Indeed, for
a source representing a Sidon set, say X = f(Uy), we have that for any a # 0, f(x) + f(x + a) is distinct
for every unordered pair (x,x + a), which implies Ho (9, f(Uy)) = k — 1. This is the starting point of our
win-win analysis.

3.4 Structure Theorem for Quadratics

The main ingredient for our win-win analysis is a structural result on quadratic sources.

Theorem 3.7. Let X be a quadratic source with an injective generating map f : ]F’z‘ — F). Letr,t € N be
such that rt < k/2. Then, X can be exactly expressed as a convex combination of sources of the following
two types:



1. Affine sources with entropy at least t (obtained by applying f to an affine subspace V such that f|y is
affine), or

2. Quadratic sources with an injective generating map g - F’z‘ — F} satisfying (1) mingz0 Heo (028 (Ur')) =
r,(2) k" > k —rtand (3) g = f o L for an injective affine map L : IF’; — IF’ZC

Again, for simplicity we assume that the number of generating bits matches the entropy. The above
theorem says that any quadratic source is a convex combination of (1) high entropy affine sources, or (2)
sources with high derivative entropy. As discussed in the previous sections, this dichotomy seems useful,
as we could try employing an affine analysis for the first case, and a quadratic analysis (using quadratic
conditioning and Cauchy-Schwarz) for the second. We now give a proof sketch.

Proof Sketch of Theorem 3.7. Our proof of the theorem relies on a simple observation. Consider a quadratic
source X = f(Uy) with d, f(.) = ¢ for some non-zero direction a and constant vector ¢. This implies that the
quadratic function looks linear when viewed along the direction a. Formally, take a basis B of dimension
k — 1 such that F’z‘ = span{{a} U B}. We have that

f(ya+b)=ydaf(b)+f(b)=yc+f(b)

for any bit y and b € B. Thus taking a random bit ¥ and a random variable Z uniform over B and independent
of Y, we have that original source is can be expressed as

gY,Z)=Yc+ f(Z).

Thus, we have obtained a one dimensional affine source from our original source f: fixing Z decomposes X
into a convex combination of shifts of these one dimensional affine sources.

The idea is now to do this linearizing procedure every time we find a direction a with Ho (9, f(.)) < r.
For any such direction, we condition on the value of d,f(.) = c¢. This loses at most r bits of entropy by
our definition of a. Now after conditioning, we can use the linearization trick from above to obtain a one
dimensional affine source. We repeat this ¢ times as long as rf < k to obtain the decomposition stated in the
theorem statement. O

We now define the notion of a "pure" quadratic source: a quadratic source that does not contain a large
dimensional affine subsource. Our analysis will take different paths based on whether the source is pure or not.

Definition 3.8 (Pure Quadratic Source). A quadratic source X = f(Uy) is q-pure if there exists no affine
subspace V. C T such that f|y is affine and dim(f(V)) = q.

We note that the above notion of purity depends on both the source X and the generating map f. This
definition of pure quadratic gives us a natural corollary of Theorem 3.7.

Corollary 3.9 (Pure Quadratics can be decomposed into high derivative entropy sources). Let X = f(Uy) be
a t-pure quadratic source with He,(X) = k. Then, X can be expressed as a convex combination of sources of
the form X' = g(Uy) satisfying (1) mingzo Hoo(0,8(.)) = rand (2) k' = k —rt.

3.5 Warmup: Extractor for Pure Quadratics

Recall that our goal was to analyze the construction Ext(X) = LExt(X, X[,c}) for quadratic sources with
min-entropy greater than n — n¢ for small constant c.
In Section 3.3, we showed via quadratic conditioning that it suffices to study random variables of the form

LExt(f (Y, Z),q(2))



where X = f(Y,Z) with Y = Uy for s > Q(n'~¢) and HE (q(Z)) > 0.99n¢. For simplicity, we assume
q(Z) = Uy, (the high entropy version can be handled similar to Section 3.2).

Let f(Y,Z) = fi(Y) + f2(Z) + f5(Y, Z) for bilinear f3. In Lemma 3.6, we established near-uniformity of
LExt(f(Y,Z), q(Z)) assuming mingzo He (94 f1(.)) is large. We are now ready to use our techniques from
Section 3.4 to obtain this structure when the source is pure. We use a slightly stronger version of Corollary 3.9.

Lemma 3.10 (Informal, see Corollary 5.2). Let X = f(Y, Z) be a t-pure quadratic source with H,,(X) = k.
Then, for any rt < s/2, X is exactly expressed as a convex combination of sources of the form

X' =¢(Y',Z)=g1(Y')+g(Y',Z) + g3(Z)

such that (1) mingz0 Hoo (0,81 (Y")) = 1, (2) Ho(X') = 8" +|Z|, (3) Y’ = Uy with s’ > s/2, and (4) g3 is
bilinear. Importantly, the random variable Z is left unchanged by the decomposition.

The above theorem is proved similar to Theorem 3.7, except that we only fix functions of Y in the proof
and leave Z unchanged.

Note that the first property is exactly what we wanted for Lemma 3.6. Now choosing r greater than the
entropy requirement of LExt (say » = n®>) implies the following theorem.

Theorem 3.11 (Informal). Let X be an n®-2-pure quadratic source with Hy(X) > n — n€ for a small enough
constant ¢ > 0. Then Ext(X) = LExt(X, X[,c]) = Up,.

This argument works well when the source is a pure quadratic (for a formal proof, see Lemma A.5).
Unfortunately, there is an issue when the source is not pure (contains a large subspace). Note that for any
useful bound on derivative entropy, we need to choose ¢ < s/(2r) = o(n) in Lemma 3.10. Thus, when the
source is not pure, we are only guaranteed an affine subspace of entropy o(n). However, this entropy is too
small for the candidate construction (Ext is only an affine extractor for entropy 0.99n or so, see Section 3.2).

If we are happy with a 2-bit disperser (whose output is non-constant), then there is a simple construction:
Output (Ext(X), AffineExt(X)) where AffineExt(X) is a low entropy affine extractor (say from [Li16]). When
the source is pure, the first bit is uniform, and when the source is not pure, the second bit is non-constant.

It turns out that with one more idea, we can actually use this approach to construct a 1-bit disperser (for
entropy n — n%!, which already surpasses prior work). We use the Challenge-Response framework from
[BKS*10] which has proven very successful in constructing two source and affine dispersers [BRSWO06,
Shall, Coh16]. We use this framework to detect if we are in the pure quadratic or affine case with a single
sample. We find this application of the Challenge-Response framework quite interesting, as it different from
its usual usage. We defer this construction to the appendix (see Theorem A.1).

3.6 Low Entropy Extraction: the CZ Framework and Li’s Affine Extractor

We now begin our discussion of our construction for the polylogarithmic entropy regime. Our construction
follows the framework introduced by Chattopadhyay and Zuckerman [CZ19] to construct polylogarithmic
entropy two source extractors. We refer the reader to the wonderful survey by Chattopadhyay [Cha20] for
an exposition that starts from first principles. This framework was applied to affine sources by Li [Lil6].
Analogous to the previous sections, we will consider this affine extractor and then see what has to be adapted
for quadratic sources.

Overview of CZ construction and (g, 1)-NOBF sources At a high level, the CZ framework, including Li’s
construction, has two steps: (1) reduce the source X into a (g, t)-non oblivious bit fixing (NOBF) source, and
(2) apply an explicit extractor for these sources.

To make sense of the above description, we need to define the notion of a (g, #)-NOBF source.



Definition 3.12 ((g, t)-non oblivious bit fixing (NOBF) sources). A distribution X on'F} is a (q,t)-NOBF
source if there exists a set Q of size at most q such that X|,)\o is t-wise independent.

Informally, these sources have the following property: outside g adversarial bits, the rest of the distribution
is t-wise independent. One of the main technical achievements in [CZ19] was the construction of explicit
extractors (with a single output bit) for these sources (also known as resilient functions*). Subsequently,
there were improvements by Li [Li16] (obtaining multiple output bits) and Meka [Mek17] (obtaining almost
optimal parameters matching the non-explicit bound of [AL93]).

For our purposes, we use the following theorem.

Theorem 3.13 (Explicit NOBF Extractor [CZ19, Lil6]). For any positive constant § € (0, 1), there exists an
explicit function NOBFExt : {0, 1}* — {0, 1} and constant C such that for any (n'~¢, (mlogn)€)-NOBF
source X, it holds that NOBFExt(X) =,,-a1) Up.

Reduction to (g,)-NOBF sources: Given the above NOBF-extractor, all that is left to do is convert
the original affine source X into a (g, 7)-NOBF source for ¢ = N'~¢ and r = log® N for some N that we
choose. Li [Lil6] uses two components to achieve this: (1) a strong linear seeded extractor and (2) an affine
correlation breaker.

We have already seen the definition of the first object Definition 3.1. We now define the second.

Definition 3.14 (Affine Correlation Breaker). ° A function AffCB : FJ x F4 x {0,1}¢ — {0, 1} is
a (1, k, 8)-affine correlation breaker if it holds that for random variables X, W, W\ and advice strings
a, {a'}iee) in {0, 1} satisfying

1. X = f(V) is an affine source with Ho,(X) > k and V = Uy,

2. W=¢6(V), Wi=0i(V) foralli € [t with €, ..., (" : IF"Z‘ — Fg are affine maps,
3. W=U,

4. a #a; foralli € [t],

it holds that
(AfFCB(X,W,a) =5 Up) | {AFCB(X, W', @) }ic[1]

where U, is uniform random string independent of X, W1,

Li [Li16] gives the first explicit construction of this object and directly uses it to reduce affine sources to
(g, 1)-NOBF sources. His reduction is the following:

1. Compute W = {LExt(X,i)}ie[n]
2. Output S = {AffCB(X, Wi,i)},-e[N].

Here LExt is a strong linear seeded extractor with seedlength log N = O (log n) (we treat the seeds as integers).
For an affine source, one can show that all but ¢ = N'~¢ of the (W')’s are truly uniform. Now, given any set
of ¢ good indices, the definition of AffCB implies that St is almost #-wise independent with error 6¢. Assume
¢ is sufficiently small, one can argue that S is close to a (g, t)-NOBF source [AGMO03]. Li’s construction then
outputs NOBFExt(S) and our argument implies that it is an affine extractor.

4technically, resilient functions only need to work for (g, n — ¢)-NOBF sources
5The standard definition of an affine correlation breaker is more general, we state it this way for ease of exposition.
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3.7 Quadratic Correlation Breaking

One immediate issue when extending to quadratic sources X = f(Uy) is that the random variables W’ output
by the linear seeded extractor are now quadratic functions of the generating bits. These are not handled by the
definition of the affine correlation breaker. This motivates the definition of a quadratic correlation breaker.

Definition 3.15 (Quadratic Correlation Breaker, see Definition 7.1 for a more precise version). A function
QuadCB : FJ X IF‘; x{0,1}¢ — {0,1}" is a (¢, k, g, 6)-quadratic correlation breaker if it holds that for
random variables X, W, W\ and advice strings «, {a'}ic[e) in {0, 1} satisfying

1. X = f(V) is a g-pure quadratic source with Ho,(X) > k and V = Uy,

2. W=p(V), W =pi(V) foralli € [t] with p,p',...,p": P’z‘ — ]Fg are quadratic maps,
3. W=Uy,

4. a # a; foralli € [t],

it holds that o
(QuadCB(X, W, a) ~5 Uy) | {QuadCB(X, W', a") }ic[s] 2)

where Uy, is uniform random string independent of X, W!*1.

Note that our definition of quadratic correlation breaker requires the underlying source to be a pure
quadratic source. This will be crucial for our construction. We show that an existing affine correlation breaker
from [CL22] also satisfies the quadratic correlation breaking guarantee (see Theorem 7.2). This allows us to
execute the win-win analysis: if the source is not-pure, we employ the affine correlation breaker analysis, else
we use our new quadratic analysis.

Our proof of Theorem 7.2 uses all the tools we developed in the previous sections: quadratic conditioning,
Cauchy-Schwarz and the structure theorem. We refer the reader to Section 7 for the full proof. We now sketch
an argument, assuming familiarity with standard advice correlation breakers (see Definition 4.4).

The construction we use, proposed by [CL22] uses a standard advice correlation breaker CB and a strong
linear seeded extractor LExt as black-box objects. We define QuadCB (X, W, @) in the following way:

1. 8§ = W[do]
2. R =LExt(X,S)
3. Output S = CB(W,R, a).

Here dy < d is the seedlength of LExt and the output length of LExt matches the seedlength of CB.

We now sketch our quadratic analysis that works for pure quadratics. Let S Et], R!"] and SI"] be the
tampered versions. Our goal is to argue that S ~ U,, | S!’]. In the first step, we argue that R is uniform, even
conditioned on S1. To do, we first apply quadratic conditioning (from Lemma 3.3) with respect to {W, Wl1})
and reduce to analyzing X = f(Y, Z) and W = p(Z), Wl = pl1(Z) (v, Z are still uniform, but over fewer
bits). Now, we also have that S, S Et] are solely functions of Z.

We now use the fact that X is a pure quadratic. We apply the structure theorem Lemma 3.10 and the
Cauchy Schwarz argument Lemma 3.6 to conclude that R is uniform (even conditioned on Z, Sy).

Now, our goal is to make the sources of the form required by the final advice correlation breaker. For this,
we need to make W, Wl independent of R, RI’]. Our goal is to do this while maintaing the uniformity of R
(as CB requires a uniform seed). It turns out the analogous step in affine case is relatively straightforward. For
us, achieving this independence needs us to again use the input reduction lemma (now with respect to R) and
carefully fix information so that R remains uniform and W’s entropy is not fully destroyed (this is important
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as CB needs a high entropy source). We skip this argument here and refer to the proof of Lemma 7.3 (we use
a stronger version of the input reduction lemma, see Lemma 7.4).

Finally, after R, R and W, Wl'] are made independent, R is uniform, and W has entropy, we can appeal
to the guarantee of the correlation breaker CB to complete the proof.

3.8 Good Linear Seeded Extractors for Quadratic Sources: Rank Combiners

Recall that Li’s construction first computed W = {LExt(X,7)};e[ 5] and then passed these through the affine
correlation breaker as § = {AffCB(X, W', i) };c[n] to obtain the final (g, 7)-NOBF source. Now, the natural
extension for us would be to use the quadratic correlation breaker that we constructed above in the second step.
This seems reasonable as each W' is now a quadratic polynomial of the generating bits of the source (as they
are linear functions of the quadratic source) and QuadCB was defined precisely to handle such quadratically
correlated seeds.

However, there is a subtle issue. Note that the good entries of W are e-close to uniform, where € is
at most the error of LExt. Passing this through the correlation breaker implies that roughly, the good bits
(corresponding to near uniform entries in W) are almost #-wise independent with error ef. The issue is that
the result of [AGMO03] needs € to be close to N~! for completing the proof and showing that S is close to a
(g,1)-NOBF source. However, N > 1/€? is the minimum seed length required for LExt and so such small
error is not achievable anymore. This issue was completely avoided in the affine case, as one can show that
the near-uniform bits of W obtained from an affine source are in fact exactly uniform (as linear functions are
either constant or have zero-bias).

This is no longer the case for quadratics, as now we can have almost any bias for a non constant quadratic
function (take inner product on 2b bits to get bias 27?). We resolve this issue by using linear seeded extractors
with unusually good error on the good seeds (when applied to quadratics with high derivative entropy).

Theorem 3.16 (See Theorem 8.1 for formal statement). For any k,d > logc n, and € > l/nz, there
exists an explicit function RCombExt : F) x [N] — }Fgg(l) with N = poly(n) such that RCombExt is

a (e, 2(_dm1)))—stmng linear seeded extractor for the class of quadratic sources X = f(Uy) satisfying
ming 0 He (0, f(+)) = d. RCombExt is also an (e, 0) strong linear seeded extactor for affine sources with
entropy at least k.

We remind the reader that an (e, §) strong linear seeded extractor is one where at most € fraction of the
seeds have error greater than 6. To construct this object, we introduce a new pseudorandom object that we
named a rank combiner.

Definition 3.17 (Rank Combiner, see Definition 8.2 for a more general definition). A (d, r, €)-rank combiner
over a field F is a collection of vectors wi,...,wn in F" such that for all square matrices G1,...,G,
satisfying miny.o dim{G;y}ie[n] = d, it holds with probability 1 — € over t ~ [N] that

n

rankg (Z(Wl)iGi

i=1

>r 3)

Note that property miny.o dim{G;y};e[»] > d is just a matrix reformulation of the derivative entropy
property®. Thus, constructing rank combiners over F, imply Theorem 3.167. ChatGPT Astra gave us such a
construction (Theorem 8.11).

The notion of a rank combiner seems interesting in its own right. It adds to the rich body of work in
algebraic pseudorandomness, studying objects such as rank extractors [GR08, DGW09], rank condensers
[FS12, FSS14], subspace designs [GX 13, GK13] and the various connections between them [FG15].

6 Another reformulation is that the vector space of matrices G = {[G1Y, ..., Gny]}y is a rank-metric code with distance d.
"The definition in Equation (3) corresponds to one output bit. For a version corresponding to multiple output bits, see Definition 8.2.
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Rank combiners do not seem reducible to any of these existing objects. However, Astra’s proof uses
various ideas originating from this line of work. We present the proof and more details on connections to
prior work in Section 8.

3.9 The Extractor

Finally, we are ready to present our explicit quadratic extractor. Given a source X, our extractor QExt(X)
does the following:

1. W = {RCombExt(X,i)}ic[n]
2. S = {QuadCB (X, Wi, ) }icn]
3. Output NOBFExt(S).

Our analysis splits into two cases based on if the source is pure or not. In the pure case, we first use
Theorem 3.7 to decompose our source into sources having high derivative entropy. We then use the new linear
seeded extractor (Theorem 3.16), our quadratic correlation breaker (Theorem 7.2) and the NOBF extractor
from Theorem 3.13 to complete the proof. When the source is not pure, we use the affine analysis and the fact
that all the quadratic objects we constructed are easily shown to also work for affine sources. See Theorem 9.4
for the proof.

4 Preliminaries

This section contains useful definitions, results from prior work, and some useful elementary lemmas.

4.1 Definitions
We first define the notion of samplable sources.

Definition 4.1 (Samplable Source). Let F be a class of boolean functions mapping s bits to n bits. A source
X is F-samplable if X = f(Us) for some f € F. f is called the generating map and the inputs bits to f are
called the generating bits. We use the shorthand F -source.

We now define Quadratic sources, which are the main focus of this paper.

Definition 4.2 (Quadratic sources). Quadratic sources are the class of T -sources for F being the class of
maps computed by quadratic polynomials over F,.

A d-local map is function f : F5 — F] such that f; is a d-junta for each i € [n]. A d-local source is a
source whose generating map is a d-local function. NC° sources are the set of all d-local sources for constant
d. AC? sources are the set of all sources with the generating map being computed by a low depth polynomial
size circuit.

Definition 4.3. Let X = f(Uy) be a samplable source. A source Y is a subsource of X, denoted by Y C X, if
there exists a subset S C {0, 1}* such that Y = f(Us). Similar to purity Definition 3.8, this definition also
depends on the generating map f.

Our notion of subsource is non-standard but slightly more convenient ((BKS*10] defines subsources as
obtained by conditioning the distribution X on some event, any subsources from their definition is also a
subsource in ours). Throughout this paper, when we use the term subsource, we refer to the above notion.

We now define advice correlation breakers.
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Definition 4.4 (Advice correlation breaker). A function CB : {0,1}" x {0,1}¢ x {0,1}¢ — {0,1}" is a
(¢, k, €)-advice correlation breaker if for random variables X, Xy, Yl and advice strings «, {a'}ie (1] in
{0, 1}¢ satisfying

1. Ho(X) > k,
Y =Uyg,

X, xltl s independent of Y , vl

Ao

a#a foralli€ [t],

it holds that S
(CB(X.Y,a) =¢ Uy) | {CB(X", Y, @") }ic[r) )

where Uy, is uniform random string independent of X, X1,y yl*],

Definition 4.5 (z-wise independence). A distribution X on F} is t-wise independent if Xs = U, for all sets S
satisfying |S| < t.

4.2 Results from Prior Work

We need a linear seeded extractor due to [CGL21], which has good seed length when the output is small.

Theorem 4.6 ((CGL21]). For any n, €, m, there exists an explicit (m +21og(1/€), €) strong seeded extractor
CGLExt : F} ng — F)' withd = 2m+8log(n/e)+O(1). In particular form = O(log(n/€)), the seedlength
is O(log(n/¢€)).

We also need a linear seeded extractor from [Li16], which has good seed length when the error is large.

Theorem 4.7 ([Li16]). There is a constant ¢ > 1 such that for all n, k such that c log8 n<k<n ande > n?
there exists an explicit (k, €) strong linear seeded extractor LExt : F} X IF;’ — FJ* with d = O(logn) and

m = Vk.
The following lemmas measure closeness to uniform and z-wise independent distributions respectively.

Fact 4.8 ([Vaz86]). Let X be a random variable over F}. Suppose | E[xs(X)]| < € for all non-empty S C [n].
Then, X is € - 2"2_close to uniform.

Fact 4.9 ((AGMO3]). Let X be a random variable over F}. Suppose |E[xs(X)]| < € for all non-empty
S C [n] satisfying |S| < t. Then, X is 2n' e-close to t-wise independent.

We need the following affine extractor due to Li [Lil6].

Theorem 4.10 ([Li23, Theorem 1.7]). There exists a constant C > 0 and function AffineExt : {0, 1}" —
{0, 1}! such that for all affine sources X with Hy,(X) > Clogn, it holds that drvy (AffineExt(X), U;) < 0.1.

We also need the following claim, which shows that a strong linear seeded extractor with overall error €
automatically achieves closeness error 0 and strength error 2¢ on affine sources.

Lemma 4.11 ([Rao09]). Let LExt : F} X Fg — F7' be a (k, €) strong linear seeded extractor with € € [0, 1].
Then, for any affine source X with entropy k, it holds that

Pr [dry (LEXt(X, 5), Up) = 0] > 1= 2.

se]F2

That is, LExt is a (k, €,0)-strong linear seeded extractor for affine sources.
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The following is a corollary of Theorem 3.5.

Corollary 4.12. Given any quadratic polynomials qy, . . .,q, from F) — {0, 1}, there exists a universal
constant C and a function CTPartition : F} — Fg_d ford = C(n/t) —t such that for all ¢ € Fg_d, it holds
that q1, . .., q; is constant on the set CTPartition™ (¢) and this set is an affine subspace.

Proof. Index the subspaces in the partition given by Theorem 3.5 in arbitrarily. Note that there are exactly
2"=4 quch (affine) subspaces. Now, the function CTPartition just outputs the index of the subspace that a
given input belongs to. O

We also use the following strong ¢-advice correlation breaker from [Li23].

Theorem 4.13 (Explicit advice correlation breaker [Li23]). For any positive integer t, there exists an
explicit strong (t, k, €)-advice correlation breaker CB : {0,1}" x {0,1} x {0,1}* — {0,1}™ for k =

O(tm +tlog(n/e) - 10?1%);(1 +1?log(n/e)), withd = O(tm + tlog(n/e) - log)igu +tlog’ (1) log(n/e)).

The following input reduction lemma is due to [CGG24].

Lemma 4.14 (Input reduction: entropy version). Let X = f(Uy) be a quadratic source such that Ho,(X) > k.
For any € > 0, there exists a full rank linear map L : F} — FE_‘) with £ < k + O(log(1/€)) such that
Pr [HS(f(Us) | L(Us)=b) > k—-1] 21~
b~L(Us)
In particular, X is e-close to a convex combination of quadratic sub-sources X' with HE(X') = k — 1 and at
most k + O(log(1/¢€)) generating bits.

Proof. We borrow notation from the proof of Lemma 2.4 in [CGG24]. Let £ = k + O(log(1/€)). Their proof
shows that there exists a full rank linear map L : F; — Fg‘f and a function § : F} — F12<+1 such that (1)
H.(S(X)) > k—1 and (2) with probability at least 1 —e over b ~ L(Uy), the source X = (f(Us) | L(Us) = b)
satisfies

drv(8(X),8(X)) < e.

From the fact that L is full rank and has codimension ¢, we have that X is a quadratic source with at most
{ generating bits.

Now, all that remains to prove the lemma is to show that X is € close to a source X’ with Ho,(X’) > k — 1.
We now construct such a X’. Define X, as the distribution as the conditional distribution (X | S(X) = s)
(for s ¢ supp(S(X)), define X, as an arbitrary distribution over S~!(s)). Define X’ as follows: (1) sample
s ~ S(X), and (2) sample X’ ~ X,. From data processing inequality, we have that

dry(X,X') < drv(S(X),$(X)) < e.
Now, for any string x, we have Pry/ [ X’ = x] < Prx[S(X’) = S(x)] = Prx[S(X) = S(x)] < 27%*!. This
proves that Ho,(X') > k — 1. O
4.3 Additional Lemmas

We recall that a source X has e-smooth min entropy k, denoted by HE (X) > k if there exists some source X
with Ho, (X) > k such that X ~. X. We will need the following smooth min-entropy chain rule. We include
the proof here for completeness.

Lemma 4.15. Let (X,Y) be random variables such that HE (X) > k and |supp(Y)| < M. Then, it holds with
probability at least 1 — (e +26) over y ~ Y that

HZ:/(S(X | Y =y) > k—logM —1log(1/9).
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Proof. Let Y, be the conditional distribution of ¥ conditioned on X = x. Let X be the distribution such that
H..(X) > k and d1y (X, X) < €. Let Y be the random variable obtained by first sampling x ~ X and then
sampling Y ~ Y, (define Y, arbitrarily over supp(Y) for x ¢ supp(X)).

From min-entropy chain rule, we have that with probability at least 1 — § over y ~ ¥, it holds that He, (X |
Y =y) > k —log M —log(1/6), By data processing inequality, we also have that dv ((X,Y), (X,Y)) < e.
This implies that

yI?YdTV((X | Y :y)’(f( | Y :y)) < dTV((ny)’(X’Y))+dTV(Y’Y) < 2e.

From Markov’s inequality, we have that with probability at least 1-6 over y ~ Y, wehave dpy ((X | Y = y), (X |
Y =y)) < 2¢/6. Using the fact that dy (Y,Y) < € and Prywy[Hoo(f( | Y =y) <k-logM —1log(1/8)] <6,
we have that with probability 1 — (e + 26) over y ~ Y,

Hg:w(X | Y =y) > k—logM —1log(1/6).

Lemma 4.16. Let X be a distribution on F} such that Hs,(X) > n — A. Then, HS,(X[q)) 2 d — A.

Proof. By definition of smooth min-entropy, there is some X ~, X with Hy,(X) > n—A. By [CGG24, Claim
4.11], Hs (X[d]) > d — A. By the data-processing inequality, X|4] ~ X[d], which completes the proof. O

The following lemma shows that for affine sources, smooth min-entropy is close to the true min-entropy.
Lemma 4.17. Let X be a flat source satisfying H;,/Z(X) > k. Then, it holds that H,(X) > k — 1

Proof. Let S = supp(X) and f be the indicator function on this set. Let X be the distribution satisfying
Ho(X) > k and X % /2 X guaranteed by the premise of the lemma. We have that E[ f (X)] = 1/2 (from
the TV distance guarantee) and E[ f(X)] < |S|/2* (from the min-entropy guarantee). Thus, we have that
|S| > 2%=1 which implies Ho(X) > k — 1. O

The next lemma is useful in the proof of our structure theorem Theorem 5.1.

Lemma 4.18 (Weak-injectivity preservation). Let X = f(Upgs¢) be a random variable satisfying HE (X) > k
for f: IF’2<+€ — FJ. Let S be a distribution over subsets of Flz‘”) such that (1) supp(S) forms a partition of
IF’Z‘”) and (2) for every set s € supp(S), it holds that Prg_s[S = s] = |s|/2**C. Then, with probability 1 — &
over S ~ S, it holds that

HE (f (Us)) = Tog(IS]) - ¢.

Proof. LetA={x||f'(x)]>20x¢€ F}}. By the smooth min-entropy guarantee, we have that
|£71(A)]/2 = Pr[X € A] < |A]/2" +e.

This implies that | f~1(A)| — |A|2¢ < €2%*. For each x € A, choose exactly 2¢ entries in f~!(x) arbitrarily.
Let B be the elements in f~!(A) that are not chosen. We have that |B| < €2X*¢. Define a function g that
agrees with f on IF’Z‘M \ B and assigns the points in B to F} in such a way that | g '(x)] <2l forallx € F7.
Now, it is easy to see that H,(g(Us)) = log(|S|) — ¢ for all sets S. Also, using the fact that Pr[Ux.¢ €
B] = ESNS[lslgﬁ] < €, we have that with probability at most 1 — § over § ~ S, it holds that |S|gf| < €/6.
Now, since f and g agree outside B, we have g(Us) ~¢;s f(Us). Combining this with the fact that
Ho(g(Us)) = 1og(|S]) — ¢ completes the proof. O

We use the following lemma that states that pure-quadratics remain pure after restricting to subsources
formed by affine subspaces of the generating bits.
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Lemma 4.19. Let X = f(Uy) be a q-pure quadratic source. Then X’ = (f o L)(U,) is also q-pure for any
injective affine map L.

Proof. LetV C F) be an affine subspace such that (f o L)y is affine with dim((f o L)(V)) > q. This implies
that the purity of f is violated on the subspace L(V). m]

5 Structure Theorem

We now show a structure theorem for quadratic sources.

5.1 Injective Sources

We present the proof of Theorem 3.7 here for completeness.

Proof. We will decompose the source by iteratively restricting into affine subspaces of the generating bits. We
will execute the decomposition in 7 stages. We maintain the following invariant: at the end of stage j, we will
ensure that our original source will be exactly decomposed into a convex combination of subsources such that

1. each subsource W has the form W = h(Y,Z) = g(¥) + Zl’;l biZi+ where Y = Uy, Z = Uj (for
k" > k —rj’ and j’ < j) are uniform and independent,

2. j # j implies that Hy(0,g(Y)) > r forall a # 0, and
3. hisinjective.

We now describe our iterative decomposition procedure. Note that the invariant trivially holds at the start
(j = 0). We now describe stage j + 1, assuming that the invariant holds after stage ;.

Consider any subsource W = g(Y) + Z b;Z; obtained after stage i. First, we leave the subsource
unchanged if it holds that Ho(0,8(Y)) > r for all a # 0. If the previous property does not hold, then it holds
from item (2) of the invariant that j* = j. Let a # 0 be a direction along which He(d,g(Y)) < r. We will
further decompose W by conditioning on the value of d,g(Y). Consider the subsource obtained from W by
conditioning on the event {d,g(Y) = b}.

LetA=c+BC ]F’z‘, be the (affine) subspace such that d,g(y) = b for y € A where B is a subspace and ¢
is a fixed vector. We know that dim(A) > |Y|—-(r—1) =k —rj— (r — 1) asdim(d,g(-)) < r. Observe that
a+ A = A which implies a € B. Starting with a, construct an arbitrary basis {a, ey, . .., edim(B)-1} of B. Let
C = c +span({e; }ic[dim(B)]-1)- Let Y’ be a uniform string from A. We have that Y’ = Za + Uc where Z is a
uniform bit and U¢ is independent of Z and uniform over C. _

The subsource W’ obtained from W by conditioning on the derivative is exactly W’ = g(Y’) + Z{;l biZ,.

Note that g(y" +a) = g(y’) + b for all y’ € A. Hence, we have that W’ = g(Uc) + Z{zl b;Z; + Zb. We
have that dim(C) = dim(A) =1 > k —r(j +1). Thus E = L(Uy~) for some full rank affine map L and
k" > k—-r(j+1).

Defining Zj.1 = Z, bjy1 = b and g’ = g o L shows that W’ has the form g’ (Ux~) + Z”l b;Z;. Note that
the injectivity of the map is preserved as we started out with an injective map and Y’ is uniform over a subset
of inputs. Thus, W’ satisfies the invariant after stage j + 1.

We will execute the procedure for j = 7 stages. Consider any subsource W in the decomposition obtained
after ¢ stages. Recall W = h(Y,Z) = g(Y) + Z] Z;b;. There are two cases. In the first case, we have that
j’ =t. In this case, we can further fix the random variable Y to obtain an affine source W’ = ;| Z;b; +d
where d is a constant shift. Since & was injective, this subsource must have entropy ¢. In the second case, we
have that H, (9,8(Y)) = r for all a # 0. In this case, we further fix all the variables Z to obtain a source of
the second type in the theorem statement. O
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5.2 General Quadratic Sources

We now extend Theorem 3.7 to general quadratic sources with a smooth min-entropy guarantee with the
number of generating bits slightly larger than the entropy. Our decomposition procedure only acts on a subset
of the generating bits that we choose.

Theorem 5.1. Let X = f(Y, Z) be a quadratic source with Hfj (X) = k and generating map f : F’Z‘” - F
where Y = Ug and Z = Uyy¢—s. Let 1, t be positive integers such that rt < s. Then X is € close to a convex
combination of subsources of the form f(Uy) for affine subspace V C IF'Z‘M such that the subsources are one
of the following two types:

1. Affine sources W with min-entropy at least t — € — 1 ( f|y is affine) or

2. Quadratic sources W(Y',Z) = g1(Y")+ g2(Y', Z) + g3(Z) such that (1) Y’ = Uy fors" > s—rt, (2) g
is bilinear, (3) Hoo (0,81 (Y")) = r forall a # 0 and (4) H;Z(W(Y’,Z)) >5+1|Z|-¢.

Furthermore, Z is the same seed random variable as that in the source X and is independent of Y’ .

Proof. As in the proof of Theorem 3.7, we will iteratively decompose the source into sub-sources. A crucial
difference is that we will only condition on functions of the input seed Y, leaving Z unchanged. We maintain
the following invariant.

After j stages, we ensure that all the component subsources W in the convex combination satisfy the
following:

1. W=h(Y"=(A,B),2Z2) = gl(B)+ZlJ;1 A;-(bij(Z))+g2(B,Z)+g3(Z) where b;(Z) are affine functions
of Z forall i € [j’] and g is bilinear (here j* < j).

2. A=Uj and B=Uy fors’ > s —rj’. A and B are independent of each other and Z.
3. Furthermore j’ # j implies that Ho,(9,g1(.)) > r forall a # 0.

Observe that the invariant trivially holds for j = 0 (with |A| = 0). We will now describe stage j + 1.
Assume the invariant holds upto stage j. Take a component W obtained after j stages (satisfying the above
invariant). We check if all the non-zero derivative entropies of g are greater than equal to r. If so, we make
no changes to W (this component is frozen in future iterations as well). Alternatively, if there is a direction a
with low derivative entropy, we choose the lexicographically smallest such direction and fix the value of this
derivative.

Suppose we condition on the event {d,g1(B) = b}. Observe that d,g>(B,Z) = g2(a,Z) which is a
function of Z. Thus, after fixing the derivative, we can retrieve one "affine" direction (if one treats Z as a
constant). That is, using the same argument as the proof of Theorem 3.7, the new subsource can be expressed
asW =h(Y=(A,D),Z,B")=g1(B")+ Z{zl A; - (bi(2))+D(g2(a,Z)+b)+g2(B’,Z) + g3(Z) where D
is a fresh random bit, and B’ + Da = B | {9,g1(B) = b}. Rewrite B” as L(Uy~) for a full rank affine function
withs” > s —r > s —r(j’ + 1). Now, we observe that W’ satisfies the invariant.

We run the decomposition for j =  stages. Let the subsource obtained after the 7 stages be W = h(Y’ =
(A,B),Z) = g1(B) + X/, Ai - (bi(2)) + g2(B, Z) + g3(Z).

There are again two cases. In the first case, we have j’ = ¢. In this case, we fix B, Z to obtain an affine
source. In the second case, we have H(0,81(Y’)) > r for all a # 0. In this case, we further fix all the
variables A to obtain a source of the form described in Item 2 of the theorem statement.

We now argue that the entropy guarantees stated in both the cases are satisfied (recall that this was
immediate in the injective case). To do this, we use Lemma 4.18. First, observe that all the subsources obtained
by this decomposition are of the form f(Uy ) for some affine subspace V C F’g*f. Also, the (affine) subspaces
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corresponding to different subsources form a partition on F’Z“‘). In the branches of the decomposition leading
to affine subspaces (Item 1), we have dim(V) = ¢ and in the other case, we have dim(V) = s’ + |Z]. Let
V be a random variables that chooses these affine subspaces according to the above decomposition. From
Lemma 4.18, we have that with probability 1 — € over V ~ V, it holds that (1) H;,2 (fWUy)) zt-¢ifVv
came from decompositions in the first case, or (2) Hfoz( f(Uy)) = s’ +|Z| — € in the second case. Applying
Lemma 4.17 to the first case implies the entropy guarantees in the theorem statement. O

We now state an immediate corollary of the above theorem that gives a sufficient condition for decomposing
quadratic sources into sub-sources with high derivative entropy.

Corollary 5.2 (Pure Quadratics can be decomposed into high derivative entropy sources). Let X = (Y, Z)
be a quadratic source with Hf:(X) > k and generating map f : IF’Z”‘) — ) where Y = Us, Z = Ugy¢-s. Let
r,t be such that rt < s/2 and suppose X is (t — { — 1)-pure. Then, X is € close to a convex combination of
subsources of the form

X =g(Y,2)=g1(Y)+ 8. Z) +g3(2)

such that (1) He(0,81(Y")) > r foralla # 0, (2) Hfoz(X’) >s"+|Z|-¢ (3)Y =Uy withs” > s/2, and (4)
g2 is bilinear. Again, the random variable Z is left unchanged by the decomposition and X' is obtained by
restricting f to an affine subspace of the generating bits.

Proof. The proof is immediate from Theorem 5.1 as Item 1 in Theorem 5.1 is not possible anymore. O

6 Exploiting High Derivative Entropy

The below argument shows that a linear seeded extractor extracts from a high derivative entropy quadratic
source with a quadratically correlated seed.

Lemma 6.1. Let X = f(Y,Z) be a source with f quadratic, Y = Us, Z € F} independent of Y and such
that f(Y,Z) = fi(Y) + (Y, Z) + f3(Z) where f, is bilinear and Hs(0,f1(Y)) = k forall a # 0. Let
LExt : F} xIFg — FJ' be a (k, €) strong linear seeded extractor. Then, for any random variable W (correlated
with Z, independent of Y) satisfying W ~s Uy, it holds with probability 1 — 2™ - (275 + 2 + 6)/? over
(z,w) ~ (Z,W) that

drv (LExt(f (Y, 2), w), Up) < 22275 +2¢ + 6) /4.

Furthermore, the theorem also holds when W ~ 5 Uy is replaced by HS (W) > d — A with 2€ + 6 replaced
by 22*1e + § in both the probability and TV distance bounds.

Proof. We will first argue that for any S C [m], it holds high probability over (z,w) ~ (Z,W) that
| E[xs(LExt(f(Y,z),w))]| < e. The theorem then follows by a union bound over all subsets S and Fact 4.8.
Let b(w,z) = | By [xs(LExt(f(Y,z),w))]|. We have that

[(b(W,2))*] = E (Blxs(LExt(f(Y,Z),W))])

zY

E
w.Z

W,
Wy Y},EA[Xs(LExt(f(Y, Z)+f(Y+A,Z),W))]

E E [xs(LExt(da/1(Y) + f2(A, Z), W)).

W,ZY A

In the second inequality A is uniform and independent of Y. Now for every a # 0, we have Ho, (0, f1(Y)) > k
and d, f1(Y) is an affine source. From Lemma 4.11, we have that with probability at least 1 — 2¢ — § over

19



uniform string w ~ W, it holds that dry (LExt(d, fi (Y),w), Uy,,) = 0. Thus, we have

21 =
WEZ[(b(W, 2))°] = ey Y]?A[XS(LEXt(aAfl(Y) + (A, Z),W))]
<Pr[A=0]+max E [xs(LExt(d.f1(Y)+ f2(a,Z),W))]
az0 Y,W,Z
<27+ E |E LExt(d,f1(Y), W
<27 +max B [BLys(LEXt(3/i (1), W))]]
<27 +2€+6.
Now, by Markov’s inequality, we have that b(w, z) < (275 + 2€ + &)/ with probability 1 — (275 +2e + 6) /2.
The theorem statement now follows from a union bound and Fact 4.8. For the guarantee assuming high
smooth min-entropy, the probability of sampling a bad seed is at most 22*!¢ + § and the rest of the proof is

the same.
O

7 Quadratic Correlation Breaking

In this section we construct a new type of correlation breaker that can handle quadratic sources and seeds.
This can be viewed as a generalization of an affine correlation breaker. The construction we use is from
[CL22], where they show how to upgrade a black box advice correlation breaker into an affine correlation
breaker. We will show that this construction is also a quadratic correlation breaker when the source is a
pure-quadratic.

We first define the notion of a quadratic correlation breaker.

Definition 7.1 (Quadratic Correlation Breaker). A function QuadCB : F) X ]Fg x{0,1}* — {0,1}" is a
(t, k,q,0)-quadratic correlation breaker if there exists an absolute constant ¢ > 0 such that for random
variables X, W, W' and advice strings «, {a'}iee in {0, 1} satisfying

1. X = f(V) is a g-pure quadratic source with Hoo(X) > k andV = Us where s < k + clog(1/6),
2. W=p(V), W =pi(V) foralli € [t] with p,p',...,p": F — Fg are quadratic maps,

3. W=Uy,,

4. a # «a; foralli € [t],

it holds that o
(QuadCB(X, W, ) ~5 Uy) | {QuadCB(X, W', a") }ic(] (%)

where U, is uniform random string independent of X, W1,

We now describe the construction of our quadratic correlation breaker (as mentioned before, the
construction already appears in [CL22]).
We now state the main theorem of this section.

Theorem 7.2. For any 6 € (0, 1) and positive integers t,a,m, there exists a (t,k,q,0(0))-quadratic
correlation breaker QuadCB : F) X Fg X Fy — FJ' (from Algorithm 1) whenever

o d > Ct (m+logalog(n/s))?,
« k> Crd,

* q < cVk/(td?),
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Algorithm 1 Quadratic Correlation Breaker (QuadCB)

Input: x € {0, 1}"— an n-bit string, w € {0, 1}9— the seed, & € {0, 1}*— the advice string.
Output: s € {0, 1}— output string.

Sub-Routines and Parameters:

Let dy = O(t(m + tlogalog(n/s))),dy = O(d; +10g(1/6)),d = O(> (m + log alog(n/d))?).

Let LExt : {0,1}" x {0, 1}4 — {0, 1} be a (k, 274%153?) strong linear seeded from Theorem 4.6.

Let CB : {0,1}¢ x {0,1}% x {0,1}¢ — {0,1}™ be a (t,d/2,5/2)-advice correlation breaker from
Theorem 4.13.

1. Lets; = Widy]-
2. Let r = LExt(x, s1).

3. Lets =CB(w,r, @)

for absolute constant c,C > 0. Moreover, the guarantee in Equation (4) also holds when the entropy
assumption in Item 1 and the uniformity assumption in Item 3 of Definition 7.1 are relaxed to Ho‘f(X ) >k
and W = 52 Uy respectively.

Before proving Theorem 7.2, we establish an intermediate lemma that proves that the correlation breaker
works when the source is decomposed in a specific form.

Lemma 7.3. Let 6§ be the error parameter in Algorithm 1. Let X = f(Y,Z) be a source with quadratic
f, Y = U, Z independent of Y and such that f(Y,Z) = fi(Y) + (Y, Z) + f3(Z) where f; is bilinear and
Heo(0af1(Y)) = k for all a # 0. Also let W, W1 be functions of Z satisfying W = Uy. Also, let a, o] be
such that @ + «; for all i € [t]. Suppose s,k > C(dy +1og(1/0)) for a large constant C. Then, it holds that

(QuadCB(X, W, @) ~o(5) Um) | {QuadCB(X, W', ) }ics)-
We need a stronger version of the input reduction lemma to prove the above lemma.

Lemma 7.4 (Input Reduction: Partial Input). Let f : F5*" — FJ be a quadatic map. Furthermore, suppose
it holds that dyy (f(X,Y), f(X,y)) < & with probability at-least 1 — 6 over y ~ Y where X = U and
Y is independent of X. For any 0 < € < 1/4, there exists a full rank linear map L : F5 — FE‘[ with
{=n+0(log(1/€)) such that

(f(X,Y),Y,L(X)) ®es25 (f(X,Y), Y, Us_¢)
where U, X,Y,Y’ are independent and Y,Y’ are identically distributed.

Proof. We choose L to be a random linear map. By triangle inequality, we have that for any L, it holds that

drv ((f(X.Y),Y,L(X)), (f(X,Y),Y",Us—¢)) < drv((f(X,Y),Y,L(X)), (f(X.Y),Y,Us¢))
+drv((f(X,Y),Y,Us—¢), (f(X.Y),Y",Us—¢))
We bound the first term using Lemma 3.4. Thatis for every fixed y ~ Y, we can apply Lemma 3.4. By averaging
overy ~ Y and L and then using Markov’s inequality, we have that dty ((f(X,Y), Y, L(X)), (f(X,Y),Y,Us_¢)) <

€/2 with probability at least 1 — € over L. The second term is at most 26 from the premise of the lemma that
dryv (f(X,Y), f(X,y)) < 6 with probability 1 —§ over y ~ Y’ O
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We are now ready to prove Lemma 7.3.

Proof of Lemma 7.3. We use S1, R, S to denote the intermediate random variables in Algorithm 1 when
applied on (X, W, @). Similarly, we define S ‘1 , R' to denote the intermediate random variables in the algorithm
when applied to (X, W/, a'). Let §; = 291 (275 + 3532 . 2741)1/4 < 0(6%). From Lemma 6.1 and the (1) our
premise regarding s, and (2) the choice of d;, LExt in Algorithm 1, we have that with probability at least
1 — 87 over (s1,2) ~ (S1, Z), it holds that

R x5 Ud1 . (6)

Note that R, R!"! depend on both ¥ and Z. In the next step of the proof, we will show that we can fix
additional information to make R, R independent of W, while retaining the uniformity of R. Once we have
this, we can use the definition of the advice correlation breaker (Definition 4.4) to complete the proof.

We first fix (S, S Et]). From the above argument, we have that with probability 1 — v/§; over (S, S El] ), it

holds that (R, Z) ~ 5 (Uq,, Z). Furthermore, Hoo(W | S1 = 51, Sgt] = sgt]) > d—tdy—0(log(1/6)) = d/2
(from the choice of d,d in Algorithm 1) with probability 1 — O(+/d1) over (sq, s%’]) ~ (S, ng]) from
Lemma4.15. Thus these two events happen with probability at least 1 -0 (+/d7) over (Sy, S Et]) = (51, sgt]). We
have R = L(f (Y, Z)) for some linear function L (which depends on s;). Similarly, we have R' = L' (f(Y, Z))
where L' is determined by sli. Note that Z is not uniform anymore.

From Lemma 7.4, we have a full rank linear map M : F} — Fg_[ with £ = d; + O(log(1/6)) such that

(R = L(f(Y’ Z)’Z’M(Y)) z0(\/671) (R = L(f(Y’ Z))’Z,a Us—f) (7)

for U,Y,Z, 7’ independent and Z, Z’ identically distributed.

Letey,...,es be a basis for the nullspace of M and e¢41,. .., es be a completion of the basis to all of
IF5. We have that Y = A + B for independent A, B where (1) A is uniform over the nullspace of M, and B is
uniform over the span of {e;.1, ..., es}. Overloading notation, we have A = A(P) and B = B(Q) for linear
maps A and B of appropriate dimension and independent uniform seeds P = Uy and Q = U,_g.

Using the fact that A, B are linear and overloading notation, we henceforth represent the source as
X = f(P,Q, Z). Now, rewriting Equation (7), we have

(R, Z,M(B(Q))) s, (R, Z',Us—¢) ®)

where 6, = O(+/d1). This implies that R is close to uniform even conditioned on Q and Z. Now, we will
argue that we can fix Q and a few bits of information from Z to make (R, R!’!) independent of (W, Wl*])
while retaining the uniformity of R. Let R = g(P, Q, Z) and R’ = g' (P, Q, Z) for quadratic maps g, g/ each
having output length d;.

We have that

8(P,Q.Z) =g1(P,Q) +82(Z) +g3(P,Z) + 84(0. Z).
Similarly, we have

g'(P.0.2) = g,(P.Q) +85(Z) + &5(P. 2) +84(0. Z).
After fixing Q, we have that that with probability at least 1 — /0, over g ~ Q, it holds that

(g(P> q’Z)’Z) z\/E (g(P’ q’Z)7Z,)

Recall that Z, W, Wlt] are independent of P, Q and hence fixing Q does not affect them. Now, g, g[t] are
only functions of P, Z. Observe that {g3, g;, e gg} each depend on at most d; ¢ one-bit linear functions of
Z as P is uniform on ¢ bits. Let (¢(Z), ¢!*1(Z)) store these linear function in (7 + 1)d;¢ bits. Thus, fixing
(c(2),cl'1(2), g2(2), gél] (2),g4(2), g‘Et] (Z)) makes R, R!!! solely depend on P while retaining uniformity
of R (for the latter guarantee, we use Equation (8)).
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We now fix C(Z) = (c(2), c\'1(2), 2(2), 81(2), 4(2), 81" (2)). With probability 1 — 0(6}/*) over
¢ ~ C(Z), we have that

Ho(W | (51,81 = (s1,51'),€(2) = ¢) = d —1dy — 3(t + 1)d1 £ = O (log(1/5))
> 19 (m + logalog(n/6))?.

Also, from Equation (8), we have that with probability 1 — 6;/ *overc ~C (2), it holds that

R %521/4 Ug,.

Also, we now have that (R, RI"1) is independent of (W, W!*1) as the former is only a function of P, Q and the
latter is a function only of Z (which is independent of P, Q). We are now ready to invoke the guarantee of the
advice correlation breaker. From Theorem 4.13, we have that

(CB(W.R.,a) ~ Un) | {CBW, R, a")}icps)-

5+0(8)/*)
Recall that 6, = O(1/d;) where §; = O(6%). Thus, we have that the final error O(6). m|
We are now ready to complete the proof of Theorem 7.2.

Proof of Theorem 7.2. We prove the theorem by first fixing information to make the random variables W, W]
depend only on a subset of the bits generating the source. We then use the g-purity of X and Theorem 5.1 to
decompose the original source into subsources with large derivative entropy. Finally, we apply Lemma 7.3.

Quadratic Conditioning To implement the first step (which we call "quadratic conditioning"), we use
Lemma 3.4. We have a full rank linear map L : F5** — F5*~" with h = d + O(log(1/6)) such that

(p(V),L(V)) =2 (p(V), Urst-n)- ©)

where Uy is independent of V.

Letey,..., ey be abasis for the nullspace of L and ej41, . . ., ex+¢ be a completion of the basis to all of
F’z‘”’. We have that V = A + B for independent A, B where (1) A is uniform over the nullspace of L, and
B is uniform over the span of {ej41, ..., exre}. Overloading notation, we have A = A(Z) and B = B(Y)
for linear maps A and B of appropriate dimension and independent uniform seeds Z = U, and Y = Ujpyo—p,.
We can represent our source as X = f(M(Y) + M,(Z)) for linear maps M, M, of appropriate dimensions.
Overloading notation, we can rewrite the polynomials p, pl] as being quadratic functions of ¥, Z. We have

p(Y,Z)=pi1(Y)+p2(Z) + p3(Y,Z)

and similarly for each of the polynomials in p!l (say pi(Y, Z) = p‘i (V) + pé(Z) + pg(Y, Z) for eachi € [1]).
From Equation (9), we also have that with probability 1 — ¢ over y ~ Y, it holds that p(y, Z) ~s Uy. We

will now convert p, p!*] to functions solely depending on Z by fixing all dependencies on Y. Each of ps, pgt]

depend on dh linear functions of Y. We will fix these dht linear functions along with p(Y), pgt] (Y). Recall
that 1 = d + O(log(1/9)). We thus need to fix at most b = O(dt(d +log(1/6))) quadratic functions of Y.

Let CTPartition : F’z‘”"h - F’zﬁf‘h‘s be the function given by Theorem 3.5 (when the input functions
are given by the b quadratic functions we just considered) where s = C(k + £ — h)/b — b > Ck/(td?) (for
some constant C) and CTPartition~'(¢) is an affine subspace for all ¢. We fix ¢ ~ CTPartition(Y). We have
that with probability 1 — 6 over ¢ ~ CTPartition(Y), it holds that

1. Y = (Y | CTPartition(Y) = ¢) is uniform over an affine subspace of dimension s,
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2. W, Wl are independent of Y,
3. W=p(s) Ug and

4. HE (F(M{(Y") + M»(Z)) > k= (k+C—h—s)—0(log(1/6)) > C(k/(td?)) —td*+h—O0(log(1/5))
for constant C (by Lemma 4.15 and the bound on s).

Observe that f(M(Y’) + M»(Z)) is a subsource of X of the form f(Uy ) for affine subspace V. Thus, by
Lemma 4.19, this subsource is still g-pure.

We overload notation and redefine X, f,Y such that the source we have arrived atis X = f (Y, Z) where
Y = Uy, Z = U, . We have that (1) W, W!*] are functions only of Z, (2) Hf:(X) >s+h—0(og(1/8)) and
(3) X us g-pure. We are now ready to move to the next step where we invoke our structure theorem.

Structure Theorem We now call Corollary 5.2. From the end of the previous paragraph we have that X
satisfies the premise of Corollary 5.2 (as it is g-pure for g < cvk/(td?)) Thus, we have that X is 26-close to
a convex combination of subsources of the form

X'(Y',2)=g:1(Y') +&2(Y'. Z) + g3(2)

such that (1) Heo (9421 (Y")) = Q(+/5) = Q(dVh) for all a # 0, (2) H25 (X') = Q(td?), 3) Y’ = Uy with
s’ > 5/2, and (4) g, is bilinear.

Importantly, this decomposition left Z and hence W, W] unaffected. We are now ready to finish the
proof.

Quadratic Correlation Breaking Our source satisfies the premise of Lemma 7.3. Applying Lemma 7.3
implies Equation (5) (we absorb the fact that W ~¢(s) Ug into the error). O

8 Rank combiners

The main goal of this section is to construct a linear seeded extractor for quadratic sources that has unusually
low error on the good seeds. Note that for affine sources this is immediate, via Lemma 4.11 (as linear
functions are either constant or have zero bias). For quadratics, this is no longer immediate, as one can have
non-constant quadratic polynomials achieving nearly any bias (consider for example inner product on 2b
variables which has bias 272).

Having unusually good error is important in the proof of the extractor as we want our good seeds to have
error much smaller than the inverse of the total number of seeds. This is not possible for general sources as
linear seeded extractors that work for arbitrary sources have seed length at least Q(log(1/€)) (see Theorem 5
in [AGO*19]).

In this section, we construct such extractors for quadratic sources with high derivative entropy (with the
error going to zero as the derivative entropy increases). The extractor we construct is also a linear seeded
extractor for affine sources. This suffices for our applications as we can always reduce to one of these two
cases. After we defined the notion of a rank combiner and proved that it implies such extractors, ChatGPT
Astra gave us an explicit construction (Theorem 8.11) which implies the following.

Theorem 8.1 (Good linear seeded extractors for quadratics over Fy). For any d > log**n, € > 1/n* and
m < d''0) there exists an explicit function RCombExt : F} X [N] — F}' with N = poly(n) such that

1. RCombExt is a (€, 20"")12)_strong linear seeded extractor with r > (d'/'° /log>/?

quadratic sources X = f(Uy) satisfying Ho (0, f(+)) = d for all non-zero a.

n) for the class of
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2. RCombExt is a (€, 0)-strong linear seeded extractor for affine sources with entropy at least d.

To construct this object, we introduce a new pseudorandom object that we call a rank combiner.

Definition 8.2. A (d, r, €)-rank combiner over a field F is a collection of matrices Wy, ..., Wy in F™ " such

that for all square matrices Gy, ..., G, satisfying dim{G;y}ic[n) = d for all y # 0, it holds with probability
1 — € overt ~ [N] that

rankp (Z(CTWt),-Gi >r (10)

i=1

for all non-zero ¢ € F™. We call m the output length and N the size.

We now argue why the above definition implies a linear seeded extractor with unusually low error for all
good seeds, when applied to a source with high derivative entropy.

Lemma 8.3 (Rank combiners are good linear seeded extractors for quadratics). Let Wi, ..., Wy € F)™"
be a (d,r, €) rank combiner. Then, the function L : F)) x [N] — F}' defined as L(x,i) = Wix satisfies the
following properties:

1. L is an (e,2"m=7)/2)_strong linear seeded extractor for the class of quadratic sources X = f(Uy)
satisfying Hoo (041 (+)) = d for all non-zero a.

2. Lis an (€,0)-strong linear seeded extractor for affine sources with entropy at least d.

Proof. We first prove (1). Let f(x) = (fi(x),..., fu(x)) for quadratic functions fi,...f,. Let f; =
x T M;x+b ] x for matrix M € IF’ZC Xk and vector b € IF’ZC . For any non-zero a, the source d,, f (U) is the affine source
over the affine subspace ¢, +S, for cq = ((M;"a+b;))"a);e[n) and dim(S,) = dim(span{(M;+M)a}ie[n])-
The entropy guarantee on d, f(.) translates to the condition dim(S,) > d. Define G1, ..., G, as the matrices
G; = M; + M. Thus, we have that dim{G;a};e[,) > d for all non-zero a. Thus, these matrices satisfy the
premise of the rank combiner.

The guarantee of the rank combiner gives us a set T C [N] of size (1 — €)N such that forall 7 € T, it
holds that

n
rankp, (Z(CTWt),-G,-) >r

i=1

for all non-zero ¢. We will argue that for all # € T, holds that

L(f(U),t) =om-rp Up.

Establishing the above inequality would complete the proof of (1). Let g;(x) = L(f(x), t) be the quadratic
map which we are analyzing. We will argue that for all non-zero ¢ € FZ', it holds that ¢" g, (Uy) has bias at
most 277/2. The final claim then follows from Vazirani’s XOR lemma Fact 4.8. We have that

cTgi(x) = xT(Z(CTWt)iMi)x + (Z(CTWz)ibiT)x
i=1 i=1

We have that
E[(=1) 82 < B [(=1)%(T 80
U T Ua

where « is uniform in IF’Z‘ Observe that d,(c"g;(U)) is a linear function that is either constant or has bias
zero. Thus, it suffices to bound the probability over a that d,(c " g,(.)) is a constant. It is easy to see that
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this happens if and only if (X!, (c"W;);G;)a = 0. From our rank combiner guarantee, this happens with
probability 27" over a ~ IF’2< Thus, we have that

[E[(=D) D] <2772,

This completes the proof of (1).

We now prove the affine case (2). Let X = f(U) satisty the condition required by (1). For this step, a
(d, 1, €) rank combiner suffices. An affine source X of entropy k > d can be be defined as the output of
an affine map acting on k uniform bits, that is X = AU + b for uniform U for A € FSX" with rank(A) = k.
To prove the lemma statement, it suffices to show that with probability 1 — € over i ~ [N], it holds that the
random variable W; AU is uniform.

Let a; be the i-th row of A. We also use a; to refer to the corresponding element of F,x when the vector is
viewed as a field element. Let M; be the matrix such that M;x = a;x when x is appropriately interpreted as a
vector and field element respectively. We have rankg, (A) = dimg,{a; };e[»] = k. Thus, for any non-zero x,
we have dimg, {M;x};c[n] = k > d. Thus, {M;};c[, satisfies the premise of the rank combiner. Thus, with
probability at least 1 — € over i ~ [N], it holds that mnk(Z?z1 (c"W;)jM;) > 1forallc € F7'. Since M;’s
are denoting multiplication by field elements, we have that with probability 1 — € over i ~ [N], it holds that

n

Z(CTWi)jaj #0

J=1

for all non-zero ¢ € FF;". This proves that ¢ "W; X = ¢"W; AU + ¢ " W;Ab is uniform for all non-zero c. Hence
we have that L is a (d, €) strong linear seeded extractor for affine sources over [F;. O

Like many pseudorandom objects, the existence of great rank combiners is easy to show via the probabilistic
method.

Theorem 8.4 (Probabilistic existence of rank combiners). There exists a (d,d — m —log(1/€) — 1, €)-rank
combiner over Fy with output length m and size poly(nk?/e).

We provide a proof in the appendix (Appendix C).

8.1 Rank combiners over large finite fields

Our explicit construction of rank combiners proceeds in two steps. First, we give a construction over large
fields of polynomial size. Then, we give a field size reduction argument using a linear seeded extractor in
Section 8.2.

The proof of the main theorem of this section uses two additional lemmas (Lemmas 8.6 and 8.7) which
we prove immediately afterward.

Theorem 8.5. For any finite field F with |F| > 16mn?/e and m < Vd|2, there exists an explicit
(d,Vd](2m), €)-rank combiner over F with output length m and size |F|.

Proof. We will first describe the construction before proving correctness. We will describe a matrix
W(B) € F"™" for B € F. The final rank combiner is {W ()} gcF.

Choose an arbitrary set of distinct non-zero elements Ay, ... 4, € F. Let wy, ..., w, be positive integers
forming a Sidon set with max;{w;} < 8n? (see [ET41] for a construction). We define the entries of W(53) as
Wp))ji = /1{. - B"i. We will now prove that that with probability at least 1 — € over 8 ~ F we have

rankg (Z(CTW(ﬂ))iGi > \/E/(2m) (11)
i=1
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for all non-zero ¢ € F*. We say that 8 € F is bad if W(B) does not satisfy Equation (11) for some non-zero
c € F". Let B be the set of bad field elements. We want to show that |B| < €|F|.

We now describe our high level plan. For any g € B, there exists a non-zero vector c¢g € F" such that
Equation (11) is not satisfied by W(3). First we will construct a low degree polynomial map ¢ : F — F™
such that c¢(f) € span{cg} for all 8 € F and c(0) # 0. This will give us a matrix with polynomial entries
M(B) = 2%, (c(B)TW(B)))iG;. We then use Lemma 8.6 to isolate a large sub-matrix with non-zero
determinant. We then show that any bad g that has low rank within this sub-matrix must have large multiplicity
in the determinant polynomial. This allows us to bound |B].

First, we construct a polynomial map ¢ such that c¢(8) € span{cg} for all § € B and ¢(0) # 0. We will
show that there exists a polynomial ¢ of degree £ = |B|(1 — 1/m) that satisfies these properties. Finding such
a c is equivalent to solving the following homogeneous system of equations for the coefficients of ¢ in F*(¢+1)
and (dﬁ)'geB € FIBI.

c(B) = agcp, forall B € B.

There are m|B| constraints and the number of variables is m(£ + 1) + | B| and the system is homogeneous.
From our choice ¢ = |B|(1 — 1/m), system has more variables than constraints and is homogenous. Thus,
there exists a non-zero solution. This solution must have ¢ # 0 as (ag)gep is forced to be 0 when ¢ = 0. We
can make c(0) # 0 by factoring out lowest degree term if our original solution had no constant term as this
preserves the rank. Thus, we have obtained the polymial map c that we desired.

Now consider the matrix M (B) = X1, (c(8) "W (B)))iGi. We have that rank(M (B)) < r for all 8 € B
from (1) the fact that c¢(8) = cg or ¢(B) = 0 for all 8 € B and (2) the definition of cg. Expanding using the
definition of W(), we obtain that

M(B) =) bi(B)B" G;
i=1

where b;(B) = T=1 cj(B) -/1{_1. Since ¢(0) is non-zero, we have that b; (0) = ;.”:1 cj(0) -/l{_l is only zero
for at most m indices as the A;’s are distinct. Thus, M () satisfies the premise of Lemma 8.6 with p = m.
Since m < Vd/2, we have that M (8) has a non-zero Vd x Vd minor.

We now restrict to the Vd x Vd submatrix of M () that has non-zero determinant. Call this submatrix
P(B). We will argue that rank(P(B)) > Vd/(2m) with probability 1 — € over 8 ~ F. For any B € B,
we have that rank(P(8)) < Vd/(2m) and hence from Lemma 8.7, all elements of B have multiplicity
at least Vd(1 — 1/(2m)) in det(P(B)). Recall that deg(c) = ¢ < |B|(1 — 1/m). This implies that that
deg(det(P(B))) < (deg(c) + max;{w;})Vd < Vd(|B|(1 — 1/m) + 8n?) as the elements of the sidon set are
at most 8n%. Combining the multiplicity lower bound and the degree upper bound, we obtain |B| < 16n°m.
Since |F| > 16mn?/e, we have that the probability of sampling 8 from B is at most €. This completes the
proof. O

We use the following lemma which considers constructions with polynomial entries.

Lemma 8.6. Let G1,. .., G, € F*K such that dimg{G,y} > d for all non-zero y € F. Let wy, ..., w, be
a set of positive integers that form a Sidon set. Then, for any vector of polynomials b(t) € (E[¢t])" with
|{i | b;(0) # O}| = n — p, it holds that the matrix

n
M(1) = ) bi()™ G
i=1
has a non-zero r X r minor with r > min(Vd, %).

Proof. We will argue that the rank of M (¢) over the field of rational functions F(z) is at least . We show that
there every vector g(7) € (F(¢))* in its kernel has at least  non-zero entries.
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For sake of contradiction assume that a sparse coefficient vector exists. Without loss of generality assume
that g(¢) = (g1(¢),...,g-(2),0,...0) and that all the g;’s are polynomials. Let fi,... f7 be a basis for
span{g; };e[r] such that mindeg( f;) # mindeg(f;) fori # j (here mindeg(f) is the degree of the smallest
non-zero monomial in f).

Let g(t) = ;:1 c;fj(t) wherec; € F*. Thus, we have that

DY b £5(1)Gy - ¢ = 0. (12)

j=1i=1

We want to use this equation to arrive at a contradiction. We will show that

dimg{c € F"" | 3" 3" cijbi(1)™ f;(1) = 0} < pr+ (;) (13)

i=1 j=1

We first show argue how Equation (13) implies a contradiction and then we will prove it. Consider the matrix
B in F**"" where the (i, j)-th column is Gicjfori € [n], j € [7]. From Equation (12) and Equation (13), we
have that rankg(B) < pr + (;) Since g is non-zero, there exists some j such that ¢ is non zero. The matrix
[Gicjlicn) is a submatrix of B and hence has rank at most pr + (5) over F. From the premise of the lemma,

We now prove Equation (13). To do this, we show that dima{b; ()" f; () }ie[n],je[7] = (n — p)F = ().
Equation (13) then follows by using the fact that # < r. Note that the dimension is lower bounded by the
number of distinct min-degrees (degree of smallest non-zero monomial) among the n# polynomials, as any
set of polynomials with distinct min-degrees are linearly independent. Let I be the set of indices i for which
b;(0) # 0. The number of distinct min degrees is lower bounded by the terms only involving indices in /.
Note that for such indices i, it holds that mindeg(b;(¢)t" f;(¢)) = w; + mindeg( f;) for all j € [F].

Let S; = {d | d = mindeg(f;(#)t"") for some i € I}. Clearly, the distinct min-degree count is lower
bounded by | Ui:l S j|. Furthermore, for any i # j, it holds that [S; N S;| < 1. To see this, note that for any
a, b € [n], the equation w, + mindeg( f;) = w;, + mindeg( f;) fully determines the indices a and b (as w;’s
form a Sidon set). Thus, from inclusion-exclusion, we have that

we have d < (pr+ (5)) < pr+ r2. Solving for r, we get r > min(Vd

1U; S| > (n - p)F - (;)

This completes the proof of the dimension bound and hence the theorem. O

We need the following standard lemma about the determinant of matrices with polynomial entries. A
similar statement and argument appears in [GK13, Claim 16].

Lemma 8.7. Let P(t) € (F[t])*** be a matrix with polynomial entries with non-zero determinant. Then any
B € Fwithrankg(P(B)) < r is a root of det(P(t)) with multiplicity at least k — r.

Proof. Take any B satisfying rank(P(8)) < r. Let P;(¢) be the i-column of P. We have that P;(t) =
P;(B) + (t — B)q:(t) where g; is a polynomial, as 3 is a root for P;(t) — P;(B). Define the matrices Pg(t)
for S C [k] as the matrix for which (Py(7)); = P;(B) if i € S and (Ps(1)); = q;(¢) ifi ¢ S. By expanding
the determinint we have that det(P(7)) = Xgcx)(f - B)-1SI det(Pg(r)). Observe that det(Ps(z)) = 0 for
all |S| = r + 1 as P(B) has rank at most r and Pgs(¢) contains more than r columns of P(3). Thus, the only
surviving terms in the expansion of det(P(¢)) are divided by (f — 8)*~" and this completes the proof. m|
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8.2 Field Size Reduction

The next lemma is used to translate dimension guarantees between F» and Fy..

Lemma 8.8. Let G1,...,G, € IF’Z‘X" such that dimg,{G;y}ie[n] = d for all non-zero y € F’z‘ Then, for any
positive integer h, it holds that dimg , {G;z}ie[n) > d/h for all non-zero z € Flz‘h

Proof. We will prove the contrapositive. Suppose there is a non-zero z € F,» such that dimg, {Giz} < d/h.
Letey,..., e, beabasis of Fyn over Fy. LetV = spang , {Giz}. Firstobserve that dimg, (V) = h-dimg, (V) <
d (the first equality holds because {e;V;}ic[],je[dim(v)] 1S @ basis of V over F whenever vy, ..., vgim(v) is a
basis of V over F,n). Let z = Zf.’:l c;e; where ¢; € IF"2C Since z # 0, there exists j such that ¢c; # 0. Now
consider the function 7 that maps G,z to G;c;. Extend this map linearly over all of V. Clearly 7(V) is a
subspace and dimg, (7(V)) < dimg, (V) < d. This implies that dimg,{G;c;} < d. This completes the proof
of the contrapositive. O

We are now ready to state and prove our theorem on field size reduction.

Theorem 8.9 (Field size reduction for rank combiners). Let Uy, ..., Uy € IF'Z’}!X" be an explicit (d, r, €)-rank

combiner over Fon and let LEXt : ]F;‘m x{0,1}¢ - ]Fg” be an explicit (m, §)-strong linear seeded extractor .
Then, there is an explicit (dh, r[(hm), € + §)-rank combiner Wy, ..., Wy_n.o¢ in F’Z",X".

Proof. Let G4,...,G, be matrices in F’;Xk satisfying dimg,{G;y}iec[n] = dh for all non-zero y € IF’Q‘ Let
e1,...,ep be basis vectors for F,» when it is treated as a vector space over FF,. Note that for a fixed seed s,
the function computed by LExt(-,s) can be denoted by a matrix L, in FZ"*""_ For U € F"™*", write

2 * 2h
U= Z?zl M;(U)e; with M;(U) € F;*" and define

M, (U)
MU) = |, WU, = LMU), W(,s) = W(U,s).
My (U)

We will show that {W; ) }iE[N],sng is a (dh,r/(hm), € + §)-rank combiner over F,. The key property of
the linear seeded extractor we use is that the set of vectors given by its seeds evade small subspaces. From
Lemma 8.8, we have that rankg , {G;z} > d for all non-zero z € F’;h- Then, from the definition of a rank
combiner, we have that with probability 1 — € over j ~ [N], it holds that ranks ), (X1, (cTU;)iG;) = r for
all non-zero ¢ € Fg}, We set U = U; for U; that satisfied the previous condition. We use M to denote M (U)
as defined above. Let V € IFS”” be the span (over F;) of vectors v satisfying

rankg, (Z(VTM(U)),-Gi <r/(hm). (14)

i=1

Claim 8.10. dimg, (V) < hm —m.

Proof. We will argue that dimg, (V) < hm — m. Take a basis vy,...,v; of V such that each v; satisfies
Equation (14). Let V be the subspace over F;l,:” obtained by taking the span of vy, ...v; over F,.. Clearly,
dimg, (V) = dimg, (V) as linear independence of the basis vectors is preserved. Thus, it suffices to bound the

latter quantity. For any ¥ € V, we have that

t n
< Zrankyzh (Z(V;—M)IGL

<r

i=1 j=1 i=1 j=1 i=1

n
rankg , (Z(ﬁTM)iGi

t n
< Z:rankﬂz2 ( (v]T-M)iGi

29



where the first inequality follows by subadditivity of rank and the second by the fact that rank only increases
when looking at a subfield. The final inequality follows from Equation (14) and the fact that r < hm.

Forany O # ¢ = (¢1,...,¢m) € F7» its holds that rankg , (X,(cTU):G;) > r. Expanding using basis

elements, we have that rankz , (Z?:l ;‘:1 ej(cTMj)iG,-) > r. Defining v(c) = (e;cj)ie[n],je[m]» We have
that rankg , (X, (v()"™M);G;) > r for all ¢ # 0. This means that for all ¢ # 0, it holds that v(c) ¢ V.
Clearly the map ¢ — v(c) is a linear injective map. Thus the subspace V = {v(c) | ¢ € Fg}l} satisfies
dimg,, (V) =m and V. NV = {0}. This implies that dimg , (V) = dimg, (V) < hm — m. O

We are now ready to complete the proof. Define V*+ = {u € F;‘m | uT™v = Oforall v € V}. From
Claim 8.10, we have that dimg, (V*) > m. Let X be a uniform random variable over V+. From the fact that
LExt is an (m, §)-strong linear seeded extractor and Lemma 4.11, we have with probability 1 — § over s € Fg,
that 5T LExt(X, s) is a uniform bit for all non-zero b € IF‘g1 However, this must mean that b Ly ¢ V for all
non-zero b as otherwise b "LExt(X, s) = 0 by the definition of V+. Since b" L, ¢ V for all non-zero b, it
implies that W = L - M satisfies

rankg, (Z(bTW),-G,- > r/(hm).
i=1

Thus, we have shown that for each good matrix U; in the original rank combiner, 1 — ¢ fraction of the
seeds s € Fg lead to a good matrix W(U;, s). Thus, the overall success probability is 1 — (e + ¢) and the proof
is complete. O

8.3 Putting Things Together

Theorem 8.11 (Explicit rank combiner over F»). For any d > log* n and € > 1/n?, there exists an explicit
(d, (d"11°/10g>/? n), €)-rank combiner over Fy with output length d*/'° and size poly(n).

Proof. Take h = O(log(n)) and m = d'3/2. Let Uy,...,Uy € F2X" be the (d/h,d*'*/Vh, €/2) rank
combiner from Theorem 8.5 with N = poly(n) (we use the fact that € > 1/n%). We will now use an
appropriately chosen strong linear seeded extractor over IF, and apply Theorem 8.9.

We use the linear seeded extractor due to Li Theorem 4.7 with a small modification. Recall that the linear
seeded extractor needed by Theorem 8.9 acts on hm bits. Directly applying Theorem 4.7 with input length
hm forces the error to be at least 1/(hm)?. To overcome this, we modify Li’s extractor as follows: (1) first pad
the hm length input string with zero’s to make the total length 2n, (2) apply the extractor from Theorem 4.7
with input length 2. As long as m > Q(log® n), the output length is vm with error 1/(4n%) < €/2. From
our assumption that d > log*’ n, we have that m = d'/>/2 > log® n. Thus, Theorem 8.9 implies an explicit
(d, (d"/1°/10g3/? n), €)-rank combiner with output length d'/'° and size poly(n). O

This immediately gives the construction of the linear seeded extractor where the good rows have unusually
good error.

Proof of Theorem 8.1. Truncate the output length of the rank combiner from Theorem 8.11 and apply
Lemma 8.3. =
8.4 Provenance of the rank combiner construction

Related constructions and arguments have appeared in prior work studying rank condensers, subspace
designs, and polynomial identity testing. In particular, constructions similar to the large field construction
(Theorem 8.5) appear in [FS12, FSS14] (see Lemma 3.10 and Remark 3.11 in the full version of [FSS14]).
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However, their constructions do not use the Sidon set weights which are used in the proof of Lemma 8.6.
Other papers using similar constructions include [KS01] (see Section 3 of the full version) and [FGT16]
(see Section 3 of the full version) in the context of polynomial identity testing and bipartite matching. The
multiplicity argument for the determinant polynomial in Lemma 8.7 appears in [GK13] (see Claim 16).
Recent work of [GRSZ26] (Lemma 5.6) studied the related problem of symbolic determinant identity testing
when restricted to the setting of rank one summands.

9 Quadratic extractors

Algorithm 2 Quadratic Extractor (QExt)
Input: x € {0, 1}"*— an n-bit string.
Output: v € {0, 1}""— output string.

Sub-Routines and Parameters:

Let Cy, Cy, C; be appropriately chosen constants. Let N = n¢'.

Let RCombExt : F} x [N] — IFg be the linear seeded extractor from Theorem 8.1.

Let QuadCB : F) X IF"ZJ X [N] — {0, 1} be the quadratic correlation breaker from Theorem 7.2 with output
length 1, t = (mlogn)©2, 6§ = N~'% and d = £’ (log(n/9))>.

Let NOBFExt : {0, 1} — {0, 1} be the NOBF extractor from Theorem 3.13.

1. Let w = {RCombEXt(x, 1) };e[n]-
2. Let s = {QuadCB(x, w;, ) }ie[N]-

3. Output NOBFEXxt(s).

We execute a win-win argument where we analyze the extractor differently based on if it contains a large
subspace or not. We use the following elementary lemma from [CT15] that states that any quadratic map that
is affine on an affine subspace V is also affine on shifts of V.

Lemma 9.1 (Claim 3.2 from [CT15]). Let f be a quadratic map on F} such that f|y is affine on an affine
subspace V.C . Then f|u+v is also affine, for all u € F.

The following lemma is now immediate.

Lemma 9.2. Let X = f(U) be a quadratic source such that HS(X) > k and f ]F’;*" — FJ for
¢ = O(log(1/e€)). Suppose X is not g-pure. Then, X can be decomposed is O(€) close to a convex
combination of affine sources with entropy g — O (log(1/¢)).

Proof. From the fact that X is not g-pure, we have an affine subspace V = v + S for subspace S such
that f|y is affine and dim(f(V)) = ¢. Let dim(S) = d > ¢g. From Lemma 9.1, we have that f|,.v
is affine for all shifts u. Let C : FA* — F5*~4 be the full rank linear map with kernel S. C~'(c)
is a shift of V for all ¢. Thus, we have that f(U) | {C(U) = c} is an affine source for all ¢. Also,
Hio/z(f(U) | C(U) =c¢) = g —O0(log(1/€) with probability 1 — O(e) over ¢ ~ C(U). Since affine sources
are flat, Lemma 4.17 implies that H, (X | C(U) = ¢) = g — O(log(1/e)) with probability at least 1 — O(¢)
over ¢ ~ C(U). O
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9.1 QExtis an affine extractor

First, we argue that the construction in Algorithm 2 is an affine extractor. Similar constructions have been
used in prior work (with RCombEXxt replaced by a standard linear seeded extractor) and showing that QExt is
an affine extractor is relatively straightforward.

Theorem 9.3. There exists a constant C > 0 such that for any affine source X with Ho(X) = k > log® n, it
holds that QExt(X) =,,-a1) Ugan).

We defer the proof to the appendix Appendix B.

9.2 QExtis a quadratic extractor

We now state and prove the main theorem of the paper.

Theorem 9.4. There exists a constant C > 0 such that for any quadratic source X satisfying H(X) = k >
logc n, it holds that QExt(X) =, -a1) Upeq).

Proof. We will first instantiate various parameters that we use throughout the proof. Let m be the output
length of the extractor with m = k¢ for some constant ¢ that we will choose later. We instantiate the linear
seeded extractor RCombExt from Theorem 8.1 with € = 1/n? and derivative entropy requirement k'/* (we
will choose the output length soon). Let N = n¢' be the number of seeds required by Theorem 8.1. Let
t = (mlog n)©2 be chosen such that Theorem 3.13 gives a (¢ = N/n?, t)-NOBF extractor with error n~¢3 and
output length m. We define an error parameter 6 = N~'% which will be the error of each almost-uniform
bit in the NOBF source that we finally obtain. Let d = C4#> (log nlog(n/5))? be the seed length of QuadCB
when we have target error ¢ and ¢ as chosen earlier. d will also be the output length of RCombExt (we will
analyze it’s error later).

We choose the constant ¢ in m = k¢ sufficiently small and the constant C in k > log n sufficiently large
such that

max(t, d,log(1/8)) < k'/1%0

and k'/3 is asymptotically greater than the entropy requirement of Theorem 9.3.

Our first step in the proof is to apply the input reduction lemma (Lemma 4.14): X is d-close to a
convex combination of quadratic sources X’ with HO‘ZG(X "Y> k—1and X’ = f(Ugy¢) for quadratic f and
¢ = 0(log(1/6)). We will argue that QExt extracts from any source X’ satisfying this property. Henceforth,
without loss of generality, we assume that our source X = f(Uj4¢) satisfies (1) Hfoﬁ(X) > k—1and (2)
¢ =0(log(1/9)).

We now split the proof into two cases depending on if X is (ck'/?)-pure for some small constant ¢ > 0.

Not pure case Suppose X is not (ck'/?)-pure. Then, Lemma 9.2 implies that X is O(8) close to a convex
combination of affine sources with entropy ck!/3/2 for constant ¢’ < ¢. The theorem statement now follows
from Theorem 9.3.

Pure case Suppose X is (ck!/3)-pure. We now apply the structure theorem. Corollary 5.2 (with s = k + £)
implies that X is 6% close to a convex combination of sources X’ satisfying (1) X’ = g(¥) for Y = U’ and
5" > 5/2, (2) Hoo(848(.) = k*3/(4¢), 3) Hff(X) > s’ — £. From Lemma 4.19, we have that each x’ is still
(ck'/3)-pure. We rename X’ as X and g as f and henceforth consider X satisfying the above property.
Henceforth let X = f(Y) where (1) Hf: (X) =k =Qk), 2 f : IF'Z"“[ — F is quadratic, and (4)
Y = Ug,p» 3) Hoo(0a f(Y)) 2 Q(k?/3) for all non-zero a. We will first argue that the random variable
W = (RCombEXxt(X,i));c[n] has the following property: W; ~ s> Uy with probability 1 — 1 /n* overi ~ [N].
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Recall the output length d of RCombExt that was chosen earlier satisfies d < k'/'%°. Thus, from our derivative
entropy guarantee of Q(k%/3), we have that W; ~, 1140 Uq (With probability 1 — 1 /n* over i ~ [N]) and this
error is much smaller than §2. We also have that W; = p?(Y) for some quadratic polynomial p'.

Let O € [N] be the set of indices where W; ~ 52 U,. Consider the random variable

S = (QuadCB(X, W', i))ic[n]-

We will argue that for all sets T C Q with |T| < ¢, we have that | E[ y7(S)]| < O(8). This is immediate from
Theorem 7.2 and the fact that X, W satisty the premise (by our choice of parameters) and the indices i € [N]
form valid advice strings.

Now, applying Fact 4.9 implies that S is N~’-close to a (g,1)-NOBF source with ¢ = N/n* and
t = (mlogn)©? chosen earlier. The theorem statement now follows from Theorem 3.13. O

10 Applications

We now state and prove improved extractors for NCY and AC® sources. Prior constructions for these sources
were obtained by reducing to 1-local sources (which are a special type of affine source). We give a more
efficient reduction to 2-local sources (which are a special type of quadratic source), and use this to obtain the
improved results.

Before we show our results, we define an intermediate notion that is useful.

Definition 10.1 (d-local NOBF source). A source X is d local NOBF if X = f(Uy) for a d-local map f such
that for any i € [s], there exist j(i) € [n] such that fj)(x) = x;.

Informally, a d-local NOBF source is a d-local source where the generating bits are printed out somewhere
in the source.

We use the following theorem (from [ACG*22]) that reduces extracting from d-local sources to extracting
from d-local NOBF sources.

Theorem 10.2 (Theorem 2 of [ACG*22]). There exists a constant ¢ > 0 such that any d-local source X with
Ho(X) > k is e-close to a convex combination of d-local NOBF sources with min-entropy at least k' for
k' > ck/(24d?) and e = 27K .

We first show that every d-local source of sufficient entropy is close to a convex combination of 2-local
sources.

Theorem 10.3. There exists a constant ¢, C > 0 such that any d-local source X with Ho,(X) > k is e-close

to a convex combination of 2-local sources with min-entropy at least k' for k' > Ck3/%?/(2*?+\/n) and
€= 2—ck/(2“d2)‘

Proof. From Theorem 10.2 we have that X is 2~<¥" close to a convex combination of d-local NOBF sources
with min-entropy k’ > ck/(2¢d?) for some constant ¢ > 0. Let S; C [k’] be the set of input generating
bits that the function f; depends on. Consider the set system S = {T' | T C S; for some i € [n] and |T| = 3}.
Clearly, we have |S| < n - (‘;) as each S; has size at most d. Recall Turan’s theorem for hypergraphs [Spe72]
which states that the independence number of a 3-uniform hypergraph with p vertices and g edges is at
least C min(p, p>/?/ /) for some constant C. Interpreting S as a hypergraph then implies that S has an
independent set of size at least C”(k’)3/%/ Vnd3 for some constant C”.

Let I C [k’] be the independent set of S. From the definition of independent set, we have that I does
not contain S; for any i € [n]. This means that |7 N S;| < 2 for all i € [n]. Consider the source X’ obtained
by conditioning on the generating bits in [k’] \ /. By the intersection property described above, this source
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is 2-local NOBF. Also, the min-entropy of the source is at least |/| as the it is still NOBF (the unfixed
generating bits are still printed out in the source). Thus, we have that our original source is € = 2% to a
convex combination of 2-local NOBF sources with entropy at least || > C”k3/2/(22?+/n) for some constant
Cc” > 0. -

Theorem 10.4 (Extractors for NC°-sources). For any constant & > 0 and any NC-source X with He (X) =
k > n'3* it holds that QExt(X) =,-am Ugan)

Proof. The theorem follows from applying Theorem 10.3, Theorem 9.4 and the fact that a 2-local source is a
quadratic source. O

The following theorem by [Vio14] shows that AC°-sources can be reduced to NC-sources (we instantiate
the theorem to entropy close to n'/3.

Theorem 10.5 ([Viol4], see Theorem 8.17 from [Goo23]). For any @ > 0 and ACY-source X satisfying
Ho(X) > nl 3+ there exists constants d, B such that X is n~ W _close to a convex combination of d-local
sources with entropy at least n'/3*5.

Our theorem on extraction from AC? sources is now immedaite.

Theorem 10.6 (Extractors for AC-sources). For any constant a > 0 and any AC-source X with He(X) =
k > n'/3*@ it holds that QExt(X) ~,-a¢) Ugan)

Proof. Apply Theorem 10.5 and Theorem 10.4. O

11 Open Directions

The natural open question is to construct better extractors for higher degree sources. We now discuss the parts
of our proof that extend and the parts that need new ideas.

The proof of quadratic conditioning Lemma 3.3 naturally extends to all constant degree polynomials, as
the lemma from [CT15] also has constant degree extensions. The proofs using Cauchy Schwarz in Lemma 6.1
and Lemma 7.3 also extends to degree d sources if we assume the premise that the sources corresponding to
(d — 1)-th directional derivatives have high entropy.

The proofs of Theorems 3.7 and 5.1 do not seem to extend immediately to degree 3 and higher. A natural
question is the following: can all degree d sources with a min-entropy guarantee be decomposed into a convex
combination of sources of one of two types: (1) degree (d — 1) sources with high entropy, or (2) sources
with high (d — 1)-th derivative entropy? Answering this question positively for cubics would already give an
improved disperser by adapting our proof in Appendix A.

Another open direction is to find tensor analogues of rank combiners (Definition 8.2). These seem useful
to construct good linear seeded extractors for higher degree polynomial sources.

Finally, an interesting question is to see if any of our techniques are useful for sources of the type f(X +Y),
where X and Y are independent sources each having a min-entropy guarantee, and f is a quadratic map. This
is the natural generalization of sum-set sources to higher degree.
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A High-entropy dispersers using the challenge-response framework

We now present an alternative construction that gives a disperser for quadratic sources with min-entropy
n —n%!. This is a worse result than our main theorem (which gives an extractor at polylogarithmic entropy),
however we believe the usage of the challenge-response framework in the proof is interesting in its own right.

Theorem A.1. There exists an explicit function QDisp : ¥} — F, (Algorithm 3) that is a disperser for
quadratic sources with entropy n — n%!.

Algorithm 3 Quadratic Disperser (QDisp)
Input: x € {0, 1}"*— an n-bit string.
Output: v € {0, 1}— output bit.

Sub-Routines and Parameters:

Let A = n%1, £ =0.1n%1,d; = 100A , d> = O(logn), e = 2710n™"

Let CGLEXxt : F} x F;l — {0, 1} be a (k, €) linear seeded extractor with seed length O (log(n/€)) (this is
for the challenge/final output, we use Theorem 4.6)

Let LExt : F} X IF;"Z — {0,1}¢ be a (k, 1/n?) linear seeded extractor (this is for the response, we use
Theorem 4.7)

Let AffineExt : F; — {0, 1} be an affine extractor (Theorem 4.10)

1. Lets =x[q,]-

2. Let a = CGLExt(x, s).

3. Foreachi e sz, check if a = LExt(x, 7).

4. If there exists an i € Féb that satisfied the previous check, then output AffineExt(x).

5. Else, output a;.

For each variable (x, s, @) defined in Algorithm 3, we use capitalized letters X, S(X), A(X) etc to denote
the corresponding random variables. That is, S(X) = X[4,1, A = CGLExt(X, S(X)) and so on for random
variable X.

We analyze the disperser by splitting into two cases based on if X is n%2-pure.

A.1 X is not Pure

Theorem A.2. Let X = f(Us) be a quadratic source with an affine subsource W with min-entropy at least
n%2. Then QDisp (from Algorithm 3) is a disperser for X.

Proof. We will restrict our attention to W and show that QDisp is a disperser for W. A disperser on a
subsource is also a disperser on the original source.

Since S(W) has output length at most d; = 1001°!, fixing S(W) = s only reduces the dimension by d;.
Thus, W has a subsource W’ of dimension at least Q(n%2) where S(W’) = s is a constant. Now, note that
A(W’) is a linear function of W’ (as s is fixed). Thus, we can further restrict A(W’) = a at a loss of additional
dimension ¢ = 0.1n%! to obtain a subsource W’ of dimension Q(n%?) where A(W”’) = a is a constant.

From Lemma 4.11, we have that there exists i € sz such that LExt(W”, i) = U,. Condition on the event
that LExt(W”, i) = a. This happens with probability at least 2=¢ over W”". Furthermore, this conditioning
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reduces the dimension of W’ by at most £ < 0.1n%-!. Let W be the subsource of W’ obtained after this
conditioning. This subsource has min-entropy at least Q(n%2). Restricted to the subsource W, the condition
checked in Line 3 of Algorithm 3 holds with probability 1 for the seed i identified earlier. Thus, on W, the
output distribution of the disperser is AffineExt(W) which is 0.1 close to U; and hence is not constant. This
completes the proof. O

A2 X isPure
We are now ready to argue that QDisp is an extractor for pure quadratic sources.

Theorem A.3. Let X be a n®>-pure quadratic source with Ho,(X) > n — n%!. Then, QDisp is an extractor
.1
for X with error 2~

Proof. Let A = n®! and let H.,(X) > n — A. From Lemma 4.14, we have that X is € = 2-9(™) close to a
convex combination of quadratic subsources X’ where HS (X’) > n — A — 1 and the generating map f of X’
has seedlength m = n — A + O(n%!). It suffices to prove that QDisp extracts from such subsources X’. By
Lemma 4.19, these sources are still n%-2-pure. Henceforth, we will use X to refer to X”. Thusm X is a quadratic
source with generating map f, m = n — A+ O(n"!) generating bits and satisfying HS (X) > n— A — 1.

We use V = Uy, to denote the input seed for the source. Thatis, X = f(V). From our choice of d; = 100A
and Lemma 4.16, we have that HE (S(X)) > 0.99d;.

Quadratic conditioning: input reduction Some additional set up will be useful. Since restricting to a
subset of bits is a linear operation, we have that S = i (V) for a quadratic map 4. From Lemma 3.4, we have a
full rank linear map L : F}' — F'™" such that

where U’ is a uniform string independent of V and » = 100A + O (log(1/€)). Let ey, . .., e, be a basis for the
nullspace of L. Let e,.1, . . ., e,; be a completion of the basis to span all of F'. We have thatV = A+ B A is
uniform over the span of e,41, ..., e;, B is uniform over the nullspace of L and A and B are independent.
Observe that we can express A = M (U,,-,) and B = M,(U,) for appropriate full rank linear maps M; and
M>. We will use Y = U,,,_, and Z = U, to denote the input random variables of M| and M;. Thus, the
original source can be rewritten as X = f(M(Y) + M2(Z)). Also, L(M{(Y) + M»(Z)) = L(M(Y)). From
our choice of My, M»,Y, Z, we have that L(M; (Y)) uniquely determines Y. Thus, Equation (15) now becomes

dTV(((h(Y> Z))? Y)’ (h(Y’ Z)7 Um—r)) <€ (16)

where U,,—, is independent of (Y, Z). Henceforth, we will rename the map (Y, Z) — f(M(Y) + M2(Z)) as
f(Y,Z). The above argument has established the following claim.

Claim A.4. ForY,Z defined as above, we have that
drv((S(X) | Y = y),5(X)) < O(Ve)
with probability 1 — € over y ~ Y.
We first show the following lemma.

Lemma A.5. The distribution of A(X) is 2-20") _lose to Uy.

Proof. Recall that S(X) = h(Y, Z) where h is a quadratic map with output length ¢; = 100A. Expand £ as
h(Y,Z) = hi(Y) + ho(Y, Z) + h3(Z) where h; is a bilinear map. Let {j, ... {; be the linear functions of ¥
that are used in &,. Clearly j < 100A - r < O(n°?).
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Quadratic conditioning: Cohen-Tal conditioning Our goal is to fix functions of Y so that S is only a
function of Z. We want to do this fixing without affecting the distribution of S, and also retaining entropy in
Y. Claim A.4 allows us to achieve the former and the fact that S is a short quadratic map allows us to achieve
the latter.

First, we consider the subsource of X obtained by fixing the value £1, ... ¢;. With probability 1 — el
over this fixing, the subsource X’ = f(Y’,Z) has S(X’) = h(Y’,Z) = h1(Y’) + h3(Z) (h has no bilinear terms
that depend on Y”) and Y’ = M (U,,,—,_ ) for some full rank linear map M. Absorbing the linear map M into
the source and overloading notation (redefining f, h,Y « M~'(Y")), we have that the subsource we reached
is of the form X = £ (Y, Z) with S(X) = h(Y, Z) = h1(Y) + h3(Z) and H2"*(X) > n— A— j — O(log(1/e).
Furthermore, Y = U,,—,_;.

From Corollary 4.12, we have a function CTPartition : F;"_r_j — F;"_r_j ~Q(m=r=p/d1) guch that hy is
constant on CTPartition™! (b) for any b. With probability 1 — O(e'/#) over fixing CTPartition(Y), we land in
a subsource of the form X’ = f(Y’, Z) with Hg(\/a (X" zc(m—r—j)/d))+r—0(og(l/e)) for some
constant ¢ > 0. On this subsource, we have S(X) = h3(Z). Let k = Q((m — r — j)/d;). From our choice of
parameters, we have that k = Q(n%9). Redefining the notation, our final source has the structure X = f(Y, Z)
with (1) S(X) = h3(Z), 2) ¥ = Ug, 3) HOYV (X) > K +r — O(log(1/e)).

Also, since we only fixed functions of Y throughout the conditioning, Claim A.4 implies that Hg Ve (S(X)) =
0.99d;.

Structure theorem Now, we apply Corollary 5.2 to X. Recall that X is n%2-pure. We set s = k,t =
101n°-2, r = n°- and entropy parameter k = k + |Z| — O(log(1/€)). Thus, we have that X is 2720 _¢lose to
a convex combination of subsources of the form

X =gV, 2)=g1(Y)+8(Y',Z) + g3(2)

such that (1) ming0 He (92g1(.)) > n%% and (2) Y’ = Uy for s’ > k/2. Importantly, Z is left unchanged.
Since S(X) depends only on Z, its distribution is left unchanged. We can now apply Lemma 6.1 with
k = Qn®9%), e = 2‘9(”0‘1), d=d; =0n"") and A = n®!. We use the linear seeded extractor from
Theorem 4.6 (we truncate the output to 0.17%! bits). Note that the entropy requirement of CGLEXxt is satisfied
as r > n%® > log(n/e€). Thus, we have that A(X) is 2-20") ¢lose to Uy for all the subsources in the convex
combination. Adding up all the TV distances due to various conditionings, we still have that that A is 2-Q(n"")
close to U,. This completes the proof of the lemma. O

Lemma A.6. The probability that there exists an i € ng such that A(X) = LExt(X, i) is at most 2-Qm*h)
Proof. Throughout the proof, we will set € = 2-Q(n™) The proof uses the same idea as the proof of
Lemma A.5. We will argue that Pr[A(X) = LExt(X,i)] < 272" for a fixed i. The final claim follows by
a union bound on poly(n) choices of i.

Again, we assume that X = f(Y, Z) with S(X) = h(Y, Z) satisfying Claim A.4. Since LExt is a linear
seeded extractor, note that LExt(X, 7) is also given by a quadratic map g(Y, Z) which has £ = 0.12%! output
bits. We first write g(Y,Z) = g1(Y) + g2(Y, Z) + g3(Z). Our aim is to fix functions of ¥ to make both
S(X) = h(Y,Z) and LExt(X, i) = g(Y, Z) solely functions of Z.

Note that one can treat (4, g) as a quadratic map with d; +¢ < O(n%!) output bits and apply the quadratic
conditioning argument again. After conditioning on appropriate functions of Y, the source obtains the form
X = f(Y,Z) with Y = Uz, k > n%° S(X) = h3(Z) and LExt(X,i) = g3(Z). We now again repeat the
application of the structure theorem (Corollary 5.2) as in the proof of Lemma A.5 to prepare the source to be
of the form required by Lemma 6.1. The proof is then completed by applying Lemma 6.1.
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Lemma 6.1 guarantees that with high probability over fixing z ~ Z, the function A = CGLExt( f(Y, z), h3(z))
looks 2~ ¢lose to U,. However, note that fixing Z fixes LExt(X, i) (as we had earlier made LExt(X, )
solely a function of Z). Thus, after fixing Z, we have that A is close to uniform and LExt(X, ) is constant.
This implies that the probability that A = LExt(X,{) is at most 27¢ + 27" < 9-Qn™), Now, applying a
union bound over i € ng completes the proof. O

Given, the two lemmas above, the proof that QDisp is an extractor is straightforward. First, Lemma A.6
implies that with probability 1 — 2‘9(”(“), execute Step 5 of Algorithm 3 and output A;. Lemma A.5
establishes that this bit is 272" close to uniform. O

We now complete the proof of the main theorem Theorem A.1.

Proof of Theorem A.I. The theorem follows immediately by combining Theorem A.2 and Theorem A.3. O

B Affine Extraction

We first show that the construction in Algorithm 1 is also an affine correlation breaker (see Definition 3.14).
This argument is not new to our paper, it was already sketched in Section 2.3 of [CL22] and we include a
formal proof for completeness.

Theorem B.1. For any 6 € (0, 1) and positive integers t, a, m, the function QuadCB (from Algorithm 1) with
parameters instantiated the same way as in Theorem 7.2 is also a (t, k, O(8))-affine correlation breaker.

Proof. Our proof is much easier than the quadratic analogue in Theorem 7.2. We first do a step of affine
conditioning.

Affine conditioning Recall that W, Wt ..., W all have exactly ¢ output bits and are linear functions of
the seed bits V. From Lemma 3.2 (applied to £, £ [r] we have that there exists subspaces A, B such that (1)
A+B=V =F5, (2)dim(B) < d(t+1),(3)dim(A) > k—d(r+1) and (4) £(A), L' (A),..., € (A) is constant
over the support of A.

Recall initially we have that X = (V) = c+ M (V) = ¢ + M(A) + M(B) for constant vector ¢ and linear
map M. After the conditioning above, we have that Sy, Sgt], w, Wl are solely functions of B. Thus, we have
that

R =LExt(c+ M(A)+ M(B),S1(B)) = LExt(c + M(A), S1(B)) + LExt(M(B), S1(B)). (17

Since M is a full rank map and dim(A) > k —d(t+1), we have that ¢ + M (A) satisfies the entropy requirement
of LExt. Also, S1(B) is uniform. Thus, we have that with probability 1 — § over fixing S| (B), it holds that R is
uniform. In fact, we can also fix S El] (B) without affecting the uniformity of R. After this fixing we have that
Ho (W) >d - (t+ 1)dy — O(log(1/€)) (with probability 1 — ¢ over the fixing) from min-entropy chain rule.

Now, we make R, Rl"], independent of W, wltl. To do that we have to also fix the second term in
Equation (17) and the analogous terms in R!’]. These are solely functions of B, so fixing them retains
the uniformity of R. Since LExt outputs d; bits, fixing these functions of B makes the entropy of W now
d— (t+1)(dp+d;) — O(log(1/6) with probability 1 — O(&) over all the fixings. At this point, we have that
{R, RU"1} is independent of {W, W*1}, R is uniform and W satisfies the entropy requirement of CB. Now, we
apply to correlation breaking guarantee Theorem 4.13 to complete the proof. O

We are now ready to complete the proof of Theorem 9.3.
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Proof of Theorem 9.3. Let our affine source be X = f(V) for V = Uy, We will first argue that the random
variable W = (RCombExt(X,i));e[n] has the following property: W; = Uy with probability 1 — 1/n? over
i ~ [N]. This follows from Item 2 in Theorem 8.1 and Lemma 4.11. We also have that W; = £/ (V) for some
affine functions ¢'.

Let Q C [N] be the set of indices where W; = U,. Consider the random variable

S = (QuadCB (X, W', 1))ie[n]-

We will argue that for all sets T C Q with |T'| < ¢, we have that | E[ y7(S5)]| < O(6). This is immediate from
Theorem B.1 and the fact that X, W satisfy the premise (by our choice of parameters) and the indices i € [N]
form valid advice strings.

Now, applying Fact 4.9 implies that S is N~*-close to a (g,1)-NOBF source with ¢ = N/n* and
t = (mlogn)©? chosen earlier. The theorem statement now follows from Theorem 3.13. O

C Additional Proofs

We give the proof of the probabilistic construction of the rank combiner.

Proof of Theorem 8.4. Let Gy,...,G, € IF’Z‘Xk such that dim{G;a};c[n] > d forall a # 0. Let r be the target
rank, we fix it later. We first argue that a uniform random matrix ‘W € FJ*" satisfies

rankp, (Z(CTW)iGi >r (18)

i=1

for all non-zero ¢ € ;' with high probability over ‘W . Indeed for each ¢ # 0, the vector ¢ "W is a random
vector in F). Thus, it suffices to argue that a random vector X satisfies

n
Z X;G;

i=1

rankg, zr

with high probability over X and then union bound over non-zero c.

This is what we will do. Lower bounding the rank of a matrix is equivalent to upper bounding the size of
its null space. For any a # 0, we have that the matrix G, = {G;a};c[»] has rank at least d. That means with
probability at most 27¢, it holds that G,X = 0 for uniform random vector X. Thus, we have that

E[H{a| <Zl XiGa=0}] < ) PrlG.X =0] < (2~ 1)/2%.

k
aEFz

By Markov’s inequality, with probability at least 1 — §, we have rankg, (X, X;G;) > d —log(1/6). Union
bounding over ¢, we have that with probability at least 1 — § - 2™, Equation (18) holds. Choosing & = €/2™"*!
andr =d— (m+ 1) —log(1/e€), we have that Equation (18) holds with probability 1 — €/2. Now sample
N independent random matrices Wy, ..., Wy for W = O(nk?/€). Note that the total number of choices of
Gi,...,Gy is atmost 21" Thus, by a Chernoff bound and the bound we just established, we have that
Wi, Wa,...,Wyisa (d,d —m —log(1/e), €)-rank combiner with N = O (nk?/e). O
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